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E.RGODIC THNOREIIS IN G,-LATTICE CONES

b,y

Radu- l l i co lae  G0L0GAN

Ao*St ' r 'act .  I \ te  extencl  the naximal  ergodic  theorern of  I ' lopf
to  the  c r i se -oF-  A  -  l a t t i ce  cones  i n t roducec l  by  Cornea  anc l
L i c e a  i : :  [ U .  A s  c o n s e q u e n c e s  t r , ' e  p r o v e  s o n e  a b s t r a c t  p o t e n t i a l
t heo ry  resu l t s  o f  nax ima l  t ype  and  an  abs t rac t  po in tw ise  e rgod ic
theo  re l l .

,  ,  . .  r ' the concept  of  6"  -  la t l ice cone of  Cornea ancl  L icea can

be v iewed- .as an abst ract  set t ing of  the cone of  pos i t ive neasu-

r a b 1 e f u n c t i o n o V e r a m e a S u r a b 1 e s p a c e . . I h e a i m o f t h i s p e p e r

is  to  extencl  the pointwise ergocl ic  theorem in th is  abst r .act  ca-

s€ r  The  l a rge :c lass  o f  non t r i v i a l  examp les  o f  g -  l a t t ; ce  cones

proves that  such resul ts  could be usefu l .

.  
Fo r  t he  beg in ing  l e t  us  reca l l  some de f i n i t i ons r  no ta -

t ions and bas j .c  resul ts  f  rom'  [1 ]  vr f r ich we need in  t ] re  sequel ] .

,  An  o rd .e red  convex  cone  ( .C r ( r+ )  i s  ca l l ed  a  f -  l a t t i ce

cone i f  the fo l iowing are t rue:

a )  Fo r  any  xeC we  have  x ) r } i

b )  Fo r  an l r  x r y  €C  such  t l i a t  x5y  the re  ex , i . s t s  zeC such  tha t

x*z=y i

c)  The o idered set  C

d)  Deno t ing  as  usua . I

premurn)  operat ion,  f  or  every

we have:

i s  a  6 ' -  comple te  la t t i ce ;

by'X(resplv)  the inf  imum (resp. s l l -

x e C  a n q  a n y  s e q u e n c e  ( " J r , €  
t { c C
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xv (  n  - - *n )=  A  - -  
( xvx r . r )

ne N ne l l ' l

xA (  v  * r - , )=  V  (xAx r r )
ng l i ' l  

r t  
ne &r l  

t '

x t 4 " . . , X - =  - A , . - ( x  +  x r r )
n c t i !  n  n e u , l '  n -

x*  V X-= V (x+x, .  )
n< lN ne [.'l

I f  C  i s  a 'O ' - l a t t i ce  coner  d i l  e lem.en [  x€C i s  ca ] l ed  f i n i t e  i f

f o r  eve ry ' y r  y (x  the  e len ien t  zeC such  tha t  x=y+z  i s  un ique ,  t ha t

is  equiva lent  vr i th  A 1/ r . ,x=0.  the cone of  f in i te  e lements vr i l l
.  n ) r l

be  deno ted  by  C" .

The  se t .  f  C l  ae f i ned  fo r rna l l y  by  l c l=C-c "  has  j -n  a  na tu ra l

way a la t t ice s t ructure inc luced f rom that  o f  Cr in  such a wal '  that

lC Ibecomes an upper  -  S-complete and condi t ional ly  lower- f -  cor ' r -

p l e t e  l a t t i c e .  T h e  r e l a t i o n s  d )  h o l d  a l s o  i n  l C l .  .  f i , .

e  and  C '  be ing  0 ' -  l a t t j - ce  ccnes ,  a  map  T rc - . ; c r  i s  ca l l ec i

a kernel i f  T0=0 and if  for every seguence ,*r,,  ,r a n, 
from C v, 'e

o<2 9o

i rave T(D *, . , , )= X_'r* , . . , ,  the inf  in i te sun being consic iered in order.
n  t an=u n=u

A kerne l -  T :C+C'  i s  ca l led  proper  i f  fo r  every  xeC there

ex is ts 'a  seguence , * r r r r ra  rO 
in  C,  inc reas ing  to  x ,  such tha t

Txr rec !  fo r  every  ne  N,

'  l le say that a d- lat t ice cone is proper i f  the ic lent i ty

map is a pioper kernel

For  any  x€C we denote  by  Ix  the  map f * :C->C def ineo by  '

r*y= v [ (nx)nyl
ne [ i

I t  j - s  easy  to  see  tha t  f o r  any  xeC,  I x  i s  a  ke rne l  w i th

t ,he  fo l l o t t i ng  p rope r t i es :

( 1) r* < ir ie,n*i*7

)( 2 )  I i = I *
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(3)  t * ,nY^*n)  =nY^t**n

r . . (  A  "^ )=  
n  r . ,X-

'  ' t  
n e N  

r r  
n e  [ r l  

r r

r  
v x = 

^yoot*n 
,  for every (xn):ne 

[ . t  
j -n c.

n€[ r t r

We shall say that I* is thu iX$igglg5 of x,

Moreover ,  i f  f o r  z< lC l=  C-C^  we  pu t  z t= r ro  ,  z -  = -zA  0
s L .

( i n  l c l )  v r e  h a v e  , = r * - r -  a n c l  f o r  e v e r y  x e  C ,  y € C = .

T -t  ( * - y )  a  ( x - Y )  ' = 0 ,

ancl

T  , . - - , \ T'  ( * - y )  + ' x  ) t  t  
{ * - y 1  *  Y

a  n le .esP fe_  on  C  i s  a " . ke rne l  
f  

.C  -R* .  The  se t  o f  measures 'on  C

is  a 0 '  -  la t t j -ce cone that  is  complete.

I f  T  i sake rne l  on  Cr  do  e lemen t - ; ; xeC ( respec t i ve l y  a  measure  F -/
'  on  C)  i s  ca l led  T-supermed ian  i f , .Tx-<  x  ( respec t ive ly  y$x)S7. (x )

f o r  eve ry  xeC) .  An  e lemen t  xeC ( resp ,  a  measure  / -L  )  w i l l  be  ca l - . ' r

" , ' , - -  l ed 'T - i nva r ian t  i f  equa l i t i es  ho ld  i n  t he  l as t  re la t i ons .

I f  xeC" is  T-supernedian the Riesz decomposi t ion theorern

asse r t s  t ha t  t he re  ex i s t  un ique  u ,  v€C.  such  tha t  ' .

X = G,riu*V,

w h e r e  G , t = I i r + . . , + L ' n + .  n .  a n d  v =  A  r n x  s a t i s f i e s  T v = v .  ,, a .  , ' " ; , i

I r le need also the rorro"l33 natural construct ion.

Let  f  be a rneasure on the 6"-  la t t ice cone C anci  le t  us

denote bV C{ the t r -  complete subcone of  C of  those e lernents

xeC hav ing  ze ro  l . -  measure ,  t ha t  i s  7 . ( x )=0 .

De f in ing  i n  c , t he  equ iva lence  re la t i on  . v  by :  x^ ,  Y  i f f

t he re  ex i s t s  
"o .C f  

such  tha t  x {y+xo  and  y f x+xo ,  t he  se t  o f  c l as -

ses C/2*  becolaes a d- la t t ice cone.  I f  v re oenote h,y  : i ,  the c l . rss

o f  xe  C ,  t he  . f o l t ow ing  a re  t rue :

( r )  ie (c/cA -  i f  f  n ( r / r , )  xec! i
s  

n e  D I
, . \  . '  .  r -  l r - 4  r ;  . 1  o € i  n a ^  l - . r ,  , ' ,  l i \  =  z ( : < )  i  s  a  m e a s u r e  O n
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l , i .  '  :

C / o l L  a n d  / r ( * ) = 0 . i m P l i e s  * = 0 i' u o  t  .
a  1 1

(3)  i f  ,A is  T-supernedian the raap T on C/2P def ined by Tx=Tx is
/  

-  - r -  - - -  - - - -

a kernel on Cf7/t .wo

Two e lenen ts  x ryec  a re  ca I Ied ,  
f -a lmos t  

eve rywhe fe  . (a .e . )  equa l

c o

I I  X = Y .

For  a sequence (* r r )  
r ,  a  [g  

in  C we shal l  def  ine as usual  the upper

l imi t .  and the lovrer  l i rn i t  bY:

l im sup x-= A V x*
n --t og .r 

n m)rn 
. '.

lTjg *,.,= Y nf,."*
! ' t re  shal l  say th ; r t  the l in i t  o f  the sequence (* r , ) r ,e  

N

ex is t s  i f  l im  sup  x r r= I im  in f  x '  and  tha t  t he  l im i t  ex i s t s  f  
- u , " ,

i f  l i lb'  *n=ri; t iJ-x,r, rr,  purt icul-ar i f  ,r.r-( l im 
sup xn) <oo anql -.

p ( ] im  in f  x r , ) / ( l i r n  suP  xn )  t he . l ' i n r l t  ex j - s t s  f -  
3 "s€ r

F ina l l y ,  two  e lemen ts  x ry6c  a re  sa io  to  have  thq  same.sup -

The results of t i le paper ian nor' i  be form.ulatecl.

The f j - rs t  one is  the natura l  ext ,ens j .on.qf  Hopf  ts  rnax imal

ergodic  lemrna.  .

I f  
T  is  a  kernel -  o l r  the 6"-  la t t ice cone C sat is fy ing

TC-cC^  and  x  e  C  le t  us  deno te  l : y  rn (x rT )= r r r ( x )  t he  e lemen t
s s - l l l t

.  t /  ( x + T x + . . . + T n ; . I ) f o r  e v e r y  n r . ,* / n a ,  r + r . ' . r t . - .  - - - - J  -  
7

p r o p o s i t i o n .  t l l a x i i n a l  e r g o d i c  l e n r n a ) .  L e t  C  b e  a  6 ' - l a t t i q e  ,

c o n e ,  T  a  k e r n e l  o n  c  s a t i s f y i n g  T C r c c ,  a n d . 7 a  p r o p e r  T - s u p e r -
N

necl ian neasure.  I f  x*x ' -x"  € lc  I  w i th  x 'e  C,  x"€ C,  and X1o=-Y. , t r  (xr t ;
I T _  f

f o r  N  ) 4  w e  h a v e :

kG -x '  )  > ,  P( r  * * "  )  f  o r  every  | i  71  .
I  v T  I  v '^N ^N

P r o o f ' .  T h e  p r o o f  v r i l l  t : e  o n  t n e  l i n e ' o f  t h a t  o f  G a , r c i a  f o r
. €

the  c lass ica l -  e rgod ic  la t t r "a  t  [Z l  I  .  Le t  us  suppose f  i r s t , lha t
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.L

z; lx,  )  and ;1*(x" )  ; r re f  in i te,  Fron the fact  that  Xl l?tn(xrT) vre
l .

have that fXfr>frr,  (r  r f  l  for every n=0 r .  .  .  7N-1 considering f  o=0.

Adcl ing x ln both parts of  the last  ineoual i ty vre obtain that

- +
tX i l  t ,  xn+ '  f  o r  h=0 r  17  .  .  .  1N-1 ,  tha t  i s :

.
+

t x l t r  +  X Z X N  ; .

o r :

rxfr + x' + xil7 x"+ xfr 1

Apply ing the kernel  I= I_*  to  the last  inequal i ty  we have:
A " t

. N

rrxfi+rx I 7 rx " *rxil=r* " +xil

Th is  i r nP l i es  tha t :

, ,  7r ( r rx i  )+Vrrx t )>y( tx"  )+4(x$)

:  -  - - L r

Br, l t  Is id  and ' r re  is  T-superr r red ian which together  wi th

+

7r (x f , )  < .o  inp l ies  the  des i reC inequa l i t y ,  r '

I f  x r 6 C  o r  * " € C s  h a v e . n o t  f i n i t e  n e a s u r e  i t  v r i 1 l  s u f f i c e

to  use t i te  facL. that  / ,  
i ,  Froper :  there are increasing sequence:s

(* i ) r r r ,O and (* l ) r , r , . . .o=' t .h that  Vxf=x p Vxu=x" and 1-t ' (x i )< 
b,

f (x i )<*t  for  every n-e0.{ .  I , Ie can apply the preceeoing pr:oof for

'  xnr*=x;-* ; l  anci  then use a standard upper l imi t  argurnent.

The follovring consequence's of the abstract ergodic lemma

can be  v iewed as  abs t rac t  po ten t ia l  lheory ' resu l ts

g3$g!*  L" t  CrT and '  2"  
be as a. ! 'ove and 'xrY(Cs such

that  y  is  T- invar iant .  ' - [he fo l lovr ing then hold:

oO
( i )  y  7  X ,1 /n rn i x , r1  i r ' . p l i es  7e (v )>p ( r , r x )

n = r
oot

( i r )  y (  V _ t / r . , r r ,  (x ,T)  inp l ies 7Q) 7( rox)  .
n= l

3$p!* I le shalI. apply the p'receeding proposition for

z= ty -x ,  where  g  >  t  i s  a rb i t ra rY. r  d le  have:

( r - * e  y )  >  f  G o + x )  ;
o N  " N



where ,il=
I

ZN being

6 -

-e t1 l>.y( I  *x)  I
z '  z '

{rl
V  t - ( z r T ) .

n = r '
increas ing,

r ( r

l " taking N

we obta in;

to tend to inf in i ty,  the sequence

(  x )

r-*=r 
,3r r,.., (z ,tf=r ;rv- n 1,/r, (x+Tx*. . ' *tl-t)Jn ,z '  n = I  

- n 1 - 7  
L - -  

n = l  
' n

the lasL equal i ty being an easy conseque'nce of  the T- invar iance

of  y  and the  c l i s t r ibu t ' i v i t y  laws in  lC l  .

l . , loreover t i re inequal i t ies t ,  , I ,  
( I / r r rn (xrT) )  anc'L € > i

imp l ie ,as  a  d i rec t .consequence o f  the  de f jn i t ion  o f  the  ind ica-

t ,or  kernel  , that  I  *=I \ r .  Thus the inequal i ty (*)  can be v, ' r i ten:
Z '

t y(v) = 7{r ot v ) Z 7|t rx)
a

. . [ n  o rde r  co  ob ta in  i nequa l i t y  ( i )  i t  i s  su f f i c i en t  t o

where

make t '1, 1. '

The proo f  o f  ( i i )  r :Uns  in  the  seme way i f

ergotr ic lemnta for  x-€y r ' rhere 0<t<I .

The follorving !s' an irnmed'iate consequence

we a.pplY the

of  theorem 1.

C o r o l l a r v  1  .  L e t  C r T  a n d

l r a v e  f  i n i t  e  / L -  m e a s u r e .  T h e n
o<)

y € C  s a t i s f  Y i n g  x ( Y <  V  I / , r r r r ( x r ? )
n = l

i nanner  eve l ' y  T- invar ian t  e lenent

f  b e  a s  a b o ' u e  a n d  1 e t

e v e r y  T - i n v a r i a n t  f i n i t e

e q u a l s  x  V - i r t € e  I n  t h e

ye C hav ing 7r- 3. r € r the

x e C
S

e l e n e n t

same

sal i le sup-

, , ( * r T ) < y { x
oo

' po r t  as  x  ( tha t  i sz  ,u ( I r x ) ;7 r ( x )  )  and  sa t i s f y ing  
, | r t " t

e q u a l s  x  / -  3 . € . r

.Pfoj j f  ;  I 'or t ,he f irst partrwe have,frorn ' l lheorem f ( i) t irat

re (y ) -< ,u , ( I , , x )  .  Bu t  7 r ( I . , x ) sz t c (x )  so  f  
( x )=7 r (y ) ,  v ;h i ch  con rb inec t  w i th  y7x

t. y y

and 7r(x)< "o concluc les the proof  .

.  The proof  o f  the second: ;pd. f , t  n takes use '  in  the same way of

T h e o r e m  1  ( i i ) .

I t  i s  J -n te res t i ng  to  reed  th i s  co ro l l a ry  i n  t he  case
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when C is the cone of  posi t ive measurable funct ions over a 6" - f i -

n i te  measure  spacerT be ing  the .ex tens j -on  o f  a  t4  (X  rTr / r ) -pos i t i ve

cont rac t ion .  For  exanp le  i f  fe  L . r  i s  pos i t i ve  and
!

n -  1
s u p  L / n ( f + , l . f + . . . + ' I I r : ' f  ) =  w  F - a r e r . ,  o U f ,  r e s u l t s  a S s e r t s  t h a t  t h e r e

A ) r L  
r '

ex is t s  no  T - inva r ian t  f i n i t e  pos i t i ve  neasu rab le  func t i on  g rea te r

t h a n  f  4 - a . o .  A I s o  i f  f  i 0  i s  i n  L . ,  a n c l  . i n f  L / ^ ( f + T f + . .  , * T h - I f  ) = 0
/ -  

-  r  J -  
f l > r L  

I r

/ - -a .e . ,  t han  the re  ex i s t s  no  T - inva r ian t  neasu rab le  pos i t i ve  func -

t i on  l ess  than  t  1 t -  d ,€ r  anc l  hav ing  V -  a t€ t  t he  same suppor : t  as  f  .

The  second  co ro l l a ry  can  be  v iev red  as  a  d i s jo i i r t ness  resu l t

i n  t he  R iesz  decomPos i t i on .

C g r o l l a l v  2 .  L e t  C r T  a n d  7 ' b e  a s  a . b o v e .  S u p p o s e  t h a t

i s  t h e  R i e s z  d e c o m p o s i t i o n .x€Cs is  T-supernec l ian  and x=GTu+v

T h e n :

1*@) 
= 7(Tux)

In  pa r t i cu la r  t f  V \x )  <  *  we  have  4 ( I . rC ru )  =0  ,  t ha t  i s  the

i n v a r i a n t  p a l ' t  a n d  t h e  p o t e n t i a l  p a r t  i r a v e  7 - & , Q "  d i s j o i n t

s u p p o r t s .

3IPI.  From theoreni , , - r ( i )  we have that y(v)>7(t ,x)  beca.rse

v  is  invar ian t  anc i  v=  7 ' r t *=  X  L / , - : , - (T rx ) ,  the  opos i te  inequa l i -
D>,I n=-]-

t i ,  be ing obvious.  For  the second par t  apply  the kernc l  Iv  and

the measure / .  Eo x=GTu+vl

Our genera l isat ion of  the pointwise ergodic  theor"em is

a lso a consequence of  theoretn I .  However  the abst ract  set t ing ancl

absence  o f  un i t s  i nvo l ves  sgme more  ass t rmp t ions l

T h e o r e n  2  t u r g o e i c  t h e o r e m ) .  L e t  C r  T  b e  a s  a b o v e  & i l d  1 c t

f  b .  a T - i n v a l i a n t  p r o p e r  n e a s u r e .  L e t  x e C  a n J  s u p p o s e  t h a t

/ ( l i l n  s u p  r r r ( T 1 x ) ) < o < , , .  T h e n  t h e  f o l l o r v i n g  a r e  e q u i v a l e n t :  ' :

n ->oa

a )  l l m  s u p  l / n r n ( t r x )  a n c i  l i m  i n f  l / n r n l r r x )  h a v e  / t - i t r t e " ,  t h : g , .
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sarne suppor t  i

b )  t h e  l i m i t  o f  1 / n r n ( r r x )  
' e x i s t s  

/ r - 3 . e  r  l l o r e o v e r  i n

e v c r y  c a s c  h ' c  l t a v e :

p(L in  in f  l /n t r ,  (T r :< )  )= l (1 im.  sup l / r , t r ,  (T rx )  )= f ( r l i *  in f  l /n rn  ( * r r f  )

E*gL Let us use the fol lovr ing notat ions:

* . r , t . 1 1 - - \x ' ' '= l in r  sup  1 /n rn  (Trx )

X - , . = i i * ,  i n €  1 /  t '  ( T r X )" *  - ' n - r l ' - r - - '

.
By st,anciard argu:aents we have fx*( x* ancl fxt *X, that is by the

+
T- invar iance of  the rneasu.re /^  and the supnosi t io t r  that  x*  has

tL -  i i n i t e  n ieasu re  tha t  i n (C16r^ )  i - *  and  i x  a re  T - inva r ian t .
/  

-  
\  

' - o  / 5  ' i

The in ip l ica l ion b)  => a)  be ing obvious,  Ie t  us renark,  in

.  p rov ing  Ehe  opos i te  one ,  t ha t  i *<  V  \ / ^ r ^ ( i ' r i t  anc l  i n r ] r :  / n tn$ ,x )
n = I  

' n  n

so by theoretii I useci tn Clgtt | 1':e have:

.* ti*t z y'tt o i;.t
*

'  a n d  

: F .  . -  . -
f  t*")  < Y-( r .  x; I)' x

A s ; b y  u s u a l  a r g u n e n t s ,  i t  i s  e a s i l y  s e e n  t h a t  f G X . i ) = 7 4 f * , x )  a n d
^rl '-*

o  , -  a  r  ^  - - L

.  i f t . * i )=1 r ( f  x * ) t  
by  co rnb in ing . the  t v ro  i nequa l i t i es 'we  ob ta in  the

x x
d e s i r e d  r e s u l t .

F ina l l y ,  l e t  us  : : en ra rk  tha t  i n  t he  c lass i ca l  L r - case  d i scus -

sed  above ,  t heo rem 2  g i ves  nece"ssa ry  and  su f f i c i en t  cono iE icns  tha t

for  fe  f , ,  I  f>0 the ergodic  average converg?= f  
-  d . .€ . r  knovl ing that

l j .n i  sup 1/ r r ( f+T f+. . .+Tn-1. f1  is  in tegrable,  vr i t 'hout  knov ' ' ing the Loo-

n ->oO

-behav j -ou r  o f  T .
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