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INTRODUCTTON

Let, l :xc-+X* be an open Lmmersion of  lntegral  schemes over the

field C, of complex numbers, wirere X ls a scheme of f lnite type over

c .
rn Q r we shcw that for every closecl poc.nt, xex*, the resldue

f ie ld k (x)  of  x ln x ' r  i -s C .  This fact  permits to associate C -valued

funct ions on (Zar j -ski)  open subsets of  x[  t t f re subset of  a l ]  c losed

points of x*) t.o the sections of st,ructure sheave Or*. trle calr t,he

Sine topology of x*, the weakest topology or. x*, clntalnrng arl

Zariskl sub.i ' fets of x[ and making contlnuous all above C -valuecl func-

t lons,  where O 1s. .  considered w: i - th ihe raturar i {aussdorf  topology.

The restr lct lon of  the f ine topclogy of  X* to x ls the usuaL f ine eo-

pology of the complex algebraic prevarlety X.X,

The na ln  resu l t  e f  th is  paper . i s  the  fo r low lng :  ! f  xex*  l s
r^

.g lgsed-"t tgu *  ls noether i -an,  the: l  x has a Zar iskl  nelghbourhood
xa. x 

-----*

{g-xl. gt rrnit6"typ.e ov-*gC, @t neishbourhood in

the flne topol ogy_o{ xfu t\1, rheo:.em).
. * t a !

rn oarticurar if x^ 1s noer-herlan, x' ls qjl_jg1n,L:!g__ty3g_qvg! C

rr j*: fi lg.!,qpp:ogL.or xtr W. Arr equlvalent form of

thls assertion is the followlnE: a.lgg!,Fgiian suhg*ggpg* A ggg O -*-

gebra of  f in j - te_type is  f in i te ly  generated l f f  the "GeI t fand toool i i *gy"'1ff i--...,,"... ,, , i :,-. i i i i lr ,-*

"""-9lg-"_*_t_, 
g5*_e*]_tt**1tn*I' 19pe,Ig"S.r__L,i,=_1p*qq,tlv, ,"SgpSSj {rhe Gel'fand

topology on the set $pec max A of  a l l  maxir i la l . iCeals of  A is the

weakest topology maktr-ng cont inuous al l  funct ions F:Spec hTax A--+C,

f  ( m ) = ( r e s i - d u e  o f  f  l n  m ) e A / m  = C r  w h e r e  f e A )  ( 9 3 ,  C o r o l l a r y  5 ) .

The leadlng ldea of  aL proof,  of  the main resul t  of  the paper

is . the fo l lowing: *  [Sj ,  Propr l ,  W€:;rhave shown that t t re obstruct ions



2 -

'Lo the algebrJ-eatj.on of a noethekj.an scheme x* dom.lnated by an

algehraic var iety consist  j .n the exist ,ence of  some schemes of  f ln l te

type over X*, of dimensl-on

Giv lng  a  " loca l  fo rm"  to  th is  fac t r  &s  ln$ : ,  Lemma 5r  we can reduce

the quest ion of  the existence of  a ZarJ-skl  open neighbourhood uf  f in l te

type over O of  a "noether ian" point  x€X:k to ' the problem of prtrv. tng that

for an open embedding of  a complex"algebraic var letytrx in a complex

scheme x*, ' .,thlch has a closed l-codj-mensional point, xei*, the flne to-

nology of  x* around x is not local ly compact,  except lng the case when

dlm X*=1. This last ques-*-^ton is treated ln $ e : in vlrtue of Lemma 4

from $ 2 ,  i - t  suf f ices to cols ider the quest ion for  the case whe=-re X*

ls normal ln the c losed l -codlmensional  polnt  x€X:t  for  which i re can des-

cr ibe completeiy t ,he local  a lgebraic ctr .ucture of  X* around x (see 
I  2 ,

Lemm'i i : " i ) i  th is descr ipt ion permits,  v la an 6tule morphism def ined

ln a Zarlskl open neighbourhood of x .tn X* and constructe,l in 6rr,

Lemma 2r 'Eo.reduce the questLon (  q2,  Lemma 3) t ,o an elementary ana-

lysis of  the f ine topology of  x* around x in the case when x . is  a

zar iskt  'open subset of  a complex af  f lne space ( \ r ,  the last  part  of

t ,he proof of  Proposi t ion 2,  .
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.  F l rs t ly  we sha} l  establ ish an ext ,ens lon of  a  wel l -known

fo rm o f  l l i l be r t  Nu l l s te l l ensa tz  eve r  C  1  j . . : r  . ,  .  .

lqg_poslt ion 1. Let A be a suba,lgebra of an al-gebra of f inite.dffiffi ffi

. ttype n _over the 5*3]g a 3lg s.a e-gr:maf*igggf:_Jllgn A/m =c.

Broof. .  The C -  vector space At has a basls vrhich as at  most

coue table. Then A ancl n/n ha_ve the sqme property.

Let us supposer*tn.a there exi .sts x€A/m which is t r .*nscen-

dental  over C "  Then the subf ie ld c (x)gA/m ls .  
-*-rr*" tor  

space having

a bas is  whLch ls  countab le .  Th is  impr ies  tha t  the  se t ,  o f  a l l  po les  o f

al l  complex ral ional  funcl lons in cne Lndetermlnate ls a subset of  C .

whi&' is at  mos,t  countable ( i t  ls  the set  of  a l l  poles of  a l l  rat lonal

func t ion :  .o f  a  bas ls ) ,  wh lch  i_s  no t  t rue .

Tl :ereforu a/m ls an algebraLc extens. ion of  C.

Q n E . D .

CqRO*H,SY I . (see [f S] ) - A subalgebla of an alqenra of f l-nite

type over  C 1s a Jacobson r incr-

3gg. Let A be a subalgebra of  Ar,  where Ar.  is  of  f ln i t ,e

type over C and geSp€u ,A,. .  I f  n is the Ldeal  of  a1l  nt lpotent elements
-  - ,

ot Ar w€ l ' : 'ave l lg nA ar.C so p includes 
XnA, where 

t 1" a mlnj-mal pr]-me

i< iea i  o f  r l t .  Then  o /onAgAtz 'o  anc l  l t  su f f i ces  to  p rove  co ro i i a ry  i ,
= -r,

w h e r r A l s a d o n - . a i n .

I f  A . l s  no t  a  Jacobson  r l ng ,  we  can  f l nd  geSpec  A  and  x€A ,

x$P,  such that ,  x  j -s  conta l -ned in  a l l  maximal  Ldeals  of  A inc lud lng p.
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Sj.nca the r lng of  f ract ;on= A [ 'h j  ts st l l l  a su]ralgeb::a of  an aLgebra

of f in j" t ,e typee w€ f i r " rd a maximal j -deal  r f t fcAf l ]  inctucl ing 
# A[*J.

. -  r f  $=Iu0A, we have a/*Eal f , ] / ryr  =C and so, m is a r . raxlmal ideal  of  A

contai-n ' ing p and x{Sr which ls a contraci i -ct ionn

Q o  E o  D .

*g*3g5*!_t lrTj.th the sqme proofs as for proposition 1 and

'  Co ro l ta ry  1 r  one  es tab l l shes  l ha t  f o r  any  suba lgeb ra  A  o f  an  a lgeb ra

of  f j -n l te  type ov,ar  an uncountable f : . * ld  k ,  A is  a  Jacobson r ing and

for  any naxi rna l  ideal  *c  A,  A/*  is  an a lgebra ic  extenslon of  k .  Thls

j -mproves a resul t  f rom [ f f  ] .  n

QOI- . 'O! I :14RY ?.  Lct  i :  X*X* be 'an oper i  densa lmmers ion of

sch*r i ,es over  cr ' 'v rhc l :a  >I  j -s  o f  f j -n j - te  t : . ) /pe ove: :  c  and xexx a c lc :dc l
@ @greg**Lr-w

po ln t "  t hen ' the  r :es i c lue  f i e lo  k  ( : : )  c t  x  j - s  C  anc l  ; ( *  i . s  a  Jacobson ' sche rcs "
@ @ ffi'.#'.r-- s

fndeecl r  i f  U is  an af f ine neighbourhood of  x  in  Xx *nc l

VcunX an af  f  ine subset,  then .  A= I-  ( ,u,  Oxl*a) :  A/  = I -  (  V,  O^.u)

and At j -s f in ib.ely generated over 0.  I f  mcA ls Lhe maximal jc leal  corre$-

pond ing  to  xeU,  then k  (x ) -71 / *=  C.  s=  f  (VrOX*) . *d  and t r (v ,O^x)

are  Jacobson r ingsr

Q .  E n  D .

rn  the  s j - tua t , ion  g iven in  coro l la ry  z t  s ince  xF j -s .e  Jacobson

schernee the nap U n.-_>Vn K&, ,  vrhere XL . !s the set of  a1l  c losed po:-nts

-  of  Xt  ,  establ ishes an one to one corresponclence between the open

( resp"c loeed) ,  subset .s  o f  X*anc l  the  open ( respuc losed)  subsets  o f  X&
'  (cr' tsl ' 

,It;r:i-l; subser usx,F ;nd every r € r(tr, o1*) we can
assoc j -a te  the  map i run  x f .  - ->  c  g {ven lv  i ( :< )=( res+due o f  f  in  x )e  { r . (> : )=

= cn Sj .nce x* is Jacobson, f  *d l*  a r ing homomor6r i r lsm, whose kernel

l s  the  j . c lea1 o f  a l l  n i lpo ten ts  o f  l - ( t J r 'O^r ' )  , - , . r
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I{ence i f  f*  is  recruced, f  ^n--*  F r"  an in ject lve nap,

l ' /e can consj.der the vreakest t,oporoglr on the set x$ which

contains arr  zar iskl  open subsets of  X[  and maklng cont, inuou,s al l  above
N

ntaps,f  ,  where c j -s consj-c lered vr i th the natural  l lausdorf f  topologyu tr ! ,e
call thi.s topology rhe $$lg*gggJggg of X$,

We have the fol lowinq elementary pronert ies of  the f ine

t opo logy ,  wh ich  w i l l  be  used  i n  the  fo l l ow inq :

r )  Tf  f  :X * - - - - -> y  is  a  morphism of  c-schemes which are

gener i ca l l y  o f  f i n l t e  t yF :e  ove r  c ,  t hen  f  es tab r i_shes  a  con -

t inuous map between X ce and y"g wi th  respect  to  the f  i -ne

t o p o l o q i e s .

'  2 )  r f  x *  i s  a f f i ne ,  t hen  the .  f i ne  topo logy  on  x . x '

weakest  topology on x I  mal . * ing ccnt inuous ar l  funct i -ons

assoc ia ted  as  above  to  a  se t  o f  qenera to rs  
\ t l  o f  t he

i s  t h e

f

' ' .
C:u lgebra  [ -  (  X ] ,  O*n) .

' :  

j

:  
3 )  r f  x ' "  1s  a f f i ne ,  xe  x la  and  u  i s  a  ne j -qhbourhood  o f

x ,  t h e n  t h e r e  e x i s t  E  >  0  a n d  . f - .  , . . . , !  e  t - (  > q . F  r - a  \
r  n  i  v x * )

s , u c h . l ' .  U  ;  {  l l l u X L , .  \ f l G ) - { ; ( " ) \  . € r S r , , . d , t L L ,  r r , * , . 3 ,
4)  Every  L losed oo in t  o f  X  * '  

iu " '  .  - t r r r ra . *en ta1  svs tem o f

( r losed ne iqhbourhoods . i  , i r  l r  '+  r . r i  . r -1 r '  respec t  to  the  f j_ne  tono logv .
F) rt y* is a -"o"$".";-;; ;;-;;; ;;;; i-u+,T="

the f ine topology of  Y*  l -s  the rest r i .c t lon to  y*  of  the f ine topoloq.v
^ c  . t *
\JI . l a : .

rn part i -cular,  the re str ict i -on of  the f lne t ,opologir  of

usual f:-ne topology of t ,he compf,-ex algebralc prevar. ety X.r.

6 )  r f  i " (  ; x *<+  x |  r  4  =  { ,  - - - r  h  a re  open  dense  L ru l i e rs ions  o f

c-schemes and x( are of f : ln. j-te type over c, t iren

i l *  - ' -x1, . . :  xr*- ' -xx,  ( - " - 'D x l  
"  

- ' -  xx l .  is  an open dense imnrers ion,
( x l * - - - r x l ) o= (x f  ) . r x  - ' -  x  ( x l " ) c r  and  rhe  f  i ne  r opo tosy  on  x l *  - - - xx *
i s  the product  o f  the f j -ne topolog:-es on X" t l  4  (c(  6yr .

?)  I f  X+ is  a  separated scher ;e,  then t ,he f l "ne topology,  on. { ,k

i s  H a u s s d o r f .
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ON TIIE FINE TOpOLOGY oF COIqPLBX SctdltnS lTrTH CLOSED
, ,  e r , $ @ F c . s  !  E

1-CODIMENSIONAL POTNTS

The aim of thLs chapter j-s to prove an J-mportant particular

case of  the main resul t  of  th is paper3

proposi-t ion 2 - Let i :Xe-* xt 'bd an open iprq4:rsiol-91-:$q9Ea1
ffie w -.s-i-w-ilt.q**_@-@

schemes dver c, r,rleg* x ifi oJ[M a, x*- x:g*3-EJe,s-gg 1*

c*o4lj:regs+olxlL poin!, x of :(* gl5! ox,t* rqJgs,9ltt,g"*Jlg* Irls rg$g

winq  assa r t f , ons  a re  equ iva l=n t :
;;;a ;-;:;ii-;-

i ) x[ 1g lgc+1y--*],ntr3st-#Libs- f inP lePe]sgx.

ii) x lg? a compag5 neiglbc,p;iroocl j-n x[ in tbe *f-ine topg]ogy

11i) . .dj 'm X*= 1

i v )  4 .

I

r"rhlch fol lorv , the fact that X* - X is a closed l-codimensignal poin-t, x

of  x*  and OX)*  t= noether lan,  impl jes t ,hat  X*  ls  noecher ian (see[O] ,

Lemma 3) I but vre shall  not use this assert lon in the pOper..t  Ei

To prove Proposl t ior r '2 ,  we need some preparatc , ry  facts .

Let ,  i :X. - -+ x*  be an open immers j -on of  lnLegra l  schemes over

n f  f l n { re .  { - v  -X  i s  a  c losed  l - cud lmens iona l
tk

C,  r rhere  X ts  o f  f in i te  type  over  c ,  x ' - -X  is  a  c los t

* and O..x - is a rroetherian norrno.L rlng.po ln t  x  c f  X '  A ,  ^  n  nor rndL rang.

Then OX*.* as a discrete valuat lon r ingi  r" t  t  a OX*, o
' !  

,  
/ \

be a ]ocal  parameter.  I ty replacing x* wl- th a Zar iski  open neighbourhood

of x,  we may assume that,  X* j -s af f ine,  t  € t -  (Xr,  @**) and t  j -s lnver-

n r . t  ( n  \
t ib le  1n  t  \  / r ,  vX ) .

T h e n  x  =  
1 1 n x o 7  s u c h  t h a t  t , ( 1 ) f 0  1 a n d  s o  X  i s  a f f L n e . - * l l e n c e

r - y ' * ' h  l n  \ f " t  
- t  

- -  t - l v  f n  \
I  \ . , \  IUX* lL ; . l  

-  t  r ^ l -X l .  IVe  rnaY

fi2 "

the r lng of  f ractnons

$,, ---  ,{* e r(x*/  @x*) such thbt i- ( X, @*) = C

of rhe f'rm 6 F $' f,. 
1' L I I . ' - - ' '  

Ta ;

f ind

[ + , f t ' " . ' n { * ] "
where"": '"{ -{irndeed, r(x*,0"*)[t] i-s
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' t , ,  * - - ,$*  € r (x* ,  Oax)  and rhen I - (x* ,  CIx*)  t t l  a  c  i l  ,  $ . , - . - ,$ . "1 :
? a [+,  - - - ,  1*  i  -  r (x* ,  ox*)  tT l  ,t  

# , '  { ^ + 1  
'

-  We  may  assu rne  tha t .  f  I  
( x )  = f  

,  
( x )  = "  o  "= f  * ( x )  

=0 ,

fn  fac t , ,  by  Cc l ro l l a ry  Z ,  k (y , )=  e r  anc l  we  can  rep lace  f t

by  * t -  fU  ( x )  f o r  eve ry  I ( j - (n "

Let us denote A= f  (x)  O*,r)  and mcA the rnaxlma. l  j -deal  cor*

resp. . . rnd j r ig  tg  bhe c losecl  po int  x€xf t " "fhe complet. ion

J-n g * adj.c topo1og1, An' of \n= Oxo, o i" c-isomorphic v, ' l - t .h the ri-ng

of fornial  power ser ies A [ l : j
. A

,  s ince A_ :s  a d iscr* t ,e  va l r - ra t ion- m

r lng  a -nd  k (x )=A / i l . =  8 .  I , r e  have  a  na tu ra l  i nc lus i -on  o f  C -a lgeb ras

A q C [- t ] ]- An,, ancl so al- l  e.J-ements of A have expar:s' ions in povrer
seri-es in C Lt-1' l ]  ,  Rep?aci-ng T by the polrer series corresponciing

to tr v, 'e na)': ,  suppose t i :at j-n C $.t1] vre have t,=,I,u ff  f€rn vi: th

f  =  t  "oTLh " t

Ls eg3'ol with

in c [r1] ,  then (R"st f  )"= f  . , .Tk-t .
t "= t . t \  

I \

$ - c , t - , - * . u t (
t"r.

= A
j - n  C ( ( T ) )  a n d  s o

where l:y

f rac t i ons  o f  A  ( resp "Ay ,1 ) ,

(4."t51* e c [r:] ft e, (A) ,. a ( n

f i e l dQ (a) ( : :esp.0 (Am) )  r+g denoteci

By t3 l  ,  ch , r f r r \ 3 ,5  u  co r * r r  w€  ha rze  i *no (A* )=A*  and  so  ( i i es t  f ) t  e

€ A#Af f i *A. ror  a l l  1>0.  s l -nce (Rest  f  ) (  =  ( . (Resr)1_ ' r+ct+t )  r r ,  i t  fo l lows

(i test f  )Ue rn for al l  I>0.

Le t  us  denr r te  s= 'C  L t , t n , - - - , { *  r . - - r  (R .s t  \ a )1 , - - - J * . . , t  + * the  suba l -
r -z  Igebra of  A generared by \ t , { i , (Rol t -$6)*1 , * i ,L<r . . .  t>r , .  
' -z t

and q= ( t )  the ideal  generated in  E i :y  t  .we have

Bt t l  ?  a  t *  , t ,  { , }  _ . - , { * J  =  A  t t l (s.{,nce Bttl } AI f ,t,,-"-,{,J=APJi
an< l  t ,  f io (Rest  {au) .u  I f o r  a } l  1 6 1 r k g r , ,  a n d  1 > 1 "  H e n c e

" r *=nr  Td  
g=UnB.o . I t  fo l lov ;s  tha t  B*c .A* i *  an  i .nc lus ion  o f  loca l

r i n * s .  f l  y L L B . q f l  r . h A , - = 4 ,
{ . , = {  

-  !  
-  

k * r ;  " ! : - ' - ' a n d  s o  F h  i s  a  d : s c r e t e  t r a l - u a t ' i o n  r : - n ! i ,

I t  1s  easy to  sse t i ra t  f f . *= f i , "  and so in  ghe f :e ld  q(A* \  =  A(A, , )

v re  have  o fO(a )n t fQro rn {=*^  ( c f  .  [ o1o  ch , r r r r$3 ,  co r .4 ) .  T t r€n  j . r r

t h e  i i e i < i  Q ( A ) = e ( B )  \ . , ' e  h a v e  A -  A t + l n  A b  =  B [ ] 1  n  B O  = 8 .

n
frt

. t - h ^
! i r ! - -

f,'r, )

of
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Therefore we establ lshed the fo l lowi"ng

Then  tha re  ex :s t s  a  Za r i sk l  o l )en  a f f i ne  ne lghbourhood  U  o f  x  i n , ,X*. ' ,
lx

*
LEl4 l4A L.  Let .  i :Xc--+X^ be an oDen lmr, rers ion of  ln tegra l  sche-

r e  f f r - | " _ ! r e + # , , .

mes ov€r  C,  r r rhere X ls  o f  f :n i te  type over  C ancl  X*-  X is  a  c losed
@ ' +  - - t

. - ,
l . -eodinar is iodal  no int  x  of  Xt  wj - th  CIx*  -  norm.a l  and .noet ,her lan.

-  -  . - _  -  r - . ; A

slq4 tlral I-(u,OX*) = C[r,{,,---,t*,---n(Rrrt$L)s,.-J *1359 5U= f . lo)1r :

'er serj-es :.n A ttr{ r (3"st {n).= f, j',,nttttt 
i'=t

is a fornial povrer seir ies in
i , :  ( t l

f o r  a l l
ffi

.  : ? . .

l{k(n aqd l,>t , anq G tT, {., -- -,{*, --- , (Restfl\r, - - -l ::-.3,". a-ll!3!93Hj,

o r c [ t j . [ g : n e r € j t € , i l y { I . . - , { { . 1 - . . t ( R e s t { * ) . . , . - - t t ( h s n , L > {
- -r -.._-

' ;  
Rernerk 5 .  Conversely, in a r ing of the type A=

= C[r,$^,-..,{',.,-.-(t*t|}r--1 where fir(Rest{q. }t are as in f,enma }' the

ideal g=(T) is naxirnal,  A-* is doninate{ Uy A[r$ and so A* is s

di icret,e valuat ion r ing ano At+l  = €'  f f ; f  ,  5 ' , --  - , f* l  is f in i telv

have a l l  ProPer t ies  g iven in

We naY Point out thar

can reDlace C in I"enma 1 bY

f  ie ld .  C l  ' ,

the hYpothe sis of Lernma 1'

the proof ef Lemna 1 ehows- t\at we

an alEebraical ly c loeed uncountable

generated over  0 .  Then the open inmers ion i :X=Spec ;Gt l ' * * 'XF= SpetA

In the s i tuat ion and with the notat ions given in Lef lna 1t

i f  A= C F , { , , - - - , { * , ' - - ,$*s t l1 " \ . '  
- - '1 , *u* r - , ,1 r -1 ,  '  the  f ie ld  o f  

,  
f rac t io rns

a(A)  i . s  genera ted  by  f , f 1 r . . ' q ' f n '  t e t  ug  suppose  tha t

T,$r ) - - -  r f , *  ar€; 'a lgebra ica l ly  independent  over  0  an i l

$r , . * r ,  - - -  ,  { r "  ar€ a lgebra ic  over  the f ie ld  A (T '  $ t ' - - - ' f * )

Let  us denote B = G [T,  5r  t - - -  t5* ,  - - - ,  (Ret t$b) t ,  - " -1  t r  h  s  rw,  { '  71

the subalgebra of  A generated by {* , - - - , ! r , .  t - - - t (Rsst ' t r * ) " r - - - , *o t t l t r<n '

"L>L,  For  ' (k ( ru ,  fk  sat i .s f ies  an equat ion of  the type:

- n t u  t p  t * l  *  - - - t " 0 , , 5 h * ? L , "  = o
r  .h , \+_ . t

where t l .D o , tF 
r o , ?h rL 

sre polynornials in T'tt  ' -" '{^

and \ ,. .$ h =T; . rf ?-P,,yr?.,*.:--"r^,*^ then' At+,'  * '-\-= . .  .
= 

"+l+J,{,,---,toi 
is tt"ti" nu'l 8H,f,l = €ti 'f, 'T't"---'{*J '



We esn change P€8, sueh thgt ?4'Yr '  and A[+,*]  ts nor ' i ;naL and

f in i te  over  g f f f  , * j  .  Indeec l ,  w i th  f  as  be fore ,  there  ex is ts

q € A t * , * l such that  AL+,+,k l  is  normal .  I f  Q sat is f iee

t he  equa t i on  q t t \ - , 4 . 1 - \  - - - +To  =o  w i t h  q , - - , rT r ,  e  eL$  , * ' l

and \ *o ,  then AL i , f , t l  i s  r in i te  over  B \ .+ , * ,+J  and
At+ '  + , i " l  =  t r [S,+,k l -  s ince Q is  inver t ib le  in  AL+ i , * "1
Henee At+,+,+ l  ,  be ing a  r ing o f  f rac t ions o f  AL+ '+ , -k l  t  ,

i s  eo rma t  and  i t  i s  f i n i t e  @ve r  B th , i r q t  .  Bu t  T "  can  be

written as '1T erFrj 
,  where a,| e Z and 

"j 
e B\g . Then A t* ,* j1

ie nornal and f inite over Bt+, 
#11 and we ean replaee P Uv -?P;.

Let  ua denote b.y 8, ,  the integral  e losure of  BL$1 tn e(A).

The integral clssure of --Br"=B t+lb*t i l  in a(A) is the ring ,e;f fb80:-

t ions  n f  s f  B '  w i th  
" " "pu l t  

to ,  5  =  B \ !  .  Br  be ing  a  d isc re te

v a l u s t i o n  r i n g ,  i t  f s l l o w s ' t h a t  B i  i e , a

t ypdu ]1 ' see [ : l  ,  t n . v r r  18 ,  co r . t ) .  Le t t ] ,

nodu le  B l ,

f ree 3 -nodule of  f in i te
.bg

- - - ,S {a  bas is  o f  t he  8 , " -' A r

wi ' t hno t r r - - : ,A \eB land  seS.  The  in teg ra l  c losu re  o f  B  th , { .1  i n  8 (A)

i s  Bt1- - ! -1  ana i t  is  a  u t+, f l  module o f  f in i te  type.  L€t
L"r t  J

{{ t*,_ jL t-  be a set of generators of this nodulq. with
, -*n t -"r 

.ctrnrl
o?*^ , : - - , .dJ .e  B  r  .  Then dr , - - - , { t , {T* ,  

i - - - ,  
4 i -  

€90^ . r " t tu . t l t  
B  t+ l  -  no-

dure B' . rndeed, if b'e Br 1ler. t '* 
L Jj,, *=f,+r, ft|.,*i*l 

ctlr

d r e B t i t  a n d  A i e S  ; t h e r e f o r e w e h a v e F ' b , ' = + * 1  * l  a n d

Tlb ' . , . :  $ i  Ff  wi th p 'e S and . -d4' ,F ' i .SSJ' ,  s ince the ideal  generated

in  B t * ]  l y "p '  and 'Th  is  B t+ l  ,  i t  fo l lows tha t  b '  ean be  wr i t -

- ten a$ a l inear conbination of ., t i  with coeff icients in B L+] , r, ,  .

fhere fore  B '  i s  a  f in i te  B t i l -  modu le .

Sj.nce AI h , 
j ; l  is norrnal and f inite over B I

i t  ror tows that  B ' t+ l  = A [*  , f , l  .

1et ,  us  denote  g{A.  An.  i s  a  d isc re te  va lua t ion

nat ing B^.  He?ce oo? 
" l  

and i f  t . '  =EA1," f lB '  ,  then

Aon = 1gt) s-

{  t l
T - ' F T

r ing doni-

!s Atbl o tst= rr'



Thus in  the  f ie ld  Q(A)  we have the  fo l low ing  inc l .us ion  o f

r ings: Bt* b ' t+l  nB! = AL+,11 n Ar, .  .  A t+l  .  :
Let V = Syec At+lrW=S\".cBLf,J,w'=S\ou. B/ and j ,  V --r wr

the rnorphism of  schemes assoc iated to  the ine lus ion n, .  ALt ' f  f i . ,en
j  io , ' : .an: ror ,en inmers ion.  fndeed,  f  €  l - (Wjb* , \ .  b '  van ishes on ly  in

the po intsof  l lJ '  ly ing over  nn t f , lew . i  hence the zerous of  .T .  on.

Wr are ( f in i te ly  many)  c losed l -codi rnens ional  po in ts  e f  W' .  We

have that  i i . ._ : \ ,  - -oW{ (  V*and Wl ,  are rhe sets  o f  a t t  r }on- . . i ; : :t t t \ . e  ' \ '  ' t

zerous of  I I  is  an isomop: h isn,  because B' t+ l  = A L+ ,+J : '

r f  xev  is  the  po in t  cor respond ing  to  gAt+ j  then j (x )  i s  rhe

:1,;; #,ffiili,;:-,:":,:: "l};l;':; 3,-;. ;"';;; :i'i;""
r ( f (v\,(r*,\ = r( tr tvr1, bor.,) nOw,i.!(*.y - \-(vr,bu)n(ov,r= r(v,br)since
i (v l  is  a f f ine (c f  . f l  ,  Le:xre 2)  r  i t  fc l lows that  j  is  an open immer-

s ion .  rn  the  fo l l ow ing  we  sha l . }  i den t i f y  v  w i th ; ( v )  and  x  w i th

j ( x ) .  I f  p :Wf  ' -+  V f  i s  ' uhe .morph ism o f  schemes  induced  by  the  i n -

c lue ion  B t+ lgB '

Y=p ix )  .

I t  fo l iews that V ie I  seheme of f in i te type over W. fhere-

fore At+] is 
"  

B[+1 -algebra of f in i te type. sinee Atf l  i "  also a
gt*l-  algebra of f ini te type and P and f generate in B the ideal B,

i t  is  essy to  see that  A is  a  g$a16:ebra ot ' ,  f in i te  type.

S i n c e  Q ( A ) = 0 ( f  , f I , . . . , 1 f r r )  a n d  \ f  ,  $ , , - - - , t * \ is  a  t rnns-

eendenta l  bas is  o f  A(n)  over  0"  we can f ind X. .  A(T,  $ . , - - - , t * )
s u c h  t h a t  A ( A ) =  C ,  ( T , { , , - - - r t * , X ) . I * Q ( A ) w e  c a n  w r i t e  

t  
=  

+  
,

where  B , ,B€qc6 .  te t  R? t t rRF- \  - - - * t y=o  be  an  equa t ion  sa t i s f i ed  by

R€ALii wi*r fi t B t,ii ana 'i"* 
+ a . ,, *" wrire T\, = 

*,1- 
f.

in  b t  +1  ,  where  y /e  B \L  and F , ,F . ) ,e  . ,  then  in  A  l I , , I - l  =
-  A t+ , t , , * l  t  f 1  anc l  R  a re  i nve r t i b l e ' ,  

' ? r i " ' q  j

B; chav.1i,.1 Twuth tY',we r',roy !\ttlose tl"4t Rislnverti'te tn AL+'ti.

t r o -

r  p  i s  unra$ : i r ied  in  x r  lVe  sha11 denote



&-

Then

tet

s
1-- Ftlt t"

us denote A '

c a [rr$ .  Since in c ((T) ) ,  (Rest{)qu q,(A)04[rt ]=o(A*)nAyo= Augand

$est 5)*e a' 1't-1 ,  l t  fol lows that for s1l { .>,tr  (R.st{)"€ A., '"  nA

* A .  Therefore A?A' f  F"  $ inee 0 (A )  =  C (T,  { , ,  - - - , { " " ,  n)  and

AI+,*l ;  A: t+,|.J = a[+,t,r,{, ,---, t*,{J : c l f , ,r,?,{,,-,-, i- ,Xi ,
the r ings AL+,+ l  ana A 'H,+ l  have the sarn€:  f ie ld  o f  f raet ions.

ghus we can f ind Q(A, ,  e*o,  such that A t+,+,kl  = A'L+,+,k1

f f  q"*t ,o..r-^* ---  t  $v =o is an equation

of auA'[+] over BI+l with Er+o and i f  in Bt+l ws have

S" = 
S 1rr .  

^wi th 
t te S\5 and nr ,L ) ,o ,  then in C L*, ,+J =

= d [+, f, , +'J,[oana Q ard' invertib'le .

&v ehnrr ,  g i -ng p wi t . t " ,  pE'  we may suDDose that a is inve'nt ib le

in d t+ ,+l . rhen o [+,f] = d [+ ,f,l.

lkl =

' I " e t  u s  d e n o t e  E ' * T A ' ,  t h e  i r l e a l  g e n e r a t e d  b y  T  i n  A t '

re.sult, "",4* = A;,- chrJl, *no r next n A*=A lr . Thenitn a (A ) =Q (At )

have At+l = A[+ ,11 n A$ = C t+, f] n A? = ̂ 't i l.

I t

we

rhe ring At+l i ;?r in i te lJ gdnerated Bi+l  a16ebra.= A, [+]

A[+1 over B ttl . since
(R".t{).= [t**ttt).*. *,i.^*J r

al l  8>,O we have the relat ions

C and (R.stf )" ={ , it follows

(R+'t{)ueAover St+l ,for L suf-

There are f ini tely many eler. ients from 15,---,(R.rt$,-. .1t>tgenerat ing

that At +1 has c Xenerc.tor 
o$ U\e fornr

f i c i en t l y  b ig .

Therefore we proved the foi. lowing

LEMif"A 2. ' ! *  $, , - - - , t * ,$***- - - ! {n€ a l t r l  .  s ] rprg-gs.

l } " t  
T , { r , - - - , { ' , ,  a re  a l r rebra ica l }y  indenendent  over  C and

5** . , , - -  , {w  g :e  a lgebra ic  over  thc  l ie rg  C (T , t^ , - - - , t ^ )  '  1339!9

. i n  
A ,

with-

for

4r*^ 6

,  \  :  c [T, t , , - . - , {* ,  ---  r( t"st{d",  --- ' ! { (L <ru ,  i , , \  ggg



1 A -

S = Cfr,"[,,--.,t]rA,-"., (Rsst{b)L-J,.,... the 0-srbalggHgs_gl c \tt1 ggnelgled_isrc6rrrr,r .(2{ _

by-jle iqcicqts{eljments, s}en A *lg_{b}jq,ly_ eenfllt ed o]/qr R_Sg}

t l rere exists p€8, f  {  tn,  such t l ral  At+l  is gener{Led qq B t+1-alge-
bra P{-gp elepegF of"A. The-mo.lRhiFm V =Spee Atil . '  fL > lSJ =

- r . 1 1:s " 5g+c bt +'J -i"s .g.nronifiqd_at_ t[g E?int x correspo?-din&.lo ]Le

Ssl iqle]  ideal rA [ f1 .

Renark 4. As we have shown i :r  the proof, P can bp choosen

(more preci  sely,  such that !  -  {  *1 - ,

,  Moreover,  in Lenrna 2 we may choose P

vre shal l "  nbt  use this fact  in the fsL-

norphi 'sm ! IaW we mey prove

LEM,UI 5.  In the s i tuat ion and witn r lot

2,  the mo:phism V $W induges a hon-eorurnhism Ui t j :  resr rqe!  to

the f ine topologies between a f ine_ope3_5ie!!9ur!s_od of x in T/

an9 q fine ropgn nei.ghbourhosd_of T(qin W. r,"r:

Prosf .  -  F i rs t ly ,  we shal1 show that  the r ing B, in  Lemma 2

is  factor ia l .  Indeed ,  B I+1 = 'A [+ ,T , t r , , - - , f *J  is  a  r i  ng of  f ract ions

sf  the po lynomia l  r ing C f r , t * , - - - , { * l  and so i t  is  factor ia l .

tet Bc$ ts a prine ideaL of height on€. f f  p*n:tB, then +Bt+l

i e  a  p r inae ' i dea l  o f  he igh t  sne  in  e t f l  and  so  the re  ex i s t s  q€B

such that  SBt+ l  ie  sene-

rated by . 3l .  wo may suppose that \ is not divisible by T in

C t t r l l  .  In  fac t ,  i f  \=T+R '  where  o t )o  and Re a [ r1 ]

i s  no t  d i v i s i b l e  by  T ,  t hen  n  =&  e  q (B )n  A [ r$  =Q(B \ )n tg .  =  B \
Tvr

and eo R€Bt+ l { \8 , ,=}  .  Then R is  a  generstor  o f  ,PBt+ l

Henee  suppose  tha t  P ,  no t  d i v i s ib ie  by  T  i n  A  [ t f {  . 1 f  P " t -F  the r t

there ex is i "pr€ B and Ft ,o  such that  "  lPPr  =PoP .  ID C [ [ t 'J ]  '

1F ' oivides po u1o so 
fr 

€ A i ir l i  n q(s) .t*nG.(B!) = B! ; '^

such that  r r  is  quas i f in i te

*+ $l -\n(*l\ i s finite )

such that  1r  ig  d ta le ,  hut

lowing. [3

Concerning the above



1 6 _

D
t t ren . '3 e Bi \nbt+l  =B .  Therefore p ie generated by p. t  .TF

By Lemma 2, t-(v,bv)rras a generator f as r(\(,bw) - atgebra

and f (W,Onq) is  fo" tor ia l r  &s a r ing of  f ract ions of  B" The kerne-L

g of the canonical homomorphiem &: t-(w,o*)t*l  *rf(vrb,,r), defined

by  h(x )=r .  i s  a  p r ihe  idea l  o f  he igh t  1 ,  beeause d im i - (w, ,ow)  s
= din r (v.b i l  "  s ince I - (w,  b*)  [x1 is  factor iar ,  ,B is  generated

b.y  a  po lynomia t  Re f (W,6* ) [x l  and so  f (y r6v)  =  f (v { ,O*) /Cn)

Therefore T l  \  ^-+\X/ is the morohis& assoeiated to a honnonorohism

of the type [-  (v{,6w) ---+l-(w,Ow)[*] /_.,  Since w is unraraif ied at x
/ (R)

then the o*vecror space ,* (w,bw) [" ] /C*> @ri*,o*) t (*  , r* \ /*r(w,o*)
i s  o f  d inens ion  o r€ "  I f  y=T(x )  and  R(x )  -  o+ .X  ;_ -_  *  a rX  r , * c

wher :  4^ ; - - - ,  eh€ f (wr  6 * )  
,  t h i s  means  the t .  rhe  equ .a t i on  i n  X

- t ^r '"u(1\ Xt* - ' l ' :+*,(3)X*o.. , tq 'o has f  (x) e G as unique -solut ion and m.th

mu l t i p l i c i t y  one  (where  = , l u .o .1ep ,F r€  eons ide red  as  func t i ons  on

w.a).
'  Us ing the impl ic i t  funct ion Theorem or  the fornu la of  res i -

dues  fo r  ana ly t i c  func i i bhs ,  be  an ' f i nd  t , t t  0  and  a  eomp lex  con -

t inuous funct io"  
1  o f  &, , t {  ygr ieb lesrdef ined in  an open neigh-

t  - .

bourhcod  in  CL t {  c f  t he  po in t  (a " tp , - - - ,  ap t l ) )  a  *  L * )

such  tha t  fo r  u i€S ,  w i t , h  \o . i (w ) - " i (X ) \  . $  fo r  a l ] .  OE iEr r  w€  have

\1(* , (w\ ,  
- - - ,  c .o(ur ) \  -5c^>\< € and +*  tur )  lL(c .o(w) .  - - - ,  * , * ( . * r \ )  +  - - -

- - -  *  o . (w)1(* . (u) , - - - ,  c -6(vr ) )  *o . "1*1 '= to  
; -  '  $

rn  par t icu lar ,  
1(<"" ( !  t  - - - t *u( l ) )  ={G) .Via the above homomorphi -srn h,

V is the closed subscheme of the scheme W x Spec C lx-!  def ined by

the  equa t ion  R(x )=0 .  Then  V . t  - \ o1  i s  the  c losed  a lgebra ie  eub-

va r ie t y  o f  t he  va r i s t y (Wrx . - { t \ ) x  C  ,  de f i ned ' .g }oo"by  R(X)=Cr  because

x" is the unique point of V lying over y, and so
I

\ r i  ' ,Y . , - \ r i - *W. . - \ - t i  i s  the  pro jec t , ien  on  \ i j ( - i l i .  0 fI V,a- 1rr. 
v\

course r the natural inclusion of s.ets Vct g YJ.gx 6 i  s".  def ined

bJ' .{ ^r,----} (rs lv), $ ttl) r r



T + _

Let ue denote wg = \w ew.. \  le, ;(v) - , r ; t1)\  < [  ,  f  or ar l  0drk
and  \6 ,u  =  \ ' u  V .o \  l * l  Cs ' t v t )  -  

" i ( l ) \ *$ ,  \ { t u , , - t ( r ) \ . e ,  f o r  a l l  ' { i ( k l .
Then ' ,Tb- anc vE,a &re f ine open neighbourhoods of y and x ancl
rr(V5o ) * W5 , wo ehal l  ctef ine the fol lowing msp f :  W6 V0'.

in  the fo l l_owing manner ;  i f  we\ (6-  { t l  I  then t (w)  ie  the po int
o f  V , ^ - \ ' i  s  W.ax  C  co r l : eopond ing  to  ( * ,1 ( . ' " (w ) ,_ -_ ,  a ,6 (v r ) )  e  W. r^  G
( th ie  po in t  sa t i s f i ee  the  equa t ion  R( r r )=0 )  and  f ( y ) *x .  I t  i s  c l -ea r
tha t  o t -  tw t  and  we  c la im tha t  3  j s  con t inuo r$ .  rn  fac t ,  i t  su f -
f ices to  prove that  a l l  funct isne eorresponding to  a  set  o f  gene*
retors  o f  the 0-a lgebra I -  1vrbu)  eomposed wi th  3  are cont inuous

0 va lued funct ions on W5 *  S ince f  is  a  generstsr  o f  the f - (w,bw)-
-a lgebra r ' (v ,bv\and arr  funct ions coruespending t ,o
r (w ,  bo , )  g  r  ( v ,ou )  a re  con t inuous ,  we  mus t  Dro \ re  t f ra t  { s

' , , ' i  s ,  csn t inuous .  I t  i s  c lea r  becauee  5g  ( * \  =  
1 (< lo (v , \ r . - - - l  

c1 (wr )

fo :  ' se  bc  -1 : i  ,  ($SXt l  =  { t * l  =  
1 (o" ( t ) ,  

- - - ,  a r { "1 ) )  and

. 1 r  " : ! . i  
> ' ,  4 h  & r e  c o r r t i n u o u s .

I f  we take ebove €.r$ > o wi th the supplementary property

tha t  fo r  t iny  weW,  euch tha t  \ * lC* i -c l (1 ) ] r l r there  ex is ts  a  un ique eo lu_

ti on 1 of the equati on 0"tr(v,l"1L + --- t c-,(v)\r a,(w)*o,witir \1 - { (*) \ <s 
r

t.hen we have 3 \t = ^ UUr,

Remark 5
e .  E .  D .

usinc{ the structure Theorem for 6tate morphisms,

one can prove that  an 6ta le, ' 'morohism of  f in i te  type of  noeth 'J t i . r ,

c - schemes , { -ene r i ca l l y  o f  f i n i t e  t ypu '  o r re i  c , i *  roca r ry  ho* "o l

morph ism.  w i th  respec t  t o  t he  f i ne  topo log ies .  E l
The last proparatory fact for the proof of proposit ion z

the f  o1 lowing3 '  . i

LEIi${A 4, Let i ; na+;+5s an. €Den innersi  on in t  egra l  schernes

over  C,  where-X is  o f  f in i te  type  ovet r C  a n d  X * - X i e  a  c l o s e d  l - - c o -

dinensi onal point .  x ,c$ X*, euch t,het O., . .. ' -% ry A"r*

1 S

istr

i  q  n n a * h a n i  - "+  u  . r v s  v . . c i  i  c j i l .  T h g n  t  h g



l 5  *

normal izat lon*qqrphrsm F r  X** --r  *  is  a nr:oper cont:nuous r i lanry I -*d%*-.--_;;*1:-[:

.  ^r 'F l {  . r 'F
between A-o.  ArrA^cg\*th"_f f - rugst tq the f ine.  topoloq. i^c i r  v ' lFr L  - -  - _  w '  A < : _  

: x

l oca l l y  compac t .

and le t  L ls  denote

$-' (x).

. t [d9{=l  r f  suf f ices to prove that for  a zar iski .  open af f ine

neighbour i :ood u of  "x€ x*r  F, \ .  _, ,  .  :  \s- l ( t l )  =\- is o U

is a proper map b=r\{een \U 
'u.,lJ' 

"l- 
wir}r respecr co r}re f ine ro-

po log ies  ( c f . [ + l  ,  ch . r ,  110 ,  
p ropo3 )a  s i nce  X i i l *S {C* )  - * - -+ . x [ . - 1x ]

j -s  propero

f ience v/e may assume that  X ' r t is  a f f ine
A = F(x ' i  rex* ) ,  N= F(xn* ,  @**n)  e^" \  Xs  =

-  The f ibers of  
.p 'aref j -n i te 

s j -nce Or, t*  is  noether j_an (of  c l i -

m e n s i o n  o n e ,  /  c t .  [ : ] ,  C h . v r r ,  
$ 2 ,  c o r  . . ] ) .  l t  s u i f i c e s  t o  p r o v e  t h a t

'i € '/ /1 V Y't"{r .L  g  A<f ,  *s  a  c losed subset  in  the  f lne  topo logy ,  then p(u  )  €x l r
i s  c l o s e d  i n  t h e  f r n e  t o p o l o g y  ( c f .  [ a J ,  C h . I ?  l f 0 r 2 r T h . I ) .

r f  Z f \  
1 

t(*) 
* f  ,  rhen xep (Z) and

= P 
(z  -  

f  
i ( 'c ) )  

i -s  c losed rn x64 r  s ince

r-n x[ and t l* t  t  Xts. * Xct j -s closed wit ,n respecr t ,o

t opo log j -es r  as  f i n r t *  rno rph i sm o f  uomp ieX  a lgeb ra ' i c  va r i e t i es .

:s  c losed j .n  XL= X.q.  -  { . * }  j -n  the f lne topolcgy.

suppose  t ha r  Z  n f 'C " )  = f  .  Le t  x . . ,  __ - * ,  x r ,

F(*i -{*1
i s  c losed

the f:.ne

Tnen p (Z)

Z * p ' ( x )

points  of  x{ t  ly :ng over  xo For  every J- ,  l { i (n ,  there ex is ts  a f j -n l :L ,e

s u b s e r  \ 5 i , , - - - ) { l " l }  " t  I . . ( x x l  b * . * ) - A N

a n d  8 i > o  s u c h  t h a r  \ f ; , ( . c i ) \  < € i r - . - , \ t i n , ( * i ) \ . r i  a n d  f o r

eve ry  zez t  rhe re  ex i s rs  j ,  t< j (n i  w i - r t r  \ $ i i  t $ \  >e ,
(where t i  are cons'rdered as funct j-ons on xtt  )  ,  because
x'.4 Z .  Replaci i :g $i  by 

t  t t  ! . ie r i ray assume rhat t i=!.
f o r  a l l  i ,  J - ( i 5 n .

L e r " , , A ' =  A [ , - -

of Ail  generat,eo by \

be  Lhe

,  t€ t r<vr . ;  be  the  A-suba&gebra

(  h i  .  The lnc lus lon

{ . .
r  J \ l

$l\

I
, . - .  l

I

l 4 t € t \

n ,  r t it t \ (
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N :  d
w i t h  q

; . 4 give a factor isat ion of  pr  XHNJ-*  X '5  sp**  or$*  * "

s u r j e c t i v e  a n d  p o  f i n i " t e .

T h e n  q ( z )  i s  c l o s e d  i n  X l f ; .  I n c l o e d l  f o r  a l " l  1 ,  j , 1 - - < i 6 n ,

1$  j {n i  ,  f i  j  a re  func t i ons  on  X l i  anc l  I  f i  j  ( z '  ) \<  t ,  f o r  a t l  i  ,  i ,

and a} ]  z 'aq(p- I (x)  ) ;  for  eny l4 i4n anc l  z teq(z ' ) ,  rhere e>r is ts  j ,

1 6 j a . n i ,  s u e h  t , h a t  \ f , i t { ) \ > t  "  T h e r e f o r e  f ( E q c ' : )  *  p r - t { x )

doee not  meeN the crouur*Vq(e)  in  x i . {  in  the f in& topologry,  v fe

have t (a)c  1(x i ' )= t ' - r (x)=K/  ant l  q(%) is  e losed in  x f ,  in  t l re  f  ine

topolory ,  because L\Xf . r  X inu *  X l r t  is  a  f in i tc  morphism of  ccnplex

a l .gebr"a ic  var ie t ies.  I r rom these two proper t ies of  q  (z)  ,  j - t  resu l ts

tha t  q (z ' t  i g  
"1osed  

in  L '$  _ .  i n  , t he  l i n *  topo logy "*.*,trL 
a*; L=* * P-lgtic grrlinA{.'.u-1.:U*gy..,. X'.t:d Ib

'  To prove that p (z) f  s-Arosea x [FlJFv-wi th resCIect to

t ,he f ine topolog ies.Let  K g Xl (  be a compact  subset ,  I f
tt

n =  f  n i  ,  t h e  g e n e r a t * o o  { f , r . i  , - : . .  o f  A '  g i v e  a  c l o s e d
t - {  

a -

i rnmers jon  o f  X ' r in  X tSpec C L- r  t - - - tT* l  L t ,d  ao  the  f t ine  topo logy

on X/d  is  induced by  the  produc t  o f  the  f ine  topo lcg ies  on

ine 1u-(xn" S1.er  C [ r ' r , - - -F*]) . .  =-  Kh.  x Ch. of  course,  the natural

sion of sets X'&. q X[ax Ch ie grr,,en by the map

1  *+  (p ' i 1  , - - - t t i $ l ,  - - - ) "  F .o r  any  i ,  j r  l ( i { n ,  { ( j { r1  ,  1e t

$il\ o "t*l-, $tt-f. --- * *i1)t,i * o|;'i) =o be an equarion witn a$a,
f ied by f i  j .  f 'or  1n t ' - t  

(K) such th,at  f t  j (1) t '0 we have the

sati  s-

equa-

l i t y :

( i i)
- d" ;'; -, ( g' (il)
i = - # i * #

"$) tp'ql)

q)

Sj.nee al l  f r :nct ions *$)" t"  l rourrded

here  tha t  f . ,  ;  must  be  bounded on  p- l  (K)  
"r J

s u c h  t h a t  f o r  a l l  i , i ,  l { i { n ,  l ( j ( t t i  a n d

Denote 5r ,  =  l t \  f *  G ,  \e \  +  Hl  * .  then

$,i $t'i t1i

on F,, it fo]lews f,rorn

iience t,here e xi-st s ?\ > cr

el l  1* F- 'qK) i  \ iqt1>\ <rr

rhe subset f  
- t  (K) s x&. :



1 r _

= Xtu. x chisrontaincr-S4f=*o".,, in
y &
" (

w i t h

nap

ie  local ly  corupect  and Xf f ,  bei"ng

resnec t  to  the  f ine  topo l regy  ,  i t

betwern Xl f  anc' l  Xf ; r .  ,  by [+] ,  Ch. I r

the  f ine  topoJ"ory .  S ince

eff i r ie,  i .s  Hausdorf f

f o l l o w s  t h a t  p n  i s  &  p r o p e r

\  1 0 , 3 ,  P r o p . 7 .

Q'E  "D  . "

,Pro-of_cf frqlp,ogit ioq: 3.* I t  is cl-ear that i )  is ' ,eqr*ivalent

w i th  i i ) .  The  aseer t i on  i i i )  i s  equ iva len t  w i th  i v )  ,  uy  [51  I

T h e o r e n  ] r 1 )  "

S i n c e  i v )  = + j  ) ,  $ re  sha l l  p rove  i i )  +  i i  j . )

i s  t h e  n o r m a l i z a t i o n  m o r p h i s m ,  f o r  a l l  p o i n t sI f  p:X*F!-+ Xt

xKe X*t"t  ly ing .o{/er x, CXnnj x}h. iu 'r .o*therian : ' ing, by Krul l-Akizuki

theorem. IJy lernma 4, p is proper with *esp-ect to the f i .ne topolc-. , .

g ies  on  xT f  ,  XL  ,  Then  b l r  L4 j ,  , l $ , t ,  ! 1012 ,  P roD.6 ,  a l l -  x t l s  H l . *

lying over x have connact neighbourhoods in the f ine topology. gy'

rest r ic t ing XtH to  a Zar isk i  open neighhourhood V+ of  a  po in t  xr t

l "y ing over  x ,  i f ,  we prove the asser t ion i i )  =+ i i i )  for

i t  n * n  
F t ( x ) .  o  y *  a n d  x N €  v x ,  i t  f o l l o w s  d j n : v , t = l  a n d  s o

din X*=1 1cr. [DJ, Leruna 1 a) ) .

Therefore wb cen suppose that  X e ie  nenma] .

By Lemma 1, gre msy replace X* bya Zari .sKi,  open n,eighbour-

h o o d  o f  x  i n  X *  a n < l  s u p p o s e  t h a t  X * =  S p e c  A  L T ,  $ ^ , - - : - r  t r " ,  - - ^

, -  --  r  (R.*$t) . , ---1q{&.<b, L}^where $t= 
* 

. lo 'T I  e A [ tr{

X = Xt = Syec C [+,I {,,---,5;] and x. i* tr,u cleise<t point of;. x*

comespond ing  to  the  max ina l  idea l  genera ted  by  f  in

C  [ r , t , , - , - , { n , - - - ,  ( R " t t  t r ) * , - - ^ 1  r < { c 4 * , L ? !  .

By hypothes is  x  has  a  compact  ne ighbourhood U*X[  in  the  , , : .

f ine  tc rpo1o6. ry .  T l te  f i i i l d  o f  f rac t ione o f  (  L r , - . . , "$ i , - . - , (R : *$U) . , - : - f

i s  g e n e r a t e d  o v e r  C  b y  T ,  { , , - - - , t r .  a n d  w e  n a y  a s s l . . l n e  t h a t

T ,  { , , - - - - r { *  a r e  a l g e b r a i c a l l y  i n t l e p e n d e n t  e v e r  0 1  a n d

{** ,  ,  - - -  ,  t ^  a re  a }gebr "a ic  ovo t  the  f ie t rd  (  ( . i - ,  { , ,  - - - ,  $* )  . ,  , - i i

L e t  u s  d e n o t e  Y t  =  S q " c  q  
f r , t * , - - - , { * . - - - ,  ( R . s t { r ) . , - - ^ 1 r { L < h ,  

L } {
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V= y{  = 51ac aHJ,$u,-- - ,*" f  
1 y =y*-  y the point  eorrespohding to

t i re maxinal  ideal-  generated by f  in C F,  $, ,  - - - ,  {* ,  - - - , { [ost ,$6)u,-- -1

'  t ,

L r " I

\ &t):fff-I\)'\no**
I r(1)" I

wiiere, [, ti , € b.q- t o

t h a t  l { j , k { n ,  1 > 1 .

as  func t i ons  on  X [

and j , ,k r l  are f in i te lY msny

(0 f  cou rse r  s€  cons ide red  T ,  f j ,

). rf we put F*tt {r)" = $u t

poss ib le  i f  m=dinY{*{b{"

of y cofi ' .bains a

. ' \ * f  n  s 3 t i s f Y i n g
r \ ( J . .

indexes sueh

(nas t { r ) t€ r ( * i b * }

natura l  nop h isn  o f

i s  c l e a r  t h a t  Y = Y ( x ) .

ne ighbourhood o f  x  in

i re ighbourhoot i  of  y '  in

bourhood, then .y e Yte

1
J  l *k -€ 'n* ,  t> , r  and T  :  XF - -+Ye the

schemes g iven bv  the  inc lue ion  o f  r ings"  I t

Then,  by  Lomma 5 ,  there  ex is ts  a  f ine  open

X* which is hor ieomorphie wi th a f ine or:en

ys  
"  

g ince  x  e  XA has  a  compact  ne igh

has  a lso  a  cornpac t  ne ighboubhood.

We sha l l  p rove  tha t  th is  fac t  i s  no t

Indeed,  th+  conPact  ne ighbourhod

ne ighbourhood o f  the  type :  V  an t l  a f f  
\eYfg

aome.  inequa l - i t iee :

f  l r ( r ) \  qe  \
\ '
I

J \ ! i  (1)\ tei
\ 6 r

I te",trJl;\ =\(i*,'tk) ri-e x\)\=
I  . '

\
\ - - * '

suppose that the comnact

K of  the tYPe' :  Y and al l

s o n €  i n e q u a l i t i e s :

i < & ( * a ,  t t * r \

neighbourhoo' i

l ( tcs t  { t ) ,  (1) \s  e  *
t\

then f or all'.1)0, we have s.ett {r-.)"(\) = f(R"st $r)**^(\) * ctf}.lf (f)

Hence,  by ehangin1t  t  we mey

of y contains a neigh.b,ourhood

\ € Y [ " ,  \ + 1 ,  
s a t i s f Y i r r s

( \r(1)\ < e

where tr€.6 >O ancl  vrhere for  eny k,  l (ktrnr we hqve a unique



t'g

inequal i t .y  \ (R:st$u)on(f l \  < e 6(* i_t i ,  t to,> t ) .  s ince K is  ctosed in
the f ine topology,  i t  fo ] lows thst  K ie  compsct  o

Le t  q  o ] t *  be  the  Za r i sk !  c rosed  subse t  g i ven  by  the
,La r

eque t ions  $L -  
F r . fo l f t  

so  I  14k tm"  g ince  yeg  an r l  y  i s  &  e lo . .
sed l -cor l imensionaj ,  po in t  in  y*r {y t  is  an i ryec jue ib}e cou^ponent

of  c"  The* c f  =c - {y t  is  a  zark isk l  c losed subset  o f  y  F ar :d  so

c / , " - -  \1 *  Y t " l l  +  b ,  { k (q )  * . [L ) r "q11 i  
=o ,  ro r  a l r  k ,  l ( k *m ]

i s  c lersed in  x f t  in  the f ine topotogy.  s ince Cl  G. f&. - { " ' \  .a

* (sp.* a [+ oT,$n,--- ,{J).*q c**!u a comprex a}gebrai  c var j  eryr
t'he msp n' : 5.* - \"i : { t€ c I L q", \r\ € rt *--:} cir* n t";,

& r l L r n l

defined by n (r") = (t,- 
E *l"t ' , ---, E-. cf*)f ) u 6 hr+{ 

t
*"t*urislies a homeomn;;ttsn betwu*n'=*S. - \ o\ *no c{,- n r<.

s ince  C;nN is  c .mpac, t , ,  i t  fo r i r , rws  5e  *  \ * l  i s  co iapac t ,

w h i c i r  i s - n o t  t , r u e n

There fore  m=0 and so  d i rn  X+=d i rn  X=1.

Q " E " D ,
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\') " TIIE l!4"II"*BliFULg

In  bh ie  sec t i . cn  we sha l l  es tab l i sh  the  fo l lov , r ing

The orern " Let i : X.----+. gYUe an enen immersin.gjr$ lrr e*.. i mrye Ui::g[ o f j. ]t g*f .? l

schemes 0r, ;gll9r_g3g. 0, qlle{g x is- of."{"}qi!e ty*g g:e.J c _elllJ x€ xh

T

.?L
d

S:gggg*goi$":q.I.:I].il! Oo*.. , -iq__noethe,r1.9n. _Then x hsrs & ZarisliiA  r X

CItgli3glellg!:hggg_9f .$j*Le.*Lf"ps_"gy."gg ,.s :ff . 'x lrq.g a-,ppmr"gst,
ggi..J:gb?qlhoo{-LI_the_" fj .:g- jc,po] g$y :

s c h e n e s  o v e r

To nrove Theorem we need the  fo l low ing

I-,egg$_J. Lq! i:^XH X* bg jt- opgn lmn:ggr-u,Lgffi

c , IISI9 K is of -fjli_te_lylgrgJg;" c glrq x € xA S\Lqh
i L n o,e tl g_rla k fh.g L-! h e*{g lJ o"w,Ln e *gggql}iglg*"9l"?_-e.Sg:;t ,hat  (o* , ,  . '

A i x

v e l e n i :

i) x lrq.s jlgr.isgl_rpejr SqlLehbqHflsisq*of._{'U[re.!{qg oyer CI

i i) :g p:Y -'X'* lg a jtgl,ts msrpjr-is_m of erhemes suchjh-st

v -Lg*j*tjgrs L ,ggtgli c.li} c gnd S oqt ai ns et o:

j3g f-"oAitpgnSl-gl"l point,q_lyin$_ lye_r: x, lhuq dim Y=l-,.

EIge! .  I t  is  c lesr  that  i . ) : ' i r  i i l r  by  t i l  ,  temma I ,  r {e  wi l l

prCIve i i )  =+ i )  by induct , ion on d im XT f f  d i r ,s  X**Lr ' t ,hen:X* is  o f

f  j - n j . t e  t yps  ov '€ r  C  (c f  .  [ 51  ,  Th"5 ,1 )  )  .

s i u p p o s e  d i m  X ' n >  l "  a n d  l e t  { * l = Z o  t  Z r e  - - - c - Z r ,  =  X *

be a saturated chain of  c losec l  i r : :educ ib le  subsets"  We have nEZ,

s inceo otherwise,  n= l  aqd x  is  a  c losed l ;codi rnens ional  po in t ,  o f

X  Ihence ,  by  i i ) ,  d i r ,X* *1 ,  wh ich  i s  &  con t ' rFd rc t . : i on .  BY  ehang ing

3*_ l_ ,  we  aay  suppose  tha t  Z* - .  t  
X  +  +  *  f n " fae t ,  i n  the  l oca l

noether ian r i  t 'n  o f  tnW*&,scheme Z^- ,  in  Xr ,  wb l raveng uxl Z*-.
a rnaxirnal  chai 'n of  pr ine ideale gt-PLo correspondi 'ng to

Zn*a  cZ* - ,  c  X*  .  By  a  theorem s f  Mcndam (see [ tz1  ,  Prc ' l ) . ] . ) r



tl 
"lc-1, -

we may f ind a m.aximal chain of pr ime icleals q"pLo such that B
cJoes not  inc lude the pr" ime ideals  o f  0* i  z r r -e  corr*sponding

to ( f in i te ly  nsn.y)  i r rec luct ib le  co*pone*ts  o f  XF-X conto in ing

z w-a " Then vre xre.y change z n-t and replaee i t  by the closed
i r reduc ib re  subscheme o f  xe  co r respon& ing  to  -po ,

Therefore we can apply  the . ._  [Bduct ic ,n  hypothes io to  Znr_E
(which conta ins the open G-subecheine of  f in i te  type,  Zw_lnx +f ) ,
s ince  d im z * - *<J innx*  ahd  zw- r  hae  s t i l r  t he  p roper t y  i i )  o f  x * .
Then x  has e zar isk i  open neighbourhood v  in  zn- [  ,  o f  f i .n i te  t .ype
o t r e r  S ;  T h e n  { * 1  = Z o n V c Z * n \ c * - - c Z r , - t f r \ a ' V  i s  s  s a t u r a t e d  c h a i n
ut  

: losed 
i r reduc ib le  subsets  of  v  and eo n* l=c i im v*d im zr"_,

i c r , [5 ] ,  Lemma t ) .  s inee d im Z] r -_ r  e  . l i *  (z *_(n .X)  *

= d i "*  X -  t  =  J , in ,  x f  - ' !  
,  i t  fc l rows that  n=din x ' i .  Therefore'  :  

Ah^ - l *a  ^3  ^ r - - ^ ,  r - - - - -  . f $ -+e r9 :5L* t \ c ' ' ve -a l l  max imal  cha ins  o f  c losed i r reduc ib le  sudset ; -o f  x * \ th ;  aame

l e n g t h ,

i  '  I f  zc l l k  i s  any  e losed in tegra l  subscherne,  pase ing  th rough

xr rve ce: l  f ind a naximal ehain {"1 = ZucZr c c.  Zw= X*

o f  c losed i r reduc ib le  subsets  o f  X*  such tha t  Z=Z&-  fs r  cer ts in  k "

Since o = Jivn.. ol ,o K (z.") ( Alv,,,.  ol ,c K(zn) a

funct ions on the integral"  subschene z i ,  (see[5] ,  proof  of  Lemrna 1),
vse have J ' i *  z i  = J i* 'oL '"  \ ( (z i )  =f  ,  s ince J i*o*,* , ,21= coc\Lvnr.Zi=r"
Therefsre the gener ie point  t i  "$ Zt  has the fo l lewing propert ies:
r .  r^

c{w^ . ' \  \a /2 .  i . "  = {-  L * l  ,  l - L
and Jiv*. o|u. *&-(1r\ = L , where L(ti) = K (zt)

i s  the res idue f ie lo  or  L t  .  By[ r ] ,  Remark 1,  anpl ied for  i=n- l r

n - - r r - - - ,  t o -  t o  z i ,  i t  r csu l te  t , ha t  z=z rn  i s  gener i ca l l y  a lgeb ra i c

over  0 .  l lence by the inc iuct ion F\ypot t ree is ,  x  has a Tar isk i  open

nei .ghh:ourhood i r  Z ,  which is  o f  f in i te  type over  0 .  Thus br r*
is  a  r ing essent ia l ly  o f  f in i te  type over  0 .

I t  fo l lows that  for^  ever ; r  pr ine ideal  ryr  0  t  $ .  0X1 ,



t i : - *

r . L -  ( n  I  tthe r j -ng *x* , * /n  is  e$sent ia l ry  o f '  f j .n i te  t type over  e  ,  anc so
. t .7-

universa lLy japanese-  By & Leruna &f  Marot  (seel f f l  ,  Lernma ? ) ,  the

in tegra l  c" l -osure nf  b .*  j . ,  j .n  i ts  f ie :d  o f  quo, t , ients  i .s  nerethe ' i  nn.A - / .

the'refor, .e j . f  F, X** -*> Xs is the norrnel izst ion norphiem

of y'F, then fcur al ]  paints x*e X*\ying over x ,  c lx*T* iu  a
noether ian r " ing"  A l l  po in te xs6.  ) t *s  1y i -ng over  x  sFeclosed in  Xss

but  not  o f  cor l imeneion CIne,  s ince,  o therwise,  us ing the fact  that

there ex is t  f in i te ly  E lany xd € xFh{  [y i r rg  Gver  x ,  by S* t**u***

one const ructs  en in tegre l  sc l t6rss y ,  wi i ieh ie  f in i te  over"  XS and

dominer t ing i t ,  hav ing c l .osed 1-codj .mensional  r ro in ts  ly ing ovCIr  x ;

by  i i ) ,  i t  f o l ] ov rs  tha t  l sd in  y=< ] im  x& ,  wh ieh  con t rad ic t s  the

assumpt ion d im y 'er3"

"  Le t  xs  €  XFs  bs  e -po i .n t ,  Ly i .ng  ove r  x  and  S=11uT; ) - - -  : sb*s

a maxina l  chain s f  pr ime j .deals  o f  (0 .-yKr" t ,  xs  "  Then- ,  k)a l , ,Let

u s  C e n s t e  b y  { " 1  
- -  7 " € 7 r C  C  7 k : '  X e K  t h e  c o * e s -

pondi i rg  nax imsl  cnain of  e losed i r reduc ib le  subsets .  $ ince

P! *r- , tZt- ,*--+F(7-, , - - , )  is  integral ,  p(zu-,)  + x*onA K(*u-J:n(f%"}\ '
i s  a  f j "n i te  extens ion 1Uy [ f+ l  r  Theorem 35. IO) ,  i t  fo l lows that  ,Ls

has a Zcr isk i  open neighb 'ourhood W in  Z&-o ,  which ie  o f  f in i te

type ove. r  S,  becauee x€p(Zh-r )  has th{s  proper ty . .  then

\4= zo{ ' lwc.Lat ' l \s l  c  - - -c  zn* ,nr {* \ {  i .s  a  maximal  chain s f  c l0sed i rue*

duc ib le  subsets ,  o f  Y{ ,  end so k- l=d in  W*din Z V_u .  S ince O**n

is  noetherian, by changin g Z,t* lwe may ss$ume ,nr,  ZL-,  n p-ol- i  jb '

(in the same manner as above). Then dim 2..6*, ='Ji* (Z.f-_, n p", (x)) =
= J i . * tc t fx \  - t  =  d . i . ' , 'nZh-{ r r , i ,nce y t (x)  is  a  o-scheme of  f in i te  type

I '

and codinX*r tZh-r= {  .Therefore k=dim XsH ,  and so d in  OOo*,  *n*J i rn t 'H
[hen, bV[51 , 1eruaa 4 o i t  fol ]ows thar xt\  hae a Zariski open

neighbourhoed i {* t t  of  f in i te type over {) .  Then
q{  =  x t *F  (xon* ,J ' { { -n )  i s  a  zar . i sk i  open ne

\  .  
i ( ] t . . r . . /

f in i te type oysr 0e s ince Pt  
(q l )  g l -J  W*n a

:[s->x'
i s  f i n i t e  "

ighbourhood of  x,  of

nd t \ ,.. ti' $ft) -* frI  lEl(rru) \

Q . A ,  D .
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nqryqlb:fl. L€mma 5 is true for an arb i t rary  base f ie ld"  f f i

Praof  o f  Thearern $uppose the t  x  hae & compect

nei8hbourhoot l  K in  the f ine topol .ogr .  By rest r i .c t ion X s  to  &
i lar iski  open r iei-gt ibcurhood of xr w8 ;r,ay assuue thst xs is aff ine.
Let  p  :  Y**"  x*  be & f in i te  morch ism of  scheme.s sueh that ,  y  e

ie  i -n tegra l ,  e , :n ta ins &n open subscheme y of  f in i te  type over  s
and a c losed } -codimensionar-  po in t  y  ly ing o\ ler  x"  Then y  *  i_s  a
cfosed subsel ien ie  of  a  sc l ieme of  the type xFxo6y+c c  I f . ,  - - - r r r * l
ans so l |S ie  & c loeec j  topolog ice l  eubsuace af  X I  n  C* ,  w i th
respec t ' t o  i l r e  f i ne  topo log ies .Then  (K  *  ch )  n  vS  i s  I
r re ighb .u rhood  o f  y  i n  rS  ,  &nc  so  the ro  ex i s t s  t  >o  ,  such  tha t
(Pu * p*) n xt* i s  o t i r l  a  ne ighbcurhc i *  o f  y  i n  r f r  i n  thc  f i ne
topolory,  where se = {  re c \  r r l {e 1 ;  moreoverr  r rh j -s  cui j r ,€ ict"
f  t  i s '  c lear ,  tha t  b r . fy  i s  noether ianr  s i : iee  Ox* . , .  i *  noe ther ian'  ^ l - L

and y$ is  o f  f in i te  type o l r * r  XI '  S ince y  is  I  c . lcsec l  l - -cadimensie*

nal  po in t  o f  yso then{yt  i "  sn i r rec iuc ib le  component  o f  y* -  y*

Tf  Z j .s  the uur ion of  a l1  components  of  y* -  y  d i f ferent  f rom i .y t ,
and Yi*  =Y*-  z  e  then Y is  an open subschome of  y  / *  o f  f in : te  typeoverO

and y / 'p  -Y ={y t  ,  where y  is  s t i1L a c lose<l  po in t  o t "  codi .mensionaj
l r

on i l  in  Y ' ' 'F .  App ly ing  propos i t ion  Z  to  the  open imners ion  y  *oy / *

i t  fo. l - i .ows cin yc&sl .  g ince yr& is &n open eubscherae of  yr ,  wei

have dim Y=dim Y'*=1 Uy[f ]  1 t€ i l l i ta f . .  From Lemma 5 i t  resul ts that

x hae a Zar iski  open neigtrbourhood of  f in i te type over s o

9.o_fgr lgfv L -  Ler f  :X *Z!  be a d

j -_F .a  c l ,oseg.pgi !_ t .  susb.Jhqg Ot ,  ,  t -s  nqether ian,  Then V hasl r 8
a _-z.ef1shi opel neighbourhood of f,L,nite typg-_oy9-f*-S.jf-ff_v*_Lre-p-_e-

qqmpilqt.qeJr_ql:bggrbgq4-_*-"!!e_.f 
*i.n_q--!*o.p-q*legll:

*>Y be & t lominant nornhisrn of  schemeg

|  " . ;g.yg.I--g/---whsgg X is of f lnitslwg_cyer c, y i-s reduced and ve y

ruOtLAIfL4.- Let f:X



q  2 . + _

SreI 0 , wbete X ijr o{,fini,!g.."tyqg gyel 0 gn$ y is noetbgliq4-,

glgg. r is qi:finitS tlp,g._evef c -llL_US" riqe topolssy of v :r *lgS^gIJ
cot r rpac t .

We lef t  to  the reader  to  estab l ish. t i ,hese consequences gf  the

Theoren ,  us ing the f .qct " that  6  c*seheme dominated by a 0 -seheme

of  f in i te  type is  gener i :ca lLy of  f in i te  type (c f  .  [5 ] ,  Lemna g) ,

From Corol).ary 4 rosolt$ essy the fol lc lrving

$o.rg}Jany_2 " 4 -:l-qe!heJi egjqbatflqprg A o f & 0 a lsebra of

f i n i t e  t . y p e  i s  o f  f i n i t e i f f  t h e  G e l ' f a n d  t o o lopy  on  the  se t

o f  a l l  max imal  i c iea ls  o f  A  is 1oca1 l .y  eompsc '1  .
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