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SOME RESULTS ON MIXED MANIFOLDS

by

Paul FLONDOR and Eugen PASCU

The notion of mixed manifold (space) was considered by
Mo Jurehesiecuw dn [J,ikand KJ,A where he proves some foundamental

results concerning the cohomologvy of coherent sheaves on such

manifolds.

In“this paper we extend some facts from the complex

(resp. differentiable) case to the mixed case.

Mixed manifolds

Mixed manifolds "dre defined as follows (see[J,i]):

Consider the cateqory;f of local models whose objects are
open subsets of spaces of type n»Mx¢™ and where the morphisms are
Coo—maps holomorphic with respect to the complex variables.
Localizing by standard procedures the cateaoryéi)one oﬁtains
the category~A€ of mixed manifolds.Morphisms in‘A% will often be
called mixed morphisms. The type of a mixed manifeld X in x€é X is

(m,n)éﬁﬁé there exists an opei. neighbourhood of x in X iso-

morphic (inxié) to an open subset of RMxe™, The type is constant
on connected components.The structure shcaf of a mixed manifold
X is the sheaf of germs of complex-valued mixed morphisms on X,

=

-
and will be denoted by (/X(Q).We shall édenote by U,IR) the

=

sheaf of germs of real valued mixed morphisms on X.Mixed manifolds

0]

will hasumimedvﬂﬂacomﬁzbkaba&aand}buakmff.Mixed differential

forms on mixed manifolds are defined in [J,ﬂ . Then:



Theorem 4 . (The mixed Dolbeault resolution).(iQ,fD

Let X be a mixed manifold of tyne (m,m), let p20. Then
a) There exists an exact sequence of C7;(c)~modules:

Apa=l)

= (p,0)
. (0,0)9™" D (o,n)
O _D_.(p-)—-——-——-w a —p -t E ce—zr ()
( = (o, = (p,q-
sl S O B B emin

(€») : A
and Hq(X, ,EZP)=O for gz nt+l. (Bee also J,ﬂ for notations.)

Pefinistion L.

An (j;(C)—module 3fis r-coherent iff for each x & X there

exist an open neighbourhood U of x in X and an exact seguence

‘fr_"%’"' -——-ae»- ozoo--s-——»‘Tl 3 ()

U

& : = qi
with o= (G0 )T

An ng(@)—module 3’ vhicﬁ is r-coherent for each re W
is called coherent. (We shall ofien write 2;6 Coh3x).,)

: : 9
The structure sheaf (/X(C) has a canonical Frechet

structure (see [Jig e

3 (
A coherent C?K(C)mOdU1e‘gfis separate 1iff for each xE€X

there exist an open neighbourhood U of x and an exact sequence:

0 '.'(}; —’:;(jicec)———y?‘ — 0

U

i3
where SFO is a closed subsheaf of éijg(m) (e, ]ﬁ(V,f;g) is

a closed subset of { (v, C7§%@)) with respect to the canonical

o
H
q
s)
O
E
Gt
O

o)
O
I,_l
O

gy mentioned above for anv open subset V_in U).



. Preposition 1 . Let X be a mixed manifeold of type (m,n)

let(E'eCoh(X) . For each x€X, there exist an open neighbourhood

U of x in X and an exact sequence:

B ey T —
U
O 94
with i—( U(@))

We may prove now :

Theorem 2 . Let X be a mixed manifold of type (m,n) let

Fecon(x). Then B (x,F)=v for g n+l.

Broof . As ‘in [Rﬁl iteis audticient to preve that for
each xeXy" there exist an open neighbourhood U of x such that
for each open subset VeU, g %, (}'l }=0 for gpntl. But, for anyv

\'

xe€X, we obtain from! promosition 1 an exact sequence:

min-1

o
(1) 0-—-——%1 —~8——=~ o —v—‘g———vozpo —E—bg’l P

mn U

q.
with £ = (f”U(cn -

For each open subset V of U, by restricting (1) to V
we still get an exact sequence. We infer the existence of the

following short exact sequences:

V
i AV (@)
ot (gmm 15880 min-1 g mn-2
0—e (7 (@) e T 0
L Y ™ o
where ‘7"0 =ker€ =Im &
i o) sl
4 ey =Tmd T, ete.



By the mixed Dolbeault resolution, it follows that:

q.
Hq(V,(?ﬂvl(G))=O e i

W
()

Then, by writing the long exact sequences of cohomologyv associated

tor (2) 9w get for gontl

& -
Hq(v,?‘v)=Hq+l(v, B e e vam Ley)=0

and the theorem is proved.

Cartan manifolds

Pefinition 2 A mizxed manifold will be called a

Cartan manifold 1£f
a8 X s C?;(E)—convex i.e for any compact subset K of X,

the*set ?k:={xex\ ;2§ | f(y)‘z]f(x)\for each fG‘ﬂ(X,éjg(C))}

is a rompract subset in X (or, equivalentlv it for any discrete

sequence (Xn)nem in X, there eXlSﬁS:fECYY,C7£(C)) such that
sup ‘f(x ﬂ =+oo)

n
nemN

b) Yﬂ(x, C7%(®\) separates points, némely for x£y,
there exisbsfefYX,C7%(¢)) which =atisfies f (x)#f(v). ,f&

c) For any xe€X there exists a coordinate system aroundu
X given by global sections.

The full subcategory oféjéwhose objects are Cartan mani-

folds 9f finite type will be denoted by“tg .The followinc

result is vroved in{ﬁ,ﬂ,



Theorem 3 . (Theorems A and B for Cartan manifolds).
Lett+X be a Cartan manifold, let F be a coherent senarate
ﬁ% (€C) -module. Then

X
A) For each xeX,SyX is C?’ (€C)~generated by the image

e
B Tlmhano T

B) Hq(X,?F):O for each gzl.

x*

Definition 3 . Let X, Y be two mixed manifolds, let

~f:X-—¢Y’be a mixed morphism. kfis a mixed embedding iff:
a) f(X)'is a mixed submanifold of Y (for the
definition of mixed submanifolds see b

b) -f:X——_&T(X) is a mixed iscomorprhism,
The following result is proved in’ b,il ’

Theorem 4 . (The embeddina theorem).

Let X be a Cartan manifold of type (m,n). Then there

exists a mixed embedding 7 :X—~»»RM X @N for M, N sufficiently

large positive integers /(one may take M=2m,N=m+2n+1).
Note thatthe map d-ih(RM g 3 CZQ@&N () )y r‘(X,C}%(C))
, :
i

{
.

defined by o« (H)=H G‘f ig onto.
We shall characterize by means of cohomoloagy the open;

Cartan subsets .of Cartan manifolds. One can notiece that an

open sulbget D of & Cartan -manifold X ig iteelf a Cartan manifold

(with respeet to ‘the induced structure) iff D is L?b(c)—convex.

.

Then:



Theorem 5. Let X be a Cartan manifold of e (m,n) et b
be an open subset in X. The following statements are eouivalent:
(1) D is a Cartan manifold:

G Hq(D,&D(c))zo Eonaild .,

The proof goes élonq the same lines as a proof of S.Coen
in the complex case using a theorem of Naael . {N}.
Bt colldibesss interest to. shaw at this stage that some "good"
prope?ties of the "real, resp. complex component" of a mixed

manifold do not extend to this latter.

Bofinition 4 . A Cof-family of complex manifolds is p:X=+*Y
where X 48 a mixed manifold of type (m,n), Y is a C°°- manifold
of dimension m and p is a mixed morphism which is onto and which
satisfijiesi: Boyr each xeX, tbe?e exist an open neighbourhood U of
x in X, an open neighbourhood V of p(x) in Y, an open subset
D of €™ and a mixed isomorphism ¥ iU-»V x D, such that p (U)SV and

&

the diagram U ———=>V x D

Pl,'/wi

\Y%

is commutative.

Remark 1 .

Let p:Xew——=Y be a C°?~family of complex manifolds.
Suppose that X is a Cartan manifold of tvpe(m,n). Then for each
y€Y the closed submanifold of type (0,n) ofX, Xyiﬁix@{\pbd=y}
is a Stein manifold of dimension n. The ccaverse of this statement

is: net true.:



3

Example 1 . Let X=Rx@“\{(0,0) (viewed as a family by

J
means of the canonical projection on R). We have :
r C t#0
Le ~ {0y £=0

X

hence each fibre is Stein. But X is not a Cartan manifold because

ik
R={(t,z)ex| 1t1¢1, |z} =1}
then
Re= le, zex] ie1cr 2|1y

and hence not a compact subset of X.

L&t us note some further properties of«X:
1 e ! ; : i
a) H (X,(/X(@),¢O (immediate conseauence of theoremYS)

b) The canonical restriction o: TYRXC,(jk

S X ?/I &
| @) —1x, O @
defined by d(F):FIX dgonto.,

Indeed, let us notice that if felw(x,(>X(€)) then finCk
is an element of rYRxCX,(zgxmx(C)), hence for each teR the func-

tions ft:CX—~—¢*C ft(z):=f(t,z) have Laurent develowments

\ v
£ (z)= e (t) 2 s Thie cosfficienkes 4. are O =Eimetions tiith
B e v
respectste . But for +£#40 it follows 93620 for sach » <0 as ft

are holomorphic. By continuity it results d§(0)=0, and-b; follows.

Tt is not difficult to show that X=R x € \ D (where

D is a real line)is an open Cartan subset of R x €.



The following example shows how the "mixed continuation"

works.

Example 2.

Let X=RxC-{(t,0)| 1tl<1]}

It is an open subset of Rx€, but it is not Cartan (as
We see metleing that for Refit, 2)ex| 1 <itic?2 \z\zl},
A

KX={(t,z)€X\1éltlé2 ,\zlél} and hence a noncompact subset of X))

P
Let WL:R-4»R be a €,~ function with cempact support:
suppwl=[—1,ﬂ . ‘Define £(t,z)= .¥S9 \ti<1

0 \t]=1

P e
f is an element of | (X, UX

. 5 : _ o
U of RxC, U#@P, U% X, for which there should exist F€>TYU,(/U(F\\

(C)). One cannot find any qen cubset

such that F ‘XﬂU:f‘XﬁU (because such an open subset contains

points frem (=1,1) x {O% where £ is unbounded).

A theorem of equivalence

Definition 5. A C-algebra (algebraically) isomorphic to

FYX,(j;(C)) for @ -certain Caprtan manifold X of type (m,n) will be
called a smooth Cartan algebra.

Smooth Cartan algebras and smooth Cartan alaebra morn@xsms
(i.e. unitary nonzero T-algebra norohisms) form a category, dé“)-

ted: by uéﬁg‘ We shall usually omit "smooth",if.no confusion is
possible.

Definition 6 . Let A be a Cartan algebra. An element

of ‘the set Hom (R C)s is called a character of A.

A6

Example 4. For a Cartan manifold X of

Lo in [ A 2 =~
CyYDe. {dn,hy ana fior

x€X, the morphism X :Yﬁug C}(G))-»v€ given by X (f)=f(x) for
% %

X
.each fGYYX,(};(E)), is a character of Fkx,(?}(@)). Such a cha-

racter will be called "point-character".



Remark 2. Due to the embedding theorem, to theorems A
and B for Cartan manifolds and to theorem 1 in YN}, each charges
ter of a Cartan.algebra VXX,(yk(@)) isa point character. More-
over it follows that, with respect to the cannonical topology,

characters are continuous; they carry Y}X,(j;(ﬁ)) in R,

Lemma 1 . Let X, Y be-Cartan manifolds. Let

4 € Hom A2 (V‘(x,&x(c)), il (?’Y(cc)). Then u(F(X,’CJ”X(iR) ))gF(Y,O‘Y({R))

9 .
Proef. Let £ GVYX,C/X(R)), vEY. The peint . character

Y

that 7Cy0 “ is a character on Y«(X,(9X(€)) and hence, due to

associated to y on [?Y,L% (€)) will be denoted by'kiy. It follows

L} s L3 “ 3 [} =5 .
remairk 1s, it 1s a point character }Cx assoclated to a certain
point x€X.

We get then

(@(£) (N (u(£))=F ew) ()= X (£)=£(x) ER

which concludes the proof.
Lemma 2.

Let X be a character on ‘*Xmmxcn, C?’ (€)) . Them A
M h
R x€
is the point chamsacter associated to the point x=()ﬂ“ﬁ,~-XCEm+wU

: ; ; 101 S o}
where W(i denotes the canonical projection from R xC€ on the

sk
b factor) .

Proof. By remark?2 , let xeR xC" be the point such that

}:5XX. We obtain, for each i=1,2,....,mtn
=k T R
. X 3 3 i

L = e Tt
Corellary 1l' . Two: characters on - V| (R x€ , £¥m n(m)) which
x€




coincide on the coordinate funetions (i.e. canonical nrojections)

coincide.

We remind that7§)denotes the category of Cartan manifolds
of ‘finite type.

We define the . contravariant functor

G ik
as follows:
on the objects: For x & ob (7€) | I(x) - r(X)&x(@))

On the morphisms: For feHonﬂg(X,Y), f;y[f)lrxy,&;@)%*Yix,ggﬂ)

is given by :

ggxy(f)(h)=h et Foreach h GTYY,(7;(®))

The fact that ké is a finctor is then an cpvious conseauence
of standard computations.

Then, one gets:
Thecrem 6, Lﬁ is an (enti) eocuivalence of categories.

Proof. We have to prove that for each xe0b(6), ve ob (%)

: & T > )
Fyyitom o (x,¥) — ton_(V(r, Oyen), T, Oy@)
kg bijective
. <& e o LSS =
Let  £f,.9 CHomféx,Y). Supnose JXY(f)— UXY(g). This means

Qe

Ehet foreach thYY,(JY(@)) the following relation holds:

hef=heqg

As Y is. a Cartan manifold,ﬁ?(Y,Q?Y(C)) separates points and hence

f=g.
Whencef%(is one to one.

Suppose now v=RPxc? and let



s FXRchq, é%' Cr(GI))
RP xS

Ux, O, (e
be a Cartan algebra morphism.
For each i=1,2,..., pta, we . denote by 'K; the canonical
: : P ed . th o \
progjection of R x€C* on the 1 factor, and by fi g.u(TtV
fiGYYX,67X(¢)) for i=1...ptg and by lemma l)fiQYYX,C}X(R))
Bor il oo b

Let f:X—wRPxcY , be the mixed morphism defined by

(x)) .

B f1(><;),...,fp+q

Let hﬁstRDxcq, Cf (€)), let xeX, let X _ be the point
RPxc? =

character on YT X ,Céf@) associrated to x.

Due to lemma 2 . the following relatiens hold:

, L3 = =X
Xxo o X(X,(Ou('Xl); ~-)(xo u (X ’O+C_T)) 'X(fl(X)“fum(X)) & 4

Then, it follows

(u(h))(X)=:(X(u(h))=(X§Ou)(h)=:xf(x)(h)=h(f(x))=hof(x)

This shows

‘5 (£)=u
x,RPxc9

= is onto for each (p,q)€ WNxN
and hence Jx,Rpqu

Let now Y be ‘a Cartan manifold and let
uemﬁig(rUMZWU,'rm,d%wn)

Due to the embeddina theorem, there exists a mixed embed-
ding

Puy o emPurd -

; = O
By the above mentioned facts, there exists f & Hom Tg(X,RfXQq)

such that



(1) “g

(f)=u
x,RPxc 9

We prove now that there exists a mixed morphism ¢ X ——a=Y such

that the following diagram

.---prA@q

A\

is commutative. In order to prove this, it is sufficient to
show that £ (X)€Y (Y).
Imerack Tot e, For nc,f‘mp fq bf €)j. by [1) we

RPxcd
obtain

-~
N
~—

h(£(x))=(u(hep)) (x)=X_(u(hoy))=(X ou} (hop)

X

As- the characters on [W(Y,C}Y(@)) are point characters, it

follows that there exists yeY with

/ B
lxou v
Then, by (2):

(3)  h(£(x))=(X ou) (h07ﬁ3=xy(h0\y’ = (hop) h (P(y))

As RPXCq is a Cartan manifold and the global sections of-

C&; = (€) separate points, we get
R&xC~

fix)=ply)
hence f(X)g,f(Y).

As Y ds (isomorphic to) a closed Cartan submanifold of

RPxe9 it follows that for any hé(YY,C}i(C)), there exists



/Hér(iRpx@q, (j; q((E)) such that {EO\f'zh (simple conseguence of
R7x C
theorem A and B for Cartan manifolds) .

Then, for heTYY,L7;(@)> the following relations hold:
uty=u@Eopr=ud, o alp) @)=, pocate)) ()=

= ‘é (£f) (h)=h o sz)G(“f oa)=(h ot Jeg=heo q::gy(q) (h)

which shows that
.S)_ *

hence ,ﬁgy is onto, and the Lhecrem is completely proved.

Let:%':* the set of characters of FYX, Cj;(@)). We

endow x with the trace of the weak topoloav (on the dual of
r(X, (j;{(C)). We remind that, with respect to this topology,

a foundamental system of neighbourhoods of a character X & f}: is
given by the neighbourhoodsof the following tvpe:

for all finite systems fl,...,fQ

P

Q.-
of elements in YYX,(/X(@)) and
For- alidids =0,

Then as in the complex case we get:

Prepesition 3.

.4
The map 53:X-~@;¥. given by @(X)r—:)vx is a homeomor-

phism.



Complex (locally trivial) vector bundles of finite

rank over mixed manifolds

Defimition 7.

A trivial complex vector bundle of rank k over the
mixed manifold X (in short a "tvb") is the mixed manifold
; ] e .
’Xx@k . A morphism between the tvb Xx@. and XxCJ is given bv

a mixed morphism
H=(H, ,H,) : XxC—p xxc)

which satisfies:
a) Hl is the canonical prgjection on X.

b) There exists a (uniquely determined) mixecd morphism

h:X-«wniick Cj) such that the diagram

: hrik .
XXC - - (Q j)XC

\/

is commutative, where S(A,z)zA-z

k

We shall often refer to H and h by saying that they are
associated to each other.
The composition of two morphisms of tvb
k .
F e XxC i X -
and
Gt KT e XXCB
: : k P
is defined as H:XxXC — XxC

H= G oF

Note that H is a morphism of trivial vector bundles over X as



H, 1s the canonical projection and H is associated to

-k 2
It i GG TR given by the commutative diagram:

(g,f)
X o L el ebye &t e

" s

‘é;&
2 ()

where & (A,B)=A°B.

LEfeltbeowsi that' tvb: of finite rénk over a mixed manifold

‘ k B
X form a category. Note that a morphism H:X X €= X x €

in this category is an isomorphism iff k = Eand the values of

the acpepeiated morphiem h are in GL(k ,@).

Definition 8. ‘A (locally trivial) complex vector bundle

(in short v.b.) of rank k over the mixed manifold X is a
mixed manifold E together with a mixed morphism 7(E:E-—~»x
which ds ento, such that there exists an open coverinag M,z(U

i)ieI

of Xiand the feol lewing propertiecs are satisfied.

1) There exist mixed isumorphisms

£ '?? (U, )~ U, x @k
el i

s?‘m“f‘\'
and the diagram

=1 il k
jTE (Ui) U, x¢C

-4

\\ /
R it

E 1
: \U-:

is commutative.



e L= k k
WP =R . e ;
) i v Uiﬂ ij@ el Ui(‘\ ijc

Uint =0

are isomorphisms of trivial complex vector bundles of rank k

over Ui{\ Uj siforseaeh pady wll,)€ 1 xn 1 Eorawlich Uﬁﬂ Uj o ¢’
)i@I widils betcalled a trivialization for E. Ag

fjj:Ui(\Uj-wwGL(k,G), associated''t(.}j..F:H in the definition

above i il s : VR e , i
satisfy fijij £, 0N Ul[\ Uj Uy they determine

1
a cocycle (fij)ij<5iz;(zL,GL(]<, C%X(@)))'

A morphism between the vb, E and F (rank E=k rank F=3)
is a mixed morphism h:E—+F such that

I} The diagram

1

\

E h e 1?
2 LE \ /(.F
X

is commutative.

2) For each trivialization (ui,f ) for E and for each

i“i€7T
)

i viedigation o(V for Pathe: maps Hi_.l defined by the

17947 4eg

commutative diagram

ol
: ij
U.ﬁV.x®k : ?'U.HV.x@B
Sl i
| T
£ ik
Bl T el ;
i (U,0V,) l T(F (piﬁ\j)
1
hii=g 2 ‘
(@A
N (U, \/j)
Srailie S e ML av
i\ : \Uf\v]; 4w IL P \Lim .

By defining the composition of the morphisms ar



composition of maps, it follows immediatelv that V.Ds0f SEID I Ee
(R

rank form a category V'd

It is not difficult to notice that two such v.b. are iso-

o g . .
morphie dm £). ff their associated cocycles give the same

; 1 i
class in H (X,GL(]{,(?%(@)). One may find the w.b. = starkting
by cocycles by standard proceuures see YW] , and it ds.straighi=
forward to prove that the association between (classes of iso-

morphism of) v.b. of rank k over X and elements of H&(Xxﬂxk,di(ﬁﬂ

is a bijection.

To each ¥b, E of ramk k over X one can associate a locally
free sheaf E of rank k on X namely the sheaf of cross sections
of B Z(u)=LS:U“?Ei s is a mixed morohism, 71E0 = ﬁ=~1U '}
for each open subset U of X, the restrictioms being the obvious
ones.

The =faet sthat Z is locally free follows immediately by
seeing that for: a trivialization (Ui,fiz for B, for .each iel

vel
7{élﬂh) defined bv the commutative

the maps (e ).y Y,

. { g
diagram

£
=i

oo

€
= S

e
W
i

P
where eq(x)=(0,....,l,.c.u,0) for each xeX form a local frame

for E, and 2 ﬁli) is therefore canonicallysisomorphic to

y k 5 ~ C?’k
rh'U,(// ) ) . whence < = ) .
(i X( )) ’ I . U, (€¢)
i i o
It may be shown Jlike in the case where X is a C

or a complex manifold that the association between (classes



of isomorphism of)v.b. of rank k over X and (classes of isomor-
phism of) locally free sheaves of rank k over X is a bijection.
. PR
The usual operations on bundles may be performed in e
All these operations are canonical and we shall not insist on
them. We shall only mention the existence of the dual EX of
aVv.b.E which is also a V.b. of rank k on Xand whose associated sheaf
v o s . 1 ! 5 T Erey
will be denoted by ¢ .The following property of Emay be proved by. a straight

forward computation and we omit the details.

8

lemmaid  det B —E s % be av.b. of rank & over X.

o TE*

—» X be the dual v.b. and let sk:Xm’-hEX be a global

section in E”. Then there exigts a mixed morphism §:E-————& C

such that for each xeX : = ; =57 (x)

We shall prove now

Theorem 7. Let X be a Cartan manifold of tyvpe (m,n) let

pie .
E'~«E~*>X beia - vibsiof irank.k on= X, Then B is a Cartah.-manifolds

E;oof

a) r.(E’C%E(Q)) separates points: - ;

: ; ; e D : n é}
Indeed, if el#e2 and7&fel)}3g§e2) there exists ~CV(X, X(GZ))

such f(j(E(el)#f(th(ez)) as r(X,C}X(@)) separates points.

Then f07iE€5TYE,(?;(®)) and it separates el frome, .

1

) for E

If 7fE(el)=WIE(e2)=X, for a trivialization (U, e

=
e

we haveﬁkfel)x(x,zl), fio(e2)=(x,zz) with 21¢22 for

: i : o aale
There exists a linear firnctional L:C—-—= & such that

. : , Sy ok
L(zl)#L(zz)° L defines a germ of cross section of E” around X

: R s
<o hs f 2 dean L/X(¢)~locally free module (by the

s

. e’
hence EX ¢

b



discussion-above) we may apply to it theorem A for Cartan manl-

sbe

folds. It follows that there exists sf,...,s§<§V(X,E:K) and

<id...,.d_p GY(U,Cyﬂ(@)) for a suitable open neighbourhood U of

. ‘. .
% in X, such that P (y)= ;“*j(y)s?(y) for each ve&U
i e

Then s :X ——s B given by Sx(y)=ém4 ol L)s,
=]

iz

bal eross section in EX and it satisfies sx(x)= EX(X)=L. Due

Ly
to lemma 3 there exists séxmtE,Lfg(Q)) such that S =57 (%)

Hence:
s(e1)=L(zl)¢L(zz)=s(ez)

b) ‘There are local coordinates given by global sections

Endeed, ‘let cEE and—RE(e):x &€ ¥, Toke a trivialization (Ui’f*)fnT

for E. Consider a sufficiently small open neighbourhood
U for x such that UE Uiﬁ and there exists a system ©0f local
o] ‘ O% :
coordinates on U around x given by clobal sections in X(@)

(remember X is a Cartan manifold).

Take now a frame s?...si RO EX‘on U “(as above)-.
o

: . . : e :
By applying again theorem A we obtain global sections hl.,qhﬁy

from U (X, ¢ X) suich that fon an eventually restricted U) the

following holds n* i =s;
U

Eorseach A=l ek
= i U

By lemma 3 we obtain hié:r(E,C?f(E)) such that for

each yeU h.i =hf(y) . It is not hard to prove now that

+ 1
a0

E

(floﬁ,E__, £ pEIL )

)
m+n B ¢

L 5use k

givve leealicoordinates in e€eE.
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¢) Einally we prove that E is (/F(@)—convex¢

Let then (e )

be a discret que i o
n! peny P& @ discrete sequence in Es1f

(nﬁ(en))n:(xn)n ig = diserete seguence in X, there exists

b>)

(

N
)

=

reV(x, U, (€)) with sup | £(x)] =+ o ; then foXt el(m, O
n

B
and Sup ‘ Foll (en)‘ =+ O ,

Newe i5 % ——=w o, take (U, £, ) an element of a triviali-

S0e e
zationifor Eawith Uj_% % for n sufficientlv gfeat it follows
Te
x € Sl 7 = > i te sec 5
et £ flo(en) (xn,zn), z. has to be a discrete sequence
; k . : ) k
in € . There exists then a linear functional L:€ ——= € such that
n —ri P
xL(zn) ‘ w4 0P

By o eimilar wcasoning to that inea] we £ind sf.,.si from

'r.(X;Z'X) and o ..o{DG:rKU;(jl(Q)) (for o sufficiently swalil
L U

-
U 3 x) ssuch that:
P
L= <L, (yys®(y) F h yeU
=/ Hepd b or each yé .
A=l

Let now s be associated to sf as in lemma 3; then

R
1
L(zn)r' j O<:i(xn)si(en) =

e
As
_ - e
ot (x )220 (x) and|Liz )| ————mioo

n

it follows that at ‘least one of the sections si is unbounded

on (e ). ¢

£l .
These results have been announced on the 5 Romanian
Finish Seminar on Complex Analy@is. Some of these results will

be extended to the case of mixed spaces and published elsewhere.



[A,G?

B,

«f

le.®

M, M}

&

[w]

e

REFERENCES

Andreotti A., GrauertH., Théoremes de finitude pour
la cohomologie des espaces complexes, Bull.Soc.Math.
Branees; 90, 1962, pi. 193=250.,

Banicd €., Sténdgila 0., Metode algebrice In teoxia
globald a spatiilor complexe, Ed.Academiei RSR,
Bucuresti,, 19745

Grauvert H., Remmert R., Theorie des Steinschen Raume,
Springer, Grundlehren der Mathematischen Wissen-~
schafften, no.227, 1977. .

Jurchescu M., Variétés‘mixtes, Proceedings of the
IITrd Romanhian-Finnish Seminar, Springer Lectures
Netes in Mathematics, ho. FA4D (1979), pp.431~448:
Jurchescu M., Espaces mixtes, Proceedings of the Vth
Romanian~Finnish Seminar, Springer Lectures Notes

in Mathematics ( toc appear ).

Matsushima Y., Morimeto A., Sur certains espaces
fibrés holomorphes sur une variété de Stein, Bull.
See:Math . Erance, vol.88; no.2; 1960, p.l37=1565;
Nagel, A., Cohomology, meximal ideals and point
evaluétions, Proc.Amer Math.Soc.vel.42, no.l, 1874,
Pl A=505

Reiffen, H.J., Riemannsche Hebbarkeitssatze fur
Cohomologieklassen mit kompaktem Trager, Math.Ann.,

vl 164, 1966, pp.292-279.
Wells, R.O., Differential geometry on complex

manifolds  Preptice Hall, Inc. 1974.



