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soME -RESUTjTS ON ryJXEp. I4ANTFOLpS

by

Paul  FLONDOR ancr Euqen PASCU

The  no t i on  o f  m ixed  man i fo ld  ( space )  was  cons ide red  by

M.Jurchescu in  [ . r ,d  ana l " , r ]  ,where he n l :oves some foundamenta l

resul ts  concern ing the cohomologry of  coherent  sheaves on such

man i fo lds

fn ' : th is  paDer we extend some facts  f rom the complex

( resp .  d i f f e ren t i ab l -e )  case  to  the  m ixed  c r t se .

i . i ixed rrrdr, i folds

Mixed manj-folds "zife defined as fol lorvs (see [,: ,  f ]  ) t

Cons ide r  t he  ca tego ry  t  o f  l oca1  mode ls  whose  ob iec ts  a re

open subsets of spaces of type l?nxCn and where the morphj-sms at:e

^eoC- -maps holomorphic  wi th  respect  to  the complex ' ,zar j_ahIes.

Local - i  zLng by s tandarc l  procedures the cateoory t  on"  obta ins

the  ca tego ryJd  o f  m ixed  man i fo lds .Morph isms  in r4  w i l l  o f t en  be

ca1led mixed morphisms.  The type of  a  mixed man' i  fo . ld  X in  x€ X is
. | a +

(mrn)  +=#'  there ex is ts  o. r r  o i - ,€ i r  ne iqhbourhood of  x  in  X iso-
t ,

morph ic  ( i n .L { )  t o  an  open  subse t  o f  Rmxcn .The  t ype  i s  cons tan t

on  connec ted  componen ts .The  s t ruc tu re  shca f  o f  a  n i xed  man i fo l -d

X  i s  t he  shea f  o f  qe rms  o f  conp lex .va lued  m ixed  morph isms  on  X ,

and  w i i i  be  deno ted  by  Ly* t c ) . "u i , ' e  sha l - l  f =nn+a  ' , r ,  /P  tu . l  t he" X

sheaf  of  germs of  rea l  va lued n ixeC morphisms on X.Mi-xed mani fo lds

will be supfr,csed with coiintable base and Hausdorff . Mixed differential

f o rms  on  m ixed  man i - fo lds  a re  d .e f . i ned  i n  1 " , {  .Then :



Theorem

Let  X be

a )  The re

,L  (The mixed Do lbeau l r  reso lu r ion)  .  ( l J ,  { l )

a  m l x e d  m a n i f o l d  o f  t y n e  ( m , n ) ,  l e t  p > 0 .  T h e n

exists an exact secruence of  X^.ro) -modules :

_(prn-r)
A C lnrn)

--+ L .--------? 0

and

o------+ sr(nl-_- do' 
o4' o'

b) ua (x, 12Yl=ker 2to'cllr* 5 (P,q-l)

HQ (x,  d t ' ;  =6 for  qyn* l .  (see a lso [ " ,  t r

D e f i n i t i o n  1 .

1< q<n

f o r  n o t a t i o n s .  )

r Y
An L/x  (A )  _module J  is

ex j .s t  an open neiqhbourhood U

where 3'

a c l -osed

Fr6chct

r -coherent  i f f  fo r  each x  €  X  there

of x in X and an exact sec.ruence

ry'" 
I 

'-'+ ()
IU

. a t
i>/r --->

wi th  d ,=  (  ( f  . (a )  )  q i .
_ L V

An V*ru)-modure F *r ic i ]  is  r -coherent for .  each r  € iN

is  ca l led  coherent .  (we sha l r  o r te f  wr i te  Tu  aor ,  (x ) .  )
'  The s t ruc tu re  sheaf  A* rn)  has  a  canon ica l  F rechet

structure (see 
[" ,  t ]  I  .

A  c o h e r e n t  X , r " 1 m o d u I e  F t s  s e n a . a t e  i f f  f o r  e a c h  x € x-  
Y  \ v /

Lhere ex is t  ar r  open neighbourhood u of  x  and an exact  secruence:

o_-:  % -  f i t "  - -*T1 _-* o
l u

o  i s  a  c tosed  subshea f  o f  { t ; t u l  
( i . e .  I ' r v ,  Fo l  i s

subset  or  [ - . (V,  f i?ur ,  , i t r , t r .specr  ro  rhe canonlcar

tcpc1cg., '  rnentlcned abo., 'e for anv open subset V j,n U) .
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Prgpos i t i o_n  I  Le t  X  be  a  mrxed  man i fo ld  o f  t ype  (m,n )

le t ' J  eCoh(X)  .  Fo r  each  x€X ,  t he re  ex i s t  an  open  ne ighbourhood

u of  x  in  X and an exact  sequence:

*P -ra ry
0 ' - * = r 4 * n *  - * + 4 o * * l  G - - +  O

l u

wirh f,r-= (7un ) 
qr

We may prove now:

Theorg$  2  Le t  X  be  a  m ixed  man i fo ld  o f  t ype  (n ,n )  l e t
e ar ?\-

J  €  Coh  (X )  .  Then  H-  (X ,  V  )  =U  fo r  q  ) -  n *1 .  .

prg-o j .  As in  Lpl  i t  is  q-uf f ic ient  bc prove that  for

each x€X'7" there ex is t  an open neighbourhood U of  x  sr , rch that
'

f o r  e a c h  o p e n  s u b s e t  V g U r  H a ( V , 9 1  ) = 0  f o r  q 7 n { . 1 .  B u t ,  f o r  a n y
r v

x€X,  we ob ta i r r  f rom; .p ror :os i t ion  1  an  oya ,c t  seq l tence:

(r ) o --*/,
r rftl-n-1
b 6 o f € . r y- -  ' " 4 o  * J f  

l  
- - - +  0

l u

wi th  f  , = t ( 7u t c ; ) q i
For  each  open  subse t  V  o f  U ,  b1 r  res t r i c t i nq  t f l  t o  \ /

we  s t i l l  ge t  an  exac t  sequence .  We in fe r  t he  ex i s tence  o f  t he

fo l l ow ing  sho r t  exac t  sequences :

0---& % -------+ ,t"(c) 6 
" 

yl , q---+ .0
(2 )  o -  u  t  -  r ) -Qr  (a )  -Lo -  -  r ' u' y l  - U U - ' ( t L , l  - ' "  r l O  0

Qrn+r", ,rtt|-n-I 
q nrFn-2

o*_r" 4roll-,1*rT3;'. 
E .;1,rr,-z* o

whete ?o =ker€ =I*  E 
o

,  . . o  o l
l {  = k e r b  = I m  d  ,  e t c .
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By  the  m ixed  Do lbeau l t  reso lu t i on ,  i t  f o l l ows  tha t :

f t  ^ - 9 *

H Y ( V , V v - ( C ; ; = 6 q 2 n + 1  i  >  0

Then ,  by  wr i t i ng  the  l ong  exac t  sequences  o f  cohono logv  assoc ia ted

to  (2 . )  we  ge t  f o r  q2n+ t

na (v ,  T lu  )=HQ+I  (v ,  y  )=  . . .=HQ*D* '  (u ,  f  l *n" - t  (o)  )=o

and the theorem is  proved.

Car tan  man i fo lds

Def in i t . ion 2 ; 'A mixed : : .ar . r i fo ld  wi  1 l -  be ca l - l .ed a

Car  Lan mau i fo ld  i f f

a )  x  i s  
4  au) -convex  i .e  fo r  any  conpact  s l r .bse t  K  o f  X ,

.  t he  se t  ? - ,= { xex l  
" y l  I  f  ( y ) l  >  l f  ( x ) l  r o r  each  f  e f  t x , 0 * (a ) ) }x t ' y € k

i s  d  corn3act  subset  in  X (or ,  eguiva lent . lv  i i  for  anv d iscrete

sequence  ( * r r )ne* , i  i n  X ,  t he re  ex i s t : s ' f e [ ' ( r ,  { t c l  I  such  tha t

)  -  ,  . ls u p  l f  ( * . ) f  = + * " ) .
n€lN

b)  [ -  t x ,  t7* tn r  l  separa tes  po in ts ,  namely  fo r  x ly

t h e r e  e x i s t s r e f ( x ,  t f  f c l  I  w h i c h  s a t i s f i e s  r ( x ) l f  ( y ) . r*lr
I

;  
' t ' ;

' c )  For  any xeX there ex j -s ts  a coord inate svstem around

x g iven by qJ.obal  sect ions

The fu1 l  subcateqory of  " [ t  whose objects  are Car tan mani*

fo lds  o f  f i n i t e  t ype  w i l l  be  deno ted  av6  .The  fo l l ow inc l

resu l t  i s  o roved  i n  [ . r r ! .
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t r r l ranram e /Theorems A and B for  Car tan mani fo lds) .

Le t  X  be  a  ca r tan  man i fo ld ,  re t  F  r "  a  coheren t  sena ra re

(-f r.l-
o f  J  ( X )  i n  

- J  
x .

ex l s t s  a  m ixed  embedd inc r  Y ,X -p lRM x  CN fo r  14 ,  N  su f f i c i en t l y

large posi t . j - rze in teqers {one may take l {=2r ' l rN=m+2n*1) .

I . Io tet -hat rLhe map ot , [ - (n ] {  x  cN ,  { ) ' * .v ;x  (c) )*  \ -  t * ,  f { tc l l

d e f i n e d  b y  d  ( H ) = H  o  y  i s  o n t c .
,rfl*

il'

We shal i  character i -ze by means of  cohomolooy the open

ca r tan  subse ts  o f  ca r tan  man i fo lds .  one  can  no t i ce  tha t  an

open  subse t  D  o f  a  Car tan  man i fo ld  X  j - s  i t se l f  a  Car tan  man i fo ld

^  , 9 '(w i th  respec t  t o  t he  j nduced  s t ruc tu re )  i f f  D  i s  v^  ( c ) - convex .
t)

Then :

( l " ,o )  -modu le .  Then

A)  For  each xe  x ,  T*

B )  H Q  ( x , T  ) = o  f o r  e a c h  q v r .

De. f in i ! . io lL  3 Let  X,  y  be two mixed mani fo ld .s ,  1et

Y :X - - - - ' tY  
be  a  m ixed  morph lsm.  \p i s  a  m ixed  embedd inq  1 f f  :

a )  1 (X )  i s  a  r . i i xed  subman i fo l_d  o f  y  ( f o r  t he

de f i n i t i on  o f  m ixed  subman i fo lds  see  [ r r f l  l .

b )  f  :X " - - - - r , 1 (x )  i s  a  m ixed .  i somorph ism.

The fo l lowinq : :esul - t  is  r r roved j_n '  
f " , t l  .

Theorem 4  (The  embedd ina  theo rem) .

Le t  X  be  a  Car tan  man i fo ld  o f  t ype  (mrn ) .  The i i  t he re

. v
is  U * ,x (a ) -senera te tJ .  by  the  imaqe



6 -

Theore_U 5 .  Le t  X  be  a  Car tan  man i fo ld  o f  t yoe  (m,n )  l e t  D

be  an  open  subse t  i n  x .  The  fo l l ow ing  s ta temen ts  a re  ec ru i va len t :

( i )  D  i s  ;  C a r t a n  m a n j - f o 1 d ;

( i i )  H a  ( o  ,  t J o ( c )  ) = 0  f o r  q - l  , 2 ,  .  .  .  , n .

The  p roo f  qoes  a ronq  thc  same l i nes  as  a  p roo f  o f  s . coen

j-n the complex case using a theorem of Nacrel [N] .

r t  could be of  in terest  to  show at  th is  s taqe that  some , ,qood, ,

p rope r t i es  o f  t he  " rea l_ r  f €sp .  comp lex  componen t "  o f  a  m l - xed

rnani fo ld  do not  extend to  th is  la t ter .

.oSEigi l ig} 4 . A co"- famil lz of comr:lex manifotds is p:X-+ny

where  x  ' . *b  a  m ixed  man j - fo ld  o f  t y i : e  (mrn ) ,  y  1s  a  coo*  man i fo rd

of  d imension m and p is  a  mixed morphisr r . '  which is  onto and which

sa t i s f i es :  Fo r  each  x6X ,  t he rc  ex i s t  an  cpen  ne lqhbourhood  u  o f

x  in  Xr  dr r  open neighbourhood V of  F (x)  in  y  I  an oDen subset

D  o f  cn  and  a  m ixed  i somorph ism *  ru ->v  x  n r  suah  tha t  p (U)gv  and

t h e r l i a g r a m  U . t = V x D
l - z
l - /

P { r- Tt.r
V

is  commutat ive.

Remark I

Le t  p ;X - .+y  be  a  cT - fam i l y  o f  comn lex  man i fo lds .

Suppose  tha t  X  i s  a  Car tan  man i fo ld  o f  t ype  (m,n )  .  Then  fo r  each

y€Y the  c iosed  subman i fo ld  o f  t ype  (0 ,n )  o f  X .  X_ ,  1= i xeX  I  p ( * )= f ]
y L

i - s  a  S te in  man l fo ld  o f  d imens ion  n .  The  cc : t v€ rs€  o f  t h i s  s ta temen t

i s  n o t  t r u e .
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Exampte  r  Le t  X=rRxc  \ [ ro ,o [  ( v iewed  as  a  fa rn i l y  by

means  o f ' t he  canon ica l  p ro jec t i on  on  lR )  .  We  have  :

(" c Lt'o
X . _  J

t * t tL  a  = t0 l  r =0

hence eac} ' r  f ibre is  Ste in.  But  X is  not  a  Car tan mani fo ld  because

i f

t 1 = {  t t  , z ) e x  I  t q  <  r ,  l z l  = {

then

, A  ( , .  t  ,  1I { x =  t ( t .  z ) € X f  l t  l _ < r  l z l ( r }

anci  hence not  a  compact  subset  
" ,  

*

Let  ' rs  note sone fu i : ther  nroper t ies of , ,  X:

a)  t t t  (x  ,  'yx(a)  )10 ( i .nLrned, j -a . te  consecruence of  theorem 5)

b)  The canonicaL rest r ic t lon o4:  i - ( rn*c ,  4*o 
(c)  ) *F(x ,  f f * ru ,

def  ined by r (  (F )  =F I  -  is  onto . ,  , .

rndeed,  ler  us nor ice rhat  i f  f  e [ - tx ,  C]" tc l  I  rhen f  
in*c*

is an elernent of [-(n*cx, fr ,**cuic) ) ,  hence for each teR. the func-

t r t o n s  f  .  :  C x - +  C  f  ( 2 . \  : = F  ( * -  z \  l r r r r a  r . =t  
-+  C  f  , ( z ) := f  

(L , z )  have  Lau ren t  deve lo i : i r en ts

t - t
f  t (z )= f ,  , -4 ! ( t )  z  .  The coef f i c ien ts  d .o  a re  cm-- func t ions  w i th_  veZ
r e s p e c t ' t o  t .  B u t  f o r  t f \  i t  f o l l o w s  e $ 0 = o  f o r  : a c h  r r < 0  a s  f r

L

are  ho lomorph ic .  By  con t i nu i t y  i t  r esu l t s  o4y (0 )=0_ ,  and  b )  f o l l ows , .

f t  is  not  d i f f icu l t  to  show that  X=[R x C \  D (where

D is  a rea l ,  l ine)  is  an open Car tan subset  o ' f  R x  C .



The io l lowing example shows how the "mixed cont1nuat j .cn "

w o r k s .

Examp le  2 .

L e r  X = R x C - [ t t , 0 )  I  t t l < r J

r t  i s  an  open  subse t  o f  rRxc ,  bu t  i t  i s  no t  ca r tan  (as

we see  no t i c inq  tha t  fo r  K=  { { t - ,  r )ex  I  r  < t r l<  2  t " t  =4  ,
. \ . t

^ " = t ( t , z ) e x l t < l t l < 2 , l z [ a r ]  a n d  h e n c e  a  n o n c o m p a c t  s u b s e t  o f  x )
&

L e t  I : l R - - + R  b e  a  C . -  f u n c t i o n  w i t h  c o m o a c t  s r r n n r r r l - :
L

f .  i s  an  e lement  o f  i - ( * ,  d - " tc l  I One cannot  f ind anv cp€n : :bset

A theore in  o f equ i rza lence

Dbf in i t i oq  5  .  A  C-a lqeb ra  (a lqeh ra i ca l l y )  i somorph ic  to
t Y

[  ( x ' ( / x ( a ) )  f o r  a  c e r t a i n  C a r . L a . n  r : a n i f o l d  X  o f  t y p e  ( m r n )  w i l l  b e

ca1 led  a  smoo th  Car tan  a lgeb ra .

Smooth Cartan alqebras and smooth Carta,n aloebra morohj,,sns
. l

( i . e .  un i ta ry  nonze ro  C* " ' a lqeb ra  no r r :h i sns )  f o r r . r  a  ca teoo ry ,  de .  l -
| ,/r

t ed  by  ' ; z { , ' 6 .  we  sha l l  usua l l y  o rn i t  " smoo th " , i f  no  con fus ion  i s
p o s s i b l e .

De f in i t i on  6  Le t  A  be  a  Car tan  a l c reb ra .  An  e lemen t

o f  t he  se t -  I I om ,  o (A ,A .1  i s  ca l l e r t  a  cha rac te r  o f  A .
ln 6

gxampie  4 .  For  a  Car ta - r r  r r rd .n i j lo id  X  o f

x€X,  the  n ro rph i sm 7* ,

each re l lx  ,  t tx(c)  )  ,  is

rac te r  w : -11  be  ca l l ed

-+
I  (x, Ux(c) )------""c siven

a  charac te r  o f  f t * ,  %
"po in t - cha rac te r  "  .

! - - *  ^  l ^
u _ Y . Y C  \ r ! l  t  r r  , f

b v  X  ( f ) = f" x

( c )  )  .  s u c h

and f o::

(x)  for :

a  cha-

u o f  F .xc ,  u lT ,  u*x ,  fo r  r . " 'h ich  there  shou l ,c  exrs t  F€ I . ( I I , f i { " ' '  ' '

suci; t l .rat F

points  f rom

I  xou=f lxnu (because

( - i . , t )  x  i o l  whe re

such  an  open  subse t  con ta ins

f  i s  u n b o u n d e d ) .
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Rgmqrk 2.  Due to the embedding theorem, to  theorems A

and  B  fo r  Car tan  man i fo lds  and  to  theo rem I  i n  [ *1 ,  each  cha rac -

'  t e r  o f  a  ca r tan  a lgeb ra  I - ( x ,  t 7 . ,  t c l  I  i sa .po in t  cha rac te r .  . r 4o re -

over  i t  fo l lows that ,  wi th  t .=p"" 'U to  the cannonj -caI  toooloqy,

cha rac te rs  a re  con t i nuous :  J -hov  . , . r r \ l  I - ( * ,  LL  t * l  )  i n  fR .' , !

Lemma 1 Let  X,  Y be Car tan r . ran i fo lds.  Let

r r € H o m  ,  ^ ( t - { x , t } " ( c ) ) ,  I - ( v ,  f i r t c l l .  r h e n  u ( t - ( x , f , x ( n )  ) } g t * t v , f " r a r l  I
t'l-fi

proof - .  Let  f  e  [ - (x ,  ( }_  (R)  )  ,  y€y.  The point  .  character
2t

assoc ia ted  t  
' s -

o  y  o n  l ( y ,  % ( a )  )  w i t t -  b e  d e n o t e d  n y  X y .  r t  f o l l o v r s

t h a t  x - - o  t  i s  a  c h a r a c t e r  o n  t - ( x ,  f . , { c ) )  a n d  h e n c e ,  d u e  t oY  x '
rama r l r  

' l  
i  +L t  r e  i s  a  p o i n t  c h a r a c t e . ,  X  _ _  a s s o c i a i : e d  t o  a  c e r t a i n' x

p o i n t  x € X .

We get  then

( u ( f ) )  ( v ) 4 ( - , ( u ( f ) ) = ( X  o t r " )  ( f ) = X
Y  Y  * ( r ) = f ( x ) € R

which concludes the proof .

Lemma 2.

Let  X be a character  on [ -1 [ rmxcn, r
RM

.  ( a )  ) ' .  T h e n  X
xC--

i s  t he  po in t  chanac te r  assoc ia ted  to  the  po in t  x= (X(n l ) , . . .X (7 r * * * ) )

where T. .  denotes the canonica l  oro ject ion f rorn iRmxcn on the

Lt5 factor)  .

Proof  .  By remark |  ,  1et  xeR.mxcn be the point  such t .hat

X  = X * .  I { e  o b t a i n ,  f o r  e a c h  i = I , 2 , .  . .  .  , m + n

X  l r t i ) :  x * (  I i ) =  7 ,  ( x ) :  x ,

Corol iary  I  .  Two characters c)n l - ( rp .mxcn,  &--  .^ , (a) , ) .  which. -  
R lnXCn-  

1
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co inc ide  on  the  coo rd ina te  func t i ons  ( i . e .  canon ica l  o . ro jec t i ons )

c o i n c i d e .

We remind

o f  f i n i t e  t ype ,

that  €  denotes the caLeqor lz  of  Car tan mani fo lds

We define the . con.travari-ant functor

o n  t h e  o b j e c t s :  F o r  x  e  o b  ( € )  ,  a ( x )  =  I - (  *  ,  f *  t c t )

on the  morph j -sms:  For  f€Homg ( * , " ) , ' to  ( r ) : l - (v ,  4* f ) ' - f l x , * * l )

{ :  € : A €

a s  f o l l o w s :

is  g iven by :

- X y  , f  )  ( h ) : h  c  g ,  f o r  e a e h  h  € f  t " ,  ( } -  t u l  I

The fact that *-e1 is a functor is then an cbvious consecruence

of  s tandard computat j -ons

T h e n ,  o n e  g e t s :

Theorem 6 .
L-?.
J  i s  an  (an t i )  eou iva lence  o f  ca teqo r ies .

Proof . We have to prove that for each X€ob (6) , ye ob (6)

5"":Hom € 
(x,y) -- : -* '  

"orr t€ 
( \-(v,  9y (a) ) ,  t r  (* ,  %(c) ))

i s  b i j e c t i v e

L e t  f  , 9  € H o m " ( x , y ) .  s u p n o s . Y * u ( f ) =  Y * u ( g  ) .  T h i s  m e a n s

that  for  each hel - (V,  d ;  fCl  I  the fo l lowins re la t i -on holds:  \

.  ho f= fuog

. q
A s  Y  i s  a  C a r t a n  m a n i f o l d ,  \ ' ( y ,  U y ( A )  )  s e p a r a t e s  p o i n t s  a n d  h e n c e

f = g .

'  
Whenc. f l i=  one to  one.

Suppose now Y=R.PxCQ and let ,:



I t .

be a Car tan a lgebra morphism

,  F o r  e a c h  i = I , 2 , . . . ,  p * e ,  w e  d e n o t e  b v  X i  t h e  c a n o n i c a l

pro ject j -on of  RPxcQ on the i th  factor ,  and by f i  
-  -u0t i )

f i€ r (x ,  r \  tc l  I  for  i=r .  .  .p+q and by lemma 1r f ie f ix ,  t ) *  { rn)  )

f o r  i = f r . . . r p .

Le t  f  : x - -+nPxcs  ,  be  the  n ixed mor r : rh ism def ined by

f  ( x ) = (  r r t x )  , . . . , f p + s ( x ) ) .

L e t  h e f  ( n p x c o ,  
t o  _ _ o ( o )  ) ,  l e r  x e X ,  l e t ) ( *  b e  t h e  p o i n t

RYxCY

character on f(  x ,  dfu O) assocrarect to x.
Z \

Due to lemma 2 ,  the for . r -or r r inq rerat ions hold l

X * o  '  = X ( X * o r  
( T r ) ,  . . . X ^ . ,  , r ( I  o * ) ) = t f r ( x ) . . f o * k ) )  

= X  
,  ( * )

Then ,  i t  f o l l ows

( u  ( h )  )  ( x ) =  X *  ( r  ( h )  ) =  ( / * * o . . )  ( h 1  =  X ,  ( * r ( h ) = h  ( f  ( x )  )  = i r o f  ( x )

I : .  ? ' r  f i  ,q-u: [  (nl 'xce ,  Vo _o (o) )  ----*---+ f(x, O*tt l l
lR'"xCY

This shor.vs

J x r R P x c g t r i = u

and hence Yx,np*ce is onto for  each (p 'cr)€ 0trxN

Let  now Y be 'a  
Car tan nani foLd and le t

u € Hot{  €( f  rv , { tc l  I  ,  I - r*  ,  0*(a)  )  )
Due to the embeddino theorem, there ex is ts  a mixed embed-

d ing

t' : Y ------*RPxCQ

By" the  above  men t j -oned  fac ts ,  t he re  ex i s t s  f  €T Iom _o  (X rRp .xcq )  *
()

s u c h  t h a t :
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We prove now that  there ex is ts  a mlxed morphism q :  X -*y  such

that  the fo l lowinq d iacrram

F

X 
'  

*{RYxCv

, \ /

I

i s  commuta t i ve .  rn  o rc le r  t _o  p rove  th i s ,  i t  i s  su f f i c i en t  t o

s h o w  t h a t  f  ( X )  €  Y ( y )

r n , f a c t ,  i e t . x € x .  F o r h e l * ( r n P x c q , ( 7 ^  ^ ( a ) )  b y  ( r )  w e
IRYxC't

ob ta in

( 2 )  h  ( f  ( x )  )  =  ( u  ( h " 7 )  )  r x ; =  Z *  { r ,  ( h  o f  )  ) =  (  X  
* o  

o )  ( h o y )

A s . t h e  c h a r a c t e r s  o n  f  ( y ,  f ) . , t u l l  a r e  p o i n t  c h a r a c t e r s ,  i t

fo l lows 
- that  

there exists vey wi th

X  o * = X. x  y

T h e n ,  b y  ( 2 )  z

( 3 )  h ( f  ( x ) ) = ( X  . r u )  ( h o y 1 = X  ( h c v ' t = ( h o r r )  ( y ) = h r ( f  ( : . ) )  _ { A'  
x  t  y ' - -  t '  l ,  \ J t  J ' \ l  \ . / / /

As nPxcQ is  a  car tan  nan i fo rd  and the  q loba l  sec t ions  o f

r $  / ^ \
L - /  n  f t  ( u ,  s e p a r a t e  p o i n t s ,  w e  q e t

RYxCY

f  ( x ) =  f  ( v )  |

h e n c e  f  ( x ) E f ( y )

As  Y is  ( i somorph ic  to )  a  c losed Ca: : t in  submani fo ld  c f

t R P x c Q  i t  f o l l o r y s  t h a t  f o r  a n 1 ,  h e f ( r , , 4 , ( a ) ) ,  L h e r e  e x i s t s. Y
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Y
G'e [ - tmp*#,  

%_oo 
(c)  )  such ' that  f ioy=1l  (s imole consequence of

t heo rem A  and  B  fo r  Car tan  man i fo lds ) .

Then ,  f o r  f t e l - t v , ( { t c l l  t he  fo l l ow ins  re la t i ons  ho ld :

which shows that

3*u( g =u

e
hence  J * "  i s  on to r ' and ' the  Lheoren  i s  comp le te l v  p roved .

te t f r := .  the  se t  o f  charac ters  o f  [ - ( * ,  t \ to l l  .  i ^ re

endow ? with the trace of the weak topolooy (on the dual of
t-r .q/

I  (x ,  Ux(a) ) .  we remind.  thar ,  w i th  resr rec t  ' ;o  th is  topo log lz ,

a foundamental  system of neighbourhoods of  a character X e T is

given by the neighbourhoods of the followinq t./pe:

fo r  a l l  f in i te  sys tems f  . , ,  -  - ' . f  o f  e lemcnrs  in  I - (x ,  f i ,  tu l  I  and-  r ' ' " t r s  
- X " '

f o r  a l l € > 0 . .

'  Then as  in  the  compl .ex  case we qe t : .

Prgpg.s.Llion :.
rr '  . l^ n 1/

The inap L ' ,  :X*J g i r ren by U ( .x)=, t - *  ls  a  homeornor-

ph i sm

. u (h) =u(fr o7)=u d",t o*co (1) (fr) ) = f ""Y",Rpxce 
(y) ) tfr) =

X r |R:Y;Q-1

'  ' ;

v = V , .  ,  F  , L = t t u T l i + t r i ) -  X t t . ) 1 . €  ,  L = r , . . . = i
7 .  r  r I .  c  .  r S



1 Ar . i

l ex v e c t o r  b u n d l e s  o f  f i n i t ec I o c a 1 1 f r i r z i a l )

rank over m ixed mani  fo fds

De f in i t i on  7

A t r iv ia l  complex vector :  bundle of  rank k  over  the

mi -xed  man i - fo ld  X  ( i n  sho r t  a  , t vb " )  i s  t he  m ixed  man i fo ld

XxcK .  A morphism between the tvb xxck and xxc j  is  q iven

a mixed morphi -sm

bv

H = ( H r , I I . Z ) 1
XxC'

w h i c h  s a t i s f i e s :  
,

a )  H t  i s  t he  canon ica l  i : r p jec t i on  on  X

6' )  There ex is ts  a (un iguely  determined)  mixe i t .  :norphj_sm

h:x - - -o . { ( ck ,6 j )  such  tha t  t he  d iaq ran -

k hx {n-t ' '  ^ 1-
xxa' *--a-.' t tak,cj ) *ck

\ . /Hr\ ./s' \  
. t {  c )

c l

i s  commuta t i . , / e r  where  E  te  , z )=A .z

we shal l  o f ten refer  to  H and h by say inq that  they are

assoc ia ted  to  each  o the r

The composi t ion of  two morphlsr r is  o f  tvb

1.

F: XxCt_+ XxCl

and

G: XxC 
j----o 

XxC 
j

i s  d e f i n e d  a s  H : X x A E * - + X x C f

! l= G oF

Note that  H is  a  rncrnhisrn of  t r iv ia l  rzector  hund. ies ove4;  X as

, x*sl-*



1 5

Ht  i s  t h *  canon ica l  o ro jec t i on  and  H  i s  assoc ia ted  to

h :x - * / (a
k - P

,A )  o iven by the commutat ive diaqrarn:

( 9 r I /

w h e r e  5  ( a ' B ) = A ' B '

f t  fo l lows that  tvb of  f in iLe rank over  a"  rn ixed mani fo ld

x form a category.  Note that  a  morohism H:x x  cL--+ x  x  cP

' '  in  th is  category is  an isomorphism i f  f  k  = -0 a: - r r l  the ya l i ;es of

the  assoc ia ted  npn rh i sm h  a re  :n  GL(k  ,C )  "
':

De f i n i t j r on  8 .  A  ( l oca I l y  r r i v i a l )  comp lex  vec to r  bund le

( i n  sho r t  v .b . )  o f  rank  k  ove r  t he  r r . r i xed  nan i fo ld  X  j _s  a

'  m ixed  man i fo ld  E  toqe the r  w i th  a  m ixed  morph ism X  - rE - - - -ox
TJ

wh ieh  i s  on to ,  such  tha t  t he re  ex j - s t s  an  open  cove r j -nq  tL  = (Ur ) i u r

of  X and the fo l lowing p l roper t ies are sat is f ied.  . - .

1 )  The re  ex i s t  m ixed  i sumornh isms

-t
f i , frg (ui ) ----.*, u, x

and the diagram

u-

€
T r - r / r r ' \  l -
t u E  , " i , u i x c k

,*lA'
{

\., 
/

r ( E  

\  / ' I I
T T

T

'  is conrinutati-ve.



2)  t i  j = f  i  o  t :  t  L -  ^k  :u .o  u .  xck .  . -  t '

I  u i n u i  x  c " ' - f ' - j " *  
- - - - $ u t f r  u - t x c "

h
-Ei .-__* J'
\

\ /
'h 

\ /n,
\ /

X

l l  
- I  

t , '  A 1 7  \, \  _  ( u . l t v . ,
k ' a a

+ - l

are rnorphisms of t v b ovel: U. f ' l  v*
.r- 7

. . ' :
B y d e f i n i n q t h e c o m p o s i t 1 o n o f t h e m o r p h i s m S a |

1 6

are isomorphisms of  t r iv ia l  complex vector bundles of  rank k

o v e r  U '  / ' \  U .  ;  f , o r  e a c h  p a j - r  ( i , j ) €  I  x  I  f o r  w h i c h  U r f l  u ,  +  #r J

( U i , f i ) i * l  w i l l  b e  c a l l e d  a  t r i v i a l i z a t i o n  f o r  E .  A s

t , j r U r n U ; - + , G L ( k , C )  ,  a s s o e l a t e d  t q : E t i  i n  t h e  d e f e n i t j - o n

above  sa t i s f y  t r r t j g ,  = f  
i *  on  u i f l  u jA  ug  they  de te rm ine

a  c o c y c l e  ( f i j )  
i j  € T  & , G L (  k ,  t  ^ ( c )  )  )  .

A morphism between the v ! ,  E and F ( rank E=k rank F=3)

i s  a  m ixed  morph ism h :E* -+ I r  such  tha t

f )  The  d iag ram

i s coinmutative .

2 )  F o r  e a c h  t r i v i a l i z a L . o n  ( U . , f . ) , . -  f o r  E  a n d  f o r  e a c h'  -  
l - '  l - '  l _ c  I

t r i v i a l i za t i on  (V i ,9 i )a . , . ,  f o r  F  the  rnaps  I I  .  ,  de f i r red  by  the
r  J  -Jvv  l - : l

commutative draqram

H . .r-l
U,f r  V ,  xckr _ l urt\v, xa!

t^ |
l " r lnr r  rurnv,  I
I

I

7  
- 1 / T r  

n \ z  )- '  
F  ' " i "  ' i '

F l- t l n " l r u r n v ,  
l

^in-i (uin vj )



T 7

compos i t i on  o f  maps ,  i t  f o l l ows  immed ia te l r r  t ha t  r r ' b ' o f  f i n i t e

rank form a cateoorli ?ha

I t  i s  no t  d i f f i cu l t  t o  no t i ce  tha t  two  such  v .b "  a re  i so *

avl)

rno: :ch ic  in  U b i f f  the i r  associ -ated cocyc les cr i -ve the same

crass in t t l  (x,Gr,  (  k ,  f f r (a)  )  .  one may f  i nc l  t he  v .  b  "  s ta r t i  ng

by cocyc les by s tandard 'proced, . r res see [Wl  ,  and i t  i .s  s t ra io t : t -

f o rward  to  p rove  tha t  t he  assoc ia t i on  be tween  (c lasses  o f  i so -
I , U

m n r n h i q r , ,  o f )  v , b .  o f  r a n k  k  O V e r  X  a n d  e l e r q e n t s  o f  H a ( X r G t k , y ' . , ( A ) l
t t t r J J - y r r I D l t l  v ! r ,  v  ' P '  1 ,

j - s  a  b i j e c t i o n .

To each Vb"  E  o f  rank  k  c - \ ie l :  X  one can assoc ia te  a  loca

C

f  r ee  shea f  e  o f  ran l< .  k  on  X  name l  y  t he  shea f  o f  c ross  sec t i

o f  E ' ,  t  f u l = l s , U - + E i  s  i s  a  m i x e d  r n n r n h i s m ,  X u o  =  =  ' t U  
i

f o r  each  open  subse t  U  o f  X ,  t he  res t i : i c i - i ons ;  he inc ;  t he  obv io

o n e s .

The fact  tnat  t  is  loca1ly  f ree fo l lows imr, ted iate ly  bv

see r inc r  t ha t  f o r  a  l : r : i v i a l i za t i on  ( l l .  , f  ,  )  f o r  E ,  f o r  each  i 6 I
J v v r l l Y ] - . a t e l

the maps (e" ) ==1 . .t 
l Ur ---------*7 

Ul tUrl def ined bv the conmutative

diagram

I  I  r r

ons

-uS

l-
- 1

Tr u- {ur ) UrxCk

. N

w h e r e  e =  ( x ) = ( 0 ,  . . .  . , I ,

f o r  E ,  a n d  f  t u i )  i s
. c | -  k

|  (U ,  L / . ,  ( a ) ) - -  ,  whence
; A

I t  malz bs shown

o r  a  c o m p l e x  m a n i f o l C

+ r7-'r*  q -  ( a )
u .  u " :

a r O f f

i n  t he  case  where  X  i s  a  C  :

t he  assoc ia t i on  be tween  (c las .ses

4 2 / .

+ . h a r

I  i ke

L l ^  ^ . t -
L T I A  L

,0  )  fo r  ea .eh  xe  X f  o rm a  loca l  f  ra rne

efore  canqr l  i ca1 ly ' i sornorph ic  to

H*r/{.
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o f  i s o m o r p h i s m  o f ) v . b .  o f  r a n k  k  o v e r  X  a n d  ( c l a s s e s  o f  i s o m o r -

p h i s m  o f )  l o c a l l y  f r e e  s h e a v e s  o f  r a n k  k  o v e r  X  i s  a  b i : i e c t i o n .

The usual  operat ions on bundles mav be per : formed : - r ,  ?3

A11  these  ope ra t i ons  a re  canon ica l  and  we  sha l l  no t  i ns i . s t  on

then.  We shal - | .  on ly  ment ion the ex j -s tence of  the dual  t r *  o f

av.b.E which is  a lso a v .b"  o f  rank k  on Xand whose associateC sheaf

/ . * - +
vrill be denotcil UV|-.The fbllorvlng propertlz of E^may be proved bv.a straiqht-

fo rward  compu ta t i on  and  we  omi t  t he  de ta r l s .

Y
Lemma 3  Le t  E  

' *E  
*  X  be  a  v .b .  o f  rank  k  ove r  X .--E-,:..-

dr  J tx  d '  $ r

Le t  E^ - - " '  b  X  be  the  dua l  v "b .  anC le t  s^ :X - -+E^  be  a  g loba l

sec t i on  i -n  E* .  Then  fhe re  ex i s r - s  a  r r . i - xe r l  morph ism s :E - *aC

such t -ha t  fo r  each x€X :
5lr

s  |  
= s ^  ( x )

|  - r"x,- (x)

I {e  shal1 prove now

Theo_Lqq 7.  Let  X be a Car tan mani fo ld  of ' '  tyoe (m,n)  l -e t
)f
J ITi'

E - i -+X  be  a  v .b .  o f  rank  k  on  X .  Then  E  i s  a  Car tan  nan i fo l c l .

Proof

.q/
a )  I  ( E ,  L / -  ( q )  )  s e p a r a t e s  p o i n t s .' . r -

r n d e e d ,  i f  
" t f " z  

a n a \ (  e r ) f  \ ( . r )  t h e r e  e x i s t s  f e R x ,  i \  f  o l l

- - - - 1 -  . r l r  t ^  t - r . . l J f  r ^  \ \  
' q -

s u c h  f ( J ( e ( e r t r - L \ J \ E \ c 2 t t  a s  I  ( x , U x ( c ) )  s e p a r a t e s  r r o i n t s .

T h e n  f  o f  
s a  [ - ( u ,  

{  t c l l  a n d  i t  s e p a r a t e n  e ]  f r o n  e ,

r f  X u { e r ) = T u ( e r ) = x ,  f o r  a  t r i v i a l i z a t i o n  ( u i , f i ) i * r  f o r  E

w e  h a v e {  ( " . , ) = ( x , z r ) ,  f i  ( e r ) = ( x , 2 2 )  w i t h  z r f z ,  f o r
I O r r - t o t a L l J

f  .  , ^ f ] r ( u .  ) - " - - + u .  : : c k
l - ^  

' - . r l  f , ^  a ^
v 

' l -

There  ex i s t s  a  l i nea r  f , . _nc t i ona l  L :C l - - rC  such  tha t

t  ( z t ) t ' L ( rZ )  "  L  c le f i nes  a  qe rn  c r f  c ross  sec t j -o r r  o f  E*  a ro tand  x

-  c x  -  C  *  , c ) -
hence f*U |  *  

.  As e 
^  

is  an U 
Xrc. )  

- local Iy  f ree moduic  (by the
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d iscuss ion  above )

f o l d s .  I t  f o l l o w s

r
a L " . . . . . o L  _  € l  ( U ,

t nL y

x  i n  X ,  such  tha t

ba l  c ross  sec t i on  i n  Ex

to lemma 3 there ex is ts

Hence :

we mal l  apnly  to  i t  theorem A for  Car tan nani -

t h a t  t h e r e  e x j . s t s  
" f  

, . . . , " f  € f  ( x ,  t  * )  a n d

"qC/utcl l  fof a suitable open neiqhbourhoorl  u of- 5 . { ,
2  (v )  =  )  ,  x  .  ( v )  

"T  
( r r )  f o r  each  ve  u^ 4 " '  

- : ;  j " ' - j ' - "
J = T  P

<-
*  d '  * ,  .  )  t

Then s^: X *---+ E^ given by s^ ( l f  )  = L*-,  o(.  (x)
i = l  r

s i  ( v )  : s
1
-.t

s  ( e r )  = L  (  z  r )  f L  ( z  
r )  

= s  ( e 2 )

b)  There are local  coord i -nates c t iven bv q lobal  sect ions

f n d . e e d ,  1 e t  e € E  a n d  T n  ( e ) = x  €  X .  T a k e  a  t r i v i a l i z a t j - o n  ( U i ,  f  : . ) : *
' : : :  for  E.  consj -der  a suf f ic ient ly  smal I  open neighbour :hood

U io r  x  
" r r . f ,  

t ha t  Ug  U ,  and  the re  ex i s t s  a  sys tem o f  1oca l
J - d  

t e
coordinates on U around x gj .ven b1r alobal  sect ions in L/  

X 
(A)

( remember  X  is  a  Car tan  man i fo ld ) .

Take now a  f rame 
" t . . . " f  

fo r  E*  on  U (as  abqrve)  "

By aoply ing again theorem A vre obtain c{ lobal  sect ions 
"T.  

" . t f r t
- +

f rom [ - (X ,  f  
o )  such  tha t '  ( on  an  even tua l l y  res t r i c ted  U)  the

f o l l o w i n g  h o l d s  i t f  f  = " f  I  f o r  e h c h  i = 1 , . . .  r k '- l u  - l u

- f  .  r 9
o b t a i n  h ,  €  t  ( E ,  Y E  ( C )  )  s u c h  t h a t

=rr f  tV)  I t  is  not  ha. rd to  prove

By

each yeU

lemma fo r

now

a  cJ lo -

"t lo;, ,o,

( f r o ) t u f m + n  o T E r  h I r . . . , h k )

a n d  i t  s a t i s f  i e s  
" *  

( * )  =  B  ( x ) = r , .  D u ev  v L /  * x

,t+ *
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