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then (wl is its length, If ¥ is a monoid and £ :

its unique extension zo a monoid mory denoted by

he set {n,m) of morphisms

et of all functions from [n]
to [] and the composition of morphisms is the composition of functions.

We begin the explanation by reecalling the ADJ definition of

et ¥ be a set (of stetements) end let v : J —>W Dbe the
ranking function of ZX. »

Let n,p&wW . A (normalized) Z-flowchart from n to p of weight
s€w consists of & triple (b, & ,e) where :

b [n]

T {b] oy Lt ] is the underlying graph,

o 2 E’] mww} z izt

such that 1T(iN = r(e(i)) for i1€[s]. n is the number of inputs, p

. N L2 ) L
ig the begin functlo

o
¥
~

-

is the number of exits and s 1s the number of internal vertices.
e begin to use the theory N, e.g. bEN(n,s+p) instead of

b : [n] = [=+p] is a function. Notice that for every 1 €[s) it

follows that @(1) € H(1%(i)l,s+p), and to avoid the supplementary con-

dition |€(i)l = r(e(i)) we mey write: §(1) € H(r(e(i)),s+p). Bul the
morphisms §(i), ie[c], heving the ssme target, may be replaced dy their.
tupling :

—
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e
°

( Zkl), 3(2))'00; Z(:‘;) > e N(}:‘(ec:}_))'?“I’(@(2))+..,"3‘1"_

ht ss an element of I % thus

F ey ' ) g o S * R R
and - r{e(l)) + r(e(2)) + oo + vle(s)) = r™(e) .

T - - 5 il S, T LT vy 2 s &y I b T
Pinglly we note that the triple (0, % ,e) fulfils the conditions

z € H(x*(e), lel +p) .
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ebraic theories with iterate

En B R e N, 4 I i SRR S - A% o is) y o P T SRl j2
Tet 3 be e set., The letters 8, T Wwill denole elemente ©

o
the letters a,b,c,d,will denote elements oL o5,
let T be an S-sorted theory. Let O_ be the unique morphis
o}
the empty word A to a.

L % S : s ke AL
.Y Definition. A theory T is said to be with iterste 1I
8,b 1s glven a mapping

2,h)

S
4}

o TR 5 : % T
o Tla ab oy ]

S e ant S aPvyrmer e FPr ar o e | &
called iterate end satisfyling the following exioms

e e gl =t e et Y1 e legihd 2 S

1) (f:,c:.»-)f = Q‘e(c: f‘)’; +1 ) 2 &(Da +lc)?-t
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"be a theory with iterate. Then :
(1) osean E =t
e u
for every LET(a,b) ,

i i S e
(5) (L 0 ) e al041 o= <l oty

for every feT(a,ac) and gé€ T{bsbe) ,
: & b el f
(;9) fdt((g‘(ft’*‘c))T?_lc) = (f(~>a+1c)<(5(oa+lc)) ’lac> )T

for every fe&T(a,abc) and g&T(b,abc) ,

.95 and
m from

H
=

1) (et 30t = G Tl ) Cleisn NTyT 50T

for every f éT(a,abc) end geT(b,abe) o
czhs 6 s + gtk 1
(8) (ggf Sl e (g4, 1, 2101251, 2

for every f&T(a,abc) &end g€
Proof. Let fe&T(a,b). It follows from (3) that

. 1~ - 38 4 'i_ - e = £ s
(f(oa+1b)) = £(0_+ 1b)<(fxoae~1b)) 1,7 -

1
FZ



e

et FeTls,ec) =nd g €T(b,be). It follows from (2) that
- 1t T :
(£(1,+0,+1 ) ML e (Obklc) .
: - \ - o T
i 80ty <(£(la+ub+lc)) b >
it follows from (1) that Sk :
L £(1,40,+1 >,a.;<0a+1bc>>*‘ = ¢efon )¢ah1 0.8 = kehelp

Let f &T(a,ebc) and gé&T(b,ade). Using (1) -in the right-hand
side of (1') we deduce ' - :

Grieyie £ (£(8, ! )<(J¢> J~1C)>f 1,\C>)1’ ,
(a2 T (2821 )< sy SIEE B

Using: (1) in the left-hend side and equalizing the two components of
the tupling we obtain (8) and (7). (8) is an easy consequence Of ()
and - (7). g

1.5 Corollany, The condition (lf?f in definition 1.1 may be
pepleaced by (6) or by (7). ‘

Proof. Remerk first that (6) and (7) are equivaleat. Thus e.g

bR = 5 e ; ‘”‘ i LY g 2 e 2 <) = o \D s 9 Y g
it e putin - (6) g5 ¥l ) instead of £ ond I(Da+lc) instead of g we
: obtaln £7) =

Then, if we use (6) and (7) in - (1) it follows thet

0 T el i 2 D) e -
LTeyt 324 (a3 F L )T QU Er s R dE uaﬂ. BREGTE T Rt e
o f ‘b+1 \l 2 ~ “J+-€ \t' 7 r
(J_\oa .LC1< &;,(oa *‘C)) y - Q >
hence applying (1) in the ri ht-hend side of the last equality we
Btain . (1')
1.4 Corollary. Let T be a theory with iterate. If B=8q 85 e 0By then
e B4 3
b + o+ +
18 SR (ls ,ls ,oo"l.o > Y
& 2 n

Proof. 3y induétion.

b,
pi=g
6}
r.!
1

)

: + + 0+
e o +.P wa TTon o = 3
L A(]t;b:,ua ~;> it follows from (5) that 1, <1l o0

N TR e ey e A e L A
In = theory with iterate if we define

thén for every feT(o,c)
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1.5 Proposition. Every rationally closed theory is a theory with

-iterate.

Zave

for

Hh

- rom

theo

Proof. Let T be a tloL:71“ closed theory, A proof of (1) was

noin o T-. It is easy to see thal

every feT(a,ab) and for every isom rphism .1 &T(c,a). It follows
this remsrk and- (1) thet T fulfils- (1') g
It is easy to see thet the theoriles with iterate form a veriety,

e from a well } knovn theorem sbout varieties of hetercgeneous algebras
eiuée the existence of free 'theories with iterate. We conjecture
enerated Dy ¥ is RIg i.e. the

heory of CIZ determined Dy tuples of rational trees. e are:

enly in the initial theory with iterate FP3tr becsuse in

homorensous case it is isomorphic to Sum, where A is a singleton.

1.6 Definition. A theory morphism is seid to be 2 morphism of

ries with iterate if it preserves the iteratep

e | S ik . \ i o - 2 o
1 & Dkll 7o write %i instead of a(i). Therefore. g = ajag...g1” -
=58 [ o

the set of partial functions

w
]
@

=
[}
C’"
L
]
3
pY}
AW
O
o
n
6]
(_+
w
t—-l
¢
ct
&=

4,;

from A to 3. We order [4,3] by inclusion and cotain en w-complete

ially ordered set having the emply function as bottom element.

Let us define the theory PStr. P3tr(a,b) consists of all partial
tions [ll]~—o—9[LA] such that for each ié&[la] if f£(i) is

ned then b.,.y = 8.. The composition of morphisms is naturally the

ered set becocuse it is a subset of Dr}],[r»ﬂ} which is closed

~ oS By L " 5 g h e e s oy 5 F
s of increessing sequences. The cOmpos1itlon OL

The distinguished morphisms Xzé“”( ai,a) ere defined by



a e Seae
x )= o for ieflal].
It feblrlaye) and . g eR3trib,c)  then |
£44) 'if ieﬂsﬂ
<T,g 5> Chl = : " . :
g{i-12l) if fay\4iglebl <

The tupling operaticn is monotonic.

becsuse it is an

ﬁ
2
;3\
L
)
)
O
o
0]
2y
U
s
)
l._l
O]
&y}
o+
b
M
©
b
e
ed
H .
ot
.
o)
‘__J .
Z
D
Up]
[t
+
m

written

(6]

lotice that every f£é& P3tr(e,b) mey b
S b v o o)
£ S <_«’L":~" ,‘)_jj<2)’...’:<_f(‘8l)>
where by convention %2 o = oAf £0L) . 1s not defined.
‘here by convention e l ‘

.._' 3 J

1.7 Proposition. Pstr is the initial Ttheory with iterate.

SRRSIN

s Wiy e

1)

"

e b I SR, AN 7t o L. A el <] 1 i e 2 gt g2y A
£ P Bty ——> 1 15 & morphism of theories with itershe then

.
. 33
1 a TIOYNT W @
RS pA Q¥-es . une

to: prove the existence of Fowe deflne 1t bythe laiter

= 1') ; C VC *7}) ' -_,C "c
= _,;i-,/\ll\ <_~_ V!,.,; ),...’“.g(\ J{) >,co- ,»“_:(‘L“ )<_LQ(1>,.-.,~&;§K‘J, >>

S—’
I

i

¥y

2 o :
Vel 5 £ ANE - A o & 74 g PR Rl 5 e oy Yo i
et lé[‘ \{1 Lrlen o2 \.v.\i {x e LOCPELOTE & 18 -8 thGOI‘y mnorpnlism.
o3
S A o ol 1 2 b T
& snel L 3prove: OV induction on &y liav

" for every T ePste(a,ab) .



For i@\— 0 the equality is oHv ous: For |al= 1 we study threercases:

B _Lﬂ,ﬁf. Coviously £V = ey hence F(f) = Jwa,sg end
}F(ff) =.J;8’3. Therefore ‘ L

o)t = -La,abf : %,854-\-&,(9?;’19 = J_a’b = ;e ),

S 1) hoeeliag |, it follows that

gl o = (1 s 0t = By

iid} £ = X?T. where 2 &1 & 1+1bl. It follows that |

Bl = a3 = G0 T = G = eyl

if lal 2 é then a = cd where lel< lal end ldl < le]. It follows
from (1) that

g ot c(esn 1 > TH IS 1, (e 1300 5
where h = (1 +Cd)f end g = (QC+1a)f. Tt follows from the inductive
hypothesis that

reet) = <Pt e <, 50t , g rm b, st
then by )

BEEl) = e By Pl s BT

The -next tueofe@, which answers 2 question of our colleague Gh.
Stef¥nescu, will not be used henceforth.

1.8'Th:grem. Let T be o theory in which the iterate is defined
only for mo”nhisms with sources of length 1. Assume the following exioms:

i detege o v Y o = eiaba < et ik st
-for every fé&T(s,sta) and ge’l‘(ft',sta) 3
A2 (f(ls+g))‘ = 1
for every fe&T(s,sa) and geT(e,b) ,
55 ot A s et
fér every fé€ T(s,sa) .
Extend the iterate by
&4 O; 2 Oa - :

and by induction

for every f € T(a,ssp) and gé‘f(é,asb) .



=90

Then T becemes a theory with iterate.

PRoof. We prove (2) by induction on. jal. If |a] = O we wse &4
and if |al = 1 then we use A2. For the inductive step we suppose
-
s

F =L > where £16 T(a,asb) &nd f,€T(s,asb). The conclusion

l\)

N

follows from the following calculation :

(£(1__+g)t =

as

£ 0 g, ot s ' _ o

Gle 1 el <f2<1a3+g> Loy reliln S0 L o
SeE L e R ) T By

I

I

1

by the inductive hypothesis
'4

¥

i

(£,< 2,11 1), 1 re )T, 0 L (5,< 1 F1 v (s o
( 4517}1&3) )1§1g> ¥ i *4{)]_ 1*_;0))1— =

2y Bt St iine s 45

We prove (3) by induction on lal. If Jg}= 0 we use A4 and if

e

lal.= 1 - we vime A3, Por the inductive step we guppose -1 = <:fl,fq:>
i
where fleif(a,aso) end f,&€Z(s,asd). IThe conclusion follows from the

.0 ,lg} = A5
= <fl’f“> 5 i;J.T< 1\52<flf’1;;3> )T:*b'\ 3 (i‘2<flf"“sb> )Jrilg;’ =
= <fl f2> <:1T,l:)> <‘(f:/: :\lfijq-g)')f’.]\)) =

by the inductive hypothesis

e cr Ll e g LT e . | A3
i . : .

1

1

1
I DN AN
Hy
=
P~ I\
2l
[
J
i...J
i
o
Y4
~
-
g
w
}r()

We prove (1) by imductioh en. [bl. IL bl =6~ we use ' A4 end if
jol = 1 we use  A5. For the inductive siep we suppose f &€ T(a,sbsc) and

gim Loge .2 where o.& T(b,avsc) and 'g,€ T(s,absc). It follows from
e S = : s !

therefore



e e G s dkdta S s

Tk A (;_ﬂ<<f,gl>1‘,lsc >)T. It follows that

(g =T, T >)T -
<¢'1<fl’17 2 ‘”<:( 13J0>>T | ' 22
it s s L us

ﬂ’)Le.LOI’C

delliman . o e e RITT
<f‘t<(;3_<f+’1 >)T:~— > £ 5,10, (54 ﬁt’“‘\ c>)i<“"‘ >y A=
< (fT(((_:.1< £ . >)T 1,C> (g1 < f i >>T> {a1,2 A.>
£A45,85 a1 9, 82 ; - A5
<<f§;,1>, ginl = sz syt

i

il

i

2}

t

It is easy to see-th

g&T(t,ste). It follows from AL ths
% 5 ' )
atst T et i gt Nt >it1, > = eeetL 50T

therefore by Al and tupling.~

g se g
then by AS
t F et g ; i
LEg = os(‘;(gs*l ) £ +la)> .

a}l = 1 by inductien on (Ul. Let -
£ &T(t,tasc) and g =<g,3,» whewe g;lerf(a,tasc) and 526 T(s,tasc).
It follows from A5 that

< 1)"“-\/4[ =

<3
< <——L1> < \o) < (*)\-1 > 1;4-, 7 \T > ’ (’:2 < 4;%?’5“1} T’150> )t 2
e pidt. h = “(Ot 1_) for every worphism h of target tesc.
R
3y the inductive hypothesils

then



% { fa-{;l) f;tl-SC) = (5 it ) ( ‘( 3—) "*’180 > . :
therefore using A5 end (1)

<cent =
{50¢E, B B4 1,:>‘"1 sl s liece Tolp St
SorI) (¢ ayed A T (szﬂs)(gl,( W
(5541 ) <ZEJ<<<E",Z§>> =la Sita s (O VT

We put h = ﬂ(u _l ) for every morphism h :of terget tasec .

t

"

Tt-Ffollows: from

c*r
oy
14v]
ct
—
}__l
+
U
}
F_J
~~
H
P
HD)
)
o]
=
0]
<
o)
s
=
o
3
HE)]
e
?)
%’
)
O
et
o~
4
3
(n
D
o
ch
3]
L 63)]
(@]

i
'

4Bty e dg ', 5 = o 0Y) ease (el

~S o et i T £y B o , :
=B LBy B ] <€-¥1T*1tsc pish st (2)
S e e =S e ~5, 3 T -
= 8.0 8-, D (1 45041 (1 #5841 )4 gyl #5741 )) Bl S =

= (Jf‘;'ﬂv < <~’ (<~32._><m T tC s-‘ ):;v(< ‘2‘ ><)‘;]L):~tc‘>)’r>:

= (:sfjﬂ )ildmf) { gf{(( :;;3,5;)4,:1 ,~_~tc>>i o? ok <oﬁ,__ >(Q tC})T.}:

» i = \ T x
where fle]?i,escc) 2146 *Oéixb,rq &) t g£€&T(b,asbel). It followe
by the induective hypothesis that

: S0 - el S clins =
<f)5“>—i = "); 4(;2,;‘) (:.‘)5\ Tl;ﬂ)_ b3 ';'1(0‘: }1(})}1‘ ey



=8

=T s eh ba Ei .ab b ~8b r-\bq
<L,_‘>1 = O:i ‘C)SLA<<U”{‘1>( = -{l )( Sd C) 3 fg(og +l )>
= =
=5,:<8(5,,71) (“ . )>1 o

2. T-modules
Let T be an S-sorted theory.

-2 B -~ A M AT T a e o e r AT £y - N
2.1 Definition. A T—module is a category G together with a functor

H: T —> { such that the following conditions ere fulfilled :
a) The class of objects of & is s¥,

b) For every a,b,c & S¥, en operation

y G(ab,c)

< 5> 1 Qle,c)X <(b,e)

is given, called (source) tupling,

<

or - LA 4Py ed :<<°'-,f.»>,‘a°">
for every «€Q(e,d), [EQ(b,d) and Yelle,d),
c2 <o, H(O) > = H(O )6ty =

1

for every o6& 1(a,d), -
c3 Gt B2 E(E) = {KE(2), BE(E)
for every «€l(a,c), Pet(b,c) end €& T(c,d),
e H(f+g) (L, > = SH(DI LE(RIp >
for every T é&T(a,b), g&l(c,d), « &€&(b,e) end (56%( 3€),
c5 Sot Bt S 30 SAAT =<, B3 5
for every o€ <(a,c) and ”56-«2(1:),6) o |

In view of sxuoms Cl end €2, the tupling operation can be

exten&ed to sn erbitrsry number m morphisms with the seme target. The:
tupling of no morphism of target ‘a2 - s by definition H(G&). The
tupling of one merphism o is Dy definition o« .

2.2 Lemmas Let & -3 be a T-mo i e(,{}é‘v(a,y) then

4oyl > = 4p,1,% imply «L=f
Broof. ebis {ed,H(0 ) ) = H(1 +0.)<el1, > = E(L_+0) 4B,1,> =



Sl =

We introduce in every Tenigdule B T omeed i for cathi B b 0 ié;u,
an operation
e e (b,¢) ———3 (ac,hd)
which we call sum and 1s defined for each o«L€&(&,b} and ﬁé&;(c}é) oy

X+ p = L AHAH0) , PHOA >

=
(J
Xk )
O
t_.J
s
O
U
{.,‘
L
(@]
E
o
e
l'-',
&::,‘
&
3
e
-5
<
e
1y)
)
13
)
AR
c+
g
o
C+
5 f
(0]
w
'.J
6]
(4]
[ 03]
]
O
O
[t
©
Foat s
}.J
<t
20,

S A e Swe G ey Ty -
and hes the neutral element d(uk) = l% -

/ = 1.” \ T A 4 1} A LD +0 ) : 5 ‘

= me(eisa )b Chel s eirisia Nt >l s

a & C - =C c

for every fe€T(J,ebc)  and o«LelQla,abc) p

- T * S 1 o i3 e T A T
2.4 Froposition. Let H : T =3 ba a I-module with 1terate.

H
Hy

«e(a,ac) sand PE&d(v,bc) then



- 1

1

< L HC £
o Ol e k‘TL L ) ﬁ

t‘“Oﬂ

s nl,
;D qﬁ

< Lot (1 +8(0 41 mf

= Laitmio 41 )10 > a1

Ol BHL O;K-v‘r"v_,

wn

o~

wrla

m
/

i

,1¢>

)>T* 2k e
T1 s

el g s S eny gl 0 > :
The proof is concluded by epplying lemma 2.2 p
Romeeks et H 1 T > &« be a T-module with iterste. If
K€ (a,be) and P €C(bye) . then ;
el SRR Pl e
Hint. Bvaluate
LB 10 I« olBl0 1. ), BH(O VT 15,1
in two different ways.
245 yegmoeition. I T i a theory with iterate then IT ¢ T e
is = T-module with 1tereate.
poof« ‘Routine celeculelions. E.g. Tor 13-t
£ lel, mHlo T 1y s (1
s lactlCpli o, pi 0.5 =
= el gl > el 5 s '
= <°<1L_’1‘f—:c> <I31’lc> :
Notice that I2 follows from (4) end I4 from (7)
2.6 The T-module of pairs. ¥e shall obtain from every T-module
with iterate H : T ——> {, enother T-module with iterate
| e Sl
The construction mey seem srtificisl end the verification of exioms is
Tong, but the fruits will De ;ﬁth“f?i in the next sections.
3y definition
Bla,bl = {(f,d) | £etla,ps), « €<lq,pb) ; p,(:géi"ﬁ*} .

15

/

EN—
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If (f,o) is & morphism in R from a2 to by (£, ) eR(a,b), then
*

4

PR e i A AT e DA o e : b
the words p,q€S” such that f£e€T(a,pb) and o« € 2(g,pb)- are unique,

i

oy

In spite of.thls, We prefer to write (f ol p. o) inst tead of (£,00) -,

Let D = (f,,p,q9) € Rla,b) and D' = (£', &',p",q") ehlhye ),

)3 5 ppt agt )

= ;:(lp-{",i ) = '5(?'*(1?'%3? ) (’“p pre

™ et R e : Boo ey - = = .
Let us prove the essociativity of composition. If

Pt (f‘",O(A”,p"’q”}éR(C,i‘) then

SOEGHE) (L 4 £7), (GO 7)o HIO 3L DPE(L 1427 o0 140y )s

D L )

3 ind “

\yu )\n : \(.»‘l)p"

H

ko) ) ?
T 21 T LY e c -
<0(;‘.(,-LD=*..L,(1E|+_L')>, <°(‘+¢(,.;!.py+f”/:., Cﬁ('i*(\"pv ’\i)>“<b‘5¥—l‘p"'”d> >’

p(p‘p”) et iU e
PO T e €SB ) CHI0 T ) S ptat gdgt e
- = L :’
= D( R )"\ . ‘
For each f£€7T(a,b) we define

G(f) = (£,H(0,),},A) é R(a,b) .

on that. :

‘..l'

7

l—"

7 compos
a) Gz) (f:"’( sp:Q> = (gf,o(,p,_f_i)
for every g€T(c,a) and (f,«,p,q)€R(a,b), :
B . (£, ,p,0) Glg) = ( £1+g) , ~H(1%8) , p, q)
for evenyu tfgx,p,q)éEMa,b) and geT(b,c) .

It follows from the above properties that G(1_) 1is an identity
5

Jet D= (f,o,p,9)€ Rlayc) and D' = (£, (', ,a") €R(b,e) .

=L EFCL 50 ) (D iy <o<a(1p+op,+1c),cx'a(up+1 ¢)> 5P ', qq"

It Ffollows that =
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a) : < G(é) iy nalaaa <£(Op+lc);f> o ;p,q)
for every -gé&lla,el =nd (f,d,p;q)&Rb,cl) ,
B < ttastinsa) 3 Gl o = ( <:’i',g(0p+lc)> :°<;ps(l)
for every. (£;0l,p,0) €Rla,¢)  and g€T(b,c) .
Therzfore R preservéa the tupling dperation and €2 48 fulfilled.

oy t &£ 3 i3 o8 1 T i1 B33
We prove Cl. If D" = [, ™, 0% q") &Rid,c) then

< 4D, DS, D'y

— Fa i N D i S60Y £ (7
= ( <<J«(1p"vp,+loz ,f,(v‘p B )) ( p }'{Jpn'le) s -+ (Upp!+lprsc) > 3y
HE1. 40 LD+ )2 Bl +O ot ML
<<°<£1(d_p \.;p‘“rlc), o( g r)}' p'cj > (J.pp[rupi lc)’ 5{ (Oppl p c > &
(pptip" , Lgglig® ) =

( <f(1%+o;,_of,-£1ﬁ) = f'ub"""‘rv""“l')’ f‘“((:-v‘,‘%-l et T e o R
P P “ B 8 ‘ ; : . :

(0( ('] ‘—1‘-:“‘ ;,J+1C)3 <°<'*~('}-3v%\)pl+]-n) H w(b 1 pnc)> E‘(OT_\’T Y.“"”“C)> ’

i
~~
N
P.. 1
g
?—
+
0
Mot
i
r_J
+
.
ot
|
<
™
rand
t.__)
+
~
il 3
(4
+
&,._
L g
b
-

LolH(T 40 1 ) ,olEE =+ ,A)> (“ - et oag ol =

i
A
t"
(0
/\
v

o - : {3 RS s
We prove C4., If g¢eéT(d,e) eand héT(e,b) then

- - 3 T A e S Y Ty AT U0 b
= <gf(1p+up,'rlc),b.h;«'(up*lg.c)> AR (L +05,+1 ) &IECC L e

T Iy &

3
2C



he
¥

(£

< oL H( (o’é*’lo) < {3

O

S

_4_-1
T

=

e 4L (L O,
c)’ 9 Tae? 0 L D
E 1k
ke > Uy

P i
NG PR

3547

p .”“%

Tt

pJ

+1 3 0 C) (4 : |+1€>’°<'.)rw')0')

)

(2)

. - : O : (O 4 < opp? e
<Q(;(1 Jf‘\,‘ '%1 )-;(Lp"*’(ﬁ‘, \p,—}-lC)) $ °< "‘(\'Lp 1pic)> Al § g
= S EGE 0 L f‘(i};lp,C) p Dosil 2 s
i o - E ? A t 2 qu =
<¢Kr(L[*up'+1C) ) ‘*'*(“p11p’c)> e
= <D D1 >
de define the iterate by
of = ((es@a nt, quusia et Nt >) )
DR — Tlo *LJ o H \u,\ '\Jj Ly rtrty Yo e @
for guezy D = f,ﬁt,p,L}C.?(z,aa) :
It is easy to prove that G preserves the iterate.
We prove Il. Let D = (f,«,;p,q) € R(a,ab) and
(e s it ') cilbrel. As
1 i o L ) )
a B0
= CeR a1 0 S s0 T )S w FO) STt )
a B
it follows that
3(18+D') =(T 1p+”<fb.+la+uc, f‘(lﬁ,+ca+ L3k
EL (= \ & £ e PN i (& £
<§(-.’(.Lp'r <vp;’rla-"vc,_~. \1:@;‘\)& ‘1C)>)’ 0( (\— +l‘; +U +l )> 9 i‘.{'
#e celculate the first component of (”(ig+3')) :
¢ 5 ~ e AT Sy i Pl Vi
\ _;_< lp'i'up‘.cc’ :).)l Pla"{*\,c’.}__ (V;“l“l;' 1‘\) "lc)/ (Qpp‘ rlc) ) . =
= ( £(3%41,)¢ 1.0 5 41 ) ey )T =
( a—(up"j J)<—-: U:pl ’ch l: Up!-cg af.)r— 2>
ol : o \ i =
o Ll e ) )T =
s LEia T G )
Therefore ( 5(1_+D*) )1
e e o
rfaS e Ve =g tEr 0y b = -‘?'. =
CREESIEQ HY), ' HO 1, ) 2L EET T, 0>
pp’ qq‘ )
= (LLS F, (i +”) 5
LJ

>)A-(¢ S A (w +l - )>,pp',gqq_')

il



= a

!
~-+
¥

We prove 12, B B = (f;ol,p,0) €R(e,5) then (D\}(()r&l.,)))—l- =
s (& S

) 3 p ¥ C:L )T = (:E’o(,p’(]) = "D =

= ( £(1_+0.+1, (1 =041,
( L(lp OtL, ) , & (lpxba Ly

e}

We prove 13. lLet D = (£, ,n,q) € R(g,ebc) and
D= (P et nt e T e H(D bell

e + > T —) 3
et me gt = (Pl ) )Y ends B o= (f'(op,+lc))1. As

=

> DT’lbb

!
S
A
}.J
€D
-+
=
()
v
bt
=
—~
L

HLy 4 < 3’1pbc> e P g ) and
il s e 1 5 WUEI(E] 3CENT, D) Bt gt )

therefore

< U ,_._)C> <.\) ,_LC> =
= (- €F;0 +1. 5 ( +< ',po,ﬂC)) v
He(Sa 6T T ST S(E 0+ 9) bt (ST s e R VORI
oL ((up 13’3) : P3C>LLP s p: C)/),O( \(up, lc)( ’ p‘C“\ o P»C)z},

= ( < F(l"\'g“<F"C "E-l >) b C +E' b O 7)"+1c> b

e e R e T +Q G
< ol \\Dp11):‘)<'k*p—k & )“-‘-’pf11’\>)"“Qr\’“'ciur‘f ’Lp‘f)'n{l(?)) ’

dbC) =T Tphia e

B ouiows thet D DGO, B =

= Ty s :S 5 I Lo 0 P T
= (et < Nmk(uerlbc)(lab Ot L *.,lpprc>) ?



e

',i((a} C)(O{A'}lb'éuop%‘lprC)< Fw’lp‘pic>‘) > 3 bp! g0 ) =
=L *(15 IO ), O "
<s><f-z((i‘>‘§+3._,3 DL EQCE 0 L 3 )1 40 0,010,041 > )
c('“k\u).Jl <0 Jﬂ‘,u Jl‘,c'>) ot aak b
Tt follows eesily from this that .
dan e 5T 0 s goll s S dmet

We still have to prove I4, Let D = (f,el ,p,q)€ R(a,ebc) and
g&I(b,ebe).

Let-ug put

S Eb;j (T F e, ST
i=£(57+1 ) € T(a,20pc)
S e e = i 59 A
and e &_(~L’\)TU:~/7 Lc)e L\u" ‘\',v) *
1t foltows from - (2) - thet

We prepsre the calculation of the left-hand side of 4.

'wlL = T
Clatgrenl 3 537 = uc<l,l.jpc>>

«E?’((s:ﬂbcjg(_f(:spﬂb,,))* 1 (B e il N1 0,0 =

H c * ‘)"’C
oh v D f . s
= i i 13pc>ﬁt°‘“‘(~°pﬂbc)< sfiadiz s eticih e, 251 o)bsd) o

1
l

N A r,:..?‘1) N ."‘ ~ 2 -'t‘ ) ’i‘ 4 =
( ( <l ,_..7)v.)c>;'i_ ,m;«\k;Jp +1C1 <1- )T’JDC/<(‘)<1 ,-‘—bpc>) ,Apc‘}))y,q)

1

el oY aisla e ista B e a )

s

The last equality follows from EX).

Now (2) implies that

(atsp g ) = (els, hen S35t Nt =



I

(51 000 Henae Wt - (a0t

We prepare the calculation of the ri

D 6((s® 1)<(( »1))‘” =)

R +cu 1 b (als +1 e,

H

%Ei(lp%sgﬂc)<(g(SZ-¥1C))'f,,lac>) D, G
Fgrth@r, since
1 g (aD s + el
(lp4(oa+lc)<(@(oa+lc)) ,lgc'})(u +1C)

1. »

o 0., s et )1 S0 0D =

1

= 3 + 5 3"{'! (ol \YJ 1] 3 1. 03 &3 =
< ¢ 1,70, (_)& -C)< \J\uaupc)) ,J_ampc,bi e
= et 1 =
= O -4 =
< ot Vo s i (LS 1 S u&p lc b4
= B0 b \ 3 1
= (op EE S 1;0"< (u(oe )) ’1upc>

pc eapc
then
(D sisIa )< ele Y 1, st =
= ~ab N ) i T + =
= (A e‘--ugp +1C,\g€+1pc><( ( L2 )3 S AL )y D
Usingia turn (1) and (1'), we see thatsthe right-hand side of ‘14 is
( (g_(") +1C/) <u 3 &.’pW‘_LC) 3
ah T 5 - A = o
D{I.ﬁ.((dp . )(u_(ku(u +3pc)) <A‘i'lpc>,.da>,1pc>) 3 })3) Q ) =
_': 7 : ,~/ ~J. T }_ ‘_}‘—’ \ - ’
C e st 1) U = c)<“"ch> :
it {,b, ) - ~ .%‘ ! 5
°(M\\u0 Tln)<03<3('~) '*-Lpr)r- o, flpc)> 1 "”}DC>) y Do )
Sl 1 Rag ;"5—‘33;.' e 1 :
( (“(O,f”'p il A p“> ;- KBS, i L1553 ,1pc>) T
e deduce from (7) that it is equel to the left-hand side of
je have proved that G ¢ T > R.:.is a T-module with itersate.
It will be called the T-module of pasirs.over L . 1 -
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= H(E(L *+e)) < <ot ra), B0 1 o) > e L3
= H(F) E(?;p-%;j)((04(1?4-?7(;;)) )1- ; ]“C;C> " p‘r ; 10> = 11,64
=B Ha > Lpt 1y - c3
=nbGE 1 (= h" = =
HErd ol 5 LS M) Cp L.>
= ;(37 3:” ‘\u)rsa" \ el
s (“, ;D1 € ND.(a,c) and (g,p ;) €¥D-(b,c) then using
proposition 2.4 in the second equality we obtain
F<(£,,p) , (i“»:ﬁ’ zi)>l% =
= B(L (140,41 ),5(0, 41 ) ) (i1 #0, 4 ), PO o e
= H(f+g) B+ (0 +1 ,1 >)<o<* pT 1 5= C4
- st ge S :
Shl et s cHO B L > cpT X 5D 0= c5
Sl el p 1 2 S o
= 2 amical 1 S Beept1 > D> =
= | f,&,?)lu y iS;{szd)i_g > -
If (£,,p)€1D.(5,8d) then I4 implies
l(f,a<,p)Tl; =
=m0 < (o2 )< BN Y1 >0T, 3 > =
= Came gl > = l(f,%fp)l.f o

..iet : b
3s1 We ma
with 1t te H

L

o T-maiule of flowcharts
e en S-sorted theory with'iterateﬁ.
de every left-cancelleble monoid H into & T-module
oo | VM By
{(": m,b) ‘ “‘e’ﬁ } )
(a,m,b) (b,n',c) = (a,nm :C)
< (a,m,e) , (‘D,m’,C)> = labimt el

(a,m,ab)f = (aym, bl

Ao it PEel(s,b) .
AAAAA e e Pom Al e Shier o berate
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tion. The category of T-modules with iterate has

products.

}7:’. Q0L
el il

i -
R e

Temodules with it

Ty T ST § L o B e} Y s i
Sea e ) il el ) ) for every

T =3 G be two

1

T - Ll s SERONN.| . I ST e 1 A Mo S
erete. Their product B T —e¥ - 15 defined Oy

(o pilut, p') 7 (X, o',

oS B> = (Col, ot 5y <(%iig>),

ph

£&Dla,b) :

T S + vamsre t et e ey 2 I oAy e
.L-L L& Easy O] E_J_x_‘}\lf". EF Zige e > < 13- &8 ’--_“Olu.le N1 L ]_tt:l’;t{\,
= -~
T R { L [ . g i ARl] = ] YA .
The funetons FE- - 9 S or snd  FYo G-y " defingd OF
eyl N 3 "\u( R
F'(,p) =<K and ] °<,[5)~
{
= 2 e I R e st SR
are mornnisms of T-modules wilh 1tcrate.
et 1T M i’ £ ey 7 < 4+ 24 t T + £y e e
et Hy s Py = he g Tepodule with 1terate. iet ruriner
B e Ay e P (T e @ o P e o
ey G R s pe two morphisms of T-module
o 1 :
e e e = B~ SR AT LS A N <Y = + 2 = 2
with iteraste. The unique morphism of T-modules with iterate
% SN DR P = s TP — (11 R Ay
\JEis wq "‘“““""} o BUCL tool = \F an ud = G 1.8 el ted- DY

b

exillt b

& A 4, Ty - B | e ol 4
— be the T-medule with ilerate

* o *
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¥y L

th input




: T ——=371_ .. be the structural funclor of Fle me

that for each G e X
He)ewlr (0 ),r,(0)) i
i = éfZ*'t;eg we shall write
e e e Tl /,,..+I\ﬁ‘i‘> .
€
Obviously IX(Q) Ly
2 & DePinition. The standerd intérpretetion of 2 is the interpres
LeriniTion

£t A ey S roretation of Z in the T-module
met - 1 ..be an interpretgtion ot in the T-module

r : S 4y N o L oy £ o 1 T o
with iterste H T % &. For each (i,%,e)€rlg ola,b), Jeline

Then

is & morphism of T-modu
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= e e M) (L1, TN e )ECE )0 et

= ( L\lw}*(e) il ) ] ‘
/ £ % R YErf o v % a Y )=
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s : - SR 00 4 ’
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20 1 (1 +O) ¥ (O % Tl k& 3
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= I (i(Si‘*(e)+lb}) 'G(u *( vl < (1¢s2 *(e)+lb>) % (@)b)” &)
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= ( (l(du*(eyil;.))) 3
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%,9 Main Theorem. 'E"lz 7 is the T-module with iterate freely

generated by Z, .

&

Proof. Let H ¢ T =3 be a T-module with iterate. Let I be

an interpretation of Z in <. We have to prove that there is a unigue

morphism of T-modules with iterate

is a morphism of T-modules with iterate. Moreover, for esch 0 &2

s

ll( E\ ) )l S

=101 (c’)wm\ﬂ“) s T0UEE (51&0") 13? (gy) o Tl ) g

3,
o Z

SO, o AE )€ 1(6) 11" 0..)> = & I(W),H(C,
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