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CONTROLLABILITY OF NONLINEAR STOCHASTIC CONTREOL SYSTEMS, IL,

C.Varsan

Abstract

In the paper sufficient conditions for "Jeterministic weak control-

lability" of nonlinear Ito’s equations of the form
P

a{x{é-)zl{.f?}iﬁﬂ ?)2: i a“ (mm; 1 :} //Clﬁ:}}({yjlu} ts0

are given.

It is a generalization and a more detailed version of the author’s
paper tSj.

1. Intreduecbion

Our purpose in this paper is to consider in more detail the
"detOTmJDlFLl” weak controllability" studied in ] We are looking for
SuUlf fileiients conditions ensuring that the stochastlc gontrol system may
reach any open set in R with positive probability starting from an
arbitrary fixed peint Py er”. For various types of controllability
and more comprehensive llterdture regardinag this problem we refer
to C2J and [3].

The basic assumptlons in LS] require . the global existence of
a diffeomcrphism m:R? s R™ which defines globally two submanifolds in

<1 : : :
R one of them beinag invariant for the control system

dz - ,z 3 ; ()

rnhls property appears seldom for nonlinear systems and it s ioun
goal in this paper to obtain "Jeterministic weak controllability" usina
only the local existence of a diffeomorphism H depending on each x& Kr
‘The two examples in the final part will point out how those local

diffeomorphisms can be constructed for some bilinear control systems.
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2. Formulation of the problem and main result

We consider Ti6'a equation with control of the form

N /
1) (,_,/3;/5-).:3 [ﬁ'ﬂ“/{)} = 4 ([)é/ /UZ})_//// f ? 4[7//)) //w/ ,,lt‘/a):/zc, .

=/

where w(t), t20, iscif imensional Wiener process over the fixed

7
V-4l
ey oy 7 ;
7 ITL? 9.7/’ /~) ry}

probability space (o ,; f, and the control u:{0,0—=R" 1is de-
t o t L hea i 4 :',/Z/ T e e e 1 B o
erministic in the set Yo consisting ef all plecewlse constant

functions with a finite number of discontinuity points.

'\

Denote W the set of all /mﬁ’ﬂer"Oﬁal Wiener processes ogver

DD

5
- ,‘) > 1} o ey 5 ]1 ,141
52 gjg/j{s The funetions f,g§, h::R—> R are supposed to.be of

Beizoq i Jei %t o

. : ,
clags C and satisfying a linear growth condition; in addi
S A‘ . Vol oo
g. 12 aseumed: boibe of claes € ..
= oy h Vi W) .\jZé . ,;; v ) AYAT 'f’ = g 1 A . Ll
For eaeh w(.)e ity and w(.)eW, from (1) there is ¥» (.}, en
unique It8*s solution. By solution ef (1) we take the pair
u i g e il : :
(x" ()3 w(s)) which is unigue in probability lsw, (uniqueness
< . s y Q/r d
holds even pathwise), seeL4]@ Denote‘Z%y) the set consisting of

.o 18 . .
all open sels in B containing y&ﬁn}

Definition |

The system (1) is deterministic weakly controellable if for
any po,préRn, T=>0, ng%v ) there: 9x1>t u ( Q%’and w(.)W such
that P{xu(g,aogv}yo, where (x° (. Ywl.)) 1o the selution in (1)
wnth x" (@):po :

For each u{¢}¢<Z;and w(.)eW, the Markov process quq)(It6°s,
soltition in (1), cerrespending to u(ﬁ)égéland w(.)eW) generates
a finite fémily of homogeneous diffusion processes. Let u(t)=

?t.'.{_l):“'j.f'm izo;‘lgaew;.Ng t :Oy t;\ =00

i .
Denote P; (t,x,A) the transition probabilities of the dirffu-
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: : " o iom o
sion in (1) corresponding to uft)=u€R and w(.)ecW fixed;

P; (t,x,4) is not depending on w(.)cW. For tel, define

Al 2 v
Plom A= | Pl REA, 3,00 [ttt )
/\)H A)}) ]?,)
The system (1) is deterministic weakly controllable 1ff for
any ngﬁlﬁﬁn; >0, V@Z%Pl) there exists u<oxéi% such that
A T.;pﬁ?nf)'/og
The system (1) wifl {¢studied via the following two sub-
systems
rtindd + 5= flxndvd
L)l + 2> /Z//,)L[/))z‘sz
7 C s /;"/ o/

dcit) =

i

\

//TW - )/)) )
5o . M éﬂf ¢ UL )é Zép

om (2) and (3) we meke the following assumptions.

1Y)

For each ¥R there exist a local diffeomorphism of class

) : e singulsr
& o, uéb(x); ¢ a cube in RY, with §§JY) nensinguler

(#)yeV, and integers OLk<i, 0fm'¢m such that

a)p°(7,y,D)>0 for any T>0, y&V, D open e, Al
()I”L(IIJ. ,);uoey‘;lﬂ,(\ ’)[‘ﬂj \Nhey‘(' }“1(01’06“9\11 )m{YéV
H; (y)=0;, 4k Z

\lI

b)4thﬂ manlfold MZ(Chﬁl,o.o,C )“{VQV H:(y)=C, Jok+ 1f is
—d i (<M (¥) 85, (y)/ =0,

snveriant for the fields g, ,,f
&
YEV, j2k+1,,ézl,o,,,nﬂ, ]ﬂé>{1,eao$m s

i s = : )=k (N Ve N ere g =0
_L.l.) dlfﬂg(&o5gii ,eui’g(;‘”}) (J) O \y);YC:, \’thlc é,o (JO

By (&gre«<18y) 18 denoted the Lie algebra cver R generated
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by Eorecslp using the rie bracke }:;“/;j(?x:),»;,uéfx)/ /X)” (/' ‘u )/),(”r/
- 1 ' . > & >
andgﬁ<go,««-,gn.)(x) is the llnear subspace in R? consisting of
a1l vectors v=h(x), heflg s 1800
Theorem {
Let the conditions (a) and (b) be fulfilled. Then (1) is de-

terministic weakly controllable.

=

Refore giving the proofs some remsrks are necessary. If the

(o]

; .
system (1) fulfils PO(+§59MZ>A for any t>0, x¢R and D open in &

then the conditions (a) and (b) ere trivially satisfied with

k=0 snd H(x)=x. In this case there is nothing to be proved

<7

since the control u=Y gives the answer for the problem.

£ the system (1) 18 }_j,_:;ear’ f‘(_j)::AX’ gl(\{):blﬁ hj (X):(f ]

it
= ) % g = p [ ,Ehﬁm)m =
Bo i b€ o e BB A AT B
the conditions (a) end (b) ere almost trivially verified.

Indeed, if Rank(C,ACye.a,Anmlc)ﬁﬂ then the solution of the uncon-

' troll@dﬁf system (u=0) is a nondegenerate Gsussiarn process which
: - : : n . n
gives Po\y,xiD))O for eny 450, %R and D oopen 1B R j there fof

(a) and (b) are fulfilled with m'=k=0, H(X)=X.

A1 1L : o
T the case Rank(C,AC, ..., A ¢)=n-k, k>1, there will

Tl

exist vl,nﬁﬁ,vkegblgog.,bm} and vk+l,;a¢,J'C(C9“w,,o¢,, @)

such that the matrix, Vx(vj,.aﬁ,vq) s a nonsingular one. Define
sl :

H(x)=V" % and since

? /{//x) o= whese A(x)= [//f/?)y-)’//}-)/r)) )

/=

)H o 0
it follows < ‘;‘;;i””)’ v/

Therofore (b) is fulfilled with (g,.a,,,,“g(z‘ )=:(v casw i

G O/[/: 7{/’%;,.‘) ) /‘/“:j)“')/é.

. . e o .
In addition the linear variety bzéxéﬁ ol 1-(x) Cj, J= l,ou.,hz is
. L3



\

invariant for (2) and when it is restricted to S the soluticon 12
a Gaussian nondegenerate process, i.e. Po(t,x,DX>O for any LS50,
x¢S, D open in S.

The situation with (a) and (b) is not trivial when conside=-

ring bilinigfer systems especially in verifying condition (a

N
%, puxiliary results and proofs

The following lemma is an obvious consequence of Chow's

theorem (see Llj) for deterministic systems.

J,‘flfl}JL_$ i

Tet the congiiion (b} be fulfilled, v RY fixed and H;V—C
the associated local diffe omOFﬁhj sm, Then for any po,peév and
hat the solution x°(.) in (3)

S Ll L y & 5 % o Wl
with x (0)=p, verifies X (1)€My (1 (py)yee ey Hy (pl))

.

By hypothesis, the system (3) invaristes the menifold
m?(thl(pO),aae,Hn(po)) which hes the dimension k and by (b},

(i) the Chow theorem is applicable to the system (5).

&5

for)
<

Tt fellows that b  can

Code

oined with any Xgéxg(ﬂk+l(DO),QQ,HH(DO))

-

in finite time by & trajectory of (3)'corre530jdjng to a2 control
)GQ@ taking its values ijxijel,,ﬁogtﬁm E, wh@re‘el?.o,,em is a
canonical base in rC g pernticilar, lek xzéMé(Hk+1(po),&.,Hn(po))
. W ‘s N
be SUCT) t *b }T ) (}‘rz) KI (r) ) J""l’ e © @& ?kg 1 .8 ) X &1“11(}1}‘(1’)1) 9 L Q‘EZ}: (T)"L) / ©
s w f ;
Then there €x jbts tq<‘“3 ana Ug( 36%%« Us (ik léigco.,.fémf such

: us, |
bhet % L\t?):xv.
<5

o—

: e ' 1% & .
By substitution %:ﬂ%- + snd denoting uz(z = w-u,,(——-wf) computation

. o . ""n Z~ 2 2 ’7( ¥
gives that xzﬁ(g):xzﬁ (;&E) fulfids (%) with X l(O)upoﬁ x4 (T)=x

N

The following is an obvious constquence of tre Lemma 1 and condi-

v
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dition (a).

Coreollary

Let the conditions (a)‘and (b)'be fulfilled and xu(.).given
by Lemma 1 such that xu(O):pO, Xu(kaml(Hl(pl),...,Hk(pl)), where
PG Blhien Po(t,xu(T),D)>O for mny - tr0, 1t DéZ%pl).

Generally, the solution x%(.) in (3) is not obtained ae the first

component of a solutiorn in (1), but it can beaffﬂﬁximated by a se-

quence defined as follows.

Lemma 2

s A s O

{0
Then there exist {wn(.lfn71§ﬁZéand {xn[-),wn(.lfn21'Solutions

gl A T ) XH(O)ipO corresponding'to{ﬁn(.)§n21 such that

Let u(-%éQ%?and xu(.) be the selution in (3) with xu’o):po.

; — _ Sl SRR T
vin P 2.(Z,w)-2]<Ef= 1, fohs any T>0an -

Ny o0

Proof

et x%(.) be a solution in (3) corresponding to u(.kﬁ@é with

xu(O)ﬁpOe Fix T>0 and dcfine'yn(.), Tt6%s. solution in (1), cor-

1.

responding to o= oty s %ﬁhi’ u(.)éiZé,and w()eW, d.e.

> S
£ W 4 5 X Ty
7 ' 2 / S s 1 74 2 ,,/ i 7 g / /—’J c;) ///1’//5‘
4) gn(f,w): Pt Of 7 (%, (wyds 5_{; C[ 25305 Gy 4477 “i/"’;%, of fynl o) 4ty

substituting t=n% in (4) we get that Xn(z,w):yn(nz,w) ig. the
: : .
It8 solution in (1) corresponding to & new Wiener process w' onm -

~
the same probability spaceE i PZ»

Nenmely,

i Z
7

T e i
, - L T e L 2 -
e 'j"z'kwf)ﬁﬁ+zz ﬁhJNJVﬁﬁHJQQ% &
5 ) 2,72 (u) &;))“:./ 2‘,?-_} . 7// 77 2 / ‘ [,: . ;7/ 51 /(//,[



f/ @ /;5[,&1)))[//.;2/’,}%)

0

where W A)= - ,/ w (114 )

(/ f/l ‘/

We shall prove that {yn(T¢ﬁk(m>l converges in probability to

x3(T7) uniformly with respect to the initial.condition By in a

bounded set BCR 5

Fix 8}03 Sinece B sup l (ot )f hie (“09[4 | 7.105) where the cons-
gatar

tant ¢ is independent of paéB and nzl, it follows that there

exlsts Ng)@ such. that
. g :
/ \ A _P,(;mﬂ i
Pé"““éuu ‘C’/ /’7/./"/ m JZ / (//
g4 el

. ) o /:f
' Y 1] [ dﬁ/;gén:ﬁ;)wffj?
Denote :43 = \S(\: /Hc/g /(/{?2'/7{2//5/\/_0 J{ g :

¢ oLT£ T /)
L 24, O a0 .
. ) s 2 & L el zéﬁ + /
// J’{;._, /(j w)— 2 [{)/ Z (‘(5" L[ /\/U'/,'/-j/ ) /

Top Cc)é‘@m/};) /{[(’/) 7{] , Where lim E sup !)7“()&9@), 2:(\”

O QG
Therefore

“a . 2 ; 155 2 C‘r / )6 gg.. 743/~\
sl = ’/,L".x-’ [{ (») (X) , For @€ b
Wh ("/' ol o (_T)/ 5 O .é Tl / /

and it follows

/ { 2 Q)ng[?"‘"/fg
i o(l-/;o)/y.,l o) P ane Dl o(cleo) = el
1 - p) |

7 ~>20

For any £>0 we have

1im :P{(‘D( \? ,15 Z/N [/ o) (T)/ > ¢ f':: O

V) =00

- :
and ; : et 2 - i e

' : j /) ). AV ATD)-L T > S
b Piwyld b)) i< f’Z:"’LPZ/‘“‘JZ\AC\ Mt W Ef
Jin g 2

o 25

. A ) &//)///1_
b 2 e ds i)  Jh £7,4°
| ZQ“ f
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where 3/>0 is arbitrarily fixed and the left hand side is not
depending on SL

Therefore yn(T «) converges in probsability to x"- (T) uniformly
in p, B and since Xz, )myn(T,@) the proof is complete,

Now we are in pesition to prove the Theorem,

Proof of Theorem

Let poﬁpéiﬂn, >0, VGZ%QI) be arbitrarily fixed. By hy-
pothesis for any yctno,p]] (the line connecting pg,pl) there
exlst VEZWX), (ja cube in,Rn, & Jiffeomorphism H:V—=C, and
ihtegers ¢/ k¢n, o¢m'<m sach that (sa) and (b} are satisfied.
We obtain a covering of the co cmpact set [po,pi] and substrac-
tlnv.a fllltc subcovering ?1,086,JW without any loss of gene-

.lelty«jwq&)p €Vys P1€Vy and V ]V« gg for any 1:1,¢06,N#1a

N

We choose an open set G?Cvlqv o and zigtg a fixed point. Tet
Nl ~ At
Ti/O; fi i In each Vs we apply lemma l. In Vl there exist:

u'f(,)ggému/’_z{},_,,;()vmth % (o)=p, f‘uLlLOL,zj' B (R e B R
Usiﬁg the Corcllary we have PY(t,x (Tl),C%)>O e any £>0.
The condition (a) 9uarantees Po(t,y,C%)>O (7@t>o, it
A (Mg () 5 o e 51 (7)) £
By hypothesis the equations H; (X)= Cl’ isl, ..,k 000 be Bolved
in a neighbourhood of =%, CeH (x (T1)), wherelﬁg(HI,E-,Hk)y
g;(C1:°°~,¢k)e We get a continuous function Z=h(&) such that
glx}';(ﬁ(\)(xl(ffl)) and ,%(y):h(1~{(y)) verifies L(y)e (/(i 1f

,ywxl(Tl)Iééo} and &£>0 is sufficiently small. Therefore/
T) CQ/7A E ”)w ﬁ% j@)%}é é/déf :Z(lg/4 £,

"1 3 “ e o B ~ 1 S e SRR e
On L.‘[Le @Ive nanag, ub’llﬂlé’; Lemmnas &, fOT‘ E\‘l Sulflblelltly ,L(al‘,i:?ije

we get
r—?,(q el / / / a7 /‘\/4
8y P (472, K) 24 ’// e

iz “) s
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B s e 7 sonn
where /<' g /</ o5 ( )/\Ccof R [)//Z //0 c’lj)
is the probability measure generated by Xi(t,») in Lemma 2. De-
fine
4 4 e :
oy j Z/nfé) Z([O}’?{I /4 ] :
% and  wyilt)= = Wint )

L/ZL): & o /f/({;iﬁ) 7:/7 /n

where weW is arbitrarily fixed.

r-\,i
Tt follows U ”7[ and

v : v ‘/h /’ A Li i
oy 8- YT GIP" L7 oy s)

r) }1

v
. % i Z(‘; ,.‘.4‘ 77,.,,.\ /‘ \"
Using @) end {(8) dn (9) we get 73 e #77/1)}4/524,>cu

: i
3 e > ! Q) 3 s —I. o “
for any M0 2 E Q>MI and choosing TEKTI = e e obtein that for

each u}pj} there exist Ll Gy )6112(7 ané v,r};i'(o)é: W, v,r}_’,'l'(t):v% wlnt),

Swiehs that
: .
10)21(/’“{)7130) ng)>0

where P (twpg,éy) is the probability measure generated by

A
B
Sl ok g ]l | e 2 e o e A
xn( 5+ ) Band (XH( T wn(ﬁ)) is the solution in (1) correspondlng
e 1 e 4 )
to- the controd uq(,) which fulfils X (C)zpo.
Actually (10) holds in a stronger form

7

4 o ) :
oA (’.i)y, ((/1)> O for each nghy

and for any y in a L¢¢f1019ntly small neighbourhood of D
's1 ; Yool e rinuity denendence
Using the same centrol w (,)6)-band the continuity denendenc
of the solution in (3) Wlbll respect to’a};’!’»‘?éini"cial condition we get:

a neighbourhood B of p, such that for any zeB the solution

: : i 1 on . e
xl(@,z) in (3] corresponding to u (o) snd 7z will verify

belene) - B b 2 B0

-



On the other hand using the uniform convergence with respect to
initial condition in Lemma 2 we get
4 s
AUy e S
ll)-P n(tt !/,)')(— %z)} ~—/~ for any z¢B, if nmpN,;,

where {\Z ”(\ (Y5 * (/z,,{)l f and N, is sufficiently large:id:

wodepending on 2.

; /\JJ . f 2
Define u, (+) and w, (<) as above ana 1t follows

oy
Pl Lt c{ )= ko, P18, Pk 2%
Since /{;( € } , ,' /}/, X (7;//)0)/ < 5 } for any zé¢B, using (7)

and L,orolld.z.y we obtain P (T';_{F@l))o for any T'>0  1f yeK.,, ZEB,

N

77 i
Shepatore for =] = we have 27" (77,%, & )>a

for any z¢B and npi, which represent (10°%),

What we obtained in V. can be repeated in each neighbourhood %7’ i
l . rZ ('
o) ! s IS g e ; -

W‘g.ﬁ/ﬂ(’ct:w Nypre; u LIel, dyie 2%, X,/ )and the nzighbourhood cé,iy.___,__c &

r: ( \ ¥ ~/ v ; 9
of. %’N €ly.; such that /» [/ /m«j) /‘Vj)j; /V )/ o for any /(E@N;j

1

S whare ! N 2 (W /“‘ A / $ -ha o
and npN, , ‘where T, , . '2 i ) [,)L (4,55, a2 . s the pro
bability measure geners t: by ’ﬁ?ﬁ‘;(&:je) with 52;‘2//.5):\»1) and

o~ N - ; ; % (o Vo
(Tr)jl’\',-,/.) W, [,)> is the soiution in (1) corresponding to 2.{,";’[')‘

In each Ve, 1=2,..,,N we obtain that there exist W () & "L/)

[)4/24 (g/f & and N. such- that
A

i Dz e
Lz)q[T wJé)/ /m {m(/é/([g - /

il bl
o -451 o i /(f ’S)J) f[Z) is the probability measure

generated by ;i(t,:) with X,L_b(c‘) =y,and C:ﬂ- (), M ()) is the

seimtien dn (1) fer dl= u,\ G
./\/;’z Qé()((/?/é 0{/ U “ [()//’” te(y, 10" ]
L

£
‘ ‘ N ,N, where . =0
C{)[f\v ([/ /S \}/ /X)%— L;\ /Z A G/ (Z / / 2]

(¥

) '-J?/Z PK/’S ") :“’,':y;

(\/f
Denote P(t,s;y,dz) the probabila_ty generated by Tl Eye ) it

Def.gne M=max )L r\i)
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(]

N/ o~ . 5 G 3 s :
where (x(.),w(.)) is the solution im (1) corresponding to the

controllak.) with’;kO)prQ“[f'f&ﬁfﬁég
r(‘\/ i . N 2 ] e Rty e
Pl 9,d2)= Pt 8,3, d2) if B06LTa, T ]

&7

Therefcre, using (10) and (12) for n=M we obtaln

s

5 g /) :
,.1_ ( c> ,Z o ,j Lﬂ >>D ?’%Or [t)b ( (Q( = D

N

<

12
and

B O
14;21? [T 2P0 (91\) S0

o

e oo e e e
Filnally, since V:B\}N"'Cﬁj 1t follows

o sy

~ ke ‘ \ Plr
15) ?[(R D>}\"’7 V)= S P P ?’J?)Cvl : Q P(} V-2 }/v-ﬂ)(zﬁtjfv )[ )/‘u /m a(( )

D rf)‘n

15
Using (175) end (14) in C15) we obtain

)?” 0y 0»\/ S()("W/’L é/’ “(Q'S( 'ty Nz ]A L)/c///\/ i) J‘T 1) J)/}ﬁ
, " T

Z -
&y

gnd the proof is comblele.



The system (1) is deterministic weakly controllable from
Pq to py ififeor any T20 and Vél%pl) there is weéW and a control
qH-)éjzagsuch thati?{)f%Ty)é%\ﬂ§>0 , where x* () is the Ito solu=
tion in (1) corresponding to w(.) and u(-),

The conc¢lusion in Theorem 1 requirss that the conditions
(a) and (b) hold everywhere in B

In the case we want to pay a particular attention to some
pairs p , pﬁan we need to replace conditions (a) and (b) with
the following,
(#) For P, pﬁ:Rn there is a céntinuons curve x{t), tc[O,L} con=
necting them (X(O)zg), x(l):pl) suéh that either x(t), té{b,flj

¢¢ [0,1), is an admissible Solutdon fer 43), or Po(t,gp@V)yo for

any telo sl and Ve U (x(£)),

In addition, for anj té&k,l) there is a diffeomorphism &{

as was stipulated in conditions (a) and (b).

Theorem 2

The system (1) is deterministic weakly controllable from

f@ to Pdégﬁh for any pair (erpa) verifying th?'condition(%j

The proof of this theorem follows exactly the same*;*yw%% a4
in Theorem 1 replacing initial point p, by ¥ (¢), and the
neighbourhocod for Py required in (a) and (b) by the arbitrarily

fixed V £ zﬁ(/a)

Reémark
From the proof of Theorem 1 and Theorem 2'it follows:that if
we are nct interested in the controllability within arbitrary time

T»0 (see definitions 1 and 2) then replacing “"for any T>0" in con=



dition (a) and definition 2 by "for some T>0" we get another

version of Theorem 2 adeguate to this case,

S N
Bxamples
W&?ﬁb\?&?ﬁ?fﬁvj‘.ﬁ:’@#&w

1) Consider a two dimensional system with a scales Wiener

process

FE et =l (B Be(f ) jdtECdwi(E),  £20, ueR, x=(x],x2)
0. 0 0 0

where A= , B= S0 C=
@il -r O 1

I
The corresponding subsystems (2) and (3) are

24 dXZ(t):xz(tJdt+dwt

: ; ; 20
and they invariates manifolds x1=const,, x1+x2:constc

- correspondingly. In this example the line L=%m§R2; x?:O E plays
a special iole since the two manifolds have the same tangent
space along L.

Fexr p .P é}Rz, p.#O, there are positive constants C_, C

. @47l i (e} 1
such that

R sl S o T
pOG}SOf{kgR .xl+x2ucoi and plé, Sl— %x@R 3 x1+x2 Cl)

In the case pg and p, are in the same half space x2>0(x240) then
Ithey are joined by a line along which the apﬁlication hl(xl,xz):xl,
hz(xl,x2)=xi+xg ig the required diffeomorphism in conditions (a)
and (b) of Theerem: 1.

Tf povand p, are fin both 'qéﬁe4of the line L then moving
p, on thecircle S by an admissible trajectory of (3’)Q{Hﬂ,

N - oV e/ :
te |0, &), x0)=n_ , x(£.\)=p(’) , we can arrange that p(’) and p,

to be on the same side of L and p’¢€ L. In this case the condition



.,14...

() ip Theorem 2 ds fulfiilled choosing as the curve x(:)

o

{10 i:é:@,ﬁx
xE)= e s
}N %E%pé+%5§pl ’ t(%I§IiS

Finally, if pO=O and plé,Sl then the condition (%) in Theorem 2
holds if we take

S = okl
x(t)= &
lizE e S
(328) pye(5E e, B

where péégsl and pl’pé are on the same side of L and pé is on

the line x1=0.

2) Consider a two dimensional bilinear system

i) dx (£)=(Ax (t)+uBx (t))dt+Cx (t)dw (L), t20, ueR, w(t)eR

d 0 0 T ; i ity
where A=- di>’0’ B= o Bl G ;
0 d, 3 -1 0 -

nQ:> 0 and for some. positive constants c1=7éc2 we have

L =
d1""2'6;1 1o

2 2
Cym, clm1

02 r clml=02m2 .

ool

Thé corresponding subsystems (2) and (3) are

) dxl(t)=~dlxl(t)dt+mlx2(t)dw(t)
dxz(t)z—dzxz(t)dtwmle(t)dw(t)
3") .ﬁi{}.:ur ii{.% T blia>
at S0 FE e

; 2 :
and they invariates the manifolds clx§+czx?=const. and
2

xl+x§:const. correspondingly.

For any pair p_, p;€& B2, p;#0 the condition (#) in Theorem 2



tions (a) and. (b) is
2 el
o g aiito ) SR ey

The diffeomorfism required in condi

s o : - z
defined by H= (h hz;, hl(xl,xz) clxl+o ok

(R

Pl
0

X
—)fo = g {x@ R : x =o£
1 1 P - -.l .

The matrix (p) is singular for p=0, and on the lines

In order totavoid L1 and L2 we consider the circles SO and

Sl centered at origine such that pOGZSO r pléus and using an

admissible control we can arrange that the corresponding trajectory
; 3 : ; = N/ SNae
1n(3”); will verify X(O)zpo . X(E):po for some €§é>@,l), where

e . ; R
P, is on the same side of both' lines and L, as it is p, and

Ll
oL O L e 4o
Po & Ly pO¢:L2 . Define x(*) in (%) by

(£) i Jos k]

1-t_  t-€ e
e i tels

It is obvious that the rank.condition for (3%) required
ine (b} ds i fulfililad

It remains to be proved that (2") fulfils condition (a).
Since (2") satisfies the conditions im [63 and [Zj it follows
that the measurcs generated by a solution x(-) ot 622 x(0)=xo -
has the property supp /&t(°)={xéiR2:c X?+CZX§:ciX§O+C7X20 g for

t >0, where /Nt(dx) is the mecasure generated by x(t,
Therefore P° (t % D) >0 for any L\O 1 D(?Sapn/ut i2a

S P O i - ..r« | = < e
and Popen, where P (t,xo,D)=P %@t- rxit o) Dy x(O,*)w“O
2 (=): seluktion in (2) E.

In conclusion the system (1")' fulfils the conditions L

Theorem 2 for any po,plgiRz with‘po%O
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