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pEAKsEs.q$[lynAKtTPsstiD0c0}fvsxD0$dAI3{s

1. egSSgEK!$g3o I'et D bo a bounrlod' *trf,ctly peeudoeonv€x d'omaLn

fo Co wl"th sr,lootb boundery and tet A*(n) be tho sot of b'olonorphio

. functtoas il D and sf dlffereatiabtllty elass Ce In S'

fo [f] Ef;s Haxile and ldo Sibony nrovs that a elosed subset il of

)0, whtcb ls loeally a peak sei; for A*(D) ls locally aoutained

tn a total"Iy real subnanifold 3d ef Ds ef dlmenslon o,'* }t wbleh *"e

oonplex*tangoatial at every point of So

a naLn tool ia the proof ie tbe tbeoron of Fe Ro ilarneSr end

R. on i{olls Jtr. about the m@go-osot of a Bog*'*,03ativq etnlctly
. l

plurioubbarnonlc fu,nctfon [e] i
fn [f] there ls a]so proved that a cioaed' srlbsst of a totally

real subnanlfold S of bn og dimension n - 1r w5tgb le congisx"D.

t'angeu$1.*f at everJ' polnt, of M ts locai-ly a neaki sot f or A*(p) *

In t{ , Jo Char:^nat and A. M. Chuiiot provo that tne nscessa:'y

aond,itlon and thc eufficlent condltlon iclvon above ai'6 equfvalclvc

fn [f] we prov€ tbat a CR eubnanlf old M cf Cn of CR d'i-menaton t

ls the Bero*s't of & Doo-Begatlve strlctly f-ilseudoc'nYe:r funeti'ong

which 1; Plurisubbarnoatc on Sn

He.re srs provCI tbat tbo zo1,c*s6t ?" of I [onooogatlve strtct]y

a r* q * peoudO&onvex functtsn wbtcb ts plutisubharnonic oa 7' [s

Iocally contained Ln a generlc subqanlfold' of 0n of codlnension qe

rssutt which rupresents a'geherallaatton of the tbeorelA of F" B"

Hartrey end. &o 0. Wells Jr. t6i (tbeorsn l) o

H e a l e o e l v e ' t g e n o r a l l z a t i ' o n o f t h e c o n d l t i o n e g t v o n b y M n

Sakln and $. $ib*,"v [f] 
for weakl.y psoudoosnvex domalns (tbEorom

2 and tbeoren 1) o

'ww"l
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2" Yre.l.iqlp+q&g.gr Lot Id

potrnt p of H, we donote

a smooth real subnanlfotiL of, Cno $or a

qp(Id) tbe tangsat sps.s€ of l,{ at p and w*th

be

bv

Tfff{}tbe naxime} eoepLox subspace of'l',hdwitb tbe conplex strueturc ls *
r t ' - '  P '

dueod by the naturel *nclusion fn(IJ)CCno If dlnOTCp(M) p & e osn d

stant for oaeb poi.nt p and. ff wo say th.at M i"s s. 0R mani.fol"d and

CR dtu(H) = rnc

Wo denote by Hr,(ffi)r respectlve.Ly Ap(s{)rthe subspece of tn(L{)€gc
l r } ,

sLven Sy the holonorphf,e tangent veetors to ifi et pr rsspsetlvely tbe

antfboLonorphi-c tangent voetors to S at po Se bave tsCp(IS)@0 s

A-(e)@A-(t{) and. TC*(}f,) and s-(H) aro natural}y lsomo*pni" [+J o rf
- g v P v

dtm*M = k and. CB * dfua(M) a Fr lf ls called I gonoaic manl"fold. [f

r[ ra k * !r For slnpli.cf,ty we shall ea]I M a subgonerlc mani.fo]d, if

s. e h - tr * I. M ie called totally roel Lf CRdln(ld) = O'

I.,ef ![.be:,l* CR subnanlfo]"d of CB of dira.nsion k qnd GR"q1$,nens*on n

aud p €$o Let I = k. - 2a, :c = n + &, - k" After a eonnpiax*llne&r

ohango of coord.lnates Ln Cnn H may be ropf;essnted. La ths netghborbos{

of p by tiae equatrons:

u l '  t j  +  f 8 $ ( t r w )

ul*, * hi (trw)

Eg+*+r = t j

J  a  1 ; " . " 1 s

J  =  I r c r o S r

J  E  1 1  . .  o . s &

wbere p coruesponde to  the or l8 ln  ( t rw)  = ( t tnn, . ; t * rwl r*o. rss*)  ans

coordinatee ln thb neighborhood. of the ollgln ln Rs xC8 and 
[ur],

r )
IOll 

s,fir real and cornp]ex*va]ued, functlons rreepectively vanish.lng to

eEcond order. at the ori.gin tfUJ . If M ls a CR*rsubmanif old of Cn, a

snosth funetion f on M Xs cailec a Cft*funetlon on M i,f .therE exists

an errbonsion ? of if to Cs sush. tUatFllf 'O (we take ilenoothet to

***o fl, Let D be a bound.ed. domain in Cn w*th, S?*boundoryo For a

ade f in lng ' f r  I  f "6o  aCa* funsspot$t p og D we consider a definlng'function for D

tfonFclefi.ned Ln tbe nolgbborhaorl of p sucb Sbat Dfiii ={."uUi f (a)<O'} 
!

aad dpl0 on DnUo We say that D l"s etrietly q*ps$udoeorv€x at p f,f the
J t



. r t  

\

conFlex see$3'6n of f has at 1eaet n*q-{posl'bive e:genvalues witr}r
elgenvectore in TCID(aD)'.

4

rf ? La a cG real varued, fr:nction on D we s&y ths,t p Ls a
strictly q-psoudocoavev' funotion l-f, the complex Hessien of p hae at
J,east n-q strictly positive eigenvalues in D.

He d,enote by gk(n) the set of h.ol0norphic f*netions in D whieh
1,

have & Ca extension to D. A closed eubset S ofln is a peak set for
1r

A*(l) i-f there exists f€A't(D) such thai f*l on E and lfl(f sn il \ E.
rt is emsy to see thst a ciosed subset E ot dD is a peak set for g*(ii)
if and' only if there exists reak(l) sueh that fl6 b 0 and, Ref(g on
5tn'  A crosed' subset E of dD is localry a peak set for gk(n) at F B Er
if there exists a neighborhood. v of B such that n oT is a peak se.t

k .  .  
- - -

for A*(D) asrd. it is a rocar lv peak set for ak(p) is it is &bcarly a
peak set for ak(n) at every poi.at of S;,

A smaoth sublaanifold. ii of Dn is called coiaplex ta;;nplieL ai. a
Fxll:lt p of j,r if Tp(i,I)C TCp(aD).

3' 
*'j="3po*tiqF€,.

rl'eqme,;' -let ?be a rear-varued. c2 strictry n-q-p"ur.,.&*convex funstion
defi'ned on a neighborhood. of 0 eca. $uppoa, ?(.)*scsf tu*p($)** e.ad tbs

c&!&OX' Hsssian of tp rlas tr ,- q ei6ewalues wb.ieh. vaaaslr at th,e (}ri61n.
Thent  there  ex is ts  a  cornp lex-u .near  cban,ge  o f  coord ina .b€s  z  =  (%-o-  - .n . l
. -tLXn Cn srrch that : . ', .' -

I  , q  t  ^  L f  i  -  l
P(z); E 

(o r/i){ +:(4-Ai)yi * 
F,fi,,"u*r*i nb.,Jyiil + ciJl,,/.r odijxl}i )+

s--  s -  -  _ r  r -

ifr-o*rxtxi +l-vX'I 
"Y'Jttil; + o(lzta) ',

wheid h.77o, & a x * iyn x and. y are the reat and. tbe- J - /  -
s -of ,  the coord. inatee u e0nr . .

_ _ v

I
t

}roof. ' l

|  ' g  
,  ,  I  rW e  d e n o t e  x  =  ( x t r . , , r x n i r  ; ^  *  ( x , . , * t  r a . , r { * ) ,  I t  i r  { y 1  , . " . r 3 i . - ) .r.t qt3 ' rl"

lr
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t 3

s (Sq+Ir " . 1JIo) r z *.. 
X, : 

1Y s

* : Q ? ei{e bave f(n'l = Re,A;;ft#
n 2'2ro Z r

+  L #  ( p ) a r d .  +  C I (  t z t - 1 ,
,tFtu"LOzJ s J .,

% . * X  + f y  c

q [l l . ' '? 0

.. ti4" - 
"" 

*J ( o ) r - u z .

. ? t

Sy mab,ing a complex-li.near cbar:6;e qf coordi.:natee in C* ws nley supp$se

thet 
I

l&1r* '
I  O%" , .0  f i  '

t c J
and p(a)  I lu ' t  2  +  R

.,I

I e t s r . = [ * l  b e a r
L,/- J

xlq o ,y-";l ' ,  *n = t
n2q ana B* witn'n2(

I
I

\ lr l
I  t<i '

e { * z $ r )

ea]. 2n -

u e a e l *
n * q ) .  * r

a*te1 for * egn vo obtain s * ul  * 
"o 

l t i t i r  ut€., l to s 'bl lo . '  t i i ' l : r .  t l : icse

no-ta'u:i.on^s i^;e cbbain tha'b '

t r ' + " i U 4
, p ( s j  *  ! e ' i  F . r  t " T "  +  c i (  l s l  

? )  *  l s ' l c  + < t s , s 2 r T  " ( l l q l ' )
r' . rr ''n I ll' i-Bl

whore (r) , ie tbe i.nner trrro6uct i;e Ro' and S = I i I witb

:- ":"***:: [-n ,'*ti
S * A + ilJ" A and B ;eea gylmetrie matriceE' L )

" | |
He conslder A 'B tire nxg matrXces which have the firet q qo3u+es

eepectively, ul"ul the n X xL * q natrices which heve :'tfr'er

last rr*q coluru}s of, a anel B respectiVely. 'l{e qbtajn :

.A kq^g-H-] r3- k* -L gsl
I  t  t  |  |  l ;  : E  I

I  r ,  I  l A  o  - B '  o  l ^ -  l o  A  o  ; B ^ l
T * s + T "  r + i r c r e  f ' =  I  |  ^  l t ^ *  |  " ^ ;  ; i

t  r  t  -  *n t t  I t
t Ie  have $ 'g  = ' r - " ,  and t^u *  t^"^r  so 'we eey g 'gsu 'me I

I  c  t  
-  ' l t  

- . n  
' - l l  

- !  - ! t  t  - t  I  t t  ( {  l l

t l g  - - - s  D  @ E r r  8 8 " * - +  E l g  D "  e n d t ' = f : . . + t I ^ " $ = $ - o ' t " l l ' .
. +  |  ' r  A  ' ; ^ . . e ^  - f  ] n  - . t r " * , n  

* - i  
^ ; - 1 " "  ' " * *

*iu"* oi 
: 

s' --a e' , tl I E' E*, 
Ti :..u^ 

*a $ ' ri I 1i^*+ s^-'

Using tbe not,atdsns above" ( tsrs) :o* ((?'+ Tu)* , ')
' r t - t t - ' t t ? l = . - Y * - l e

+  < T * * n u ) *  ( T ' s " r s ) +  < T ^ " ^ t s )  =  / - - t r s " o  7 + ,  ( f A *  ' s ) + .
' l f  

f i  . .  
' -  

r f  ! l  : "  0  |  ]  !  t  " t l  l !  l l "  I

+  (  f . s ^ , s
{,  $ t t  n 

'r  '

+  ( t " s  e F
A ^



, -"'gr kg ^9" Ht
q l l a t  o  - B t  o  I

r l s  o - n { l u .  o  o ,  ?  |
o - q [ [ - o  o  o  o  J

; | )tajned bY takS-rrg the firstr+here A1r Pr, are the q. x q. ruatrj-ees ol
,

g rows of At ad' 3t respectivelY .

&et
. e i

rt CtE t t ' t

1< i<q

I 6  i ( q

1,et J B*e the real or*hogoner-l natrix Sepresenting the mrltiplleatioa
.  f* l  r -vr

by  i  *V - t  i o€e  JLyJ  =  
L "  j  .  I f  v t €S f  i s  an  e l genvee to r  f a r

ti rntil, eigenvalu* h, then'-"fvt. iu * er.Senvector for nl vrittr

.h . Beczuse A end 3 are syurmetric mabriceg, it follolrsei$envalue -
t l f

that Ai, B, are 
"o**i*t:c 

natrlcesr,thue 
lt,oi 

a syutq-ettt" *::o,

l le nay COnSid,er I  " r r . . . r t . r r  
JVlr .  "ueJV.,  i  an orthonormal basis

r  L  :  g  . .  
. r  - ^ o r )  .  . :

for Sl consisting of ei6envectord of T', . ff A * is the oigeavelpe
" L J ;

of vo, by inierchanglng vr and Jvn if necessaryr ld€rmdy s,ss^rr[le each
J . r r ' ;

L r
/I{ 7z o. r:,)

l{e consider an orfJrenorsal basis of R& of the forn

[ . r  t  n  - - t .  t  t  l t  -  n l

L t ! "onorv *cvnn t r " . . r vn ; r Jv1 r  
o  ' " r JvnaJ tq+ I ,  " " r J "o  j  c

If [ 
"., 

r"o.'je--J is the standard. baiiis in R*' and. we pass at tbe
I  r  cuJ

basls obtai-ned aboveo because Je, = ei+rrp w€ have in fact a complex -

llnear change of coord.jnatert i:r C' "

:* it-"lr"i :flruli*l
e "rrq.rL

r r

n:Q * -  , ,  [ *Q-n  i ,
,Lr i i"enf + XdUS"E** 

tr4i{n*q
J*1. .' " 

Jo}. ., t

%:** 
,5. 

*ut*t', 
: l5

n-O* n-q * ^-
*o+E*i: .t' 

-a ]'. o' . * f=* l: t"**i i, < i -s: o-q
,, r, ss] 

}J q+J" ;fi.t 
' 

,,

t l
*tJ JtJ



- 6 '

and the proof of the }emma is conplete'

t 4 g s n e s . ] . . I , e t P b e & B O B - I } O g a t i v e c Z - f u n c t i o r r j n a n o p e l } s e t

u c c t r  a * a  l e t  h * { a € u l  ? @ ) * 0 J  '  } s t  3 o  h *  a  p o i n t  o f  7 '  s u ' c b

! ' J
t h a t t } r e c o n p l , e x } I e s s i , s n f ; f p h a s q s t r i c t l y p o s i t i v e e i g e n v a l u e s

. ; a n d n - q , [ e r o e i g e n v a l u e g a t s o " T b e n , t b e r e e x i s t s a n e i g h b o r h c o d

T of ba And e g}*ge*rerlc submeurjjold si of un of codimension q in u e

euch that Zf lYcI ' I '

Proof '

$J.rrce the eouelusion of the theorem is iclcal'' tt ff"#ficee to 
' '

aFeun0e that z,o* 0 and p (0) * 0n seeruse each 
1** 

of 7" ls a relative

niniuurn for (t e Er&d. g vanLshes cn. z. ,rlrereforqin,a.nei"gtiboi"irocd r:f 
'

the orj.sin tre carr appty }enraa } and. obtain {;he SayJ.or expan,sioni

t , l r $

14e denote C' - ;*  (* i l ) l6 l iq,q'  o 
n= 

(diJ)r .*  i . , i$ q '

cn s  t " l  ) le  i ,  j  s  n-q,  o^  = (o i i  ) rs  i ,$  : i$  n*{  
*  ,a .  ^ -^^

rf the new coorclinates are d=[ fi 1*o* d s 
'o}"u 

where

I  cn  o .  D '  o , . l
' :pe,  l ; ;  

o :  
: ,  :  I

I  n  -  
' t  

I

L o  - D ^  o  o J

!s a^n orthogona*L rtatrix'

TEms s = (tf)*} C. * P0- and isr *,he n81r eoordinate# p becones I

ptr)=p(?F)=l(Ptr) ' le + < ! ' (  Pf i ; ' , ,  (  Pr).> + <T; (r tr) ' ,  (P6-)"> +

noi"'(Pr)" , (:P0')'> + <q(Prl', Gn"> : tj lPrll , ' ,.
I{e have } o F'* 3: where 3B I Ef -p u*'* l l1 u: --T* En'

"'-f 
a' o:l ;*=l t- t" 

T are ortbosonal matri*f *' ''

i:Ln' *J 
- ̂ -L-ol *: J i

'  
!r f ir l .  1 n'n' l ' i  <ri P'f, ' ,  P'tr '> + <T; P'{ ' ,  P"tr '> +

l h e r e f o r e r P \ u /  " t t  v  I  4  -  '  
i

-  + -<T l 'p " f " ,P ' f , ' ,+ '<T i tP ' r0 - t !  Pr r f l - ' i  2  +  o ( l f f t ' ) *  
'

= ,oj, lniu,i , i ,,rqj" 
* <T:P'fi ' ,  P"trn z+ <r; P"f ' ,P'f i '> +

' t v  ' - - l  - J  
i 7  J . J

. .  , )

* (T, "  $u6" ,P" f r "  7  +  c( tn t t )



? .  t - 7 - "  r g  ,
,,;, =,2(t *hi) ri' * 

fi 
(,- xi)yi -fi 

f;-jaij{;xj 
*b,tJtyi *'ijx;y; +ditii)+

+.1 ("tjxix; +pii/ix +f,jtryi)*,o (lol')
kJ'l 

I

. =P-8 ( * )  =01_  
* x t  j

(au.1x; * rr jyj i  + $rlzl) tq ts t
Ie "  n.  nq and. we obtain

S:r'i =

w i t i r  h r 7 o ,  i  *  l - r e o o e n r

l ,et  m = h*Vl$fu)=
lie have -0g: r 

' 6x' g

)xL : (o"l;i-t *,*-'
i{e denote bY Y,.* ffi 

, i *

i f l * J

f f i # J ,  l < j d q

i f  Q . ( J { n

of' the origin. 3ut

prov€e, that I,1 is

origin too.

)  i u 1 , . , . , z o )
generic at the

(0) has aleo maxinal rank q. and thii,

orl€inrhirecein a neighborhood of the

gggfo].ffiJ,, J,et I;I be a C3-subtrani.fold. of an open set 'U C * of

real codinension q" i4 is a generic suhnanifol,cl of tI iff tbere exists

a non-negati-ve C2-strictty n-q -pseudoconvex funct i:on p def ined in

a neighborhood. Ur of rrl in U such thai; the coraplex Hessian of P has

rl-q eero er6envarues on iI and i* * { r e u'i g G) = o} .
* r  J

Proofr  :

I f  H ls ageuer ie subs,sni fa ld qf  Uthen f  *  Ci1 din(1,1) = dlohi ' ,  *oan

:Fr A: - ![ - rr :s ]t, * q an'{ we obtajh the result from t9] " 

*"

\t P !s giveu , i,i is ioce*Iy co.ntai:red" i-s a 4;eneric subtnanif old crf . L

cod imension q"
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4, gqqic. g,gtg j+ .qe-akJ*r pse.rrqggg*3ig.-Wgiqg..

. We shal-l pro,ve the folloving results r

*Ssg;l"p+ ?" r,et rJ be a d.ourai:r jn rf *itr. gz*uo*dary ) s. 1{e suppose
' ( r ' l o

that o *t nlP(zi{0Jwhe** 
f ie a C**function ln the neighborhood of bl

and df # 0 m DI' lst S be a closed, subset ef )p wmcn is tocally a

peak set for aZ(D) "encl p a Foj.nt of $. l{e suppose that the conp}ex

Hessir.n of P at p has q strictl& positive eigeirvaluse and. n-q-L u ero
J *

oigenvaJ'ues wi'btr eigenvectors in TCp( )U)" Thea X is locally contajnecl

in the neigbborhood of p in a subgeneric CR-subuanifoJ.d iri of Bn" of
1

C**differentj.abiJity elass, of d,iuension En*q*?,t CR-dinension a*g*lr

euctt that j'I ie cogrplex*tangential at €very Folnt of s.

Efqpg€.ltblt l-* J,et i) be a donajn in SIl with a enooth boundaryg let ,
( ,  1

D =  I  u l ? ( z ) ( o  I  v n e r e  p i "  a  s r a o o t h  f u n c t i o n  w i t h  d f  *  0  o n  ] D "
-  L  

' r  
- l  J  '

l{e suppose that there exists a suigenex.l,e subna.rifo}d i"i uf }l of

CR-di:aension n-q-l whicb is cornpiex-tangential at every poiat of M,

tret p be a point or ^{ such that D is pseud,oconvex at pr si;rict}y

n-q{pseudoconvex at p. Then :bhere exists a neighborhood. u of p and.
. &
pec (U)  such tha t  e

d

a) '* * o on i'ifl u

b)  ReY< 0 on Snurr , i

c) Ef vanisbes to inf jni te order on i , tnU
- . t -

e) E($)extenoed with ,rero to r.l ftU is in fr ̂  , , (I n u) .
Y  i r e t L ]  . ,  

- '

fB9gfig$J. lut }) be a bounded pseudoconvex donaj:r with e9-borrn*arye

In the eonditions of proposltion 1, we su.Fpose that th^ere exists a

elosed subse-b B o.f t'I\bfui€h contains the point'pu guch tiiat th.ere exj.ste

a eonpact neighborhcod. Y of pr ryCU (where U is 6i-ven by propcsition 1)

and. there exiEts a CR-function s on Uflr{ such that l
i

{  }  e !  r r ? i l a . i  6 1 ^ a a  a *  T , 1  n  T I  + ^  4 r ^ . . - J - l *  ^ - - J  ^ -
L l  p  v E 4 J \ ) . i J ' \ ; i )  \ r r J  . f r l t v  t r t ( }  & \ r r , a . I  . r i r  r i j . . l . L g r  .  !



: 9 - *
11.) ,ne s(0 on Un !i \ u,,-| O'

fben $ is localJ.y e pea"k set at p for nl(o).

SSSS$J.  I#  D is  s t r ic t ly  psoud,oconvex,  io€. 'q  s  n . -  1we

obtaln the theorems I and, 2 fron [t].
n | 'ftr 'l 

:l

isff**e, JJet il cd", I *t z €,€'i 
f @) < 0J where 

f 
is of c*

. \
djfferentiability class and dl F 0 on d I, fhere are ncl Senerlc

sr;.'h;aani^folds iil of Cn sueh tirat i'iC b D and 1,I l.s conplex-tan$entiatr"

at every pqjrt oS I,1.

Indeedr Lot flrppose that lol is a generic zubmantfeld of ) l. Let

p be a point of FI and ve may as$ume that I{ is repreeented in the

neighborhood of p by the equaticns
. .  } ,w,  s  xr*  ih*(xrw)-]- 

.&
c a & o a a r c a o a e c a l o o

Yr

,,, * xr+ ih- (xow)

.  g t , -  
"  

e T f "
trf* J'

.  
a  o . f  r  c  e  i  !  a

, A  s I f ,
$ . 8

with x = (x'r. . , rx") G, Rr and w sn (wio.o"rw*) € Ca, where B eCIruesloed.i"

to the origin a.rrd {Oi} . i*lre rcaf, 
are reai functsone vanish3ng to

L 1 .tr=.
sece&d. order at the origi-r i .  Then T^(l '1) *{ulr, * crr,* Vr= O} u

e  
l ? n '  M - f s ) ' o i  

t  *  j
r c ^ ( ) n ) * l *

L  l . F ' , - u l a l " '  J  g  \ r  h '
Because ro(;) iilrri;il oo ni.nu&^-ffi (o) +E_*.-ffirs) --o
for every real X1r" tn2xy and" compLex ?tr+lroo:{;ao" "t ' i ; foJ;Lotgs that

) e
.'$.(O) * 0 for k .^ l"rroterl and. these c6ntradic'b the assu"nnBti.on
d { x .  . ,

tbat df  t  I  ""b?"
?roaf of theorem 2c

We ohoeee leca.tr coordj.nates in f euch that p eCIrvsspalads to

the srigin and P !s given tn the neighbt,rirood of the eirigi.n by

the equat*cn P * * 
lf rlur"l uhere uec':d." we0e w *e rtr. 

:* 
* f y

vanlsiiee te second, arcler ai the ar-i.6:n .
' 

Seca;'*se p-is a point of ilr there exist,s a neighhorhsod V of p
t ;

f € A'(D) such that f * 0 en fifi v &nd As f {.$ on i}r$f}V"



F r 6

I,et f be an extenslsn of Cz-dif,f*renti&bi.Ilty c}aes of f to Ctr,
- r \ r i l

S * R e f r h s c X m f "
'..F

tsy the Hoff lerarns we obtain that &f- to ) # o * s&t
r . .F r& r \  ^.  i?. '  r  \  

--- .*)* -"1f 
b-d- ?h I

l *rn; l  =l#roi l  +lqroi l - l i* l ;# 
# [r*r "o

rf folrows tbar 'i;fre eet f * {(anw) I F t-'r$}"* ouivt.*' * *** ner6h*
L J

borhood of "blre origin a real mani-fo]"d ef dLmensgsn p(rr*3) * Sece.u.Se

g }:as a lEeat maxi-mran at 0 re}-a*ise to D we sbta*n )#,^* r'\
ri l \"J q \rp

J * 1".*" & -.3 ond s*.eee the Ce,acfur*gfe"n€nrrn equattoris h*}d et CI
\ t -

w@ csrrelud.e that {* tO} * 0" J * trnoeoes * }, fherefore the tnngen*
d e i  .  

-  - - ' t

plen? at 0 fu [t is given by ttre equation w =* 0 end. we ces sol.Ere
A,

f (m;w) e 6 in the neighborhood of the or$gin to obtafn w * H(a)

wh"ere S is a functi.on of C?-Cifferentiabitity c1.aas, varrlsnfirg to.

,,$€Gs&d, srder at the c,ri.6in. If ta*;,wn) gn0v we have

ror lce l< t ( i ' i

5rqu"H(a) )  *  o i  o "
\ r .

'  d+  / -  r r r - r \  i l l {  '  rT t r  Lt ,H(u / i  \ - :  [ : r /  = u
o w  -  ' d e j

, l '
) f* O and eincE i*. # O
c) rx' ' *n the

( i )  '  byneighborhood of the ori6in we obtaln D n{ao}

recuruence ws obtain I"F n(6a) * 0 rorlql €

ff,rn"t{u"1-a;l

i
\  r r
A I-t

I

r )  t t
' v

o 1 1
l r .  l e rr \ .  v & ,

v . ,  I

1

(tuo'so) = o
I
I  no5r l * * r \ )  *  o.  l ,
L** = u(ao)

Bacause f(a"f i (z)) * 0 lre have

#, (*,Lt(o)) + $c-,r{t-))H
J .

*  l r r o e g l l  *  t r .

&rt  ?f  (z^, ' -  o ) {  ' -
d l r  " ' *o)  

= 
f r*  

(ao"w.o)

fhe tangent plane at [" in (a.,sw,'.] is w = H(a^ j

r{e barre $ (Ftn,H(r.)) = }{ (=,ut*)) o g . eg }r }il"
dZi '  

-  '  t  dEL '  
' r ' \L ' J  =Ju /  

5S 
'  

t t i

ar,J 
"-ht(l,tlfu)) 

=&(?,ilta)) . 
# ** +

n , 0 "  l m m

3 . "  *

. 2 "a . r
d E;.t" v

tl
tl

, ) f
t s _ 4 € .

0 \ M

.  n-7

i+ 2-' '  '  j ' t
'4

* -)-r-U i ill.r- -If,- ->"lL -L -t- ("at-j.)['  ) I j  t )w/)r ;  '  
)w " l ; i l i l  ig j  \ )# l , \s ;



Eeeause

reLatiens

- I I -

H vani.shep to

(l) we conclude

sessnC ord,er in. s * 0 and fron the
\ L  " , , - . l i  

r l p  ,  . lrhes fffi 1(t,11(r)J lr,o 
= *fu{(x,onJl;,o

"  w z d t

It foll-o,ws thnt in the nelghbor]:sod. of S GSn*I

functlon I (s) *y(arll!a)) I:osm Tffo( b n) "blre

eigenva3tr€so

St$ee f 'n 0 sn SfiV antt Be f ((-t on $\;4nif end

we olr ta ln that  S(a) * f  {mot l (a)}AA. t r f ,  & (an} *

af 3*caJ- pl*nLmun g*r S and Sra"d'S (sc) * $r sr

j  *  4 , " " "  Yz -  4

s ,  
l t m , " i 1 * * n ]  

s
q etrl.ctly ;pos$tive

ei.ace f imn:etm) )*0

O, *r* is a p$.nt

(e)

(*o ,*o) +
, \ l
t i/ l

\ t l

fr.,%) $$ ixo) = o
"  '  j * J

(

r  \  ( b n )  *  ] ( t , * t' 0 J  .  L
1

( tn,*")= oj  ,  a-4.

J

t ,-{--
\y./

rIf

AJ
{*=
d Q

0 t

J_
w

E 0 '

) pu_L_

l " r

+

t .t1

, ) -

tc(

uo)\v.

,'t{u

' e 1

- \ { /

0 t
t [**

bs,s

fwt

df
ry

W e l

+ {

n-4. \
r  f ' .  *  * - , )  d f -

; i  
f  'J - ' :J) iu i

T

i lstng (2) we conclrrd.c tbat *" r )D) = Tro -1.: ) tf )' Btlt

Env * { ( z,w}€r, lo (a) * ,,:-1:";l;} i;:; "li-;;,:i"*ou er rhe
. L  J

orjein iou *n* proiection E, of, EhT'oo 
I 

t",*)l * * OJ is in the

neighborbosd of the origin the E€T$*s€t of, a ncr3..*ar{}Sative strict3"y

n -: g -pseud.oconvex cumatisn" Thus, by th"e*rem tr" l$, is loca3ay

coataised. i:: a geaer*,c, subna$ifold" t"t* *f Sn*I cf r:d"i'nenei.on

2 ( a * L ) - { * f f i . - Q - 2 .

l*Ie solve t*o Loca,Q1r the equatlon y ('trw\

(***o)(i-'i= fe,*llw 
- I"l,r.r=,\

w *  ? (a r l ro  w) ,  l e t  e lo f i ne  f  (a )  * f  {n r$w
|  . l

( a " w )  I  * € H r n w  * t f i ( u )  l  -- t  J -  
)

sz3-rq) ffiuul

l n ' O  
.  
& i

r r l ' -  \
I L l  a n 5 .

ul we
' + x

obtai-a

In n(r) sn$.Re

I1 - [
I  . .  J

d (c rw)  G i i f iV ,  f ( r r l+ )  *q  Or  th ' ' i r s  w a  l l {a )  a .ud  . t ' (ao$(s } }  *  $ .

Therefore, Re tt  *f lnr l* w) or l te tE(a) * P (rolm . (s)) .and Im tr '*

*  I0  i { (a)e lee*  u  a i ' I f  and w *  
f ( 'a lo  I t  fo l , loss tb .$  AnVC} I } i l "

I f ,  ao€"F1r  l+s denst€ wei  =  I I (a*)  * "Y (uo i .  Fecwisu. f  i r i r  i ' fa i )=$ '

by corapating 6cxi V @J grsp 
t{uo'f (eo}} * O we ohieis iron (B)



* l ? *

thet 6;rad il(uCI) u Ssed f (r'*) "

V irave the sane rlerivativcs at
I

r
$ince t{ € i (srrq)l rc * * (")} and H and- L

ffi- c lle coac}ude that
c} -

' f 
!uo,**l lnlc T1*o, *o) lf ) 

I 
*ttn*u*o) i 

) 
Y) 

ir aoss'o

fiS we sr.lppose that Ota fio* *r g:ilven Sn tlre nei*hharh*od of the

origin by the equcr*i"ons f 1{e} * "' f*{ui * s sitb' eif# "'"ndffr.l*&

*o ;/,, d....08ft-1o I *, I'i i-s givsrr by th.e eqir*r'ti*n-e f a*"""T fn* o'

fq*a s tl *&,€V* o, ,f wz T 
o * 3*'f*, 0' lfe have .

dfr4 ,o* fidfql ufu#uf*"*l o * dflr-A'n"f dfn/ldu'{a"ln # * arud'

: '  " rTi l  - 1/ -ar , \  
: '  

t f f i  Yl
t b{r;,wi llni€r?" q 

I #fl + tt ( j *  n - r r  
t - iH  +  I

*,- { zfu (.}} * q *; ,%iiu** tnai 
r

seeause 
"*( ,5*3 l4f , ,€%^

f  , ^  
\ "  

l e j * n - l  
n r ! -  r 4 n , . * ,

r f< f  j#={0,* )  I  s  q+rr  th*s t r '  ie  aCR rmrfo l4  o f  s i *
\d(uj,*J t XE!:H:_ l

neasion ?& - Q ̂  2 end Cli*&i-nengion n * Q - 1.n

For the proof cf protrnsiti.sn tr ws ehsJl neetl,; tlue follotri:ng

i,
2 lenrnas 8

f  n l  1  -  e )

&grug3. let o *{ zec*ip(a)< o! nirere f is a c'-furr"eticn" }ie
.  { "  

' l  
J  _ '  -  . , , \ *

$rutr)po;e "hhat there exists a S& submanifotd i{ pl } n cf Sp*d*neneion

n rshieil *s c*rnplex*tanserrtial at every point s1'' ̂ F1"' Itet p O: 
" 

peint

of $i sqcn tbat $ is pseudo*onvex. at p. Tlren th I c' ,rplex l[e$sieJr ef

B h*s m aero eigenvalues with ei,genvectore in f iL(t'i) o
I  ' ' r ' .

eggstiJ. 11* b is grseudocoslvoxa **rictiyrrn"$lflelidoconvax, the

leruna f,o}}ows fronr [rJ ma [l',i G 
4 . '

:
Froof of }errtna ?.

let t  Ou a sec*ion t t f  tne sr: .bnun,J.1e Tg{ir f)  sf tqt}n) '  i 'Ld

' '  A i ; " f i J  t  i + i i "F  F  i  {  \ = ' d ' t L * i i , $ }(pag. "  3?b)  +re  k re is  t t r+ t t t * ' ; , l r Jp  e  F i  + \1 f r , r , ip , "y l l

where J a.efines'bhe cornpJ-sx strrlctrr.re sf Tq{t'{)r L -.1 9s the }5.e

brack*'kn ? * f,(er*d.f ), ( , ) *s the Snn*r tr4re&uiet, *n g(Cn): 
::td



rr € =n*3, a. )
l "$ 

lF{ t

-

\L^

)= -eL I€4s ( r )a ia j
ti"t d*l're.;

* 3.]

t*(4,€

Eeceprse TC*(;,1) * t^(i.l) n Jt*(ii) *t foJ-lcuo that J $ is al.sc a seetica.
u -  y -  * ,

of  tc t l i )c { f  ( r l ) *  thus Ia  I  '  q ]  pGBp( I { ) 'c f0F(  }  u) "
q 1 s . q \

Bub trr( ) u) * n, nr] & rcn( bn)t Ld) amcl we slrtain that
f  r . t {  s - l  r  *  

"  '  r r €  * J  y  J = n  - - ^  * } r * n c . E u( L . j  ' t ,  g  Ju  rUF  /=  o  
"  Because  (L€ ,5 - t p , ,  ?  l : *  r se  *b te i f i r

-  ( .  e . ,
Irp( { , C ) m o fer eaeh secti*n *f f0(t*},- '3hus tb.e },evi" fcrsn sff

vnnishes 6n a ca,mplex sabegrace of f0p( t D) o# c*mptr.ex eli.rncras$en
:

m wtd beeai:se D is pseudocopvex at Fe the lernma fo,Ilcweo

&.ep*e, 1". J,ei D e f, o * f ze irul Ptul* 01, f of eraes clo tret
L ) J

iul Lle a subgmerie suilns:I5foX4 of )n, slr:i"ch i.a comK&ex*1fu.#entie}-

at evcx?r point cf i',I. The$, for e*"cb point p af M" "bhe proiectisn
t \

t*t' of, iil on feo( d D) is in the nei6hborlr*ocl sf S a gener*c subman$.f,ELd

o f  t C ^ (  d  D ) .

Hroof of }ei'une- 7.

After a corai:1e;-li;rear chan6e sf coordinatee i,n Str, We $ay &s$uffie

that p * 0 and i{ is represented. in the neighborbooa of p by the

equations 
: 1 -

B l * x l * l h * ( x r w )
o  o  o  l  a  r  a  a l q  c  6  a  a  s  G  a  e  a

E " = x n * i l a ( x ' w )
t t  t l " . ,

& w l : * r  .
o  Q E  C  a  3  C  G  C

uo*L * wn-q+I

u]' * g(xtiv)

whsre g * (%-" ",'EEu) €Rqs w * i o3r..or\*E1*J.) € sk8*1u

a4 * H+ + iyo,  S o lne eope* HJ"# are geegprf€spsot lv 'e&y cempSex

gLrt:.lr,* iruth* neigl:bor'hood of the orlgSn in iiq- t f-8-1 vanisbing:

to eecond cr$er e"t tbe origin.
e r

t l c  hn" re  [0 ( ] : i  *  
iu iy r  

*  r .O

{ ' r 3 -  i p , ,  L ]

I'i# j* Culo; = o j



o 1 4 . *

As in renark 2 we obtai:r that *f to) oo 0 for I o lrri 'err ; L
- slgt

t b u s r c o ( ; D ) = { i l % = o j n  -  .  \
Letgl = s1 * i t l (rr ,s lnu ". ,  f  q* vd i 'q(T'  ) ' ia1r1*{o-,ut* ' : l '

f  *r .  vn* fn s(x,w) and the proJect ion'ulr ,* t  i i :  t 'nt? 
t  

* lun* oi

r ; .pr* I io  /a \  ;e  , . i  c ,  B,^ . (z)  =  0v. "  i i *w i t  is  easgr  tols $tven by J z€f- - i1-1tal '  ,  q Jt r

chse rve  t ha t  e f  #oo "c l& f  n l o  6  a  ana  i ' ; * n  . . . / 1  b3 "g l o  *  C '  i ' € '

,  . "  ^ * , - i l . - L
I,i" is a geueric subilIaeifoltl of U- e '
: '  

iul '  !s ca}lec} the &s$ociated generic,inanifold' af t ' l
It_eg4gj.: &

ffrd. I i& a CR function on lao ([Zi r[ai]"
i

Sroof of Propcsit,itra 3" i

l{ lth the notations from the proof of lelnrna, 2 let v be a

neighborhood of the ori€is in Rq = 6l-A-} enc Fis V E *i ;n"f
i

- -  T  
; A

XI Exrw) *  (xI  + i t i l (xr t l )  ,  a a . r*q *  ihq(xnw) eI ' I1r  " !  "*o-q-r)  "
' 

-rr-a-} rt '
l{e extend f to f r g *-"t q" :r - taking li' (a"w} * l

* f #B? f6x,*)tiyf K {At*ly ) n}rere }I is a *reisbborhood br &be

.Foil * ce x gl-eti' , where X is in c6tnq) ;itn compact sut:ort

f ,n 1 in the neighborhoocl. of the origln anA Alxl 1s a seguence

! -

*f psitive uumbers jncreaeln& sddficiently gulck to inf lrity

( as in the proof of Boreir e tbeoren) 6

He i"mve fr =Fnuit-S = f *f,-,-f {x,*t f illln;{ fhMrJ)

v * o" fl'(*,fre)'* *i (x,w) and ffiu.losiroo*lv $ {xoonw)o  
. . t  

'  
D x i

If, y 
io-0" fr !"r*rwJ T & \"t"i, 

auu' qr'"ir,.'\'6'"\rlo*r 
)", \*'v'F r

* i iY (':;'!. rt rouor*L"tr.*t the matr*{tJfl;: 
?;'#:#i',-ld fxl ,f i  ,sa, v*)

1
rl

' l

{s non*eingular and f is a C* iso'mrphisn in the neighbor}:ood'

cf tbe origin"

thus, r*e ebtaine* a g*-ehange of coordinates 3t=(S0,.",$o-u) '

H 
'  

n  -1  
^ . :  ^+  ^ ,1  . . ^n  Er {  ^  maYt  i  f  t

* l ' (rnw) near thb origrn in C*-I, fhe nseosiated 6eneri-c nanifold

* t

IdI $.s glven in the n8$ coordjns"$es by the equatierns Yf"'ro=Xna0
\ f i

und i"i; is easy to see thst $} f xegew,, ) * 0 *o *rf lnite srd'er'

Because g is a 'ii EurretilriJ"r, uit r,re mey choo*e en exiensicr*

N , G l  n - ' I  T  n t  
c ? , a e  * t r 1  ' l r r " f t i n

gt b J a.r g t+ .!.-r eucb. tbai; b I ranis]:"es to 1nf inite os'der or1



. _  
L j  -

i,r' ttr] . 
_

se denote by fr , cl ---+ d tn* **p ltrtul ,o) * ( f (un lourr]

lrbich is a 0*-tun**tpir"* near the origin iJr CH* He have

f r (a l  uol  *  (  f  (  u ' l ,  Ur{" ' ) }  + (onao *  Er t*n ) )  where $r tu ' }  *

* r i . t l ' ) j .  
-  { r  .

we derlote o, S the nap S (* ') * ( f  (t ') ,  frtut )) deflx"ed oa &

neigbborhscd of 0 *o gP*l wiitr- valgen X" g3 ang we raay rrrite 6

f  ( r r(ei**) i  -  f  (q(r  )+(o,*r ,*$oia ' ))  = 
t 'e " i  "  "orr  ry ,  , , ,  

I

u , + (*'))+ &Re t(d,,(o'))(*u- $,(u'))* R e ffi 
(4 [n'3i(x*- 6q {E'U*

;rffutr (8(*')) li* - l,(u'J iu* o(i*o- fiu{*'il 1
:--g3}-2, tot r,r be given b5r the gnrameiric lequations )l]1v-*e c'

J a Le. o n.*, ,unu"* V is au spen eet in R&*q-z grd

* {
\  a q  / { ( v $ r u  ^ ,  

4

i  
' 4 € i * e t u - ? - 2

fhen, for each- p-o":nt p- !*# and. k = lu o. .,&, - Q- i"

.E rH$- ii-))f*)o"X #"t,'i', X&), G rp im)'1 c
' f f*"*f t* l  

ss cicot\ 'dl  CIt  * I i ( t ; iJ 'di l  @A(tr )ol) .  rhererord
q - ; f t  ( , , t - -o  . . r  \  r '  "  - ' i -  f  S S=o

;$ EE:e ra' it){fkJ* * n(rp(} r)I u"u we obt;at5 o'o .,n
o'.H* follow now tbe proof of ilropositlon L' i 

(r'

14e denote z*= (z- , . i ,c .o ,n, . )  and we ha;ve p($i l ' i )  '= F(+(x,x"n) t

++ )fr'ilr*,r,)y;.;+"fl$rffi(*,*")JrJr *i f,l )' 'L ril* L^'' 
",".'.u"i. 

"F:-J::li,r *", rtric equationsn# ,i{Jtroou $ i'(",u ll , T" : L, . . J,t *"* locat IuT *o
.  r .  .  n . .  ,  t

for  i . i ,  sa .F (Q (xrz^)  )  =  o .  v  * , .



* f . 6 -
t 1 - 4  v  \ B  \ d

By the ren*rk F we have; H 
.# +*# .ffi =o

T*u {t' (*,un) : zR* F u K(+* .'fu? )=-*r*ffi +*,
*r $g {*,*} = *}W(*,s"} - ;ii*r$ {r{*, -'?.$# {u, r ") *

.  ^ J  - =

+$* fr{*,'")) #{*,n')l
.l fI;Eut 
ffi 

qx,z]') * o *TF: = lp.. ',s and.
j  *  3 'o""sf i ; { , therefor-Fr(xoal t l  = o for

f *o"Uy se obtain 
"thaj .

o ( r ,  l n r ,  l \  A
J ' t t l [ c y c ' r u l l  s  Ep(rt{*lu-)} * * f # {*,e"i/,yi + a

,frt JY;;Y; i Y; + 3, Re # tqoe * ?)(to' ff*(*')J *

\ s
- q , 3 *  r  f t  r *  o n
r  r f  \  I  \ e t 6o e i  - ) ) * 0 f o r

J a t

i  *  X e o e o p Q o

EEr

By taklns ir = 4 .i$to) (sn- d"tu' ) ) we have I
a  d r r u  

* g  o . . - "  
, t  A

Ftr  1(* l  w))  o ; ;  
"+f  { rq#i  (s ,z ] ) r r r '  . - .Re bw?+ crwi  ? +

r  " " . 8  d y i a f i  ^ ' - ' r " J  ' '  "
+  C I ( i w t )  +  o (  t w l S )  +  o ( t y i 3 l .  : " , ,'r 

w* a*rt* Sr{zf 
"w) o f (l"r(ul w)) - Re w and by

il

ot"u ' )  *  f  i r (  
u ' ) ,  u)  =3+ a ' f t \ ) *  (xoa- loru i  + 0( ly l3) .

r{e observe tnai e"ud 0 .- o ft tttf*- *t-o-^"'i'J "'g=Ar4  $ { f  +  *  * ;  ' "
Sk-= f  t r  -A -L . ) r '  q j  r t r '  a ' r t " \ 0
da;er;j fieq osb*'ry tr + I o,ffi *e'b."1F +

($(-J) is*- i ,uG')l"o

-H.-.ak.HJ*JA : :
1 1

By lerruna ? the complex Hessia& af f has'ln the origin g :trictly
I

Sxrsi.tive eigenvalueg and. n * g, - I aero ergenvalues gith ei 5e.r:vec'=+.

:
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1( 

B r

* l T *

r  l ,  )  t

o )  +  u A ( z ' )  +  v B ( z ' )  +  u ' C ( r '  w )

t o r e  i n  r 0 o ( l t )  * t t l f q = , .  - 8 1  * 6 * = o ] '
\ ? a

fbuo ( 
#k 

(0))rsi, j*q iu etr lct lv poeit ive deff i i te' Bat

\&c 
-si"Fil 

ili:r$rfo] ana by conti-nurty rirere exists a neigbbor-

rf we denote F y{u', w} * y $ t(zt ) orr) we ha;rre 
1

f r (a l  w)  o  Re w +  Or tz l  w)  w i t i r  0  L@i  o) r r f i  r l l  t t  .  (3 ) '
a

+ uvD( u pw) +
1.1

+ vzg(al  n) with A(0) * t r ,  B{0) * 0 or f  ytui  w) * 6r(u} 0) r

+  u(1-  +  o(  iz '1  )  +  uc(z l  w)  +  vn(* lw)  )  +  0(3. ) t2> '
f r  . .  4  \ ,  !  "  9

z T K l l y l l  z + u t 1 + 0 ( l z ' i  )  + 0 ( l u t  )  + 0 ( t v l ) )  - g v ' o

- t\,

$eeeilse & 6 r"anis"hes tn i.nf inlte crdcr o'n'
) r J

$e have to .rrbve now that *t* 
.'i* E

6 e . u  Y

i'+f{ *U

r t  f  L€o"we r rave u( l  +  o i t r ' l  )  *  i iq1"r  )  r ' i  0 ( tv l ) ) {cvz-  K l lv t !  ?

i  
r '  '  i t

and. for lz'l + \ral r lvl s,na].]. enauglr we obtain

I  
'  

. t '  t "  '  2  ? .
u ( civ'- ur l l  yl l " € cto'# S, (u"+ v').

It aeans that &he projeeticn of l i.n. the i1-plane is cn tbe al,rt; *"r

sid.e ef the circle Cr(o2+ -rA) * tr s 0. l'le shall d+fine V by

. . t ,  r  t I  "  ^ - ^  r * n r * . * { r { a  n f  t h e  a i r c l e
Y twl s t..'.."m wbich mapd the guts'{dq'ef the eirc}e, ].-: r-uulw

. 4 ,

Crtoz+ vA) - r.L * 0 jn the lnside qf the circJ.e: Cr(u'+ v') f Ll * Or

f h ' t r s * r l r c o w e h a v e & e Y € 0 a n d " R e ' i ' * 0 J f a n d ' o n 3 ' ; r i f * r o 0 o B t l t
|  ^ .  ,  l - .  4

f , rem (1)  l re  bave g l f { " lO)  =0L( t 'O)  Tt i l lY l l  "  and i t  fo l ' lowe that

s oo t{e conelude that for a suffictently omall
YI * .. n 

: 
Sn * 0" t{e coni.

&eighb.o*?1 oi' i,nu cr'Sin '{ * 0 on ivl l1g and' Re t;r<CI on $6 g ri{"

1n ord,er to provd the conditior,s c) end. d) trg noust write r|,l :i.n

tbe coord.jlates f E

$ut*^&' {*' ) )* .$t**{( f (u* } } ) **{$,,d(g'} )

I{' we obtain e'} r

0 for  each k€ff ie

vffi='W)=
$
l
I

u

t , t , . J  / /  n / a
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It is su5Ef ic&ent to Xlrowe that b I ,o. O( lwtn) for eacft n € ldo Since
ft

SVrranishes to inf in l te order es t l { l  U we have}V *  0( ly l*+ l t r l " }  (4 i
. . ',

fsr each n6iti o

rr€ a fr '  yr( f=r* (8)) *f  r( n' ,w)€ #e thus lefr(zlw) * Be w +
ll

+ 8,*trlOi + O( iwl ) pxi|yllz* 0itul and, ee sbtain t]xet lwi.pnrllvfl"

By the relations (4) the cond.ition d) !s a-tso verjfj'edE

For the pm?f of theorem ] we sh*}} need the fo}lor'ring

Legrm". ',tu In the hgpotheses of theorlem 3, there exlsts

$ of s in the nergbtrorhood CIf p such tfrati? vanishes to

ggdel.,on lvl e$d g venighee to fourth crrder &n S.

leltne E
A

&n ex*snsion

lnf Jnite

Proof of lemn& 4.

bo [reJ a,ld, 1fi3 .For the proof we refer
"  t  ! ^ '  

) * . n . e P * ( a ) * o ]If rr{ is given in the nei€hborhooo- of p byf u iff(z; j
with d-f14. ".Adf** 0, the4 we def ine tbe exten*isa

J J .  J U L  
{, f ,

^ '  " - ( - r J  v  h " r p I  " o . b t h a t  
E 3 r = f  ( ) ' l ) f

$r = 5q+I -tT 
.L. "- 

, t ilh=r
E;4 

- '  
t l  i r l  ' [  ' :  - " '  

-  -  a  - r  j  - - -  r -  , "1^-
where so iJ"herjd;d to be *i- 

r-"tf"to*;lt 
e bv tr,:e;Lat*on ln the

norna-l  .d. i rect lens to i ' i  at  Erf t" f  o ' . . . f  u n whelg;1* '( t rrr""oig)
/ T ^ : 1 

*-i *rrtu*t * 
(-r a To ll of llnearand IJF{  } f - J , - s  anax imar f :o - - . :o r [d f i , , " ' , r ! ' " I ,  h - -  =  

- -

trnc1eperrii..*t ou"f*s at p, Es" 
iI 

Ui' Af L *oJ ; n, " rF 
h t, 8f;

. . c  - J  l i "  , J  c r l ' - '  A  \

fherr F * iir+ ) (4*f - fu- t*) where fU vaeishei: $r the fiei4h-
. -  

_ .Qqef+4 .  , , '

borhood of p and ll *uu, - Bk - r* ll n is suff icier-tJ-y snal*I ( 1l ll *

le a seoi.riorm i1r the topalogy of unjJorm cCInvergeaie' of the derivati-
' !

\res up to ord.er f on compact nets). ,, j

It is sufficient to prove that h, vanishes to ord;r 4 - J where

J *ll rll ano t{i13. uf* 5 
:r_s 

0 on 3r *hus hi * CI or H' }ror t,"l * 3-r
pr' q-- ci. r cs " ^€(T - - c'{

D*5go
l

r*rorrudJJ o, vsilish"Jl ott r to iiiird oni.ero 
I i

Si.rnparlyo we prove the assex'biorr for li rllT:'' 
,l'' 

'
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Froof of theoren 3

!{ith the notations from t}re p:roof :of proposition

rnoclifXr the funetion V in ord.er to obtail a fr.rnctian

a nei4ghborhooel IIj of ${}V suah tbat q

e lP*  o  oa  t i  v  
t

b )  R e f " ( o  o n  S n U r r  s n Y

c) #tF r ) = o f, 'or eacbd € I{n

1 ,

f
rse sha3].

defi,ned in

:j
aP'
1'1,

, 4 t d

lfe lnrow from the pro.ef of proposition L that C",(u"+v')A6 on 5ftUa

as pcr ln l4n o p  zet  lw l2-  cr lw l2  *  c l lw l  2  ane IneYlar ' i .nu1 
2 '

r  r r o \ b  trh, irs i*F*laE,
n

She aesertion c) is clear fron the d,efinltion of so

iu in the pro.of, *f proposlticrn i se otrta:st th"t FF * O{ lwl 
o}

f,or, each n € H and. ts prove d) i.t io en*ugh to prove tha[ l/l VC lwl

in the nei,ghborhend of, s f'!V, J:ut f e S 9\H ,. w q c{ ltrl A) 4
,  , :  a r  "  l ,

d) 6{ fr) *rt*o** by 0 on s r'f V i,e * *?o,U (5 n ut} .

Let d ne ao erfension of

F"i,+Airitb h 7o

s given by l-emna 4. anid. we def*;re

a) V * 0 cn Pif l$ anO s a 0 on SfJVn thus P * A;ca Sfl  v*

* -  
i  Re f r<O oa t l f lUr$f lTr"  I 'c  f ,o i ioss tbatb )  R $ Y ( O  e n  P f , u x 3 {  a n e  

:
.  ,  I  ,  d t

R e F (  0  s a  i i n u r ' E f l V "  r f  w e  p r s v o  t h a t  i  n e Y l  > ; g i n e ' s i  o n

SflUr\ lr{f '!U, wirere U, is a neighborbood of SflYrithen for h ernal*L

energh we cbtain b). i

tsut  in  tbe ue igbborhood of  s f tV '  ne t  =  0( ly i4+ lv r l4 ;  and

beaaqse lnl  p Ktiyl l !  *" have ne B * 0( iwt4). Sioo*'n f l {  is coinpact

we Ebtaln ln* $ i6 clwl2 in the neighborhood of Eftv '

He have f -lr * *.---*g-"t-*g-
L - 2 0 r w ' L - l 0 r u - Z 0 t u v

cn Sf! F.
. . , l ,  , *  . . , r r ,  _  PC l  l * l  

2  -  *
a.tt{tlRs Yl=ffiffi

l * . L r
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* \ o ( l y l 4 +  1 * 1 4 )  s r  w  *  o ( t w l a )  a n d
, 

fr*t Vt'be a *o*pu*i neighborhoocl
r r  

r s

end. J.et d a lrositive C -func'bian ftn

ilr U1r R = 3, in the ncighborh.ood' of

nel.ghborhooel of V3r {? # 0 o'uteitle

? 4
W e d e f , i n e l a * #  = ' @{ a  

t r - g F  # . - g
$b'en h is in c*(5), EnL o' h so

S r g f l V a .  
-

. t p l " c  lw l  .

of S fi Y w}:,ieh le contained h U*

f witn corupact suPln,rt contained

V.. becamse$lC * O jn the
r t  - ? , ' y ' .  T f r '  4  '

o"-TiF )= W + a b tv) ,

5 {-6-i€ C*(5 fr U}} , by estendjng wi"th zerl sutelde 5 n Ul, we obtaix
'  

q  r  ? ( . ,  - .6  r * rthat d \q; jea(cr,t) 
tlJ 

.

Using a theorem of, J"Jn Koha ( [fO; , IHJ ) there existe g e C*(5]

r /';., \ r
such shat ;t#i =A€. $j,nce 5 ts compact ws Hey add to g a $rfficient*

J"y great conetest euch tbat &e g > O 3n 5'

0 ;n  SRV" and.  Ro b40 on
'e
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