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by

Dan Por,rXevsKr

Department, of l{at}temattrcs' INCRESTT Bucharest

1, TNTRODUCTION

In thLs Paper we extend the not ion of  topologlcal  degree

lntroduced by Shlp-Fah Wong j.n such a vlay that lt can be app}J'ed

qo :pproxi-mation schentes oo rlo1-Separable 't l :pological spaces. For

the'sake oE slmplrc l t ,y we clontt  bui ld the whole background'  analo-

gous t,o that vrhicir is -use,.$. in the",study' of A-proper mappings, but

o n l y s u r v e y t h e r e s ' u ] - t s f : c n t i r e t h e o t , , " f m a p p i n g s d e f l r r e d b e t v i e e n

the spaces of  a dual  pair .  I4,r !h is case o.ur degrae theory is sui ted

for a class of mappings ,wh!-ch lncl.udes t,he fa-continuous closed .ri lap-

pings, and. therefore,  the alreacl l r  studied, f rom thls point  of  v lewn

A*proper mappings. Besldes the crucial  propert lest  uhJch are the , '

existence theorem for ron-zero cregree, the addit ' lvtty on the domain

and the invarlance under sult;,ble honrotopies, some conLlnuity re-

sults are obtained. l, loreover a few tnterestlng applications are

provedc

2,  PRELITTTNARIES

Let t r  be a non-empty directed seu wlt i r  respect to a rela-

t, ion

IF tsr =["*o i- <'i

wll l  be cal led the sect ion of  F.cel lat ive to t l re elgruent Er The set
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S (tr)  of the sect ions of F ,  whlch ls a f i l ter base, generates a

f i l ter  W in ,  ca l led the sect ion r i l ter  o f  the d i rected set ,  f i= ,
ar

Let ZT be the r ing of  a l l  (general-1zed) seguences of

integers vrlt,h coordinatewise addition ancl rnultiplicatJ-on" Let the

relat,ion r&/ on ZF a* cleflned in the follorvrng way i

As  th is
E

o f  Z "

t,he

z ,
subrd-ng of

:vhl-ch wil l

with the indueed operat ions

c lasses  o f  cons tan t  seguences

be,  f rom r iow oD,  idenb, i f  ied

a subset F of tr  is saicl , to be a cof inaL of tr  i f

EfiF(E) +9 for  any EeF .  c lear ly,  E

seL wlth respect to

the  fo l low ing  proper t les"

grrt G E f*')
Lf 84, Er€ €G)

1 r  F , € E  E f  a n d
, f N

(iv) tre%Cr) $ and only Lr (F\6 4 WG)

3. TIIE TOPOLOGICAL DEGREE

r,et (xrv)  be a dual  pa i r  o f  tvro lLnear  spacesn on x  ther i i ,

ls  a  local ly  convex and separated topology,  corr rpat ib le  wi th  the

dtra l i ty ,  and on Y the vreak topologlz  0*(vrx) .

.Let  D be an open bounded subset  o f  Xr  a mapping g;D-*U

homotopy  c : i l x [on l ]  * y ,  where  51s  the  c losu re  o f  D  and  u

denote the boundarY of i :  in X.

set (with respec,t".:to the

sub-spaces ! ' of X..,,, i 'L€t, qg.:

ls also a non-enipty. cl!"rected

of  the cof ina ls  c f  t r  has

Alrd F.6 gG\
( 1 )

( i l )

( i l i )

then E4L) E"e qCr)

F{€ gG) rhen E:€WA)

and a

r.r{ 
'l 'l

Let tr be the non-empty directed

incluslon € )  of  the f ln l te-dimensi"onal

;,*,1*n^-, I t J,n* w]renever [t. o I vo= 8, J 
e ?@)

eguivalence relat lon ls compat ib le wi th the r lng structure
*, -olF

,  the quot . ient ,  seL Z-=A/* t

is  a r ing.  I t  contalns

which is isoniorphj.c to

j .n th ls wdy.
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note with JU"tfre canonical lnject,{on of F ln Xo wI-th i fr  f t ts gdjoint '

. f ronr Y or, r .  * ( the " lual of f ' )  n vrtr th gi=j i"gojf , :F4D*>f '  and with

G u = J $ . c ( j r ( . ) r . ) :  ( r n D ) x l o r r l - - & F .  A s G r u * )  l s  a l s o  a  d u a L  p a l r  a n d

the onl,y 1oca}}y convex ancl separate<l topology on F l-s the Euclj-dean

one,  we shal l  ident i fy  F*  wi th  F,  f ronr  no\^ t  onc .

Dp*f  j -n i t j -or i  ' I ,  
a)  The nrappi : :g  g ls  ca l led f  a-cont lnuous i f

be a subset  o f  D and YeY;  the naPPing

? (^.*

i s  con t inuous  fG S (F)  .
f J

i?)  LeQ A

I ted  so lvab le  fo r  (Y  rA)

.1
C
)  reiF
L

g l s

ln

ca ir vt'u (a) lniplies fne nl lX#4rrnr,feffir).

FfrI"** ' ]n r f  A)PC6' '  yeY and g is solvable for  (yrA) ar id

( y r ' g )  t h e n  1 t  i s  s o l v a b l e  f o r  ( y r A U B ) .  I f  R g B r V / V { $  a n d  g  i s  s o l -

vab le  fo r  (y r  E  )  then g  j -s  so lvab le  fo r  (y rA)  r

i#*13s$:* "t 
The hcnotopy G ls ca.lled fa-continucus

C r - n C - ' - r . \i r  l r  e 5 I  uu ls cont lnuous J 
€ Fttr) '

b) ' f iet  A be a .subset 
of  D and yeY; the homo-

ropy  G is  ca l ted  so ivabre  fo r  (y ra )  i . r  y {c1ax [c ; , r l  )  impr j -es

['.o I t7l/- q({onn1x[o,,,]) f etr(r)

f),e.f*i 'tt$on*il Let ye Yrg (i) ; let E be fa-continuous ancl sol-

6, . ri*" [*rli$vdsp lrni) ano su contln.rous/ e trer)
r )

and  hence  the  sequence  luuo  
(g r ,  FnD '  j $  V  $ . *  

( r+here  deg( ' r ' , ' )

d.enotes the Bruuwer degree) determines an elem*ut of 
*Z wh:ch

we ca I I  [ he  deg ree  o f ,  g  on  D  ln  y r . . deno ted  by  ueg (g ru rY )  r  '  4 : , . . ,

a' f)'rr \
Rgg*5S 'AWtn is not an ul traf Jlter, '  slnce tr € V (tr)

bug neltirer the subse! of spaces of even cJimension nor the subset

" D "
o f  spaces  o f  odd  d inens lon  be longs  to# ( f : \ ,
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R e m a r k . 3 - .  r f  A 9 6 ,  y 6 . Y  a n d  q  i s  s o l v a b l e  f o r  ( y , A )  t h e r r

f  : S  * v  d e f i n e d  b y  f  ( x ) = q ( x ) - y  i s  s o l v a b l e  f o r  ( 0 , A )  t  i f  s  i s

fa*cont inuous then f  is  fa-cont inuous;  hence i f  y  and.  g  are l ike

i n  D e f  i n i t i o n  3  t h e n  n e q  ( g  , D  , y )  = D e g  (  f  ,  D ,  0  )  .

The-orem 1.  Let  yevrg (6)  ;  l .e t  g  be fa-cont inuou.s ant l  sd lva*

?  |  i r  . - \  /  h  , \  l n  r r - - - -  / 1 \D r e  r o r  ( y , u )  a n d  ( y , n )  .  I f  D e g ( q , D , y ) 1 0  t h e n  ( J )  x € t D  s u c h  t h a t

g  ( x )  = y .

,  The-glgln 2.  Let  D=DIUDZ where DI,  DZ are two Cisjo. t_. t  ooen

l ,onndcd se ts  in  X ,  yeY l$( i f  U  b2) .  I f  g  i s  fa - -cc ,n t inuous  and so l -

v : b l e  f o r  ( y , b I )  a n d  ( y , D z )  t r r e n  o e g  ( g  , D , Y ) = D e g ( 9 , n r , y ) ' ' D e g  ( g , D y Y )  '

P - r o g f . .  c l e a r l y  y # f  ( i r ) ,  ' , ( . t t r t ;  a n d  f r o m  R e m a r k  1 , 9  i s

i e f i ned  ands o l v a b l e  f o r  ( v , 6 , d  ; . ) .  T h e n  t h e  t n - r e e  d e g r e e s  a r e  i
I Z

the theorem fo l low f rom the sum formula of  the f in i te-d imensional

Y;; (F)
' /.,

€- Yj !T) . we prove

. i  + - ,  ^ 4 '  ^  { n vr u y  v r  y . . ! v !  ( v r D )

r ) ;  c o n t r a d i c t i o n .

0 t l :en

n '  i  ' N
l y ) = o  \ i P  w ( v )
r *  - J  ,

F , F f l D ;  : f " t + o l e
(  |  *  . ?

lner i  j iv €.oo (FrrD)J

t io  ad absurdurn.

f rom the so lvabi l

: fv e sF (r n ald€t

t r o o f  .  I f  D e q  (  q  , D  , l )  t '

a '\ |
i  Fe: .  lF  I  des (q- ,  F i tD,  j
t  t  ' ' ' h "
\-

( ( ' i
.  a n d  f r o m  ( i v )  3  2  

i  
F € F ' l d . s  ( g

.  F rom ( i i i l  !  z  f o l l ows

now the asser t ion by a reduc

S u p p o s e  V { l @ ) t  t h e n

. { ' t
anr l  ( i v )  !  2  we  se t  ) re  

m ' l

c a s e .

T h e o r e m  3 .  L e t  y & Y \ C ( i x [ O , f ]  ) ;  L e t  G  b e  f a - c o n t j n u r : u s  a n r l

s o l v a . b 1 e  f , o r  ( y r i )  .  T h e n  D e q  ( G  ( .  , t )  , D , 1 1 )  i s  i n d e p e n d e n t  o f  t .
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analogous proper ty  of  the

5 -

direct ly f rom the Def in i t lon 2 and the

Bro$wer degree.

Theorem 4 .  Le t  B
- t

s u c h  t h a t  g  ^  ( y ) c -  8 4 . D .

(y ,  f i )  and (y ,  X  \  e )  .  Then

be another  open bounded set  o f  X and y;3Y

Let  g be fa*cont inuous and so lvable for

D e g  (  g , B , y )  = D e g  ( q ,  D , y )  .

f  h ^ n  . { -  = l -  i  n a  i n  a C C O U n tL I I \ J I I  L O , A I I l V

I {ence we have cnIY to

v { u d ) ;
d e f i n e d .

P r o o f .

the Remark 1

c l e a r l y  v f i s t | l  a n d

the two degrees are

set l**lort 
( tfivt{ p n e|€g w , that is m=tum'lsot t:$'l n

*OleE<ut.  Fol lowinq ( i i i )  $  ,  [ " "  nf  i f rv  6-  eFtr  r  e l ]€ Vw

cludes IE ,and f  inal11,  {  *" i  t#o FqF (r  r ' }  (xre )  ) . !# Ft")  which

n t rad i c t i on  w i th  V  f  g  (X  \  B )  as  q  j . s  so l vab le  i o r '  ( .Y  ,X  qB)  .

t inuous  and so lvab le  ' fo r  (0 ,

r  " )  t -

l n "  
j . s  o d d  o n  F , 4 D | t * t r l

g  i s  f a -con
( '

r f  t F e t r
t ha t  i s

l l  t r r e )

a s  i t  i n

i s  i n  co

wiiere

Frur ,2 -
is oddJ e

[ ' *  
n

f  . t i ' ?
t  !  J , ie t

p rove  tha t  I  to . *  in r t t :$v l  
qv1"Je ;Ro l  '  supoos inq  tha t  i t  i s  no t

t r u e r ' w €

T h e o r e m  5 .  L e t  0 € D ,  D  s y m m e t r i c  a b o u t  0  .  ,  0 C Y \ q ( 6 )  ,

D ) .

t h e n  D e E  ( 9 ,  D , 0  )  i s

l l ^ / ] A  r l
u u u  t

d e q ( q . . , F  n t , 0 )

and in p a r t i c u l a r  D e g  ( g ,  D ,  0  )  l 0  s o  t h a t  0  €  g  ( D )

Proo f .  I t  i s  a  s t ra igh t  consequence  o f  t he  de f i n l t i ons

ai id  of  the Borsuk theorem in the f in i te  d i rnensional  case.

Lemrna 1 . Let (  A  a  d i rec ted  se t  w j - t h

be a fanti ly
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i-s

ra*continuous mappinss frorn 5 ro y, rr t *f 
i< g%) ,'N|l j*^

convergcnt to zero (V)xe;x,  then

{ t* i,= I ,:ff. i < vf * ), x>l ffi,, clr *re =j *. W(v-=)
ZCFN D

H*g!' .  l ' ie shal1 also prove thls assert ion by a reductlo acl

absurdumo' It follows that f l)[Eeffi,F) such that

^ e,-

F'

,J,Sr {< vir-1, ry..} I * *'
Wb) su;h th,et for any S*d^,

1r t*) 4' e Fll]}

u As -J j.s uni-formly

f"n which

ci" i re C €) YF €' t

Irence (gi C€ )O anct A

--:-ff; I < si-Gl , x'; I
contlnuous r.rn FfiD, (#) J'e'

ror  (y , i r ;  Let  f t - . i r *  k
ls  unl formly convergent t

, I .

Y* 1s  (y rD)  -so lvab le  anc l

,(which J.s . i-n fact more t.han the

ancr I u* r ] .LV ( gJ, F'fr.o, iJA>
whl"ch coir ipletes the proof o

("
,-

{( vrr{*r) ) rF > ! } cr
< v-,Ican , E,7 s: ( yta,
ir : trmpti*u 

u# 
i< ytul, y--ll

t ,he hypothesls .

; together with

%")r *,y,) = ( yt+l , Y'' )
:.f O which ls j-n cont:adi.ctj-on wlrh
i€Zi

jhddid6i r ,et yeyrg(i) ;  Ler g [e fa-conrinous anrt so]vab]e

a fami ly of  fa-cont inuous mappLngs, whic i r

o 9. rhen (3) tf,c- A such rhar Cfl d^; d

D e g  ( E  r J ) ,  y )  = D e g  ( g 5 ,  D ,  y )  ,

the famlrlz Ino-n?o*^ s.i t lsfy
$  > ^ \
t , rooI 3
?ry

the condit i-ons

Le t f s  no t l ce  tha t

of Lenuna 1. Thus

( :fodr*r*il(elr ,Y> |j rerl sar Itv ' terhd # o  L t ' t * e t r l e f f . : f . )  .

i t  fo l lows frsnr the cont, inui ty 'property of  t .he Frouwer degree
J(

dug( ' rF0Do j i r )  w. t th  respect  to  the un l form topology of  the space

of continuous mapplng" C(r 'n6rr ' )  that tJl  {*d such rhat,

tfl .f ) [ vre have
( -  - . -  |  - . d  ,  $ ' ^  - ^  - )  ^ 6 >
i i*e rr I a;W1 q:(rni) j € "d--(lp)

( y , 6  )
I.: A..ES: ?{il,

-sol .vabi l l ty  of  gS)
f  .  + t L .  r  )  ^

t S r l F ' i l s , t : F ) l  *
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4. CLOSED Iv1APPINGS

In th ls  sect ion we star t  wi t ,h  some Lemmas which wi l l  prove

("

that  the genera l  degree t . i reory Jevelopped in  $ 3 ls  su iEed for  the

c lass  o f  f a -con t i nuous  c losed  mapp lngs '

lqrym,a ?," rr A{fi0 veYrs(r,) and E =lr€'iF[ 't j t"gr(rnnl]e= Vfu=)

t , iren y€(9 (A) ) P r

g5ggg" Let xGX ancl B€{F wtth E}x. Then for any F

with F€ffi we have

(g(*rl -, j tx)=( gr*')  ̂  l i  t #;4>
f o r  some spec ia l  cho l ces  o f  x r€F0A ' 'T l t a t  i s  s (X r )  * ' ' \ y  and  as

g i x u ) l V  t h e  r e s u l L  f o l l o w s ,

Di'rfrri ia"-3n'- Let g b€ closedu Then '; is solvable for (yrA) t

.  t  l .

d)yeY and ( f )a  c losed subset  o f  D '

9#g" Let Y€Y''g (A) and suppose

Lnni i=!  # t {Sogrn*"t j  f -  7G=) .  usins t iv) fe ve not lce

t , ha t  wc  a re  i n  t i r e  conc l l t ' i ons  o f  Lemma Z ; t i r en  y€ (9 (A ) ) ' n  As  g  l s

c losed  i t  r esu l t s  t ha t  yeg (A)  i  con t rad i c t ' i on '

temmaYo Let ,  g  be c losedo Then g l -s  so lvable for  (y ' tA)  t

L ,  ' l

l f l ye.vrgtA)  anc l  (n  A open subset  o f  Dc

H d g g . L e t y € Y r g ( a ) ; t h d n y e y r g ( X ) a n d t h e r e s u l . b f o l l o i u

uslnq Lemma 3 ai ici Rer' iark L.

f,d"fri i 'ait5. If the homotoPy G has the follov"ing proper't ' ies:
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' t O  r .  l  .  { -  \ .  . t  n  ^ ]  a c n A  

r  " !

r  \ : r ' r t )  i s  c l o s e d  ( Y ,  t . G l ! r 1 1
n

20 G (xe , )  l -s  un i fo rmly  cont i -nuous  t f l  x€A

then G *s  (y rA)*so l r rab le  ( f )  yev  a"na  { f l )a  c : .osea in  b .

P.*oJ. Let yeYrG (Ax [0, ]J ) .  suppose L]rar (J) toc l.o, r-1 sr.rch

rhar (V)n€ lhf 8* ={ re r 1 i{V e Gr(i,r.?r{)x vr} J € Wtrl ,
where vn* (to- $, *oo$l 0 fcr , r.f , rirat j.s (:3) toe I"o , tJ such that

t yl n € ## (3) ffi* € V @) ivith the property; ' '

C # l  F € w r l  ( r ) ( x f r * " : ) e G n A ) x V *  r ' r v r h i c h

4W 
= G (x{ rt!) * .i-I.6 ( tJ' , ri') . }"ro'r 20 fotl.or+s t,hat,

( ' f )  xex ( f ' )  aua and (y)  E.)  0,  (J) i \ t  (e,x)  € lhf  such that,  for  antr

nll. i  (6rx) vre have

I <G  (o , t ) -G (o , t u )  
"  

t r  )  |  <  €  L / )  t <= -  V , ,

Part.J.cularly (i+)nli ' i  (€rxl anci t i l)n.e fH,. we have

|  <c (x!,tf i*G(*d,to.), x> | < €. , T:er be E e, F

wllh ESxr then foi  ( f lFe iFir .  vr i th r '3n i t  fo l lor^,s

I  < ;  *e&! , "L) ,  y  >[  *  i  <  f  ^  G&{;L) ,  iuu}  |  =
= ! < 4i,J^ i;"G('x'{,4,), t > l= !< i-:"G(zJ',t;)-fj (;(*}, r,,)'rt}:!*
= | <G(xj l , t l  t  *G(+{tt. \ ,  gre>l=l<&*i, r#)  ̂G(q&),:r;  f  < a
T h e r r  ) ' € ( G 1 A r t , o )  i  t .  A s  A  i s  c , l o s e d  a n d  G ( . r t o )  r s  c l o s e d  i t  r e s u l t s

:"ffi (A, L.r$ " But rh f s is nor t,rue . Hence (F) te[9 , r] ( 3] vt a

neighbourhood of t open j-n 
[O r t l such t,hat

tEt * f rc rr I t: H .1, 6r({rn* } x V"6) 3 €| *I A d Gr({'n,i* } x v"6 i i w'*rN
( - - l  r -  ?As the famlly tvt l  telb,rJ is an open covering of Lgrf j ,  we ean

e x r r a c t ,  a  f j - n j . r e  s u b c o v e r i n g  7 n ,  i  t = . / , ? ) - - t ( 3  r i e i t
K

il H., G. q" r:e F I dF ff e G, (GnA):< t", ,l) 3i e |  
L L  L  ' t F \ ' ,  r  i  * . |' 

f1-.
rnd  as  #" ( t r )  l s  f l l t ,e r  l t ,  resu l ts  tha t  G j -s  (y rA) -so lvab le 3and u* ,Fi

'  
lJe f in ish.  t .h is  s*ct ion wj - th  two l -n terest ing appl icat icns;

.  t i r idre[ '?.  Let  y.r  py^ i re. two poi"nts of  
' the 

same con,pnnent
* .+s* raadc  1 ' l  r  J

(1 .e0  a  max imal  L inear  connect ,ed  open subset , )  o f  the  ope i : r  r iubset , . . .
o

Y\g (D) ,  where  g  r s  a  fa *con t i nuous  and  c . ' l - cse< l .
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T h ' e n  D e g  ( g r D ' r y l ) = D e g  ( g o D r y 2 j  ,

kgsgn l {e  c le f ine th*  hornotopy H (xpt )=9 t " }  -$ .V i  +  ( f . - r )d

whi-ch c lear ly  sat : -s fy  the condj - t j "ons c l f  Lemma 5u Then I I  is  so lvable

for  (or ,1)  u  As 0€y\ .L I t$nhr fJ  I  and I . t  j -s  fa-cc, r t r r looou j . t  fo l lows f rom

Theorem 3  tha t  Deg  ( t l  (  , t )  uDr0 )  j " s  i nCependen t  o f  t "  F . r r t , i cu la r l y ,

D e g ( H 1 " r l )  n D r 0 ) = D e g ( I I ( , r 0 ) r D r 0 )  a n c l  t h e  t h e o r e r n  L s  p r o v e d  t a l e i - n g

in account  R*mark 3.

:ffi.gggJ (Sbl:auder) 
" Let x i:e a Hilbert space, tr =[xe"f ff"lf<tJ

I f  grE*I  is  a weakly-cont lnuous nrapping fhen g has a f ixed poJ-nt

r n  D o

gl* I"  I {e cair  suppose that $(x)fx (V)x, ; f r .  r f  w$ clef in,&

F(xr t )= r - tg (x )  ( f )  ( : ; r t )€ i l " fo r rJ  r t ren  fo r  *e - j r  = [xdx l  f )x t t  = t?  r . ,e

h a v e i i u l " , r l | l = l l ' * s " t x r l l . f 0 a n d ( , / ) t e [ o , r ) i i ' ' t * u t ) f l >

)  U^ l t -L  l lg  {x) l l | r l - t }0 ;  henca of r i  t ix  [o  n  lJ  )  "  c rearry  r {  iu  ru- .onr{ -nuous,

bhen ln order to apply Theorem 3 we have to prove that H r-s solva]:-Le

fo r  (0 rD t ,  v r€  sha l l  t r ea t .  sepa ra te l y  t he  cases  te [Or f )  and  t= lo

suppose that G) tgf,onrt such ihar lre ri j! 'o F HrF,tn,ro) j * 81,rtr,
thar is (j) E4; '8W) sucr' rhar (y) r€ tF (J) xoepn 6 vrith

u
j ' "xu=to ;u  (xu)  .  r t  fo l lows

. ,

o =( AlGr* r.,gt+rl), tr) = it *rilt* '4<5{E), *.

conLradict j .cno Now, suppose that (g) f f iC €( i f=)  such that,  (V)re lF

(5)xu€rnf  rv j . t .h j$"r=Su (xu) 
"  Let  xeX and Ee. F vr i th Elx.  Then

( t ' i re  E wi th Frs;  1xr* I (vu) ,  z)  o <; i :Qr*g&rS), :E> = O

hence 
"r-9 

(xu) $- 0. ,  As { *t  L- *€ D ana F is rveakly compacr.  ' r f c t E

( 3) xoc S ancl (l ) iF./e V @i such that 7.r g-*|o f" . raking

j-n accotiiit- the vreak coutLnuj-Ly of g lt. f oiiovrs g (xc., ) =xc, i ct:rrLrerclic-

t i o n "  T h * n ' f r o r n  T h e o r e m  3  j t  r e s u l t s  D e g  (  ( l i ( "  e 1 )  r D r 0 ) = D e g { } i (  
' r 0 )  r D r 0 J

'  = D € e ( r x , D , 0 ) , = 1 * 0  a s  I r e  1 p  I  ; i g ( I ' F S D . o ) *  t . i  * ' i { f t q  $

B e c a u s e  v i e  c a n  p r o v e  t h a t  H ( , r I )  i s  s o l v a b l e  f o r  ( O r D )  e x a c t i " y  a s



* t 0

for  the pafr  (0r l l ) ,  f roRt Theorem 1 resul ts that ,  (3)x€n such t .hat

H (x r  1 )  =0 ;  con t rad lc t ' ion .
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