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ON TI{I!  CO}IVNF.GENCE

Otr A CLASS Otr Nr:rr jTON*LfKE IIETIIODS

l l .  - A .  F o t : : a

Depar tn icn l -  o f  l { ; r  t * } ienaL. : ,cs

The N;Lt ioner l  fnst i " tu te

f o r  S c i c n t i f : L c  a n d  T e c h n i - c a l  C r e a t i o n

B d . P a c i i  2 2 A ,  7 9 6 2 2  B u c h a r e s f  -  R o m a n i :

I .  f n t r o < l u c t i o n

-,,1- " -

f n  a  t r T e v i o u s  D a p e r  t ] 3(}'  p roccdures  o f  t he  fo rm
. J a  

\( J )  F x  + 6 F ( x  , x  ) { v- - - n ' - *  . . ^ p  , . . o  /  \ f , r
' n  n

t i - -where  F  was  a  non l i nea r  ope ra to r  l : e

c o n s j . s t e n t  a n p r o ; l i m a t i o n  o f  F t ,  a n d
r . l

i n t e q c r s  s a t i s f y i n q  t h e  c o n d i t i o : r

( 2 )  - l - g o < g n < n  ,  o = p o s o n . t

T i r i s  i t e ra - -L , , re  p rocedure  reduces  to
'  

the sccanr  mcthod for  Dr- ,=r :  r  e ' r=n-  1

I  we  have  s tud ied a  c l a s s  o f

+ 1{'

n-l-1 
'^n ) = 0  ,  n = 0 r i , ? - r . . -

tween two Banach sDaces
( r : \ ( n \ f , . , ^
t ' n '  

n > ,  0  
t  t Y n '  

n ) r 0  
L v Y v

,  O ( r )' n n

Newton ' s  rne thod  fo r  t r
n

.  T h e  c h o i c e

i . te : :a t ive

A  T l  - r  c ] - r n n ' v ]  t  -
, v ! s . r J r r v r r \ i a j

sec {uences  o f

=o -n and t<>
n

( 3 )

-  where  m is

ves t iga teo

( 4  )

Pr*o i=9k** j=k*  '

a f i xed  pos i t i r , re

i n  f 2 ) ,  t . 3 1 ,  [ 1 5 ]
r r  = l  , , r  ^r k m + j  J - r r t  '  ' 1 k m * j

j = 0 r 1 r .  "  .  r . i ' t * l ;  k = 0 , 1 , 2 ,  .  -

i n tec {e r  }eads  to  an  i t e ra t i ve  c rocedure  i n -

,  l 2 o 7  ,  i 2 2 l  ,  1 2 4 1 ,  r f
= k m * l  ,  ) = 0 , l , . . , , i l - l i  l : = 0 r 1 , 2 , . . .

t h e n  ( 1 )  r e d u c e s  t o  t h e  s o  c a . l l . e d  r n u l t i - s t e p  s e c a n t  m e t h o d  ( s e e  [ 5 ] ,

[ 9 ] ,  t i 6 J , l 2 0 l ) .

I t  can  be  p roved  tha t  uhe  sequence  ( " f ) t=O ,  w i th ,  , k=*k *  has  the

rT
or 'de r  o f  conve r :gence  ec ;ua l  Lo  m+]  i n  case  o f  cho i ce  (3 ) ,  rnd  

m+Vrn - t4
a

i n  case  o f  cho i . ce  (4 ) .  The  Dara rne te r  m  can  be  chosen  acc ,u rc i i t t c r  t o  t he

d imens ion  o f  t he  space  as  to  max im ize  the  e f f i c i ency  o f  t he  p rocedure

( s e e  t 2 0 l ) .

L t s u ; . l - l y  6 I r ( x , y ) l 5 r ( y , t . )  s o  t h a l -  t o q e t h e r  w i t h  ( r )  w e  n a v  a l - s o

consider  t t re  i - terat ive Drocedl t re

( 5 )  F x - - { -  F ( x o  , x D  ) ( x - " . , - x - ) = 0  ,  n = 0 r i 1 2 r " " ,  .
" n  , n

More  genera l l y  we  can  se t



( 6  )

whcre fo : :

( ' /  )

-[n
.  - -  ^  1 . - . . - . . :  -

c l r t a  I y  ; )  l _ : )

. t i . .on o i :  a

J .  E .  D e n n . i

. L t i

' l -n r r i  n - i  { - r rv . !  u J

- ^ ' l  - i
I  A - | . I  L . I . I L \ . . J

/ \F / \  l x  . . . * x  )
I1 1t.1- r 11

r i ,  h c; ln L;c' n

!'x
11

eaci r

- . ( J  ,  n . = . , ( , ) o l n i ! r , , "

\ - .-. ,. t : i t ke r r  C i  i _ l - r r ^ : . -  5 l l  ( : l *  I  ) i  .  )  o r  6 i , '  / ' . :  \ .  )  i "C :" " ' " ' P n t " 1 1 1 )  " ' " ' t ' r , ' - ' J ) t t

r i l / r -  \ 1  r , = O  I  ?
,  . '  . " - ( ,  t , ' l - j  / )  i  r t  v t r . t . r t ' . .

' ' l l ] L

the  t r r :cs ;cnL pa i rc l :  ! Je  s i i ; r  1 l  l i i i l . :e  a  scnr i  -  I  c . ,ca l

p r : o c e d . i r : : c  o b t , a , j - n i n q  a  s i i q h t .  g e n e r a l - L z a *

i -n  t ,  131 .  1 i ' l i i s  r1 i - : l  I  improvc  c r l -so  d  ' resu l t  
c f

A ^ c [ 6 ] " ( x , _ .  , ] 1 . .  )
r r  i - ' t t  " r i l l

the f i r :s l -  pe l r t -  r : : i :

fo : :  t } : i  s  i terat i .v r :

r e s u l t  c o n t a i n c d

s  i - 5 1 "
' l - h e  s e c . - : i r i 1  p a r t  o f  t h e  l - ) i r , l i o r , v e  s l i a l l  i , n v e s t - i c , i a 1 - e ' t " h e : ' , i o n o *

n t ' r )n r , r i - ' i  ns  o f  an  i 'ue : ; :a t - :L r rc  r ; 'ocec- r r . r i :e  o f  t l zpe  (6  )  ,  (  i  )  ( re t - re*
,  " J Y . -  \ v /  '  \ /

s o m e  r e s u l t s  o f  t l l l ,  [ ] - 7 - l  , '  i 1 9 1 ,  l 2 3 f  ,  1 2 5 : l

I  . . _

::. :.--

z .  I \o ta- t l_o i l

Tf  X ancl  Y arc tyo l . inear  s l>accs (L-sDa.ces)  the i r  r , . /e  denote i :v

L (X ,Y )  t i r e  se t  o i :  a i l  l i nea r  ope r ; r t o ; : s  f ro r ,1  ) ; .  i n to  Y .  f f  X  anC Y  a re

i . : .cpo. log ica l  I lncar  sp i lces (TL-srr ; :ces)  
^ then B ( ) ; rY)  d.enoLes the set  o f  i lc : t r *

dec ]  I i ne ; i r :  ope ra to : : s  f rom X  inLo  Y .  l - f  X  anc l  Y  a re  no rned  spaces  ( t i *

* spac j : l  )  t he : i  t he  space  B  (X rY)  j  s  c r : rdowed  v / i l h  t he  one ra t i , . r -  n . ) r ^ ' f l "  A l l

t h e  n o r m s  w i l l  b e  d e n o t e c l  b y  t h e  s y n i r o l  l .  | .

A  subse t  X  o f  an  L -space  X  1s  ca1 led  c l r i e  i f  K jKd i i  a r i d  eKcK fo r

a ) 0 .  T h e  c o n e  K  i s  c a l . l e c L  p r o D c r  i f  K n  [ * ] ( j  =  [ C ]  .  I f  K  i s  a  p r o p e r  c o n e

o f  X  t i r en  the  : : e la t i on  "S" ,  de f i r red  b } '  x<y ( * )  ) ' - xe  K  j - s  a  na r - t i - a1  o rde : - -

i n g  i n  X .  A n  L - s p a c e  X  e n d o w e C  w i t i r  s ' . r c h  a  r : e l a t i o n  j - s  c a l l e d  a . D a r *

t i a11y  o roe r -cc  . l - i nea r  space  (Po l , - space ) .  T l " ro  e le rnen ts  x  e ,nd  : !  u i  X  a re

cal l .ed ( :L , ,nDal :ab1e i f  e i thc. r :  x<y or  y ' ( ; i  ho lCs"  I f  x  and y are co:n i rara.c le

ther ,  ' r rc  c3-enote by '  :< . ,1y ( resp"xVy)  the min imr:m ( : :esr : .nax j - r ,Lum) of  x  anc y .

I f  a ' b  t h e n  w e  d e n o t e  b 1 z  [ a r b . ]  t h e  s e t  [ x : X ;  a < > l c b ] .  r f  u ,  v  a r e  t w o

n o T T n - ] A r a b l e ' n o i n t s  o f  X  t h e n  w e  d e n o l e  b y  ( u r v )  e i i : h e r  t h e  s e t - "  [ u r v l ,  i f

r t < - t t  ^ r -  + - 1 r o  S e t  I V ,  U ]  ,  i f  U > V .u : v  t  v r

A  T l - s p a c e  p a : : t i a l l y  o r c t e r e c l  b y  a  c l o s e c l  D r o D e r  c o n e  i s  c a l l e d  a

r r r p - r - . i  r . i  t  r r  n r r l g l g d  t o p o l o q j . c ; r l .  l i n e a : :  s p a c e  ( P O T L - S n a c e )  "  A  l C l L - s n a c :y a r  L l a - L - L y  \ / L L

X is  ca l l -ec l  norma. l .  r - f  ,  c ; iven a local  bas is  L l  j lor  the tonologl ' ,  t i rere

e x i s t s  a  p o s i t i v e  n u i m b e r  n  s o  t h a t  i f  l S z z l i e  U .  t h e n  l A , z l c n l J .  A  p o T L *

- s i 1 1 ; r . . o  i s  r - . : l l e , d  r c o r r l a r -  i f  e v e r y  o : : d c r  b c u n c i c c l  i n c r e a s i n q  s e c J L l c n c c

h a s  a  l i n r i - t .  I n / e  n o t - e  t h a t  a n y  r e q u l a r  r : a r t i a l l y . o r d e r e d  B a - n a c h  s r p a c e

- i -s  r - ro : :m, i r . - l -  l r , , :1 :  thc  reve l :se  is  no t  t : :ue .  For  e : *amr : le  the  sDac€r  C[0  ' -1 " ]

w i i i l  the  na i : r - r ra i  Srar t ia - i  . : rc je r ing  , i -5 ;  l lo rn ; r l  i :u t  no i :  r 'ec ; r t ia r ' .  A i l .  f  j -n j ' t c :

c l i rne ls io la l  POTL*spaces  are  1 :o th  t lOr f i l& l  anc l  recru la r .

Let X atrd Y be, hr,vo lrol*:. ;paccs and G an or:e:r:alor fr:on X r.qto Y'



.t-._-_.

|:

G is  ca .L l -e  e l :  nonnec la t i ve  j . f  Gz )0  fo : :  ; i - t - l  z l 0 ;  j - nve rse  non t l { }q t -L j -Ve  i f

G z ) 0  i - m p l i . c s  : : > : 0 i  i s o t o n c ,  i f  z . l s z ,  i m ; l i c s  G z r " l ( l z ,  r  a r r t . , i - { : o n e  i f  z 1 : z ?

i rnp l . i es  Gz , ' zGz" .  f f  G  i s  nonne( ;a . t j - ve ' r " c :  u r j , i . e  G>0 .  I f  G  anc l  H  a : : c  i _ - . i . - :- 1 2

opcr :a tors  sur :h t l ia t .  G* l i . :0  'u i rcn , , , , ,c )  . . , / l :  j - rc  l : r : jG.  T 'h t l  r l ) ; lce I  ( ) i . . { )  wi ' t - : i t  : : :c

r:c j . .rt-"- i .on rr..<rr dcf j-nccl altove bccornc:s.; a lCll . ,-sLralce " T,et T bc an oper:er,.:c::

b e . l r : r r c l i n g  t c ;  L ( X r Y ) .  A n  o p e r a i : . o i . :  S e L ( Y r X )  : l s  c a ] - l " e c l  a  l e f t  ( r e s p . : : : j - c : : t )

sr :b i . i r r rerse of  T i " f  S l f< l -  ( resp,TSiSI)  v :hc. r r , :  :1 ,  c lenot<- .s  the ic ient i ty  ope*

ra 'Lo r  i n  X  ( r cs ;p ,  i n  Y )  .  S  j - s ;  ca l l ec i  a  su l : i nve rse  o f  T  i f  i t  j - s  e r  l e f t

a "s  we l - i  as  a  r i t l h t  sub in r re rse  o f  T "

3  "  Semj - * l oca l  convc rgenc€ )

3 .1 . .  Theorem.  Le t  F  be  a  non l i nea r  ope : :a to : :  c l e f i nec l  on  a  convcx  s i - rbs : t

F l . o f  a  Banach  space  X ,  v r i t h  va lues  i n  a  Ba"nach  spa .ce  Y ,  and  l -e t - -  xo ,x_ . '

ho  i - rao  nn i  t - r i - s i  f r om the  i n l :C r io : :  B  o f  D  sa i : i s f y inq  t . l t e  i i r r : cTua . ] i t 'V

( B )  l x ^ - x , l s c  o  -
t - )  * l -

Supi:ose F is

6I ' r , f l ix f l - r ;  (X,Y)

6 F  ( x o ,  X -  1 )  o r

l - r dc j re t  C j - f f e ren t i ab ie  on  f ;  anO the -c '  ex i s t s  e  naon inq

such ' i - l ia t -  1- i re  l - i .near  opcL;r . tc , r^  Ao ,  wi rcre i t . ,  is  c j  t i rcr
c  n  / ' -  \  i s  i nve : : t i . n le ,  i t s  ; n \ . / e r : sc  T^  j - s  con l i n ' l o i : s, L l r  \ . \ _ 1 1 , \ O i  r  I >  - L r l V c j l -  U J . r J a c  t  I  L * >  . - i  \ .  ! :  j .  ' : a \ :  

O

a n d :

{ e  )
( 1 0 )

T ^ l -  1 ^  \! \ r L  \ P n r n > 0

t i o n  ( 2 )  .
' i  

1 :  * h o

I  ToFxo |  :b  ,

f  r T .  f  i p / -  r , ' l - T r ,  ( z ) ) l  < a ( l x - z l + l y * z l ) ,,  r o , . r  \ ^ r J  /  )

a n d  ( q r ) , . , > 0 . b *  t w o  s e q u e n c e s  o f  i n t e s e r s

o
X r Y  t z e D  ,

^ ^ r - ' i  - € . , - i ^ ^s a 1 : a s i : y l n q  c c n o ' -

c o n s t a r , L s  d r  b ,  c . l n t r o d u c e o  a b o v e  s . r t i s f y  t h e  i n e q u a l i ; y

( 1 1 )  a c + z  ( a b ) ]  / t = ,

and  i f  t he  se t  D .= {xe  D ;  f  j - s  Jon t i nuous  a t  x }  con ta ins  the  c losc , . ' .  ba l l
'r ) 7/2.,

U  w i th  cen te r  x r=xo*ToF*o  and  rac ' l i us  ,  fZ i , [ 1 . -a  
(2b+  c )  * t  ( I - ac ) - -4ab ]  )  ,

t he 'n  t i r e  i t e : : a t i ve  p rocedure  desc r ibed  b ) '  ( 6 )  ,  ( 7 )

( i . e .  f o r  e a c h  n  t h e : : e  e x i s t s  
" - , . . $  

s a t i s f y i n q  ( 6
n  1 - 1

(x  )  n r ^o j r rn r .d  h r r  i  f  r ' . ) n \ / 6 : r c r r r s  l - c l  a  rOOt  x *e  U  O f, ^ n ,  
n >  I  t / -  v q  u v v ' u

a n d  t h e  f o l l o w i n g  e s l - i m ; r t e s  h o l d  2
i

( 1 2 )  l x r r - x *  l a a o * l * r , - * . , 1 - t  ( t o - 1 " , - r - - t o l  ) ' -  ( l x n

- r r  l \ l - r
- r ^ l / t J r n

-  n - :

l : <  * x  i + i x'  
D  O '

l l

i s  w e l l  d e f i . n e d

) ) ,  t h e  s e q u e n c e

the eguat ion F ' :<=0

- x  J +
IJ' ' n - r

1  / )- x  l l - ' " < t  - d  r. . n _ 1 , . _ ' n

i " *
A t l

c '  o '
II

'  ' ' r  /?* x . , 1  *  |  x -  - x , , i  )  |  x , - - x - + , | i ' J - ' ' "  -
L /  V  V  t l

n l l

' * l x r - r * l - x

l r r  - w " t  l > t  ( f  - 2 -, . ' n

l + i xrrrn- -l-
'i

{  I } :  - X
IJ' r t

.}
|  - )  

' ' +  
t t ? { -

U

'  n - . t .

| -t-
' - Y t

* l x

( t 3 )

- l v  - v

l t  t f' n



.  :  
:  

, l

I
* t- t  ' r 2  -  ( l x

' n
v v' n

- 1  2
1 1  = - - * . 1  {  l - : , ^ }

/ 2

t - ==1.*?,9. I* J -  Z A  O

- x  i +  l x - v  l - t -  |
I ' |  I x  * ) i

q o
rll

l ) + l x  * x
n ( )f r n

\ ,  t l- n  - r l

where

( 1 4 )

( r  C \

Proof  .  I ' {e  shal l -

*4ar t r  i t  /1

) t
r  - r i

n

f r : . l low c l .oseIy  t i - :e  Dl : r ,o f
' l - i r o  I  i  r r o , . r r  n r r g y ' 3 l g i i  ' : = 6 F

I -;r  r-
^ ,
Z d  n r - l .  n

n . = 0 ,  L  , 2  ,

I I

T h e o r e n  1  o f  I -  1 3 l .  i t i r s t

v )  i s  i n r i e r t i i : I e  f o r  a l  I

o
u r v e D

+ l u - v l )  l x - r ' l

( 1 9 ) ,  ( 2 0 )  a n d  r ? I )  r e r n a i n

+.'t-_+.
l ), n

o f

( u ,we observe that
o

L t , r v L l J  w t L t i

( t 6  )  
. l t - * "  

l r - l v - x o  l ( 2 t o

fndeed f rom ( f0 )  i t  fo l lov rs  tha t

l I - T  P l = l T l  ( A  - P )  l - i ;  { P - F '  ( x  ) )  l ' l - I ' r '  f F '  / - '  t - n  ) i  S- . O - '  ' - ' O ' - - O  ' - O  \ '  "  r ' ^ O /  /  l  '  r  r O  \ 1  t - ' O " '  
O '

< a ( l u - - x  l + l v - x  l + [ x  - x  .  |  ) < f
o  o  - j

i r o  t l i a t ,  acco rd ing  to  Banac -h ' s  l e rnma P  j s  i nve rL ib le  aud

1  + c )  l - 1

Le t  us  no te  tha t .  conC i t i . o r - r .  ( 10 )  imp l i es  the  fo l ' l c r i : : l r '  I - , : Lns  : l , L l z

c o n d i t i o n  f o r  F ' :

1 1 n ' \

Us ing  the

/ 1 Q \

u - v l ,

( * * Y )

v/e deCr',.cc that

Q a ' t l T ^ [ F x - F y * F '  ( u )  ( x - y )  J
o

|  < a  (  |  x * u l  + "  I  y - u  |  )  |  x - y l

f o : :  a t l  x , Y , t r B .

F j - n a l l y  f r o m  ( 1 0 )  a n d  Q A )  w e  h a v e

( 2 , )  l T ^ t r x - t r y - 6 n  ( u , v )  ( x - y ' )  I  l < a  (  l x - r - r l + l y - u l' o
o

f o : :  a l l  x , Y , u n v e  D .  B y  a  c o n t i n u i t y  a r q t ' m e n t

v a l i d  i f  x  a n d / r : r  Y  b e l o n q  t o  D c .

t r F  t l ; . . . t  ( t :  \  _ r "  ( V )  )  l < 2 a  l,  - o , '  \ s /

i n t e g r a l  r e p r e s e n t a t i o n
I

F x - F Y = f  I l . '  ( Y + t  ( x - ] - )  )
' w

o
d r l

Us ing  the  above  i negua l i t i es  v /e -  sha l l  p rove  tha t

q
rt
J

T

$
T:'
I

4
I
l

t

( 2 2 )  l x n - x n + , l s t r r - t n . r - l

f o r  n = - 1  r  0 ,  1 , 2 ,  .  .  .

f t  is  sas) ,  to  see l :hat .  'Lhc

dec reas ing  ; rnd  conve rges :  ' Lo  d .  I f

( 2 2 )  i r o l d s  f r r  n { k * l  t h e n :

scoucnce (  t r ,  )  , r>- ,  
orven bY (  I  5 ' )  i  s

h .  i s  a  nonnec ra t i ve  i n tege r  and  i f
#;.



i  r : o - x r .  |  < t o - t r , < a o - d ,  I  x l . - y '  i  s t r - t r " , < t - , r * d = r : ,

f o r  n<k .  l l h i s  sho ' , vs  tha i  (16  )  1s  sa t : i . s f  i  ec l  f o : :  r 13x .  anc l  v *x  .
r.. :l

Th r . l s  (22  )  ; r ssu res  t i i e  f  ac t  t ha t  (6  )  i s  we  l - i  ce : - , i . ned .

! 'o:: n=.* I arid n=0 (22) rercluccls L.. ' .o I x_-., '  .-x^ | -<c ;rnd I x^*x.,

p a r e  w i t h  ( B )  a n d  ( 9 ) ) .  S r : p p o s c  ( 2 2 )  h o l d s  f o r  n = * 1 . , 0 , . . . , k ,
" - t

Denote ' I  =A
t l  1 I

U s i n g  ( 6 ) ,  ( f f i  a n c l  ( 2 1 )  w e  m a y . r v r j - t e :

s
l - a ( l x

P k + t

u , tno  t kn t * t

* x  l + l x  - x  l + c )
o '  ' c I , _ , ,  o-Js.'1- r

T-)

- +  + +  - + .  \u L ' e / _  t
J \  \ 4 r  t J 1- K  ' ] i

vr i . th . i  ,  ,3k.

ls i r  ( i , : ; rn*

v rhere  k>3.

l

-..-::,.--.-r

- +  \  -' k +  l " ' -

t rk+t

- 1
l x  - x * l - l S  * F x
' n

^ \  * l  ! m  r ! , '  l /

^ b i  l i i ^ j r x - l -
(-)  v l r

i s l ( rn

l " k * t * x k + 2  l =  i T k + t r " k n r  l -  |  ( r o A k - r t  )  
l  r o i l t r , u * r - F x o - A o  ( r . u , o r * x k )  - 1  l s

--:l-:3:'1iil5*_lo*l '_
l x , - * x , - , , 1 <

-K l"r1--L

|  - A  {  f  * t  + . rr L'  n  t a  / \v  l 7 r  ,  r. K + I

: l :*- .r+'j:r r (tr.
L r L - . v l l \q , . -  " . - 1  - o

'K+ l-

t  { - t  ' t .  .  -  - t .
D,  CL K+t  K

{ +  - f  \ = f  . ' J -' " k  * l ( - l - l  '  "k+1 "K- t '2+-t
9k+t

! . i le  have thus proved that  (22)  ho lds for  a l l  i I "  Fro:n t l ie  ccmolete-

ncss  o f  X  i t  f o l i ows  tha t  Lhe  sec luence  ( xn ) t i - , )  conve t :oes  l o  a  po i .n t

x *  a .nd  tna i

( 2 3 )  I x . - x n  1 . t , . - d

f ' rom (6) ,  (7 )  and (22)  we ob ta j -n  th?  ineoua l i t l z

( 2 4 )  l ' r ' ^ i r x , . . , . ,  l . u ( l x '  * r - x .  l * l : : , . - x *  l + l x o .  - * o .  |  )  l x o . " x o * r l' o  K 1  i '  K + l  p k  K  P i .  I r p  , r k  . r

where f : r : om i . t  f o l l ows  tha t  Fx*=0

Le t  us  take  nov /  x=xn  and  v : x *  i n  ( i 9 )  and  deno te
1 . .

s -  [  F ' ( * * + t - ( x  - x * )  ) d t .  A c c o r c l i n q  t o  Q ? ' ]  a n J  ( 2 3 )  i t  f c l l o w s  t h a t '
* !  

' '  ' '  
n

o

I x n - x o | ' r -  |  x * - - o |  +  |  x o - x -  i l  s 2 l  x r r - x o I  +  |  x n - x *  |  + c <

1 c * 2  ( l x n - x o  l +  l x n - x *  |  )  < Z  ( t o - t n + t r r - d )  * c < 2 t o + c = 1 / a

Us ing  (10 )  anc l  Banach ' s  i emma,  one  can  Drove  tha t  S  j - s  j . nve r t i b le  anc

'  * 1  . '  - - ]
( 2 5 )  l ( T o . 9 ) - ' l < [ ] - a ( 2 l x n - x o l + l x r r * x * l + c ) l

i see  a i so  the  p roo t  o f  i ncc jua ia i - i '  i  17  )  .  )  Acc r * ' ' : :C , l ; r q  to  (24 )  and  (25 i

we have



(  lx r . , -x1r
' l . ) - r

l r . l . ,  * v

"  
'  ' ' r ) - .1  "P

'  11 *  J

l 1 -
- x  " ln  n - r

l . *a  (2 l  x . , ->; .  l '1 -  1  x ' . , - : l *  1  +c)

anc l  -L t  i s  e . i s j y  t o  see  tha i -  l - } : e  abo rze  i ne r rua - l i t y  t "oqe the r  v i i i - h  t he  l ac :

I  x  * x x  l c t  i . r n p l  j . c s  t h e  e s t i m a l - c  ( 1 2  )  ., r t n  t  - . - o

Us i i :g  the  idcn t i l -Y

xr . ,1 - l *xn=x* -x r " , *  ( *oor r )  
*  1To (Fx{ ' -Fxr r ) ' -o r ,  (x * -x r r )  )

- a n d  t h e  i n e q u a l i t i e s  ( 1 7 )  a n d  ( 2 1 )  w e  o b t a j n

a  (2  I  x - - x , - ,  |  +  |  xn -x r r l  r -  |  xo
.tl lrl 'I I- n

- x  l )
a1

- - - - - -  !  L

l * r - , r ' l -xn i a-*--' - :  i * a ( l x ^  - x ^ l * l x ^
! /n v 'Ln

* .  ,  * r- x ' ' l { - l : i  * x  I  c
n n* x  1  + c )

r\

Th is  i nequa l i t y  imp l i es  , che  l ower  bound  ( ]3 )  {S

Let  us observe t -hat  by tak j -nq x=y in  ( r .0)  \^ /e  dcduce that  the

Fr6c i re t  c l e r i - va t i ve  o f  i I  sa t i s f i "es  a  L ipsch i - t z  cond i t i on  o f  ' t l - r :  f o rn t

I  T o  ( F '  ( y )  - F '  ( z )  )  l S 2 a " y * z l '

f en r " r sass ' l y  1 f  t he  above  cc l : d i t :  o1  i s  o$a t : i s f  i ec l  t hc t r  (10 )  i s  a l so  fu l ' -

:  6 F ( x , y ) =  I  " ' , t x + ( l - L ) y ) o t '  
I L  - i - i : i l o r ' i s '

t ha t  i o r  *o=* - ,  anc l  i =0  t -h€  hyno thes i s  o f  Theoren t  3 "  1  reuuces  tC  thc

hypothesis  of .  t .he af f ine in . ;ar ian i  vers j .o t ' ,  c f  the K 'anLoror" ich theo-r - " '

t 6 l .  W e  o b t a i n  t h u s  . - h e  f o l l o v ; i n g :

3 .2 .9e ry j l a i : i .  Le t  X ,  Y  be  two  t sanac l r  s l ] aces  anc l  D  a  co ] . IVeX  su l , , se t  o f

X .  Le i :  F :Dc ) {_ "Y  be  a  no t r l i nea ] :  o .Dera to ro  F : :dche t  c i . f  f e ren t i ab le  cn  8 .

O  -  r  1 1 -  r ^  - - - . , ; r  m

Supposc  Lha t ,  f  o r  an  *o .  B ,  F  '  ( xc )  )  i s  i nve r t i b le  anC r t s  t i ) : "e l : se  ' '  
o -

= r " l  f  *  )  : l - 1  i s  
"on t t r , . r l , r * .  

r f  t i * re : r *  e ;< i s t  two  cons tan ts  d  '  b  such
- o

that  
o

4 a b S 1  ,  I  T o F x o  l c b  r  I  T o  ( r '  ( x )  - 1 "  ( y )  )  l < 2 a  I  x * y

a n c l  j , f  u ; =  [ x e  X i  l x * x o + T ' l x o l  = * f  ]  - 2 a b -  G * a a i l I / 2

t inuous  a t  x ]  ,  then  Newton 's  ne thoc l  :

( 2 6 )  F x r r + F '  ( x n )  ( x n + r * x r r )  = 0

i s  w e l l  d e f  i n e c 1 ,

r c o t  x * e U  o - [  t ] r e

I  * n * *  l < t o

the  sec luence  ( xn )n i '  p roc luced  by  i t  conve rqes  to

e q u a t : o n  F x = 0 , a n d  t h e  f o l l o w i n q  e s t i m a t e s  h o l c 1 :

*  l x n - x o l  - L  ( t a * i  x , . , - x .  i ) 2 - i : < r ' '  : i o  1 2 l '  
/ 2 ,

l ,  X 1 ] r e D ,

l ] - D c ; = [ x a D i  F  i s  c c : -

n : 0 ,  L  1 2 i

( ) " 1 \

' : t 

-

, ^ o \
\ a o  ) lxn-x l : t -  ( to- lxn-xo i )2+z(to* ' lxr-*x. l ) lxn-xol)  lxr-r*xn-1 ' r l1r iz- t^* lx"-xolr



i

1l

* t
wher :e  to= ' (2a)  

*  
[ :1

f  i  i s  j - n te  res t i nq  to  no ie  t l i a i :  t he  e r ro l l  bo r " rnds  (27  )  anc  (  2  t l  )  '

vlhi  c6 f  ol- lcw f . ' . roin (12) anci (13 )  for c-,(J . : i r ld.  D,] '=i ;* ' ' - : i  r  ; l re ciel ls.rai l ,  l i - ' , '  : '1r?

acc . :u ra t :e  l - l i ; rn  the  c r ro r  es ; t - imaLe s  ob 'c ; r  j -ncc l  espe c iaJ- l -y  fo : :  Ne ' , ' , . { - r in  o  s  : - .e* '

t h o d .  b y -  G r : e r q g  a n d  T a r p i a  [ 7 ] ,  M i . r : ]  t ,  1 0 1 ,  P o ' b r a  a n c l  P t i i k  i ,  l 4 - l  ( s e e  i , f  2 l ) .

We ar- l -so no'Le that t i rc error bouncls obtat i t red in ' I 'heo::em 3 " I  al :e si- i ; r r :o

'  i n  t i t e  f  o l  I  o r v  j  n q  s c n s e  :

-  
i : - . " . .3 .3"  E lg!g€- ! l -g ]1.  l . r  ar )0,  b)0,  c>0 are three cons ' t -ants  sat - - - i -s :y i i - rc  j - : :e  *

n r r : r " l ' i  * - r r  f 1 1 )  1 - h o : r :. ,  Y u a r . r . L J  \ a r /

( j - ) .  T h e r e  e x . L s t  a  f u n c t i o n  F : R + R  a n d  t r , r o  n o i n t s  
" o n * - r c R  

v e r i f v -

i ng  the  hypc t r res i s  o f  Theorem 3 "  l -  and  fo r  r . vh j ch  the  es t ima ies  ( - i 2 )  a re

a t t a j r r e d  a t  c a c h  D - f  ,  ? . , 3 ,  .  -  "

_ ,  . - - - ' - - .  ( i i )  For  any g iven f i t . ,z .u-  the: :e  ex1st  a  func l -  j .o . r  f r - ,

- ' i r  pcants X^ r  X ,  e  R ver i  -F lz i  ng the h) 'pot -hes is  of  ' I i reorem 3.
o  - 1

( I 3 )  h o l d s  v r i t h  e q u . a r i i t Y .

: -l{-) l{ anO .t-rrv'O

l  a-ud for  vrhrch

! : .

I r roo f  .  ( - i - )  f  ( x )  = * '  - d '  
^

,  I  - Zr r r  I  *  ( X / = X  _ O
\ r * / * n

v  = |  -  Y  = t - i E^ o  " o  f  " * f  *

F i rs t  l e t  us  i n t r : o i ' uce

comparab le  po i .n t s  be l -onq ing

ra to r  F  such  tha t "

( ' / . 9 )  x o e ( X - t  ,  Y o ) c n

We deno te  i ,Y  D t  t he  se t

( 3 0 )

and  we  cons i c le r  a

operators "  fn  
' the

f n l l n ' t " ' i  r r o  s e L  O f

4 .  Mono tonous  conve l : c rence

rn  th i s  sec t i on  suop ' : s i ng  t l i a t  t he  ooc ra t ' : r  r '

.  -  pOL-spaces ' , fe l  sha11 uSe i . terat i r , 'e  procei lur :es of  t ; rpe

-  o b t a i n  m o n o t c n i c a l l y  c o n v e r q e n t  s c c u e n c e s  e n c l o s i n g

e q u a t l - o n  . | ; I : : t l  .

acts between t ' .r-o

(6 )  in  or i .er :  :o

the  r  co ts  o f  t . : e

scne  t ro ta t  i on :  Le t  xo  r  x -  1  r  Y

to  the  dcma i .n  o f  de f i n i t i o t i

i:e

D o f

f h r e e

+ ' l - . o  ^ n a -
U I } U

n  - t  t . ,  " \  ^ . 2 * "  .  , y  ) 4 i  x  a n d  y  a r e  c c n p a r a b l e )U t - t \ x r Y / L ' \ ' \ - 1 r r O '

n r : r r r n ' i  n c r  A  d e f  i n e d  o n  D ,  a n d  t a k i n q
r t t L . ! / y - L i 1 )  

1

staLc.r '"ent o-f t ire next theorerns \ 've

hlznr : t i res;es arrd concl -us ions :

tr 'rz ) 0>F w
,  ,  ne . - r ' - t  V  

C )  
t

v a l u e s  l i n e a r

s h a l l  u s e  t h e

r 1 ' r  )

\ ) z  I

Y < V".o-, o

Fy- ia '> r>-4  (u ,v )  (y - - " : )  r  r iVv . { : . : (v< ' i : " ,

( H 1 )



( 3 3 )

( 3 4 )

( 3 s )

( 3 6 )

( 3 7 )

*r..,71!, r l'xo20):Fyo

I": '* ' f": .r<A ( t i ,  v ) (y-x )

*o)Yo ,  Fxo<0<F'Yo

Fy - I l r : )A  (u , v )  ( y -x )

:;*., 5.-sSy(t-ihrr

x  - < x < y S u A v "* l

xn:iyo , Fxo={0.i lyo

y y * F x S A  ( u , v )  1 y * x )  ) uVvSxSy<yo

"n(*n+1sYn+-tsYn 
'  t rxr ' r2c)FYn I

*r , )" . ,*12Yn+ t lYn '  Fxn)o2FYn I

( i i 2  )

50<tsv.-  |-  I t

( r r3 )

( I .1,{  )
t

( c r  )

( r  l, " 2 '

r * 3 '

( ( -  \
=

X n ) x r r + l 2 Y n + t 2 Y n '  F X r i l l - w  I  . t  f  .  .  .

*rrs*arr.1Syn+ tsyn r Fxrr(o<--"r, t n = 0 ,  1 ,

4 . i .  g lgg fgn .  'Cons ide r  
a  non l - l n^a r  o le ra to : :  F :DCX:>Y,  v rhe re  X  j - s  a  reo l l -

l a r  1?U ' i i , - space  ano  Y  a  POTL-sDace ,  i : h ree  co rnpa rab le  po : i : t s  *o , * * l 'Yo

o f  D  s a t i . s f l , , i r g  c o n c l j t j o n  ( 2 9 )  ,  a n c l  a  l r r a i ) p i n g  A : D t - > B  ( X , " ) ,  ' ; h e r e  D t  i s

t h e  s e t  d e f  j  n e d  1 : ) '  ( ? 0  )  .  L e t  ( p r r ) n r .  ,  ( 9 ' )  
r , > 0  

b e  t w o  s e o u e n c e s  o f

i  n+ -+c re r - s  sa t i  s f r i i na  ccnd i t i on  (2  )  .  : 1>sume t i r a t  hyoo j -  hes i s  iH . ,  )  i s  sc i -
l-

t i s f i e d  f o r :  a n  i :  [ 1  , 2 , 3 , 4 ] .  A s s u m e  n o r e o v e r  t h a t  t l l c :  I  j n e a r  o D e r a . t o r
i

( - l )  a a  ( u , 1 , )  h a s  a n  i n j e c t i - . : e  n o n n e g a t i v e  c o n t i n u o u s  l e f t  s u b i n v e r s e

fo r  a l l  . ( u ,  , r )  e  D . ,  ,  Then  :

1o .  The  i i . e ra t : ve  . . r l - qo r i t hm

! ' xn+An  ( :< r r ,  
, - x *  )=0

- - - n ' r
I l - V  t  L  ,  .  .  .+ A  ( v  . - - v  ) = 0

n  - ' n +  I  ' n

( ^  t - -  \  AL r r  \ r ( h  I  A f t  J  I
V L !. ,n

( i . e "  f o r  a n y '

t  - ,  \ " t
\ A ^  f ^ ^  I  t

v v' n  ' n

t t .  V  f h . r r n  i . - ^
! \ = U  L l l e . ! 9  q I g

+

n = 0 r I ,

^ - n  ' l
I r - V ,  I  t  '  .  D

x and
n - j - I

( 3 e  )

( 4 0 )

( 4 i t

E r r

n

is  we l l  c l e f rned

( 3 9 )  a n d  ( 4 0 )  )  "

20  .  conc lus ion  ( c i  )  ho -Lds

30 .  T , i i c re  ex i s t  two  comparab l - c  po ings  x * ,  y *  i n  ( xo rYo)  s i ' r ch

1 1 ^ 3 +  . ' * - ' l  i -  v  r z * = - l  i m  \ r,.,LLc'- L )t - J- I ltr +n ,. _Y 
- r rrtt - i Jl

ftr->6

v  s a h i s f v i n c t-  n 1 - L

i  r .-r:  : : :e ncn::c. j i .-

\ ivr 
'l 

r.n rrq. f cr
/  P v  l v r r L 1

40 .  ; - - i  { ; } re  , : pe ra t -o i : s  i - L  )  
i ; , r , . ,  

,  l }=0  , I , 2 . ,  .  .  .  < l r t - : :

t i ve  th * ; r  any  so lub ion  o f  t hc  cquar :Lon  I ' x=o  i n  ( xo rY

( x t  r 1 , * >  ( i . e .  L t e  < x o r Y c )  a n d  } r  u 5 0  i n r n l Y  i t c ( x *  r y * )  )  '



P r o o f  .  I { c  s i r a l :  m a l t e  t i r e  t r r o o f  f o r  t l i t  c a s e  j , = 1 ,  L c t

n u o u s  l l c i n r i j - n 9 r 1 1 3 1 '  n o n n c q a t i v c  l e f : t  s u b i n v e : : s e  o f  ( * A

cons i i l c r '  i : t i c  c - l i r c r : , i to r

I T  "  t  n  \ z
1 1  .  i .  v  r  y  + r  _  j  "  / r  

I' * / 1  n
I i :r=x-13 (I. 'v -A x)o  - o  o

' r r -  i  c  a : q \ /  l - e 1  S e e  L h a t  F I  i S  i - : ; C t O r r e  a n {  C O n t . i n U O u S .

I { ( 0 ) = - B  F . /  > 0 .- . , - '  " - o -  r  o - - -  t

l f  tU -*-)--V *x - l i  F; ;  - l l  ( tv * i 'x -n (v -x ))( i ,  - -x -13 Fx Sv -x' - o  o  ' c  o  u  o  o ' - o  o  o ' r o  
' ' o " -  ' o - o  - o  

o ' - - ' o  o

A c r . n r r f  i  r r r r ' l ' n  K a p t - . O r O v j - c h t s  t l r c O r c i ' n  L B I ' t l : i e  o . o C r a t - o r4 ! V V v r  U ! r r Y  r \ s r r  L . \ / !  v  v  J - v 1 l  J

I {w=we [  0  .1 t  -  **  l  .  Tak inc{  v ,  =v -w we have' * o  o  '  "  I  - o

I t yo *Ao  (y t - yo  )  =0  ,  *osy t i yo

Up ing  (  32  )  we  dec luce  tha  i

NO\^/ let us

G  i s  c l e a r

G ( 0 ) = B  F xo o

G ( v . - x  ) = v . -
ar

App ly ing  a

n n i n { -  z " f  O

l l e l n d  t n a

P r n r - e o d i n c r  h v  i n C l U C t i O D  r r / e  C a n  S h O r v  + - h a t  t h e r e

( * r , ) r , r ,  a n d  ( Y n )  
r . , = ,  

s a t i s f y i n g  ( C r )  "  T h e  s p a c e

l o w s  t l - : a l -  t h e r e  e x i s t ' x * ,  y * : X  s u c h '  L h a t  x  = l i m
n->6

h a v e  o b v i o u s l y  x * < y * .

I f  x  <usv and Fu=0 t .hen we can wr i te
o  - o

tj; De
c

) ancl
n

a  c o n t i *
I  r . , ' l '  r r ( :

F y - = F y . * F i ' - - A  ( v . . - v  ) < 0  .*  I  -  |  * O  
O  -  r  * O

d e f  i  n a  f ' h , o  n n o ] ^ a J . r ^ r r

G:  [  0 , y r  - x , - . , . ] *X ,  Gx= i ,  i 'B r :  ( ] : xo+Aox )
4 v v

a -

lV  co; l t inuous isot -one aLiC \ ,Je have :

l 0 v

r,.*8..,FY., -8., {!Yi -irx -A (v. -:r ) ) syr-xo+Bo\'rsyr-x" .o  o  - :  o  - r  o  , o  - r  o

r n a

$ a i n  K a n t o r o v j c h ' s  t h e c : : e m  t B l  w e  d e d u c e  t h e  e : < i s t e n c e
i

, i y r - *o l  such  tha t  z=Ga.  rak ing  x1= : {o+z  i L  f o l - ' 1 -ov i s  t ha t

F x  + A  ( x .  - : <  )  - 0 ,  x  < x .  < v .  .
o  o '  i -  o  o  t . - ,

above  re la t i ons  and  conc l i t i on  (32 )  we  ob ta in

I ' x ,  = F X 1 - F x o - A o  ( x r - x o )  > 0

[ , ] r r  ; r l . : n  h : r r r a ,

I{ }ras a f ixecl .po'nt

\_, ! d.

exi s t tvro seclueribe s

v  1 ^ ^ . i * ; .  * ^ ^ ' . - 1  ; 1 . 1 -  i t  f C l *r \  l j t j - L I l l l  I c : : r J u r

v - *  r r * = l i m  V  t ^ J e
^ -  |  :  - - , . .  : l l

n->6

r -  t l . r : v

>(:r
c t I l t t

Ao (;<,-u )  -Aoxo-{:*o-A^tt=Ao t  : ' :o-u) * ( I ' : ' io*Fr- i  )



ry-+\ilf- .-::.,'f , r! --

I f .  t ire opci:at:ci:r (

. r rsY1 .  Pr :c , rcct ld i - r rq

l ic : r rcc x*<t t<. , ' *  i ]

Tc; compl-ctc the starterri : i ' r t  of i- , i i<.r aJlovc thcorcm r' , ic shall  c; i-r 'e

some n . r tu ra l  conc i -L l * i ons  unc le r  wh jch  t i r e  po j -n1 -s  x *  anc l  y *  a re  so l .u t " i ous

o f .  t he  eq r - ra t i on  Fx "0  "

4 " 2 "  f q g p q s i - L j . o n .  L l n d e r  t h e :  h v p o l h e s i s  a f , ' I ' h e o r e t n  4 . i  s u p p o s e  t h a t  F

is  conl - inuol : - ;  ,  t  > i *  ar - rc1 y*  "  l : f  ono of  t -he fo l l .o i t inq conr f  i t j -ons is  sa--

t i  s f i e d :

( i )  X  j - s  no rma l  and  the re

conJ: . inuous nonne<Jat- i - r re  . inverse,

( f  i )  y  i s  n o r m a l  a n d  t h c r e  e x i s t s  a n  o p - e r a t o r  S t L ( X r Y )  s u c i r  t h a t

A  < S  i o r  s u f f i - c i e n t l Y  l a r q e  n ;
n

( i i i )  t l : e  o p e r a . t o r =  A r ,  ,  D = 0  , ' I  , 2 ,  "  "  "  a r e  e a u i c o n t i n u o u s

Then l 'x r=Fyx=C i i

T l re  p roo f  o f  t h i s  D ro l )os i t i on  i s  ve rv  s i i l p l e  anc l  w i l l  be  o rn i t t ed

( s e e  t I T l ) .

.  Le t  us  no te  tha t  i f  F  has  a  l i nea r  con t i nuous  G6- t -ea rux  f l 6p i -1 ra t i r , ' e

I l  t  ( ) i )  a t  e a c h  p o i n t  x c ( x - I , 1 ' o )  a n C  i f  t h e  m a n n i n q  F ' : ( x - 1 , Y o ) + R ( X , Y )

i s  i s o t o r r e ,  t h e n  c o n d . i - t i o n s  G 2 )  a n c l  ( 3 4 )  a r e  s a t i s f i e d  t a k i n q  r e  s n e c -

t i v e l y

( 4 2 )

\ " j  J  /

* l \ - )  : Ls  i nve t : s r :().
l-rv ' i  nr' l  rrr:f - i on \^/c

noi" rncqar t - ive then j - t  fo- l - lc rvrs  th ; r r  : t ig

c1eiluce Lhat *,. ,S.t3)1,.,  holds: for i 'L-1 n

e x i s t s  a n  o p e : r a t o r  T c L ( X , Y )  '  i : i v i n q  a

such  tha t .  AnST fo r  su f  f  j  c j - cn t l - y  l a rqc

( u ,  v )  e  n ,

( u ,  v )  c  D ,

f u l f  j  l l e d  f o r  A  o i v e n  b ; y  ( 4 3 )  ,  a n C  ( 3 8 )

) .  ' r j i t h  t h e  c l ' r o i c e  ( 3 ) ,  ( 4 2 )  t h e  : : s u l t s

4 .2  cous t i t u te  a  s l i . c rh t  improv 'e rnen t  o f

A  (u ,  v )  =1 "  (uVv )  ,

A  ( u ,  v )  = F '  ( u A v )  |

T f  F '  i s  a n t i t c n e  t h e n  ( 3 6 )  i s

i s  f u l f  i l - Lec t  f o r  A  q i ven  bY  ( r ' 2

o f  T h e o r e m  4 . 1  a n c i  P r o p c s i - t i o r

t l r e  r e s u l t  c f  M .  H .  t { c l f e  l 2 5 l  .

! { e  aL . . so  no te  tha t  conc l j - t i ons  ]G2)  and  (34 )  a re  sa t i s f i ed  i f  A  : i  s

a  d i v j . c l e c l  C i f f e r e n c e  o f  I ' o n  ( * - I r Y o )  ( i . e '  A ( u , v )  ( u * v ) = F u - F v )  w h i c i r

i s  i s o t o n e  i n  e a c h  a r q u m e n t ,  w h i l e  c o n c i t i o n s  ( 3 6 )  a n d  ( 3 8 )  a r e  s a t j s -

f i - ed  i f  A  i s  a  c i i v i ded  c l i f f e rence  an t i t one  i n  each  a rqumen t '  Th i s  Sh 'o ' r7s

t l r a t  t he  resu l t s  con ta ined  i n  Theorem 4  '  1  and  P ropos i t i on  4  ' 2  rep re*

sen t  a  gener :a l i za t i on  o f -  t l ' r e  resu l t  ob ta ined  by  J ' ' l ^ r ' schmid t  and  t l '

Leonhar i l b  [  19  ]  conce rn - inq  the  secau t  r : i e thoc l  ( see  a l so  t  17  l  and  L  21 l  )  '

Now le t  us nrake.  Sonie i :emarks On the regular i tv  assumpt ion of  the

space x appear ing in  t i re  s ta i , "e fLr i : r i t  o f -  l l lhccrem 4 '  l -  '  Th is  assumpt i 'on was

e s s e n c i a l . I y  u s c d  i n  p r o v i n g  t f r a i :  t ' h e  j t e r - a t i v e  p r : o c e c l u r e  ( 3 9 ) * ( 4 1 )  i s

l . re l l  def ined a. r rd that  the secuences proc lucerd by i t  are conver- 'qcnt - '  In

proposi l , ion 4. '2  we have g i . " ,en s io l le  sr - r f  f  ic icn i  con ' l r1  j ' .ons ut lc ie : :  wh j  c i r



the i j "n t iLs of  L i 'cs ;c ' -  scqucnces are roots ;  o f  the ccru; - r t j .o11 1.a: : : f ) .  I , f t l  l r ; ] r . ic :
a l ready  men t i c l , ec i  i n  Sec t i on  2  tha ' t  t he  requ l ; r r : i - Lv  c ;o t i c l j . L . . i - cJ r . r  i . l , r  i - . . r i . . i r c r
res t r : i - c t i ve "  l t t  some c i i ses  i l r e  e :< i s te t r ce  o f  t I ' i e  so l i l t . - i . c ; r i  ( - r ; i i i  i . r ,  ,  1 . i f i \ . r oc l

l ry  o t l ier :  I l lea l ls  wi i - i rc- r r tL :  t i i is  i i i ;s r i ;n i : t - i .o l r  ; rnc l  i  i :c : l1 t -  j -vc:  r . r i : -oct . , r i r_ l l - ( - r i l  i r t : ( )
a p p l . . i e c 1  f o r  e n c l o s - i n q  t h e  s o l u t i o n  ( s c c  t , l l )  "  

j n  1 _ h e  f o l . l o v r i n c . J  t i r u o r e r n
\^ /e shal l  shovl  that  an "ex i : l j .c i t  vers j -on"  of  the - j " terat j rzc , r r r r . , . . r , ' i . , , r . . ,
( 3 9  )  *  ( 4 1 )  c a n  b e  u s e  d  t o  t h i s  e f  f e c t .

4 "3 "  I t t qo l3 f l ,  Cons ide r :  a  no r r l i nea r  ope r ; : t o r  l - r :DcX+y .  w i r c : re  X  apc l  )a  a re
POl , - s ] t races  a r r c l  l e t  X* l  r *o r . yo  hc  th rcc  conpara l - , l c  i - ro in t . s  o f  l )  saL . j . r ; t l y - -
- i  t r n  n n ' r ' 1 i  r - - i  a  ( 2 9 )  .  C o n s i d e r  a l s o  a  n r a l . , p i r r E  A :  D , + L  ( X r y )  v r h c r e  D ,  i sr r r : J  v v l l u l u t . v r l  \ L J l .  u u t l . > - L u  

. ,  
, L  I

the set .  def  ined by (30 )  .  Let  (Frr )  
,_ , rO ancl  (er_r)  

r r=0 be t r r ro  scr<ruencos of

i n t e q e r s  s a t i s f l , i n g  c o n d i t - i . o n  ( 2 )  a r r d  l e t  i  b e  a  f i x e d  i r r t c g e r  b c t v , c e n

I  a n d  4 .  A s s u n i e  t i r e  o p e r a t o r  ( * r ) i e ( u , v )  h a s  a  n o n n e q a t i v e  s u i : i n v e : : s e
r ^ . ^  t _ -  . . \ .  T - . )  r r . r {  h ' n n + - f t g g i  5  ( } { .  )  i S  S a t i S f  i e d  "
_ ' _ \ . *  c t r r y  \ L r r v / u U I  

. d . l . t . L r  
r l y I J L ' L  

t

Then the i tera ' t - ive a lqor i thm:

=v '  -R I ' x' n * 1  ' ^ n  " n -  " n

v  - - = v  - B t F \ z
" T 1 + l  - n  n  - n

r^ , ,here  ( *  r  )  
ie  ( - r  )  in '  a re  nonneqa l i -vc  sub inverses  o f  ( *  r  )  ia  r *  t  ) ia '" n  t  \  - t  , , i t  v v l r u r  \  r /  - . n  ,  I  t ,  ^ I f

" ' l - - '  . x  ) - ( - 1 ) r A ( x  - l r  ) ]  . r e n F r a t e s  t v l o  S e o l l e n e e s i  ( x  - \. - e  t ( - l - J  ^ t X O  , , , q  / r \  - , u .  . - - O  r * r ,  ) J  r  q e r l c  . , u c l l u u s  \ x f l  , n > 0  ,
- n  ' n  - n  ' I r

/ r r  )  c a l - i c € . ' i n -  r ' . - , r _ o n  ( c . ) .  l { o r e o v e r  f o r  a n v  s c l u t i o n  u e, J n r n > 0  o - L i . : : f - _ v r : r 9  u L . r r e r u J  
I

e < X  , Yo ' -  o

( 4 6 )  u e ( x n r y n ) ,  n = 0 r 1 , 2 , . . "

( 4 4 )

( 4 s )

Prgg_.f . lde

{ 4 7  )

F r o m  (  3 } )  ,

V  * V .  = B  ,  F . i .  ) 0- o  " r  o ' o

y1-xo=Yo-xo-B iFYo2Yo- 'xo-B l  (  f yo-Fxo )  to ;

x r -xu-*BoFxo20 |

v  - x . = v  - X  + D  I r x  > v  - X  - B  ( i r v  - F ' x  ) > g
l ' o  o  o  o - ' o  o  o '  o  o

F l e n c e  X , r y . , c [ "  1  I 1 ^ ' i  * ^  a q a i n  ( 3 1 ) ,
l -  *  - L  

^ O r J O " l  '  L r r r i r Y

o b t a i n :

sha l l  p rove  t . he  theo rem fo r  i : 1 .  f n  t h i s  case  \ ' / c  ha t re :

B o ' C ,  B ' s 0 r .  r ) A o B o  ,  r l B o A o  ,  I > A ' B '  /  r > B ' A '  .

( 3 2  , t  , ( 4 4 )  ,  ( 4 5  )  a n d  ( 4 7  ) i t  f o l l o l vs  tha t  :

I

i

I
1,t
3

Fyr=Fyr+A;  (yo*y1-B; l iyo )  =Fyr-n in i r r ' -

Fx . r  =Fx .  -A^  ( x .  - xo*BoF"o )  =FxL -AoBo t r "o

- r , n  t
. . I

a)

*A
(J

{A i  (vo- :<o)  * ( F y o - F x o )  )  > 0 ,

( F y o - l ' x o ) ) > 0 .

,  ( 4 5 )  a n d  ( 4 7 )  v r e

- I r v  * A '  (  r r
' J  

i  A  
' r  

f \

( A o  ( y o - x o ) -

( 3 2 )  |  ( 4 4 )

(Yo--Yt )  sr t1, ' t

{ x , - x , . )  > i t x . ,

- v . ,  )  < 0  ,_ _ I

- F x o - A o  ( : < I - x o )  > 0 ,



y t - r t l y t . - x r1 -8 . '  i l x i=yo - r t  -Bo  (Fyo -Fx l  )  > t r '  (A i  ( i ' o - x . ,  )  -  ( . t ' : f o * i r x ,  )  ) )0

Thus ne havc i - r roved that  x  <: i i . (y lS)ro - . ; " rd  FxrsO--r t t l  .  p : :occect incr  by

inc ruc  L ion  we  , , l educe  th ; r t  (C  1  )  i  s  sa t i s  f  i cc i  .

F ina l .Ly ,  t f  uc [  ;<o ryoJ  and  I ' u -0  t i r c :n  we  m; rv  r . r : : i t e . :

__ i . .  y l *u -yo*u -Bn l r yo - l -B / l l u  U ;  (A ;  ( yo - r : ) *  ( r l yo -Fu )  ) ) : 0  ,

- . ! :_ .  
u-x l= l l -xo- t -Bol i 'xo*BoFn L lo (Ao (u-xo)-  (Fu-Fxo)  )>O

I l e t r c e  * 1 . r . ) ' i  a . n d ,  b y  i n d u c t i o n ,  * r r S u S y n  f o r  r l - l  , 2 ,  . . . f f i

i
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