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by D.tIBA

1. lnt€od-uctign \r
let O be a boundred. clomain of the Suclidean space f' wibh

- F

suff lciently smooth boundaryFand. Q be bhe c:yLind.er fI*Jo'T I witb

l a te ra l  f ace  X  =  f  * ] o , t [  .

'YJe derive eXistence and. :pproximatiop r€sults for the

1 < rgrt - Ll
0 n

y  ( o r x )  =  y o  ( x )
-)

H e r e  H  = L ' ( n ) r  X d

space  x  and .PcR x  R  i s

dt

u  €  r , c  ( f  ) , , sub ie  c t

a .  Q  o Q r

B .  €  ' Q r

a . e . f ,

a. e. .(a

€ LZQ,T;H) ,  I  .  |  *  denotes the nora

a maximal nonoton-E graph' l:,ihen 
P 

is

I  tn  *  * l  u l2"e r ) l
y € 7,2 (o rr ; 1{) and"

bound.a:"y eonbrol probleml
r[r .

(P) i:{ ininize J^ l* | Y * Yo,' o  L -

over the set al l  funcf ions

to i

( 1 . 1 )  r t (  t  r x )

v  ( i ; r x )

( 1 . 2 "  )

( 1 . , )

of the

g i v e n b y '  
r  r * x .  i f  r ) r o

(1.4) f t  ( r )  ={ " t :  
; : " j  i f  r  = io :

[ * { " - t o ) - ' {  i r  r ( r s

where K,  d  are pos i t ive constantsr 's€ obta in  a t rvo phases i j te fan

f ree boundary problen (see 'J"L, . l ions [U]  r  P,196)

$tarting f::on sone problems erisinS in netallurg;', a sj'mi-

lar conirol olroccss i las consice.red. by c,$aguez [t ; ]  r  ch*4r by rreans

of a 
.seni-ci iscret isat ion 

metirocln.Our approach io dl8' f , 'erent and' can

be conpared. wi i ;h the papers by V.ba::bu [ ' ] ,  L ' ,)  '  Ib corcists in

replacing bhe problern (P) by a faurily of snrorbth problems and after-

ward.s to tcnd to tl}e limit in the approximate optinality contlltions'



.  The case

vras sUu<lied. bY

*

of the d"istribui;ed"

f,"ii is1ks and" D.tiba

for  the sysbem (1 '1)-(L.5)control

[tt] .

Denote V = Hl(fl,) arrd. A * V.)Vs tbe linear continuous operator

d.efinec} bY
I

(1 .5 )  (Ayr " )  =  f  e "aov .  g tad  n  d r (  Yrz  €  V '
ft

Consj-der f r il 
-i**, 

+ eJ bbe convex, lor,ver - semicontj'nuou'q

proper funcbion 6iven bY.

( 1 . 6 ) . ' ( l i ( y t * ) d x i f j ( y ) € 1 , } ( . n ) ,r ( y )  = l  h
t + & otherwise

and. 3 r 11 -+ I{ the rnaximal nonoto1ie operabor, 3 = EP '

Here i  I  R -+] -  
" .  ,  * ' . ]  ie tbe convex, lower-semiconti-

, :

nuot ls . func l ion such 'bhab 
( l=  e  i  and '  ( .  1  " )  

j ' s  the pa i r ing between

V and- V'*.

Equa t ion  (1 .1 )

( 1 . 7 )  
S n t y  

= f  a e € r

v ( t )  €  B ( v ' ( t ) )  8 . € r

(1 .8 )  y (o )  *  xo  e  i { ,

v , ' h e r e  f  (  T r z  ( o r [ ; v t e ) s a t i s f i e s :

(1 .e)  
I :  ( r  ( i ) ,  y  ( r ) )  dr  =  I ;  I  

u .  Y d  f  d t

for  every Y € f ,z(orn t  V) and'  u f rom (1.2) '

s.here is an exbensive l i teratqre treabing equation (]o'7) t(1'8)

various conpactness or boun.d-ednes-s assunptio&s on operabors

B (wtr ich can both be nonl i-ne ar),  bui requir ing * i f f  erentiabi*

propert i-es for f  .  Siee €..$. o.Grange and S.lr i igr iot I  tO] o V'

f  ,r l  ,  c. sasuez [t i ]  .
L J ' . . ,

f l l re case f € i ,e(o, l l i  V* ) is consid.ered- in a recent paper

by E, Di Bene4.etto and. R.E. Sirouul i ;er l , r1 also a1lo'u' inp; A end 3 'bo

be nonr- inear, o-" 
"u**;"; : ; . ;  

cCIrr ou', t"d.ucect from their resul 's.

Howeve.r lve indlcaie a direct ap.otoach ir;l l ich enables us i;o prove j"n

i
t . ,

i

[o, t]

fo, *]

und.er

A and.

l i ty.

Barbu
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{foUtsf.t:q+.2,4s.- 
a r,vealc continuous depend'ence on the rlgbt hand'

s i d e  f o r  E c i s .  ( 1 o Z ) ,  ( 1 . E ) .

gur vlork is organized. as foLlov'rs. $ecbj.on 2 is devoted to some

pre l in inar ies.  In  $ect i -on 1, ; te  estab l ish the ex is tence of  an op i ina l

coni:roi agd. $ection 4 contains an alproximation process for problen

(p). In the last sect ion v,re aC'.rJ- some lectarks on the neces$ary optima-

l i ty condit ionsr

the main results of tire paper sre g!99ggg"1:2L an<l fBeqrq$. 1,5.

E*g$rugurlg-g
A1L the  spaces  are  rea l .  I f  E

f  ;  E) r  1  (  P (  & ,  is  the s i iaee

funct ions i  C (o,  T;  E)  is  bhe Banach

functions and.

'p

l s  a  Sanach space,  fben I r * (0r

of alL p-i :r tegrable'  I t  *  valued

space of conti :ouons E - valuecl

$p e r !(o,r ; T \
hJ

fls

1  D .  '  J f .

t rT r t r (o ,T  ;E )  - i  r  €  L ' (o ,T  ;E ) ,
tr

l i le also d-enote by l l^(O),

spaces of  rea l  funct ions.

) usual- $obolev

Le t  y l  E  * ] - * ,  n - " ]  be  a  co r rvex ,  i ower -sen j - con t j -nuous  func -

t lon.  We vt r i te  3 f (x)  C E * , ( tn*  d .ua l  space)  for  tbre set  o f  a l l  sub-

grad-iei.ri;s of Y at x

) Y ( x ) = ' [ * "  a  d i  Y ( x ) (  f  ( v )  + '  ( * * ,  x - v ) ,  V  v  €  u  ] . '
V{hen f is GAteaux dif ferentiaLle, bhen }P(x) is sin6le'valued-t

E Y ( x )  = ' V f ( x ) .

lhe fol-lowing trvo tbeoreuis vrilt be used" in the sequel 3

Theorem 2,1 (V.Barbu and" lJh.Precupanu, [6] ,  p117).

- :r l,et s p:9.- a,.--qeat. reflexiYg, ganef']ligji.9c-e" -gpd Il l.gi*-fg-gl,

r J

W. !g! y:  E- l-d,  *""J !g-g*9p$ye{-.$-L}+g!, i9i} .Jt ' {$$cq

!L V (x) = f (Ax) fpf x € $, rvhere f iii 19-w9'L: s*e..utic'gli}:Lpttous '

ptqpqq qony.gJ-fitng-trq*,-*g[ilre-q.?ja ]i' .wi:ile A ie .a l-rnesg cg]$#,#.g!ts

or;e::a bor froru E into II.
' - 'r 

- -:. i  
.:- ' !,:- .*.#

ggreg"eg_I,4gg- lnb D (r) 0 n (s) f b. Thgtr {9;:9y9{x' x €D'-

wIi 'P( rI  ) ,
] .

( r

I  i . l



F 4 F

Consid.er no\'r two Hllbert spaces V bnd. 11 such bhat V C H End-

the inclusion mappir ig of V inco H is continuoui ic i /e are given a

Lj-near contiri.uous opsr'stor A i V + Vw whtcb is assumed. to satisfyl

( 2 . 1 )  ( A y ,  z )  =  (  A z , Y )  T t  L  (  V

( 2 . 2 )  ( A y r  y )  )  w f  v f r j  V Y €  v ' , t ^ r ) o .  :
v

I , e t  Y l  V  * ] * * ,  * ' " ] be a lower*semicontinuoug corl.rex
4

function non:ic1enticallY 1- "

\l\'e consj-der tlr^e following variati:rnal problem

( 2 . 4 )  y  ( o )  =  Y o  i
f ' t

the_oreT 2"-3. (V.Earnu L5J r P' 2I1)
1  2  ( o ^  T :  v  *  )  .l i g - g i g * s l y s e  y o € v r f  €  i ' { * ' ' \ u r ' r i  v  '

W (2.1)r (2,2)- hqq a"gplqg9,.So-Lg-! i ,qE- v C. C(o' ' r ;  v)

which sat is f iee

(2 ,5 . )  { f ,  #  €  Lz  (o , r ;  Y)

(2 .6 )  # -  ( t 2  (o , r ;  H ) .

3. t'ne F+stg,ncS of tnP f

Y, ie  re i , iark  that  A g iven by ( f .5)  sat is f ies  .  ' i r

(2 .1 ) ,  bu t  no t  (2 ,21 '  rns tead  we  ha ' t re  i

( i . 1 )  ( a y +  € J ,  i i l > z  € !  y l z v  ,  V v .  € v ,  f o r e l t  t 7 o '

falcing into accoua'b (1.6), (tr,"A) and assuning for cornrenj-ense

tlrat K ) L, we ' notice the foLlovuing properties of nonlinear opera-

' t o r B :
i

( r " z )  B r  r + D  t
l l

i  where DCH x H is a clrcfrr loal- ly maximal monotone operatori

(1 .3)  dom (3)  i  l i  and.  
i

t

l s  ( v ) l H

We denbte w (b)  = [ot  y (s)  d.s and.  t ransform (1.?) , (1.8)
l

to obt;ain thc pseud.o-parabol ic equatiou I



g € w1t2 (o,  s l  vs )  is  g iven by
,t

s ( t ) € l f ( s )
) 6

L e b  i  I  V - t H  b e

b y  f ( v )  =  y ( i

I  
"  

=  a ? ( v )  E

B ( r r ) : -  s  I  u
Proj;oslt ion i ,1

w € c ( o , [ ; v ) ,  # Q . . L z  ( o , T ; t i ) a - q d  B

?roof

( 3 , 4 ) B (

* 5

+ A w  )  g

= 0

d w \
?iE .)
w  ( o )

8 . € .  ]  o , n [  ,

' : '

t i re approxinate equation

where

( 7 . 5 " )

be given

( 1 . a )

(3.,il

d " s + t t r r o ,

the canonical injecbion and V I V*]-,," n*d

(v)) = Ylv (,v) " By lhgor.ery..P.l vre setr
t*  uY(t  (v))  ,v v € v,

(v)  '

E_quai j"on(3,tr) iras a unique sol:.uiion
, C h ' t *  r  * 2  t(AE)  t  L*  (o  ' [ i ] l ) .

By fheorem 2.2

( 3 . s )  B t # r ) +  t * t  + , A w u ) g  a . e " ] o , [ [  , v r r ( o ) = 0 .  :

has a un ique so lub ion wr€C (o, [ ' ;  V)  such that ,  l# t  eLA (or [ , iH) r

( 3 . g )  r  t .  ^ , , .  . z  r  .  , t  ^ 1 . . -  i
I  l  o V J t l  L  f a - .  / + \) s  t f ; # l n  + f i  ( A w . ( t ) ,  r r € ( t ) ) < f  ( g + D ( o ) , # t l  .  i

l iext  r i re integrate by parts in the r ight  -hand side. and.use the

i a e q u a l i t y s .  
t  &  4  t

( 7 " r o )  h f * r ( t ) 1 2  (  
l t i # ' l ;  

r
(  

i  t  d r v r  ?  L ^ . . - r ^ . r  . ! *  . , . €  r ^  m -  t r \  - - L ^ : - - ^ ,to set i *.; , t , iE'- J bound.ed. in f,* (o,t; .V), respectively

t? (o,sin).  From (1J) i t  y ield.s {  s (  $.ga } rounaed in r ,2 (o,r iu)-

lVe subtract, tvro equatioru (i.B) and. muluiply by # 
- 

#^,
i , ) . r
f, t Sg - 9T^l' + f' ( avr. - xr',r.. 9re - -tT^ ) *
/o '  I  uu- dt I  H 

'  
Jo 

'- ' . I '  c i l ;  dt
t-

+ f  "  /  i r i r  A* dlv,  d*^ '- J o ( A w . - A r ' ' r , \ '  
A * *  - d n )  \ < 0 .

Thenr vie conclu<le

diu dw z--'E



w e .  >  w strongly in C ( 'ort i  1I) '

d.vtr, 0$i

D ( f f i ' )

of uraximal monotone oPerators.
dw (  o r $ i  H )Peii'''giqq"J-?e. {ul:93+.Pq- v * tf e r.,

thp rewqelrgg*- qo]u-!-i9n-q{*i99. .#rqryLgglteJs ( 1' 1)

Re$a.r.k ,?.2o Ji 'ron the nexb proposit ion ouull l  *u*

t
y  €  I r '  ( o r T ;  V ) .  

ĉ --+L2 ( tbe mapping L1 --" Y, wirere YDenofe by 0 r  L ( f , )

is siven bY !e&Pi!.}o,n 3:4*

j -n hZ (orT; H) by the d'emiclosedless

wil l -  be cal led
. f f i

f  ^  + \

t t r ? , t .

t trat in fect

4 t

Sroposlt+Pe.*2r! f,e$

6(uo)+r = s (u)WSglJLitt-

rg-e.gglv .+n Lz ( )1 ). 'rhen Yn

v ) "
un --2 u

T?' (  o, ' r ;

l roof

Sron ( , : i l  and.  (  L .9)  1 le  obta in  8n-  g  vrqak ly  in  t ' i l r2  (ont iv r { ) '

Vle have

q 3 . 1 1 )  
+  + D (  # ) + A w o ) s o  B o € . J o , o t

c

t ' lo  (o)  = o,  
I  r  i  d ivr "1 {*  ,d 'Jr ,  \

and as in the precedins p:oof we infer { *rr} ,l E#} ' lo (# )i

bounded. in Ir*(orT;V), T,2 (orto; H) "respectively'  !

P u t I  I  V  - - t V t i g i v e n  b y F y  = v + A v  a n d - l e t  o r r € l ' 2 ( o , T ; V )

bc ,  s r : ch  tha t

( 1 . t 2 )  I  v n  = E o  - A r ' l o

then rn = ho - wor vrhere \ = I 
-1 

(fso + wo) is weakly

c o n v e r g e n t  h * h  i n  ! ? 1 r 2 ( o r ' r t v ) .

From ( , .11)  we get

( l , t i l  
F  ( r + D ) l i , r o = $ f i i

-t
vo (o)  = vo e [  (BYo ) .

. -L -:l !t,
Bu,b ( I + D)--= B-* =Of " lvhere tlre convex, lower*s,9.Picon*

- l

t inuous fu'ct ion y i i  r E -+]-, 'o, *".] is the coljugate of Y gn$ we

can assume Y* (v)
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Murtiply (7.ti l  by I g I
OU

, I  d v *  d v -  ( t  I t

|  ( x # r - , A a # ) * l  ( r Y * ( [ v o ) ,  f t
)A 

- l l t r  -  \r 'u 'O

Therefore 1 
dvt  

] i *  bounded in

r rir'r 
t ffiJ )

ouence J 
o**J i t  bound.od- lnlr t  (o,f  ;v).

L  I  # - l
\  L I U  J

,,s
*vo) =) 

o

L 2 ( o r n ;  v )

dtu ; ctv..
t I L r J l . l . L \\  '  - , i l $  r o

and. by ccnse-.

-
i n  I r ' ( o  r T ; H ) ,

Lt] tireoren

w  €  I r *  ( 0 ,

By ( , . t t )  we see that  8o *  Awo bound.ed

'i '{e also have d- r^. ^... , €o
ats(e, 'n-Awrr)= 65=

bound.ed. :-n rr2(or ' . l i  Vn ).since H c v*

gives

dw,'.,

df

compactr  the

ia  r ,2(or ' I iV*)

Jlubin

r'rhere8r,' - Awo

V)  i s  such

%  
- + ! n

dv,r.'.
ry

1 4 f
\ I U

lYe obtain

demiclosed:ress of

I ltui sbrongiY

+ - l - ^ { -
t/ l"-t(f, V,4', .r t

v,;eaklyx in l ,  
*  (orr;  Y)

SS- weakly in i,2( o ,'r i Y ) "
oE dw-^
F C.tri -+ c1 strongly in tz(o,n; ve)

maximal .monstone operutors it yields

r  . ^ l -
8 o € r  J  O r l L  .

FlnaS-Ly vre catx pass to tbe l imit in (i"11) and- obbain

g = # = * (u) whrich f irr ishes ihe proof'dw

r r rg f * ,  iu . r " .  op t l  (  oo ,  Yx  )  j#

f qr._BrgWg.s (r).

rn

T I ( , , ) =  f - { * l * ( u ) * x 6

and by ttre

d € B # )

Tr.rgg{ep 2.5,
^ " )

L c  ( t  )  x  r "  ( o , T l  Y )

- Proof

the functional

(7 .L3)
o -)

j .s wearty lower-semlcontinqous on Lt (

Remark 1"6"  \ ' !e 'no l ; ice that  TI  is
-r-...!-rff

nonl inear.

? - ) l

l *  . .  *  *  l u l - o e  ( r )  ]
LL

I ) anel coe.reiveo '

rlo nore' Gonvex since

dN

O i s



F 8 ' ;

4. A+, A,peroT.i,ng liqs ..ryq ceP,s

!1je consid.ex ulie approximabe
t L  I  

' 1  
,

( f , )  L , t i n l m i s e  I  t i l Yb  ' o '

probleni

* * l u l 2 o a , * i o t
coatroi

, o l ' *

sub jec t  t o  :
C

(4.1) -A-&1(.u'-CIrJ) * Ay (r, x) = o
3 €

& c 0 r  Q ,

U . r .  E  ,

( x )  8 ' € r  I - l  ,

o . Y
tet rJ

( 4 . i )  y  ( o ' x )

where we d.efine t

( 4 . 2  )

( 4 . 4 )

of

Iv

3 U

+ I . i ,-oO

I

opera tor -  v  6 r  (u )
t-#

( 4 . 5 )  v e ,  ( u )

d e (y -  e 6) f  
(o ')  eo '  d ' ,  i*  the

$ , { * r u ; g

pecvl r $
y,osid.e approxinace af the naxinal monotone grapir d.(f)* 

f 
(y) - y

and"'g is a Sriedrichs nicl l i f ier, that is f e Cf (R)r supef C

c  [ - t , r ]  '  y { - o ) =  y @ ) ,  p >  o a n d  l l f  t * ' c l s = r r '

(we conbinue to assume tirai; K ) I i1 (1.4)I Coieuponding tofwe

slra11 clenote 8s "i'n (1'6) , i1'2)' 3€ = r + Dt '

lhe so lu t ion of  (4 .1)  *  (4"1)  'can be un i lers iood in  tbe ser lse

itpfig.tioo 2.? - and. oblriousll, ]Xl oblen ( Pe ) Lras an optimal piar

- 1  - ' r n t

€ .  ,  * r J  e .  L c  ( q )  x ' L ' ( x ) .

.1lie 
denore B e , 1,2 (I ) -? L2 (Q), the uapping Lr -> y given

by sg " 
(r+'1) - (4,3) according to PqI' ig!! ipt]"2'2'

T.lenma 4"1 $o{ .a } ,1 ,  u  €  L ' (E  ) '  the le -9- { i s ta -a .u+p-gr
/ - \  t> - .

: Lc ( X ) -+ L' (A) 4elined I'[*i

v  =  w € o k  -  I i n :  O .  ( u  +  \  v )  -  O E  ( u )
tr+o %@

f o r  a l l  v  e r , t  ( f , ) . Ii[oreover t

s r s c ] o r n [ ,( 4 . 6 )

( 4 . 7 )

( 4 . 8 )

#  *  v n e  ( s s ( u )  ) .
r ,  ( o )  =  0

v 0 a  ( u )  v
' d ? ,

= ff
OE

nint; of, ei,- is. exp{giggg!9.}gg.-ggg vDe t?.,-t4e,Gtteaur
t

i l i f f e r e n t i a L  o f  D -  : H + H .



l e t  y t  .  QL (u  + .  l ' v ) ' ,  Y  
:  

g ,  ( u ) .

using the notat ions of  Sect ion ' i r  wo 6et l
. dw c <i.w.

$ . 9 )  # +  D ' ( # )  + a r v ^ =  s + x h
.  d r i r  * €  r d l V  \  ^ . - .  - -  f r( 4 " 1 o )  H  +  D - ( t t )  + A v r = s  :

( 4 . 1 1 - )  w ^ ( o )  = w ( o )  = 0

where 8r h correspond to ut respectively

(1 , r )  "

F 9 -

. P r o o f

Subtrac i  (4 .9) ;  (+ . fo)  and mul i : ip ly

Then

- t f

a " e . . l  o ,  t L

a " e . ]  o ,  T [

v,  by (1 .9)  ancL

dw. ^,-,
t r v  . a - T l '  :vJf ^ta

dt 
uv

, f r  dw  A . . .  z
Jo |  

# 
-  uF l* u* o * t  A (vrr,( t)  -  w (t)o w^(t)  -  w (t))<

t t dtv, ow

t o

P * # 
and.. *h o w stlpirsly in J,2 (o,ti II)

.  C (o, T; 1I) '  Yrre Put I  ,x = ry
tbat i"s r

.r- t

[ "  r t u r  r z  t  r  ^ -  ' r + \  o  r n \ r  ( [  ,  s - f f l l d . s)  o  l  # '  
*  

n  f i  (  o r r ( t ) ,  2  ̂ ( t ) )

By (1"1o) r integrat ing

{  )  t  dz-  )
t "  x l  '  {  =*  t  bounded j .n

' 0 . u )

sinee DE is liPschii;z

shovls bhat C.w. e dw

n e ( ^ # ) - D - ( T E )u _ , , * \ . * u . * , . _ _ _ . -

X

by parts in the right harrd side

4

I , *  ( o r $ i  v )  ,  L ^  ( o r t i  H ) .

of constant * ,  the Lebesgue ' tbeoreri

dvl. . dvl
L  r  ) J  )  * *  t  \p : ( q r - / * :  ) . m - '

d*A drv
ar - -aE-

we get

' A o

.'1
. Tl:-\tu

is  weakly convergenr in 1,2 (or t ; l { )  to vD€ ( '# ) '  # wirere 7 '  is

such t iut , ,r4 z, wealcly s io L,* (o, ' I ;  V) and- strongly i4;A(or ' I ; l i ) '

t V e c a n p C I s s t o t h e 1 i m i t a n d . o b t a " 1 n ( 4 . 6 ) - 4 . 8 ) t o . f u ; i s h
- !

the proof .



Jremma 4.2.
- l r f f

- .LU

For eYery
--..,'rl#

t )  o  . t h e g e  l s p e € l * ( 0 r t i ' v ) ,

r Y edn- ^*-e 
. t '1 /n r ir i  I I),  such_j4qq-+t yqq*.f- l$-j lgrietgef wi ' ! ! ]  u€

ffi **")r*uJ,r-ffi,. n**'r"u (4.1) (4'1) and t
( 4 . 1 2 )  

$ f  + v D t , { r .  #  * ; \ p E  = y r  - Y 4

( 4 , L 7 )  P e  ( ' I ) = 0

and we rrave

, . * . ] o , rI

( 4 .  1 4 ) u E  a  P €
t

Irpg{
i . l re  denote  p€  -  voe  tu r  )  

x  (  yE *  v , r - )  (  in  fac t  1 tu

exrension to tb.e whole fL )  ancl  use (4 '6)  (4.8) '  (1"9) '  $ '5)  and

the defir:- i t ion of bbe aclj ,oint operaior to prove (4'1e), t4' 'Li) '  Let

( 4 . 1 5 ) T[rt u) =
2 1 2- x a l  * t l o l  " ,  i

\ * ' r i  4  
L c  g 1  )

I a t
)

Lt t<a  u.TT

Then V i lU  vaq isnes

( 4 . 1 4 )  i s  t r u e '

r ;  :  ] r6Pg1a '4 .1  .

then o,- ( u. ) +
L q

at poinb, uUafrd'. . j :ron' the above nQtation;ne see

figpeqs,q*Sl.€!.- u€'+ u .vgPa,[]X" r+ t' ( X )'

6  (u)  weqslu* j tn.  L2 (o, t i  v)o

pI{  stronS; lY in r j  (or [ i  ] l ) t

M M ( P ) .

' a variant of *g"Qggil*J: J'4'

4.4,  As a consequunce we get  Ou(u) + o (u)  weakly i "n

t2 (ort; V) for every u in 1,2 ( X ). Moreover, by tbe 
::--n'"ti'by

( 4 * 1 6 ) ( D E ( 0 . ( u ) ) * } . \ ( s X ( . ; ) ) , o , ( u ) * e 1 ( u ) ) >

2  (  n ,  ( e . ,  ( u )  ) .  *  r x ( o ^  ( u ) ) ,  € D t  ( o ,  ( u )  )  * I n \  ( a ^ ( u ) ) )

oue can see 'bhat  
lOt  (u) j  is  a Oaucb4y sequence and

(4 .U)  eE (u ) .  " - ' ' o  (u )  s t rong ly  in  t '2  (o ' [ i  H)

gnmqti.qtgn .iL? . gg.3*ggbsgqrus*ggrjgg, Fgyg *t-[c qqrlY9{[i9i]s9s I

(4.18) u €. * u* strongly in \2 (ol'I i 1"2 ( i-,r )),

strongly in i lz (o,f '  ;  -H ),

3rg.of

Th:i-s is

Remark

( 4 . 1 9 )

( 4 . 2 0 )

where

Y 6  - ?

P g  ' - +

l r o ,  o " J
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Proof

. 
3y l;he min-i"rnum property we obtainl

( t+ . z t )  JJ . (u ,  )  - .  [ t  I  * f e r t u )  -  Y , ]  I :  -" €  
"  

-  I , o  L  -  c  * ' H

f o r a n y  u  (  L z  ( f , ) .  g ' r o m ( 4 " U ) a n c 1 ( 4 . 1 5 )

bound,ed . in l r2  ( f , ) r  so  ue  +  i l  weak ly  inJ ,2

eertain sulose querlce r

Next, using l lsHn\a 4,.-7, ,Q,J-|) and.

t inui ty of  the norm, i t ' is  possib le uo

and prove !

r t t l
, l " t  *  |  e

( T(  I  t *
o

"for- 
arly' u € Lz (

we denci;e it u*

n i '  _ ,  u*nan  u t

Lz  (o , f  ;  v )  .

r,veakly in LA ( X, ), respectively

. 2
t r or 

u, .,,) ) 
db

we ge t  t  u .J
( f  )  o n  a

the v,reakly

pass to the

2 1
r !
, . , t'  

Lc ( f  )  
'

^
c

lower-senlcon-

l im ib  in  ( r * "23 . )

dt. c( E ) - v a l - * n  h l
2

l ^  /  \  |

l s  ( u J  -  . / 6  |  +
H

) ,  t i r a t  i s  ;

\<u

*  l " l  . :
T"t (

is an opi;5"mal

) ,it
Jr )

contro l .Henceforth

\ t

r J . - + J
c-

op.
i{iultiply (5.}2) by A* and- intesrate over

l T  r . a r a  2  r t

I  l : : L l  . * ( A p e  ( r ) , p e  ( ! ) ) - < c ,  J ,  I, t  '  c L E  ' n

r t f c u o w s  i n r )  ,  [ # ] b o u n d e c l i n  J l -

F *
L  u t

dp.

ff

( o r I r

r l  r
2 I

2t ;
H

V ) '

LA (ort;H). fhe Aubj.n theorgrn shoff is

t+ ,22)  pa ->px s l rongly  in  J '2  (o , t ;H 4 1f f  )  )

on a certain subsequence * Tqen Sron (4.14) and. t tre trace theorem,

I, ions - Magenes [S] r  wo get (4.1s) .

Usin€i ng-w i,ire s&ae argurnent a$ in the proof of Soiros+:!*.ot1 irii

anc l  incqual l ty  (4"16)  we obta in  ( r+-19)"  Rel .a t ion (4-?o)  is  an €asy

conseauence of bhe above boundednessr



-  t e  *
f  heorern 4.6, The seeuence 'I[( o, ) ]g conygrsrut 't;o the

opti.ryal,Jgl"*e gi ,lq.q_bleq f" XLr ql*g-h.g?*Sle+oLg., S*r_..w*g$ r + 0 "
lroof

By {t?,i:osigion {r5* from a::ry subsequence of { o, } we can

extract

rlhen

(a.z:7)

Nev,l

( 4 ,A{*)

(4 .25)

(+"ao)

wirere

from u

"-" 'die

( 4 .2? )

A . - ,
LL\'Y,.

L

LLT,

another subsequence {  " r ,  }
t l  /  \

l l r , (u , r  )  - )  s .  There fore
" 

ft( ue ) *+ $

vaibh prbper t ies '  (4 .18)  r  (4 .19) .

the in: l t j ,al  sequence sat isf ies.

a s  E -  - - > O r

(  c . €

( * t - w 6 ) r u u t - l v r ) < o

L? (o  rTe  a )

lve Set

) l

v{e est in ia te  O€ (  uc )  -  0  (u€ )  .  We have
dvr € ^'

B ( E E " - ) + A * r i  ) s e  a . e " l o ,
A  r " t

c vu,t. _l

B " ( E * )  + A v r r =  g €  a . * . J o ,

d w €

t
r

f i l* L  t

r
m l- L  ,

e  b y  t 5 . 5 ) ,  ( 1 . 9 ) .

subtrac i  ( t+ .Zr+)  r  (4 .25)

, d w t  u %  t z
r r  r' c [ u  o u  H
. clw-

- # ) - " ( A u o t - A , r E

AC- * g (us ) and gt is obbained

dw€ dwc
an<l mulbiply by t-51.* 

r *Ai:-

dlvt s d.v;€ dw e
+  ( n ( 6 p ) - D 1  f f i ) ,  T f  F
' 

clw t dw-
' Ttr 6f)= ct

.  
: "  

'  L

A  f  , ,  \

" E  \ ' 6  t  t

\ r f a

Tlt \ .fr
L i U

(4 .29 )

' bo inf
T

( -

l
o

and. to

( Lr, la)

_ Y{e use the inequal i t ies r .  Eow€ dvr dw' dvJ.
@"28) ( i :  ( -u)-  DE ( 'A*);  f f  -  *)  >.

dvlE c1w dv,r"

I

I  D '  ( v )

er fron (4,27) t lrat

* q  -  2  f l

, d v , i t  
d l v ,  

1  _ C " € +  {' ? r f ; * - - f f i - r n  ) a

conclucle

l o  (  u e  )  *  s e  q u 6  ) l

defin:.i" bion of ile , TI

I  f f u t o r  )  *  l T ( u s

I
{

By th.e

' ( 4  
" 7 L )



* r 3

bhat is, by (4,21)t we f inish the proof ,
i'

Sgnq.q&_-4J_. In order to conpurfe the optirnal coritrol for protrlem (1r)

we have to choose 6 suff ic ient ly small  in (4,M) - (4.14) and to

f1nd. the comespond-ing uE . fhe result of Thggrern 5*2-- shows ihab

the perforuance given by u e is as cl-ose as nec€sse.ry to tire

optinal perforurance* .

5, 4+pq1,,.-S.gqg:lq
We give a partial ans$Jer at bhe questionl HlYhat are the

equatior:s verified by o* , y* , px ? fl

In the case. cf ccnbrol systens Sove.rned- by variational ine*

quallties th:is questio:r.vlas posecl by lfi ignot [ffl .

We i"ni:ose the acld;i.tional assunpi;ion t

( 5 . 1 1  * * u  |  
( t , x )  6  q  i  y x  ( b ,  x )  -  r r ]  =  o

where .ro is gi .ven in (1.4).

rTe csn prove the follol",ti::g result I

a Und.er the aboye;blpoiiFeqge,- -vjqt*.h€.Yg ;
ffide.lFF

t - CtFr - ra - sE- .'lt'r *
(y,  -  xo).  v{ tve ) .  # - '  (  yu -  ro) .  "  f ( r*) .  f fE-

-  - r  . i  . -  * I  / n \weaKry r-I l .  !- \Q/..;--.-J--

\ 7 . 4  )

3r'oof

Frou (t .+;

(  5 , 1 . )  v d  e  ( r )

where *  K -

d.ed.uee

( . r -(  5 . 4 "  )

where :

(  5 .5 )

we notice i
t1 \
L /

. r^  -  € U<r
. U

l = . r
t̂J

rr- 0
and

= t
I
I

L

( 4 . 4 )
s
I"

T g

mu

ril*

€

F* o

F- o

T"* o

F 1 "-  - 0

*  e u

L > 0 ,
{
a

; o ) v

mu

We

+ d .

6  t  
( ' )

. t  f t " \* €  \ *  /

- s

U
\)

d . ,  ( r )  *  s ,  ( r )

= {
r

I o  *  t i l

r  (  I o  u  { t1 + t n

t " o



e I

$ i n c e . d u i s l , i p s c | r i t z V ! . g h a v e I e v d . , ( r ) l ( 1 ' t r e n c e
c 2 , t - r , r A \ r 1 8

h ' ( r )  =  e . -  \ .  v d e  \ r ' L .  ( )  )  g f  ( o )  d o  O
t - L

urrlfornly i+ 'f,* iiexb we can virl-to i

-  . r ' o  )o  f ' (12 )  
=  p€  ( r  r )  *  ro  a€  (1 ,  )  +  Y '€  (4  ) "

' Ihe te ; ,ur  &€(y,  )  is  boui :cec l  in  ] "J  "o  (Q,)  by (5 '6) '  (5 '5) '

As conoerns f r '  * ,  ) ,  ue s€8 f ro ;n  (3 , i ) ,  ( l+"19)  t t rab i t  j "s  boun 'ded '

i n  T , 2  ( o ,  t ;  H ) ,  s 0  t

(  5 . S ) p t  ( v r )  4  f W
J€1  , , voq l r - l  r r  i  r t

, i l  l d v u + 1 . ; t L z  ( o , T i  H ) .

&se *  Qr  \A ie cau de duce
Y t

t{v

'  
B e c a u s e ,  b Y  ( + " t ? ) t

'  
^ L / _ .  \  r  n (easj-l"w tirat f] 

(Je ) -) 
f, \

-  
He.re vJe use (5 '1)  and'

I ' low, i t  ls  obvious t i rat

a-J ' " *  (o r l l i  I i ) .

S'ron (5"7)  we see t t ra i  t  -
- cilra

( v -  -  r ^ )  v  f t t  ( ye  ) .  f f i1 . r €  - o .  
I

* l 4 i *

YI
L

E
S p

J

' ru
L U

F
\J

I
I
I
I

(

+

r

, c
t

follolrts t
e - :

)  o P  ( r )
I

v d e  (  r
t

I

( r - r o

t z  s  )

( 1 + V

(o) +

d €  ( r )  )  =

n e  ( r )  *  s

l r o  +

( r )  ant l

I

I  s€(r
2

€ o ) f  ( 0 )  d s ' I

)  a . e "  Q , .

( I . / t )  essenrra l l -Y.

yf} _ ) -+ 
f 

(t" ) stror:E;lY in

( 5 , 6 )

\ 2 . Y  )

. - " t $v

--,(p(r"\ \ X
)  -  r ^ ) .  B -  +  q

1",, +
4 v

i n  t c  ( a )  (  on  a
ivealily . in 1,1 (e,D, whe're q t:^*O* w&ale lirnit

\I iJ4

subsequcncc ) of S c (Y a ).  f f i*  '

,  x r  [  
-  

" og ( Y ) = \  ,
t c t

t  
*  ({ i )r  v 'e prove S 

e (y. )  + g (trn ) st^ror:gly in l t (Q), r- i l rere

y x  ( t , x )

ylr ( 'b ,:":)

Using again (5.1) and tire bourrd"eclnoss of s t ( v e )  i n

i s  cLe f : r rec l  a rG.  a  .  o

T h e n  q ( t , x ) =  g ( v * ( t , > r ) ) ,  #  
( t , x )

After a shor-i;  calculation r,ve a::r ive at

0 . O r Q ,



(  5, . to)

- L 5

(  p (v* l  -  ro) '  # + q * (vn * 
"n) 'v P ( f  )"  $-

$
*

aad the Proof is fin:lshed' : l

s p $ a { k . " z ' 4 : f h e a r s u m e n t r , v e t r a v e u s e d a b o v e i s s i m i l a r t o t l r er --1

one given by Z, l"leike and. 0. fiba [tZ.] , fft-e?Ieirl -t''L"

r i  y tn  y# weahlY in  I '2  (or [ ;  V)  a i rc l '

f r om (4 .12 )  I

( 5"11) o pntv, ). Ht
eonbining these facbs git'n E:?-topitltn-zi.L rYe formulate fihe

, ,ffi1 , ihab is Ltx , Yx, P# shoukl

s. ta te  
'uy* tuo 

( l - '1 )  (1 ' ' )  and '  bhe ad ' jo in t  sbabe system

' i (
. & . G D

v O  ( Y - '  ) n : r + *
I

n
v

3y

sr ilt
A * F  -  r r *  -  \ r  *  8 p € .
3 a y  *  d  v o

n {

0 r  T

ii;

ccmputed.  as '  u* '
,  the oPtimal control can urt

( r )  5

(4  "14  )
x lp  l x

I
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problems ijov€rned by parabclic variasional i:le-
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