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0nt imal"  Control  for

the Stefan ?roblegt

by Zhou irieike and Dan tiba

I .  lntrodgct ion 
._N

. 
Let fr be a bound.ed d.prnain of an lluclidian space . lt-

wi th suf f ic ient ly smooth boundary r  .  
' ive denote v = H:(n )

the  usua l  Sobo lev  space,  V*=  U- l (n )  i t s  dua l  v ia  the  inner

p r o d u c t  ( .  r .  )  o f  s P a c e  I {  =  } 2 ( J 1 ) .

I f  X  j s  a  S a n a c h  s p a c e n  w i t h  n o r m  l ' ' X  t  t h e n

frp(orT;X) is the Banach space c* ia l I  cont inuous, X-valued

func t ions  on  [o r t ]  and Wl rP(orT ;X)  i s  the  i io l ro lev  spa ico  o f

r  f l  I o , t ]  
' +  X  s u c h  t h a t  f  )  f * (  l P ( o , T ; X ) '

' ' l l 'e shalL be concerned. 1n this pa.per wlth the followirg

d is t r ibu ted  cont ro l  Prob lem i

2
-  y a l  

H  
+  Y ( u ) ) a t

over  the  se t  o f  a l l  con t inuous  func t ions  V(  Wl t2 (orT ; i t )

-  D  ^ - - - ^ ! . :  ^ -  '

an6 u  (  t ' ' (o r1 ;U)  suh jec t  to  the  fo l low ing  equat ions l

( r . t )  v r ( t , x )  a y ( t r x )  =  B u ( t ) ( x )  +  r ( t ' x )  & . € .  Q r ,

( y ( t r x ) )  & r e .  Q rv ( t r * )  €

(p) I t in imize

( t . a )  v ( o r x )

( r . 3 )  y { t , x )

! * , t l r v

( * )

P
to a . e . O r

a . " ,  X= 0



2

where p is a given maximal monotone graph in R2 , Y I Hr --+

1  l , f , Y o  a n d  
'  

, A a n d X d e n o t e t h e
J - c r r  

* - J  ,  f  ,  Y 6  a n d  v o  a r e  g i v e n t

cy l inder  fL  x  
]  

o r t  I  
and i t s  ]a te ra l  face '  f -  

"  ]  " , t [  
,

r e  s p e c t i v e l y .

t . l le have found. necessary cond"i t ions for  opt imal i ty

in pr.oblem (p) .  They a.re obtained. by using an al :stract  ap-

proxinat ing scheme of the control  pfoc€ssr This rnethod 1s

employed by V.Barbu itl , lrf who has studied the distribu-

ted control  problem for semi- l inear parabol ic equat ions and

the boundary control  problem for l inear equat ions wi th non-

l inear boundary condi t ions.  See also Lr.Tiba 
l rJ 

for '  a s j -n i lar

argUment in the case of  nonl j ,near ' : rhyperbol ic control  prob' lems.

lror- the investigation of the boundary co.ntrol problem

governed by  the  equat ion  (1 .1 )  we quote  Ch.Saguez t t ]
:  Yrte shal l  assume that the fo l towing condi t ions are

s a t i s f i e d l

10. The maximal monotone graph P is everywhere

definetr and" verifying :

( t . 4 )  ( p t r )  
f ( z ) ) 1 v - z ) ) x ( v - u ) Z , d ) 0

f o r  a l l  Y rn  €  n  .

20.  B  :  U  H is  l inear ,  con t inuous '  U  is  a

Hi lber t  spaee o f  con t ro ls .

3 o .  f r  y a  (  r , 2 ( o r T ; H )  .

,  
40 .  ro  €  H,  Jo  =  

P-L(vo)  €  v  -
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tro \/
. r . l

lower semicont

It  mus

general descri

when the graph

( 1 . 6 )  a ( r )  =
I

"" ]  is  a proper,  convex,
't

3  H - +  
l - c o ,  

+

inuous function.

t  be  enphas ized

pt ion  o f  f ree  bo

O is  g iven  by i
t

( t  -  r o
I
l r ' 1
I  l - / ' o l
l r r
I

I  r ( r - "o ) -  j

t h a t  ( ] . 1 ) - ( r . : )

undgrtrr problens.

l f  r >

i f

i f  r (

represent the

In part iculart

( p )

define d

fo

To

To

where K, 
f  

a.re posi t ive constants,  tho probiem

redr rees  to  the  Ste fan  bor rnd .ary  p rob lem (see e .g .

p . 1 9 6  ) '

In  express ing  necessary  cond i t ions  fo r

TJe sha1l use the generalized gradient of Clarke

b y :

( t . ? )  D  f i l w )  =  c o n v { w e n N  ;  w  =  l i m v f i v r ) }
I  t  

Y n - ]

( i " 1 ) - ( 1 . 3 )

[u] "" I r]

problem

t-l ,

when n  is  assumed loca l l y  I r ipsch i tz .
,

The rnain resul ts of  the paper are stated. in sect ion 4.

2. $UproximaliJrg,iF gnlg-o,l Ploblem

Iret  0  ,  i l  be tbe operators  f rom Lz(or t ;  H)

l tself ,  def ined by 0 e - f ,r  ] l -g = u, where y and v

into

sa t is fy l
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o ( y e ( y )  ,

=  g  ,  v  ( . . f t ( y )  & . € .  a  )
I

& ' e r  ( \  '

& . @ .  I '  .

a fixed" C; function on the real axj-u such

*  
{ t  

-e I .  Ascord ing  to  assurnpt ion  10 ,  {  i s

graph. FJe def ine the molLi f ier  ot  
f  

byl

, T q

{ ' Y ( v  -  e ' e ) 1 e ( e  ) o u  =
l 

-lr3
e ; { - u ( 6 )  o { , " { - . . 6 \  u o  =

L o o '  J t  g z /

ha

f

m

I

2 .

t

a

(

iJ' where tre 
=

o f t " .

^  t  t +  r * r . - r - 1

f ,  
( ( t  +  € f , ) - - )  is  the Yosida regular izat ion

Tak ing  Pt  ins teac  c f  h  in  (2 . i ; ,  we de fLae the
r l

,'\
operators ve r l l5, ln lne same tl '&J[r

L,e{nma 2rJ-. Lg!-ge-Eg*p,tiot 10 bg"-gi.igfieg' T4eq
ct

d o m ( g )  =  d o m  ( n )  =  l z ( o r T ;  H )  a n n  O ' J T  a , r e  w e a l c l u -

s t rong ly ,cont j .nuoqq- t rq ro  t ,2 (orT ;  H)  in  C(orT ;  H)  ggg

C(o,T; V*) re,pEg,cl ively '  I r lq leover -}-he foSlo,Ein$ qg.bimatqe-

h o l d l

i ( o g ) . b  I  A
I r t ( o r T ; H )

+  l O e  l
l - ( o . T ; v )  l 2 ( o r g ; H )

12 .5 )



( 2 . i l  l ( T I e ) * l  a  r ,  n f l l s l . ' .  ( c ( 1 + l s l  )' '  
T " Z ( o , T ; v * )  i l ' ( o r r ; H )  t 2 ( o , T ; l i )

f o r - a l ] =  s (  r . , 2 ( o r T ; H ) ,  w h g r g  C  = C ( d r  I r o l  
H  

r  l f o l , ,  )

is  a  constant .

Proof .

Let A :  H --+ H, dom(s) = Hl(J.) .)  n Hz(.n),  be

given by :

A y = -  a y

Consider the fo l lowing probleml

( 2 . 7 )  p ( ] i ( t t ) r + a ^ v ^ ( t )  )  e ( t )  d . E ,  I o , n ]  ,

( 2 . 8 )  p ( r ^  ( o ) ) )  o o

; ,  which is equivalent toi

(z.e) ;^(t) = 
frtt"" + f l f-,", - \v1(u)] u.) .

Here Atr  is  the Yosida approx imat ion of  operator  A.
- l

$ince P"r  I ' t r  are L ipschi tz , ,  Eq.  (2 ,9)  has a un ique so lu t ion

r ^ €  w l ' 2 ( o r T ;  H )  a n d  t h e r e  e x i s t s  v * €  w l t 2 ( o r T ;  g )  s u c h

that 
f

( 2 . r o )  v ^ ( t )  =  v o  *  
J "  t e ( s )  -  A r v l ( u ) J  d s  e p ( v ^ )  .

Mul t i p i y l ns  ( 2 .7 )  ny  ( v r . ) 1 ,  r espec t i ve l y  
i 3 (n l t ) ) ,

a standard argument involvlng (t.4) irnplies the estimatesl '
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(  a .  r t ) (rn ),

( 2 . t 4 )  t ^  - +  y

(2. t5)  (y. r  ) t  y t

( a . t 6 )  v ^  - >  v €  p ( r )

{ z .L i l  ( o . r ) t -  r r

r , 2 (o ,? ; i { )  
+  I  ( r " 1  o ) - l h l * , " , r ; v )  (  c ( t *

e l  . ,  )
I r ' ( o r T ;  I i )  ,

+ l

(z.:" ,z) ( v^  ) ,
r r 2 ( o r t ; I I )

where  c  -  c ( "<  ,  1vo l  
u  , l  r o !  

v  
)  r s  a r cons tan t ,

$ince in (e.rr) vre alsc, get I I t  o,r, r,^] bounded. in

I l *  (  o ,  T;  H )  ,  the A. rzeka-Aseol i  theorem y ie lds !

( e . t 3 )  ( :  +  I  A ) - 1 r ^  -  y  s t r o n g l y  i n  C ( o , T ; t i ) ,

weaklys in r,-( o rT I v)

s t r o n g l y  l n  C ( o r T ;  H ) r

weakly in 1,2( o, T;[ l  )  ,

s t rong ly  1n  C(o rT ;  V* )

weak lyx  i n  I r - (oo f ;  H ) ,

weak ly  i n  L2 (o rT ;  v l t  )  .

Then ,  l e t t i ng  X  -+  O  in  (2 .7 )  ana  (2 .8 )  we  see

tha t  y  i s  a  so lu t i on  to  p rob lem (2 .1 ) - (a . : )  and  the re fo re

dorn (  0  )  =  d .o rn  (TT)  =  l 2 (o , l ;  H )  .

r , 2 ( o , T ; v x )  
+ '  " ^ l r , o , T ' H ) - t  

* ( r +  l e l
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I f  y  a , n d  z  a r e  t w o  s o l u t i o n  t o  p r o b l e n  ( e ' r ) - ( e . l )

we have!

( z . t 8 )  $  ( v ) *  -  p ( z ) *  - a ( v  -  z )  )  o '
l - t ' l u

takins the lnner product in V$ by p ( r) p G)

in the above equationr w€ infer that

( e . t e )  *  l p ( r ( t l l  * 1 t t z ( t ) ) l
Z  . 2

+  o (  l y ( t )  z ( t )  I  <
v r t H

\ < o & . B o  I o r * J

an,L therefore y = z? i .e. 0 and n are si .ngie valued' '

Itloreovef;;, from this it follorvs tkrat the limitg y and' v

a.Te independent of the eubsequeR'ce I '

}e t t ing X *  O in  (a . t f )  and (2.L2)  we obta in

( 2 . 5 )  a n  ( 2 . 6 ) .

fhe weakly-strong continuity of 0 and TT j.s an

easy consequence IIOI'V.
D .

W-2,2 .  Lg t  s r  g€  €  t ' (o r t ;  H)  '  g€  +  g

o
w e a F l f , , : L q  L z ( o , T ; H )  g g  6 + 0 . l h e P l

(z ,zo)  gr (sr )  - -+  0e s3. r9gglg- i !  c (c , t ;  H)

w e a k l y l 1 4  L * { o o T i  Y )  ,



( z ,n )  ( I - te (s r ) ) t *  r t  yeg l< l { - t r t  t 2 (o , r ;  v * )

Thls is a variant of l:eqma. 2...1.

Approligatl$g q,qntlpl__pr.gb1.erl. -u'or each E > 0 we denote by

Y€ : H --+ 
]  -oe, * " . ]  the regularired funct ion of Y :

( 2 . 2 i l  Y € ( h ) = i n r {  *  I n - " 1 ;  + y ( v ) ;  v c u }

, /  t ie consider the control  problem

, '1 '  ' ,  ,  ? . .  ,2( p . )  I { i n im i ze  I  t  *  I  r t * l  -  r ; ( t ) l -  "  *  l u ( t ) - , . * ( t l l *  +
E  ) a  .  " ( r '  ' H  4 t  ' U

!

+  Y e  ( u ( t ) )  d t

1 f ) 0

i n  y ( ' f l + t ' ( o r T l  H )  a n d  u € 1 , ' ( o | T ; U )  s u i : j e e t  t o  t h e  f o l l o w j - n g

equat ions I

( 2 . 2 F )  
f '  

( v ( t , x ) ) 1  -  A  v ( t , x )  =  g r r ( t ) ( x )  { .  r ( t , x )

& . e .  a  ,

( 2 . 2 6 )  y (  o ,  x )  =  v o (  x )  s , . 3  o  f L  ,

( 2 . 2 7 )  v ( t r x ) r o  & . € . L ,

where o* is an opt imal cor i t ro l  in problem (p) and yl t  €

€  w 1  ' 2 ( o r l i  H )  i s  t h e  c o r r e s p o n d i n g  o p t i m a l  s t a t e .  W e  h a v e l

lemma 2.,3, Fqr "eggb 
g> O problem (Pe ) bgg-*e!_b.gg!

. o l g e - . p o l g t i o 4  ( v ,  ,  u r )  e  Y , r ' l ' 2 ( o r T ; f i )  x  L 2 ( o , T ;  u ) .

Proo f .

It is a standard. argument sinca the functional
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O. :  r ,2(o , r ; def ined by

2
r )  y o l

" . H

u)

( u )

I

a

( z .zB)
2

+
u

. $ ro, l € ru-u I

1 s

on

coercive (uni formlY

L 2 ( o r r ;  u ) ,

in €. ! ) and. weakly lower semi-continuous

u. )  be r i  solut  j -o:r  to (P. )  .
c s

fhenTre$gra._.?r 4.

( z . z g )  v --  - t

( 2 . 3 c )  u  L *  u

Srocf '

C ( o r T ;  H )

t F ( o r T l  v )  ,

1 , 2 ( o r ' T ;  u )  .

to (?g ) r Y{e get

2
' r * ( t ) l  +  Y i ( u . ( t ) ) )  d t <

U L

ft

L ' ( o r T l  U )

re!

ttv

( % '

1{

s-trgslg-!!

wegl<}gx ig

stron,qly in

a  so lu t ion

I  l " r t t l
,T

Jo (

\ ) o

with

s lnce  (% '  *e  )  i s

I  I  v ,  ( t l  -  va ( t ) l ;

t$  |eu(Bux+ , l -  ,u l l  +  Y,  (o*) )  at

Ct a, constant indePencl-ent of t

$ ince  $  * " *  un i fo rmly  coerc ive  we ob ta in  {  " t }

bounded in  L2(orT i  U) .  Ex t r i zc t ing  a  conven len t  su t rsequencet

again denotocl € r we infer

(  e . 3 r ) o 
e 

-*+ r.ro weaklY in

and by lqnrya ?:.?:
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( 2 . 3 2 )  t  - - +  y o  =  0  ( u o )  s t r o n g l y  i n  C ( o r T i  H )

and weak ly*  ln  l r * (o rT i  V)  o

?aesin6 to the l imi t  in the above inequal l ty '  i t

y i e l d s  :

, 1 ' r ^ 2 1 ^ 2

{ . ' t +  l y o  v a l ] . * l o o - " " 1  ;  + Y ( u o ) ) d t
) o  

a  a

s ince  (y* ,  o* )  i s  an  op t ima l  pa i r  fo r  (p ) r  we ded"uce

, r o  =  u x  a n d  ( 2 . 2 9 ) ,  ( 2 . 3 o ) .

3 .  N e c e s s a r y  C o n d i t i o n s
#

rl

!ggtn*_3.1. Let assuguliog 1" be salis€ie.d. JEg*'
o

fq_r__al l  g e L ' (or t i  H)r  thele exists a- l inear o- lp,9Taj .9f

v  0 "  ( s )  :  T ,2 (o ,T ;  H )  +  T ,2 (o , t ;  H )  $g f ineg -Eg  :

(3.t) v CI, (e) = y,';€&k - lim -9st*l : x *) - %(e)

x ' + o  
^

Moreover

l .
)

9roo{.

Deno te  y I *  0 . ( s  +  X  w) ,  i ;  t ( y t r ) ,  y  =  0e (e )
I

-  - E t  \  r r r -  1 - - - - - -  t
and v = /tr(y) . t ' t 'e i iave i

I

r T - 2
\ <  J r r t  t y * - v d l ;  +  Y ( o o ) )  d t .

*
3.2)  v  pe  (o r (s )  )  v  0 ,  (s )  w( t )  ^  

Jo"e ,  
(s )  ts  (s )  ds

, t

J o  w ( s )  d s  ,

3 ' 3 )  |  v 0 '  ( s )  * l o r ( o , t ;  
H )  

<  c / * t  *  t * ' ' u r o  d s '  t  €  [ o ' r



\
( 3 , 4 )  . r r n -  v  -

ilfu].tiplY

( 3 . 5 )  ; - l y r ( t ) :

t \ t\\ n \
' x

Put 7)' *

bounded in  i , *  (o rT ;

Sherefore

l:^^ --+ s

11

,l
a |  (v^-

t o

b v  ( v L

2
y ( t )  |  -

H

r t
J o  w '

* : r
l

V) and

' 
.l-

1 u
v )  s  I  I  w  .

) 0

y) and. use lo

L

1 v
I  O  t A  |  |
A = - r  t a  I  \Y
{ .  L I U  l g

l \
Y  -  Y /  '

.  T h e n  b y  ( 3 . 5 )

I  z^ l  bounded in
L J

to  Set  :

,t^ -  v ) ,  l .  ( v l -  v ) ) <, o

w e  i n f e r  {  [ t " t ]
' )  L ) o  J

L , ' ( o r ' I ;  f i ) .

( 3 . 4 )  w e

{ " }  i s

. 3 ) ,  w e

strongtr-y in

weaklyx in

* + St t ieaklY in i '2 (  o,  T;  H )  '

'l 
.

Slnce f, t  ,*  i ipschitz of c 'nstant t  
(  E is f ixed)

.  i t l  - ' , ,  
o

' ,  we see that  Cj=-  bounded in  Lz(orT;  H) '  I i lo reover ,

usin-g the lrebesgue tlreoremr ws get

Cf* -> v {rri . $t

c ( o r T ;
&.

I  ( o r T ;

H )

v )  )

c .
weak ly  1n  l ' * (o rT ;

Dividing

o b t a i n  ( 3 . 2 ) .  T b e

convergent on the

start from

H ) .

by tr and passing to the lirnit $n

sol -u t ion in  (3 .2)  is  un iquer  so

in l t ia l  sequence.  As concerns ( :

I
t t  v t -

multiply bY t^- t '

a ( y r - y ) = ) w

in the scalar Product of V* and.



L 2

d.educe :

*  + -  l r r ^ - o l 2 *  +  ( r r t - v , y \ - y ) < I l w ( t ) l  .
2  d t  ' V *  

.  
' V "

. 1 v ^ ( t ) - v ( t ) l  a " e .  [ o , r J

By

vr€
n

hypo thes is  1 " ,  i t  y i e lds l

, /  f t ,  / , \  r
\ u  l l w ( r / l

( o , t t  H )  
t a  

v nTtz

and^  (3 .3 )  fo l lows,
. :

Rgmark  l .? .  By  v i r tue  o . f : , (3 '3 ) ,  the  opera , to r  vOr (e)

may be  ex tended,  eont inuous ly  f rom r r l (o r t ; , ,Vx)  in to  r r2 ( , r rT ; . { ) ,

s t i l l  sa t i s fy lng  inequa l i t y  (3 .3 ) .  So ,  Yre  can r }e f ine  the

opera tor

v 0 . ( e l x  z L z ( o r T ; H )  >  r ' * ( o r r i v )

t hc r  ad jo in t  o f  v6a (s ) .

.l,Smg*-3.r1. Fgr gl} er g e r,2(orf t H) i!,,h,oltig

( 3 , 6 )  f v O r ( g ) *  q  I  
n * ( t , r ; v )  

\ <  c  I  q l  
l z ( t , T ; H )

a+d Jhe egu?l i tv.

( J . ? )  p . i i a  o 0 r ( e ) * q

i s .eq uiva.lea! tg--!.Ir.g foll-olti.qg... 9q.9. :
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( 3 . 8 ' l  v p L ( 0 r ( a ) ) n 1  +  A p s q
I

& , € ,  A  ,

& . € .  f ) .p ( f  , x ) .  =  o

?roof

[he proof is based on tne defini t ion of the adjoint

and we omit i" t .

L :nma*3.4.  I .o f , .eAqh € > 0 t l rere eq is ts  pe€ f , (orT;v)

sueh that :

S ince ( t r r ,  u ,  )  is  e* ; r  opt i r ra l  pa l r  for  (Pe) ,  by a

standard argu-ment we inier :

(T . - ,--( 3 , t t )  l ^ ( r u ( t )  -  v d ( t ) '  v o r ( B u . +  f ) B w ( t ) )  +
J o

( e  Ye  (u . ( t )  )  +  u ,  ( t )  -  us ( t )  ,  w ( t )  )  d t  =  o

f o r  a l l  v r  € T , 2 ( o r T ;  H )  ,

- 
I iummarisirrg the above lemmas we can wri te i

SlgpgSiligf, ]-.-1. Up$Sg]:rp-oti:eses 1o-5o, for eagi] € ) o,

ero!}eg (?e )  has at jgq,gt  o*e :?U! i .g.ral .  e?ir  ( r ro ur)  €v{1'2(ort ; } i )x

x  l ' 2 (o rT ;  U ) ,  T l re re  g l i s t s  FE  €  t * (o ,T i  V )  . s *p4 - !ha !  :

f r t ( t ,  ) ,  - 6 y e  =  B u .  *  f  & r € .  A  t

( 3 . r e )  , p " ( s r ) .  ( n u ) *  +  a  p €  =  y  -  i r 6  & ' e '  Q  ,

t r  ( o r x )  =  Y o ( x )  r  F 6  ( t r x i  -  o  & ' € '  f L  1

y € ( t r x ) = o  ) .  p s ( t r x ) = o  & ' Q ' f , ,

)  -  u x ( t )  & . e r  [ o , t ]  .

p€ =  - \z  0 ,  (nu .  +  f  ) t t (ye  -  yd

B *  p r ( t )  =  a Y ; ( u r ( t ) )  +  u ,  ( t

Sroof '

3 . 9 )

3 , 1 o  )
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B *  p . ( t )  s  a y ' ( u r ( t ) )  +  u r ( ' u )  -  o * ( t )  & , e .  L o , * ] ,

$o-req,ver ye ---4> yl{ strgpfi"ly in C(orT; H) ,

*E*  ux $, ! I ,o-gg l f ,  in  Lz(or t ;  U)  and

(3 . t3 )  n ,  - -+  p *  s t rong i . . , ,  i n  C(o rT ;  H)  t

r rySaklyT ig  oF(o,T;  V) ,

(3 . r4 )  (n r )1  : -+  pT  weak lu - i { }  L2 (oo ' l ;  H ) r

where :

( 3 . r 5 )  n *  p * ( t )  €  aY (u i t ( r )  )

Proo f

" ' l "Ce  
h .ave  to  p rove  (3 . r : ) - ' ( : , 15 ) ,  } l u l t i p l " y ing  (3 , r?J

by (nu )* and noticins that oFu(y) )  o<

f  \  s ' ,

t n u l  b o u n d ' e d  i n  I r  ( o r T ;  V )  ,

L \ o
t  ( P e  ) r )  b o u n t l e a  i n  L ' ( o r T ;  I { )

f r o n  t h i s  i t  f o l i o r s  ( 3 . 1 3 )  r  ( 3 . 1 4 ) .  R e l a . t i o n  ( : . 1 5 )

ls an easy consequence of the demlclosednes$ of inaximal

monotone operato::s,

Rgrnq.rk-]..€. ' ' iJe can comptlre Prgqositicn 3,:2. with

some results of Saguez [r ]  ,  Ch.{.  } Iowever 1n some outstanding

eases more can be said about thei adjoint state p* .

4. Exqmpl.eg

llxalaple-}. ?Fq {!-gfet_prab.le.gt

We sha l l  cons ide r  P  
g i ven  by '  (1 .5 ) .

We make the only assu::npiionl

& . € .  F r * ] .



f

m e s t ( t , x )  €  a  ;

t 5 -

y x ( t , x )  =  r ^ ]  = o
o J( 4 . r )

which seems quite reasonable from the physical- potnt of

fheoTgm 4..1, gp.*gr gsgugrpt iong 1o-5o ang (4.f  ;

ef!e!.e pt i  € Wl'2(ornt H) f l  t -  (ort ;  V) whigXr s*t is. f j l ig

vl, ew e

there

di f f ieul

{  tn,  )*}

g lves  :

r

- (  r  -  - l
r € l r o - e d r  

" o  
E " J

r  (  r o  -  e d

y s ( t  r x )  -  y o (  t , x )

& . € .  a  ,

& " € .  0  r

& . O .  X  r

-  € r o

- t d r f , o - e r o )

-  e d

to

( r o

0

!
e

m

r )

r (

r

tosgtbe. f .  v* i th Is ,  u* gguat iop-s (1"1)-( r .3) ,  (3. tS) ggg

( 4 . 2 1  v p  ( y * ( r , x )  ) . r f ( t , x )  *  A  F * ( t , x )  =

( + . 3 )  n x ( n  r x )  =  o

( 4 . 4 )  B * ( t  r x )  =  o

?foo f

sd *  l "  and p(r )  =  r  +  ; - ( r )  ,

A detai led calculeit ion

{ 4 . 5 )  y ( r )  z

fo

r s f , o
--F--

mr -  mro -d

l  + € m

W e  b a v e  t o  p a s s  t o  t h e  l i m i t  i n  ( 3 . 1 2 ) .  T h i s  i s  a

t  point  because both t . le sequences {"Pttv,  ) }  ,

aye at  most weakly convergent.

For convenience r  we suppose k)z I1 so Y/€ can choose

(  4 . 6 )  v  
[ (  

r )

l+e  m
r o
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rnhere

(  4 . ? )

vrhere I

(  q , 8 )

l l t  -

W e

( r

/
k  -  I  )  0 ,  d

deduce :

r^)vt r ( r )  =
r/ ue

s r ( r ) {

t
' o

ro

1r f f i

r ) ,o

r  €  ( r o

r ( " o

6 r o

- t d r ? o - e r o )

e d

It follor?s :

F,
( r  -  r ^ ) V F - ( r )  =

L J I

+

( r -

+ (

+

r o )  ( r  +  g f t { " ) )  =

,.1 Lr - "o )  J : f , ( ' *  ee \
o r T  

- r

e ' { " u y  ( *  - e t o ) e  f) - I  rg

t (  
" )

= f - f o

= f - f o

f  ( o )  d e

( o )  d o

r i :

where :

s  r L( 4 . 9 )  d ( r )  =  f - * - ( r -  e z o )
/ - 1  L

Since f ,  1s  L lpsch i tz t

l E v r ( r ) l.  s L  
t

t  t  ( -
r r o ( r )  =  € ' l  v f  ( r - e u e ) € f  ( e )

J - 1  o €

uniformly ln r

Next we can vrrite :

f  
( 0 )  a o  e

we have

d e



t ? ;

( 4 . r o )  ( v r ( t , x )  r o ) v  
f t ( o r ( t , x ) )  

=  
f t ( r r ( t n x ) )  

-  t r o

F c
s ' ( r ,  ( t , x )  )  t  r r *  ( vg  ( t , * )  )  .

the teru I  *  
t  

tv,  ) ]  is bounded in r ,*(Q) by

( 4 ' B ; ,  ( 4 ' 9 ) .

As concerns ^t(u-)  vre know . f rom lremnn 2.2 tha. t
l  

- " L -

(4 . t t )  
{u t (%)  

- -+p ( rs )  weak lyx  in  fo (o r r i  n ) ,

However  by  (  4 .5 )  we ge t

l f . ( r ) l  \ <  c ( r + l r l  ) ,  Y ro E

tha t  i s  I  t r t i " ) l  - (  c ( t  *  l r l  )  .

Sobo.l .ev embedding theorem gi.ves l f t t t t ,  ) ]  uounc-ea in Ls(A)

w i t h  s o m e  s ) 2 .

Because y ,  (  t  ,  x )  - * .  y* (  t ,  x )  a .e .  Q ,  we car i  deduce epgi ly
a 4

t h a t  
f " ( n r ( t , x ) )  

+  y t ( y * ( t r x ) ) a . e ,  Q  .  H e r e  $ r e  u s e  ( 4 . 5 )  a n d

(  4 .  f  )  essent ieL l ly .  
-

Now, j- t  is wel lknown t l iat i t  y ields (4.r2) 
f*16l+fqy?')

s t rongly  in  : ,2(Q) .

l ' rom (4. ]o)  vre see that

(4 , r3 )  ( r ,  ro )vp t ( r .  )  ,  (ns  ) ,

weak ly  in  : :1 (Q) ,  whero  w is  the  weak l im i t  in  1 ,2 (q)

( o n  a  s u b s e q u e n e e )  o r  s €  ( v a )  .  ( n r ) 1  c

lthpr 4{ 40r



{ ( r^ l * l

, , T .
J JAive- vn)(vr-  vx) t lx

-1L o

. T  ?
|  |  ( r f ( Y , ) *
) t o  |  "  u

J}

I , {r'(v, (r ox) ) - p\r^(

1B

0n the  o ther  hand,

Integrat ing by partsn

(2 ,25 )  wo  ob ta in l

-  v^ )dx  d t

.f

.  1 r
=  {  l  , s ( " - -  q r  ) .  ( n  -  V ,  ) d x

A r o  
e  A  t r  A

we oLrtain the equal l ty :

T , x )  )  ( r n  ( t , x )  *  y A ( T , * )  )  . d x

b y

luu

dt d t r

( 4 . r 4 )
{-)-

r T  (  E ,  ,  \ ,  \
l ^  I ( / f ( v r )  

- p ' ( v l ) )  ( ( r t ) *  ( r ^ ) r )  d x d t  +
o l a '  '  ?

+  f t f  t v ( v r -  v ^ ) i 2  d x d t  =  f ' J u ( u e -  u ^ ) ( r g -  v l d x d t
b i1  ' o -h

T a k i n g  i n t o  a c c o u n t  ( 4 . l z ) ,  ( 4 . 1 1 )  a n d .

( 4 . t 4 )  w "  i n f e r  y ,  *  V *  s t r o n g l y  i n  1 , 2 ( o r T ;  V ) .

F r o r n  ( 3 . t 2 ) ,  ( 3 . r 3 )  w e  h a v e

f ^
v f (vE) .  (n6)*  ' -+ '  tL

I t i  fo l lows

at least  in distr i i - :ut ions;  In faet  the converg€r lce is t rue

i n  t h e  w e a k  t o p o l o g y  o f  r , l ( Q ) .  C o m b i n i n g  ( 4 ' t 3 )  a n d  ( 4 . r 5 )

w e a k l y x  i n  L - ( o r T ;  v t ( ) .

we establ ish :

( 4 . t 6 )  ( p  ( v * )  
" o )  

p T  n  w  =  ( y *  -
I

Using again (4.1) and the faci ;  that

bounded in l ,*( tJ) ,  we deduce that * t (% )  -+

Ln LZ(Q) ,  where

* o )  .  [ , d . @ .  A  l

P

ac(v ,  )  i s

e(y*) stronglY



s ( y * ( t , x )  )  =

i . s  d e f i n s d  & , o .  Q  .

t h e n  w ( t r x )  *

After a short

' r q

"o

- d

e ( y * ( t  r x )  )

calculat iont

y # ( t r x )

.  p t ( t , x )

we arrive

i s  s ( t r x ) .  =

B v  ( 4 . r e )

"o) 
.vfi(yt{)

of (  yt((  t ,  x)  )

, f,re obtain :

& . @ . Q ' .

( y *

A s

a

we

(p (r")  -  ro) uT + w = $.  PT

with :

l :  t * ( t r x )  ro

s ( t ' x )  =  
t  n , y r c ( r , x ) - r o )

that

[ q t , x )  =  
" ( t ( y x ( t , x ) ) .  

p T  ( t , x )

'  
Therefore r le can pass to the l imi t

p r o v e  ( 4 . 2 )  - (  + . 4  )  .

Example--.?. the co+veF-caqe

If f  
is nrore rer$ular, for instance

hypo thes is  (4 . f )  i s  no t  nece$$&Tf r

The maln asswnPtions are now :

(4 . t?)  p  1s loca l ly  L ipsehi tz  +n R * 'nd"

'  
l o p ( y ) .  y l

I -  & .€ .  A  .

have

y x ( t r x )

& . 8 .  A  I

r a

A t .

& . 6 r  a

yn(  t ,  x )  . )  ro

yr(( t ,  x) (  ro

8 . € r  A  .

i n  (3 . te )  a r rd

toca l l y  L ipsch l tan

suppl i -es :

Tl)
S l , r E r  1 l  .

, p t = ( y * - t o )

y *  I  r o  & , € o  a  f r o m  ( a . 1 )  t
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( 4 . r 8 )  p  {  - f

wl re re  l  rP  I  R  -+  
] -  * ,  * * ]  a re  convox  func t ione  de f ined

on the whole real axis r :

To begin withr \ffe stEr.'Le :

?{gnopiti?n .4 .2 , H,nclef -Eypgj.lrgelg ( 4 , t? ) :"r ( yoro* }

iq.  a{r,- .op! iqa},.qa}.g-.g[ (P), then there exlsts p* € $l '2(ort i l {)

n f ' (o rT ;  v ) ,  h€  n l {e )  sucb tha t

(4 . tg )  i r  +  Apx  =  y r€  -  xg

p ' , ( t r x )  =  o

p x ( t r x )  =  o

* (4.2o) vp'tql .  (nr)* -+ h \ ILqeElX.- in r,1(e).

E r € r  e  ,

& , 9 .  h -  ,

a . g .  L  )

?roof

The argurnent rve u$e is siroilar to the one given in
I

r 1
r b u  l 1 l ,  T h e o r e m  2 .  .

b  J -

By (4.t?) i t  fol lows after some computat ion lnvolving

,4)  that

Ba

( z

wl

v p e ( r )  .  y l  ( c  i t f t r l t +  y 2  n  1 )

th C a eonstant ind"ependent of € .

l t le denote f  or  every €) 0 and n a posi t ive integer

E  I  .  \ r  -  \H ;  = t ( x , t ) € Q ;  l y e  ( t , * ) l ( r '  i
v le have l  opt(r,  (x,t)  )  |
I ret S be an arbitrary measurable sot of Q,

We have :

( .  €

i ( n r ) *  . v ( i  ( v r ) d x c . t  l <  ! ! ( r g ) 1 i . f v p t { v € ) l  +
E  

'  s n H ;



( r r r ) 1  |  , lopstv, ) I

27. -

4 Cn J t,ou
{;

l ,
+ J l

(i

1l *iJ *
n

I
I

t . f ,

11

I' r l

-r, n -*r Il  v  I r  I
?

I. { ' i l  
\ 1 , 1  "

L' iJ n

s i

l f t t ( l , e  ) 1 .  l ( 1 6 ) 1 1  + : l

nce lnttr-, ) ]  ,  t  
(pe )t] 

"t* 
trounclcd in i,2(+i ennd

i t r )  is  bounrJod in  L*(or t i  tu l  (J ] )  )  rqe see tha"b t t re  f ' lmi ly

{ J 
(pE )t  ,  f ' (v,  )  d.x o* 

} 
j .s equicontlnuous and irr  vir tu.e of

g . . t

t l ie kr : . t ford-Pet l i r : l  cr i ter ion,  weakly compec's in l " ' (Q) '

Th is  f j .n is l res  the  Proc f

iliggl*iii*4.:J " fg{:f-pf,:g.qtbg.g,qe ( 4 . t'/ i, ( + . r8l -{q

( y * r u

p * € ' i i 7 , 2 ( o , T ;  H )  n  l " - ( o , r ;  V i  s q q ' * - - t 4 a t l

p * ( ' I ,  * )  : :  o

p x ( t r x )  *  o

)* I  axat

Y r l  .  i  ( n u ) 1 1  +  c  n * l

6 1 . g .  f L ,

& o 8 t  
' t r ,

l.:rbglg n p f.t*!Le.'ifarkc Seneq*]iAr**rrq?"til9"*t-gi.-t&e-. lf.qA$I

L i p s c h i t z  r n i i l ) P i n g  f \  o
- G  - .  r ' *  

I -

T)vn . r f

tYe sha.1.l u,se a triclc <lr-ic to Tiba [ 'r ' ] '

tr 'or the sake of sii-rnplicit) '  we firs;t take 
ft 

cQllv{rx*

! ' /e  ha- r t :  to  i , Jen t i f y  func t ion  h  in  (4"2o) '  t {e  a re  in te res tcd

t ,  . :  r  \
to pr, l ,ss to the l^ imit  1a " !he i , rc<luct  \ r  f  

( l 'U i .  t f t r )* ,  I ' r : -nct j 'on

y  ie ;  convex  toc t .  ' rTe  wr i te  :
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( r g ) r = d - r j

. +wncre ps ,  nf are the posit ive and" tho 'negative part of

(ng)*  up to  an addi t ive eonstant ,  sueh that  they are s t r tc t ly

p o s i t i v e .

0n a certain subsecluence we have l

t - f o
F E  ' - +  v '  ;  p ;  v  w e a k l Y  i n  l ' ( a ) t

n +
P i = v - v

A more prec ise ca lcu la t lon of  v  ys(v) ,  ava i lab le

for  loca l ly  L ip*ch i tz  funct ions f ,  r  is  :

t. .) = 1"*:J(G* Ef )-t(x:fu)*-- o (o) ao( 4 , 2 r )  v t r ( v /  * l  
. _ r ,  7 .j " "  I  +  L  ey1  ( l n  r  ) " ) - ' ( v -  i e )  )

Sj -nce  f  i "  convex r  i ns tead .  o f  v f ,  we  can  se t .a f , t

the subdif ferential  cf tr .

! 'rom !gggA-?G. , it is Known that Ys * Y* strongiy

in  T,2(Q).  The sgorov theorem shows that  for  every '  r [  >  o  there

is Q 
" 

C a with mes (A "* 0I) < \  and. Yt- - , ,T unif  ornrly' ( t \

o n Q l '  
E

Tfe s tudy the weak convergence of  vy t4 )  .  p ;

D .  _ 2 , ^  ,
t n  LZ(Q* ) ,  cons ide r  any  t  e  Lz (Qt ) .

Then :

f E , r * ' 1  f + - 1

J v y ( v r ) . e l  . f  d x d t = l p ( 0 ) d 0  l n i . a X - ( . ) .  
'

al lr '  i l \  1 +€of( ')

.  f  d x d t .



As on Qv,  we

boundedr  wQ need to

wh ich  is  c losedr  P

( E , n )  o K ( p ' v )  =

We d"enote

monotone opera tor

ir^rfer :

( 4 , e 5 )

( 4 . e 5 )

weakly i

(4 .22)  I  pJ. ) t r
01

Define the

K ( P ' Y )

(4.24r [- f t(r+ef,)- t(u, -*o)),  nl"S., 'Jaf i '  (p"r ,

( r  +e  f , ) - l (y ,  -  e2o)  )  a .e .  Q \  
.

, [- f,( (r + rtr)-t,or-ubl l, r; .rtr(. )] - t

( 4 . 2 r )

/r 'l- r-n !
+ ) y ) *

23

t L

have ( f  *e I*) -*(v,  
- t ' *o)  uni forrn ly

consid.er only the integral  :

( ( r  * E f ) - l ( v ,  - t t e ) ) . f  d x d t ,  l t F t , t ]

saddle funct ion :

f  r f , ( v )  P ) o
[ - ' .  p < o

rcper.  The subdi f ferent ia l  of  K is given by :

[  - T t v ) ,  p  ] f ( Y ) ] ,  ( P , Y ) €  d o r s  ( a  t c )

lr:r, S"tr trr* realization of the maximal

a  K  in  l , 2 t , r , , )  *  L2 (a1 )  .  Bv  (4 .23 i  we ; ;

We remark that :

[ - y t . l , n l  . ] t r ( . l J  *  [ - r ( v * ) ,  T l

tr l  ,  (r +ef,)- l(v, *r%)l t" i  ,"1

n  t2 (a t  xLz t ' e t ) -

r fe can also ver i fy the fo l lorv ing condi t ionl

l im. ( [oJ, (r+e;O-t(ur- ttul [nl, ,  (r n\f,)- l  (u^ *
\ , € + o  e

- f ( ( r  +

* f r1(u " -> le l , n l  . ay ( . ) . 1  )  
o r (a \ )  xL ' ! o , r )
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because (r  + c|-)-1 (r .  -  *n) --+ y$ and

w e a k l y  i n  L Z ( a \ ) ,  w i t h  b c ( t r x )  € ; y ( y x ( t o x )  )  & . € .  A  .

0n the other  hand,  by (4 .a8)  and \4 .29)  wn get  :

! € - . . ' t(ni  n c) .af ,(yE ) -+ v ' .  bt  n c.b

weakly in l2(Q\)  '

f , (  
( i  *€Y) - l t r ,  -  a "o)  )  +y(y i€ )  un i fo rmly  on  Qn. .

Applying a wellknown property of rnonotone operators

(Baruu l i l  ,  p .42)  we se t  f rom (4 '24) - (4 .27)  tha t  ;

r  u ]  f v

( 4 . e 8 )  t - p ( r o ) ,  r r J e a r  ( r * ,  y n )

t h e r e f o r e  X ( t , * )  e  v ' t ( t r x ) . ) ) : ( y t E ( t r x ) )  & . € '  a  .

As the rnaxlrnal  monotone operators are dernic losetL,  f rom

( r  *6J- ) - l t v ,  - t ze)

bounded in rz(q, t )  we infer  (4.zgl  ayt tq )

weak ly  in  L2(At )  fo r  every  1> o :

s e  s n o w  t h a t  
' t r ( t r x )  

=  v + ( t r x ) . b ( t r x )  8 . ' 8 . Q  .

A s s u m e  t h a t  i ( t r " )  =  v " F ( t r x ) .  b t ( t , x )  e  v ( t , x )  .

.  e ) " ( y * ( t  r x )  )  a . e .  a  .

let C 7 O be some constant. In a similar rnanner we

prove thai

(nl + c) .aX-e(v, ) + ( ' .** c). b*
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iTe obtain the equality :

(4 ,Jo)  . , r * .  b l  *  c .  b  =  (v t *  c ) 'b* ,  &ns ,  a  
" t

fo r  every  C >0.

Farnily { o"} is bountled in r,*('a,.) since a .1r is ,LocaLly

bounded on the rea l  ax is '  By (4 .3o)  we d.er ive :

t r ^
v ' ( t r r - b * )  =  C  ( b c  -  b )

anrt" s-aking C -+ {) it ylel-ds b* "* btnniformly on Q 1 
.

( w e  c a n  s u p p o s e  v  ( t r x )  >  6

nodi fy ing wi 'bh a posi t ive cons'bant p:  ,  p;  i f  necessary).

Now let  Cl ,  CZ 7 o be trro arbi t rary cons'hantc" l te havel

.  . L  .  g ,  ,  t  +(n i  l r  cz )E f (u r )  +  ( - r ' *  ce )  - ' r " ,

( r !  *  c l  *  cz -  c114t ' (v,  )  - - ;  (vt+ ct) '  o",  *  (cz cr)  "b

weakly in l2(Q,t) .  That  is  :

( . r * *  cz )  "  b . , ^  =  ( . r * *  c ' ) .  b " -  +  (cz  -  c l )b
u 2 ,  I  * l  u

and- equivalently :

+ ,  t *
* r ' ( b .a -  o * r )  +  , r . o r ,  =  c l . o * r *  ( c r - c r ) . u .

Take Ca !,. 3C, .= 3C and divide UY Ca :

r  b l a - b _  . ,  -
v r - - o : O * * h 3 c = i b " * 5 o '
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b . n  b A

I f  c + 0,  i t  y ie lds that  - !6:J has a l i rn i t  a,rs.

wh ich  we denote  n3  I

+  ?  t .  -  \
( 4 . 3 r )  Y ' .  h r  =  

i  
( u  -  u t )  & ' 0 o  a  t  

I

f ake again c z 
n t/ T cl and o'ehote nu, the rimit

we obtain in this ca$e. ! ' fe havei

+  
h * = ( r - - 5 )  ( b - - p 1 )  .( 4 . i 2 ) :  v ' .  

v 3  i l j

0n the other hanclr frorn I I

brc - biJc btTg.i bc

3c

when C -f 0r rte r leduce :

2hJT(+.33) h3 = :f f_

Re la t i ons  (4 .  3 t ) - (  q  "  33 )  sho" , v  b  =  b t  & 'Q '  a  '
E ,

Now, ' re tu rn . ,  t o  the  sequence  P6  ' ? f ( f *  )  '

Reasoning in the salre fieY t we pl'CIve 
"

€ ,  \  .( 4 . 3 4 )  r .  > Y ' ( v r )  - +  3  =  t  '  b
t

wealr ly in t2(Qq)

$ubt rac t ing  ( .q .34)  and (4 'ad)  v re  ob ta in

i .  t t  *  - r  - l E r
( n g ) .  . r y - ( v u )  t  b  =  P ; '  b  €  P ; ' b Y ( Y  )

n

weakly  in  r ,2(Q n ) '
(

b . n  -  b r l
Jw ., **.*:1

3c JC



27

W h e n  \ *  0 r  w e  i n f e r  i n  ( 4 . f 9 )

t r ( t , x )  e  p t  . ; p ( v * )  & . e r  a  -

In  the  c&se (4 , t8 )  i s  va l id ,  the  arg i rment  fo l lows t ,he

same l j . res and. instead of  D,4 ,  the subdj . f ferent ia l  of  a convex
I

funct ion,  i t  ap5,ears $ p ,  the general- ized grat l lent  of  the

local ly L, ipschi t r  funct ion o

Th is  ends  the  proo f .
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