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PEAE SETS IN WEAKLY PSEUDOCONVEX DOMAINS

1, Introducticn. Let D be a bounded strictly pseudosonvex domain

in Gn with anooth boundery and let A@(D) he the set of holomorphic
funcuions 1n D and of d&ff@rentlability class g®dm B,
“in [5] M, Hokim and N, Sibony orove that a closed subset E of
BD, which is locally a peak set for A (D) is locally ccntaimd
in a totally real submanifold ¥ of 2D of dimenblen nel, wni@n is
complex=tangential at every pciat of Eo
A main tool in the proof is the theorem of F. Ro Harvey and
R. O@ Wells Jro about the zero=set of & mon«acgatlve atrictly
plurisubharnonic function [6]e ‘ J
In [;] thare is also proved that a closed subsat of a totally
real submanifold M of oD of dimension n = 1, which is complexe
tangauuia1 a* every point of M is locally a peak,set for A”(D)e
In [3] i Chaumat end Ae M. Chuliet prove thaﬁ the necessary
condition and the sufficient condition xiven above are equivalinve
In [9] we prove that a CR submanifold M cf Cn of CR dimensiont
is the zero-set of a non-negative strictly P-pseudoconvex function,
which i plu,laubharmcnic on M. |
Hern we prove that the zerc-get 2 of a nonaneg&tive strictly
n « g = pseudosfonvex function which is plurisubharmonic on Z is
locally contained in a generic gubmanifold of ¢c® of codimension g
result which ‘represents a geheralization of the theorem of F. B,
Harvey and Re 0. Wells Jr. [6] (theorsm 1) ‘
We also amva a generalization of the conditions given by Me
H&le and N SbuuuV FS} for weakly pseudoconvex domains (theorem

2 and theorem 3)e
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2e Preliminarios. Let M be a smooth real submanifold of g Fér a

point p of M, we denote by T {E} the tangent space of M at p aﬁd.with
Tf@@%aa maximal complex subspace V“%j):ith the complex structure in «
ng,d by the natural inclusion T (m)C:Gme If dichC () = m = con =
stant for each point p and M we say that M is a GR manifold and
CR dim(l) = me
Ve @@ngta by'Hp(ﬁ), rsgpsctively A (M),tha subsp&e@ of TPCH)Q§C
givan by the holomorphic tangsnt vectors to M at p, rsspectively the
éntiholomorphic tangént vectors to M at ps We have Tcp(£)G§C =
Hp(ﬁ)eﬁAp(m) and TCP(ﬁ) and EP(M) are naturally isomoiphic [4} o BF
dimRM = k and CR « dim(M) = m, M is called a generic manifold if
B = k = n, For siﬁplicity WQ shall call M a subgeneric manifold if
m=k «n + le‘ﬁ is callad'%otally real if CRAin(M) = |
Let M be‘a CR submanifold of C® of dimension k and CRedimension m
and p€l, ot 8 = k = 2m,.r =D+ o -k, After a complaXmllﬂéar
change of coordinates in Gn, M mav be represented in the n@ighborheed
of p by the equations:
' 2y = by + 1gs (W) J = Lyeeesn
Zire = hj(t’W) ‘ 3= 1,,f?,r
zj+g+r = ?’j ' | J = lineegn
where p corresponds to the origin (t,w) = (tlgceogﬁS’W19@JWng) are
coordinates in the neighborhood of the origin in R® x ¢™ and {ﬂj}g
{hj} ars roeal and compl@vaalued functions respectively vanishing to
‘second order at the origin [14] . If M is a CR-submanifold of gR
‘smooth function £ on M is called a CR=function on M if there exists
an extansmon f of'f to Cn such that@fiﬁ = 0 (we take "=mooth" to
mean 53 Let D be a bcundgd domain in ¢® with ”Q»bouhdery. For a
_point p o D we conolder a defining function for D, l.6. a CzwfunCw
timapaefin@d in the neighborhood of p such ﬁhau DAu z{z&V%? (Z)QQ

1
¥
i s
and gfyo on DU, We say that D is strictly g-pseudocemwex at p if ¢
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cémplex Hegaian of P has at least n«q-imsi'ﬁive eigenvalues with
eigenvectors in T¢ (an)' ,

If p is a 62 rﬁ&i valued function on D we say that @ is a
strictly q-—pscudoconvex function if the complex Hessian of p has at
least n-q strictly positive eigenvalues in D.

We denote by AE(D) the set of -lwlomorphié functions in D which
have a ¢~ extension to D. A closed subset E of 0D is a peak set for

k(D) & there exigts f&% (Q) such that f=1 on B and I£/<1 on D « E.

It is essy to see that a closed subset B of 0D is a peak set for AS (D)
if and enly J.;C there exists i‘eA (:D) such that :ﬁIE O and Ref<0 on
D\E. & closed subset B of 0D is Jocally a peak set for Ak(l)) at p 8B,
if there exists a neighborhood V of p such that E NV is a peuk set
for A (D) and it is a locallv peak set for AF (D) if it ds &ocally a
peak set for A (D) at every point of B

A smooth submanifold i of oD is called complex tawn mhq at a
point p of M if T_(M)C 10 (an) |

3. Zero Sets of Nan~ﬂeoa't;3.vp Strictly a “semiocon ex Functions.

L.."&‘.‘E’M~ Let P be a real-valueq g% strictly n—q--pseL‘Ld@convex function
defined on a neighborhood of 0 e o2, Suppose @(O)Nﬁ}g,gr@ip\&)ma and ‘t}:m
coiuplex . Hessian of © has 0 « g eigenvalues which ve us)x at Lht. arigin.
Then, there exists a complw-lmear change of cocrd Lnatc,s Z o= (ZJ,“'“’Zn)

r‘

in ¢ such that ¢ : : . s‘

9
{D(Z)— 5— 'r/l + ) /xj 22 ZM h) ““ %%i(ag L.Xj +bhjy"yj +C \,L] L}/j +dLJXJyL)+
+Z C ; ijﬂsbjm Yy O+ o1z e v

LJ 944

.- Where h 20, 2= x + iy, x and ¥ are the real and the maginary parts
'

ofi the coordmate&z Z EC o
Proeof.

£ e ey
We dencie X e (Xlge.n-g}tq]; I (Xq,x.."i”"F{n)’ y S (,g»;’oeo.zf
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w o ' " " n
y“m (yQ+l,..¢,yn)y it + iy s % =2 + iy .

. n 2
Ve have p(z) = E;'M“?é g@}‘[f_ (O)z 3 ;;lvgw- (0)a;: 7. & @(lziz)
. i e J ooy ke

G : : > Lo i
By making a complex-linear change of coordinates in ¢ we may suppose
: ; q D=y :

) s i ' ey e
: q 0
5 : 0 Lk
32.0% g0 O
o 1€i, jgn )
c Al e L B e
and @{z) =la] ¢ + Re('258) + o(lzl”) where 8 = |=5—=—=~ (0)
S . : n : : 52@%‘ tsy&n
| =hs

Let & = [g] be a real 2n - vector in Rgn’ where X,y &Rn, Ee = s&l{mi
] :
X G,y =0 ’_Eﬁ = {s&ﬁ {z = ,y = O} .We shall idenitifly Ee with
&

: ami gﬁ with RZ(KWQ) . E cum E are complex uubbgaces of G @ Eﬂ

1 : § tt 13 ; '”
anag for secn we obtain s = s,__ 5 s" with s E.u s SELE o With these

notations we cobtain that ;
v2 - A > : &
w(s) = |8] 2 + 8T8 + of |sl ?) = |8 I +<T° 8> + of; ls\

- = w > (¥ - o . A -"D
where <,> , 18 the inner product in Rm and o= ;’ - with

a8 =D i =h
S = A+ iB, A and B real symmetric matrices. :
Ve consxder A ,B the nxg natrices which have the first g ccxlumu
of A and 2 re&pec’rlvely, A ,B the nXxn - ¢ matrices which have ~the

last D ba»lum_ns of A and B respectively. We obtain :

8 Te0 4 Ben & g 8 o

& t 1] S

' . g A 0 -B O W g A y; J-B:i
P=T+7T where T = : T = . W
i L"'B 6 =& @ |.° |8 =B O =&

§ won
wehaveT s»—ﬁ: s and T Safi‘s s S0 We m&yassmne‘

) "

t?«:*:

ngu@g@}},'g}“a —»@E@E alld‘l‘ m‘zl‘i-l‘zgf[‘m(ﬁli-"ﬁ

”~

Q

whereTlaB e 3,;34}3 e E,ilsl “*511,'12&1‘*——»}”.
Using the notations above, <T..;>,s> = (‘T +'T )s, 8 > = /'.2' s:s >r
+<Tss‘> <Ts,o,+<5‘e'sgvu§ e/:r g.::; )gw :;',L',,,g 38 D ”
*(Tsw}«s—(i‘s,g; <1 ‘”o:) +<’Is,s }-g-('rs,s >+

+<To,ﬁl>



Beq 3 =l

- O 3 =,
gf{f2, e -8B ¢
_ D-q { 0' 0 o 0
q { le 0 «Al 0

Tl { e 9] 0 0 .

where Al'l.’ B;. are the qXg mmurices obtaihed by taking the first
q rowslof A' gnd B respectively. |
Let J De the real orthogonal matrix representing th@ mltlpllﬁatmn
by i s.:\/—-:i ;oe, [;j = [ i] . I:ﬁ' v' €E' is an eigenvector for
T.L with eigenvalue M, 'then‘Jv' is an eigenvec*tor'vfor Ti with
el.&,envalue -—f\, Becausge A and B are symmetric matrices, it follows
'that~Al, Bl are symme‘trlc matrlces, thus '1‘1 ig a symn;}etmc matriza
Ve ‘inay considexr { v1 ,.‘..,vq;. Jvl,..gszq } an or‘éhonofmal bagis
~for E congisting of eigeavectors of .L;: I }\ is 'the ulgenvs.lua
of VJ: by interchanging x;r;l and Jv3 if necessary, we‘maj,r agsume each
Ay 7 o . -
" We congider an orkhonormal basis of % of the form
['v'l,.u.a,v:fv;{.l,@..,v i ’“"qu_”ng;;-l"”’ng} .
If {el,,«.,em} is the standard bagis in R> and we pass at the
bas.is_obté,inéd above, because J’ei = e 0 we have in fact a complex =
linear change of coordinateg in o

Let 5 'y :
: }';cl:]va +Z 1d3.JJVj i< :qu
| ” and" 1L =
Cq+i” chﬂ q+:i jZ 3§vq~t~§ e
s q._, o B _
: = T i < i
=, ol i
e Y jwd
T Neg
"o # ]
e mo DL Rl Y S 0, 0% 1 < i<ney
Beai = Hegnd O Y A e
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denote C . ) *
We denote (Haees ((.l_i):, 13(,,(1 P = (dlj)l"..% j,,j«f; q’

oy

i} : [£]
L (“'1;;)1@ 3 demen’ LT {3y5d161,380-0"
xi the new coordinates are @’L%}then J = t?s, where
s 7 0 |
11} (1]
P = 0 C 0 D
= . «
w]) 0 G 0
: .“ ¢
'L ¢ =D O ¢

is an ortbOganal matrixe.
thus 8 = ( P) = Pg and in the new coordinated ?’becomes :

p(a)=p(PT) Vl(Pf‘)s wsiTier) (Pa)s + =T, (RO} | (BF) = &
F<T(PO) ,(PG’)>+<T"(P0‘) (P0) > +o(]P5"l) |

We have P P e M“ where E 3 E e 4 E 2 3 E w*mFe E s
& u £Y <=

Efm[c, D~1 = pﬁ f are orthovonal matrlcea.,

e L)) mD G

Therefofe,@ﬁ((r “,‘DU"‘ "‘< ”PU— P(f Z +“~Tz”3‘ﬂ B>+
P“o"' Btz e <P PE > +0(IPO1T) = '
= 107" +Z}\% JF i FEoeripls P >+<T°W PE > +
G P"(T" Rl +O(rm

and the proof of the lemma ig complete.

Theoren L. Let ¢ be a nonnneéatlve Ozmﬁunctlon in an open seb
: Uc:Cn and let % = { zetﬂgp(z)mo} . Let g be a point of Z such
that the complex Hésﬂi&n.offw has ¢ strictly positive eigenvalues
and n-q Zero eigenvalues at By Then, there exists a neighborh@ed‘

V of Zg and & Glﬁgenericusubmanifold M of U, of codimension q in U,

such that ZNVCHe

Proof.

gince the conclugion of the theorem is iocal, it suffices o
agsume that 2 = 0 and ¢?(O) = Qe ﬁécm&ée each point of 2 is & relati?é
minimun for ¢7; grad_¢’véniahes ah;Z. Thereforejma;neighborhaa& of

the origin we can epply lemma 1 and obtain the Taylor expansiond
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pe)= Z(H*?\ )X "”Z“ }\ +Z§‘ (a xg"j*‘bej‘}’]ﬁ Cijx;Yj “*"v'-j /L)+

oA bel jaged
FTA -
. withr )’\j?;o, i= l,.,.'.,n..
Ve h&ve ;b L(4+f;{-;)x;,+g:ﬂ(mjhj + Cljy.;j%- J_Liz{) igisq

Ve d.enote by‘i’ == 5y 1= lye0e,q and we obtain

P
/

‘ L ; :
[ 202 +R,) | if i=
o e
d; ) =3 o if 174‘1: lsj=aq.
- By : g q<j;§n
. ! O' - 5L
éjié(()) = G
oy Cs if q<igm |\
p.(tu - hy : L
Thus - : (0) has mexmimal rank q an,d it follows

( 4 ¥ n y:&» )/h,) h
that M is a C “—subnenifold of rea.l wdmensmn a :ux the neighborhood
(}( g
‘ (*’*1’” o
proves that 11 is geaneric at the origin.humcein a neighborhood of the

~ of the origin. But - “’—(0) hab algo manmal renk q and this

origin too.
Corrola,:;g, Let M be a ¢(T-gubmanifold of an open selt U C ¢ of

real codimension g. il is a generic submanifold of U iff there exisis
a non-negative 'quﬁtrictly n-q ~pseudoconvex function @ defined in

- ,
a neighborhood U of i in U such that the complex Hessien of @ has

i

n-q %ero eigenvalues on I end ¥ m{ Z€U 1{0 (z)

: ¢ /
O}’a

If M is a generic submanifold of U then £ = CR din(l) = dim M = n =

Proof .

m N -g-n=1n - g ard we obtain the result from [9]
if @ is given , M is locally contained in a generic submanifold of

codimension q.
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4. Peak sebs in weakly pseudoconvex domains.

We shall prove the following results s

Theorem 2. Let D be a domaih in C,‘n“ wi%h' Fgmbaundary d D. We suppose
that J w{ z\ﬁ(z} d}where /9 is a 2 "*mctlcm j.n, the neighborhood of B;D
and @jﬁ» # 0 on OD. Let E be a closed subset of JD which is locally a
peak set for AS (,D} and p a point of Z. We suppose tha*t the complex
Hessian of f at p has q strictly positive eigenvalués and n-q-1 zero
eigenvalues with eigenvectors in mop( 0D). Then E is locally contained.
in the neighborhcod of p in a subg@nérié CR-submanifold M of oy of
"}“—»éz.ue:rﬂntlao”llty class, of dinension 2n=-q~-2, CR-—-dlmenSlOﬂ Nege=l,
such that i is coumle};-wamrcaul&}. at every point of E.

Eroposiﬁ@n l. Let D be & domﬂin'.;n C with a sméoth boundary; let -

D= { Alf(z)(\"o} where f) is a smooth function with df # 0 on &D.
‘\*Je suppose that there exists a suvgeneric submaaifold i of D of
CR-dimension n-g-l which is complex-tangential at every point of M.
Let p be a. point of M such that D is pseudoconvex at p, strictly
h-uq-ipseudoconvex at p. Then .'theré exists a neighborhood U of p and
.gb'ecao(U) such that s
a} =0 on HNT :
b) Rei{f< 0 on DNUNI.
C)S\{’%*anishes‘to infinite order on HNU
d)s(é;-)&;ftended with zero to UNTU is in C(O 25 (DOU).

Theorem 3. Let D be a bounded pseudoconvex dum@m with ¢ »bmmdaryo
in the ecnd_i'tions a:f proposition 1, we suppose that there exists a
closed subset B of MwhiCh contains the point p, such that there eﬁxis‘ta
& compact neighborhcoed V of p, ¥CU (where U is given by propcsition 1)
and there exists a CR—func't;ion- s on UN¥ such that

i S AN S e S ;
i) 8 Vanighes on BV to fourth SITaer . -
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ii) Re s<0 on UN M\LHV '
Thea E is locally a peak set at p for i (D)
Remark 1. If D is stmc’cly poeudoconve“, i.e. g = n-1vwe -
obtain the theorems 1 and 2 from [5} . |
Remerk 2. Let l)CC’n, D *«{ % SGn }9 (z) <; 0} Whemj is of Cl
d.l:ﬁiwcn’cmbllmg clws and djﬁ# 0 on 3D. There are no generic
submanifelds M of G‘ such that _1{&&/51) end I is complex-tangential
at every peint o;; ‘I‘-‘I. : - > | '
Indeed, let suppose that M is a gener:;c ﬁubmariifaid of O D. Let
p be a point of M and we may assume that i is represenied in the
neighborhood of p by the equations

ok
Z) = Ayt ik (x,w)
‘TELO0E 0O 0000000 @
%= X_+ ihr(x,w)
7 I
a1

e eD ¥ 06 OOB

o My ; :
i ’ : . ,
with x = (xl"‘ :9Xr) ER" and w = ("”19””%) € 0 ; where p corresponds

=

to the 6r§.gin and A{hu are real functions vanishing to

jml’ouv;r
secami order at the origin. Then T, (11) = {zlyl = eoe _.~.-.- yrm O% P
& ; o

TG, ( 0D) = Mlg_z M (0) =0 j

p.,

Because T (m) TC ( 6D) we have , (O) + Z 3L =0
. R:fi RsV%§ éﬂk
for every real xl,..,,xr ana complex "r lgetb,ﬁnn 1o follows that

a’ﬁ}(O) = 0 for k = l,.“,n and theme cc)nﬁ_raalc» the asgsumption
—th;;& kdfv% 0 on dDe

Proof a-f the@rem_ 2e

We choese local coordinates in o guch that p corresponds te‘
the origin and p is given in the neighburbood of the origin by
the equation ip = 0 +f31(z,w) where zecn"f']’, weCy, W = U 41iv and f)l
vanishes to Secéz;d order at the origin. - "

Becauge p-is a point of I, there exists a neighborheod V of p

£ € A°(D) such that £ = 0 on ENV and Re £ < 0 on DNEAV.
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Let f be an extemsien of czwdii’fmrentiabllltg class of £ to C 9
gs:Re f, h = I.ni’e

By the H@*ﬁ lomm& we obtain that 0 f (0) #% Qe B@;ﬁ:
e 1y 4 - it
2o (o) = del |9V u
oV (0) of oh

38 =
=0 (0)] + (o) >0
‘“‘{"\J IV |

24
I follows that the set = i(z, R (3,%) = 0] is in the neigh-

| e

b@riﬁa@d of the @x'.Lgm a real zg:.mlfold af dm@nmmn g(n__}M Becande
g has a local maximum at O m;ﬁ,&mve to D we obtain ‘;‘3’ (0) =

u‘

J = lyeses B =1 and since the G&uc&;ﬂwﬁmm«ﬂm Qquatian lmlé at ¢
we caneluﬁe that éﬁ (0) Op § = lyeeesll = Lo Therefore the t&ngérﬁt
pl&ne at 0 to i is @z.vem by the eq_uas‘,mn w=0 énd we can solve
f(ﬁ,w) = (0 in the nm ghborhood of the ergm ‘e;o obtain w = H(z)
where ﬁ' is a function of (}2 =diffarentiability class, vsmmnﬁg to.

. 8econd @réer at the oxigine [f (2 svw )} €RENV we have

ff(z o

ﬂ“ af(%,w ) = 0 forlxl<1 (1

H(Z 3

N

Because i(z,ﬂ(z)) 0 we have O £(z,H(z)) = D‘; or
% (he) + e umw + 2L (2 00) & ) = o
N

'i s lpoqo’n ol la i !

A

"But’.gi (2g5¥5) = aéi (245¥,) = O and since i £ 0 in the
: .f
nexghborhaod of the origin we @bta:z.n F) H{a )= 0. ?rom (z.),, by

recurrence we obtain D9 H(ze Y} = 0O foriﬂi\ e - *

The tmgem plane at P in (zo,pwo) is w = H(ZB {+ 2_ Bﬂwo)(a %j

> =
'We have .é__., (pz A ﬁ)‘" .\F(EH( ’)%55 é?g. TS B(\)‘j .

$e . re i
w—é—f(ZH ) 355 (ﬁ.ﬁ(i))»&E’zLéw 5% + . -+
20y 3 Ny, D (e M op . I

Q‘r\‘
yaf
by
SR
R W
o
-
#
Qurf,
&

e e Y
A
e

s
S
(V)
it
&,
i
2|
Qs
1413
{ed
Qs
<
£
17
Qs
it
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Because H vanishes to second order in 2 = 0 and, from the

= (zw)

i-‘—’O Cfl,é

la.

relations (l) ve conclude theb 2«5-? ;_ f’(xt,(ri(ﬂ)l
Y

Z:=0
=0

It i‘cj.l@t;g that in the r\eaicyhbm*med of © m,n l i(aa,w)\ W= 0} a
= 1T, 9 D) the function © (55) "J(«&,..x( }) hag q st ricsly positive
.‘e i{g em@&xies o

gince £.= 0 on BNV and Re <0 on DNENV and simce £{5,1(z))=0

 we obtain that € (z) =f (3,H(z ));,;o., It € (3, ) 2, is a paing
of local minimum gor © and gred © > (3, ) = Qa or ro
53%5(9 W) 2 of (x %)B;h,v Neine - o i it '(?.)
Ve have TC(,,F W, ( 23}%}.) g i(z 'W)%lg (zj‘“"'ﬁ‘j) ka’ o)+
- (W‘_%)% (za,wo): 0}9 - ol =
‘”Gw )( > zz w)iw F(E ):Jsfi (Ej"zaj) 55{. (EO)}

Using (2) we conclude that §c(,_0 5) (Bn) . T(z ) {I"). But
EOV.= {(z,w) EV{@( ) 0, w= N{3) y in The ned hba.rheod of the
szm and the ;}rc:;ec:uen El af I:}{'i v on { (z,w)}»w = 0} is in the
neighborhood of the origin the zerov-set of a nﬁ"lﬂtaga’i‘:lve strictly
n .. ¢ -pseudoconvex ifunction. Thus, by theoren 1, “i’l is l@cauy
contained in a g@neri‘a}:ﬁuhmmifdld Hy of gk c‘:i‘:dimensian
Z(nml) --q, 2 e g =~ 2o
We solve’ n% locally the equation ¢ (z,w) = 0 &1d we obta
Re W = {/”(a,zm W)e Let define Y (z) ww(z Im E(z) '+ i Im wrw) and
{ {z,w)l C;Xﬂw MJF( )"‘ . : v
If (a,w)E€ BNV, JZ‘(M,J) = O, thus w = B(z) and V( sH(2)) =
‘“Exeremr ¢y Re w = {ﬁ(z T g) or Re I—I(zs) {P (z2,Im : (a)) énd In wea

= Im H(Z), i.e. 2 c:.li;L end W = L}J(")ea Tt follows th £ BAvVCHZS

If 8 €Ey, WO denote w, = nw ) = ﬁi’/ n. Because £ {2, L' (3))=0;
by computing grad U{ (z,) f‘.‘r»;‘smf””g,'f(ﬂo}} = 0 we obtain irom (2)



that grad 'ﬂ(zg) = grad Y (z,). Since MG{(%,W)I m&)b(zz)} ‘and H and
\Jf have the sme cfieriva"‘aivw at 2z @’ we conclude tha:t;

AL R e

o
: : py o -
If we suppose wv;’c. .I.I o 1 is given in the neighborhood of the
s g ' ; : - [
origin by the equations § . €"‘) @ s j‘q_é ) = 0 with afd... ,mﬁ“g@?@@

!

&
fq ;= U ~Rey = (}9 fq«;;} m Vo iﬁ"z%’w 0. We have

éfjl/?"”ﬂ@fq/i df?qx&vlﬁdqu«%yz\ o™ éflfﬂ”“’ 1ap, A“*Mdv\ # 0 end

3

and dj’,’;/j....ﬁ 57;,:2\” 4 0, M is g;.ven by the eq& ations f'}bm.,“ga j‘)q:g Os

ﬁ,
oPL o G
0{13,‘**") gi g QL*?" LB g B
o 01§ &
S <<: _ i s o
_ olm¥ -
: e 23 4
Because r"(._ﬁm (z )\ - = g it f&ll@us tha 1:
ozt - A L/q‘, 2
Q Pi ﬁé-lgﬁﬁ <A
i LR E,W) = g + 1, thus M is 2 CR r ma:fold of diw
a 3\5‘;) ‘?“‘qu:\’z' w ;
4= \'\ n-4 [

mension 20 -~ g = 2 and CR~dimension n - q — l.

For the proof of propositien 1, we shall neecfn; the following
21@&1{1&3 8 : \

I;cnm P. Let D m{azecn\y(z)< O} wzxere? is a 02 function. Ve
mp‘gos- that thcm”em a R submanifold M oi B D of CR~dimension
m which is cam‘mlexw‘tangen*bial at every point @fﬁ Mo :Le*t p be & point
of such tha‘c D is pseudoconvex at pe. Then th, ;, z.@l@x }.mfxsiwl of
f) hass n zero cwonvalues with el@mvec‘cora in ﬁ"" (u)0

Remark 3. If D is pseudoconve: te Shrictlymm gzm Mwnvem the

lenma fo.l,laws'frém ' [3,_']’&% [14] ’ 1

Proof of lemnna 2.

¢23 : ;
Let £ be a section of the subbundle TC(HM) of {Q,_Ef}p_),, rr {21
: = i {3 &1 -.\./f-,:s.gg ;“‘;__;:j,.;* 5 £ 5
(pags 1 53) we know tl,wit ] €,64.%, )+ 18,8 ‘_‘%Wu?‘) g,m,,,a.rs(ﬁ 4
4 i b

o S e o e
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n,
if %"-‘RQZ Mj%*"' ,y L (‘% )"“‘"2‘*2 Bf OETY
I 6jeh ““v"é
Because 1C,(if) = T,(i) NJL, (u) it follews that J £ is also & section

.g,a,(l&’i)a,..j.‘(;‘_i) mm,.».. [JM j €T (N )c:,ff*c (B,})..

_' But ?( 3 D) ~ gle] 1 ® 10 i "’)3)( Lej)g nd we obtain that

LJg, 6 b s ) e . B@cquﬁo (ié > ) o we obtain

P?

£ (o
Lgiég,'z = 0 f@r each section ef TC(lM). Thus the Levi form of £

venishes on a n@nﬁi@x subs ?&G@ of ELéﬂf*D) ol camgTex aimaasxga
m and b&ca*ﬁe D is rsﬁudacanve% at p, the l@mma follovws.

Lemma 3. Let D c ¢° s D wlzccnlf’(a)xﬁ)j P of class C o Let
M bé a subg&n&rié w&Dﬂ&ﬂlfOld of ¢ D, which is camp%exwﬁmngaﬂfaal
at evcry paint of M. Ihcn, fcr @wCﬂ palnt p of My the progectxan

[} :
M of M on Tcp(én) is in the neighborhocd ef » a generic submenifold

Proof of lemma 3.
_ : S I :
After a complex~linear change of coordinates in §, we nay assunme
that p = 0 and M is represented in the neighborhood of p by the

equations &
By = Xy + ih;(x,wg

66060 60LME0 6EQEGE S

zq‘m xq + thgxsw)

Soel s Wl

00'&86&000

™ wn—q+l

= g(x,w)”

T oo
vhere X = (xlpaoo,ﬁ ) €ER = Wlseeeyw Ql)eﬁﬂ 4 l"

zj = X, + i¥., 1 = lga@asqg %3,g are real, regpectively complex

d J : 0
fuﬂcoﬁeas in the neighborhood of the origin in 1% x @9 venisghing

fo.. second order at the origin,

P
(974
=

S

i



As in remark 2 we obbtain that §:§ (0) = 0 For L= 1,s0esm =2

thus TOO(”}D) = { ziz = o}.

Let Py yl - Ih (x,w),»u,j :y - 1% (xsW) 8P, 1%, ~Re olx;

Jgel
Im g( ,.z) and the pro*iaw.z.@;l ll of ui en‘%sm 3

'--»«.«-..‘3 V

f<1+2 e s
is given by {zeC“ E}"l( %) m .»..r_:fq(&é) = J} Now it is mss;? to

gbserve that dy]z’an.ﬁ&y o ¥ O and f}fiifa A xj?_ig ;é O, i.€.

lfl is a generic submanifol e of g 3’

yemark 4. i‘«l is called the associated generic\ma;nifold of I
and Q'm a CR function on x,i ([71“‘3;) V .
Proof of promm@mn X '
With the netations from the proof of lemma 8 le“i: V be &
' Heighborhood of the origin in RY x ¢*79 and g
Y(x,w) = (xy + il‘;"(x,w), °_'°9Kq + i0%x,w) gwlwf:,wn.__q_;}a
lﬁde ex%ezid Y to |1 ¢ Y 81"9“1 taking f;’ (ByW) =
= Z -—-—-D a"(x W)\Ly) ?ﬁ(‘}\ &Y where V is a fleighborhocd of the
' orlgm in x g it s where )(1.3 in € (Rq) w1th compact suprort
?C' = 1 in the neighborhood of the orlgin a;nd }\ L} 1s a sequence
'@f'posiﬁive numbers increasing sﬁi‘fieien’cly quick to infinivy

( as in the proof of ﬁorei'a theorem).

We have ..éf. “Z Dm: Wx ) (L) 2 (N m:l)')

| = AP
If y s 0, ,f:',,_.. (%40,%) = g (x,w) and anaj.oguoualy (x,0,W) =
; X e '
i ;J’—- (s;,wi It follows that the ma‘cmx( (rel Y In ) (@)
=
~ gl (%3 1j: V) L

is non~singular and r is a C isomorphism in the neighborhood

ef the origin.

: )
s . o0 o : &
Thus, we uvb“aameéa a ¢ -change of goordm&tes % "‘(J i n,..q}

=L

e P (z,w) near the origin in C » The associated generic manlfold

e
M is given in the neaw ceordm&i&es by the equations vw-mgzay =0

and it is easy to see that {5-’-—-‘«« (x,0,%,) = O to infinile order.

(o2 3
: : wé %
Because g is a CR function on M we nay choose an extension

’é;,(g“) of g to Gn"l guch that o é wen ishes to ..a'f inite ovrder on



e

wo3g] .

: We denote by i"‘ s (& —> ¢ the map Plu, z ) = (P(z ),z, )
wm.ch 1.s a @ «visomrpgnsm neaxr the om{;m in Q « We hr‘wa
l’“l(w z,) = (f“(z )s glw Rt 1053, = gl(r«s ) where gl(z e
= B (s )) - _

Ve denote by d) the map (b (me) (f‘(a Y {’l{a )) defined on &
neighborhood of 0 in (.)m = wlah values in Gn end we may write §
) = pQEomB@) s
f;((f?(z' )+ 2Re w- ((;«C?i) En- é ))"1 Re 5{? (&(£)(2n- 64 (,“‘"5"))'?

~

.{.a&‘_ﬁ,\w (5 z% - B, (2% ofza-Hi(2)] )
: \;@e rk SQ Let M be given by the p&r&ncm ic “fmuafc:.ons 5;‘3 V> C» |
",3 m,l,,.,*g_n', where V is an open set in Rzﬁ1 e 2 and .
rk(&?:ﬁ:mg&_) = Zn-Q-i
ot isvsh L

4-<.g<=m'?:
© Then, for each point p in. LI and k = l,...,Za - g=E

24 C“(?%)(a\ ; > 4 (e ) o) e Ty ec
Butfr(m)@gc.crc ("é’b)@c re( (BD))@A(T BD);Q Therefore

E
2 ' :
z Bf} ( Y “;))\,525 ) & H(T (B D)) and we nb?‘,a}mz gwi-:%f O

We follow now the proof of proposn.tion 1y -; 0= A
We dena‘ce z'= (z +}L“’°9“ ) and we have j;»((pm )) Ja(q;(x-g )
'~:"~° C‘f{ : :d’ 90(@)

'+ Clgp >(XZ JL+MZ~V7£—§E‘(XE byj+€ ly,))

The functions \P (x,a ), ;1 l,e..,n are local p&r ,metrlc equations

for i, soj?(@ (X,Z D= y ;
St , 7o) :
.EL?Qé_xk Z[ ' éd}.“““”’%‘: “55&} ;| _
i o o AR pYIRI
;ngRe§§;- *gy{" = 2 Re Z 3”; 0:;“, G -deaé’,rﬁ aYi A
w 3p i, e dF . 26 “
v S s e Zﬁe 2
"'ZRQ%A gw%&; oAy, § éy" l



g

n-f ; e
: J a¥x  df J Ba
~ g : o)
By the remark 5 we haveg_;‘ . e + 5 ém ;
Phus 5(6__) 2! — 2Re «L?&(ﬁf +{,Bu§"§>:..4lm~;);g; 28
: é}) L S ) : : A :

But (..3@..[1 (x,2 ).,“Ofe:xrlmlg..a,q and &{-«(f‘(x,z)) 0 for
£ 2 :

' &4
;i }.goeegn dthercioreg’”;“ (}Ig&'ﬁ ) =0 for 1= lgaaong

Fmally we obtain that

7 \3fp e
1 ,5 = 0(?,) t‘%:"'ﬁ NS0 éﬁ’gzr %o oz
(P (va%’u} 3}_ 3,7’4.&)',; (x, /‘)/:.‘/_5 "%-éfﬂ.@afﬂ(ﬁ?tﬁ 2)( n~ Ea( 2 )}‘*“
+Re gii‘f‘ D(z })(*n-ge(%')} +m”;“ (5? }% fu(“‘-”%
+ 0 (L— = gea (') !5%’0(}3”&)

By taking w = % wzﬁ((})(ﬁ - é;-k(z )) we have g
L

F(Pl(“’ W) = Re w4 - ) A (Faé) (2,2 )y 7. 88 bule clwi® +
sy, R
+ G(\w ) + O( \wiB) + O(l§l§)s | '

“:

‘e:*e defme Ql(z, w) jﬁ( (z:\ ¥)) =~ Re w a&d by ’
¢) & |
(') - ,,_& (3
ez F (r (Z ) s U) w” f}yuﬂ,fj (x,z )V Yj + O( [7)e
Ve observe that grad 8w 0 end we have ¢

- '5} e AF’ 3[";-, j in
(aP oLk ) -

P oLt 9%, az,.,

| 4

raf ‘ 5
A8 = abpe G oae 3/0
e oy B it sl 5
5}:55‘% IZ:F’:.A G5 ;E-;é.é UEJ é b fzﬂ ﬁJ + w_ﬂaby éh- +

B Lo NE I

+ C m‘w“g- G! P

Yoo 5 FP )t F e o 9 P : , ‘
E'éi"é’fj(')}m c?:mn_:g CO éyr,; T L0 5 (0} bymidi o

By lemma 2 the complex Hessilan of f has in the origin q ‘-strictiy

‘g
5&

3:L1ve eigenvalues and n = ¢ = 1 zer@'eig'



=

tors in 1€, (i) aiéléﬁzl.;s&%fwgngo}“'

is strictly positive definite. But

0l
Thllﬁ.-(‘ 32;35; ( z)l 3_3 <q

2 3
0 8 A3
B il (O e e..i

hﬂ:ed Gf the origin 'Such that O (z );& Lyl @

f«ig’, end oy conuj,nuluy there exists o neighbor-

If we denote _?l(z, w) “ﬁ(f“ (z )91«;) we have a
j?l(ag, w) = Re W + @l(zg, w) withV l(a, O),;/Kﬁyu (3).

Thus | l(z,,w) f’l(z, o) - uA(z ) 75 vﬁ(z Vs C(A, W) + u,vD(z V) y

)y

+ v 21,(&, w) with A(O) == 1, B(O) 0 or pl(z, ) =] (u, o) 4

£ ull + o(z') + uv(zs W) + VD(ZJ W) + 0(1)vez

7Kyl 2 +u(l + O(la; ¥ L) O(\V!)) - ¢v2,

Iff’l O we have u(:L o o(lzl ) + O(lu ) o(lv;))f’cva.. X \iyl! 2

and for laz l‘ s bl lv} mnall eneugh we Qb’cam

2 Kl Hyl‘ 22 ¢ ”"&(u”' v2).

u s Cq¥
It mesns that &he proj eot:mn of D in the weplane is on the out: =
side of the circle cl(u + v?) — u = O. We shall define ¥ by

?(w) = ~:§g~§ which maps the oubtside of the circle

(u & v‘?) - % = 0 in the inside of the circle Cl(u + ¥ ) + 1= Qo
Thus lf f? <0 we have Re¥P<O and Ré'P= O if and only if W= 0, But
from (3) we have Oi;f;«'l(mgo) = @l(z,o) gl yii end it follows that
Jy = eee = yq O« Ve con@ludc that for a sufflcmntly small

: nelghborhood of the origin ¥ = 0 on MNU and Re Y40 on DO U N
In erder to prové the condl‘cwuu c) and 4d) we must write ¥y in

the coordinates & a

" e M
Wi Loz - (5 i wam (M=) o6 ()
%1 gol(u wslkze)) - 1-2 ui(ﬁ ~£'“{ \)) 1720, (2 ~(80)
- 7 : . i ]
Because 0 g vanishes %e infinite ord.c'r' on l‘ we ebtain cj ‘;
3 u-m. A
éf:'? oy
g gwrndj

7Y B //f/ZZa
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It is suf:f;cr*»cnt to proge thata‘l’ o(1wl®) for each n €N, Since
E‘Pvanmhes te infinite owdexr on hif’iU Ve have??i{’ = D(l.‘;‘f\ + |wl ) (4}
for each nENe o - . ‘

1t€ ¢ mf@l( Y(E)) fl(% w)< @g, thus 0 f _L(,s,w) = Re W 4
’ﬁ @1(2'.%0} + 0(1wl) 7 iiyii‘?‘m Chﬂ end we obtain that \wwi{liyﬂé
By the relatmns (&) the condition d) is also verifieds

For the Vp:co?f of theorem 3 we shall need the follm«;m_g lemma 3

Temna 4., In the hypotheses of theorem 3, there existe an em@u;misn
5 of 5 in the neighborhooé. of p such that 0D venishes to infinite
order on M snd 3 venishes to fourth order en Ee.

Proof of lemma 4. .

For the proef we refer to [12] wd [13] .

If M is g:x.ven in the neighborhood of p by{ a({ J‘(z) '““f (z)

Q..._M-..J

wz;th dé’»’ foo,ﬂdfm-r 0, then we define the extengilen

e, '“‘ >
‘ o +' H}yhlfl guch that 5 ;(3 f"
. : S = & e AL -
== ~ where s, is defined %o be the ex‘benumn of & by tr aglation in the

normal &meotmns to M at g,? f,a : f’% N wnere,‘lm(il,o.e,ik)

and {Bﬁ Sf’k}m a maximal sub set of Qﬁ, . ‘j’ ,}'  of linear
independent vectaru at p, 3«%»'3_ b c:f’b anc{ h’i Zh a
@.sﬂ
Then s = 8 +Z (sk = Sk"’ l«:) where fk vemm;hes :m the neighe
= %!V% = ]

borhood of p and | s ”L+l - B = £y “ = is sufflcn,er t:ly small &

i.s a sem;morm in “the topology of uniform ccmvergmce» of the der:x.vatl-

ves up to order Y on compac’& sets)e i
{
It is su.fflcmnt to prove "that hI venishes to Qrd 3T 4 = whom

;1 “ In &*d lt(x{). fﬂl’t a SO o on E’ '+'hus h s 0 Gr Iﬁo I‘OI‘ \QC\ o .‘-9 :
g &%
- D 0% = ZD h;c‘%ﬁ +5h ’5) &5 and it follows that D a; = 0 or B By
» : Lok baﬂ
recurrenge ‘-“:i vanishes on B to third oxders. »,
P ; i 1

similarly, we prove the assertion for Bxliyie
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Proof of theorém %

¥ith the netations from the proof ‘of prcpbsiﬁion 1, we shall
modify the function Y in order to obtain a function § defined in
a neighborhood ‘U:'L of EAV such that 3

A

a)f=0o0n BV

b) Pe?(“o on DﬁUl\ ENV

c) D ((3 } = 0 for eachd & l‘
a) é}(w .xtended by 0 on BAV is in 0(0 M(Dnﬁ-}.

" Let 3 be an extengion of s given by Jemma 4. an,d we defme
: @’; f@f\sw:;‘ta N yo ‘
' a) ¥ =0 on MAU and 8 = 0 on ENV, thus @ = 0 cn ENV.
b) ReP<0 on DAUNM and Re 8<0 on HNUNEQY Ve It follows that
Ref < 0 on MOUN BNV, If we prove.that | ReY| 7 C\Re 5\ on
D! Ul\MHU’, where U;. is a nelgk.borhood o Env,‘ then for N small

l
[}

enaug,h we obtain b).
- But in the ueigﬁborhoed of AV, Re 3 = 0(lyl% tw]*) ana

becauge \wl » 'xy‘ ‘we have Re B = O{lwig). S:mce ENV is compact

we obtain |Re 5§ Clwl? in the neighborhood of BN V.

We have Y ;: W £ Wk A0 fu + dv)(l ~ ?cju + gc,mv)
L o- chw '"l-,..clu- 2(,1 B ;1.... 20 *{:r‘”i

o EZCEQ [wl =

and |Re Y |= iTemsm @ Dhw.

Ve know from the proof of proposition 1 that Cl(u2+v2}g¢%§ on. ﬁﬁU,

8o ECliwia@% u EClh«z!g« Clm‘,,‘? - cllwiz and lRe"‘i’iZ‘?leg

- mel K
tdps | 25 stz’;(}l 2

The assertion ¢) is clear from the definition of S.

kel S0 e preod 65 peopemltion L we ebhadn ket P o= ol

_ for each n €N and to prove 4) it is enocugh to prove that l?—“«"‘l »Clwl

in the neighborhood of E N1V. Bul = ty 1@7\3 W 4; {}ini ) 4

4



= @0

Mouyz% v14) = w + o(1wl?) and .1@I7ClIvL.

3§ Lct Vl be a compact neighborhaod of ENV which is contained in Bl
end let & a positive ¢ ~function on C.‘ﬂ wlth.campant support contained
in Ui,gﬂ = } in the neighborhood of Vl' Bac&u»eﬁfu =0 in thﬁ

g EY S 3(
nCIthOTMQQd of V;, ¥ # O outside Vy, @(m~)“ = ¥ X

— 74 o0

é ?;fac (D 'éUL), by eﬁtendln& with zerae outside B!EUl, we obtain
: ; ”f?ﬁ‘ ;

that 5& (le)(ﬂ)@

. ‘ ‘ G e

Using a theorem of JoJ. Kohn ([10],[31]) there exists g€ O (D)
such‘@hatvafﬂME»égf. Since D is éompact-wa may add to g & sufficientm
ly great consgtant such that R@ g >0 in De

e :

-6 %..-g . :

Then b is in ¢X(B), b = 0, h = 0 on ENV, and Re h<0 on
DNENY X v '

We define h =

l‘
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