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Abstract. The aim of this paper is to extend resultg
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known for J-X processes and Narkov renewal processes to a
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l1c processes, namely those obtained

replacing the Markovian component J by a chain with com-

n
£l s
plete connectionsf~ | ,LfJ J+« The corres

-

onding conbtinucus
time process is a generalization of semi-iarkov procesSses.,
Such processes are suitable for modelling those real pheno~—
mena where the whole past is in a way involved in the condi-—

tional laws of the future.
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Let (W,){)) be a'measurable space and Q(+,¢) be a transition
Hesn iy % - : : e 41\‘71 e A4 t," e’
propability function from (W, W) to (J%R+,m/XKMQ° It is well
known that,for each weWw and x,€X ,there exis a probability

< - Okl e o o waril 5 :
space (clwf&"w) anc a Wan, valued sequsnce (J,.X )qeny of

random variasbles.,such that
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R > e , (7
for svery neN, AcW ,BePB..
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J=X
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The sequence of random variables (Jn» xn)n’% ia called
¢N is &

2

process.It is easy to see that this process is a Markov chain

3 5

(2 = a) Q\"'s‘j ) ; S e 4 i1 3
of a special kind.The sequence (Jn)n&N s also a Markov chain
S i
with state space (W,)l/).The sequence (Xa) nen 18 2 Markov chaids
dependent process.
e 25 S vhere S = X+ . + X which i
The process (Jn,gn)néN cwhere S X oo oL s
also a Markov chain,is called a Renewal iMarkov process (R.M.P.).
The J-X processes and the renewal iarkov processes have bdeen
: 5 : ? i - e
introduced oy J.danssen L6] P levy LS:],and N.L.Smith Lwlaj .
Many other authors studied these processes;we mention here only
R Byke FElis Tasl Un sehaufele 161 . [27] E.qtnlar (1],
’ R Ve i | -~ @ % = o 3
H.Kesten | 7] .L.Takdes [19], [20],3.Yackel [21] , [22] , s.6rigo-
rescu and G,Oprisan 12-]; Ba

The aim of this paper is to introduce a concept which genera-

lizes the J-X processes,in the sense that the first component
(Jn)ngm is a chain with complete connections (C.C.C,).

s o 5

The notion of a CLE.C., has been introduced by O.Onicescu aid

i o =
G Mihoe E 5? and generalized by M.Igsifescu 3 = SR
- ™ b St o
FAY =) ¥ 4 " e ol Py [} * 30 s “
A random system with complete connections (R.5.C.C.) is de-
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- two measuraible spaces (u,lU) g {AE}V);

L
« a“transition - orobability function Pla,2} from (W ) ve L

- a measurable function u(#*,?) from W xX to W.

It is known LS} that,for each w¢g ¥, there exist a probability

space (JL,}é,ﬁ!) and two seqguences of random variables (fgmﬁﬁléw !

e ) ,such that
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P (% €A% < 2 = o
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tor any n&N , AC 3&.

The sequence (EQ)MN is called a €C.C,C. Clearly,the sequence

(Sdnew 18 @ Markov chain.

Examples of random systems with complete connections pertain
to mathematical learning theory,decision models and dynamic pro-
gramming,stochastic approximation proceduras,popdlation genetics,
mathematical economics,random automnata.

In Section 2 we construct a process (Jn'xm)néN in which (Jn)neﬂ
is a cﬁain

is a chain with complete connections and hence (X,), oy

with complete connections-dependent process.The process (Jn‘gn)meiN
will be called a Renewal process with complete connections (R.P. L)

In Section 3 we estanlish conditions that ensure the ergodicity

of the process (J..,X ) .-

!
"J‘

. =
haviour of the process

In Section 4 we examine the asymptotic be



It can be noticed that the processes of the J-X type,in which

A

the first component is Markovian,as well as those in which the

first component is a C.C.C.,are special cases of a nmore general

(,‘

type of process,which can be defined as follows:

-~ three measurable spaces (Leii) ol e, (yfﬁ%) ;
.

e . . i :
- (% ,1 ) measurable functions f_:X—L , for each neN ;

- a transition functien R(s,¢) from (L,4L) to (Xx¥, XxE).

s 5 . e N
Nith these elements,for each probablllty/M—Gn o e W8 Ccan

lefine an X xY-valued process (3 ,X.) ., on a probability space

P (0 eAk  £8 (3 X)) Odken ) =R

el g g (JO'“°"JR)‘A XB)

A
P. = a«s. for any n€N , AQ/LE(e

A J-X process is a process of this type,for which L = X ,

e T
Y = R.{, i f,n*,‘ (jca‘ﬁet:}-ﬂ_) B /(’L'(A >":3) = CU"" = (Q\Xd‘) :

R(#, AXB) = Q(2,A xB), :

The process that will be defined in this paper is also a par=

ticular case of ths above model.

For the J-X process,as well as for the process we shall define,

Gz

o : o - ” = e g
the process <:§m)n€ﬁj defined by ~ . s @, 00 ... 03 Ban

is a Markov chain,

XQ & :3) £ /‘s/é., (:9\ }ixB), o (?Aé,ﬂ\ b4 C" 3 [ SC‘XO) -~ {Z({ (:}‘ ) l:‘“\:?*‘lg),‘



2. Existence and properties of Renewal processes with complete
connections

LA

Let ((mglﬁ},{x,ji) u,P) be a random system wi

connections and,for each wéW, x,y€X let St
Pt

th complete

() be a pro-

bability distribution function on the real line,satisfying the

\

following conditions:

() F“’»‘f‘a (B) =0, (%) weW and () x,9.€X;

: g Vs ’
(44} B (t) is a 1C>X.X£X!}t -measurable function for each

té‘{.
+

1)

The systen ((W, W), (X, o Jiu.P,EY will be called a

system with complete connections (R,R.5.C.C().

Renewal

There exist a prooability space ((lslk, ) and three sequence

s o A - o bariat, &
of random variables (§Q)“€PJ, (Jn_)néN A S

in W,X,Q+‘,respectively,such that

(1) P (J Al = Rlw A) X =0 P < a.5.

taking value

Theorem 1, Let {(ﬂ,]ﬁ),(xg}g),u,P,F) be.a RR.6.0.C, and w e W,

(2l T le B R (3 e X, g B e

= \P{T .,dx)F_ g e ~2+S
gr (SH‘_{ ) sS'n"«J AN ) f wc

i noo X
N

Bl i
Brogt Letoit be S = (X xR el ){x.ﬁ4 ) and

the probability given by the Ionescu=Tylcea theorem [9] ,COUres=

. S o e ‘ 2
ponding to the initial probability P(wo,ﬂ);<1,@)on D{><JJ+ and
et
to the regular conditional distributicns P (ax Lo
Ko to ) Xy g ; 2
= ( P(w dx)F ki ' =
. ( neq ) M s )i /&'tCR*’Whera Wy = ulw, e ),

A

let PW be

&



For we&on we set J (w) = x , X (w) = t  if &Jm((xh,t
X &%, t €R_JAccording to the Ionescu~Tulcea theorem,equations

(1) and (2) above hold.

The process (J ,X ) _ will be called a generalized J-X process

o

iy 1

In the following theorem we give some properties of a G.J=X.P.,

Theorem 2. The following assertions hold true:

(A) The process (3 ) is a C.C.C. and (%, ) .., is its associated

Markov chaine

(B) The random variable Ko and the random vector (X’,Qaeyxy) are
< L4 4 A L
conditionally independent,given (3,) , MNEN,
Ko<l £mai
C) The random variable X and the. rancdom sequence (J ) are
cied ﬁa’?,"‘v\-f-(_,

ronaltlonally independent ,given (J. i JLEN,

Klog kK €med

(D) The sequence of random variables (J_,X is a C.C.C,,

N+ 1 )'n:.'«:(\i

\

whose associated Markov chain is (% )“éh{and the transition pro=-

bability ite Riw,Ax[0,8) = g P(w,dx).gp(u(ng),dy)Fwy y (¢} For
g Vi)

“A
all weW, x;yck, teRr, AEY,

2

(E) The pfocess i ) i8 a J=X process.
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tor wel imeN = (”‘1 5"””}‘:1 :)(':,.X s X # (xsﬂna°°*a:"L vw;'(xt\}e
e N 4 ) Fref ;

(B) We have
" ¢ s f » N N e ( 5 £ols) ] £ &
gﬂ\hjd (X'ruqﬁ: &[3@@°°3F'3ﬁa”zﬂ*‘““\,) oon {(-{)%”rﬁx}iﬁ,“ e (el

.)' 5 ')”“}"-)'.L,;’\(
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w
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£ ¢ 2 ¢ ¥ A - Y W i
& V,'/') ( \-'Yl.ff{ o t 30 s v e @ ;’3)\ B ‘;J'\/; T yr’ﬁ/h) r “\\"', 3 ,:g ( L4 ,‘éwm 25 e
5 ST g i =
-~ *\‘
(C) For X sX eeeesX, € X; A ,0e0,A, €% ,t€R, ,we have
- 2 (f = {“’5 ey g pd
g\ﬂ'/!— (*\a‘,“ff -3 ‘t ﬁ:]’ﬂ{»zk: A‘: § 8 ee BJ’”’*.‘LKVQ l&t;’\ UO X §g e e eg:}”n«i»q }{m4q}
P { & s (3 Lot = X P A Jii A :j P
L W, ( Mg D o R Y 44 ) W, ( Tea s oD e %J ¢
e SRTRRON R ZRA G = i+l (E} X
(S N4 A4 laa R ) YNG4 \,\‘/L‘ 5 (Il CM{/.\ s ) X \\
g S migd
X P S g e ok S .
ch ( mxa A;‘,"'”’” P kC_ Y D B e S .fn..,/ﬁ)

w,
= Xc,aos,\.}m.‘_q:—' X“+1)o
Using a monotone clas

Moreover ,we have

(3) P, {
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- X Vo &
w {E“'JVI! <X4§t4 .;oeeg Ax"ﬂ'i"‘iéﬁn“f"f !Jc,ﬁuegaﬁ,\+4) =

n+4 !
i gl B lgset, | 3
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(D) To prove this assertion,it is sufficient to note that,for

= el B =
gach A& £t G-w%,



} "')A
ng(u(kﬁ,x),dy)F\w (t)= BT ,Ax-ﬂo,t] ) =
) S Sty D
854 L8
%
S .
2 N(U(‘-"“’OP("}:},‘) )6;&;\ng9%_] )
where

~ ) I () :
uw,(x,t) ) = ufw,Xx c Jalsat) = ((Xﬁ't/,;)e(x,1stid)v°°°'(xm“1!tm))

(E) Obviously

s

*3%‘ (T =u =04 ggﬂ; (€ £8,X

e i

P L e s TR

= g F’(‘g’n,dx)gpfu%ig;,x)gdy)s’ﬁ;ﬂ (o) =0k B x{o.t] J,
: o

54746;& j“t) ((3) P S, %, ¢ :
B —anss ,8&%7 e R+, n €N ,where
ol

F-od

i Q(WcBX [:Ont] ) = ( p(w,dX) gP(U(%‘hX).d‘{)FW % (t)“
. l)‘.‘,’ ,.f
WKoweyey A

Remark #We note that a generalized J-X process can be regardsd

as a particular case of the general model described in

Section 1.

§ &g ts 2y = = X 2 .+ 1)
Jde snhould take L = WXX ¥ = R+' fh+1(30,.,,,jh) = (U(Wo'J §\jﬂ)

pAAx[0,t] ) = P(w ,A) 5 R((w,x),Ax[0,t] ) = {P(w.dy)fzw
| VA /

= X

SR TR WO n&N. To keep a similar

e

As usual,we set

terminology with R.M.P,,the process (Janh)n@A!will be called a

Renewal process with complete connectisns

@
Obviously,we have
7 2N ey T =y i - ! s 2] s g e 3 = =
\4')vkwA\uheA,S“§t!Uu«,x,,a»e,dﬂ%—-x_n_,{,"J/‘ =l Dee g i th_.,[}
= - ¢ = i : TaE N
.PWJ (:jnclé\'/\\n./t I:(“-/' { 3{_‘ = A);veo;&jnn'*ﬂ xm-’l ‘X/l o2 t/I ,}(2‘ Q‘:;L % Foeeo



-4 -1 118G W (w,. ) b o
A (‘/’* )Jx‘n—A )X
A\.‘:}\-—p Qﬂl/t,;(:ecs‘-{t_l X X 9”*’°‘X C:x HGN.
i 84 O el !
Hence
Yi~4
Find Vi3 oy P —~ S e e (% = ¥ i :
(g) gF‘WG (Q“H,“““ e [Jo A(:' N eg’jy‘_ X»ﬂ) ry: r[,(,(g,\,:‘ x(k‘.)) % (t)
=6 ) DEGEE R y‘hu—*l
and
Yi=1q (m+4)
( ) W, ( e ) ( a’:c wiw, , ("‘)) X x ( ) ni+q ( o )
'X“M <; X 20 Sl iy Ty
where

P-ﬂ+1 (Wa 'AO Xeoeos XA),L) = S‘AP(\‘VC ,do\(c) 5
o A

)
Plulw, 1x,)odx, ) eee{ PLUlw X JAL)
A
¢ 1 Mo

(o] Pd
1
It follows from Th.2 (E) that the process (’g’jﬁ,Sﬁ)ﬂéN iz a R.M,P.
As for the J-X process,we shall associate with the G.J3=X.P. a
continuous time process,by setting
N(t) = max.{n[.S“}§t}' (the number of "renewals® in the interval
i S = »
ot ) andi2, = 3., tER,.
The procsés (Zi)'-- geneiralizcs the notion of a semi-Markov
z:(:lp\+ &
process.This process is called w, -regular PR () <o) = 0
for all t &R, .The process (Z.) will be studied elsewhere.We only

mention here:

Proposition 3 Suppose that there exists a distribution function

F(t) , tER,,with F{0) = O ,such that F_ (t)<F(t) , (#) we W,
)’";’5"

x.,y €X.Then the process (ZtlféR¢18 w - regular for all we&i,

Proof It follows easily from equation (6) that

g,

lPW(Sngt)g'fF%F*‘M. ¥F)(t) = F e



Hence

lim P (o ﬁ):glim F(%J(t) =0 () EER .

L= OO N OO

Therefore

}P (1im Bt t‘) 1 (J"L) t6;§2+°

e
M X

On the other hand

Polbile) e e Jocdl (dn 8 St)

n=> 0o

which ends the proof.

Remark If X is a finite set and F . (t) does noi depend on w,
NSy

the hypothesys of Proposition 3 is fulfilled.This result is known

for a R.M.P. [14]

It is known LlA] ‘ LlS] » that for a J-X process,the processes

(Jh,xnlnéﬁjand (an'sm%qu are Markov chains.In the following two

theorems,we give similar results for a G.J-X.P,

A
A ~

Theoréem 4 There exists a R.,5.C.C, ((N ﬂ7) (X,}{),u,P ) whose BBl

A

(J,.X,.) hae the same finite-dimensional distributuions as (J_ ,X ).

ne o

N .
Proof Set W= Wufwxx), W= (W s Wx¥)) , % = XXR,,

~

and define ﬁEW><x.¢ i by

i

-
m
>
x
A

(w,y) if W= wew , y
(u(w,x),y) if W = (va)éﬁ’xx.g’vﬁ (Y't)éxx&

If we set

\/\P(...- (t) ifw = wew AE W

!F\;(w,A Lo t] )=
P(u(w x)edy)Fy o (1) 1F W= (w,x), AEX
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N
A~ 4- e : PR et 5
it is easy to check that ((W,M’),(X,%),ﬁ,fﬁ Y 48 alRSe.c. whose

associated CLO.0. (Jn,f%m) ,defined on (Q,,"K,;?W ) (W, = w_ ),
(4}
satisfies the following equations
By (3,€A) = P(F, A XR,) = Pw,.A) =R, (3, €A);
Po (X, = o) =
A [a v = o S NG ’:/ o i g
€ (a8 ) o e 00 %) e Bl (9, X)) A x[0,e] ) =
R, (3, €AX <t ok ) ek
s i ~ a2 I N\r

Lo ~o ) / : s
(3 Gl o 8 X e K)o PEE A [0r] ) o

W, M4 LTS "M

N +4
) >(_

eA,xm+qét/J X_,aong:j/n‘,x

o O ,n)l

e C R AR
g ol = W, 0 = w0000

Theorem 5 There exists a R.5:C.C, ((ﬁ,’ﬁ*),(;—(‘, X) ,‘U,l-”;) whose C.C.C

= = . 3 3 & S 3 s L : - o~
(Jn'sn)né(\i has the same finite-dimensional distributions as (3, ,S,)

Proof Set W = WU (W xX xR ) , W‘m?( W Xk x@")+ b Ko X,

P

}z = ¥ x (B_% .Define T:W x X ——3 W by

v

(woy t) if W=w , ¥ = (y,t)EXxR_

E(W,-‘i) =
(U(Wox)ay:t) lf.—ﬁ = (W,X,S\}GWX?‘.&Q.!_J ,g’ = (y,t)
and
= W Wy /\-E. iﬁ

P(W.A)I{og(t) if w =
P(w,A%x{0,t] )=

f
\ P(u(w,x),dy)FWx‘ {t=s) if W = (W,x,8) & WxX=R
A PRI

The proof carries on the manner of the previous theorem.

re



3.Ergogicity

ACECaal e cnlblead argodic | O if for every PenN
i e 2 = 4
s 1 ficere : o2 ) 8 (B> 1
there exists a probability P, (° defined on X Jsuch that
i t_, ?

Lﬁi(ak)msﬂiénaﬂ~i € %kiaé“”f?;065%§%5?1 =
(where &, —>0),for all ﬁé}N%) we W, A@né ﬁfga)
InAthis section we shall prove that,under certain coﬁditioms,
the ergodicity of the C.C.C. (Jn)népd entails the ergodicity of
the C.C.C, (Jﬂygmﬂln&N.

Let us denote by B,, ., the Banach algebra of the bounded
G20 h

measurable functions lp fur which

P lulntox® ) =% w1 Ly

5 | - 0 h
for any Faaeh ., w' w'ew and the.vector x( G;X( ! has at least

n components in AO(lX;here (f,) is a sequence conyergent to zero.

It is known (see ES] , De34) that conditions M(na) and FLS(AéDQ)

2

ensurec the regularity of the associated Markov chain (%;1£n<_ﬁ

with respect to B(R)'A ,i.e. for each ¥ € BWnB‘A there exists a
DN i )

constant Ugik such that
[U - 1#[“”5 0 as n —» c©
where U is the transition operator of the Markov chain (?;1Xn¢fd°

Theorem 6 Suppose that conditions M(n,) and FLS(A, /M) are ful-

filled for the C.C.C. (I) .., +If the function Fag %(t) belongs

Xy
for each x,y&X and t LR, then the C.C.C. (3

w
e

¢ et s

D) X mEA “rcs




SN W iaNe = ( o ~ ( 4 e X { S
ﬁ:’\;\}o ( Jmc o nea ) ‘) : Wy ( S/y & a "!) ) ) W, ( s T € 1 g% i
W X

P =Y a8 g ‘n‘
:}nr: x)g‘%jwf/ (\J)LG;C!}(/ "g"'lﬁ W) = i”U 1{"] (WQ) ¥

where w,(w} = gﬂP(w,dx)gﬁp(u(w.x),dy)Fm/XM ()
&/ T
: X A

We shall prove that Q/gtﬁy)ﬁA. Indeed,using the ergodicity
sl :

of the chain (J ) and L.1.2.1. L5] p.40,we have,for r3n w
< . . L - ; ¢ 8 =4 & e ]

: i e
having at least n coaponents in A , w',wlew
&

,‘1+(u(wt,>< ) ) - gif(u(w” ,x(w))l {;\/

-
A 5 ;
wiw!, x®) o LL(w‘}‘ X(u.))) X,

§P<u<w',x‘“’>.dx>g ¢ (t)-F ()] x
X

x P(u(ulw®,» ) ,x),dy) + gp(uéw',x(“’).dx>' fﬁ?(u(u<w'.x‘h’>.x>.dy>
| - -

<

- ,!' é" nr [:‘L) v ¥ . 191 po (,L) {
N /7 4 ! .}i e

- Plu(w!l x ™), dx) W’(u(u(w"‘ e ol (s al

F
w(wh ) %,y
In the same way,we can see that

E

3 it
W, ( n+L-4

- TR o Ve s
CAEEX‘YL{»Q\: t}?,' l = 1,2.00-;!"\’.) ﬂ» LU /HU](W ), where

)Xy

(t,)eee gP(u(w,xad),dﬁ!k

N

Y (w) :‘§‘P(W,dx6) g P(ufw,xu),dx4)F“LX
X‘ A4 \
s '.k

E (E).
kot
wiw, X( )/xk—4 geie
Using similar arguments as in P,2.1.13. ES] D73 ,0Ne Canr.prove

at the function U above belongs to B.p 4 4
tha ne f ﬂ% a e g D(&Jjﬁc

According to Th.2.1.24 |5] ., p.84, for each A-?""’A&;é%
t ,eesst ER ,there exists a constant Upgw ,euch that
1 Tl ’

™ oo .
lu™ - ™% [ ~> 0 as n —>oc and therefore

e L >
Bl ha G A e s E L ) e R e ) D P:”( & Apx[,O.t:}),
W, e bormae £ R, & € v

1
o 5 o oo
e { AL = Js
where pk,i%iAixahtﬁl . e

e



Similarly,one can prove

Theorem 7 Under the conditions of the previous theorem,the C.C.C,

sy

> (g 2
(J"L'Aﬂ)m:__: o 18 ergodic.
s Sle o e s ; ‘
e ergod el By of ‘the €.C.G. (qn'xm+4) can also be obtained
as a consequence of cho regularity of the operator U with respect

to B(W) (the space of all bounded measurable functions f sy —> R)
or to L(#¥) (the space of all Lipschitz bounded functions fsy —» RY.

Theorem 8 Assume that the associated Markov chain (g;)nCDioF a

4
B8 .00 GO W) (K L ) uP) is regular with respect to (W),

then the C.C.C. (X is ergodic.

M 44 )m O
Proof It follows from Th.2.1. [10] ,p.101 and Th.2 (o).
Certain conditions which ensure the regularity of the operator
=
U are given in CiOJ for distance diminishing models..e give suf-

ficient conditions for the ReS 0.0 (I X ) to be a distance
(4 R C T B P

diminishing model in

Theorem 9 Tisthe R .8,.C.C, ((wgﬂ}),(x,jf),u,P) is a distance di-

9

minishing model and the function E. 3(1) is Lipsehitz for all

X, Y EX, €P+,then the RSC.C. Lew ) /%)ﬁ XxR+, Xx 1.) MR ) gav g

distance diminishing model.

Proof The assumptions made imply that

(1) (w,d) is a metric epace;

: e 4 \.J") dkl (Vv ¢ X g .) U(‘” (J‘i))
daig L e dengte ry= sup \ Pj(w pclng 75 Y d{w’ ,w*7)

%
then r4<gx>and ) kel such that v <1



(1ii) If we denote

; | i(W i) P,}_'(W&“s@}!
(1/2) sup —* -
4 W'y d{w® ')

then R, < o0,
Fhe R«8a8 L' (W, 76) (X xR, $x %),u R) is a distance dimi=

nishing model if

!feb(w’ WA (Bt ) R(V\,"‘*ifi\;x{:{)etj ) < Refow W ), () e
AC L teRr..

We have

it Toe] ) =R . axload )] =

ngfui 5 }{ \P(L‘(J ,X) dy)f‘ ‘/3_ (t) ..“<‘A{-’3(Wf"d,dx)'g};)('u'(w‘{f'x)dy}X 3
xF + £ Pl ados )\ P %), d ’~'~‘ e
i gﬁ W L dx j" a0 ) By IR, ()
= (P(Wf ,dX) (P(U(Wl ox) ch)F T (t) ‘ + : P(‘N' de) AP(U(W’ . 9dy))<
YA ,,/X W,A"g gA SX
e it C (wr -dX>§P(u(x»J”ex).dy)Fw.. il
'x'é JA X 150

.l gP(w'.dx)S’P(u(wl’.x)odY}qux _
A - i

*

(t) "gF’(W‘”.dX)fp(u(w“.x).dv)
Ty -

XGE (t)ls')\d(w’,w“)P(w“,A) +§wP(w‘,dx) cupIP(u(w ¢ X) ,B) e
- “A Bex

/

- plu(w’,8)] + seup tP(w’,3)~.(N ,B3) ‘< Nd(w,w?)
. BeX

~ ¢ i
aduln aoe)autw 50 :
+ Rld(w’,wﬁ) P(w ,dx) é(wz,w”)’ + Rodiw 0 )0 =

Jp

< kd(w .w ) , where k = A+ Ri(ri . 1)



4.L.imit theorems

The ergodicity of the C.C.C, (I ,X ) entails the following

consequences 157
(1) There exists a probability ¥, on (S),XK) ,such that the

sequence (J_. is strictly stationary with respect to B

n+1)neh4

(2) |B,(A) - By (A €5, —> 05 forall AT (o Xun, man)

(3) B, (A) = P,_(A) for all A belonging to the tail f~-algebra of

the sequence (J“,Xm+4LHGN ;

_(4) The sequence (Jn'xn+1)new <fmm1xing with respect to P, and

P and hence its tail §-algebra is trivial.
Let hiXxR —>R be a Borel weasurable function and Y, =h(3J..X )
T+ R - mi{men

For the sake of simplicity,we assume that Eind) = 0,In the sequel,

W is the Wiener measure on‘§>EO,1] endowed with the Skorohod to-
nology and " => " means weak convergehce.
The following theorems can be proved using properties (4)~-(4),

L ) 5

Theorem 10, (Strong law of large numbers). For any w&W,we have
< 7 {;

%
f b o s o @
(1/n)2l\& > 0 P =~a.. ash-a2&
=4

2o y
Theorem 11 Assume that EWA lY4( )t L for somna g§>C.Then

the process (Yh)nehJObeyS Strassen’'s version of the loglog law

with respect to P,, for any weW.

Theorem 12 (Functional central limit theorem). Assume & (Y boeoi




sy 315 el

e g & |
and set § = kOO(Y4) i zzzwﬁm({1Yk),Then
b=da

(1) © <o < 00

& & "'"‘ ¥
G dif = 0 50 th@n”%L&§“ = W for each wew,

w

e
Here V. (t) = (8. n™)) v,
S i g<kent]

In the foliowing theorems we assume that B, {Ygl)<oc.

il )l <1 For alliinex, t&€R_ iwe use the following notations:

.-
M= E(x)(\{,i)! F,L(t) = (1/n)k2;‘71[:6,”t]6\fk' téLOPj{] 9 thl(t) = éF?%( Y,I'Q/‘%}e

Theorem 13 (Renewal theorem) Tf we denote

-4
o Nfnpt) -~ nt-m
Zn(t) =

1/ -2/
n/,.?/ m /e

- 1 =
thenf_ o Z — N/ for any wéw,

Theorem 14 (Kolmogorov=-Smirnov test) The

2/ %
ri/L (Bke): =Bl tG:[O,i] ,Conveiges

random element immg% [O,i] .

process

Q-
weakly toi Gaussian

ot e
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