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t r 'ou i ld lnd the c lass ica l  rnechanics and the spec ia l  theory

of  ra la t iv i ty  on the pr tnc ip le  o f  i .ner t i "a

Alexand.ru Bre zule*nol rDan-C onstantin R6ciulescua

l1n, t l tute af.  &iat hematice r$tr,  Acad.enie i  14 rBuc hares t  rRornan ia

apo ly t . . hn i ca l  I ns t i t u t s  o f  ouchares t  r sp la iu l  I nc iepend-sn ' !e i  1 l i ,

Buc hares t ,Rsnflp ia

So tho nemory of Iul ian ?opovici

, l , . In t roduct  ion
I  

a Y r  w e  t n v  t n  I  i n e r t i afn  th . ls ' -F*pur  we t ry  to  show that  the pr inc ip le  o f  lner t ia

when expl ic i t ly  f  ornu la led f ron a 'eatbenat ica l  pu in t  o f  v iew

a*ssure us that  the un ivefse af  events  bas a s t ructure of  ana-

l y t t ca i  nan i fo id .  genera ted .  by  an  a t l as r the  coo rd ina te

t ransfor rnat ions betvreen the char . te  o f  th is  a t las be ing homo-

g raph ios .Unc le r  s t ronger  hypo thes ig  ( fo r  co l l i nea t ions  o f
7

c i a s S C , ) , . b h e c o o r d i n a t e t r a n s f o r r n a t i o r : b e t w c e n t w o i n c r t i a }

. re  ference systeas was proved tc  be a homograpi :y  ( f  or  i5atancs '

see  l -O l  o r  the  o r ig ina l  p roo f  i n  LB j  ) . I n  ou r  t rea tne  g t  we

drop out  any cont inu i ty  hypothes is  ras we f  j . rs t  rnac le  in  [A l  ,

I l lo reover  in  th is  paper  we character lse houcgraphios whgs0

d"o ina ins ar€ not  opon in  lRn {se e l .  } )  - f 'h ts  j .s  e$sent ia l t "y  Lrsed

( ln  $  S reepoc ia l l y  j . L i )  i n  o rd .e r  to  ob ta in  the  d i . f f e ren t iab le

st ructure of  the un i .verse of  svsnts . f fhus sn the u{ i iv€rse of

e r ron  t s  M,  the  p r ine ip le  s f  i ne r t i a  l ead"s  ;o  a  d i f  f  e re  n t i d ; l< ;

s t : - r : " c tu reE f ro re  wh ich  e i ' bhe r  i he  Ga I i l e i  s t ruc tu ro  o f  c lass i ca l

mec l :an i cs  o r  the  l f ey I  s t ruc i ;u r *  o f  t he  spoc ia l .  t he  o : : y  s f  re la *

t iv i ty  were d"e r ived.  (s  ee $ l )  "  
( t ' i re  prob lern of  u 's  i  np5 msre



, rphys ica l t t  po* tu la tcn !n  ordor  to  d .educo tbat  M has a d i f f  erent labte

mani f  o ld .  s t ruc, ture wa* t re  a tod.  r in  the cas0 0f  the genera l  the ory

of  re la t iv i 'by ,  f  or  example in  L5 i  ,  [g  J  ) '

, Ih ls  paper  is  c ler l icatdc l  to  the melnory of  our  la te  f r iend

and  teacher  i n  Ssone t ry  oCr r . fu l i an  Popov ic i '

Le t  U  bo  a  eubso t  i n  Rm.  A  func t io r i  3 l  U  - -Rn  i s  ca l l ed

a  l i nea t ion  (o r  a  co r l i nea t ion )  i f  F  naps  any  th ree  co r r i noa r

p o i n t s  o f  U ' i n  c o l l i n € a r  P o i n t s .

Fo r  any  po ln t  x  6  Ra  we  cons ide r  the  se t  C"=  i y ;Q(x -y )  >  0 ]

where

( r . o )  Q ( z ) * ( u l ) 2 - ( r 2 ) 2 -  o . o  - ( r * ) 2 ,

f , : r  r , * {2L1 . . .12n )  i n  the  s tand .a rd "  coo rc i l na te  sys tan  o f  R&.A

st ra isht  l lne ( f  ine r f  or  shor t )  1  is  nan€a. . ; ;a  . t ine.  ] . in-o-  i f  thare

ex j .e t s  x  € '1  e . t .  LC0*  t - ,  { x  }  " f he  t i ne  de te rn ined  by  two  po i i l t s

J t n  €  R m  w i } l .  b e  d e n o t e d  b y  y z " T h o  o e 6 ; i e n t  d " e t e r n i n e d  b y  t w o

po ln ts  x ry  €  Ra  i s  deno 'bed"  by  [ " r y ]  "en  e f f i no  2 -p lane  (p lane  ,

f  o r  eho r t ) ,  r€sp .  k -p lane  w i th  k  )  2 r l vh i ch  eon ta ins  a  t . * : l qe  l i ne

ls named. a i,i.igg--P.lgsg'r'es p. i]39-hPI3.[9.

A funct ion 3r U ------*-" Rm ie ual led a lgrrt lal-  l ineation i f

f o r  any  t i ne  i ! r . c  d . rF  maps  any  th ree  po in ts  f ron  a  cgnnec ted -

subee t  o f  d .  n  U  in  co l l i nea r  po in t * .

0n $?n we con$ic ler  the euc l id .ean topolog l "

:  In  ordsr  to  in t roc lucc a < l i f  f  erent iab le  s  t ruc turo on the

univsr$e Of events anC t0 d"eri ' , 'e t i :e Gal i lei  and i ldcyl grCIui)$ wG

pr0vs the fo l l -o lv ing
m

i.l..ftre srem.*Igt rn 72r -lgg U !-9"-*--F-$hg,"g!*gi, R* ffi*

tagiigf U gilqql.-*gJ-r!;1:ijl*J*arlS v' :*-:.pgg--lg v -*gA.Jg[ lir Li" -***** rRn

!S"*g.g**$Sg-t.fv-g*pgt$t-*"i**tilgg-!:i,-fl:.Slglgg.-q**Lbe!:U.i,s-corl!"s:q.-!S-g

h1,r * e gme-q{s ;-!",1S.q9 q{-}e$.""*jgT-t-p-lg!S T g,ggJ-bggg*Sgil:gal-],iil g.gl

j .p:lgj$. ' /6r\ '1rv2 e $ /l t i  *d"r r '(vo ) rr '( 'vr ),r(ve ) gfq*g_tg
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col l inearsv^:v . . ,  rv . ,  ara conta ingd 5;1.a : iqnns-c- ted cqulg[gn. !  T"
r v Y : - + : ; - : 1  
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r lhe n F is t  he res tr ic t i  on t  ct u olg .hq,nogf,ap!:;:*

(t.l.fffunction Hr Rn \ E -z [{n ie called, & hornography if

H(x  )  
i * (

rtl1"

L r J  , , j , *  t  / r  f  r r  
' i

" i r i '  - ' " t rn+ L)  /  
(  ) - -  H, , r+r , i * ' * I t * l rn+})  1  i=1 'e"  "  e I ' ,

,J=1. i=I T
where r  I { r " ,  U  * r i , i = l r . . .  en * l  u f r a - - x= (x te . .  '  e x& )  €  R I I }  \  s1$  i s

* : .  enp'uy set  or  ths hyperplane of  Rs having the equat ion

L q- l*  jx i**** l rn+l=0;  the rank of  tbe rnatr ix  orrJ is  m+t) .
j = l  

4 r  * t o t

t "J , .RSrySfS.There ex is t  subsets  U as in  1 ,1 but  whlch ar€ not

op6n  in  the  euc l i de

c e n t r e  x  a n d  t a k e  a  s s q u e n c  a  Z =  [ z n i n  €  N J  v : h i c h  c c n v e r g g s  t o

x e.  t i  "  xzntn e [ i  aro c l i .s  t inc  t  t iue , l ines and any t in ie  p lano

con ta ins  on ly  a  f  i n i t e  number  o f  t i r o rq .Then  B  \  Z  i s  no t  open

bu t  has  the  p rop€r t i eu  o f  t he  ss t  U  f ro ra  I . 1 .

fheo re i i t  1 .1  i s  p roved .  i n  f i  2 .An  ax iona t i c  p reeen ta t i on

o f  the  p r in * ip le  o f  i ne r t i a  i s  S iven  in  $  S iL t  l *eds  to  a

s t ruc tu re  o f  ana ly t i c  raan i f  O Id  f  o r  t ho  un ive rss  o f  even ts .

l f eake r  cnnd i t i ons  wh ich  : "mp ly  Ga l i l e i  o r  Wey l  s roup  a ro  g i vun"

A  g e n e r a l i z a t r o n  o f  t h e o r e r r i  I . I  i ^ s ' p r o v e d  i n  $ i  4 " S c r m e  p h y s i c a l

tnp t i ca t i on  o f  ou r  t rea t , l oon t  o f  t he  p r inc lp le  o f  i ne r t i a  a re

ske tched  in  $  3 .They  a re  nadc  i i y  p .C"R$ .d .u lescu .

2 *The proo f  o f  l l i :eorer *  l . lu

8; , l "For U ae in lL ' l  i l r , id"  f  or  any

is  opsn ; in  d .  be  ca l l s  $  there  is  a

r r n  n r o v e  I . I  v J c  n e e o  sJ - U  y l  v v L  & a . L  l r v

2,2 "Lem,;ra. !g"ii l ' l bS"" .lrFrrbs"gl.9f

in iect i r rc  funct : -on r , r . rg- !  [ " '< , rv l  C

I ine d"  o f  { t tnn the 'sc t  d  f l  u

t i ne  p lane  inc lud " ins  d "o

CIrne p:re i iur i i tar ies .

RIn a.nd- let lrr N --z nm b€ an

N,  fu-u npo"q s  t  t ra t  in  t  he vor t ica l
4@..s
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($;.e*-pSgS*S1,,-X*!!-jl:e xt .*u'iS) ggg*Plggg v ilUoqc& x qn$ w

ths set, v n N ggfLglng- nr,.--pisp qSt z g.r!,' [-x,""r] c 7"if' F i s a

mi*tl*L*fiae#-fsil*fl1 z, j!33 F iq a *,Lf.n q-A!-LAg*gg- F rv{ I e

ggf53slJ-{fy*fg lrt u -> m* #*eg**i-[. I " ] , i.b3.g ll "ie*-g

tin ea!1g,ll--Lrj--*!,T"-gj$$gn ! [* ,*] C u *::l sn . r,,?; ,gr,Svex. Fubs I t 1'/
- - . _ #

o!  u.

Tggp ,S .pu t  d "sxw" I r€ t  s  be  an  opsn  segnen t  o f  d  A  Z  s " to  [ * r * ]  C -  s "

F o r  a n y . v  €  S  w e  p r o v e  t h a t  t h e r s  e x i s t  & r c  €  s  $ . t ,

v  € ( a r c )  a n d .  F (  [ * 0 . ]  )  i s  c o n t a i n e d  i n  a  l i n e u l n r l e e d  i f  d '  i s  a

t i n e  l i n e  t h i s  i e  o b v i o u s . L o t  d  b e  n o t  a  t l m e  l i n s ' L e t  s  b e  t h e

para l le l  to  the * l  ax ie  through v"Thel i  V is  sen ' ra ted-  t iy  d"  and '

6 " I , e t  f  b e  t h e  L i n e  o f  v  o r t h o s a n g l  t o  o : i n  v  a n d  l e t  s l r r € e P "

f . n b e  a  h " , } f - l i n e  o f  e r r € s p " f  , w i t h  v  a s  o r i 6 i i R . I n  i l  v l e  c o t l s i d e r
'  r '

ax { i s  f  *  . e ' . I ' '  t he  opon  d i sk  B ( ' v '+ r )  C '  ' L '
t h e  o r i s n t e d  a x e $  f I r u r . L € t  r  7  O  s ' t '

suppose  tha t  ths  s lope -o f  d  t s  pos j , l ; i ve .Take  c  on  ' 1

( r o s p . a  o n  d )  $ . t .  t h e  f l  c o o r d ' i n a i e  o f  c  ( r e s p ' a )  i s , , ' r  ( r e s p "

* r , ) .Ta ice  y  t c ,  bs  t i r e  po in t  ( r  , 1 r )  " than  the  c l i sk  B (y ,  r / 2 )  t s

tncr r :ded"  in  B(vr4r )  and-  ip  to 'he par t  o f  cu v , rh ich neets  er"Let

l i n e  g C V s " t .  i ; h e  s l o P e
r t

P u t  { U r }  =  b a t O  e  a n d

t i r e t  b r r c i  €  B ( Y r r / a )  f  o r

t ha t  y  €  * r cn " f t  i s  €acy

o f  63  b€  ne  l i a t i ve  and  y  €  S"Le ' i t  b  e ,  (anc )  '

{  r i }  * a & i  A  c b *  w i t h  i = l 1 2 . I t  r e s u l t e

i= I  12,13y Desargues I  thesrem i t i  fS l lows

to c hecli t hat ata' oblb' nc Ic:: arid.

a 1 r a 2  e  ( y r c )  s ' t .  ^ Z  €  ( y r " r )  a n c i  o l e  t s ( y t r l Z ) " C h o o s e  a  t i n e

a&t fbbi rcC * with i* l  o2 $ a.re t i . rre l in es . I f  2, € l tr  o put nt =tr ' (n) .

S j .nce i r  j " ,s  ; ; "n  in ject ive per{ : ia l  l i r reat ion oR Z '  i t  fo l ings t } ta 'u  an}

t l r r e C j  c o l . l . i n e  a r  p + i n t s  f r : o r a  a u b u c  r o l r b l e C i . o e A u b l  , a 2 r r T o C i i i c e p r l ; i n *

arbrc  [s .1r r ]  or . r l l insa l i  im;a6cc" . [ f  ihe eqrr , 'u  i ] ivor i  by t i :e  i . , i " i terssc 'u ion

o f Z r ' ; i t h t h e c i s t . j , n c t I i n e s a a * o b b i , f i C i , r v . i t i : i = I , ? l i 1 , i ] d .

u1*a rb lba*c l ca  havc  t i re  i rnc r i4en  Pn  d i s t i nc t  n ine  I i nes ' then  r " '



-v

Desargueo t  theorem shows that  a t  ,b  r  ,c  t  ar6 co l l inear . f f  any

tw6  o f  t he  above  n ine  *e ts  have  the  inage ; i  &n  the  sa lne  } i ne ,

we  f i es  tha t  & ' rb 'no '  a r0  a l so  co l l i nea r  b ;y  a  s t ra i shL ' f  o r 'ward ' r  '

l n v e s t i f i a t i o n  o f  t h o  f  o l l o w l n B  p o s s  j " b i l i t i e s *  * i  t b i  t c i  t a r s

c o l t i n e a r  f c r  a  i i  t w o  o f  t h e  a b o v e  l i n e s  t h r o u g h  y t  c o i n c i d . e ;

t w o  l l n ; s  t h r o u g h  a t  o r  b t  o r  c '  c o i n c i d . e l a  l i n e  t h r o u g h  a r

and .  a  } i ne  th rough  Y t  co tnc ide .

I f  t he  s lope  o f  d  i s  nega t i ve  r change  f t  w i th  i t s

oppos l te  ha l f * I i ne .

Not* cover [x

t f  c s -*s "  t .  l ' (s t )  ie

o o n t a i n e d .  i n  a l i n e .

lO ' t  t i  rF  b€  as  i n  1 .1 . I . , € t  [ *  r * ]  C  U . the  ; i n te rsec t ipq

o f  a  ve r t i ca l  i ime  p la i re '  t h rou i i b "X  and .  F  w i th  U  i s  open 'Hence

F is  a  l ineat i ,on on [ * r * l  ,by  the f i re ' t i  par t  o f  2o2. f f  H is

a  convex  subsc t  o f  u ,  t hen  F , , i s  a  l l nea t ion  on  l l t r  s ince  t r '  i s  a

l i nea t i r ; n  on  any  seguen t  o f  W.

R e m a r k " T h e  f i r s t  c o n c l r r s i o n  o f  2 . 2  h o l d s  a l s o  i f  t h e  c o n s i *

dered t ine p l -ane ' /  is  not  r . ,er t : ica l  ( t  y  a  e t i8ht  rur ' rd" i f  icat ior t

o f  t h e  P r o o f ) , r) 
"-2

Zol,?nopositi on.lgg rif F.g-irq. -op-gg*S*ei;-i"S R' an-4 L:j' f r lrJ " tt*

te .*J:-J! i-ec-blye- liqi3!].s$ " rf f (lli) 3s.-S-g!"*g-9gia-r.*-9-qi"n a _]-l-!Lg r

s!sj] r r.s ,t49*rqp-giq!-uq*!-q --ojl*J'ssq$q'qslx?

A d . i rec t  p roo f  o f  2 . i  r vas  g ; i ven  in  te ]  .A  gonera l i ' za t i on

of  2"9 'bo Op€n subs et$ of  p la .ne *  over  orc le : :ed '  f  ie lde ts  S ivsn

in t l )  i i ts  proo: f  is  aq at lap ' i ;a 'b : i *n  to  r lpqt l  subsal js  Bf  the

p r o o f  g i . v e n  1 n  t ' , ]  r t h e o r e n  J . 3 "

2 .4 .1 ,€ t  i , {  be  a  subse t  o f  l pn  an , i  A "  bo  E i l  a f f t ne  r *p lane  in

nw]  w i th  a  f i n i t e  nnnh 'e r  o f  open  segrnen ts

c o n t a i n e d . i n  a  t i n e ;  h o n o e  p ( [ x r w ] )  i s
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. m

*.m , ^ . \  ^I f  f i  i  we say that a funct ion [ l ; ]d -7p'" ls a
I R " -  $ " t  A f  t , .  r t l F  F J  i  w s  e u J  v r . s e  

_ q n - /

t - l i nca t ion  Qn Z ;  =  A '  f \  ' f i  i f  F  i s  t i '  I i ' ne  a ' i ; ionYZ anc l  f (Z )
!

ganera . i :es  an  n f  f  ine  t -p lo 'n0  'LQt  F  b0  an  r * l insa t ion  on

Zr *A* A Ni w€ ${1y that }' iu an k'h,-m'ggg3$rJ on 7' if Z gen€rat€s

An and F.acts CIn 7,  es thEr r€$tr lc t ion to 'z  of  a homoEraphy of

l,l is a subs e t of Rm and' F: N -----o fr'In is an

tn  j  ec  t i ve  func  l r  on  '

2 o 5 .  I f  f o r  a  p l a n e  A  t h e  s s t  A  n  N  c o n t a i n s  a  n o n * e n r p t y  s 6 t

W w h i c h i s O p € n i n A a n c l i ; h e f u n c t i o n l l i s a 2 - I i n e a t i o n o n

A n  N , then  F  i *  a  Z*ho*os*aP! {  i I  on  'A  nN '

In t l . t :er l  F  is  a  Z-nomoi i raphy on i f  'by  2 ' l 'S ince F ; "c

an  1n iec t i vn  l i nea t ion  r the  i nage  e f  any  ] l a i t : t -  z  o : f  ; : i  A  N  ie

.  L - - ^ ,  I

ae te ;n t r i ed .  t l y  t he  ac t i sn  o f  F  on  1 l f  (by  tak ing  two  d i s t i nc t

- l i nes  th rough  z  wh ich  mee t  \ \ i ) . l t l o roover  f ron  n  € '  AnN i t  f  o l }owe

z  €  oom i {  ( ' i l i i *  can  be  sqen  by  ex tend ing  r i  t o  the  p ro iee t i ve

fo r  any

in  the

A  w i t h

e n v s l o p e  ? m  a f  R m ; $ e e  a l s o  t h e  p r o o f  o f  2 . 1 1 ) ' I t  f o l l o w s  t h a t t

c  c  A A N  w h i c h  i s  o p e n  i n  A r t h e n  F ( C )  i s  a n  o p e n  e e t

a f  f  i ne  2 - -p lane  g€nera te  d '  
' i r y  

F (A  n  N) ;  f  o r  any  l i ne  I  i n

1n Nl 6 ,  l '  is an 1--hontoi l :aphy ori  I  n }tr '

2 . 6 ' t e t  A  b e  3 '  p l a n e  a R d  } 1 , } 2  t , r s o  d i g t i n c . b  } i n e e  o f  A  w h i c h

m e e t  i n  x € N  $ " t i o  l i n  l i  c o n t a i n s  a n  J L ) S n  s e g n e n t  s i

x  €  * i  f o r  i = I r 2 "  I f  f  i s  a  l i n e a t i o n  o n  A A N  t h e n  I l

Z * l i n e a t i o n  $ n  A n  I $ s

Inde ed r i :y  h ; 'pothes is  t r '  (  f  i  
n  N)  gen orates a l ine

fo r  i *132 ,L ,s t  A t  bs  i ; i r e  a f f l ne  p3 'ane  de i ;e r :n ince l  by  l i . ' l i  o

a n y p o : " i u L y 6 . , t r A 1 : l t h e r e q : Y l $ t s a l ' i n e l s l u t o l A ) " * **"

y { i i 4 r # r l f l € . u i r l * } : 2 a n d } 1 * } 2 ' i t f o l } o v r s } ( y ) € A f o
I t '  

v r n d n a n ' L i r r a ' l v  )  t n e n  A l  i s  f l ' n  o n ol , lYo i .nc : . c le  i re  s  pec t i ' ve ) -y  a r ' €  c i s  t i nc t

^{,
u"L

i s

l i  and

au l--of

1 r* i
' [ ln'n
. I v r

. . l
t

I f



( nosp .  two )  d imens tona l

2 , ? ,  L e t  A r I L r 1 2  t s 1 r s ' 2

*7-

a f f i n €  P l a n e .

be as in  ? .6* I f  t r '  ie  an ' l *homography

on  s i  anc l  a  l t nea t i on  on  l x  n  N  f o r  i =1 *2 ,  t hen  $ ( I t n  N )

a n d .  F ( I A A  N )  g e n e r a t e l  a n  a f f i n o  p l a n e  A r n

I n d a e d . , c u p p o s e A I i e a l i n o . H e n c e F ( s 1 ) ^ 1 . ( s ' ) i s

an  open  so t  o f  t he  l l ne  $0ne ra ted  by  r ' ( l r n  N )  and  l ' ( l 2 i 1  N ) '

B u t  r ' ( s r )  A  I ' ( s 2 ) = F ( s r n s r ) *  \ : i ' ( x ) i  s i n c s  s ' i s  i n j e c t i v e ;

con t raC ic t i on  "  I i snce  Ar  i s  a  p laue  *

Z,B,Let  x  €  N and H1rH,  be two honographies of  E ln '$uppoee

tha t  fo r  any  l i ne  1 '  t h rough  x  the re  i s  a  subee t  l x  o f  I  n  N t

i ] . . t . r  i x  con ta ins  x  and  a t  l oas t  two  o tbe r  d i s  t i nc t  po in ts  i

: IJ ,  and HA co inc id .e on lX" fhen H1=I I ,
'  
I nd .e  ed r  Ie  t  vo=x  and"  v l ,  "  o  '  , v *  b€  a f  f i ne l y  i ndeppnd 'e  n t

w i th  u i  €  i vov i ) x .Le t  vu i * ( ro+v1 t " *Vn+1 / ( * *1 )  'Take  w  e  ( v rwr )x

w i th  w l  x  &0r1 .  w  i s  no t  i n  the  hype  rp lane  g i ven  by  v l t ' "  '  r lmu

t h e n  v o r ' . .  r v & ,  w  a r €  i n  g e n e r a l  p o s i i ; i o n i s i ' n c e  H t  a n d  %

co inc ids  on  them, i t  resu l t s  tha t '  H1=1 I2 "

A*g. Lenrua.L.ej g ne -an "gpqS gpglecls4.{.qi*ip*g p}gllS -FJIS. l3i

tr'r V - ---+ Rn b9 an .3.r1-ileg!.-1:rg--t*gg$Sgr"Egp 
p.PS.g ,' "qFg-t--f gqi$*I

x € v?tbgtg-i.q-,.-* -c-PqYq}--pLq.Lqgpsst 
q gg Y g:t.F :r € c s-'!'ln ig

& };neati_on oti C'3!sg }' ia.g[ 1*}'*.ggq!3ss-.cn-g ?-:j-Bg.a}Isg*

9& V'

gfggg"Let  V l rV*  be CIorvsx o 'p€n subeets  of  V s  n  t '  V, t  =

,=V" n V ' . ,  *  f i  and F is  a  ] ' ineat ion on VI  and Vn" l lcnce v ,
I 6 .

is  sspys;" lve provs that  F is  a l i .ne at ion on vtU Ya*t lv .Tal*e

u  €  V }  anc l  t h . e  segn ie  n te  * i  C  V ,  r " r i t h  z  €  s i o fa r  i ' = J -u? ' 3 " ,

, \ -  - r . - ' ! r * ,  r r  t i l s  r e e 1 1 , r i . c t i i 0 n  o : i ' T r  t o  V r o t ' l h e r e  j = I e 2 r ) ; F t ' F ? n
u $ n u t g  u J  r j  J '

V3 ars  t i .neat ions "Yie Oi"s t  in$r i ish fwo cas €$t

a ) r r ( s i ) a r € c o n t a i n c t l i n t h e s & u e l i n e r S f e ) r

L = V r i . i i i n c * F I r l g 2 r F T a r e i n j e c i ; i v c l i n e a t i o n s i t i s c l e a r



-8*

t h a t  f o r  a n y  y  e  l : /  w e  h a v e  f ( y )  e  d " ( f n d e e d  t a k e  a  l t n e  1 :  y t

L ? n  s " . t i o  1 n  s i l  f i  f o r  a t  l e a h t  t w o  i n c l i s e s  i - l r 2 r | ' I ' h  r e s u L t s

f ( I  n  V)  { .  d""Thus F is  an l * I tneat ion lq '

b )  S h c  s e t s  f r ( n 1 )  r  i , * t r " e 2 1  ) e a r r t  n o t  c o n t a i n e d  i n  t h e

$* . rme l . tne,  t ' l tcn they CI . r0  conta. lnsC.  i .n  a  p lane by 2 '6o[ 'hen I

by  2  -  } , I J -  , 7 ,? .nT1  a re  ros  t r i c .b  j ,  ons  o f  2 *honograph ies  to  the i r

r€spec t i vs  c lona lns .$ i .ncs  then  2*ho roo ig raph ies  co inc ido  on  
"1 ,

t i:ey are e qual "

L s t  V l , " , . " , ' \ / n  b €  s p € n . c o n v e x  s u b s e ' i j s  o f  V  $ . t .  F  i s  a

l i n e a t i o n  o f i  V 1 r .  .  .  , Y r , " I f  v J a  = V ,  L J  "  " ' . L J  V o  i e  c o n n e c t e d ' t

t h e n  i t : f o l l a w e  b y  i n e i u c t i o n  o n  n  t , h a t  3 ' i s  a  l i n e a t i o n  o n  $ [ .

F tna l t y  }e t  x  t l  t z  be  any  c i s t i r i e  t  co l l i ne  a r  po in ts

o f  V " T a l r e  t h e  c o n t i n u o u s  p a t h  I  C  V , r ' € $ p '  n  C  V t c o n n e c t i ' n g

x 'and  y? r f i hL ro  y  and .  z .There  ex i s t s  a  f i n i t e  nu inber  o f  convex

o p 6 n  u o t r  v t r . . . , v n  i n  v  w t r i c h  c o v o r  g  a n i  h  a n d  F  l s  a  t i -

noat ion 
'An 

VJ-r  .  ,  ,  *Vn *By abgvs r - i r  is  a  l ineat iOn On . , : i l

V f  U .  o  o  \ - l  Vo " Ihus f  (x)  , i r (V)  ,F( 'z )  are co l - I in€F ' r '

2 "1o" I l ona rk .1 ,6 t  U r l i  be  ae  in  I " l  and  A  be  a  ( t i , ne )  p lane"

Thcn  F  i s  p  t -o r  2 * l i . nea t ion  on  an }  connoc ted  op€n  subse t  c f

A n U . t h i s  r e s u l t s  f r u m  2 " 2 r  2 , 6  a n d  2 . ) o

Fur any x e R& we definc a 33sS:bli!.*3p-Lgg set u"

' b o  b 0  &  $ s t  c o n s t r u c t o d  i n  t h e  f o l l ' o w i n g  w a y s  f o r  a n y  t i m e

p l a n e  A  * * n t a i n i n r l  x  u t a k e  a  c o n n e c t ' * d  o p € n  s e t  . q x  C  A  w i t h

x  ( A x ; U *  i s  ' h h e  u n i o n  o f  t h e  r : e  s e t s  A x  "  
\

4

a"]r"fh{}oreru"I*s! u" Fe + ,t-}q.q$:g-ffl"rlgs3Sg*S,qi-rJiqt F: u* --o R'r

!S*eg*+.tr*i: s*,j-yg*-t*I"9j$S!.*!st . t lqf :Jli*ltlg-jjgls .rr Sjif ry-g!

:{ r F i$*jljj :l c gFi c:?..,,!$ Ax ; ti.t:g*gl:q i,S*-*-.tlrn.g ri j**gg v

m*holnc, .Trnpl lv 0n U,* "

rr i.s aR

I i i  orc ler i ;o  prCIve 2 ' I ]  r  f  i rs tJ-y  we prov€ t\-j0 l.,omrne$ *



2.12.  Leruna"Trer  U '

!.Igsg a th.qsur! ;

Thus f Lrt" any l irr c

n* 7 *

gpg r HS-gs i,n j?* ll, $,F0[,,gg{_jtnJ .,!i..mg
ti:e functinn P is a ?-i:onsi:ggg!X_gg A

I3!gg:g:! xn r *g.,qg r*Lonpgg.qpi#".q9

{"1 ux "
i n l t "

!t-gg{.i?ron 2.3 ii i f ol}ows that }' is a 2-hor*ography on Vx.ltlovr

f  ov any Ax w€ d is t in i iu ish t ' ,vo cases i

( i )  A  A  V  i e  &  I i n e  t  ( w h i c h  c r r n t a i n s  x ) . l t  r - e s u l t s  t h a t

.F  i s  an  I - -homography  on  ah  op€n  segmont  s  o f  1  rnh ich  con ta ins

x * $ u p p o s e  * h a t  F  i s  a i l  L * l i n s a i l n n  o n  A x . T h e n  c h o o s e  t h e

t t m e  l i n e s  1 l  C  V ' I A  C  A r s " t '  x  €  l r o l r . L e t  T I  b e  t h e  t i $ e

p lane  S€nera ted .  by  l t t lA . f t  resu l t s  tha i ;  I+  i s  a  Z - l i nea t io t :

' 0n  S , f l . i uCeed  s ince  F  i s  a  . l * l i nea t ion  on  Ax  i t  f o l l ou rs  tha t

'  l ' ( IZ  A  Ax )  i s  i nc lue led .  i n  the  l i ne  l t  de te : : rn ine  d  by

F ( I  n  i l x ) . B u t  1 t  i s  d i s t i n c t  f r o n  t h e  l i n e  d . o t e r m i " n e d  h ; r

$ ' ( t l  f t  \ f  )  s ince F is  a  2- .houography on . , f l .Thus I '  is  a  2* l inea*

t ion oo l 'u$; l . ie f ico rby 2,3tF ie  a  Z-homograpl :y  on WX'Consequent ly

F is  e .n  L*houography sn an open se6tnent  sA of  l rA Ax which

con ta ins  x .By  2 " /  f o r  F rs  and .  s r r i t  f o l l o rvs  tha t  l ' ( * x )  r s

n o t  i n c l u d . e d  i n  a  l i n e ; c o n t r a d i c t i o n , H e n c c  F  i s  a  Z * I i s e a t i o n

on g l " lhen I+ is  a  2-homog: 'aph, t ,  611 Ax rby 2 '1 '

( i i )  A  nV=  {x } "  Le t  l  be  a  l " i ne  o f  A  th : " cugh  x "T . ,e t  l f

be a t ine l ine of  Y through $ and.  B ths pta le  ds: ;eratac l  by 1

and.  l r .Case ( i )  f  or  B and V e i lowe that  3  ie  a  f ; *horaogr ;p [y

on  l3x - I l y  case  ( i )  f c r  {  and  B  i t  resu l te  tha t  } ' i e  a  ; *hono*

graphy on Ax ( for  any t i rne p lane thvcugh x) .

N*w f  o r  any  l i ne  I  con ta in ing  x ,  t n '  i s  an  l -h *ngEraphy

ou  I  f \U . { .Nan te  l }g  l u t  t  Q  }  nUX a r tq i  }e  t  : i ' be  any  t i " i l c  p lane

s* t in  y  (  AX.By abr :ve ,J j '  is  a in  t * i :c r l to i4r .aphy $n I  n  AX"t l tc  ac i ions

o f  those  honpg i :aph r -es  on  I  d .o  no t  d "cpenc t  C In  - r i  and .v  c ince  i ; hey

c b i n c i a e  o r t  i l n  o p e n  s e g m e n t  o f  l  c n n t a i n i n s  x "

i r ina l l y  f  o : '  any  t i i . i i i e  p la .ne  : t  con ta in in6  x ,  t r '  i " s  a



2*honography on s n\" Indeed,u}et  h be a homog::aphy of  f t lm

which acts as .F on Ax,Lot  y € Anux.Le" i ;  g be a horno8raphy of

iRm r , r rh ich acts ;  ag t r '  Or i  Xy nU*"$ i .nce Srb ao inc ic ie  On Xy A AX

t h e y  c o t n c i d e

tLrat rt acts i"l.s

2 " L 3 * L e m m a " k e  h

Thcn  fo r "  an }  Y
- r - ' #

x i t  fo l los tsr

sn
'iT

' _ u

* lo -

x y " I I e n c e  i : ( y ) = E ( y ) . $ L n c e  e ( y ) * f ( y )  i t  f  o l l o w s

on  i tAU"

and iJ" .  be as
n

i. tt 2 . 1l- " ,!ror v .  r i  * r "  *  . ' f  . * J , ' (V )  .g uv !#}lj v '-
J I

r-_plsss A; ghtrufib-l 1 r " " " r r n l g n q.f_ay an:l tj"rne

(i ur) p(A:: fi ux) ggfs-qg3gS -eltg*g,f{lge.

{ti,r') rqr iigJ. "}*rr,9 } .oS e} -!"Heunb x

r -p lane  A :
I-

' ' jhgsg3

p i , r t s  * h e n c e

?r*of " Induc t i  On on r* } i 'or 3.=1 anrl .  r=2 apply 2,L?'L,st r  7'  
'5 

i ind

suppCIse tha. t  'e ,L3 is  t rue f  or  r - t "Le t  Ao be a t j . rne r*p lane
-  - -F I  

r l -p{ .o-ne t l .e ta as v{  i 'L  l l . -4  l ,  
x t - : . "g.J l^ t  

[  $ . ,h,th roug l l r  x .$ inco  A.  id  a  t i ' neY-L ine"T ' . ,e t  *An"  '  r&*  111 '  r

X  9 V 1 l * 2 , ' " ,  3 8 " *  a r €  a f f i n e l y  i n c . e p e n d e n t " i S ;  h y p o t h e s i s ' i n  t h g

t t n r o  p l a n e  g q n e r a t e c l  b y  x r v l , & i ,  t h e r ' e  i s  3 .  p o i n t  o i  i n  I J "  s . t o

xo i  is  a  t in ie  l . inc  r i is  t inc t  f  r :ou xr ' ,  an$ [x  ,v i1  C t lx  n f  cr

i * 2 e . . o o ; t s c T l : e n  x  r v J - r v ' o o . .  r v r  a r e  a t f  i r e l y  i n d e l p e n c l € n t ' } i $ n c g

x rv t  r  o  n  .  ?vr*1 gsner 'a to  a.  t imo ( r ' *1)*p lan*  Ar-1"13y ( i  or ' *1- )

the  seb  F ( ; i * * *O  U* )  $ *ne ra tes  an  a f f i ne  ( r * t ) *p lan .  A i * t  and

e a t i s f  i e s .  ( i , t  o r - 1 )  e

Nci* r r r . ;e  prov€ ( i * r ) "S iar re ly*  i t  v f .  €  i i ; * t r then the l i 'ne

x tu;.  i ,s s6n*vated. by x r and" r '1 € tr ' (A"*, A u*) v ' i i th

n ( .  Ar* lA \  - }u t  t i re  pc; i .n ts  : : l  ivs iz  ar€ r r * t  cn l .L in€ar 'F: :on

2"LA j . t  fo l i . r : i , ' rn  t i ra t  x  t  r r ; f  rz t  a : r€  no i ;  co l i inear ic* rnt rad ' ic l * l i 'on"

Senc*  u i  d  , ' \ '  
,  o1. r0 t  h  f  ba 'bhs c .1 . : f  i r re  i l ' -p i *nc 6en cr4ted by

r . *  |  7e

Ar**,  anci  1 ' j , "  l - . ,€t  u e A* f i  u;" I f  u € a**1 t l ten u '€ Ai* t "

1 r\ r(A* A u*) qq"q,t*#s-"flL.Lqgsi ivts *.r:iiing}

2 .1,2 i t c on J:8 i ni=9-SSI:.9tPiJ*Sjl9-P*s3b*!.-!--gg I'



.  * I l*

hy  2 ,L2 , f f  u  d  O"_ f  \ - J  xv * . Ie t  i ' /  be  the  p lane  g i ven  by  x rvy ru .n

Since tr '  le a f ;*honography on W r\ Ux i t  fol" lows t i rat Ut { ,s

c o n t a i n e d  i n  t h o  p l a n o  g c n e r a t e c l  t l y  x u r v i  a n d  F ( i i l  A  A * * l ^ A U * ) .

I lenc€ u r  €  A i  anc l  ( i  , r )  is  prove c l .

To  p rove  ( i i  o r )  rabse rv€  f i r s t  t ha t  ( i i  r r )  i s  ve r i f i ed .

f  o r  : e ' u i r  b y  2 , L 2 "

Now le t  l  be  a  l i ne  o f  A |  w i t i ]  x '  €  l r v i  t '  L . the  p lane

B  g e n e r a t e d  b y  t  a n d  v $  i s  c o n t a i n e c l  i n  A l r i r e n e e  i t s  l n t e r s e c -

t i on  i v i t h  A i * f  i s  a  t i ne  k .By  ( i i , r . - f )  t he re  i s  v  j . n  A r_1 .  w i th

v t  x  a n d  v t .  i n  k . L e l i  A  b e  t h ;  p l . a n e  g i v e n  b y  x r v n  a n d  v " H y  a . r z

F ie  a  Z-hornogranhy on A A U' . I {ence F(r l  A U")  inc ludes,a sot  Z

ivhlch contains x t  and. i .s o$ei:  i r i  B., ' ' Ihus I  A 7.,  is a non*enip-cy.

.  o p € n  e e t  o f  1 o

P f g . g g . * q f  ? " J l " F o r  a n y  r  €  t l ' o " . , n ]  a n d "  f  o r  a n y  v o l . . .  e v *

* 1c  !  t r  J

d e  n  u ted .

i n d u c t l o n  0 n

(a r r )  For  any  t ime r *p lane A" ,  con ta i r r ing  x  t l :e re

e x i s t  t h e  p o i n t s  v o * x r v l r e o o , o *  €  A "  a . n d .  a  h o r n o g r a p h y  %  o f

lRo s. t " r  [vo, i ' i l  C A* f f  Uu i r .nc1 vov,  ars t i rne ] ines f  on

i = l r s s r  s r ; t h e  r e s t r i c t i o n s  o f  I *  a n c l  l l o  t o  A *  A  U *  c o i n c i d " e  "

( ts *a : rg .Fro : l i  (a r r )  i t  f  o l le rw$ ' [ha t  c lo ;n  I { r  )  (vo ,  " ,  .  1v" )  u t i ' ] *

d"ee( i  i f  Hu l tas a hJpo,:p]-ai io i l  ( i "n f i ta)  of  s in l :u]-ar i t ie s ot ] :cn

H  d u s s  r r o t  i u e s t  I v o r v i l  f  c ' r :  i " l 1 2 ,  T s  r r  s  j - n c s  l l o  a n d "  F  c o : i . i r c i d . e

o n  A r A U * . I l e n c e  f i . d o e s  n o t  n e o t  ( v o r $ o c ! v " ) . )

T h o  a s $  6 r * i  o n s  ( a , 1 )  ; r n d "  ( a r Z )  v r e r e  p r o v e  C  j . n  2  "  l A .

lYr

a f  f  i ne l y  i nd .epcnd .en  t  i . n  H , *  r reca l r  l ; ha t  t he  se t

. =i!-
S. "=  I  J i J=  Z*  t r v i  r

i = o a *

i s  narned the r -s inp lex

a l s o  b y  ( v o r . o G , u " ) .

trVe prove by

pr ope rty

rL

I ,  t ; = 1 e 0 ( t ;
i = 0 a d

o f  ve r t i . ces

(  I  rv ,  €  tRn r ;=O,  "

V O r " " . r V *  a n d .  i S

r  e  { 1 1 . . .  r n  j  t h e f ollor.v;i. ng



For any n €

is t rue' l l lhen we shovr

( * *n )  P l : s ves  2 "11 *

A s i r r t h c p r o o f c f 2 ' L ' Y i ' i s l t o * s 6 v o : : x r t r l ' ! ' c !

v r+L  € -  A r+  iA  Ux  sn f i *a  [ vo rv i l  
( -  A r  A  U*  and  vov j .  a ] : s

t i u e  L i , t r e $  
" f  

e r  i . . J - r o " o  1 f , * i - ' T a k e  w o  €  ( v o , n "  r v t ) n  %  $ ' t '

vo ro . '  r v *e \ " i *  a r f ;  i n  S€nera1 '  pa ' * i t i on  (Th ig  i *  poss ib le

s inca  f  o : : '  any  t ime  l i ne  l l  x  $ r€  have .  tha i  l  nUx  i s  n$n-

empty anc i .  spsn in  l  rby 2,L1 ( i i  , r )  )  "  In  the ef  f  i 'ne Z*p lanc

B g;cneratec i "  by 1 'c , rvr+ lowrrc i range eveintuar ly  the po int  vr '+1

{ in  ( ' * r  rv"*1)  and , r *  on (vo rv*" )  *  o  t  n  Lu** t  tv r r ]  bs inc luc led '

-L2-

Uu rFu t  7 r * - f l ( z ) * t r ' c ' r  r 7 r ' 2  ' guppo$e  (a , r )

tha t  (S , r r+ I )  i c  $ '1so  t : ru< t " fhus  fc ' r  r= r i l t

co:-r:* ice e, l* * on i jnAr r-\  i j . r* f$ ol, iCIreove r Hr+l c nin0ides

I' i*J.*o on vr+'u ff U, siltco lj ' arici 1{*u", are l*horn${lra-

or ' ]  v r+ l r r  f i  U*  a le i  t i re i r  a 'c t ions co i 'nc id 's  in  t i ra

; )  
h y  ( 4 , 2 )

%of 
(o*)," ' ' ; l  r

LI'"r+'1

v{i th

pi:t es

i n  Bx  ar :d  teke  y {  e  (u" *1r \oJ* )  " f  t "  f  u l l sv ;s  ' tha i :  vo t  " '  rv3" i - i?w

a r e ' i n  I * n c r a l  p o n i t i o n  ' i t i o v : t C I ' t ' c r  i . l t  ( '  ( u i * I t t t

appl . ied to Bn-{ [ ' \ " i  'cake a hoi lagraphy H"*1 vr i th l

i * r . " . 3 f * 3 " e  u ( w ) = w l '

.  ] f  l t * ,  is  an af f  ine t ransf  o : :xat ion then w"  € '  dom Hr '1"14

I f  I I r * 1  h a n  a  h y p r r p l a n e  H  o f  s i n g u l a r i t i e s ' ( s e e  1 . 2 )  l i h e n

* *  *  s , rndeed .  ob$erve  tha t  H" * i  (A r  \  l )  e  l ;  (ees  the  d "e f i - '

r : i t lo r t  o . f  : { r . t ) . I f  wt  €  f i  l ;hen the l : i 'ne vr tv}* ,  which

conta ins l lour(wv** t  \  l  onr \ )  nust  l re  para l ) .e l  w i th  A;  ( ' l 'h is  
.

can  b$  $ssn  e  x tenc i tn$  Hr+ l  t o  the  p ro iec  t l ' ve  eRvs lape  s f

[ t u ;  t h i s  ex tsns ion  r1aps  3  on  the  hyps : :p lane  { :o  i n f i n i ' hy  i n

i ts  c*d. r : r i : r r in) .Bu. t  }  is  & t ineat : lon sn A"  and wv"n1 hY (aur)

(a r l )u . ! : i * s rcc  * ;  €  A$  and  so  w tuJ ,o t  * " s  no t  pa ra l l e l  r v i t h  A ; .

Thug v*,* ( d"ofii 1{r.*"1 and l{*.r,L(t*r.)**:.1-

l l : :nm (ao::) \\rs have lur" € t ' i*:tt I i* and. r ' l f,=I.I"(v"*).

The re f  * i le  u l t ' rHr+J .  an t i  l { *  c t r iuu , i t i *  r ; i l  A*  A  [J*  * ] l cnCe ] '  and .



-w-

t h ree  d i s t l nc t  po in ts  t r * l rw  and  w* .S ince  F  and .  Hr+ l  a l ' e  2 -

horaographies on BnUx and tbey co inc ido on vr+ lw ^U* and

BnAr  A  U*  i t  resu l te  tha t  F  and H-T+ ,  c o i n c i d e  o n  B  n  % ,
particularly on vr+lvo ^ U*!

Now take any point  z f ron (Ar+La\ ux)  \  (B \J i " ) .

Denote  by  A the  p lane g€nera tod  by  vorv r * ,  and.  z .BX Z .L t  i t

f o l l ows  tha t  A  nA-  con ta ins  an  open  in te rva l  s  on  a  l i ne

lc  Ar .S ince F is  a  Z-homography on A A U" .by (ar2)  rand F a.nd.

Hr+I  co inc lCe on vovr . r lA U"  and.  sr i t  resu l . *s  H"*1(z)=zr  t

RemarE . fn  2 .11  we  can  rep lace t " fo r  any  t ime  p lane  A  th rough

x rF  i s  a  l i nea t ion  on  a* ' i r by  t tF  i e  a  pa r t i a l  l i nea t ion  on  U** t .

f ndeed .  us ing  the  renark  a f te r  2 .2  and  2 .9 r i f  F  l s  a  pa r t i a l

l i nea t ion  i t  resu l t s  tha t  F  i s  a  l i nea t ion  on  anJ  Ax .

P r o o f  o f  t h e o r e m  l , I . L e t  x € U . I f  A  l s  a  t i n e  p l a n o  t h r o u g h  x

1 e t  A x  b e  t h e  c o n n e c t e d "  c o n p o n e n t  o f  A  n U  w b i c h  c o n t a i n s  x o

then  F  i s  a  l i nea t ion  on  ax rby  Z . l o .Pu t  U"=  u  Ax rwhore  A

runJ ove? the t ine p lanes through x .Then U* is  a  t ine-x . -

c o n n e c t e d .  s e t . L e t  x  €  T o i * i n c e  F  l e  a  2 - l i n e a t i o n  o n  C = T o ,

f rorn 2,11 i t  fo l lo lvs  t i ru t  F e"c ts  as a honography H on U*.Let

y  €  U  s . t .  I x r y ]  l s  a  t e n p o r a l  s e g n € n t  i n c l u , l e d  i n  U ' B y  a b o v o

F  i s  a  2 -honography  on  any  p lane  con ta in ing  x ry ; then  F

acts  as a honography *  on Urrby 2.11.For  any t ine p lane A

through x  and yr i {  and.  G co inc id .e wi th  3  on Ax=A}.Thsn } i=G by

2 . 1  a n d  2 . 8 . T , e t  z  €  U , S i n c e  U  i e  c o n n e c t e d  b y  s € S i n e n t r l e t

f i O * X  , % L r . . .  e % o = &  $ o t i "  I  t i r t i * t ] C U r f  o r  i = 0 r ' t .  r n - l . T a k i n g .

v e r t i c a l  p l a n o  A i  w h i c h  c o n t a i n s  I f i r u i * ] ]  * *  c a n  j o i n  , i

u io l  bJ  a .  f  i n i t e  nunber  o f  t en rpo ra l  s€gn€n ts  i nc lude t l  i t :

A i  n  U r s i n c o  t ' h i s  s e t  i s  o p € n  i n  A r . H o n c o  r e n u m b e r i u g  t i r e

po in ts  ! ' r €  cRn  s r lppose  tha t  I  r i  r r i o f  ]  a r€  tempora l  segnon ts

f  a r  i = O r o . t , n - 1 " 8 y  a b o v e  F  a c t s  a s  H  o n  U r n  i b y  i n c l u c t i o n

t iro

and

a

.i +"
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r€su l ts  tha t  F  ac ts  as  H on  U-  " l {enco } (z )=H(z) .Thus  F  co inc ldes
arn

wi th  i i  on  Un

S" l l educ ing  the  d . l f f  e ren t iab le  s t ruc tu re  o f  t he  u r j i ve rso  o f

€vsn ts , the  Ga l i l e i  anC lYey1  Sroups  r  
:

3 .1nLe t  l , {  be  a  se t ;  i t s  e lenen ts  a re  ca } led .  €v€n ts .T . , s t  P

be a fan i ly  o f  subsets  of  l , { ;  t f rc  e}enente of  P are named.  par t ic les.  <

The fami ly  P sat , is f ies  the f  o l lowing ax i rnst

Al.IgJ-qgJ x € i,irtlretq*J,g p € p ry3-tIr x € p..l'of al:,X

pe Plt*t  qS-! p haq_.j t t  f_eas! tvJo, elert_gnts

Az . I f  x rJ  €  Mrx l  Y rg . | r ,S  p re  €  F  * r - ! .  x ry  €  p re r tbsp

P=Q'

. A};Igr*ggy p€ P and f.qletr- xry € p W
a  S y t s e !  [ * , y ]  o f  p , c a l I e d  e S f l m e n t  r s . - t . l

[ x , ] l  =  [ y , x ]  i * r y  €  [ x , y l  ;  [ x , x - - l  = l x l

.  l f  & , b  €  [ x , y  ]  , t h j J r  [ * , b ]  E  [ *  , y ]

I q !  & r b r o r d , €  p r g . j .  I b r * ] A [ a r d - )  *  C I  r  i f  b r c # L * r * ]

! !gF Iu ,a l  c  [p , * ]  i  i {  b  e  [a ,d ] ,  q f rd  c  f  [u ,a ]  n . t i ren e i t l re :

L n , o l c [ * o . i  a q g  [ b , r ] A [ u , a ]  =  [ u , d l , Q i  [ * , u ] c l . , d l  @

[ n , c - 1  n [ o . , a ]  = [ u , u ] c  -  -

t h e  s e t  [ " r y ]  \  l x , y ]  l s  d o n o t e d  ( x r y ) .

.  A4"Ig p € P qq0 x t l tzr t  € p $, . r - t  (xry)  A(zr f r ) l  0,  - t -bg.g
| I  , . 7  r - r

L x r l j  U  L z ' t I  L s , L q S S S S _ [ j .

] . 2 " Ie f i n i t i q t_q "A  subse t  N  o f  M  i s  ca l l "ed .  quas i *open  i f :

QoI"IS{_SSJ x iI N gn"LggJ p € ? wjt}_"x € prt}Srg

eff arb € p A l l  gJ, x € (arb) I  t{ ,

qO2.fqg aff x € tl Aq$ pre €. P i,nrl!! x € pre 4Qd

pA cru!Ag*rS,.,.g;;F.t$* [a,n] A p n ]T h!. x € (a,]:) ,**,'1 fSg-g.n:

[r ,dJ q. [o, tr ]  :g"! ]  *  e (c,d) n ! i :g lq. .1g [ . , t ]qqntt  yr l ! !
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( i )  A n  i n j e c t t v e

K$.i:-QIrer.

irry .g.s$ll"ggj [x, y]

x € (e , f )  s , t ; . , fo , r  agx z  €  fer f  I  , i * tJo l lows . thu,  c

; r f f - ; j  f ' , * t , [a,z]Gi{ .  
engzrres ' :

J.4Csga,{jt, Le t I{ be quasi

;,:;,; ;.?,;J *i{jll}.:,,:::,;::;,il 
'fhe ee,

r n e d  i r  N r f o r  i _ 0 r o . r r [ _ I .Quas i_ 'pea . (The  p roo f  i s  s t ra igh t  fo rward ) .  
?hen  s "  i s

rh
of x in N.  

;8 set  
\  is  cal led the *g*m6!t :g-%

N o t e  t h a t  t h e  e u p t y  s e t  ;  _ *  .  
L w ' E J r L d r z J c i { .

rs  QUasi -oper . t .
3 '3 .R,qngrrk" r f  iv l r$a ara quasi*openr* ; ; ,  

N-  ̂  nr  r
fnde ed., sr_l ppos eand p€ i:wirhx€ p.'y-ji:--;:"=:;fii l1; l,rlr:J; ;:-

*  € , ( u i r b i )  €  N i , f  o r  i = r r a "By  a ]  i t  f o .  

a1  ' b t  €  p  n  i \ I l  s . * .
l lows that  [a

and prQ € p with x € p,e and Dr q, . . r ,eu 
r ied'  ror srx,J: : : :  I  !a 'ba: 

=

qo' for x,pre,i,t, rfor i='r2.ufun f*r,,bllTil:;; ;lr;r_;:
JJ il, ij: j:::.*'at ra,br is *i* int**u*r on p n€c€ssary

3 "5 .Q* f ! i + t l onE t , e t  
N  be  a subs €, t of .iif .

fu-oct ion h;N -.- .-* 614 ls cal led a

psin ts
c l . F g r * . a s J p € p q t ; d l : p r a n

l]x, hy n hz g{e_^.cp}}i n eqn.

-:."- 4 v+-...j1Il,I x  t l t% €  pr - \ l {  ths

( i i )  d  l i nea r .  chq r t  hs$

;
t
t .

$'
a;r.
t

I
i
I
t

t
I

n

Ptii'
f
I
T
I
Ir
f
f
i

[:
f'
fr
I

f
i
I
I

I
I
i

t
I

i s

f

t r

- R * ca l l ed

,'l .'l
v 4 c i V  i S

i - ' .= L n x r h . y J

by hx)

c N ' { t  fq} l .pw-s h( [x . rJ ] )=
aPPoa. l :  l ve  c lenote  h(x )

lglff-,t t i al

n o  c o n f u s i o n  c a n



-16-

C4"I'or aFJ x € N qlr$.f oJ,any :teup-qg-g] lilj d t4g-qg$.b

h v  * . h a n a  i q  e  n r r i l i n l c  n,4a, _: j :--- :  r :_ . :__y_.j_:*s: 
"  fu!,  x e p ggg h(pn N)e d.

) l

3.6.I,enna,!q!. h.; N - 'u' bj_a.*plgS,njgt_Le1--charj x rI €

xl'J _A!.{;pg,! a,:hxrb*hy"Ij [antr] $*t!.c-lqq.g4-in h(]t) an4 ab

a_t i rns  l ineJh.q  p  g l t !  x ry  €  p  and

[x,y] c. N.Ig d !g. a-Ii,fS .r]Se jl 'Ra, t.iK,: d n h(N) -lg*o*q.q*:l d.

f n d . e e d  r l e t  c  €  [ a r b ]  a n d  c  t  €  N  w i t h  h c  r = c . B y  C 4 r * h e r e

sx i s t s  a  pa r t i c le  pc  th ro t - i gh  c  t  s .  t .  n (pc  n  N)  g  ab .By  801 ,

t h e r e  a r e  d i s t i n c t  x c r l c  e  p . A l {  r , r i t h  c t  €  ( x r r } . )  c  N .  B y

C t r h ( L x . n y c l ) =  [ f , * r , h ] r l  C  a l , T h e  s e t  [ a r b ]  i s  c o m p a c t  a n d .

( H c  r h y c )  . w i t h  c  €  [ a r b ]  t s  a n  o p e n  c o v € r i n 6  o f  i t ;  h e n c e  t h e r e
. :

a r €  c o = & r i l r . , . 1 c n * b ,  s o t n  ( h * .  u h J . . )  w i t h  i = 0 r . . . ; 0

c o v e r  I u , b ] . n y  A ?  j . t  f  o l ] o r v s  t i ] ,  o ; t r p , . , , , n . . 1 p o  a r s  t h e  s a m e' o  u I  t n
p a r t i c l e  p  a n d  [ * r y ]  c  p . B y  A 4  i *  f o ] l o w s  t h a t  [ x , y ]  C N "

The  ias t  asse r t i on  resu l t s  f ron  C4 ,qOI  and .  C la

Bg$q . rk . In  1 "? ,  i . 8  w€  use  C4  in  the  weaker  f  o rn .

C4 t "Fo r  any  x  €  N  an ,C . ' f o r  any  t . ime  p lane  A  th rough

hxr there are t i i 'o  t ine l ines d ' rd2 of  A i ;hrough hx and.  two

pa r t i c l es  p1 rp2  t h rough  x  $o t ,  n (n1n  N )  q  d i .

1,7 .Rernarks .Le b hr f i  - ' - -+  n4 be a prer .ner i ; ia l  char t

( i )  L e t  t { '  C  N  b e  q u a s i * o p e r : " T h e n  h r : N '  -  '  l R 4  w i t h

h tx *hx  fo r  any  x  €  N t  i s  (o i l v i ous l y )  a  p r . - i ne r t i a l  cha r t .

( i f )  t h e  i n t e r s e c t i o n  o f  h ( N )  v u i t h  a n }  u i n e  p l a n e  A
L

o f  R ' .  i s  o p e n  i n  A ,  h s n c e  . v i r i t h  a n y  l i n e  d "  i s  o p o g  i n  d o

I n d & e d r l e t  y  €  h ( N )  n  A " L e t  x e  N  w i t i r  h x * I " L e t  d . r g  b o  d i s t l n c t

t i m e  l i n e s  o f  A  t h r o u g h  y " B y  c 4  l e t  p r e  b €  p a r t i c l e s  t h r o u g h

x  w i th  h (p  n  i i i )  e  d  anc l  i r (q  11  N)  e  g "Le t  [a ,b ]C  p  f r  l {  bo

t h e  n e g m e n ' d  S i v e n  b y  q O e  f o r  l , i r x r p r q . L e i  I o r f  I  C  q  n  N  b e

the  se  g jnen t  s .$$  oc ia ted  to  [ * rb ]  i n  Q0? ,Us ' i ng  qOe q .nd  C ,  i t

r e s u L t s  t h a t  t h e  c o n v e x  d o a r a i n  w i t h  v e n t i c e s ,  h a n , i l € r h b r h f  i s

IT
l \ l

i.s
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i nc l .ud .ed  in  h (N)  n  A  and.  j . t s  in to r io r  con ta ins  ) .
b

1.8nI,emma.!t l - !  hrr N, ------->R '  
Le*Jin_eag chqf tg f  or i .=I 12,,sr j . l

h ,  i s  a  p rc inc r l i ; i a l .  cha r t ;  h . ,  ve  r i f  i es  CZ  and  CJ ;  N  I  I  =N .  n  N^j . c

ts . npt*ggpty I tgj N hS,tlg-SS-C.sgn!:goryf gq -99 S qgpSp-tgt_,pf

x € tr'.rLgg--!.bgjgngjig!. Fr h., (i'r) -'ut$ qsjin,eq"_&X F(y)*
I

1

=h .h l ' ( y )  f  o r  an r l  y  €  h '  ( i ' i )  i s  t he  res  t r i c t i on  o f  a  hono-
L i - - l -

ffsp[x_!_e h1(ti),

I n d s o d n N  i s  q u a s i * o p e n  b y  5 . 3  a n d "  3 . 4 , R l  j , l  r t h a  i n t e r s o c t i o n

o f  h , ( l r { )  w i th  any  t ime  p lane  A  i s  opsn  in  A .By  C} rh I (N)  i s

c o n n e c t e d .  b y  s € i l m e n t s . T h e  f u n c t i o n  F  i s  i n j o c t i v e . L e t  d .  b e

a :  t i r n e  l i n e  a n d  l e t  , L r a Z r u S  b e  t h r e e  p o i n t s  o f  a  c o n n e c t e d

subse t  [ * rb ]  o f  d  r ' i  h r ( ] i ) . 8 ]  1 .6 ,  t he re  i s  a  pa r t i c ]e  p
- t  -

s . t .  h t * ( a r )  €  p  A l l n f o l  i = I r 2  t 3 . ' I b e n  F ( u l ) r F ' ( a a ) , 1 ' ( a 3 )  a r a

c o t l i : o a r  b y  C I  f o r  h r . H e n c e  F  i s  a  p a r t i a l  l i n e a t i o n . L c t ;

I  b e  a  t i n e  p . i - a n e  w i t h  f  r : = T  A  h f  ( N ) l  d  . L e t  a  €  T t  a n d

d ' rd2  two  t i rne  l i nes  o f  f  t h rough  a .Le t  [ . i r b i ]  C  T f  r \  d i

w l t h  a  €  ( a r r b i )  r f o r  i = l r 2 , L e t  x  €  N  r r y i . t h  h r ( x ) = a " J 3 y  1 . 6 ,

the re  i s  a  pa r t i c le  p i  t h rough  x  and  [ x i r ] i ]  c  p iAN w i th

x  €  ( x i r l i )  a . n d  h r ( x i ) = * i r h t ( J i ) = b i , f  o r  i = l r 2 . B y  C j  i t  f  o l l o r v s

t h a t  n r ( [ x i r ] 1 1 ) = [ h a ( " i ) , h r ( ] i  ) ]  , f  o r  i = 1 r 2 ; $ i n c *  h ?  i s  i n  j e c -

t i ve  , i t  f  o1 lo r r ; s  tha t  h r ( x1 )hZ(y f  ) l

F  v e r i f y  t h e  h y p o t h e s e s  o f  1 . ] .

U . 9 " D e  f  i n i t i o n . . A  p r e i f i q r t i a l '  u l t a r t

i f  h (N)  i s  ope i l  i n  [ J4 "

1 . L o  "  L e  n n a .  L e  t  h i t

i = I r2 "J f .  h t (N f  f \

glq e*-alx-!-'
Proof . l , r t  b  e  i t A ( N ] / l  N A ) , L e t  :  e  i { t  f l  N a  w i t h  } r r x " b . P , r t

e = h l x . L e t  1 1  b e  t h e  $ € ; i r x e n t - c o n n e c ' h e  d  c o n p o n e n t  o f  x  i n

N I  n  N A  a n d  l r r  h {  ( t l ) - ' " n 4  c i e f  i n e a  b y  I ( c ) = h ,  h f t ( * ) .

l i - )  i s  oDen in  u t ' *  n t i ie  n  h . ( l ' 1 . ,  r \  N^)  i s
( , '  1 '  I  C '

h r ( x r ) h a ( y a ) . H e n c o  h t ( I I ) ,

hr I'l - R4 is called. -qpg-U

r i e r N i " a l  c h a r t s  f o r
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fhsn I '  is  the res t r ic t  ion of  a  homography i i rby l .B, lv lore over

h I ( i l )  i e  0 p e n  i n  E . r  f n d e e  d " r v l e  c a n  s u p p o s e  t h a t  a * ( 0 r 0 r O r 0 )  a n d  
I

I e t  B ( a , r )  e  h l ( N ,  A  N e )  u e  a  c l o s e d ,  b a l l  o f  c € n t r o  a . L , e t  c

b e  t h e  i n t e r s e c t i o n  o f  B ( a , r )  w i t h  t h e  c y J . i . n d e r  ( " 2 ) 2 o ( * 1 ) 2 o
l t a a

* ( * * ) Z = u ' f o r  a n  s  €  ( 0 n r / t J ?  ) ' L s ' b  c  €  C . r f  a c  i * q  a  t i m e  l i n e

t h e n  b y  1 , 6  t h e r e  i s  y  € .  N l n  N Z  s " t .  [ y , x l ' C -  N l . \  i l 2 " H e n c e

y € $ . I f  a c  i s  n o t  a  t i n e  l i n e r t h e  h n e  t h r o u g h  c  p a r a l l e l  t o

the  x I  ex le  rnee ts  the  boundary  o f  B (a r r )  i n  two  po in ts  0  r f  .

t h e n  e f  o a c r a f  a r e  t i n o  l i n s s . L e t  I r a  €  o r t ' T t  s . t n  i : r J = s r

h r z = f  . B y  i . 6 t  [ * , y J ,  I y  , r ) C N ] a \  N a  a n d .  t = h - " ( c )  e  | - y , z J . H e  n c e

t  €  N . I t  f o l l o w s  t h a t  C C h i ( I I ) " F l o n c o  F ( C )  c o n t a i n - "  a f l  u p e n

ne lghbru r l : ood  o f  b  i n  he (N) .

5 , IL"Qf l I }g i ! . ig ! * fhe op€n pre iner t ia l  cLar ' r ,s  hr r  Ni*  R4,  wi th

i=1'r2, are nan€,i  gqqggSj!]g i f  hi( lJ l  A t l r)  ls open (equi-

va len ' c l y  hA( i ' h  A  Na)  i s  open  rby  1 " ) "o ) .

3 . ! 2 . D e  f  i n i t 1 o 1 . A  p r e i n e r t i a t  c h a r t  h :  N  - * i R 4  i s  c a l l - e d

gdjggg!_g i f  i t  sat isf ies als o the axiousi

C5.Fo{,-3i ly-gqq!&lg p and fpf -an;r l  xr} € pAN,if

Lto,hyJ C h( i i )  , tFSj  [ * ,y j  C N.  : : :

c6.Ig*gu p € p sJg xry € p t-*t! x* I +!d,* tx,y]6 pAI{

and. !pt*.qrrJ. s:$mjnj $ oJ n(x) h(y) A n(tl) yvh.j,cj:- inc tudsq bx ,hJ ,'

i t  f  o l ro$s-  f i - r (s)  C p.

0bserve  tha t  C5  and  C6  a ro  ve r i f i od  fo r  t he  pa r t i c lec

p  s . t ,  n ( p n  N )  i s  i n c l u d e d "  i n  a  t i . r n e  l i n e r c f .  1 " 6 "

J,Lt Proposit ion,Le! ha:N., -----4 t l t '+ W.!!n i=lr2r!S**ggq.gr.Fr.g *

t n e r t i * l  c h a r t . s . - [ f  o n e  o f  t h e n  i s  a d . e q u i i ' ' r e  " t h e  n  h .  a . n c 1  h ^  a r €
*..',&;t*-".:!F.* *d#

s.spsi-L!.Lsi.

SfggX-"Suppocu hl  is  &deqr, lc tge.Lct  x € i l t f )  t ' t ,  and.  let i  N be t i :s

s€Snen t * conn€c te  r i  co l r ponen t  o f  x  i n  N t  A  i \ i r -T i r en  t he '  f unc t i on

Fr h1(t l) **---- iR4 cief inecl iry i i2hff is the restrict ion of a hono*
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l ine through a and Put

part icle p i j ind *A ,uZ €

d e A

N . n
t:

B ( a  o r )  =

p  s , t o t

graphy l { rcf  ,  lnB.Put b=hrx anc a=hrX,\ . {e ehal}  provs that

h2(N)  i s  op€n  in  a .Ta"L ;e  the  c lossd"  ba l l s  B (b  ' r t )  C  h f  (N1)

Ad.orr  I {  and 13(a. r r r )  C he(} ia)  rv ; i th  "Lr rz  
> 0. ' Ihen thers  is

r  7  0  s , t .  B ( a r r : )  C  B ( a o r r )  A H ( 1 3 ( b r n l ) ) . t e t  d ,  b e  a  t i m e

\Ga  r f  t  t .BJ  9 ' 6  r t he re  i s  a

h, (ur)  *oa, h2$ ̂ )  * f  n an,3

[ u 2 r v 2 1  C N " " B y  Q C l r t h s v e  a r e  r t r v t e  p  A N t  w i t h  L u ' r v t ] C N l '

p u t  h 1 ( u ' ) h l ( v ' )  n  B ( b , r 1 ) =  [ . t , f  i l . B y  c 6 r t h e r e  a v e

u 1 r v 1  €  p ' A N ,  s , t ,  h r ( u 1 ) * 6 I r h t ( v 1 ) = f I " t h e n  I u t t v l l c N l r

c f  . C 5 . f t r t  L o , o l r  =  f u 1 , v 1 ]  A [ o e , v 2 ] : x . T h e  p o i n t s  i l ( e 1 )  r s r r f  2 ,

H( f  I )  a re  co l . l i nea r  r ' ; i t h  a "The  se  gnen t  I  hZorheu  I  con ta ins  a ,

henc0 rby Ai i -b include g [  *a , f  n ] .  r t  f  o] lou.rs that lue ,  tnlc_txr( iv) '

L e t  C  b e  t h e  i n t e r s e c t i o n  o f  t s ( a r r )  w i t h  t h e  c T l i n c i e r  ( x ? ) 2 *

+ (xJ . l 2u  ( r4  )2=*2  r f  o r  an  s  €  (a r r / ' {E  )  . Le  t  c  €  c .  r f  ac  i s  e

t i m e  l i n e r t h e n  t h e r s  i s  y  €  N  $ . t *  h 2 y = c r c f  .  a b o v e ' I f  e l c  i s

no t  a  t i ue  l i ne ,  t hen  the  l i ne  t i r rougno .  
?? "u t t .  

t o  the  x I

a :< i s  roee ts  the  bounc ra ry  o f  B (a r r )  i n  tw ivG r f  s . tn  e f  , ae  ra f

. a - r e  t i . n e  l i n e s , B y  a b c v e  l e t  J r z  6  N  s . t .  h r J = e  , h r z = f ; a l s o

[ "  r y J ,  k  r z ]  C l l . B y  1 , 6 ,  [ y ,  " ]  
c  N a . s i n c e  h ' ,  y = l { .  ] ( e )  a n d

hrz= l t - t q t ;  i t  f  o l l ows  tha t  In : . y , t i r z ]  c  B (b  r r r )  c :  h r (N t ) .Then

[ y o r ]  C  N f  r c ; l . C 5 i h e n c o  [ y , t ]  C  l ' { . B y  C } , t h e r e  i s  t t  [ y r z ]

w i th  h2 t=c . I t  f  o l }owe  rha t  c  c  hz (N)  .  l l enc*  h2 ( \  a \  N , ) )  i s

o p e n ,

Sssg  ,The  asse r t i ons  p roved .  i n  i , 6 -  3 ,8  r3 . .10 r3 .L3  rena in  t rue

evsn  i f  0 t  and .  C4  a rs  rep l -aced  by  ths  weake : ' qx ions t

g l t ru l r ,s r  eCI}  p  €  p and.  f  or  any x  rJrS oontatned.  in  a

s e g r n e n t  o f  p f \ l \ r t [ e  p o i r r i s  h x , h y r h z  a r s  c o ] t i n € a r

CJ+ t toL to r  a i : y  x  e  N  and  fo r  any  tempo3a l .  l t ne  d  th rou6h

i : x r i h e r e  j . e  a  p a r t i c l e  p  s . t . :  X  €  p ; h ( p  A N )  c o n t a i n s  a  s e g -

m e n t  s  w i t h  s  c  d " n a n d  l x  i s  i n  t h s  i n t e r i o r  o f  s ,

l . L L r . D e f i l i t i o . ! * i \  p r e i n e r t i a l  c h a r t  h r N  - - - - * - , R  I s c a l l e 6
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l l re. { . t ig}  i f  i t  sat is f  iss a iso ths axiomi

c?.Esr*,gnl*s**iglg p w,SgLmsq*ts N'ihq*sqt n(p A N)

I l es  on  a  t i r ns  l l ne  .

Observe  t i ra t  any  iner t ia l  char t  ie  adequat€ ,bJ  v .6 ,

3,1! .Theor€n ( i t t ) . I - i9. !  hrr  N,
1 L

1*1,? "@ Nr =I ' I1A Na{ fr " l lhen }; ht($) -*--*.tR'r-{gEiJLgS-H

- /  \  \  .  - ]
F(yt=nrnr '{y) f  qf .qqx y € hl( l : ; ' )  is-a"-{nq*1} . !q.a.qsfsrt fai io!.

!gg55[ , f ] re  e  ets  h l  (N)  and hA(N)  ar€ open,by 3.L,  and '  ] . io .3y ;

7 ,B r } ' i s  t he  res t r i c t i on  to  h l (N)  o f  a  hu rnography  H  o f  iR4"T ,e t

I  €  h f (N) ;  t hen  F  naps  any  t ime  l i ne  th rsu8h  y  i n  a  t ime  l l ne

th rough  3 (y )  nby  c4  fo r  h ,  and  c7  f  o r  h r .Henco  r (h r (N)  ncy )

r  o  ,  r l l o reover  U- f {C f {y ) )  q  Cr rb }  C4  fo r  h ,  and  C7  fo r  b } "g =  t l ( y ) o " ' " ' ! v v ! r  4 '  t " F ( y ) '  *  " y t -  - I "

I I e n c e

(.3. 15. t)  r ' (hr(r ' i )  A cr) =h2 (N) n cI '(y)

By  5 ,8  r  F . i s  t he  res t r i c t i on  t o  h I (N )  o f  a  homography  H  o f  R ' ! ;

hence -F .  i s  a  honomorph ie ia  on  i t s  image. I r rom 3 , ) - r ,L  i t  resRLts

that
T T

(1 .L5 .?)  F(hr (N)  n  c ; )=h2(N)  n  0 icy l  ,

where * l=  lz€ r i l4 iQ(x-z)=0 ]  .Fy a s tandard.  argument  i t  f  c l ls ' , ryg ; : . :

.  that  F uaps any i ignt  r *y  in  a  l ieht  ray. l {ence f  |s  a  VJey l  .
fo r

t r ane fC Iena t iC In  ( seA( ine tanc  e  j . 2o  be l l ow) .

, . I 6 " L o t . a r b  b o  r e a l  n o n * n e g a t i v e  n u n o e r s . 0 n  [ t 4  c o n s i d e r  t h e

guadrat ic form

( , .  16 "  1 )  Q(x )  = (ax1 )2 - (bx2 )2 - ( r *1 ) ' , *1b*a )2

f  o r  a n p  x = ( x t ,  o  . .  , x 4 )  €  R 4 "  ,

r  ] ; ' i o .2 )  r f  a ,b l  onus ing  the  a i rP t i  on  ( *1 , .  .  .  , *4 ;  F - - - - - - *  ( xL / ^ ,
i

, 2 f r * - u 1  / n ^ * ' r / n )  w e  n . J r n  s r n n o s e  t n a t  : : = b = f  
". / r  I  w  r A  f  v r / r  I  v , /  ' r v  v s l i  * u y b , w v L  - ; : ; i r  u * :

( ] . 1 6 . 3 ) " f f  a l  0  a n c l  l : * 0 n t h e n  t h e  " I i g h t "  c o n e
- . T ,  t  - ,  \  -  )  '  I  1
Ci ;= i y ;Q (x *y )=0  J  becomss  t he  hype rp lanu  E r ; x - - ] - : 0  and  any

I ino  t l r rough x  no t  c  on ta ineC in  4 . ,  ie  a  n ' t i i ne  "  l ino ,  .
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I n  1 . ,  -  1 . I 5  w e  w o r k e d  w i t h  C 1 - C 7  Q n o u n c e d  f o r  t h e

quadra t l c  fo rn  (3 .16 .1 )  w i th  a "b= l '

(3 . yA .4 ) . In  V ,L7  le t  C I -C7  be  snognced  f  o r  a  quadra t i c  f  o rm

( 3 , L 6 . I )  w i t h  a l  0 .

,  For  x  rY  €  R4 l l i th

-gglg.g-between x anel Y as d(x

1,L? "Theoretn. !g!  ht l  Nt  - -> t (

s€ns6 o- ! .7 ' .16 . r l )  Y , i i .h  i= I rZ

,11-yI ** clefine the g-pg[iql-*!g-

,y) r  =(xZ-ya) 2*(*7-t1)2o(*A*y'"u) 2.

4  bu  open  i . ne r t i a l  cha r t - s  - ( iA  the -

and" N: =i,t, A NZI fr .lgligg

Frhr (N)  - * "m 'u  bx  l ' ( y )=ba i ] ; l ( i ' )  fo r -q ry  y  €  h l (N) '

(G)*lS"g ai 0 gpg b=0nThen r is-a-qu.a.gi:s4l,lleg!t-

tr.an s f orna'i;i gg (s e e 3. 18. i) . i!{rgglgg:egr.3*ptsg Ylvis ! pg" .qpa-

!.l j*_gistritcqg" jlr,vqf.lp }.ltl ,!b6-9 rt 3,!- a Galilei trgnpf og$-qiipq.'-

,. (',,?) Let a* o aqg"bl o.&gg it is a \!/-eJl trgne-{o,gingtio[.

T)v .nnf  - f l 'he ass er t iOn ( lV)  wag prOVed.  in  1 ,L5 Via 1. .  L6,2.
I t r U V I e l a r v

( G )  S i r s t  o b s e r v e  t h a t ' 3 , 6 - r . L 4  a r e  t r u e  a l s o  f o r  ( 3 " 1 9 ' 4 )

w i th  a t  A  and  b l  0 .

fhus ,as in the pr oof of ) .LJ rvte obtei" n that:  hi( t ' l )

i s  open  , i= l12  iF  i s  the  res  t r i c  t i on  to  h l (N)  o f  a  ho luog i ' aphy  l i

o f  t t4 ; f  or  .any Y € ht (N)  ,  " '

r(  ht( l ' l )  n ny) =h2 (N)  ̂  Er(y)

l row (C) fo l lows f ron 3 '18

1" lrir?rbpos it1 on "!gt, Hr tR4 \A *[i4 te a .lro,gg$Jljrp]l*E:f:.S.

&j l ' l (d)=d,t$grg d.=(0,0,0,0)'Sgplggs-3&!: I l(Eu \ A) E Brri

H(Ey\  A) e ur(y)  f  o l  ug$,*  y=(t ro 'o 'o)  g i" t -h t , l  o '3 l tq l  H ls  g

qg.ag q-GalllS i- !5-9.!q { of ngt i-qn .

H3 !  a= (o , I  rC lo )  r b= , (0 r0 r t r 0 )  r a * (0 ,0 r0 , r )  g ! . 9

z*(S, 1,0,0) .J{-SgiSS:g{, r{ -!r9e-g5yge*5gg q pgi ia] g*g[*!'cSp

be tween cl,a,b,c e!"g*!9i3s-q-q y i}!d u,!bgs i'l i ',s.-a -t'gf.if.e i',*t'f!$rf of *

ge!fe!" Jgd,i,3LSysngug.!1I ltrrl 1) I
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{ + . , +
Boo,f .rryrito r i(x) '  =( 4.l{ i ixJ+H., q) / ( L-tr.x J+llr5) .sinc o i l(d') =d',

' \ - -  '  '  
j= I  rJ  L )  

i=1  
rd  ' " /

i t  fo l lo1 ' ;s  that  HI5* . . "  * l {U5*0 and 115r.# O- i ' ' iu} t ip i } in$ the

matr ix  of  i { ,we can suppo$e that  l { r r* t .s i "nce } I ( I iu\A) q Edt i t

reeul ts that  1{12=l I rU"Ht+=0 t

Srora i l (Ey\ .4)  q Uu,(y)  i t  f  o l lows that  t r= i { r1t ' / (H9t t+

+H52x2r, nryT nnruxr++ 1) . The n t t ( Hrrt+ l)..lirrt'O and' Hga*fr5g=Hg4=0"

Hence

(  3 .  1 8 .  l )

Ga l i l e  i

r ' l l
l l(x ) 

r=Hrtx rr( Ilrrx'+ I)

A honography which nat is fy  3 .18"1 is  ca l leo a orge! r . *

trans f orina i; i on .

$ j .nce H r .c ts  a$ a l inear  t ransf ,ormat ion on I ;u  anc l  prs-

se rv66  the  d , i s t i nces  be tv . t sen  * ra rb ro r i t  f o l l o ' ; ' ; s  t n : - t
+

* .
Z-*r -r1{r r.= b ,u f or any 7 rk=?- r5 14
T ; 2  

r d r " n  d  
q

( Indeed" ,d ( i t (a )  ' I i (d ) ) *d (a ,d )  imp l res  tha t  Z  td ,  = l  and a(H(a)  I
L=2  * *

t

l l ( b ) ) = c i ( a , b )  i m P l i e s  t h a t
\t

l-=?

HiZI{ i }=O and"  Eo on)"

s ince  d(1{ (y ) , i { (z ) )=d- (  J  rz )  j ' t  r9 ;u l t ' s  tha t  (Hr r t+ l )2=
a j

= Z  -^  4e*1 . I1enco H5I=0, i .€ .  H  is  a  Ga l i le  i  t rans f  o rna t ion
L=4

(nu l t i p l y inA  the  f  i . r s  t  coo rd ina te  w i th  f /H l f  )  o

1,Lg.&gsgiE"$sual ly  for  a  Gal i le i  t ransfor tnat ion i t  is  askec l

tha t  t he  t i ne  be  abso lu te " i l ence  in  o rd "e r  
' t ha t  

a  homograpny  H t
1 1

wi th  i { (d ) *C lbc  a  Ga l i }e i  t rans fo rna t ion rv re  eu .n  lmpose  i i ( x ) *=x*
3 l t '

f  o r  a n y  x = ( " t r x c r x 2  r x * ) . F r o t n  t h i e  c o n d i t i o n  i t  r e s u l t s  t h a t t

( ] " 1 9 . 1 ) H5 i *C I  f  o r  t= I12  t1 r4

Hr r .O  f  o r  ! *27J14

lT  *1

I n  f  a c t  ( 3 .  t 9 . I )  c a n  b e  d " e d . i i c e c i  f  r o n  t h e  f  o l l o w i  n g

w e a k e r  c o n d i t i o n s l

H ( x ) l = x l  f o r  x = ( 1 , 0 , 0 , 0 )  o ( 2 ' 0 r o , c )  r ( u r t r o , 0 )  r ( 0 r 0 1 I , 0 )  r
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( o r o r 0 r l ) ,  ( 1 , ,  r  r o ' r o ) ,  ( r  r 0 r l  r o ) ,  ( l  r 0 r 0  t 1 ) '

I n d e e d, i{(x ) 
t=x 1 *. *n u itr, (* 1) 2 .vY, 

'2xLxa 
+v r,;Ix1 

*H 5+x 
Ix 4-

* ( i{rr*}) x t.-llrrx' -nrrr}*iirr* u *o'

The f irst two points Sive Hl l*(I{ I I* l )=0 and" 4H5L-

*e(Hf I* l ) * i l ;he nce l i r . r= i  and H51=0" Ihe th i rd  g ives H12*0 and '  so

sn.The s ix th  g ives l { rn=0 and-  so or l '

I f  o ruo reov€r  r11  p rese rVe$  the  s  pa t ia l '  c l i s  t ances  be tween

d r a r b r c f r o n , . t B r t h e n H , i s a C a l i l e i " t r a n s f o : : n a t j ' o n "

j,Zo.propcs ition.!S! Ih[i4 \ ir *--Ut4 be g. homgi:]F.ep,Lrl."ii ':L-.,S:

[-c! ]{(d) =dr}{}9lg d=(*,0,0,0) .!9! Q be, t-ir.g- SiangeqLSg-c9;giic

fogg, p n-:l n g. lii qi'-o:s bJ:- q !3ff a4 ( t' c)' l&P'.gg9*!!3! t( ll ( v ) -lT(x ) ) =

=O,f_ot" tIS*f o.rlov{}F-**..pa}Ig*gf Pqi!-tF:x*(0,0,0'0) and. y 9qi- -oJ

l Z = ( 1  n l , O ' 0 )  r z Z = (  t r * i  r 0 , O )  r J 1 = ( L  r O , t j * '  
" 1 = {  

I  t O ' - 1 ' 0 ) '

I+* (1 r0ro , t )  rz4=(1 ,0 ,0 , -1 )  r lZJ=( r '1 /V7 'L /E  'o )  ' I?4=( l ' i i {T  r

A,L/{7 )  g! .g t34=(} ,0 ,L/ \E ?LI{ I  ) ;x*(} ,0,0 'O) q[d v -a ' f f -Sg

*1=( L/2 'L/2 r0r0)  1!" /2:(  L/2 rO'L/2,0)  , rvr= Q/2 ' ,0 ' ,0 ' ,L/2)  gg1

*4- (  L /2  r - I /2  ro ,0 )

TES!. tl*j.s- + 
're;l 

.3:its39'Tlaqi3g"

Ilg-tg.! 'ron ri(d)=a it f  ol lo'* ls Hrr=O f or'  !=.L'2": 'U^*n: Hrgl A'

T je  oan . take  H55=t .Le t  x=(x } , * t ; ;1  , "4 )  and y=(y l , I ,2  ,J i  , y4) .Pot

x5=I= I5 .suppos e  tha t  r i (x *y ) *0  and.  q ( i { {x ) - i { (y )  )=0 . the  second

c oncli t i  on Ine ans 
r

l . - - Y - - - - " 1 ^

( j  .2o.1) lZ ,=r* 
jruingri{} 

j-H5 jHru)j 
'-

^ t d " ' I

L e t  x = ( o r o r o r 0 )  " t h e n "  ( 5 " 2 o '  I )
-t

b e c o n e s
i +

= Z* [ >, *iyt '(I{quH, --urrttr,-)]2
TA 

. 
f.;1*f 

2il r d '/ Lt *'" J

):,z_
i = 2  i i , j = !

( 3  , 2 o . 2 )
--= lf -i

. i  - , l r * ,du  
' i I

,z*--- J J "l lc"l -i  ̂ -
f  * _ _

n t t J * r

ykyiI{**Hi j
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Ar t  t l * l  and  tA*  t7=  t4=  tL"Then G '2o '2 )  becomes

& {..- --k i c 1r r.r. *r1
(5 "ea .1 )  / -  / - - J  Y "  c  i t t i k " i i = "

i = l  k r j = I . +  A  - ^
Put ;;;= 7- 2 ' '  I Io onr n '  The n Aki=AiL'--KJ 

i; i  
r ,  rn 'rd

Tak ing  1 l=Ta  1n2 t (3 "2o '3 )  bec  onc 'e  re f i  pec t i ve l y  a l l *

+zA.,e*A"r=s i tu6 ArI*2A1 24-Aza=o' l lencu 
Jt12=0='"21- and AlI= -422"

L (  4 a  a &

Analog*r rs ly  f ron U-v3tzy anc l  3*U4tnt1 i t  f  o1 lows that  At r=0=A11r

AII= -.u., i  and Alrs*0=a4rrAl_l= *A++

takins y*tZJ i t  f  ol lows that IZ7=O'rfhen J=]2* t !7+

S ive  AZ4=A,A i4=0 ' i l ence  r fo r  \  3  =A11 '

3
( i . e o . A )  L t i l { i k H . i = \ a u 5 r i '  ,  f o r k ' i = l  } 2 ' - 1  ' 4
\7  -  

T=I  
'1"  rx l  J 'd

L e t  x * ( 1 r 0 r 0 r o ) . t i l : s n  ( 3 " 2 o " 1 )  b e c o n e s

d
,'  - l-
i >
l /
L  r . * 1

I1--"L

4  1 -  . t )
) -  - " ! i i r  ( H  * t \ l c

l I* '_i i . '  j* . /  J t lk\n5I+ttJ
?lr rr k=I

5

utrffi

h 5 - 7 -
- t=[Z- ,kirrsHir- f, rkrlr,,(H5l+t)]t

i=2 
- 

k=l
Th ls  g i ves

5
i " ,  i a  . / r . r  , " t a  F

y'  I l r r- i iR - i -C \  - i lqr + L )  t -  -'  . 2 K  2 J  ) L  k = }

* (urr+t)a 
#rtnvi,\,i*o

t l s i . nE  (3 .2 'o .4 )  i t  becomeB

, ykyiil.,rAr i*
i * ]  ' /  '

{ r r - 5 - : r - l

(Lri5Lrk) L I"Hsivr*2v'iurr+r)J'"0
K = r  d * r

l l l he  f i ' s t  sun  i s  no t  ue ro  (as  d "enomina to r  i n  l l ( y ) ) ' l l l ak ing  y

. 1

$  o  t .  ) ' = 1 / 2 , i " t  f  o l l o v t t s

(*L/ z) llrro J2 ll 5a* t1 ri rrr* Y4 iITo *o

Fron Y=vJI r ' , r ; ,  r i rS rt ' rU ,  i t  f  ol lo"rs I i5I=i i52-i151=H54=0'

I {oncs I ' l  in  a  Vtsy}  t ransf  ornat ion '

v d e g } o . o a l i z , e n o \ I J t h e s 0 c o n $ i d e r a t i o n g "
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1 , Z L ; i u p p o s e  t h e r e  e x i s t s  a  s e t  A o  o f  o p c n  r a d " e q u a t e  r p r € i n e r t l s ' }

cha r t s  s  o  t "  t he i r  doma ins  cove r  i , { . i 3y  1 . I ,  t he  se t  .Ao  ex tends

c a n o n i c a l l y  t o  a n  a t l a s  A  a f  i i i r s ' t .  a n y  e l e m e n t  o f  A  i s  a n  o p e n t

adequa te ,p re ine r t i a l  cha r t . ' l hus  A  t i i ves  a  s t ruc tu re  o f  d i f f  e r€n ;

t iab le  nran i f  o lc l  on l , r i ;  the c  oord inate t ransf  o : :mat ions ar€ g lven

by  l : o r l og raPh ieu  rc f  .  1 .8 .

I f  &i i  adjnits a sei i  Ao as ai:overwe sa.y that l i ' i  sat isfy

the gg.nerpl ized- pr*nc*,pl* qt .r .ngi i*+:

l "ZZ .Le t  A  bs  a$  in  5 ,2 ! ,Y le  sa }  t i r a t  l l l rA  e  a t i s f i es  the  Gg l l l e . i

. gg3 !q '$$g -  q f  . qAqg t iF  i f  t he re  i s  a  subse t  Go  o f  A  s . tn r  t he

donains of  the char 'cs  f ron G0 covcr  i ' i i ; for  any ht rhz e G0 r ry i th

,ll, h_ 61,11 ._*rp4 is aI{=dom h., / \  c lom h. i  fr ,  the funct ion h' t ' }  '  rJ 'r  \ '* \

Ga l i l e i  t r . ens fs r r *a t i on "The  se t  Go  ex tends  canon ica l l y  to  an

at las G Of  I r t  e .  t .  the c  oord inat  e  t rans f  ornat ione are ga l i lean "

Obserge  bha t  fo r  h1 ,h2  €  A  the  func t ion  i : rh l l  i s  a  Ga l i l e i

t rans fo rm i , t i on  i f  i t  sa t i s f i es  cond i ' b ions  s in i l a r  t o  tha t  i n

, .  I 8  and"  , . L9 .

7"23.T"at  A be as in  1 .2I "We sa) ' that  i l ' i ,A  eat is f ies  the Ei - ! "g iS ' i -A

pr inc* ju i ,  g [ - i r * r t - ia  i f  i l rere is  e  subset  I ;o  o f  A s , t . r  the

donains of  the char ts  f ro$ I io  cov€r  M; for  any ht rba € $o wj ' t l :

g=d.ora hr/\  don hA * fr  , the funct ion hrhl lr  hf ( l l )  ----+[14 ie a

lVey t  t rans fo rmat ron .The  ee t  So  ex tend .e  canon ica l l y  to  an  a t l as

S .  o f  # i  s . t .  t he  coo rd lna te  t rans f  o rx la t i ons  a rs  
' t {e } } .$bse rv6  tha t

fo r  h l rh '  (  An the  func t ion  h rh l '  i s  a  V /e ;y l  t rans fo r$s ' t i on  i f  i t

s a t i s f l e s  c o n d i t i o n s  s i r u i l a r  t o  t h a t  o f  1 " 2 o '

1 , "?4.FoI lowing [  ? ]  r the phe nomenon of  l ig ;h i ;  pr :opagat ion in  h ' l

can  be  deec r ibed  by  a  b iRary  re ia t j . on  l J ' !  C  l i : <L t  s ' t ' t  i f

( u r v )  €  l r i f  r t h e n  ( v r u )  €  } ' 1 '  a n d  r - r / ' v o

Let N C M.A funct ion , ,5 -*t14 is cal leci , ,* -LHli-geI

cha r t  i f
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( 1 . 2 4 . L )  f o r :  a n y  d i s t i i n c t  i l r v  €  1 ' { ,  t h e  p a i r  ( u n v )  b e l o n g s  t o  f r i t

i f f  Q ( f  ( u ) - i f " ) ) = 0  ( w i t i r  [ i  g ; i v e  n  i n  1 . 0 )

L e t  A  b o  a s  i . n  i - ? I e

Rsmark that  i f  h l 'h '  €  A axe lurn ina l rwl t i r  dom h,  Adonr  h ,* f i  e
I

t h e n  h " h i *  i s  &  I ; i r c y I ' t r a r r s f o r n a t i o n .
C I

(1"24,2) \Te sa; '  t l tat I ; i rA sat isf ies tLre -priggjJ_l e_. s.f  the Sj?!s.!gn.c-v

Sg*ffrs*:glgg:ljy qr_-]ii l[g* prc*p-.i;,q!Lg! if there is a subset Co

of  A $ "  tu t  t i :e  r lonai .ns of  the char te  f  r " , in  Co cover  h{ ;  any

char t  f roar  Co i "e  lur i ina l "

By  the  i rbove  remar rk  t t  r . esu l t s  tha tn  Co  he ,e  the  p roper t i ee

o f  I ; o  f ron  j , 24 i }o  ex tenc is  canon ica l t y .  t o  an  a t l as  C  o f  I i { - ,

whg* e i: haril;s are lumi nal ,

3 , 2 5 . L e t ,  i i { r i ; , r A  i : e  a s  i n  3 , ? 3 " I n  g e n e r a l  j . t  d o e s  n o t  f u } l - o i v

t h a t  l u ' i r A  s a t i s f i e s  t h e  p r i n c i p i . e ' , p f  t h e  c r n s t i l n c y  o f  t h e  v e l o -

c  i ty  o f  l ig ;h t  propasat  j -an,  Su.ppo;r  ( r ,  emore over  ,  there is  a  lumina" I

cha r t  h  i n  i i . f hen  f  o r  au '  h le  I " the  c f ta r t  h l : i r t n  h  A t lom h ,  - - - rR ' l ,

h t l * , \ -h  ( - )  i s  l - un ina l ;bu t  we  can  no t  dcd .uce  tha t  h . ,  i s  l un r i *u 1 \ / r / * ! r l \ 4 .  u L { u  w ( ;  L , q l 1  l l u  
J r

n . q  J
I J q A '

[he ivi ich,e lscn-iror]e y expe ryi" i rurrt  {see ,f  oS s}lsf ip}e ; t t l  )  "
o , ' 1 r rd !ad* . '  { ' ha t  } i i rA  sa t { s f i es  t i ^e  h ' i ns te in  p r inp ip rg  o f  i nc r t i au u ( _ - i ) v u  v v

'  
. "  and i i  has sor f le  luminal  char ts , .dut  th is  exper ineni  rbr inC l .oca l ,

does  nn t  imp ly  tha t  i r i i ,A  $a t i s f i es  the  p r inc ip le  o f  t he

c o n s t a n c y  o f  t h e  v e l o c i t y  o f  l i g h i  p r o p a g i a t i o n . [ ' h e  r i o s t  * t r a n g e
'  cons€quence  o f  t h i s  r r rou ld  i : e  tL ra t  t he  specc l  o f  t he  l l gh t .

en l t t e  d .by  o . i s tan i  s t i l r e  l vou lc l  a r r i ve  a t  us  w i th  a  speec l  c  1

d i f  f  e ren t  f r *n  the  s  pe  ed  c  o f  t l : c  f  iEh t  e rn i i t €d  I ' y  , ou r  ' l oca l

sou rceg  " I l o r  €xa l tp le  r th i c  v ;ou l .d "  exp la in  i he  reOsh i f  t  o f  t ha t

l i A h t r v ' o i t h o u t  t h e  h y p o t i r e s i s  o f  t i : e  e x p a n t l o n  o f  t i r e  u r r i v e r , s € .

T h e  i n d e p e n d € n c €  o t '  t l r e  p : : i n c i p l e  r r f  i n e r t i a  (  5 . 2 L ,

1 " 2 2 r 3 , 2 3 )  f r o n  r l h e  c o n $ t a n t  s ' p e e d  o f  l i i ; i r i , p y o p r i j i i t i o n  c a n

fu rn i s i r  o the r  consequence$ i ! ! e  s l : a l - I  c l . eve lope . , some o f  the rn  i n  a
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f 'or t hc orn i n 55 PaPe r.

z qc Tx i : i  I  rxr€ SitOv; that t l :eOrefr l"  L renains Val id a1s O f Or
) o c ( J o * t l  3  

- t  v !

eones  c le f i ned  by  a  qu ,a r l rh t i c  fo rm r , ' r hosc  cos : r f i c i en ts  c lepend  on

th€ ve. r tex of  the c  One . t i r is  i .s  a l .so an arsum€nt  f  or  the above

c i i s c u s s e d .  i n d e p e n d e n c e  o f  t h e s e  p r i n c i p l e s o

-  Le t  B t  i l lm  * r iR  be  a  con t inuous  : f  unc "on  $ " t '  l ( x )  7 t  A  fo r  *n ) i

x € [in. i i 'or an] x e fim d'ef inc;

e x ( z ) = (  u L ) 2 - O i r , ) 2  l _ G Z ) 2 * . " o * (  r ^ ) Z l  w i . t h  z = ( z l o . "  "  r r m ;  i n

the  s tc^ndard '  coo rd ina te  sys te rn  o f  Rn ;
, { ._ ^Ill "..}i / -C - =  l z  C  l R ' - ;  ( f ' ( x - z )  >  0 J '

r.

I i {ote that the s tant larc1 i l i inkov;e l i i  s t : :u.c ture is obtaingd i f  3 '*1"

Tak i .ng  I  non*eor rs tan t  we  pe r rn i t r f ron  thc  phy ' s i ca l  po in t  c f

v i e w , t h a l , t h e s p e c t l o f } i g h t p r o p a g a t i o n b e v a r i a b } e .

A t ine I  is nanied" an 3:! i&9-]! ! ,9 i f  1c cx tJlx !  (honce

x  €  1 ) -

L e t  l -  b e  a n  x - t i m e  l i n e . t h e n  t h e r e  a r €  a r b  €  I  w i t h

x  e  ( a r b )  $ . t .  f  o r  a n y  %  e  ( a r b ) . i  i s  a l s o  a  z * t i i r i e  l i n e  ( s i n c e

'  B  i s  c o n t i n u s u s ) .

L ,et  U be a subset  o f  &r l .A funct ion t r ' lU +f i ,n}  is  ca l led '

a.part lg l " . l i .Ugq! i -?!  i f  for  any a '15e U s" tn ab ie a '  z- t ino i ine

f  o r  any  z  g  (a ,b )  r r , ve  have  ' bha t  l ' ( (a rh ) )  i s  i nc luded"  i n  a  l i ne*

A plane A is named an x;-tSi ire -q}! iq 'q i f  A contains an

x * t i m e  l i r r e .

;1 segtnent Iar i : l  iu cal let l  igg.ggig] l f  ab is a z-t ine

l i n e : i l o r  a i l Y  z 6 [ a r b ] .

4..L,Iheoreru.!.e_g rn > A gp--ls-! ii;U ::---rriftrt Ug*g pirfrulil.--llggg!!9!'

sr+pn.oge--cl{rt: rr iq }-gi,e.c-t-}.ys; u }g- isggg-ciJ$'-}r. s'e$n i f or
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any x. € U ancl A an x-tl"Irs .p,19!9.'Un A $lslu,+9s an, -gpeJ gy

0f A U>Jr.tai.n i n,r: i{ ; -!ifig-?*-e31g-!*a-?}9ffi r g!g-!-U"e!:J ot?:c ol$lgel

,pgf l jg vo,vI  , rA € tn u gr- ! ' :  F(vo),n(vr) , .1 i (vr)  gI-L*!on-qc] ] i "Legr l

v^rvr rv? M- q-q-?"&iLqtpg ,pgtnpslr-g:j .  to gg rA u;ro
o '  I .  c  +  *

cg|j-Fg&!g_g_p_e;.!.! *o s: !, ,ir !9.*_Ag xo-_!.1,!_l_p.19!S"
t " ' -  '  - '

fhsg l'f9.,,.!{U..",fpS U j" g. ilgnr_oelggpfr;*ltire proof
_ --"--l

o f  4 " I  f o l l s w e  t h e  p r o o f  o f  l . 1 o

t r ' i r s t  r . ve  renark  tha t  i f  V  i s  a  ve r t i ca l  p lane r then  V  i s  an

x - t ime  p lane  fo r  any  x  €  VnU?he i : ce  V f lU  i s  op€n  in  V .

Le t  x  e  U" f f  A  i s  an  x - t j . r ne  p lane  then  the re  ex i s t s  an

o p 6 n  a n . c  b o u n d e d  s u b s e t  f i x  o i  A  s . t " i  x  €  E x ;  A  i s  a  z - t i r a e

plane for  an) / '  z  €  l l - ;  3  is  uppe r  bouncled (by an , i (Aox))  on

n x "  I n d e e d  $  i s  c o n t i n u o u s , h e n c e  u [ ) p , € r  b o u n d . e d  o n  c o m p a c t s .

Tak ins  asa (Arx )  i ns tead  o f  i i ( v )  i n  Q t  , t o r  ax ry  y  €  I x  w€  ob ia in

e ' ( z ) = ( r I ) 2 - o 2  l t " ' > 2 * n . . n ( r * ) ' ] . * *  c i  =  i r  €  * t m ; r i ' ( J - z )  >  o S

for  any y  in  ? t t t ; the^ee C] ,  have t i re  sa-ue s lopa. lv loreoverrg;ec"
J  y -  y

qY -:X

,  f  o r  any  y  €A- ' " I ' l ow  s inc6  on  any 'A - '  w€  have  a  fan i l y  o f  cones

w i th  the  sa rne  s lope  r l e  can  ac iap t  the  p r ' uo f  o f  I . I ,

T h o  e n o u n c e  o f  2 " 2  r e r i a i n s  t h s  s a m e . f p  t h e  p r o o f  w c

h a v e  t o  r e p l a c e  [ h e  s l o p e  t t o n n "  o f  t h e  c o n s s  w i t h  a  c  o n $ t a n t
-v'  s  l ope  g i . ven  by  tho  s  e  t  I x .

f h u s .  f  r o n  2 , 2  s Z  , 6  a n d  2 .  $  1 t  r e s u . l t s  t h a t
/  ' .  ^ \  ^'  \ q o c )  r o r  U r F  a s  i n  4 . I ?  t r '  i s  &  1 * o r  Z - I i n e a ' b t o n  o n  a n y

con i l e  c ted  ope  n  subse t  o f  A  f \ i j r u ; i i e re  A  i s  any .  p taue  o f  [ ?n .

( H e n c e  F  i s  a  2 * l i n o a t i o n  o r t  t l : o  s e t  T o  f r . o m  4 . 1 ) .

1 'Je have to  noc i " i fy  the c le f in i t ion of  U*  in  2 .11 as fo l . -

I ower  f  o r  any  x * i i n rs  p lanb '  A , take  a  c  onn tc  ted  op6n  suJ :se t  Ax

o f  A  v ; i t h  x  €  r i x ; U *  i s  t i r e  u n i o n  o f  t h e  s e  - r e t s  A x .

fn  t i : e  enounca  o f  2 " I2  r , ; e  take  A  to  bc  an  x * t i us  p lane ,

an<l  the proof  o f  t i ro  n€w 2.  LA renra ins thn s  &rn{r ,

I t e r r :a rk  i ha t  i n  tha  p roo f  o f  2 . I l -  we  need ,  2 ,11  on ly
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thr. .,

f o r .  ve r t i ca l  r *p lanes  ( i "eo  co l ' t t a ln inS  t ' he  pa ra l l o I  p  t6 t / x ' ax i " , s

i ; h r o u E h  x ) .

{n  the  cnounce  a f  ? - "J , ' 2  ' ; ' : e  ta . i ; e  A*  to  b€  an  x * t l ne  r -p }ane  ,

j . . 0 ,  c o n t a i n i n $  a n  x * t j . m e  I i n e  ( p a r t i c u l a r l y  w €  c a n  r e s t r i c t  t o

thos  *  Ao  v rh i c l i  con ta in  the  - l - i ne  p )  ' r n  tha  p : :oo f  o f  t hs  new 2  ' L7

w e  t a k s  x t l  t o  b a  a n  x * t i n e  l i n e ; 1 5 h e  n  t h s r e  a r e  v i  s  o ' b .  x v ,  b e

a n  x * L i r a e  l i n e " U s i n g  t h c  n e \ r y  2 , J - 2  a n d  ? " 1 ] r t h e  p r o o f  o f  t h e  n e w

2" l I  : : e rna ins  the  sa tne  o

ln  ordr l r  to  pr iovc r l .1ro] :se: : t 'e  a l "so that :  i f  Ix ry ]c , .Uuxl  l t

t he re  a re  za ,  o .  u  , zn  v l i t h  ,  
o *  r z t r=J  and  f - * .L r t i * I l  .  U  a re  tenpora l

s a g n e n i ; s  f  o r  i = 0 r . . .  r n * I "  ( f n C e e d  r i n  t h e  i r e r t i c a l  p l a n e  V

c o n t a i n i n g  x r y r t ' h e  * u * . - :  n  U  i s  o p e n  i n  V ; h e n c e  v / €  c a n  c h o o e *

t h e  d . e s i r e d  , , i ^  i n  V , - i  l , r , " i n c e  j j  i s  c o n t i . n u o u s ) "

l i l l ie  prc :o f  o f  4 ,L  is  an i id .aptar ; ion of  that  n f  I '  J . . '  as

f6 l l -o i i s .Le  t  x  €  U . I f  r i  i s  an  x * t i n r  p lane  take  T /  to  be  the  n :ax ima l

op€p  subse t  o f  A  s .  t "  X  € -  t r?  C  I iALT ;  then  ta l te  Ax  to  bo  tbe  con* .

pg* tea .  C I l ren  co l r i punen t  o f  x  i n  ! ' / . i t ov r  U"  i s  t l t e  un ion  o f  t hese  se tg

A i i .S ta r t  w i th  an  X  €  [o . f ] hen  the  res t r i c t i on  o f  F  to  I J "  i s  an

n*hoinCIstra prU,
'  

I re t  y  € .u  s .  t "  I  x  r y ]  i s  a  t . enpora l  segmef i t . r , e t  ; i  be  a

p lane  con ta in ing  x  r y ;  t he  n  Ax= ; l ) . I nd "eec l  A  i s  a  z - t i ne  p lane

f o r  a n y  z ( - - l x r y l ; h e n c e  r l X  a . n d  A )  c o n t a i n  t [ e  c o n n e e t e d '  o p e n

s e t  \ - - - J  A z r i . e .  c o i n c i d e  w i t h  i t .

z C [x r;y]
The res t  o f  the proof  goes on unc i range d ' '

t r { ino:c  i loc l i f icat ions in  the a: i ioms anc l  def in i t i -ons v ' rh ich

appe i r r  J "n  1 ,5 ,  *  1 ,LZ  pe r r r i t  t l e  p roo f  o f  P ropos i t i on  7 'L t r  i n

the  Ca$€  o f  , " r ' : t r i eb le  co i l i : s  a l so  an i i  i he re fOre  the  s ta temen t  O f

i l r e  p r i n c i p l e  ' o f  i n e r t i a  i n  t h e  f  o r m  g i v c n  i n  1 , 2 L " 1 { 6 n c e  i n

o rc l c r  t o  co l j s , . ; ruc t  a  ph ) ' s i ca I  t heL r rJ  base  c l  on  tL re  p r inc lp l c  o f

i n e r t i a  i t  i s  n a t  n e c € s s a r y  t h a t  t h " e  p r i n c r i p l e  o f  t h e  c o n s t a r r c y

o f  t h e  v e l o c i ' c y  o f  l i i ; h t '  p n o p i i $ a t i o n  b e  s a t i e f i e d . l n t u i t i v o l y t
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wh.a t  Is  nCIcessary  i "s  tha t  f  o r  any  char t ia t i  any  event  r the  poss ib le

p a r t i c l e  v e l o c i i ; i e s  f i l l  a  c o n e  w h o s e . s l o p e  v a r i e e  c o n t i n u o u s l y

. * 4
L n K ,

R a f o r e n c o $

I " l S O i u a r i ) . e T h e  S p e c i a . t  t h e o r y  o f  S e l a t i v i t y r p p . 1 4 - 1 6 r ' , ; / . 4 .  B e n i a m i n ,

;  Inc *  , l ' {e iv Yor}< rAns terd an rLg65.

Z"Brezu1e: t f lu .  lA .  rRf r lu leseurD" f i  "e  i i l : t iu t  the  co l l inea t ions  on  op€n

subeets  of  [ in  anc l  iS*prepr in 'h  Ser i .es in  $ Ia ihenat ics  No*

7 L/ L?SL' INCRs$f ,Bu.c 3'res t r I9Bl.

3 ;B rez61e  anu  rA"  o i l $ . c lu loscu ,  j ) "C .  r  Charac  te  r i z ine  l . i nea t io t :$  de f  i ned -

o r )  opcn  subse ts  o f  p ro je  c t i ve  r j  [ )ace$ . ] l ' r ep r !n t  Se r ies

in i , ,{athernatics ,No, }B/tgi t t  r I ' i { f ln}Sf ' , : lSucares I  ,T'982.

4.*  Car te  r  r lo  g  
" , \ 'ogt  oA"  t  C o l l in  e  ar i  ty*  p : :ee erv ing func t ions "  b  e  tv ' re  e  n

'  
pro ject ive Desarguesi "an p lanes. i , terco i rs  / r i r , i$rvo l " i /  r i ' {o .2J5 s

S e  p t .  l 9 f l o u P P ' l - 4 ]  t

9 ,&hlers  1J*  ,? i ran i  rF"h.E.  ,sch i ld-*A" t  [J :e  Geonetry  Of  ] ' : :uo,  FaI t  anc l
'  

l i g 6 t  ? r o p e i g a t i o n . I n i  G e n e r a l  R o l a t i v i t y , P a p e r s  i n

Honour  o f  J .L .Synge  *  pp "6 ] - f i 4 , (X f  o rd  U .p*  , f t f  o rd  ,  Lg?Z ,

6 .pock rV . t  f he  Th io ry  o f  $pace  l l i ne  anc l  Grav i ta t i op  rPP, l ' 17 ' }84  *  '

?ergar,orr i l ress r lonCon r i ' iew YorkrFarls , I959g 
, ,

7 ,?spov ic i  r l "  nR$ .du lescu rDoC.gC i :a rac ' l . e  r l z ing  thc  con f  o rua l i t y  i n

a  l i { ' i n t r ro i , , ' r , sk i  space .Ann" Ins t . } I en r i  Po inca r6  r$ec t i "on  A t

Vol"XXl iV,  n  o '2  r  t9$I  r  PP "  U1*I48 "

8, ' l ' /ey l  n t r i . r  [ {a thenat ische Ano. lyse r les Raunprob}ems ,J3e r l in  r$pr inse} :

1923.

9. i i i *odh$use r id . i i , i "J" l  the Ci f  f  0 l :ent rauLe and ceueai  s t ructu- : 'es  nf

$ pa.c e.*t  ime " J".  iv iat h. ; ' -hys . ,  l 'c i-  * i4, id o'  4 r. ; i  pr i  L ; .97 i  r  FP.

495*5c1.



AtsOUT f;{U IIOU]i]NATION$ O!' T]tr S?TCIAI TI{SO:IY OF

NSLATTV]:TY

ALJ"X/iii illtii Bllll;ZU tHrtNU

Ins t i t l i te  o f  i . l i l thernab ics  r$ t r , / {cad"ern ie i  14 ,

Buc hare s t ,Rona n:i.a

, . ' . ^
CLiT \I

IlAli C,ii{*t:ii'{'jllN }lriLill,LHSC-"'

Fo ly te  c l : n i ca l  I ns  h i tu te  o f  ] l uchare  $  t  r f l p la iu l

Inde prenCe n!e i  lLJ  , ' iucha: :cs  t  ,Roman ia

fo t l :e in€i i icry of  fu l ian Popcvic i

.  AB$TRAi . l l i : . ' i he  p r inc ip l -e  a f  ' r ;h .s  cOl lE tancy  a f  the  ve toc i . t y

t - r f  i i C h t  p r o p a g a t i " n n  i s  u " s e d  t o  i n ' b r o d u c e  a  c l i f f e r e n t i a b l e

s  t ruc  t r ; l t  On t i : re  u r : i ver ' s  e  c r j l  eVents  , t r ' l $an :e  1 ;v  rus i .ng  f f "

theore  n  p roved Ln  [2 ]  
'ane  

i j  s l4e  ax i * t t t s  inpos  o t l  to  n  i ' b

ie  shOw'n  hcv t  E  can be  en t r * rqec l  rq i th  an  a 'h las l  s  n  tn  the  coor*

,C, . ina te  t rans for -na t ions  i :e t ' ; ; ieen  the  c i :a r ts  o f  th is  a { ; Iae

b e  g i v e n  b y , . c o n f  r : r t r i a l  ( o r  V v e y I )  t r * n s f  o r r n a t i o r . l s .

l" " INiiROIlirCtI0N

fn  t i r i s  paper  w€ s i :o lv  tha t  tb*  p r inc ip le  o f  ihe  cons t ' : : .ncy

* f  t i ' re  ve loc i t ry  o f  l ig l r t  p ropagat ion  ivhen exp l i c i t l y  fo r *

n iuJ"a ted .  f rom s  ina t i :ena ' l i i ca l  po in t  o f  v iewrcan be  u$ed"

t O  j . t t t r r r c l u c €  o n  t i r c  u n i v e : : s e  o i :  e v e  n ' l s  E  a  s t r ' u c t u r c  o f

a .no .J -y t : l ca l^  rnan i f  c , .1 -d  gene: :a . tod  by  a  su .ba t las  r t i re  coorC j . *

n a t e  t r a n s f o r n a t i o n s  b e t v i e e n  t h e  c h a r t s  o f  t h i s  s u b a t l a s

b e t n i - t  c O n f o r r n a l  t r a n s f c r n r a t i o n s " T O  t h i n  e n ' 1 "  r , v e  u g e

Theore ; l  1 .1 -  f ro r ]  [A  ]  and,  sone pr ' r )csc lu res  c l - *ve  lc ;pped in

[]".] , $ 3.

th is  pap6r  i s  cLsrJ" icaLe i i  to 'b t re  ]nGI I lO l :y  o f  our

Ia te  f r ienr l  anc l  teacher  in  i . j , s r ) i l0 t i rJ  oc l r . Iu l ie iu  i :opc lv ic i

. vo i . th  whon v r ;e  s  ta r ted  t l : i *  a 'pp ' roac  h  to  t i re  f  ound i t t i ' on  o f



n
> / r

t he  spoc ia l  t heo ry  o f  r e l a t i v i tY .

In t  he n-d. ime ns ion aI re aI af f  in e s pac e Rn ,n 7t 2 ,

we donsider  the Minkowski  quadrat ic  forn Q g iven by
) ? 2(1 .1)  Q(x)= x i  -  x !  -  .  .  .  -  * i '

i

w b e r e  ( x a r x r 1 . . . 1 x r )  a r e  t h e  c a n o n i c a l  c o o r d i n a t e s  i n

Rn,we say that the pair trt=(mnrQ) ig the m-dine ns i  onai

Minkowski  s  pac e.
@

fi

For  any  x  e  R*r the  se t

(1 .2 )  0 *=  { y ;Q (y - x )=0 j

is naned tho liglrt cone of vertetr x.A ]!-S.$-E!.g of M

is  a  s t ra igh t  l ine  wh ich '  l les  in  a  l ieh t  con€.A Ugh- t

geenent of  i i l  is  a c losed.  segnent which l ies on a l ight
'  

I lns.Let  v be an arbi . t rary vector  in t r in. f f  Q(v)=o we say

that  v  ls  a  l iq f$__ygglor . l t r l ie  that 'a  l ight  segnent  [xry ]

d .e f i ne ,q  the  l i gh t  vec to r  x -y .  
'

fhe LorenJj l  glou! of the }dlnkorvgki " space l i l  c on- ' , ; : , ,

' s l s t s  o f  a l l  l i nea r  app l i ca t i ons  F rRn  Ro  s . t .

Q(r(x))=Q(x) ror  any x € Rn.The iYev] , -gno-u!  of  Id is  g€ne-

rated. by the Lorentz group and. the translat lorrs, aad. d. i-

l a t i ons  o f  Rn .

t e t  ( O f r ) r G r , ,  €  R r  t f , 9 = L l . . . p I [ * 2 r b e  a  u a t r l x

(o f  rank  u+2)  wh ich  sa t i s f i es
n+2

( I . , )  > - - _  r r ,  G , , ' i l o = 7 o ,
. f ' o = { .

where 7^u ale given by

( I . + ;  " t i j =  t i  I r j  ,  l r J = 1 ; . . . 1 I I 1  ,  t L * t z =
=- €*=t

? r i =  ? i * = S '  i = 1 1 . . ' m ,  F = & * 1 ,  & + 2

7*u= ?u"=-2 ,  7or- ?*u=0, r:0*1 e s=r.1t2

by

T h e  m a t r i x  ( G t s y )  a e J i n e s  e  f u n c t i o n  G l [ ' . n \ P - - r E m



!

-1-

G; {x {+G.t  -Q(x )+G, c,
( 1 . " 5 )  C ( x ) l  =  1 J  J . - l I - l - - - - * E ,  i ,  J = 1  r . ,  .  p I I l r p = m { I r s = I r * 2 ,

G, j*  ,+ 
Gu 

"Q(x 
)  +Gs s

whore  p  i s  the  empty  se t  o r  the  su r face  S iven  by  the

e guat  ion G* j *  j *Gu"Q(x )+Gru=0.

This funct ion is cal led a conf gg.mal- lransfgrggt{gg

and  [ t  naps  any  l i gh t  segnon t  on to  
?  

I l gh t  sesmen t . I f  we

.  ta lEe G* j=G*"=Gr"=O in  (L .5)  ,we obta in  a l 'Vey l  t ranef  or -

n a t i o n r c f .  ( L . 7 )  a n d .  ( 1 . 4 ; .

In  [Z ]  was proved.  the f  o l - lowing

r-,6 rim0nliifl. in q ftiinkqlqI!-lgtgg l,i=(mn,q) of di,nglsi sn

m >27, L9j 3r U --'Rn be an in i e c !i:g-gep- IlgJUSg-gq.-{--c-gI*

:gected open s-'q,b U i! R*.'!f T'r:reps a.nv lig!-t*-g-q"Smqgi

q-q$,qr6!*1-q u ontc a*!!5h'! -g es3g!!t*$ul I' iS*-!-!S,gggi"1g:

tion to u ql-@gIgrya!-u!:

Fo l low ing  c fose fy  the  rae thod  deve lopped '  i n  t l l

s  j r ln  ths ne: l t  paragraph we fuapos€ son€ ax ioms on the

u n i v e r s e  o f  e v e n t s  i n  r r d . e r  t o  o b t a i n  i t s  d i f f e r e n t i a b l e

s t  ruc ture .

2, 'ERIITNG THb D]FFERE}iTTAFLE STRUCTTJRE OF TItr

UNIVERSE OT E\i},N?S

2 . t . L e t  S  b s  a  s € t ; i t s  e l e i l e n i s  a r e  c a l l e d '  € v s n t s . L e t

T, .  be a fami ly  o f  subeets  of  id ; . the e lerne nts  o f  t  are

named 1qg3.pe]  ja f ,g .The f  an i ly  L  eat is f  iee the f  o l lowing

axions l

A.l'. {gr .aLU

a n y  p  € l , r t h e  , g e t  P

A . 2 . I J  x  r J  €

t h e n  P = Q .

x c E,_!_!9_r_9._iEp e L  w i t h

has at 1e as t ti '; o e i e m c n t s

E r x l  y i a q g  F r Q  €  L  s . t .  x

x e p.P.o_t

: ,  €  P , e ,

A,7. jg:_g!J

ds f inec l  a  s r i bse t  f x

a n d  f o r  a n t  x r I €  P

o f  o .  c a l . l e d se r r :nen l ;

p € t

'Y l

i :here jg

- .t-
J . u a c

1 - " r y l  . f y , x - 1  i x , y e  [ x n y J ;  i * , * ]  = t x !



! {  a , b  €  t x  r y l  , t hen  [ a ,b ]  €  [ x , y ]

l u - I  a r b r c , d  e  p  s . t .  [ b , c J  n  h r d ]  I  f i  z i f  b r c  {  [ a r d ]

the! [o,ctJ c [b,cl l_1"! b € [a,d] g!"g c d [a,ct] $Sg__gi_thpg

h ,a l  c  [ * , c ]  g lg  [b , r ]A  [a ,d ]  =  Ln ,d l  -9 I  [o ,u ]  c  [ c ,d . ]

g!_g [urcl n [er,a] ; [urb]

[ ' ] i e  s o t  [ * , y l  \  { x , y }  i s  d , e n o t e d  ( x , y ) .

A.4.  IS p € t  g [4  x  tJ  t% t t  €  p  g j . ! ,  (x  ry) f \  (z  r t )$ f r ,

. - t -beq  [ x , yJ  \ J [ z , t ]  i s  a  $ .g i l i t en t .

.  f  n ,  2 , 2 ,  2 . 1 o  r N  i s  a  n  o n - e n p t y  s u b s  e  t  o f  E .

2.2..Qg't ip1! iq1,I i  ie cal isC ]trni .na$ry complj_te i f  r

B i . l t o r -an ]  I  €  L  and  .gn l  x f i  €  1n  i {  i t  f o l l ows

-t!g-! [x ,y] e N .

Bii.-Egg_glry. l-:€'i qnd_j1ny x € N wi,!F x e IrjhgIS.

g l 3  J r z  €  t n N  & J .  x  e  ( J r i l  €  N "

2"9,Lqt  i { l rNZ e E 's i th  N:  =I { lAN' IS" f f  N l r i ' i ,  arc  lun i*

n a l l y  c o r n p } e t e r t h e n  I {  i s  l u m i n a l l y  c o n p l e t e ,
' I n d e e d  N  s a t i . s f  i e s  B i  s i n c e  f r o r n  1  €  

. L  
a n d

x r )  €  l n N  i t  r e s u l t s  [ * , y ] e  N t , i " l z , i . € . ,  [ x , y ] e  N .

. rr iow take x € N ano. 1 € t  with x e l .Bi i  fon lTt

( r e s p . N A )  a s s u r e s  t h e  e x i s t e n c e  o f  [ f 1 , z r l  c  I  n  l t l  w i t h

x e  ( V 1 , z r ) ( r e s p . [ V 2 , 2 .  I  e  1 l - \ l { ,  w i t h  x  e  ( } 2 r z r ) ) . C f .

A 3 #  t s  c o n t a i n e  d ,  i n  t h e  s e g r n e n t  [ y r z ]  : =  t V 1  , 2 1 1  A

W2rz2J  e  1n  l ' J rwhere  J rz  a re  tu ro  o f  t he  po in t .q  Jy tz l t

l 2 t z2 .T . t  f o l l o l l s  x  i  y f  z ,Thus  x  €  ( y , z ) .
l l

2,4. !q{ i ,g f lqn.A f  unct ion 5r  1 ' I  ->614 is  narne<j .  a  }un ina l

ch ,q r t  i f  h  i s  i n jec t i ve  and .  fo r  a r i y  x rJ  €  t {  w i t . h  x l  y

t h e  f  o l l o w i n g  h o - l c l s  t : : u e ;  
' t h e  

r e  i s  1  €  L  s .  t .  x  r J  €  I n N

i f f  Q(hx*hy )= tJ . ( iV i re  n  no  con fus ion  con  app€&r  \ r / e  d "eno te

h ( x )  b y  i * r ) ,

2 , ! . Lc t  h t l i  - - -+ i r t4  be  a  l un ina l  cha r i , l l hen  f  o r  any  Ie  T ,

'  a n i i  a n y  x r y r z  €  1 n  N  i t  r e s u l i ; s  t h a t  h x r h y , h z  a r e  c o l -
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l i n e a r  0 n  a  l i g h t  l i n e ,

1  fnd ,eed  r the  asse r t i on  l s  ev iden t l y  t ruo  fo r  x=y l  n

o r  x=J=z . fn  the  cas€  x lY {  z - r f ro rn

(2 ,5 . I )  Q(x *Y)=Q(Y-z )=Q(z -x )=0 :

i t  resulte that (x1-v1) (xr*z*) -  t"  (xr-r1) (x i- ' i )  =0'This
r r L = 2 :

inp l iee that  the l ight  vectors  ** ,J  and.  X-z  ar€ l ine ar ly

depen t len t  ( f o r  a  p roo f  s€*  fo r  exanp le  l e l r t ne  p roo f  o f  *

Lenna  2 .2  l n  the  cas€  p=2) . th i r s  the  po in ts  l x rhy rhz  i re

c o l l i n e a r  o n  a  l i g h t  l i n e '

Z.6.Def  in i t !o ! . .A luminal  char t  h t  N ,  [ t4  is  narned.

.ad e qgat e 
.if 

:

0 i .  Fo r  a r t y  L t , y l  c  N  i t  rSSu$g  h ( [ x ' ] l ) =

=  [ n " , r r y ]  c R 4 .
l l

2;!.1-ef, i .Li3!ign;A set U e R' is narned- l ig!.t,gSgp]:gtS ifr
l l

Di.l'or alrI ligh.t- Ijlr:g I C R- alg-Ler-ggJ.

x r J  €  I n U ,  i i  f c l l o w s  
. [ x t y ]  (  U '  f '

Di i . rgl-ggl v € U ggg--ggJ--Lig$,-liff' d'lg! t h

v e  d r t 4 g 5 . g . a l s  u r t  €  d  n  U  g . t '  v  €  ( u t t )  €  U '

2 ,8 .Lrloir,rA.lg! u ls a "llgh!"i gqpk t,e. suls e t gg R4 .ggejr ii
u

!g-ggg[ ln [t '. 

t
SIggI.L,et b be an arbitrary point tn R'+ and let

t l

6 t i . ' . , e n w i t h t ( n { 4 , b e } i g h t i r e c t , . . r r s o f R ' * w h i c h

a re  l i nea r l y  i nc i -ependen t . fhe  p r i s rn

t . r r q a ' l apn= {x  e  R4;*=& u iu in ,a -  
L ; . i )b ,  

-1  <  a ,  (  1 " , i= l "  " '4J

i s  sa id .  to  be a ] is ih t -q*pr ig ig  centered at  b  and gen e ra ted '

b y  t h e  v e c t o r e  e 1 r .  .  .  1 € n . A n  a f  f  i n e  n - v a r i e t y  V  o f  n / +

w h o s e  t r a n s l a t i o n  s p a c c  c o n t a i n s  n  l i n e a r l - y  i n d e p e n d . e n t

i ight  vectors  is  ca l led a l i , l * - t -  n : -P, lgne '  r -

\ t e  p r o v e  b y  i n d u c t i o n  o n  n  e \ 1 r . . .  r +  j  t h e  f  o l l o w i ' , 4 1 g

proPer tY



'  ' (a ,n)  
For  unr- l -n  u  and any l ieht  n-p lane vn

c o n t a i n i n g  v r t h e r e  e x i s t s  a  l i g h t  n - p r i s m  ? n  s . t . i  v

- l s  c o n t a i n - e d  i n  t h e  i n t e r i o r  o f  P n i  P n  C - ' / n ;  F n  C  U .

(T t rus  U  i s  open  in  v  s ince  rby  (a r4 )  ran  open  ba t l  o f

cen t rs  v  anc l  i nc luded  in  P4  can  be  con .q t ruc ted . ) .

' T h c  
a , s s , e r t i o n  ( a r t )  i s  t r u e  b y  D i i . S u p p o s e  ( q r n )

, .  i g  t rue  f  o r  n  {  l t  r e  r l ] - rhen  v rs  p "ov€  (a rn+ l ) .Le  t  Vo* l

b e  a  l i e h t  ( n + t ) - p l a n e  w h i c l r  c o n t a i n s  v  a n d  i s  g e n e r a t e d  -

b y  t h e  l i g h t  v e e t o r s  u l .  "  .  .  3 6 n + 1 " L . t  [ .  , b ]  c  U  w i t h

v  € ,  ( c rb )  and  b -c  pa ra l l o l  t o  .o * .L . !? .  can  pu t  ennr=b-c .

Tal<a t /n  an<1 Tn t r ,vo l ight  n :p lan€s s  .  t .  any po int  x  o f  Vn
n h

. ( r e e p . T n )  i s  o f  t h e  f  o r m  x = c + I ;  u i e i  ( r e s p " x = b +  7 -  a -  e . )  ,
r=1- r ' *" i=l I t

w h e r e  3 r €  l R r f o r  i = t r i . . r n . T h e n r b y  ( a r n ) r t h e r e  i s  a

l i g h t  n - p r i s t n  f i  C  U  ( r g s p . l ' ;  c  i i )  w h i c i r  c o n t a i n s ' c  .

( r e s p . b )  a n d .  l s  g e n e r a t e d  b y  n  t i g h t  v e c t o r s  . i r . . . ; € ;

( r e s p " i t r . . . r Q i  )  s . t .  t n  a  V n  ( r e s p . P ;  a  [ n ) . A I e o

f r o n  ( a r n )  i t  i c  c l e a r  t h a t  ! ' i e  c a n  c h o o s  €  € i  l l  e  j  I l  € i  r
.  J "  I  J . '

f  o r  i = 1 r . . , , n . t ' h e n  c o n s t r u c t  t h e  l i 8 h t  ( n + 1 ) - p r i s m

l ? *  ( r a o q n  P t  - )  c t. , n + 1 .  ( r e s p . R i u l )  g e n e r a t e d  b y  * 1 , . . .  , * l  r e n + 1  ( r e s p ,

. i r . .  .  1 € , 1  , . n u 1 )  v u h i c h  c  o n t a i n s  I c  r b J  a n d  P n  ( r e ;  p . P ; ) '

Put  ?n+l - r  =nf l t  A n, lo f  . l3y  const ruct ; .on l 'n+J_ is  a  l ight

(n+1) -p r i smrwh .ose  in te r io r  c  on ta ins  v .& r lo reov€r  Pn* t  C  U

s " r ' n c c  a n y  x  6  P n + l  l i e s  o n  a  ] i e h t  s e g n e n t  ( p a r a } } e 1

t o  e * . 4 )  w h o s e  e x i ; r e n r i t i e s  J t z  a r e  o n  P f  a n d  ? ; r r € s p e c t i -
n +  r -

v e l l r s i n c e  U  s a t i s f i e s  D i r f r o n  J t z  G  U  i t  r e s u l t s

[ Y  
" ]  

c u r

Z. ! .Let  i r l  sat i .s fy i .ng JJ i  .Let  h l  11 -*  l i i t  b , ,  an adequ{ j te  tu-  i

m i n a l .  c h a r t . l L ' h e n  h ( l i )  s a t i s f i e s  i l i .

l nc reed  r f  o r  any  i r x  rL ry  C  h (N)  w i th  fu l  hy  and

Q ( b x - h y ) = 0 r s i n c e  h  i s  a  l u i n i n a l : h a : t  i t  f o 1 l o w s  t h a t
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there  is  I  g  !  v , r i th  x r I  €  1n  l \ i .n ' rom B i  t t  resu l ts

I x  r y  ]  q N " l i l h e  r e f  o r e , f  r o m  C i , h (  [ x  r y  I  ) =  [ h , h y ]  q  h ( I ' { ) .
J I

2.1-o. lef i ! ! t lo ,n- .A luminal  chart  h:N -- - ' - - -*  tR'  ie cal led

9Si i f  h(rJ)  is  -onen in [ t4-

2.1.I PROPOSIlll 0N. LS.! }tr1 'NA € E bs* .flrnircl:f*S-g'iplg,!-gi!g

}e t h r N* --- 114 ; i=1 ,2 , b'e-i\sle-gr-la-t e .J-Un.t n-" ,1--S"!gf!*g.rl{I L

o!e_ -gI  t l re  r { . iS an qpe n c l iar t . . the n h i (Nl  A Ne)  , i *3- ,2 ,
IJ

qre -,o3e F s-F tS*jU R ' .

S rgg l .Supposu  h l  i s  open .PL t t  N r  =N3 .  n  NZ . I f  I I /  f r ,  t hen

N  i s  l u n i n a l l y  c o m p l e t e r b y  2 , 3 . T a r t i c u l - a r l y r b y  2 . 9 t

h 1 ( N )  s a t i s f i e s  D i , l { o w  w e  p r o v €  t h a t  h l ( N )  s a t j s : P i e e

a l s o  D i i . ( H e n c e  h . . - ( ' N )  i s  I i g h t  c o m p l e t o r a n d . r b y  2 . B t

-  i t  i s  an  ope  n  se t ) . t ake  b  €  h . .  (w )  ana  a  l i eh t  l i ne  d  r , v i t i r

b  e  d . . s ince  h l (N1)  i s  open  we  can  f i nc i  [ * r . ] c  d .n  h l ( ] l t )

s .  t .  b  €  ( a , c ) . P u t  x = n ; t ( u ) , r r = n l t ( " )  , r t = h i I ( c ) . B e c a u s e
r  - r  -  d - !  -  -  n J  :  !h l  i s  l un r ina l  and  N t  ca t i s f i es  B i  i t  r esu l t s  tha t  t he i ' e

i s  1 €  t  s . t . :  x  €  1 ,  [ 1 1 , " ]  C  1 A  N a ; x  €  ( 1 1 ' r - 3 _ ) . B y  B i i .

f  o r  l i , - ,  o  j . t  f  o l l ' ows  tha t  the re  ex i s t s  Jn tz . :e  1n  Na  w i th- ' l z -  
c

x € ( l 2 , z r ) e t r \ N e . F r o n A l . i t r e s u l t s t l r a t t l i e : : e

e x i s t s  a  s e g m s n t  [ y , z ]  s . t . i  ] i  g  ( y r z ) ;  I  l # 1  =

-  c - '  + - r  r \  [ y o r z n \ a  r A N ;  I y r r ]  c o n t a i n s  a t  l e a s i ;=  
L J ' t r h 1 - )  {  t - d ,  / . )  

' l r t  L  J t 4 J

two  c l i e t i nc t  even ts  f ron  [ f1 r r11  .S ince  h l  i s  ad .e  qua te

l t  f  o l lows th . r t  i i r ( t r  7%l)= [h1r ] " r  hr r ]  < '  d  11 N anc l  b  e  (h1] r

h ,  z )  ,Th is  p rovee  D i i  f  o r  l : .  ( x )  . l i ow  taka  any  conn  ec  ted .
t *

c o n p o n e n t  U  o f  t h e  o p e n  e e i t  h 1 ( I 1 ) . S i n c a  h A  l s  a n  a d " e q u a t o

lur i r ina l  char t  i i  f  oJ . lovts  th ia t  the f  u .nct i  on F l  =hAOl t ,
J l

h l  ( i ' { )  - ' - ' }  R- r  i s  in jec t i ve  and.  aaps  any  l igh t  segment

i ;  h 1 ( 1 , j )  c n t o  a  t i E t r t  s e g u e n i ; . i i e n c e  b y  t . S r t h e  r e s t r i c -

t i o n  o f  j l ' t o  U  i e  a  c o n f o r n a i  t y a n s f o r u a t i o n . l l h e r e f o r e

r . 1 / h  / r r r 1 1 * y . ,  ( l l )  i s  a n  o p e n  s € t .r  \  r r 1  \ r Y  /  /  . . - r 1 Z



2 , I2 .Suppose  tbe re  ex i s t l  a  s€ t  Ao  o f  opcn rad .equa te  }u -

m l n a l  c h a r t s  h * l N " * _ - o R 4  s . t n l t h e i r  d o n a i n s  c o v e r  s ; e a c h

s e t  N *  G  E  i s '  I u m i n a l t y . c o n p l e t e . E y  2 , L L  t h e  s s t  A o  i s

a  suba t las  o f  } j  J t  ex tsnds  canon ica l l y  to  an  adequa te

lurn*nal  a t las A of  I i . Ipd-eed.  le t .us d-ef  j .ne the ade quate

lumina l  a t l as  A  genere t tod .  by  Ao  Rs  bo ing  the  max ima l  se t

of  ad.equate,  luminai  c  l :ar t "s  
'h ;  

r ' -H.4 which sat is  f  y ;  f  or

'any char t  h" l  l i * - - -614 of  Aor i t  f  o l lov ls  that  ba(N n Na)

is  an o lsn sst  o f  f i ,a . r i ihen r i f  Uo:  =h. (N r \  Na)  /  f i r t 'ha
'  - t  . - t+

f u n c t i o n  h h l l r u * * R +  n a p s  a n y  l i g h t  s e g n e n t  I c ' b ] o j

Ua  on15o  a  I iAh t  eeSm6nt . l nd .e  ed  pu t  x= i r l l c , y= f i l t i : ; s i nce

N *  i s  l u m i n a l l y  c o r u p l e t e  i t  r e s r r l t s  t h a t  [ x ' y ] C - l { a .

fhu .s  f ron  ha (  [  x  r ] l ) : '  [ c  , i ; ]  and  the  in iec t ] v i i y  o f  h *

i t  f  o lLo! ' rs  tha ' t  [x  ry ]  C j , lan i '1" 'J lhe 'n  rs ince h is  an ad-equate

l u n i n a . ' l -  c h a : : t , h ( [ x  r y ] ) = h h ; 1 ( [ c , b ] ) ,  i s  a  ] i g h t  s e g n c n t .

[hus  ,by  1 '6  r i t  re  gu ] . tg  tha t l  t he  : : es t r i c ' i ;  i o *  o f

- 1
h h ; t  t o  a  c o n n e c t e d  c o n p o n e n t  o f  U u .  i s  a  c o n f o r n a l

t rans f  o rma t ion ;  h (N  n  Na)  i s  an  opeR se t  o f  r l i a ;  huh - l  i s

g i ven  a leo  by  con fo r i i i a l  t rans f  o rna t io 'ns .Ana) -ogous ly , r fo r

a n y  h r h . , € i r i t  f o l l o w a  t l r a t  h ' h - l  i s  B i v e n  b y  c o n f o r n a l

t ,  rans f  ornat i  on s .

"  T h e r e f o r e  A  g i v e s  a  s t r u c t u r e  o f  d i f f e r e n t i a o i e

rC Ian i f  d td  to  $ ;  t he  coo rc l i na te  t rans f  o rn ra t i ons  e re  g i ve  n

by c  onf  orna. l .  t ' ransf  or raat ions ' .

I t  L  admi ts  a  se  t  Ao  ac  ab  ove  , v re  say  tha t  n  sa t i s -

f i e s t n u*-pltggip].q* g.l i ll.e *gg!,t.! R n.c p*9 f, }gg--Ygj-g c,iJLg,I

l i l r i r t  r ; y6ps : ' a t  i on  .
F-,k*

2 .1\ -  PnRPOII ' f  i ' : i .  N l l  .1 . ,€  t  G:  [?4( . .  C , L - t  S  I  \ / r l l  \ / v r r \  P ' - 'R4 be a conf  crna l  t r : :ns*

f  n r n a t i o n . i 1 1 ' r : ,  I  d . = ( O , C , i l r 0 ) . ,  / i  . . \  . n  ^ \  1 .  * ( j  n  n  f f \
r & l - r = \ I r U t u i  t J )  r u l = \ c  r v r t J r u ) ,

,0,1,1,).,gWpSgS -l irat G qq-E-*

,b i i!..-.c oll i.n e p,f__p!1"!!,?rI qI.

aa=' ( t  p  A r l /2  r l /2)  f fg  b2=(2

t t r e  c o l l " i t : c a r  ! c i n t l t  d r e l
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i=l12.Th-gJ: G is a. We]' t  trar lgJo::r-ni i ! i99.

Proo f .F i r s t  obse rv€  t ha t  s i nco  G  i s  a  con fo rma l  t r ans -

t o r m a t i o n , t h e  l i n e  g e n e i : a t e d  b y  C ( d )  a n d .  G ( d f )  ( r e s p . G ( a 2 ) )

,  A  J  _ L I  1i s  n  o f  a  l i .ght  l in  e  .

Now the proof  ie  b-ased on sone facts  proved"  in  LAi '

Le t  u t= (1  r !  r0 r0 )  r f != (1  r -1 rOrO)  ruZ=(1 r0 r1 ,0 )  r fA=

= ( 1 r 0 , 0 , 1 )  b e  a  b a s i s  o f  l i g h t  v e c t o r s  i n  R 4 . T h e  p o i n t s

:  ^  .  
t  

r  r  -  - - - - - ! i'  
d . r b t r u L , f l "  ( r e s p . d r b e r e r r f r )  a r €  t h e  v e r t i c e s  o f  a  f  i g h t

;  
? -p r i sn  n  ( resp .  z  ) .By  Le rnma 2 ,1  f ron  [2J  '  r i  ( o r  G  )

is  nappod.  on a Z*p lane or  on a hyperbolo ic l -  I { .Any s t ra ight

I i n e  e x c e p t  t h e  I i 6 h t  l i n e s  v ; h i c h  8 e n € r ' a t e  i { , m e e t s  i I  i n

a t  r n o s t  t w o  p o i n t s  ( e e e  f  o r r n u l a  2 . 7 - o  i n  [  2 ] ) ; s i n c e  G ( c 1 )  r

G(aa)  ,G(bt )  e  Hn'bh is  co.nt rad." ic te '  the hypothes is  that

t b e y  a r €  c o l ] i n e a r . f h e r e f o r e  w e  c a n  f i n d  i n  r c  a n d  z

t h e  p a r a l l e l  l i g h t  l i n e s  u s e d .  l n  C o r o l l a r y  L . t  f r o n  L 2 J t

nh ich  be ing  napped  by  G  in  pa ra l l e l  l i gh t  l i nes  assu re

us  tha t  G  i s  a  V /ey I  t rans fo rna t ion '  j ' " "

2 . 1 4 , L e t  A  b e  a s  i n  2 . L 7 , ' i l e  S a y  t h a t  E r A  s a t j - s f i e s  t h e

Sins,!.ei.I]- pf U!}J19.. of-tggr33s if t hore is a subs e t Bo

o f  A  s . t . l  t he  d .oua ins  o f  t he  cha r t s  f ron  Bo  cover  E ; f  o : ' -

any  t? rhe  €  Bo  w i th  l {=c lom haA don  hZ l  f l , t he  func t i on  :

h rh i t  :  ha ( i l )  ,  R4  i s  a  \Yey l  t rans f  c rma t i6p . the  se t  Bo

" ' e x t e n d " s  c a n o n i c a t l y  t o  a  w e y l  a t l a s  I l  o f  F  i . e . a n  a t l a s

f  o r  w h i c h r b y  d . e f i n i t i o n  r t h e  c o o r d " i n a t e  t r a n s f  o r r a a t i o n s '

,  &r '€  ! ' ,Jey} .As above and.  us ins a lso, {2  and a4 i t  can be pro-

\  
-  ved"  that  the char ts  o f  B are luru ina l  and '  adequats '$b*
:

t r ans fo rn ta t i on  i f  i t  sa t i e f i es  oonc l i t i ons  s i i i i i l a r  t o

t h o s o  g i v e n  i n  2 . I i

2 .1 - ) .Rama, r l ! . .F ro rn  the  fac t  t ha t  s rA  sa t i s f l es  the  s ins te iE l

p r inc ip le  o f  i ne r t i a  1 t  c loes  no t  fo l l o r , v  tha t  t he  g toba l



* Io
? . {  , r -  - - : : : - ^ }  t - r l l r nens l i l na l  u lnk "ow-

s t r u c t u r e  o f  $  i s  i s o n o r p h i c  w i f b  t h e  4 - d ' l n e n s i o n a l

e k i a n  $ P a c € .
t l

4  r , E  r ^  n  t  + h e  d i i n e n s i o n  o f  [ l q  t S  n o t  € S S e  n t i a l . S i m i l a r
C . ' l . O T I I I  U  e  u l L w  u * r ! w r r v & v r J

cens ids ra t i ons ' cnu ld  bs  done  f  o r  any  ' t rnode l  spaoc t t  Am w i th

:f

,  
n  f r \ 2 i 3 *  $

l i inco our  approach does not  i rnpose a g]obal  min i<orv-

sk [an  s t ruc tu rs  i o  E  (see  2 .15 )  n i t  se€ms to  be  Ino r€  cnn -

u  
n  '  

v e n i € n t  t h a l  t h e  a p p r o a c h  c l e v e l o p e d  i n  [  ] ]  '
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