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ON TlME BEHAVIOUROF MACROSCOPTC FIELDS

ASSOCIATETO A RAREFIBD GAS

by

V i C I O T  T I G O I U
:

Summaly
1

e n  t h e  b a s e  o f  t h e  r e s u r t  o b t a i n d d  b y  R . E . c a f l i - s c h  [ 1 ]

w e p r o v e t h a t t h e m a c r o s c o p i c f i e l d s a s s o c i a t e t c r a r a r e f i e d

gas are uni formly bounded by the in i t ia l  va lue of  the ntp ' l -ecular

d e n s i t Y .

1. .  In t roduct- ion

o 

we know that  a  raref ied gas,  looked f rom thq point  o f

v iew of  the k inet ic  theory '  is  complet ly  descr ibed once the

r i ro lecular  densi ty  is  known.  The rnolecular  densi l :y  is ,  in  ge.

ne ra l ,  a  f onc t i on
\

\.s ,\ Nt /:\

,. 'l ^ t x Lr ***** \K*

(5  being an Eucl id ian 1-d imensi .onal .  
" r r t "u ,  

t  an Eucl id ian

3_dimensional  space arra 
t [ )  

a  l inear  3-d imesnional  space wi th

scalar  product)  measurable and in tegrabre over  [  '  A molecurar

dens i t v  $  
mus t  be  a  so lu t i on  o f  t he  i n teg ro -d i f f e ren t i a l

Bol tzmanr l  
"q , r^ t io" ,  

t i raL '  in  the absonce of  the exLe: :na l  bod5r

forces,  can be wr j ' t fen in  the f  orm

/ r



( r . 1 ) S. -  a
c-rQ "

. lJ_.
\ x "  Q  ( t ,  R \ ' "

where the nonl inear opera to r 0  i s  de f i . ned  bY :

( 1 . 2 )

P \
and where + =

the var iab les

balance of  the

-?. r J ' . J  : 3 x - !

sys tem.

( 1 . 3 )

J  ,  i s  t he  c ross*sec t i on .  o r  co l l i s i . on  and  toqe the r  w i th

the motrecular  mass and the operator"  that  g ive the so lut lon

of  the , , two body problem" are the const i tu t ive qucin"L i tae s  of

the k inet ic  theor lz  of  rnonatomi-c  crases "  For  f  ' "  def  in i teness

we can determine the in termolecular  fOrces '  we consi -der  in te i : -

mo lecu la r  f o rces  v r i t h  so f t  no ten t i a l '  t ha t  i s

w i t h  3  < s  ( 5 .  F o r  t h i s

has proved the g lobal

pe r iod i c  so lu t i on  fo r

( 1 . 4 )
p '

(o . roJ \  =  1 . (>< , f )

a t tached to the whole nonl inear  Bol tzrnann eouat ion

The  ana lyse  o f  t he  l - i nea r  co l l i s i ona l  o r : c ra to r  has

-1

f  ornrec l  bY H.  Grad \  Z . t '
? 

''a

l {e  dencte by D3 the ner iod ic i ty  cube in  6 =

( : r , - I )

beer: n A 1 ^ -

rn3
\l< anrf-.;

Q.,-\ . - t r  = \  \  (  $!** I ' t ; )  \*r \  d $' i3*
rl\ J)
V J

f ) .  o \  s r .  . - , \  o - Q I { v . : \ ,  Q * = } ( { . * f o )
d t l , * , i t )  ;  \ *=  d  ( t , x , ' t i ) ;  \ . - . t  \ i )K) :  )  I  l r

(  E t ,  
' t r i  

)  ,  ( ' "  ,  
"ex)  ver i fy ino the laws of

irtpr- l ls and of t tre kineric energy /

i s t h e r e l a t i v e v e l o c i t y o f t w o p a r t i c l e s

X ( -  i  =  Y  
- \

1 F
i -

t y p e  o f  p o t e n t i a l s  R ' E '  C a f l i s c h  \ 1 1

exis tence and unicrueness of  specia l

the in i t ia l  va lues Problem
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l e t , \  \  \  \  * t=,  \" to 'F>., \s *Ix :o - : 'v( tr  = A'Tt,='  I
D 3 D ^  , r 1

r  t h e  i n i t i a l  d a t a  \ " € /  ,  t h a t  i s '  w e  s u p p o s e  t h a t
We take the in i t ia l  dbta

w e p e r t u r b a n e q u i l i b r i u m s t a t e o o v e r n e d b l z a M a x w e l l i a n

m o l e c u l a r d e n s i t y . N o w w e a r e r e a d y ' t o w r i t e t h e e x i s t e n c e

and  un iqueness  theo rem fo r  t i r e  so lu t i on  o f  t he  p rob lem ( l - ' 1 )  '

( 1 . 4 )  ( t h e  t h e o r e m  4 . 1  i n  t h e  n a S r e r  o f  C a f l i s c h  I  r l l t

Theoreru

r)

Let  $  4 c{  aV+ .  There ex is t  a  pos i t ive constant  d

n e
s u c h  t h a t  i f  \ \ \ . 1 \ " .  z '  \  ,  t h e  p r o b l e r n  ( ] ' t )  '  ( 1 ' 4 )  h a s  a

"  t / '

unique so lut ion i r r  - /V"4 and:

( 1 . s )  \ \ ( * ,  1 1 1  1 t \ t t " t , . c - \ * ' ?

I c: \ \.\,.

( r . 6 )

( 1 . 7 ) \\ $t\> t\ ".

an arb i t rary  pos i t ive A .  The constant  c  mal /  depend on t

For  th is  model  \ * :  -  
*  

and co is  g iven by the

formula Q.?.0)  - in  f t \ '  The norms that  appear  in  p: :ecedinq

fo rmu ias  a re :

F a r

'  
, - n  r ' - 1  , - .  . l ? ,  t \ y ' t

( r . s )  \ \& ( t , " i * ) \ * l t ^ r  5  3 t \ f  
v ) { t+ 'o * ) \?x )

f ^ .. Il',

( r .e)  \ t '$ t * ; rE) \ \  *  (  \  \ i \ ( t '  ' s ) [ r * r '#g) ' '' 1 1



( 1 . r 0 )

( r . 1 r )

\ \ l ( tr .  ,B\ \ \  *  
=

\:$ 
o"' \i'[t*'''='\\ort*,

and the space l - !  is :

( z . r )

\ t th,",,t)\\"o = 
H 

\ \tt, ' :F\\\nt*,

)e = \.{ [{,*,=:\ n {.r5 [,"< -o( r .  r 2 ) and f r,eriodic in

2 .  Mac roscon ic  f i e lqs

The k inet ic  gas may be thouqht  as a cont inuum body '

T h e  e x i s t e n c e  o f  t h e  s o l u t i o n  o f  t h e  p r o b l e m  ( r ' r ) '  ( i ' 4 ' d  i n

^r \
the /y* i  sDace (s tated by the preceding Theorem) assure the

inteqrabi l i t ,y  o f  fonct ions \ ' : \ "  $  t t r " . .  )  .  From the poin*-  o f

v i e w o f c o n t j . n u u m m e e h a n i c s i t i s n e c e s s a r y t o d e f i n e t h e

macroscop ic  f i e lds  and  fo r  t h j - s  we  de f i ne  f i r s t  t he 'numer i ca l

dens i tY

6 [ * , : < )  = ( * r * F )

and then a l l

desc r iP t i on

the f ie lds which are necessary fcr  a  conLi i ruum

of  the  gas :  
S  

(mass -dens i t y )  I  V  (mean  ve loc i t y

(mean  p ressu re  tenso r  f i e ld ) ,  p  (mean  no rma l  p ressu re )

I' t

5 G

n({rx)

oIg
i\ \

1)

0 r .
= *\ \td.,*f \

. U

r
\

J

q ( m e a n e n e r g y f l u x ) , g ( m e a n i n t e r n a l e n e r o l ' ) , t h a t ' i s :
v

( 2 . 2 ) q (+"x) ,uI '? - YYr n(*t*)

f ie ld)  ,  l f

( 2 . 3 ) v (*>\q i { 
({)Yve) .tB
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(2.4) I  15 (+rx: = on \ c t  ci  {  t*"r '"  r :)  " l  :
1)

( 2 . 5 )

( 2 . 6 )

( 2 . 7 )

where

mic roscoP ic

tic theorY

ver i fy  the

e tt,*) = * \ *'q (&'x,:') d'E
fv

c  ( * rx ,3)  :  i  -  w( t rx)  is  the dev ia t ion of  the

veloc i ty  f rom the mean veloc i ty '  Because the k ine-

a s s u r e s  t h a t  t h e  f i e l d s  d e f i n e d  b v  Q ' 2 )  t o  Q ' 7 )

balance ecruat ions of  lhe cont inuurn mechanics 
j

(2.8)  d-L -r  q,  qLiv (  =o
d t  

r

( 2 . e )  S H +  " + , - 3 L ; ; c

( 2 . r 0 )  S *  
{ r  " } i v 1 * \ i H . ' = "

r

and the symmetry  of  the pressure- tensor '  the ex is tence and

u n i q u e n e s s o f t h e m o l e c u l a r d e n s i t y s t a t e d b y : h " T h e o r e m

q u o t e d , i n t h e f i r s t c h a p t e r i n p l y t h a t t h i s f i e l d s d e s c r i b e

t h e c o r r e s p o n c i i r r g s o } u t i o n o f t h e p r o b l e m o f q a s m o t i o n w h e n

we per turb the repose state of  the gas by macroscopic  f ie lds

tha-r  correspond to the in i t ia t  molecul -ar  d 'ens i ty  { . to f } '



3 .  G loba l  behav iou r -q

In connect ion wi th  the Fracrosconic  descr i r : t ion of  the

gas appears '  as avery impor tant  problem'  the q lobal  behaviour

( i n  t ime)  o f  mac rosco l - r i c  f  i e l -ds .  Bu t  as  a  s imp le  co ro l l a ry  o f

the  t i r eo rem s ta ted  i n  t he  f i r s t  Chap te r  t he  f i e lds  3 .V . r \ l  ,Po l ;

a n d  t  d e f i n e d  b y  Q " 2 )  t o  Q . 7 )  e x i s t  a n d  v e r i f y  t h e  b a l a n c e

e q u a t i o n s  o f  c o n t i n u u m  m e c h a n i c s  ( 2 . 8 )  t o  ( 2 . I 0 ) '  i n  t h e  
\

\ {  
A(* f  

space.  The ma- in  resul t  o f  th is  paDer is  s tatec l  j -n  the

fo l lowing theorem ( that  asser ts  the g lobal '  t ime behaviour  of

m a c r o s c o p i c  f i e l d s ) :

T h e o r e m  3 . 1

(:e

There  ex i s t  a  Pos i t i ve  cons tan t  d

E  the  macroscoP j - c  f i e lds  de f i ned

r , 6
are unic{ue in 1-\ ' tx1 and verify the

( 3 . 1 ) \\ ( ,,.. 4\ [ -qJ\".

( 3 . 2 ) 11 \ i (1,,\ \\ 14rt*l
( B

Let .s: <o(< 74

such  tha t  L :  \ \  \ " \ \ . r ,  a

b y  Q . 2 )  t o  ( 2 " 7 )  e x i s t ,

f o l l ow ing  i nequa l  i t i es  :

rr {"tti

( 3 . 3 )

( 3 . 4 )

r ? . 5 )

\ \;tt"'\ \ r+t^r 
( w C \ \"\\*

\\ \ tt,') \\ +rt,.r c v'rb\ {"\ o

\ \  t ,  t t , .) \ \* 'oo 4 un F- \\ q"\\"(

\\ q'r*, t( 3 . 6 ) \ \  € -  ( * , ' \ tr r q"rri.



be ing  cons tan ts  tha t  may  denend  on  the  cons tan t

(1 .7 )  )  o f  t he  doma i -n  and  r :oss ib l y  on  the

A r B r c , D , E r F

c (of  the formula
n

norm o f  . \o  .

Vi le  base our  r ; roof  o t r  the est imat ions of  moments of  0  '  I  '

2 ,and .3  o rde r  o f  f  ,  t ha t  we  ach ieve  to  the  a ide  o f  f o l l o ; r i : r q

Lemmas (and the Sobolev inequal i ty  o f  norms) :  \ \  f  t "  \ t  hk.* ,  +

( co\\g\\ ,  \ \h\.4 J' I{e identirv 
-8 

= \R'} and V = Qi
+t\*t H (^\

Lemma 3.  f

The fo t lowinq formula is  obv ious

1l:'
z

.(2-T *o{'i{ .

3 Q., .ct S

? )

Z.c{ {t-<
?_ z-

i 3
L L

ISlv_

Lemma

r . / \

{  .  l *  t h e n :I f

l 2  ? \

( 3 . 8 ) \ \ \  T
E:

Proof .  We aoply  the Schwartz ,  ineoual iLy and '  we obta in

( n  .  h ,  f  (  r (  - v t : t , - - \ i (  * 8 2 ' - r ' f  ' '  
t V ' i )

n$ t*,-,.\.tr: \i.un,. \A\ L, 
tLd"tnt\ d"\""'{ tt'*o;1tr')r.l I

a]

({"xr'a) .tt \\ rr\t-, < A \t {. lt*

N o w w e m a k e u s e o f L e m m a 3 . l , F u b i n i ' s t h e o r e m a n d t h e f a c t

:
that { 

e l[. and we have

r 
[lL\ \ n*=\f.<.\ \v"\{r{,x6)\a#1:\\ \ \ (t"",E) d =ttl*, (( 

( R_r,ts 
LA:\ 

fi:i r +
+ f, \ \ e*1'( \ \v"t { (t,*F)tli') o-n= \'/'^

i+i+ L Uq 5r

- [ \ d=i! \'v,\ !t*'*,t)\'"ix) *={1*
L J-l is



L

(

d =  {

l -s

There fo re ,

the constant  o f

L e m m a  3 . 3

, \ -
denot ing l -L

(  I  . 7  )  w e  o b t a j - n

ir. )/"
\ \ 3 L 7 \  C "

( 3 . 8 ) .

,  where c

\  
E ;

w

^ - ^ n €  n f
f / !  v v  ! Lemma 3 .2

i1, 4

i?€i t r ' )  1[-  z r * ,  L \ = r

( t clru

\ t\ d=ioi{t,x;$\:).{x

and then we aPPeal-  the Fubin i 's

we arr i -ve to  the ca- ] -cu lat i  on of

Lemma 3 ,2 .  Thus  we  ob ta in

Now we  make  use  o f  (1 '7 )  and  deno t inq

w e  o b t a i n  ( 3 . 9 ) .

\t0,. ;e)dE \t^
-.  t  l \  $t*r. , .) \*

D3 \*

theorem, hrY the a id of  which

some similar terr ' ts as i-n

tffu;ut

\ = ,

€

p . P
I f  \ e  / 1 " , .  and  the  es t ima t ion  (1 '7 )  i s  t rue  r  \ o ie -  n 'ave

( 3 . e )  N $ Gr*, q) d=n \\tuto, ! A\ tt [ * \\*

P r o o f .  B Y  a s imi lar  waY as in  the

we have

I  t  r .  -  r - t t )
\ \ 

E: \ (t)' .q) *= \\\.1*,

!*

al  [3E
A =  { :



( 3 . r 0 )  \ \  \ ' s i ' l * f  
( * , " ' t ) d ' t $

Gi

Proo f .  We

Lemmas  3 "2  and  3 .

Denot ing

Proo f .  The

A \\\
denote J{'

F i r ra l lY we have:

Lemma 3 .5

Lemma 3 .4

' / J r >

r f  \ " , ' ( - , .  and the est imat ion

*{uor 
3

proceed analogouslY

3 and we arr ive to :

as in  the Proofs of

( r . 7 )  i s  t r u e ,

A" \ S,[*

we have:

\ \ \

\l

)-

ai'lu \ tn" ,3) dE I ut-

r.
, a\ ir, ($ \"c-. ' ]  

A .AL 
' v  - r  -  -

' t\ {. til

( 3 . 1 1 )

we ol : t .a in  (3 .  10 )  .

similar to the r:revious one and

. 4 "

per form the Proof  o f  the Theorem

A. , : * { , r d i , l = f f i

n . r >
I f  I  c  / r l "  and the  es t i rna t ion  (1 '7 )  i s  t rue :

I

proo f  i s

rs?-
\  8.r:

readY to

3 . r .

Itrow we are



r 0

P r o o f . o f T h e o r e m 3 " l . I l i r s t w e o b s e r v e t h a t d u e t o

t h e  d e f i n i t i o n s  ( 2 "  r )  ,  Q " 2 )  a n d  t o  t h e  : : e s u l t  o f  L e m m a  3 ' 2

the  eva lua . t i on  o f  t he  rnass -dens i t y  f i e l d  (3 . I )  i s  obv ious '

For  the evaluat ion of  the behaviour  of  the ve loc i ty  f ie ld

t r \

w ; t t > x ) w e o b s e r v e t h a t d u e t o t h e i m b e n d . i n q t } r e c r e m s
J ,

soborev-Kondragev the fact  that  the f ie ld  i1($;"o)  e  \ - \ i *1  impl - ies

t ^ha t  n  ( t r , )  E  6? ( * )  and  h i s  de r i va t i ves  o f  h ighe r  o rc le rs

are square in tegrables '

v ie  th is  we evaluate the genera l ized cer ivat ives of  the

. t  -  . l - l - r a  m i n i r n t r T r r
fonction^-;-. and f lnal ly rve obta-in ( l to is the minimur' 'r  of f i ;  and Ml

t\tar)

M z t h e m a x i m u . m o f h i s f i r s t a n d ' s e c o n d d - e r l v a t e v e s ) .

( 3 . t n  \ \ (  y t  \  f * \ o

where |l = + 1 r*z$ \.t ( r* tli". 6EL)*

.L \\
\Q>"),t \{o,

sH"-.*1":6v*"2\$)l

we have

-  -Z r *
ArI. 1n L\-

Then by the use of  Sobol"ev j -nequal i tY of  norms

\\ *rtt'.'\\*,.,*rt ct \-*r\u\^\ \ :,i tt,'f)ds\*,.u-.,

W i t h t h e - e e u s i n g L e m m a 3 . 3 w e o b t a j - n t } r e e s t i m a t i o n / 3 . 2 ) ,

where the constant  B is  C{-VLAI

F o r t h e e s t i m a t i o n o f t h e c o m p o n e n t s o f t h e p r e s s u r e

tenso r  f i e ld  we  s ta r t  f r o rn  t . he  de f i n i t i on  Q '4 )  and  us ing  the

gene: :a l  proper t ies of  the norm and the sobolev inequal i ty  o f '

norms we arr ive to :

s- t*\\\\ *"ixif (u,",'E)di\\ sq, 
-r\ \ \ i( 3 . i 3 ) 1* ". 

)\\u,.1*:
a]



1 1

a 2*r \ i  v . ( t " . ) \ \uu* ,

+ el \\ v ;$,"r\\hu.*r\\ ui $r.\\\,nern 
L* 

t+, " ,r) *= 
\*3

\  \ : i  E (r"o f) d,i\Ht*r a-
w

U s i n g t h e L e m m a s 3 . 2 , 3 . 3 a n d 3 . 4 a n d a l s o t h e e s t i m a t i o n ( 3 " 2 )

we  have :

F o r t h e n o r m a l - m e a n p r e s s u r e f i e l d e s t i m a t i o n w e u s e

d i r e c t l y t h e p r e v i o u s r e s u l t a n d t h e d e f i n i t i o n ( 2 . 5 ) a n d

we  ob ta in  an  abso l .u te  ana loqous  fo rmu la  to  (3 .14 ) .  Fo r  t he

est imat ion of  the mean enerqv f lux components we star t  f rom

the  de f i n i t i on  Q '6 )  '  By  a  s im i l a r  reason  w i th  the  one  tha t

has  been  pe r fo rmed '  f o r  t he  fo rmu la  (3 '13 )  '  we  ob ta jn :

( 3 . 1 5 )

(3. 14) \ \ \ i  (*r") t  k\ t^:  E bc\ C \\  {" \d )

where: c = dt o z.,BAJ \\E.\\ i*clBn"\\{"\:

^  (  r l
\\ q. (to")\,.u s i .n \ \\ \ sr:i{to,"r:5 "l:[ HA.*,r'  \L t{Oq - 

w

'. c,L \\ \L(*>.\\#e$ n \ 
e1{ [*." i!) dr U**\

\K



L 2

W e e m p l o y t h e e s t i m a t i o n s o f L e m m a s 3 ' 3 ' 3 ' 4 a n d 3 ' 5 a n d t h e

f o r m u l a  ( 3 . 2 )  a n d  w e  o b t a i n  ( 3 . 5 ) ,  d e n o t i n q  t r -  -  
i \ A t "  +

+ r.,B A'E [ {"\\: -t ci br N \\ q.\i t " 
'

. T h e b e h a v i o u r o f t h e m e a n i n t e r n a l e n e r g y o f t h e . q a s

i s  ob ta ined  s ta r t i ng  w i th  the  oe f i n i t i on  Q '7 )  and  emp lo inq

t h e S o b o l e v J . n e q u a l i t y o f n o r m s a n d . t h e r e s u l t j u s t o b t a i n e d

i n  ( 3 . 1 2 ) :

:E)

nl.r

4 . T h e r : r o b l e m j u s t s o i v e d i s r e l , e v ; a n t " . b y i t s e . l . f

a n d . S l s o b y t h e i m p o r t a n t c o n t r i b u t j . o n t h a t i t c a n b r i . n g t o

t h e c o m p a r a t i v e s t u d y o f t h e b e h a v i o u r o f s o l u t i o n s t h a t

&ve obta in (by Chapman-Enskog expansion)  for :  Navier-Stokes

f  lu id  and the macroscopic  f ie lds.  I t le  wi l l  analyse th is  i : : :ob iem

in a fu ture PaRer.

d= \\.1*u*,

t a in

(3"16 \\ etr-r.\\t*t*, ( !..c,t k*,r[r,r*r[ \ . i{(*,"
v-) 

E

w h e r e  t h e  l a s t  n o r m  i s  e s t i m a t e d '  a s  i n  ( 3 ' 1 3 ) '  T h e n  w e

rhe  es r imar i cn  (3 :6 )  ,  whe :e  F  '= .  
L  a .cy ! .



I 3

RE]TERENCES

i , 1  ca f l i sch  R .E ,  "The  }3o l t zmann  equa t j , on  v r i t h  so f t

p o t e n t i - a l " .  I I .  C o m m ' l 4 a - t h " P h y s  '  7 4  '  9 7 * 1 0 9  ( 1 9 8 0 )  '

I  z l  Grad H.  , ,Asymotot ic  converc{e l1ce of  the Navier*s tokes
t- .{

and  t l - r .  non l i nea r  Bo l t znann  equa t ion " '  I I '  Ra r ' c {as

d y n a m "  3 r d  S Y m P o s i u m  ( 1 9 6 2 )  '

- n

t r l  ca f l i sch  R.E.  "The Bo l tzmann esuat ion  w i th  so f t

p o t e n t i a l "  "  I .  C o m m ' l 4 a ' b h ' P h y s ' 7 4 '  1 7 - 9 5  ( I 9 8 0 )  '


