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CONTROLLABILITY Otr NONLINEAR STOCI-IASTIC CONTRoL SYSTBMS '

C  .  Vd rsan

Abstract

] I

I n  t he  paper  su f f i c i en t  cond i t i ons  fo r  "de te rm in i s t i c  weak  con t ro l *

l ab i l i t y "  o f  non i i nea r  I t o ' s  equa t i ons  o f  t he  fo rm

|  , .  r , r ,  Y l  .  , . l l t  (  ^  t

€.,tatt)-* 1fixt4tt+ iu;9;txtatfltlb + { /r,t*tril€{Wt i*), t>o
t '  

i , ;  
- O "  r  

/ = t  
6  o

are  g i

n a n a r
I J q y v !

V  g f  I  .

I C  1 5

F'- ' l
|  f , 1 .

a qenera l i za t ion  anc l  a  f i l c r l l c  de ta i lec l  vers ion  o f  the  au i -hor 's

I, Intfg-ducti-<13

.

. ' b i r .  pu rpose  i n  th i s  paper  i s  t o  cons ide r  - i n  more  de ' t a i l  t he
I .

, , de te rm i .n i s t i c  weak  con t ro l l ab i - l i t y "  s tud ied  i n  [S ] .  I t l e  a re  l ook inq  fo r

suf  f  ic ient  condi t ions ensur ing that  t .he s tochast ic  c 'ont rc '1  system, ma-rz .

r e a c h a n y o p e n s e t i n R n w i L } i . p o s j . L 1 r r e n r c l b a b i 1 i t 1 z s t a r t 1 i r 9 f r o r n a n

arb i t : : a rv  f i xed  po in t  poeRn .  r ' o r  va r i ous  t vpes  o f  con t ro l l ab i t - t t y

and more conl ; rehensive l i terature reqarc l inq th is  p: rob l -em we refer

t o  A J  a n a [ : l  .  i :
The basic assumPtions i" 1s1

a d i f feomcrPhism H:Rn-> Rn which

F. t ' ' 'one r , f  them beinq invar i -ant  for

requi re .  the q lobal  ex is+-ence of

Ct f : ; rcs o lobal Iy  two subma-ni fo lds in

the contro l  svstem
, m

#=,Z"u; ,ptxStL.,  t_:(
Th is  p rope r t y  appears  se ldom fo r  non l i nea r . sys tems  and  j ' t  i s  ou r

goa l  1n  th i s  paper  to  ob ta in  "de te r i n in i s t i c  weak  con t ro l l ab i l i t y "  us ins

onry the locar  ex is tence of  a  d i f feomorpi r ism I {  c lepencLino on each xG Rn'

The two examples in  the f ina l  pd ' r t  wi l l  po int  ouL how'  t 'hose l 'oca l

d i f feomorphisms can be constructed for  some b j - l inear  contro l  sYstems "
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a( *

For inu l -a t j .on  o f  the  nrob len erlc m€rin re,$u.lt

l , l Jc  ccns ider  f t6 'n  equaf ; ion  v r j  t l " r  cor i f r "o l  c f  1he fo rn

y c[xft)= [ft*t,,i4 oilgthius1ltv/; $r,,r,trlyt:/) , xlaS, /to ,

f.-''' Y
lDd ,,1-,

c  l a s s

81  i r :

where  lv ( f , )  ,  L ) rO,  i s  r , i  / *d i rnur ru iona l  ! , l / iener .  Droce$r i  sver  t i - re  f , i xed

probab i. l i  ty snac- Ifr ,T,P j, ancl the conrrcl u r I '0,."o) . r 1,tr) i  s cie -

L e r i : i i n . i . s [ i c  i n  L h e  s e L  
( L L r  

c o n $ i - e l , i n g  o f  a ] l  p i _ e c e w i s e  c o n s t a n t

f u r r c t i o n s  w i t h  a  f i n i t e  n u n : b e r  o f  d i s c o n t i n u . i t y  p o i  n . t s *
A

D e n c t e  1 {  t l r e  s € : t  o f ' a 1 1 .  l ' - d i r n c n n i o n a l  Y j - e i : e r  F r o c e s s e s  o v e r
' t r  |  -  l 1  l R

l ' '  j '  ,  The f  unc t i r :ns  . f  r  g l  ,  h ; : i t ' l * ^ r  R"  a re  suppo l ;ed  tc  l ^ ,€  o f
I 

(/ r rJ

C' ' -and sat isf .yrn6l  e1 l i r rear"  grc;w'Ll :  eoncl j - t . ion1 i . i l ,  edoi t j -cn
ai

ass t i ned  to  1>e  o f  c - ) -a$s  C

for l  e e,rch u (.  )  €; l(rn and vr( " )err,V, frorn (f .)  ther.e

un ic iue  J t6 ' s  so l .u . t j - c in .  3y  so lu t i cn  o f  ( l )  $ /e  take

( r , * ( " ) ,  w ( " ) )  w h i c h  i s  u n i q u e  i n  p r o b a b i i - i t . y  J - a w ,

ho lds  even  pa thv r i . , ee  ) ,  seega ] .  l eno te  \ f t n  the  se t

a l l  op { :n  se ts  i n  Fn  con ta in ing  y6Re.

De f in i t : , , on  1

i s  
" t t ( , ) ,  

i l n

t r ie  pa i . r

(uni quene $ $

c  onn i  s t . ing  o f

any p

t i t s l

w i t h

sysLem ( l )  i s  de te rn in j -  s t i c  week ly  con t ro l - l ab Ie  i f  f  o : "

t€ .R* ;  T :zC ,  v6 l t t p - r )  t he re  ex i s t  u ( . )  eQ(nna  v r ( " k= i l l  such

*  ( f  ,c r \ )gV])0,  where (* t  ( .  )  nrv  ( .  )  )  is  t i ie  so lu t ion in  {1)

C I )  =Po"
/ ) t  r l

e a c h  u ( .  )  e V { 6 r n d  w { "  ) € \ t ,  t h e  l , , f a r k o v ' o r o c * u o  * * ( -  )  ( : t 6 ' s

s o l - b t r o n  i - n  ( 1 ) ,  L O r r e s p o n d i n g  t o  u ( " ) e t 6 o a " e  w ( . ) e 1 { )  g e n e : : a t e s

a  f i -n r re  fanr i l -y  c f  hornogen.ec \ur i  ' l i 1 ' fus ion  Froc .es$e$,  Le t  u ( t )  *
: i  *  -  o  r t ,  ; _= t r * e  R " ' r  t  e l ^ L i  r t i + l l = J  i :  1 = ( J r 1 ,  o . . , I I !  t o = 0 ,  t i l o I = *

D e r r c r . t e  P . ;  ( t , X , A  )  t i r e  t r n n s i t i . o n  p r o b a b i l i t i e s  o f  t h e  c l i f f u *

1he

o t P
_ - (v", x

L

Tlnr.



'  
o ,  

' f  ( n
^*r, ,r .  

' \  
|p- &,:t, A ) = ) ? (/0, *,,90 )J,,fl 4"1n,f,,,/y, ),, 

{ E-rfto * t, o, Jt*etdf)Frf:t,,yi,A)
R,' RN R

The systera (1)  is  determin is t ic  \ ' /eak ly  cont ro l la t ' }e  . i f ' f  f lo r

any ps r p1€Rn I T70 , \r€\\tprL there exi sts u ( , )e(bo su cii that

.rU /.n t'\ \r \ '> nF  ( ' - L  r  1 l u  e V  ) / U .
t fr/' t.i

f l re  oysten ( t ) 'q t i l ' ! ,  C€stud ied l r ia  the fo l lowing two sub-

sy.s Uems

l r -tr- 7 u; tttQtftltil ,?  a l -t , V

L = f

?/ t,) € Q,$,

i m
s  j -on  in  (1 )  cor respc ind ing  to  u  ( t  )  =u€ R ' *^  and w(  .  )CW f ixed  ;

P i ( t r x , A )  i s  n o t  d e p e n d i - n g  o n  w ( " ) 6 : W .  f o r  t e l i  d e f i n e

on* (2) ancl  (5)  \ {e make the fol . lowing assu"rnpt l .0rr$.

I 'o r  each xeRn there  ex is f  a  loca l  < l i f feonorph ism o f  c lass

co r(,. n )rY

C*, HrV**C, Vff i f i ,  C a cube in R'r ,  vr i th f f i (n) 
ncnsingulsr

( f  )ye' t ,  and integers C4k(n, C(n'(m such t i rat

f20, f€Vr D operL iru lJ, if

) ) f f i ,  where l , { t (c } '  .  '  o ' ,ck}3 [  re  v :

frrn,dt r ! /.,fr,nt/t',i:/t)
t  

" "  
/ = / d  

v2',t

' z \
) t i

,lrpl-

a  )Po  (T ,y  lD ) )  o  f  o r  aqv

D/)lJll (H, (;,) , . n'" ,l l l (Y

:H i ( v )=C i ,  i<u  ?

u){ the mani fo l "d  Inz(Ck

invar iant  for  the f ie

y f  Y r  j ; * + r  ,  . ( = l e  e  o  . ; I r

i i )  a i n S ( B o , B i ,

+ l t
-1  A . r

t
,

t . '

" . . , c,. ) *firev: u, (v ,;?i, j7 r<+ rJ

yte ,  j  =1.,  "  '  ,* '  (( i*  *)  's in(

i c

)l ),/ *v r- /

f  r .
l - n e  l 1 r . . . r n f  ) i
{ u r

6  .  \  l r r \ : : i -  f V ) f t A Y ,  w h e r e  8 O = O .. tb4,r ,  /  \ ,v , /  - ' -  t

BY r * '  -  " n  \  i e  d e n o t e d  t h e , L i e  a l " g e b r a  c l i e r  R  g e n e r a t e d
\ { l C } t " ' ' } 6 g 1  | /



by

ancl

a1-l

l ra r  i  c t
J i v  f  r +  v

i s  t h €
fr

€d,(.96 r

8 o t . ,  "  l 8
f)

tJi | ,,
c { t t - : , r t " '

' v e c t o r s

.  u$ in t r  I
111'

.  r S r n t  )  ( x )

v = h  ( x )  u  h

r (  r e  ) f  i  " , ! ,  /
crirctce'.' Urr, hrlc,i =,$!!'utli,tx )-.ff1xt /),(:r:1 ,,
l . i n e s r  s u b s n a c e  j . n  R n  c o n $ i $ l j . n g  o f

\
o  '  o  t l r n t  l :

Thcorei-n I

t e t  t h e  c o n d i t i o n s  ( a )  s n c i  ( b J  b e .  f u l f - l 1 l - e d "  T I . Q Q  ( 1 )  i " s  d e -

t  e rn i i r r i t t i c  nenk ] . .1  conLro l ]Erb le  "

l3e l lo r .e  g i .v ing  t l :e  p roo f ' s  sone rensrks  are  necesserJ / .  f f  the

$ 1 r s 1 * *  ( 1 )  f u l . f i l s  P o ( t , x , D ) ) C  f o r  a n y  t > 0 ,  x d R n  a n d  D  c ; : 3 : l  i n  l i f r

then the  conc i . i t ions  (e , )  and (b )  Brc  t r i v i .a11.y  sa t is f iec l  v r i th

m t = k = 0  B n d  i { ( x ) = x .  I n  t } r i s  c e s e  t h e l l e  i s  n o t h i - n g  t o  l : c  D f o v ' € d

s. ince the corr t fc l  r ;* i )  g: .ves the ansv, 'er  for  th.e prqt l l -e i l i "

I f  t h e  s y s t e n  ( l )  i s  l - i n e i i r '  f  ( x ) = A x r  S i  ( x ) = b ' i ,  ] t j ( x ) = f 3 ,

- t3  =  (  ( , . .  8 , . )  ,  C= { ro , , ,cs)  r r r ;  eA(B,c ,Ac } '  ,A) ) " ' t f " '  ) ' '  r ' t

1. t re" r  t i re  cor t r l i t i ons  (a )  and (b )  e re  414:os f  ' , r ' j - v j .a1}y  ver i f ied  "

I n . d e u $ , i f  R a n k ; ( C , , 1 C , r . o , A * - l C ) - n  t l t e n  l l i e  s q l u t i - o n  o f  t i : e  u n c o r i *

, t ro l .1ed i . :  sys te rn  (u=C)  i s  a  nondegenera te  Gauss ia r l  rDroce s$  v ' rh ic i r

64 |ves  I , ,o ( ! rx rD) )g  fo r  an . l , l  t )0 ,  x ( .R11 end D oo€n in  Rn;  the : :e fo re

( a )  a n d  ( b )  a r e  f u l f i l l e c i  v ; i t ' h  m ' = k = C r  i l ( x ) = x u

r l r  t h e  c e s e  n a n k ( c r q c r  c  c  *  r A * * l c ) = n - k  '  k l r '  t h e r e  v ' r i 1 1

e x i s t  Y l , .  "  " r v o 6 { b , 1 r  n . .  r b n !  a n c  o k + l r '  o  
" t n 6  

( c } A c t  "  " ' A n - f C )

s u c h  t l : a t  t l r e  n a t r i x ,  ' / = ( v 1 ,  
" .  " , v r r )  i s  a  r l o n s i n g u l a r  o I ) 8 '  D e f i ' n e

H ( x ) r v * l x  a n d  s i n c e

=x,  v, t lene #k)-- ['//u /z)' ' , -1,, /xs ) )
h

7 t{7 /x) t';

/ - - r  
v

o  1 v L , t  o

-)
I ( l 1 s

)

wi th  (s4  '

g=fxeRn: i{;

,/
i t  fo l l 'o\ 'vs \

'  There fc re

f n  a d d i t i o n r t h

\  i l .

(I) izs,
( 2  ^ '

( b )  j . s

e l-i-le ar"

zi) * o,

f i - r i f i  1 lec

vari-etY

\  . .  1 . r
. . " t { i 4 r r , / - \ v } ? ' o

( x ) = C : r  j = } r  a c . l
d



5 *

i n r ta i ' i anr .  fo r  (2 )  an t i  when i t  i s

a  G i rus$ i .qn  t ro r r r i cge t le r l te  p roce$s i  t

T h e

I  h s  6 r e m

r e s t r i . c t e c L  t o  S

i . e .  p 0 ( t , * r D D

the scl,t. i-rt i on i s

O  f o r  a r i y  t > 0 ,

x € 9 ,  D  o p e n  i n  S .

T i re  s i . tua t ion  w i th  (a )  e rd  (b )  j .e  no t  t r " i v i .a l ,  v ihen cor r * ide-

r ing bi l in: l f i , re. '  syster i rs csn€ci  a) .1-r , . "  j r t  ver j - f ly ing cont l i ' t ion ( 's)  '

"1 . Auxi li"ar';r re su.l-t s arrd n i 0 0 f $

|  / \ rAr1 11 (I
I v r r ! a r ( ;

l t  l \
L * - t  ' r

f n l

1 < r r . r :

l enma !s  &n obv i -ous  conseq l lence o f  C l :owes

f o r  d e i e r m j . r i i s t i c  s Y s t * n s '

l,i:g1in& t

" :
Let the coni l i t  ior :  (b)  be ful - f i l leC, x, i i? i t  f ' l i 'xe c l  and I ' I :V*-+

th*  assoc i i . : tec l  loc* i l -  c l i f feomorph i  sm"  ' I ' hen  fo r  any  For 'P  €V a l ld

s t , s  u  ( , ) ( . ' 1 , , { , ;  s u c h  r h a t  t h e  e o l u f i o n  * u  1 " ;  i n  ( ' ; }

r r ' ' '  v e r i f i e s  
" " ( 1 ) e l i r ( l l 1  

( p 1 ) ,  o  "  " , T { i . ( n 1 )  ) '
w r t l l  X * ( C ) = P u  . r / f i ; ; 1  t " l \ v I t  T o o  "  t ' ^ k " ' L '

I'r" o of

*" r ' '  a  at r  o r  arn s the nr*n i f  o1d
I l y  hypoLhes is : ,  t -he  sysr 'e in  ( t i  inve t : ra te

M Z ( , t l l - + l ( l o ) ,  "  o  '  1 i { r r ( i : o ) )  t ' h i c h  } ' a s  t h c  d j - m e n s i ' o n  k  a t r d  b y

( i  i )  the  C i iow t t t€ore i l  i s  epp l i cab le  1"o  the  sys te  n  (5 )  "

I t  fo l lov rs  fha t  po  gan be  jo i r :ed  t r i t l r  any  x r6 i ' {2  ( l l k+ t (uo)

i n  f i n j . t e  t i m e  b y  a  t r a j e c t o r y  o f  ( 9 )  c o r r e s n o n d i " n g  t o  e

por t i  cu lar  ,
/ a t  f 1 r  l ^  \x.2c I\ iZ \ : lp41\ vO /

( b )  r

.  \ ,  n  J -
r n J f f r 2 o o o 1 L

r  "  "  , F ,

r . teQ$,  u2

.+

6

?

1 . r

i

, . \ * l h e r e  € 1  ; . n .

r  o  *  r l l n ( l o )  )

c 0*1"ro1

€ *  i s  e

* . , T { n ( p o )  )

u  " H y  
( n 1  )  ) ' .

-4*.1 such

t

,

{

"1

s

n

Tl .

va lue

?

c . l

t Y  I

u(.  )  e i l | ,  tak ing i ts

c e n o n i c a l  b a s e  i n

b e  s u c h  t k r a t  i l i ( x 2

m

\  . i  *1
I  \ ) ^  - ,

CInd u2

"  x2eHl  (  t t t  (  n1)

( r )6 "L : , qe . . . '
T h e n  t h e r e  e x j ' E ; t *  t 2 ' ^

t  ha t  * t t2  ( * ,  )  =x2 .

By suhst . i t .u ' t , i rnT=* t '  enc l
L2

f r  , t  .71
gi ve s t irat x L"- (6 ) =x Ltz (7ZS

l i re  fo l low ing  i -s  an  obv ious

: -,/^ 4
. - ::- /. i)= .i-?.t^ f=:Al " comltl ltr ' ,t ion

c ' i  eno l l n8  uz \ { '  ) *  ' f  L {4  ' -  ' 7 -  LJ l  i  
;

+ . . " r + - i  t . a  r j - \  u r i  1 ' . h  * f u '  ( o ) - n -  
"  

x * r  ( I ) = x r .
I u l - a a . J - i f  \ / /  v v r v i r  r v /  . ' O t  I

consequence of  t ,he Lernm$ I  and condi*



d i t i o n  ( a ) .

.  
Cglo1l.arf ,

Let  the conc i i - t ions

by Lemma 1 such that *u

6

( a )  n n d  ( b )  b e  f u l f i l L e d

( o ) = R o ,  * u  ( T ) e M r ( l i l ( P l ) ,  .

and xu  ( .  )  g iven

. " ; H g ( r : 1 ) ) ,  w h e r e

1 n

, '

!,qpta 2

Let  u(  . )ewo and
' ( "

T h e n  t h e r e  e x i s t  l * r r (

i n  ( 1 )  w j . t h  x r r ( 0 ) = p o

x u ( , )  b e  t h e  s o l u t i o n  i n  ( T  w j - t h  * o ( c ; = P o -
,---\ | t

.  f  , ,  ,1 €Q( ̂ na l**(.  )  , ,h (.)J n>, soiut i  cns

*or"*sponcl i  r rg  to |ur ,  ( . . ) l  
nr l  sueh that

u(r) l<t l -1,  / r , ,  o",1 T>oanv/ t>0'
I i n

71-+ o{t

"{t  

x,(#;LQ)-r)

p r o o f

L e t  x u ( . )  b e  a  s o l u t i o n  i n  ( 3 )  c o r r e s p c n d i n g  t o  u  ( . ) G b '2A wrth
?:

x u  ( O )  = p o .  F i x  T ) 0  e n c l  d e f i n e  y '  ( .  )  r  l t 6 q s  s o l - u t i o n  i n  ( 1 )  '  c o r -

responding to r , r= f i1 ,  h;n= funr ,  
u( .1ei l ( ,  and w( ' )e ' f l ,  i  ne '

,Y' ̂ t ! ,t.
(ff ,e at ts n n X 

{ r 
^,f, $,, it, tr t )'^8, ! /r r 

r7,, a, a' t ) A'y lt

Subs t i t u t i ng

I t O  s o l u t i o n

L
4) l*[t,u)=fi, 

r{f,

t=n t  i n  (4 )  we  8e t  tha t

i n  (1 )  co r resPond ing  to

xr r (Zr r i r ) *yn(n ; t ,d )  i s  the

a new \{ iener Process ,n '*  on

the same probubi. i . i  tv spac.l9,fr Pf "

Name ly ,

*

T>0 .  Then  po ( t , xu (T ) ,D ) )0  f o r  any  t . ) o r  i f  D€7 / tF1 ) .

0 e n e r a l i y ,  t h e

coaponent  o f  a

q u e n c e  C e f i n e d

so lu t i o r ,  *u  1 .  ;

so lu t i on  i n  (1 )

;  - -
a s  I  o l j o w . g .

0)  i s  noL  ob , ta ined  ap  the  f i r s t

but i t  can beAfl :Vrxj-nated by a se-
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/1
{.. ^'{ r ,1

Z '  I  r L l ' '  / ' - - t  (

.l=4 "o d
u t t \

'o ' '  
\)= * l ' t ' : l  {11'S )wnere  a  {41 .=  €  t v . l  t  " ' )  /

/ '  [ t t  d
t )

We shall prove thnt, fV,-r(f rci\ nZI

*o (T )  un i fo r rn l y  w i th ' resPec t  to

bounded seL BgHn.

converges  in  p robab i l i tY  to

t h e  i n i t i a l  - e  o n t l i t i o n  p o  i n  a

Fix 6> o.  Since E _yyg_ f  vro( t  > l  
'1 ,  (see[+Jp, .105) where the cors*

at t lT
tanL C is  inc ieper , tdent  o f  po€B and n} ] r  i t  fo l lor t rs  that  there

ex is ts  f [ ;>0 suc:h thet

f"eB 
'au"/ rt > 7

/ " A

f  ( l  c h  l ] , l t , p ) l > N d J r b , # ' * ! /p  j c ' ; eM \ I f
U 61't 4- T' "

D e n o t e  A S = { u '

I i 'r, t{, a))* tttslz *

.  ,  . )  ,  / ro , r ,d ) t ,u  fn /tu:f* 1 fu/ttl, Al; I 
a!'td F

0 ! 4 4 1 ' {  -  2  t ,  t t ) , . / { , u > ) l /
c, f 1 Yo15,r'-'s'-ra/'5' f"B-* I J'"

n  u o . "

r or ,0 € fr -A; 
, le[c;rrl ,  where l in E sup !  Y)- t r ,Dl l  2=Cl"

r1+oo (=,t 1,r 
' ''^

.  Tlrer.efor.e 
,  I

tit (r, n)- xuffsf< e,f; -l /,,(/,r'ttlzexp ci'T, /''" ae f]- A;
k/t1 ,  

'  
O1t tT 

'

an t l  i t  fo l lows

G\ . - cr ,i .- . l,L lr. at )-xt(fl|.> t J * O
! ) r r r ( / f i "  

t ' ; i  '  lJ ' t t  L  '  tve '  t

P li.r' ll, 
[r,Qtt * xa(r) I > t I z /;"'fi{t"'efi

a

+ il, f /u€ A; 
" 
li"iTtD)-zutr) l>'s l

[ '

L oE {5 {u:t I t', [q ut *

any t)0 we have

t ^

tu( 'T) l= O , tvlteiLe C5&o l=

t
. , 1 :

a;e ,Q*A;
cne Ad

l i m

11*>N

For

l i m
{L->@

elld

.{ ltvL

n')e

,A s i (,,t1wt-tutrilz r J

4 3 -



u

w l r e r e  b ; - C  i s  a r b i - t r a r i l y  f j x e d  a t r d  t h e  l e f t  | r a n d  s i f t e  i s , n o t
r

d e p e n d i n g  o n  ) .

T h e r e f o r c  y - ( T , . )  c o n v e r g e s  i n  p r o b a b i l i t . y  t . o  * t n ( T )  u n i f i o r r u l y

. r * . 7i n  pocB and  s ince  x r r ( f i . ,  ; * yn (T ,d )  t t re  p roo f  i s  comDle te "

lv 'ow we are in  pos i t ion to  prove the Theor ,em. ,

Proof  o f  T l ieoren
A

Let  Fo,pfnt l ,  T)0,  VtUbT)  ne arb i t r .ar i ly  f j -xed"  L ly  h : r -

pothe s i  s  for  any 
"e [po,  p i l  ( t t re  l ine connect inp;  po r  F1)  there

.1

ex is t  v€UGj  ,  C  u  cube in  Rn,  a  ; l i f feonornh ism I I :1 , r - -c r  and

i .n tegers  V .kcny  0( r ro ( in  such tha t  (a )  and fb )  a re  sa t i "s f ied .

\ ' , ie obtaj . r i  f i  cov€r i .ng of  the conpi ic;  set  fno. ,nf  and sub,s ' r : rac-

t i n g  a  f i n i t e  s u b c c v e r i n g  v 1 , .  "  "  r v N J  v i i t h o u t  a n . y  l o s s  o f  g e n e -
- . - . . ' ' : - . ' :  " ' l ' , , t 1

ra l i t y ; ' - { ;Uhenoet t - , r  p1€V*  and Y i ip i *y fp  to r  a r ; r  i= }ooo.1}141.

vf  e choos e ar 'n '  t l

N 
I  open seL Lu69Vif lVio1 ancl  f i6Q a f ixed pcint '  te ' [

r n  \ n  \ ]  , , ,T 1 ) 0 ,  
A - , , T i = f  

,  f n  e a c h  V i  w e  a p p l y  L e n u a  1 .  f n  \ , t ,  t h e r e  e x i s t ' ;

atc,lil}atwA i'r, fi(:) w*th xl' (0) =iro rut: :tiy 
"1 {?r )6ur (t-t-, {#r ), . ., rik (*1) ) .

U s i n 6 l  t h e  C o r o l l a r y  w e  h a v c  p o ( t , * f  ( T . ,  l , 0 r l 2 C  f o r .  a n y  t . ) 0 . '

The  cond i r i on  (a )  gue : : an tees  po ( t , y  ,C r l >a  V l t ) 0 ,  i t

Ur{}i 'trtrr, (r ), . . .,rik (y ) ) #{.

B . y  h y p o f h e s i s  t h e  e q u a t i o n s  H i L t ) = c r ,  i = 1 1 o . " . k r e a n  b e  s o l v e d

in a ne ighbourhood of  Z=Y4,  f= f r f  
"1(Tt )  

)  r  where ? i *  ( l l r , ' ,  .  l I Ig)  r
 l  .  . J  .  , c v .

U = ( q f  , c . c , . h ) .  t l e  g e t  a  c o n t i n u o u s  f u n c t i o n  * * f r ( i )  s u c h  t h a t
't

#r=h (f i f  *1{r ,  )  )  and K(v)=h (f i (y )  )  ver i f i  es # (v)e d" i f

l r - o t t t r ) l ( e o  a n c i  4 >  O  i s  s u f f i c i e n t l y  s m a l 1 .  T h e r e f o r e ,

i l i e  o L i t e r  i r a r r d ,  u s i n E l

^ ^ *
tilJ t"

Pul ('1,'rt,f,r, K )>/ i/

Leurma ?-,  for  f i t  suf f j -c ies1i .y lat 'g,s

,t r, Nj

?) $, tt t41(/l,rU),,", /14 txl+p / i/'"xbul 1 E,

\/tr

w e

8 )



whe re

i s  f h e

f  i .ne

un [t)

9

f  !{YVt: i !- Yn(Dtl{r ' l

probab i . l i . tY  me&sure  genera ted

,
'5//'. I t

end l ' " / l  ,  kr , 'J )
a

b]r xfi (t, . ) j.n Lcinrnn) Tlrr -

l t J

.r- 7t 1 . J
t I h / v';r'/t ) = /

U t t
wh'/ )

where  wg]T  is  a rb i t ra r i lY  f j -xed  "

rt fotlovvs {lf . } e Q{ru 
""a

, t^ /  t 'o,  eny y in a ;uf f ic ient ly sr ia l l  nei 'ghbourhooci  of  Fo'

cont r :o l  u l  ( ' . )6 :Q$ anc '  t l - re  cont inu i ty  ' lenent lence

t l  -  r !

i n  ( ) )  v r i t ,h  r 'e .spec t  to&e j -n i t ' i "a l  cond i t ion  we f le t ' l

B  o f  po  such '  tha t  fo r :  anY z6 i l  t ' he  so lu t ron

c o r r e s p o n d i n g  t o  u ' l { ' ' )  a n d  z  w i l ' 1  v e r i f y

*;

U'sing the $i)me

of '  the  so j t ,u t ion

a neighr.trourhood

x ' '  1 "  ,  r ;  i n  ( i I

t n " l r ' r / \ - x
l l L  L  ' 4 t *  '

. f i

fv ' ,  A ,  f  r>o/r ,  t t .  / ( ) . \Di l ' , /J  r .  4,^.  
/  |

- - - r U n r r - / , /  *  A  \
g\ f '  "L t *irD, Itn, f io )= 

i,, l ' '  
( / '  l t L' ' t Y"'"(i /o' l 'oto*J )

re set ?f" rr+4 ̂ ! 'f ' , 
8t )> o

for  any T' />c i f  * ;Nr 'urro choosing Tr l=Tl  -  + 
' r 'e  obt 'a in t 'hat '  for

n J l  a ) t  .
eac l r  r r l l r l r  t he re  ex i s t  [ ; ( " )C  01 , { ,2oand  u ; ( . )C  V t  ,  wn( t }=  pL  w(n t )  I

l d i 1

such that.

.  lc) ?; rtrrJ",,t ao )> o

whe t ' e  r j f t , Fo ,$ )  i s

X] r*, . ) e,nd t?]c ) n

t o the contr ol "ill ( ' I

Ac t,ual-ly' ( 10 ) holcl s

10, )  ? , i  c 'u ,U,9o)  >  o

the prr :babi  l i  tY me &sure

w , ' ( . ) )  i b  t h e  s o l u t l o n

r v h i c h  f u l f i r ,  ? l  ( o )  = P o .

i n  n  s t r o n g e r . f o r m

,"" each nlsf

g e n e r a t e d  b Y

in  (1 )  cor r "e  seonc l inE

o (7",/ul l  4



on the ot"her hand us' lng g5*

i-ntt, ial contl. it ion in Lemma 2
I

- . , r i i l n / 4 -  \ r '  i . /  
' \ .  

I
L L l  . r /  \ T r ' l ) K t r q : ) 4 2

uniform convergence with respect t 'o

we get

wirere Ku A lX *V, , iy; xlrn ,il\{ *
' ' , . 'dependlng on z.

Def ine  U l r ( , )  and w+ ( ' )  as  above and '  i t  fo l lows
(\/ l r '  \ ( , 

" 
/ ^ - / '  t.pLLr' ,y*t.  /- ,  r  l i , \ .- .  1 /)?ri ldo)?o;f l ,D,f,olJ/\  f  ( l t n ' , i  t ) ' r ' " /  / - ' r 4 r t '  

n

[ lel l t  :  i !- ^ '(T,/n11 t €, I for anv zerr usLns (7)

and Coro t . la ry  r , re  ob ta in  Po(Tt ry ,$Ol>O f : :  any  Te20 l f  yGvV- ,  z tBn

for  any  z€Be l f  n lN ln

1 anci N, ls suffj-ciently large:.i1r.f

/  -r  l /
T h e r e f o r e  f o r  T ' =  U '  i v ie  have P"^  (O,x ,Eo)>o

for  any z€B and n l l ' l l  rqh ich represent  ( lOP) o - -

Vlhat vze obti l ined i-n V, can be repeated in each n*lghbournood Vi ' I ,

py,(, t)[loi,, hl]o, w,rt,tEg, Eh,te&/o,flt,lona rhe neighbourhood 8r..re &ru

of . dra e{r-., strch that' ff f f r,l-t ,io ,J, {i, ) > c

anct n?Nt , 
't:here rlr^r= 

ui,rr, 
, T: (-t, ,6 ;J, ,lx ) ,,,,' j-s the pro*

L = 4
babi l i ty rneasure generoled,,bY' ?f i tr")  vrt t 'h I{ f{ l= 3 and

(#lr,r ,  Wn [,))  f* Lhe soir:rron in ( i)  corres' ' :nd1,ng to f f ! f '1.

In each V; I l-=2 o" . .  pN v, 'e obtarn that there eXlst '  W', t ' : '  e lV)

ilrl t', €'2/), , 
g, q ei a

,r)F: (T',r/-,; :J,fr )> o

Tl { n b; rr,,! ,, /.' \where 
- l ;  

-  
+t+ a ,  , t \  r  ,  ' iJ ,  r t t , t  j -s the probabi l i t l '  r teasure
4 - n , :  ^ ' i  f

generared by i j t rr ,  )  v:- th ! i tu)=vrancl tE; ( .) ,  w. { ;1) is the

solut ion in  (1)  forY = t |  r ' ) ' . (v/ " /o'''t'(t'"D'J
Derine M=max I r.,-*r.. .N,uZ , t""Wo fu t'/tl= ui:4t)4

/  P ' i r t -  / . ,  X  i  / 1 , ( ,  t l  / z \ . t ' " J , ' , t l r  v r h e x e  T | ' = 0
c t n A ' l - ) ' ( l r A ;  - y r r [ y  ) -  ( t . t  r L ( , ) )  J  t - ' <  ) t ' '

t /w

' / v
-  t ; t / a 1
IOE anf ,/ t '(),t - j

U

nd I { ,  such ' tha t ,

n n
{0, artg 1e 

€rt dal fi7t1/" '

^J Xr/- | ",,.;f/, i{6.,)'t.'!,
Denote  p  ( t r  s ;y r r l z )  the  pro t rab i i i t y  g€nera ted  by  iq i ' r r '2 . ' i ; :a ' i  -  ' " )  '  v  '
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A J J I
where  ( f ( .  ) , d ( - , )  )  i s  t he  so lu t i on  i n  (1 )  co r respond ing  to  the

r-v /V r / r' " /' /1
cont ro l  u ( . )  w i th  x (0)=po i ' i t  , i .d t . f iOr
. v  ,  .  Q t !  . / i  J ,  - ; - * .  /  - . / . 7'P 

ft, bt ,\, lx ) = ?:( /-, b, lv , r l i l  t"{ z ta cL-tt-r t t .  J .J _  . - / ' '  Q t ' ' '  t  . r - ; " L  " / ' - ) d l * ' * , /  |

Thet 'ef  cre ,  usi .ng (10) ancl  (L2 )  f  or  n=l-{ .  we ob,tain

( - '  I  t  X  \  - 0  ^ 7  , '
\ T f  f q ' . , 1 r ! - 0 , 3 , | n " ) > o  ( u '  ^ ' \  U €  9 ^ t  ) L ' 2 ' '  ) N

and

r.J \-
ci\ /-*- n \

r4i, P {' l-t , o, l, o, ut- ) > o

,1j;JF ina l l y ,  s i nce  v  e$V ,8 ,  i t  f o l l ows

r

ds) F ( T, c, f,, \. ')" ),,P 
(T,t, 0 t f ",dJ),' 

' 
)"t't 

Tr'',irr-r'Jr-",dJr.r)?f rJi gJ* pLTr)

W

U s i n g  ( 1 1 )  a n d  ( 1 4 )  i n  ( 1 5 )  w e  o b t a i n

rol Fr[ 0{,,,vlrJfrm,0tl',,,{J)""J it'; ̂ ,r1,-',Jnr-r,ltrr u;Fft,61-oJr'-t,&r)>o
& 9ou

a n d  t h e  p r o o f  i s  c o m P l e t e .



' - -  42*

D* f ld i t idn  2

The system t l )  j -s c leternr in ist j .c rveakly conerol lable f rorn,

po to p,  i f  for  any T.70 anci  Vc} l (pf)  there j -s v/6W and a control-

n /

?t( ,  )  e  , f i ,60 such that  p) - :c"cr r ' le  \ ' ' J  >p ,  where 
" l t ( ' )  

is  t 'he r to  so l -u-

t , l on  i n  ( f )  co r respond j -ng  to  v r ( ,  )  and  u ( " )  "

The coni lus ion in  Theo.rem 1 requl res that  t . l ie  condi t lons

(a)  and (b)  ho lc i  ev*rYwhere in  Rtr "

In  the case ve want  to  pay a par t i -cu iar  a t t ,ent ion to  soni€

paJ.rs  po a Dae Rn **  t ,u ld  to  rep lace concl i t1-ons (a)  and (b)  rv i th

the f  o l lovr ing,

(*) Fo:: po r E1€ Rn there j-s a contLnuc-tus curve x tt ')

n e c t i n g  t h e r r r  ( x ( 0 ) = F o ,  x ( 1 ) - F l )  s u c h  t h a t  e i t h e r

ig  tOr f )  ,  i s  au  ad ;n iss :b le  so lu t ion  fc r  (3 )  r .  r : r  P

arry t e.fii, f J and vE 7:-(* (t ) ) "

In addi t ion,  for  any te [ i r r )  there ls a c] i f feoniorphtr-sm *t

as wa.s stipulated in conclit, i-ons (a) ancl (b) .

gn*eIss-3
Tne system (1)  j -s  deterrn in is t ic  weakly  contro l iab lc  f ron i

,Po to  l ra€ Rh for  any pa:r - r  (Po rP1 )  ver i fy ing the 'cond:- t io"  ( *J

The proof of th. i .s

in  Theorem I  rePlac ing

neigirbourhood for Pi
t  n 0 .

rLxedyv e tLlt)

Di'rn e r ir

ffin* proof of

vre are nct  in terestac i

T )0  ( see  de f {n i t i ons  1

r. '-t

r  t C l 0 r U  c o n -
r c l

x ( t )  o  t €  L 0 u t J . ,

c t , -( t ' n P ;  s v ) 2  u  : o r

thetrrern follovls exactly the samel '" 'WU:l; i '". i

ln i t ia l  point  po by x(a) r  an<l  the

required ln (a) and (b) by the ar l : f t rar i ly

Theorern i ancl Theorem' 2' lt f ollor';.c .t-irat' i f

j-n the controllal: i1j-t.y withi-n arbj"t::,ery ti ine

and 2|  then reFlaclng " for  a: :y T20" !n con-
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dl t lon (a) and def in i t , ion 2 by " for  sorne T)0" we get another

version of ?heorem 2 adecruat,e to thi.s caseo

E*Ml"=.

f )  Cons ide r  a  two  d imens iona t  sys tem w i th  a  sca l -as  Wiener

p rocess  .

l . ' )  d x ( t 1 = ( A x ( t ) +  B x ( t ) ) a t + c d w ( t ) ,  t ' v j ,  u 6 R ,  x = ( x r , x r )

{ o  o \  l o  r \  / o \
w h e r e  a = (  l ,  e = l  I  ,  r > 0 ,  c =  |  I

v  r /  \ - r 0 /  \ ' /
The  co r responc l i ng  subsys tems  (2 )  and  (3 )  a re

.  2 t  )  dxz ( t )=x ,  ( ! . )  d t+dwa

' ) t

and  they  i nva r ia tes  man i fo lds  x r=cons t . ,  x i+x i=cons t "

'  
.  correspondingly .  In  th is  example the l - ine 

"=fW* '  
i  x r=O ? pfuy=

l z )

a specia l  io le  s ince the two manj . fo lds have the same tangent

space  a long  L '

) '
Fc . r :  po ,pyd ; *Rz ,  n r7O,  the re  a re  pos i t i ve  cons tan ts  Co ,  C t

such that

no 6 ,o=[*€R2 .tl**l=col

fn  the case po and p,  are in  the same hal f  space xr )0 (xr ( ,O)  then

they  a re  j o ined  by  a  l i ne  a long  wh ich  the  app l i ca t i on  h t  ( x r  , x r ' )=x r ,

)  )  
>r r :h ism Ln concl l t ions (a)

h r ( x r , x Z ) = x i + x ;  i s  t h e  r e q u i r e d  o i f f e o m <

and  (b )  c f  Theorem 1 .

.  15 p. ,and pt  are d.n bpth u 'A i ' " r lo f  the l ine L L le l t  movinq

po  on  t i i e , i c i r c l e  so  by  an  admiss ib l -e  t ra jec tc r r y  o f  (3 ' )  Y ( t ) ,

t C  [ 0 ,  t ] , ' ' " ! t 0 ) , h p o  ,  X g ) = p 6  '  v r e  c a n  a r r a n q e  t h a t  P i  a n d  p ,

to  be on the same s ide of  L  anc l  p66 'L.  In  t 'h is  case th 'e  condi t ion

(
air<l  pr€- ,r= lxGR2 

,  t l** l="r\
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( x )  i n  Theorem 2  Ls  fu l f l l l ed  choos inq  as the  curve  x  ( :  )

r  6 . b , sJ
,  te t i , tJ

(\"/
x ( t )  ,

.1:.!.- ,*Y-E.'
1 * t ' o '  1 - t -  1

o=0  and  P t€  s ,  uhen  the '  cond i t i on

ake

ln;  ta [0,t I

l t - + t  f + - 6

(i*) ';.(H.)n, .e k,rJ

x ( t ) =

(.
,
t

I
L

p

\
\

I

I
,
\

J I

t rTa

UGR u,

, c=(
\

have

l x  ( r )  =  (Ax  ( t )  +usx  ( t )  )  d t+cx  ( t )  dw ( t )  ,  t70  ,

l ' d ' ,  o  \  / a  
r \  n

{  
'  

l .  d r ; o ,  B = i  ) .  r > o
\o  u r l  )  "  \ - r  o  I

d for some. posi t ive constants c ' ,1c,  we

2
^ m

r  "1 " ' 1
I dz=i -t; ' c rmr 

=c2m2

spond lng  subsys t .ems (2)  and (3 )  a re

d x ,  ( t j = - d t * r  ( t ) d t + m r x ,  ( t ) d w ( t )

dx ,  ( t  J  = -d2x2( t )  a t -mrxr  ( t )  dw ( t )

d* ,  d*z

U = : = u r x 2 ,  A f = - u r x ]

F i n a l  l y ,

h o l d s  i f

x  ( t 1 =

w h e r e  p l € S r  a n d  p r ' P ;

t h e  l i n e  * l = 0 .

1 " )

where A=-

are on the.  -qane s ide of  L  and p i  is  on

w  ( t ) E R

0 rn,

r'll,-r 0

" rol*" r*]="onra . and

( * )  l n Theorem 2

2 )  Cons j -de r  a  two  d imens i :na I  b i l i nea r  sys tem

\
) ,

/

'oi 
)

,1 - .1* ] 2
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The  d i f f eomor : f i sm requ i red  i n  cond j - t i ons  (a )  and  (b )  i s

de f i ned  by  H=  (h r , i r r ) ,  h ,  ( x  r , x z )=c r  n i * " r *1 ,  hz ( x t ,  
" ' r l = * l - ' * l
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a

Theorem 2  fo r  anY Fo ,P1eR'  v i r th  ' .no lO
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