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Again on Adviee orl struc'our"ing iorcpilers

n r r i  n p n r t i  r r . .  J ' l ^ r ; n  n n r - p n n *G a l \ ^  i J r v v . ! r r l )  . ! i l t : : x  \ . v f ,  I L U  U r

Virgi"l^ irnil Cl;:;Jnescu, Costel l jngureanu

U;riversity of' -ucf'r,,r 'cst, Ito' i l i .rri is

rlJiTi*rCT. 
"'iie 

i.i ti:oduce cn eljr:obr'eic' *

f -f l-or,charts is t,he free structu::e

+h^  ^ i \ r  ^+ - , - t ^  . f 6 r "  de f i : . i . . i  n , *  Se fA i : -C . t iCSU i . l \ j  * ' I j J U  D  U J I r ,  J V I '  l i ( f , L L i i I i ] ' t >

pi lers eni  provins their  eorr .ect .

st lL ict ,ure f 'or  uhich the sct  of

Jcrleritteal oy Z. j:hen vie shovr that

cen be elso usecl  to <ief ine com;

fn t roJuc t ion

.e- suppose the refi ier is fanil"j-ar ';r it ir calculat,ions j-n an. elgebpaic
:.Frat't-

theo: i : - ' \ncl t  ca ' ' . ie >nal- l  use "*ul ' i .€c: 'y"  instesr l  of  a lgc: , r re ic theory.  ' le use

the -iJi tere-.inol-cgy an,i notatio:i:.

i ire r ' irst neu concept 1ye ccrie at rvas thst of lhtcfJj: i"1.,;-itg:"c:Lq.

Theor ies vr i th j - terste ere i i lore i€.n?rel  than : .at ionel l ; r  c losreC t ,heor ie*,

beent tse  t .her r  , ; . re  no t  o rdered t i :bor ies .  T l : i s . i :akes  t l ren  e l -ose  to  C"C.

r i1 'n* i ' '  ;+^-- t i t r ' Ie theor ies.  the nein c l i f fer .ence bet l ;e or i :  our t iLeor ies endJ J - C i \ , I U  )  J . t / ' . j l - c l

E l 3 o t r s  i s  ; a)every ; ic i 'phisn i ree en i r ,erate ,  not  only t i - re ic ieeL

rnn-nh i .+prq  +n , l  ' J ) the  j - 'uCyafe  
,  e l_ thOU;h  a  SOlUt , iCn,  n :eC nOt  bg  Wt iqUe.v  /  v l r u  c r  J : - ' J  v \ j r r  q

The ' i , hen r - i ,  ' r i t , |  i t e ra te .  even  u i t l ou t  ex j -on  (1 t )  t ' r , on  c le f i n i t i on  1 .1! - i v  u . L ; \ q v f , J  - t , r v . r  ! v l l G v v t  - v  J - U : I  \ I  /  ! l ! , i l -

1 , ^ 1  ^ , . .  : ^  - . . . . . : , . 4 ^ ; ^ . i ^ - ^ +  r - -  , : ^ . r r i . ^  - , - ^ r : - - -  . : - -  r 1 ^ ^  1 n 1 '  - f , - - a ^uurut! ,  rD o,r- f ic ient  to ief ine sel :ent ics in the , i ) i '  s t ; ' le.  .  l

The ne:rt stcp, erld pcrhaps 'Lh.c nost inpcrtent one, was tl.Le intro*.

duct ion of  tne conccpt of  ; [ iq lg] .L l t1*t-v l l ' - .L t l recf : : .  This is a s leneral . i -

zeticn of the riLJ florvcharts v;hicti are obtsined usin.,, the init iel t,hoo.n'r

i .o.  t ,he in i t ia l  or ject  in the catc;ory of  ' l "heor iec.  1 i /e th ink vre should.

g x p 1 a i n o u r c o l i c e p t o f f ] . o i . ; c h e r t 0 V e r i ' t 1 r e o r y a r : l 1 e S p e c i a 1 l . y L . l o t i v e t e

t .hp  noncns i  1 ' . . r  o f  i t s  in t roduc t  ion .r r v v u u v *  v c 1

Let us be3in '+; i t t r  some notat ion.

l i:: ;et of nonn:ga'l ive itrt i:.:- 'e:-l is r e:',otc'f l .:,., 1^1. It :-J a nonoi-ti.

w i t h  r e s p b c t  t , o  a , j C i t i o n ,  T f  n €  u ,  ' t h e n  t h e  - $ e t  [ t . , Z , , . .  r r r ]  i s

denoteC by [n] ,



Tl:re fre e ri'JLoirll gcl.er"ateci u;,' tire se'L A j.s c1cn.:'1-r:C. b..,r A*t. -i:f v;6 il*

t,hen. l't;l j-s; i*"s len:,.th. If i,i i.', a nion^oic1 f,rrcl f : A **-) l{ a. fr-r:ictiori

t ,Lrsn i  1 . : ,  r11- . i . r r1 ; l  e  ; : tcnt icn Lo a ; r i : ) ro id  ;nor 'p l t ie  i , r  i .s ;  deuo' [cC ,> 'v  - " t r '  r f ** - ;  ] " "

'L i , .e  in j_  t . r , , .1 .  ; r€o i , , ,  : . : i  c le  nctc . l  ) ; i  i \ .  T l : rc  se l  , i  (n , : : . )  o f  nor ih iSr i tu

- ' from .r l  to n i . i :  this ci:1; l l ; io;:y, io t,he set of e.11 fuirct ions i ' ron ["J
, r ' 1
to  [ , , ]  en i .  the ccnipo$- i . i io : t  o f  r f ior lh isrxs ia  the cc; t rJos i t ion of '  funet ions,

, ire b*gin 'r- ire e:cpl- i : ir i i ; i , ion b)'  i"ecall ir :r;  tne ir l . j '  ' lef init ion, c1l

f l-oi,  c:r '- . i :Lts,

J.,et t  be:.  a set (cf '  steter, :ct: ts) an,J. l -et r  X----+ d

rankin; :lrrnct,io:r. of f .

Let n, p € tAJ A ( r iolral ire - l  ) I  *f loi ' :chart fr.on lL to

s € u J  c o r : s j . s r " s  : t ' I '  e  t . r i r l e  ( i , r 6 r e )  u h e r " e  :

,ir : [n] -**+ [u*.--l
6 t [r] 

**-**? 
[u*p]f

e , ["] *-*-+ Z

-re the

i  n  + i . , c  ho r : r i  n  f r r nn t . i  nn  .! u  e i i v  t

i c  f h , r  t t n i l o - n - l  1 t i r , ;  o r ' . o n hL r )  u l r ( /  u * r v r  i  :  r ( . '  r l r S  5 {  c a  u . t  j . ,

is  the 
' l  

ebel- ing : lunct ion,

p of v,rei,c;h.t

" i  r ( e ( s ) )  =  , . f , ( u )  .

( , - r ,  ? ,e )  fu i i ' i ls  thc con' i . i t ions

such t ,he . t ,  l t t i ) l  =  r (e ( i ) )  fo r  i .  €  [s ] .  n  i s  the  nu :noer  o f  inpu to ,  p

is thr n'amber" of e:i-i.ts anil s is the nu,nber of i.nternal verti-ccs.

l i le beg5.n to use the i .he,- . , r ; r  I i ,  €*g,  c€i , l (nrs+p) insteaC of

b : [n] 
-----] 

[unp] is e funci,icn. i'istice that for' every i € [sl it

fo l lors ihat  B( i )  € i ' , i ( lat : " ) l  re+p),  ernd to avoiC the supp}enentar;r  con-

d i ' t , i o n  l A C i ) l  
-  r ' ( e ( i ) )  u e  r n € ; r  i . r ' i t =  6 ( i )  6  i ' i ( r ( e ( i ) ) , s + p ) .  $ u t ,  t , h e

rnorphic:r is 6( i ) ,  i  e fe] ,  heving the saioe tar.get,  ,nay be rcplecet l  by therr '

tupling :

(  A ( L ) ,  6 ( 2 ) , ,  . . ,  6 ( s )  )  €  i \ ( r ' ( e ( ' 1 )  ) * r ' ( e  ( 2 )  ) + . .  "  r ' r ( e ( s )  )  ,  s { ' p )  .

Tire labelin; fur:ct,ion,,': i11 be t,ircught, e$ an elci::ent of Io; ihus

s  =  l e l

r ( e ( t ) )  +  r ' ( e ( 2 ) ) ,  +  . . .

j j ' i r ial l f  i ' , 'e i iQj;Q t, irat the tr ' ip1.e

e  €  I x  ,

D 6 i ' l ( r . ,  l c l  t ' ; ; )

7 "  €  r i ( r r ( e ) , l e l  * P )  '

. .  * , 1
g t  l J
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To obtaii-n. our generalization we

E *flowctrcirr over t \,vith n inputs

( c ,  Z  , e )  w h e r e

replace Ii bY a theory 'l '* A'.

enrl p exits consists of a triple

{-
a  /  S t - i ls t g ( .  ,

b  €  T ( n ,  l e [ + P )  1

A e  t ( r * ( e ) ,  1e  [+P )

mL3 ^  - ;=^* - . ,1  . i  -  * 'nn : "  f  np  f rn rn  the  npe l
J f l IS  *OI ' I IU I  J i tLJe  I ; i  vs IJ  r -c r r  &r  vs reeson that Led us to

the above cef in i t ion. :

the ste?.t ing point vras the neeC ci' another Cef init ion of the
, i '

i t , c r a t e o f a f , . f } o . l ; c h a r t , ' , ; ' e t , r i e c ' . s e v e r a 1 d e f i n i t i o i 1 , 9 i n o r d e r l t o
+r1  ̂  ; * ^ r ^ *  o  

'  " ' . hou t  new in te
o,Jtein Joo::  p; 'ore: : t ies fot  t l :e i ' .erate '  An i terate i ' ' i thout '  new inter 'nal

L  v  t  v r

r€  '  To  ob te in  i t
v,ertic.es trae the o:;ly one corJlrespondina tO Our, exrg€nc - :

.".t-r '] isa,{ in ext,i i} l- the ecr:cept of f -f}c"' l 'chert. lhis e:':tension
ve i:a.le 3t€1'l c5-.Llge':l ro exr

verJl sinple ani icnov;ry"1 i-r,ea v;nich is use'i i';heii pas.,!l:; frc:'
ts beseii cn- e

:.

f i n i t e t r e e i i . o p a r . t i a ] . f i r i i t 9 t , r e e s ' n a n e 1 } r t h e p o s s i i i ] - e o m i s s i c n o f
- - Y . -

soris successcrls cf ; t :r ' [ .ain vel ' t ices. Thus we snerfrrow in the ' ief ini t j 'on'

- - . .  I  :  r

of e f - f icwchart  thet  some suecessof: . r  of  "eei ' te in 
v*; ' t ices Je oni1tei l

' . , i !

siiJ -i.,c snall intolpret ovrri '  o:,: ission as en input' into a lccl '"; it icui

ev;i; '

that is r'rh;r 'i;e he-ve no''lifieC

' 
f-f:-onc;:ar't cY all-or,;'inE that'

thc 'uit ial- lefinit i.or: of the

r , ["J --{-4 [' - 'l

ncr-,r ' i  s ' l  f ;rnetioi:  i .  e . Sorle inputs -nay be ccrule cieo
U 6 :  u l q l

- ' 1 :n  a ' 1  ' l  n . r ;  t he t
i  \YU s-L '>\- '  r , -Lrv

? t f_.*i,; l  -__4---+ [l;- l * :.r ' l
&  L i  r : t i J  v  '  

L t - r  r  I

t rn x npr: i , i i l1 f 'xrei icn i -e* ' :very -suecessor of  i i ' r ' internel 'vertex is
J U  d  ' , c , r  v  5 ! 1 -  

: .

- , . , r * ' r nF  (  i  n l - o rn r ' l  n ' , .  ex i t )  Ve f ' t eX  O l -  e  
' ' l  

' :Op  r , i r ' i L i ; t r i l ' f  gX i t '  I \ 'O t iCe  thS t
: _ ; 1 I . J  L * I e r '  \  r l l . t , ' : : i -  i i * 4  v J '

* t^ i  r  ' : l  i  h?  ' , , i .ne  ; - * l - i z i : ' L ron  u* '  l : :a  ' ; i i * - : - : ' ] '  J '= f  i : ' i -  - i l n  !s  i i  ; l : - '1+ ' i  c :1 i :
l ,  I , _ i _ i j  i r - i 5 i . . v  . ,

c . .se  o f  cL . l :  a r - f l l f ; : i  , l? f  i , , i ' , i o : ; . r  . i i  I  t - * :  i ' c ; - l ' :  ig : l  J i '  th r - '  t ' i t€o t ' r ' '  " l -1 " .

, ; h c r e  r i  1 3  a  s l ! ' I - ' , I t - :  L J : r r  '  u J  U t J v ' - r  1  J {

witn iterate '*.,hich eneJled us tc oltaj"r; * ne\,t *e f init ion f 'or tt ie itut' i : 'ue

r  ^  ' 1  ̂ . - ^ ^  ' . , . i . * r . r n r r i
L U  I U U i J i j  l .  r  i r l v  - :  v

i ^ a

,,
i  . l

^ \ ' a  a '
c f ! r  v



)rjrE !!!rEE



- 5

1  A 1  . r . l r r d i  n  t h n , r ' n i  
" ' S  W i t h  i t e  f a t e'  ' L e  i l r S ' : u t c l v  u ' ; v v r ! ! '

.Le t , :  be  s  se t ,  l the  le t te rs  s ,  t  u i l l  i l eno te  c ; le inents  o f  S  cnd

.s
t l re  le t ters  at ) tcr i  r ' ; i11 d.enote e lentents  of  5T.

rn *  " , ' . Je  an  $ -$o l ; t cd 'uheor -y .  Le+-  0 *  be  t l i e  un ique  no rph i sm f ron
IJt; \,

+ t ^ ^  a - a * * - .  r .  ^  
'  \

urr l ;  q.  u l - j  uJ/  . '  - fd '  A tC E .

ir t:

Let ;3 = (Cr i" : i - - , la+t ' i " )  :  aD -*- ,  rn '  i io 'u ice thet '  S;Sl '= lab, '
' A - L . r ( l U c . \

1 a ' \^€-i-^i+j-* r,  +l-1gSg; T is serid- tc be ri l i jh-f lqgg-lg i f  -for evelT. '
I  e * : / :J i -  i l : i  i r  -LUj l .  i : '  u i l } i i : . i -  '  4a ucr ! \ '  -  v ;*- , :3: i -Yi i - ; i . . -  

--

arb  is  ; i ven  a  maPPinS

+  :  T ( a , a ' u )  - - l  T ( a n h )

cal leC i te i .ate and sat isfy inE 'uhe fol- lo 'dJing €xions :

( 1 )  ( f , , = ) l '  =  ( i ' t <  ( ; ( f t , l u c )  ) t , 1 " ) ,  ( e ( f t , l r c ; 1 f  ;

f c r  Q v e r y  f € T ( 4 , ; , ' . b c )  a n d  g € t ( b r a r c )  ,

( t ' )  < : , * - . : ) t  =  t l  < t ts !  +r " )  ,  f  (5 :  *1" )  > t

f o r "  t r l r a1 -1 "  f  AT(e re ' : c )  en r l  g ,e ' I ( i : r ebc )  ,! . v r  v  r  v r d

( 2 )  ( f  ( l - - i ' q )  ) t  =  f  i s
.  \ &  t * e  o "

fo r  ever l ,  f  A ,T(a ,  a r  )  and g  &Y(b ,  c  )  I

e)  f  < f t ,  1" )  =  f t

for  every f  eT(era?)  g
. 

1.2 ir-o:os' '  '  i ,et T'be a theu:y ivi th i terate. Then :

( 4 )  ( r t c a + l ' r ) )  t  =  f

for ev€rJr f € T( arb ) t

(5)  ( r ( tu+or+Ic)  ,  s(0a+1o"))  t  ? ( f t '  of  >t

( r (0 "+ to ) ) t  =  f (o *+  1b )4 ( r (ou* ro ) ) t ,1u2  =  f  i



Let  f  e :n (a ,ae)  end ge i i (b ,bc) .  I t  fo l lows f rom (2)  tha t

r +
( f ( 1 ^ + 0 .  + 1  )  ) T  =  f T ( o h + l . . )  '

e t  3  
- c "  u  u

,  -  * f  r r  + . r  ̂ )  < ( f  ( l , +o*+ t .  )  ) t ,  l u *  )  
-  g

A S  6 \ - a . - b c ,  r . -  - - &  D

it follov.rs frorn (1) that

- / . e t t  + i r * 1  ) , r . . ( 0 + 1 ,  ) \ t =  t t t ( o - r  t z - t r  r  g t )  =  ( f t r g t )  '
( f ( t o + C o * I " ) r 5 ; t u u + r b c / l '  =  1 . - \ w h - r c r 1 s  t - s /  t a  /  \ -  t c )

r L e t f 6 T ( a , a b c ) a n d g € T ( b , a l c ) ' U s i n g ( r ) i n t h e r i g h t - h a n d '

-  n  ( l t  )  v re  Ceduceslde or

.  +  r  r z t : t D  t - t  ' ,  , l  (  . . | : b " t - r  t  t t  f  5 1 f( f r 6 ) t  =  (  ( i ' ( S u * I " i < . t € . P a r J - c ) ) ' r L e c l t  t

using (1) in the left-hanti side ancl equalizing the two components of

.  *ha f  , rn ' l  ing v/e obtain (5) and ( ' i ) .  (B) is an easy conseguence. of  (5)
'  u l j l t  v  u P r  !

and (7 )  t r

re  con i i t ion  ( f  i ' . '  i n  de f in i t i cn  1 .1  nay  be

'  r e p l a c e d  3 y  ( 6 )  o r  ) y  ( 7 )  .

l lqp{, 
Renark first thet (6) and. (?) aTe equivalent. th-us e.6.

. h

i f  r ve  pu t . in  (6 )  a (S!+ f . )  ins teac  o f  f  anc  f (51*1" )  ins tead o f  g  v ;e

.  o b t a i n  ( 7 )  .

T h e n , i f  w e u s e  ( 5 )  a n ' l  ( 7 )  i n  ( 1 )  i t f o l - I o w s t h a t

.  +  . f ,  ' t  z  , 3 . -  ' +  h  \ .  / r l . 1 : r ) r r  r r t  ' . 1  I  t t  r  \
<  f , . i  ) I  

-  J ; (  ( ; ( r l * i . ) )  t  < ( f ( . i : + i c )  ( ( ; ( J : + l c i  ) '  t ' - s c ?  ) '  t t " i ,
t \  h  - +  , +

t + l - , J t t  1 . / i  - 1  : " - L ' l  ) ) I  I  \ l l  \( f ' ( . j ; + I c l <  \ i ( s ; + l c / / "  r ^ c )  r '  } >

hence app.l-; ' ing (1) in the ri,ht-hand side of the last equal.ity t i 'e

1.4.  Ccrcl . l -ar . l r -  Let  T ,oe a theory v i i th i terate.  I f  a=s1F2.. .3r ,  then--
d

.  +  , . r *  - l +  . r *  \1 :  =  (  l u _  , l s ^ r  . . ' r l s  ?  .
tl 

r I 
)r]'

.  Pl :gof .  i ; i ' i t rduct ion.
.  +  -  - +  - + -

.  -  
As  

' t  =  11  +( )  /1  .L r  \  ;+  1p l fg r i l s  f rom (5)  tha t  lu*  =  (  le r l " )gt a ,  = .  (  r a * t o r u a - t s  /  r v  - '

In e thccry lrit i : i t 'e:r:ate if '" ' ie define

I  , = t l u* a r J  a  D

then for eve r; ' feT( ;, c )

l r - l
I^ I.I 

- 
-l-rr .' '

a r !  " t -



1.5 F3oposiLi_oi1.  I lvery ra"Lional ly eLosed. theory is i r  theory lv i th

i t c r a t e .

Froo f - .  Le t  I 'nc  a  ra t ion : r . l }y  c losc i l  thcorX ' r  l i  p rcc f  o f  !1 )  l las

g iven in  7  .  I t  i s  ea$Y to  sec  tha t

/ ; - r . / ; * 1 - r - r  i r 1 '
\ r r \ r  ' r - 5 t  I  1 r

"  f o r  € r . r c r y  f  e T ( a , a a )  a n i  f o r  o v e r y  i s o n o r p h i s n  ' i € ' T ( c , a ) .  I t  f o i l o u s

froi: i th.is rciiark arra' (f-) tha-u T f,-rlf l i ls (1') 0

I t  is  ea:s,v to $ee t 'hat  luhe thLeor ies ui th i terate fcr- : : t  a var- iety,

hence froin a t,:ell knov,rr theorei-i: about va:' ietj-es of he'uercg,erLeou-s alirebras

i , ie Cejuce; tne e: i is tence of  i ree 
' theor ies ui th i tera; te .  ' ; ;e conjecture

tl iat 'uhe fr:e theor. ' . ' , ' i t , ir i*"cl ' i l tp ;er:orlrted Jy E is F.Tg i.e. lhe

subtrcoi .y of  CIf  Ccter,oinei  . l ; , '  tuplc: ;  of-  r 'at io i : ' : l  t rees:  ' ;e ere

intere s-L:,.: o::,-1"1, i:: the rnit ial- t 'heci';: ' ;, i ih iterate ?it l i):causc in '

. ihe ho,rci-en:c-i j cise it is iso::iorphic to S'.t i: i , ' , ' ' . ' 'here A i: a si-n;le+.Q.{l.

1.6 )ef:-n:r-!1ggi. A t,h.eor;; lorphi-srr j-s said tc be a rlorpirisrn of

theor ies  u i ' "h  i te rc re  i f  i t  p reserves  the  i t * r 'a tep

l . iot ice +- i rat  ever j /  l l .c iphisn of  theor ies v. ' i th i teraie prsser:ve, :

t h e ' : i c r p i i s : :  l " \ .c t ,  '  
r t

',,e re :,er.: errei' .i 6, j*' esi :' futr'ction a : [f::r,] 
---* i' n n 

i^

a r : , 1  i  e  [ ; l ]  ; ' :  ' ' : ' i - t r  n i  i n s t e a i .  o f  a (  j  ) .  T h : r e f o r e  a  =  * l u ' . . . € t l r l  '

Le t  A  and J  te  se ts .  Le t  L . , , ]  Je  the  se t  o f  per t ia l  funet icns

,. froin A to -1. se orCe r Fr:] c], '  inclusion and octain an lO -complete

pu'tiu.l ly or-d.ered set having the enpty function as bottom element.

"  Let  us def ine the t ,heor.y PStr ' .  P; i t r (arb) consists of  a l l  part ia l

r  - i  -  t ^ .  . 1  : r r

functions f : [lat] 
----o-+ 

[tb[ such 'Lneit for eech i e ftatl if f (i) is

Cefi : :er1 their oa/:  \  = e.: .  ' t ' } :e conposit i ;n of '  rno::phisrs is r latural l ; ;  thre
! \ i . /  I  

-

conposi t ion cf  pert , ia l  iunc" i ions.  ic t r (a, . r )  iu al . , '  rd-ccr, , i l le te part ' iatJ- ; r

o r i e r e d  s e L  ) e c r u s e  i ' u  i s  ; : , r  s u : s e t  o f  [ [ t , , f J ,  [ l - , [ J  
' , , ' r i r r r  i s  c l o c e t "

unCcr le ast  u i .  pel '  toun-1s of  i i ;c i 'ca3t,r*  scquenccs. 
- , l l l t :  

cc; : i ,Dor i i - " l ion of

norphisr 's '  is  t r }  -c ' ; i : t , inuo' : ' ;  r :n€ s i r ic t

Th,:  , l is t i r r" ,u i ;hec1 norplr isr , ,s * ; '6 f  (  u. ,  ,a)  are def in, . .d 
' ' :J t



:

x l ( r ) = i  f o r  i € [ l u ! , ]  .

T f  f  e F S t r ( a r c )  e n J  ; 6 l j t r ( : , c )  t h e n

(  + 1 : t  ; - t r  { e f t ' - . t 1(  f { i )  r l  ] . e l l c l  lI  r \ r i  t r  i e f l c 1 l
t ' ?  a \  / ' \  

'

l - ,' i ' n r i  T . u n l l n ( '  o n e n n t , i o n  i s  m o n o t o n i c ,L L L ' 9  u  u y i  ! I : a : - ,  v  y v +  u

Therefore ?;)tr is a theory l ' ; i-uh i 'uerate because it isl an

u)-continuous theorY'

m - - z  l r a  r t n i  t  f  rl , ; o t i u e  t h a t  e v e l : y  f 6 ' P S t r ( a r l )  ' , - v  L J q ' " ' r r v v e r l

f  -  < * 2 , , .  . . !  - - - . - t i ,  . , \-  :  \ 1 ) ' : i ; (  ? - ) " " ' ) c ' i (  t  a  t  )  )

i i .here by convent ior :  *?r, ,  = *L,  h i f  f ( i )  is  not  def incd.
r \ a /  * _ L r ,

1 .7  y ro i ros i ! , - i . c+ .  F j t r . i s  the  in i t ia l  theory  i v i th  i te i 'a te .  -

ItJqi,. Let 
' i  

"rq a i irccr'; '  ' ; ; i t ir i ierate'

If i? : PStr' ---) T is a raorphisil. of' theo:'ies luii6 itererrre thei

f o r  e v e r y  f € F S t r i a , b )

r ( f )  =  (  F ( : : " ] q t ) ) , r r ( x l ( z ) ) , . . . s l r ( " i t f  o t ) )  >

therefor e to,' i t i i  the $aue con.;enticn es a'rove

r ( f )
T ' ^ : ^  ^  i h p  t t n i . l : 1 a n t r s 5 j  t f  F .J + :  ! i )  y I  ( , ' V ' g D  u . L l . s  L L . i I u  ( - U . ! I U D D  ) ) -  - L '  o

rJ^- ' re i '  to prcve 'u j :e a: ; is i ;once. of  T ' r ;e ' - ie i . ' ine i t  b3' , the le. t le lfr jr* *

eq: ra11ty .

I f  f €  P i t , r ' ( e . , : ) ,  5  G i - i t r ' ( : , c )  t ] : e n' )

r l f  f  ) T f  l ; " )  =-  \ r  / r  \ 5 /

=  < , r o t ( r - )  < , , . l f  i ) ' . . . , * , 1 . ( r  r l )  ) , . .  , . , ? f  r . t  ) (  t  r 9 t r - )  ' . . . , * ! t , r l  )  )  t =
- . : ,  ( i \ + , /  6 \ t J t /

- s - = c  . . c  \
. _  \  , \ . . . . t + ( 1 . \  ) , . . .  r ^ . i ( f . ( l e  l ) . )  /\ ! \ ! / /

I f  ie[te,t ]  ' ihen F(i : l )  = 
" i .  

' lhcrefore I  is a theory rncrp]r ien.
'ie 

shalL prove b;r i lr,.Juct,ioli on lei that, I
, ! T

F( f * )  =  r ( : t ) *

f o r  e v e r y  f  6 F " j t r ( a r a b )  .  /



, * > . _

For lal= 0 the equal i ty is dbr, ' ious; For [al  = I  we study three' lcases:

- ' \  ?  -  |  r \ ' L ' * ' i n r r n - l r r  f t  =  I  ,  h e n e g  F ( f )  =  t ^  a n d' 1  r  T  =  |  - r . o  V : . I V I U ( 1 D I J /  :  -  
J - q  

' . )  r - v r r v v  -  \ - /  - f - a - , r . f- .  *  - - l + i - , l l f  -  
"  * U r U  c ) r c t 4

* t L - l u  " t -

F(f t )  =  Iarb.  Therefore

r ( f ) f  =  I n , * b f  =  l t " , n i ( I * , " b t r l t )

r ( r f )  =  <  F (h ) t "  ( t ( g )  (  F (h ) t

= . |  ^  =  F( f t )  .*& r  J

,  ( g  (  f t r l u o )  ) t  >

i t) f = :. ib. As '6'1 = lg,5 it foll-oi, 'rs thet

.  + -  |  -  r f . . " -  t .  t - 1  r i 1  i r t  -  F ( f ) tF ( f r )  =  I . u r b =  l u O ' ,  =  ( - r ^ [ I u + u t l I '

i i i ) f  = x l c  v r h o r e  2 <  i < l + l b l  " I t f o l i o v ; s t h a t

r(r t )  = F(t , ! - r )  = 
"?- l  

= ("?-r(ou+rr1; t  = t" fb l t  = F(f) t  '

t f  l a l  7 2  t h e n  a  =  c d  w h e r e  l c t ( t a t  a n d  [ C t <  t e l  "  I t f 9 1 1 o w s

fron.  (1)  thet

f t  -  <  h t (  ( g ( h * , 1 * i )  ) t , l r ) ,  ( g <  h + , l d . b 1  ) t  I

rirhere f1 = (l*+u.)f .end -g = (C +t.;f ' It fcllov:s frora ti 'e in'luctive

hypothesis that
. +  t

, I d b y  l t r l b )  ,  ( F ( s ) <  p ( n ) r , t d b p  l f

then  by  (1 )

r ( f t )  ;  <  F (h ) , r (3 ) ) t  =  F ( f  ) t  n
.. i '  11s next theoren, which ansi,yers a question of our colleague Gh.

f tef lnescu, r , ; i l  l -  not '  be used heneefcrth.

1.8 !heQ-ig.n. Let T be c theory in r,..rnich the j.te:'ate is defined

only

i ' l

for

A2

for

A'

for

for morphisms with sourees of length 1. Assrme the follorving exioms:

+  +  . +  l -f i <  ( s <  f t , 1 t " >  ) t , r " )  =  ( r t s l n r " )  <  ( g ( . } * t n )  ) f  , l * u ; 1 t

e v e r y  f €  T ( s r s t a )  a n d  g e T ( t r s t a )  I
- ! r

( f ( t  + E ) ) t  -  f t J\ *  \ - s  i ) ?  /  *  < )

e v e r y  f e . T ( s r s a )  a n d  g € T ( a r b )  1 '
r -  

= f tf < f " l o )  :

e v e r y  f € T ( s r s a )  .  , , , ,

Sxten,l the iterate by

r /  . r t  -  r r
A + v ^ - w ^

4 4

and by induction

A 5  l f t E ) r  -  ( r t ( ( s ( f t r l * b ) ) t , l n )

forevery f  6 ' I  (  a,  asb )  and I  e.T( s,  asb )  .
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Then T seeemes a theory vrith iterate.

Pfoof. ' r i 'e prove (2) by induction on lal .  I f  lal  = 0 we use A4

and. if lul a ] then 1'/e use A2" iror the inductive step we suppose

. f  -  (  f 1 1 f 2  )  v , i h e r e  f , l 6  T ( a r a s b )  a n d  f  Z e T ( s r a s b ) .  T h e  c o n c l u s i o n

o' foll-ov.'s fron the 'folloi,uin; cel-cul-etion :

by the induct ive l rypothesis

= { f ' l f  ( ts+g) (  f tzarrt( t**g),1s+g ) ) f  ,1*) ,  ( t ,1rr t , t*r)  ( : -"+g) f>

Az = (  t r t  <  ( tz*  f t t , lsb> ) i -s r . j )  ,  ( f ' ^<t r * r ] - i  )  ) te  )  ;

= (  f r f  (  ( f ' . ,  < f- , t ,1u,.  > ) t , , r")  ,  Gz( tr* , isc 7 ; t>g =
+ j = f * g . .=  ( f t r f 2  ) ,  ! ;  =  1 '  g  .

i ' ie prove $) by induction on lal rf lel = 0 we use r\4 anc if

la l  
-  I  1 i1:e i .1se A7.Ior the induct ive step uie suppose f  = ( f f r fa]

v . ,here  f l€?(arasc)  anC f^e I ' (s r& ; ib ) .  . ' i he  conc lus ion  fo l - lour ,s  f rocr  the

foilowin,l eal-culation :

f  <  f ' - , 1 r )  =

- / +  f  >  < t r - t (  ( f z <  f , t , 1 . . r ) ) t , l r )  ,  ( f z ( t r * , l u c >  1 t , 1 o i  =\  t r r ' 2

=  ( f l , f 2 >  <  t r t , 1 " r )  (  ( r r (  t r t r f s , 7  ; t r l l )  =

r b3' the in'ductive hYPothesis

=  ( r r t  r r z l r r i " r u r ) )  ( ( r r ( t r * * 1 u " 7 l t r l o )  F
'  

=  ( f r t (  ( f " ( t r t , r s i r > . ) t , t i ) ,  ( f 2 (  f r t , r u o )  ) t )  =

= { f l, t 'r}t = ft .
'  'oi 'e puove (1) by inducliori 'on f ol . If !:! = tui v,r€, use A4 an'C if

f  n l  =  l  we u$e A5.  For  the  ind .uc t ive  sLep, ,we $u i jpc rae  f  6 t (a rabsc)  and

t = ( ; ; r r c 2 ) ' , ; h e : ' c  J 1 6 T ( : : , a - ; s c )  a i r . ' l  
' } Z e T ( s , a o s c ) .  I t f o l l o v " ' $ f r o i t l

the induct ive hypothesis t i rat  I  .
+  +  +  r ' t  +  ' +  -

1 f  r i , L >  T  =  < f r 4 ,  ( s ; 1 4  f T , l b r . 2 )  r . r 1 " . )  r  ( s 1 (  f ' , l c s c >  ) '  >

therefore

A t r

, A 5

iL)

A )

lrJ



n- =

o

*  < < t , C 1 ) t < r t , 1 . ) r  A ) =  A 5

=  1 1 r : ; ' i i ) ,  c 2 ) t  =  ( f , : , , ) t  .

Thus the nrccf  of  (1)  is  over anC r i re s i i l l  have to prove ( f  ' )  .

:  - , .  / '  .  \
I t  is  eas l r  to  see. tha i  i f  1r l=  0  or  l r l  =  C then (1 ' )  is  t r t - le '

. , .Je prove (1 ' )  in  t i re  cese lu [  =  l . l  =  1 .  Let  f  e 'T(srs ta)  '  end

geT(t,sta)" I t  fol- lo 'rrs fro; i  lJ that

(e(s j * r - )  ) t  ( ( r ts f . l " )  (  (s (s |+r" )  ) t , t * "  >  )T, lu)  =  (e(  r i - , l ta  >  ) t

t .honpfore bv Al anC tuplin.g .
v ! a v *  v 5  v !  v

( : t ( ( e  ( f t , 1 , u * )  ) f  , t r , ) ,  ( : ( i t , i t a )  ) r )  =

+  t  . +  _  , - t -=  1  G 1 ; i ' r r " )  (  ( s ( s r + 1 - ) ) t . 1 . s , )  )  
"( s {s1+1e)  ) t  (  ( f  ( s !+ i * )  (  ( ; ( s f * r * )  ) " i , 1 .u  )  ) t , 1n  )

*?rora  hr i  r \q--/
r - + + +

1 f  , r ? t  =  r J 4 : ' ( s i + r n )  ,  r ( s | + r u ) > t  .

i i ie prove (1 ' )  in the case ts l  = } .  by induct iaR on tbl  .  Let

f  6T( t , tasc)  en , l  t  =  {g1* , . . r2 )  -nhe i 'e  S t&T(ar tasc)  and '  
.  

EZQt(s r tasc) '

It follot's from A5 that

' ( f r € j  
> t  =

+
=

l, ie put 6 = h(Si+f".) fcr everry r lorphisi l  h of tai 'got * 'esc'

f r . t l r  -  J l  1 { t , f  ) '

then



+  -  -  t r & , t  \  ;

4 ,  (  f r c l )  t r l . * . )  =  ( s ; + r . c )  (  ( - , 1 , 1 ) ' r l s c  )

therefore usin; A5 snd (1)

< f  ' e  >  t  =

= ( s ? ( ] : , , ? l . i " ( ( ; " ( ( : r , ? } t , f . " ) ) t , 1 . ) n ( E , 1 < ; 1 , r , t , , . " } ) t > =

=  (s f+1  )  << I rT> , ;2> t  =  (s f+ ru ) (Er , (F ,Ez
n - - l= (s i+r*  )  lE t i<  (< f , ;2> <,  E_t ,1 t * .>  ) r ,1 . )  , ( ( r , :2)  4  Er t , i . ,o*> ) f  >

' ire put b = h(Sir**lc) for. everlr norpi:isn h of' target ta;c '

It fc,Ilci';s from

. ' . 4 . -  \ / r  , - S . 1  ' e S , a(5 i * l scJ  t I a * t t t J " /=  o1  ' j r J - c

^ ) aa h for. every r lorphisn h of tart,-et tasc .
a

< Ir t , t rsc >-) t  =

/-:
+ . l l - +  h ( - " r  * - - " * 1
u r r c l u  r r \ ! a ' v +

Further

I  t i ,t  (  i ' t + 2 1

therefore

1  f ' ,S  ) t  =

=  ( ;?11s)  (  , . *<  , : (  (  . j : r f  ) ( . . t , l s t ,c  )  ) t r1 "  >  , r? (<

= (s f+ru)  ( r -+s l )  (  s t t ( ( (  ; z , r ' )  4J r lu tc ) )1 - , t ">  ,  (

(1) = s?"{ i tr ,  (  €z r i

*  r i " ( : ( s i $+1 .1  r  r ( s f s+ - l . ) ) t '

i ' , e  f in ish  the  proc f  o f  ( l i )  by  induc t ion  on  le t  .  Le t  f  =  ( f t r fZ )

t  n l  r  -  \  - * - t
v r ' n e r €  r 1  b r r a r e s b c )  e d . *  t Z - * I ( s r a . s b c ) .  L e t  g A l ( b r a s l c ) "  f t  i . c l i c w s

l - r r r  t ha  i  n . - l r r n r  i  vo  hvno t -h : r i , s  t ha tL J J  U r : Y  4 a r . * u u v ! v u

t -  , g h . .  -  , - G ' 3 , - ,  \  F  / - l S b _ r - r  f  a . t  =
4  f , S  )  I  =  . ) ; ' < ( i 2 , , : )  ( J ; " + 1 . , f  i ' t ( i a  - ' r c r  i '

. .Sb  7  -  r . -Sb- r  \  . /  , ,  .p  r .  f  . lSb+t  t  r ,  t=  a n  ( t 2 \ . > ,  7 - . t - " 1  t  ( . r ' l / . " c :  - C t  (

+  .  - { - -
* 2 r f  ) ( . i r ' r f u t . )  )  t )  =

+
(  ; r  , l  >(  o- i t ,  ls ie)  )  t  )  =

" f ie  d 'ed 'uce ' f roar  (1 t )  c i ise la l  =  i  that
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+ -sb . *ba  - / /p ._ f ._ \  / . : sbr - r  r r "baa l  )  .  f ^ (SsbSba+ l  ) )  =( . f  , , , ' )  t  =  , *  r u  (  ( { i , , . 1 2  ( S " * - l - l c ) t S J - + l - c /  r  t 2 \ - n  . s  
c .  .

!r lr ' '  +'/ '-*l) ..-1 '\ \ 1'
:  s l r (  s (S " .+ r . )  r  i ( s *$+Le )  I  '  

E

2" T-rnodules

Let T be en S-sorte,L theoryo

2.1 !€lni3jsg. A !#$!f,g is a ce,tegory ,a together with a functor

' 
li : ? ---* *c such that the fol-]owing conditions are fulfil-led ' i

a)  .The cl .ess of  objeels of  Q. ie St
!

b) For ever l r  arbre G Sf, ,  an operat ion

i  a oi  'cyl  ^al led (  sor- l rce )  tupl- ing,I D  t s . r Y E r l t  V q J l g \ I  \ u v u r r v v ,

e) fne functor i: prelServes the objects an'1 ihe tupling operationn

d ) The foilowing e:cioms ere fulf i l1ed : . i

* ,  . ,  C t  i "  .  ( " ( ,  ( p ' f  >>  =  { (o ( 'F )  '  f  )

f o i ' e ; . r ; . r  4 e ; ( a r . 1 ) ,  p 6 ; : ( b ' d )  a n d  f e  t ( e r d ) n

c 2  1 4 , F t ( o h ) )  =  ( i i ( o , o ) r & )  =  o a
u u .

f o r  e v e r y  o { e A ( a , c ) ,

c7 #< 'p>  I l ( f  )  =  <d( l i ( f  ) '  I3H( f  )  >

f o r  e v e r y  " < G o - ( a , c ) ,  F e A , ( b r c ) '  a n d  f : € T ( c r d ) r  .

C 4  H ( f + g ) ( * ' F )  -  < : i ( i ' ) d , l : ( s ) p )

f o r  e v e r y  f  G T ( a * b ) ,  s & T ( c r d ) ,  G (  € * ( b r e )  e n d  F 6 ; ( d r e ) ,

C 5  ( o ( l i ( C o * l * ) r i ; c > ( p , i " )  = < 4 , p 1 1 " )  .  n

for every .( € '.,(4, c ) end P€a (1, c ) trt -

In vier,v'of axuoms Cl and Q2, the tupling operation can be

extenced to en erbitrary number of morphisms rrith the same target" The'

tupl ing of  no norphisn of  tqrgei ,  a is by def in i t ion H(Ca).  Ti :e

tupling of one norpirisir. o( is r;; d.efinit'ion d n

.  2 .2  LeqgnAl : , " t  i {  :  t  - - } 'o  bs  a  t *nc i lu leo  I f  n r$* t (a t ' r )  t ' i teu .

' { d , r . ;  =  (P , : ' . >  i nP l ; '  d=F

p ; ] .  e (  ' =  ( , d , 1 ( c r )  )  =  i 1 ( l a + c o ) ( 4  r 1 o )  =  i i ( l " n J r )  { i } t r ) }

= < p , F : ( o r ) )  = p  t r
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, . . r t
r l i te int fOd.UCe in evet 1, T-nrOi l t t l  e H '  r l  - t  i ]  - i 'nn aonh

an oDere t -L ion

- i -  :  Q(arb)  x  t , l ( c ,d )  * * * * - - -+  8 (ae ,bd)
l

whic i r  l ;e  ca l l  s ' . r i r  enC is , - le f ined fo r  eech o(€ ; (a ro)  and 9e" (c r . j )  , y

1  q , + p  =  < e { ; t ( l c + 0 i ) ,  P i i ( c r n r d ) >  .

I t  fo l to-*s f rom axions C1,C2 eni  C] that  the s"un is associet , ive
. t

,  1 t l  ^  \  r. anJ has -t,he neut: 'ai elel,rent 1{(01) = IL .

. 
i iotise that :-1 pre$erves suro..

':
( o (  

"  f 5  ) r i (  (  f , g  )  )  =  <  c { i l ( f ) ,  p i l ( A )  )

f o r , e v e r . v  d € ; ( . : , : ) ,  f 5 € ' " ( c r C ) 1  f  € i ( c , e )  e n d  g € T ( d r e )  .! -  ! \ " . , - . ,  

| J  

-  -  
l  

.

lei; ? be a theor"y -nith iterute.
\

2.'j ,;eiijt!!rli. A'i'=ic*ule li : T -* v is said to be g+*+

iterate i i '

j" ) t 'or eaeh a r' i ' ,  e J* en iteratc

f  .  , . / .;  .<rare l r )  * ' - - - - - '  ' ) (a , 'c )

i s  de f i nes ,

i i )  r r  preserves the i terate an ' f

i i i )  thc fo l - l -or ' ; ing ax ic ls  sre fu ] f iL leC :

11  ( " ( ( t - * - r - p ) ) t  =  
" ( t f 5. h t l

f n r ' i : v e r . v  o ( € - " ( r r a ' : )  e n d  f t € : * ( b r c )  ,v Y t ' + r ,  
r  

r

,  I Z  ( c ( . ' t ( C " * t r ) ) *  =

f o r  e v e r y  4 C . " ( a r : : )  ,
.  a . r  . / ,  t  z . r ' : /  \  ! 1  t  S f  I  \  =  

+  +

i i  ( <  d ,  r  p : l ( i - * , , r " i  ) '  ,  i " )  =  ( { ' , 1 1 r " )  <  { b '  r f * )

f o r  e v c r ' ; '  e e ; ( a , a - \ c )  a n C  B € * ( : , ' l c )  ,
t -

.  r t  ( ; . ' ( j . )  ( o < 1 ' , i . ^ )  ) " i  =J t  \ i : \ r ,  \ 1  |  
-  

t o  5
J u +

L '  - r  t  t  - ,  . - r ,  . ' ' ) , -  \  /  1 j ' r ' - C , r  r r f= r i (  ( f  ( s l+ f " )  )  r )  <  (o { , , i (  ( ; l +1^ )  (  r ,  \ r r } - r ' r c i  /  , 1ac  >  )  ) '  , 1 .  )

f c r  e v e r ; '  f  € T ( J r a ' ; c )  e n . f  o ( € . - ( e , e ' ) c )  g

2,4 iJonj*s.i l j-ojr. Let I{ : I *.--+ d ba a T-noCule ,rith iterate.

t i  t - . . / r  r : n )  n n . i  g . a  - . / -  , " . ^ \  . l - l r n
l I '  a ( € . . (  , .  u . { - ^  I " € , " \ l r O C J  I n e n



l F )  -

. + + +
i  o ( i r ( l - * *0 , . , *1^ ) ,  pUtOo, ' * 'LL" )  >  t  =  <c{ , ' ,  p t  >  .

;.-i L-l U Cl U U ,
r r  1 : ' : l r -  L ' 1  I  -  1 '  r  rProof  .  (  <  o( .  Tr (1 .  +C +1") ,  F  l ' (c .  - r t - " . )  )  '  

, .c  /-  
U  U  ( . ]  ' t  . r  : J U

(d  l " i ( l ^+c,o+Lc)  )1 ' r i^ "  ;  <  p1 ,1 .  )  -

(  c( (1;.  r : i (  C^+1") )  )  tr  l lc )  (  
15 

t ,  r"  )  =' d u c :

o<tr , ( ( ,b*1. )  r1 i r^  )  <  Ft ,1" )  
=

^ , t  - t ,  \\ x  r  p  , . , - c .  ' :  (  (  o ( t l  F t  )  , l a  )

The npoc i f  i s  nnne l r - ' lo , l  h rz  nnn ' l  . r r in . .  I  e r ,na  2 .2  nr r r E ;  c r  v v 4  r s  v v r r e r u J v u  ( r y y r ! /  
L J

Remark, Let H : i ---) i ba a il-inorlu1e rlrith iterate. If

o ( G ' : : ( a l b c )  a n a  f j  € l ( 5 ; e )  t h e n

\ \ r A - t l 1 1 6(  d , , '1 (c , ,_r+1c)  >  {  p  r r " }  =  < 4  (  P t1 . )  11"  }  .

I1int.. Evaluate

< r i ( l -+c, , r " )  < <c{H(u +1".)" ,  p i - i {Oo}+}")  }Tr1" )  ,1"  )

iri 'uwo Ciffer'e:lt, ways

2:5 3i,g$,$-i-ga. if 'f is a thecr'y witl: iterate therr 1T : T -] t

is  a T-ao3ur.e t i t , i r  i tereteo

Frcgf. Fnutir:e caieul-*:t ioas. ,trog. for 15 : j :

- { - + +
.  =  ( ( " < t  (  1 3 r r i ^ ) r  p ' >  r L . >  =

. i - + +=  ( o < t < P ' , i " )  ,  ( P ' r 1 " ) )  =

=  ( o ( t , l i " )  < p t , t " )  o

i'jotj.ce thet 12 folJ.o',vs from (4) sn,S- 14 from (7) B

2.', [:-e T-l.o']{Li of ..reila. , 'Te shall obtain fron. every T*;nociole

v;ith iieru+,e ii : I --*) ,*1e eno+"iter T-noCule rr,'ith iterate

:  T - ) P '

'Xlre;  consiruct ion,ray s*ei f ,  Brt i f ic ieL enC the ver i f icat ion of  axione is

lo i t i ; ,  lut  t i :e f ru i ts v, ' i l l  l :e gethere'3 in the next scei ions.  . , : . i ,

3y Jef i i i i t icn

R ( a , : )  =  
{ t r , o l  l i e  i ( a , p r ) , d € * ( c - r p . , )  ; 9 r Q € t * }  e

T5

J1

N H
t

{ r  \
\ i  ^ f
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.  ,  : . .1 .  , ; i

I f '  ( f , d  )  i s  e  n o : : p l : i s n  u r  F l  f r o n  e  t o  b ,  ( f  , o (  )  € i i ( e r b ) ,  t h e n

t h e  i ' ; o r d s  F r Q  €  s *  s u c h  t h e t  f  6 ' l ( a , p o )  a n c  o ( 6  l ( q r p 5 )  a r . e  u n i c ; u e *

fn spi te of  t , j r is ,  v, '€ prefer to r , , ; r i te ( f rd rpre) instead .of  ( f  ,  o,< )  .

L e t  D  -  ( f , < r l r Q ) € R ( e , r )  a n d  . ) r  =  ( f ' , o < ' r g , r q ' ) € F i ( c r c ) .
z lTe dcfine t,he ccLipcsition b;v

D t f  =  (  f ( l ^ + f ' ;  ,  ( o ( i ( 1  + g r ) ,  o ( , i i ( c ^ * l ^ ,  ) )  -  n n r  r - c f  )
P i  P  P C"  '  PY ' \ :1 , - i  t  '

Let  us  p i 'ove  the  cssoc ie t i r , i t y  o f  conpos i t ion .  r f
n t t  l t > t t  - r t  . ^ r t  - i l \  ,  nu "  :  l r " r  o ( " , p " , e " )  € R ( c , J . )  t h e n

(D'D' ) ; ) , '  =

= ( f ( 1 , . * f ' ) ( 1 , . ^ r * f " ) r ( ( q r ( 1 . r + 1 ' ' ) r o ( ' l i ( 0 - + 1 , . . , , , - ) > i : ( l ^ - . , . r * f , r ) , o ( , ' i l ( 0 . , ^ , * 1 , . , , _ o ) ) o
p  : ) i r -  p  . , . -  

: t  p . C .  . _ . l r . r r  - ; . , _  
' . s

f n r , f  ) n r r  i n n t - . \ ^ , i l  \  _
\ P r v  t y  t  \ l J . L f  , r L I

.  -  r * : )  r  \ ! 7 ) t  , r  I  J  ,

< d  i I ( 1 D + f  t ( l p , + f " ) ) ,  
< < ' - ( 1 - . , + f " ' ) . ,  o t , ' . 1 { ( L i o , * l p , u )  > l : { a o n a o r p . , , d )  ) ,

=  N  (  f : ( l p r + f " )  r  (  o < t 1 i ( l p , * f ' ' ) ,  o ( " i { ( 0 p ' + 1 p , , - 1 )  >  ,  p ' . . ' "  ,  q . r q ' n  )  -

=  D ( D ' D " )  
:

For each f e T( a, I ) I ' ie define

G ( f ) = r ' + r r l i r \ \ ' l \( f  , i l ( 0 b ) , I , l ; 6  n ( a r D )  .

rt follons fi 'on ti:e ,lefir, i.t icn of co:;:.posii ion .uhat :

a )  G ( g )  ( f , " ( r p r e )  -  ( g f , { r p r e )

f o r  e v e r y  g  € ' f  ( e r a )  a n , l  ( f  , . (  r - o r e )  €  R ( a r b ) ,

! . )  t - ; l - : - : '  . r 1 , -  \+  u t  .  ( f  , {  r p r e )  G ( g )  =  (  f ( l ^ + . . s )  , . .  c 4  r { r  * c ' l  n
i J - ,  

h t I O + S l r P r Q )

f o r  e v e r y  ( f  , " (  , p r e )  €  l t ( a r b )  a n . J  g  6  T ( b ,  c )  .  - :
*  

I t  fo l lo ' ,vs f ron the above propert ies that  Cr.  \  - ' -  :orr_ows rrof , i  ane a3ove propert les t ,hat  G( le) is an ident i ty
' a

morphism of R and G is a functor.
' ,  

i " . ' '  . L e t  D  =  { f  , o (  r p r e )  €  R ( a r c )  a n d  D t  =  ( f  t ,  o ( ,  r p ,  r q t  )  C R ( b r c )  .  , , ,

i fe def ine the tupl lrrg operation by

( t r D ' )  =  ' :  '

\  - .  /  . i  -= (  ( f ( 1 0 + u o , * l c ) r f ' ( 0 p * 1 0 , . ) )  r  ( ' < H ( t p + o p , + 1 " ) ,  o < ' n ( r o * 1 0 , " ) )  r p p f , p q q ' )
, It follows that :



* L T  *

. a )

f o r "  e v e r y  & e T ( a r c )  a n , i  ( f ' r o t  r ? r e )  € i t ( b r c )  ,v  t  v * t  ,

b )  (  ( f r 4 r p r e ) ,  G ( * r ) )  =  ( ( f ' , g ( o p * 1 r ) ) ,  , { r r r e )

f o r  e v o r " y .  ( f r o t  r p r e )  € I t ( a r c )  a n C  I  e  1 ' ( b r c )  .
.  * v +  v  Y  - r a .  \  - r \  v . ,  - ,  r  ,  

-  .

o 
Therefore l i  preserves the tr-rpl ing operetion and C2 is fulf i l iecl.

^  v r ' e  p r o v e  C J - .  T f  D ' t  -  ( f n r o 1 " r F " r Q " ) G l t r ( d r c )  t h e n

( ( J r t ' ) ,  l " >  =

=  (  < < f  ( i p + c p , * l " r \  r f  ' ( r r * l p , " )  )  ( t o o 1 + c 0 , , + 1 . )  r  + " ( c p p * * 1 0 , r " )  )  ,

( P P ' ) P "  ,  ( q q ' ) q . ' o  )  -

=  (  <  f ! t o n o n , O , , + 1 . )  3  <  f '  ( t b ,  u o o , , ' f l i ) ,  f " ( u p ,  o l p , , . )  )  ( J p t ' l p , i ) , , c )  ) ,

(d : - (10*ap ,o+ ,+1* ) ,  (< t r , ( " r ; , *0p , , * I c ) ,  o ( " i I (L jp t *1o , rc )  >  5 (Cp*1prn , , ^ ) )  ,
' 1  

P ( P ' P " ) ,  q ( q o q ' l )  )  =

- .
=  < D  ,  ( D t r ! " )  )  ,

Te prove C7 * If E e ' l t e, C ) then

=  (  < f ( ; o * e ) ( r o + c o , + 1 i )  ,  f ' ( l p , + s ) ( a o * a o , e )  )

( a ( r : ( l o o r ) : t ( 1 O + O O , * l J )  ,  c { ' ; i ( 1 - " . i ) l i ( C n n t o , c l ) >  r  p F '  , Q t '  )  =

:  
(  < i ( l - + o p , + l c )  ,  f ' ( c p + l p , " ) ) ( r o o , + 3 )  t

i  
<  o ( t : ( 1 0 * o p , * } c ) ,  o ( ' ; i ( - o + 1 0 , . ) ) t ( t r , o , + 3 ) r P P o ,  q g - t . . , )  =

.  -  J n ' n , ) . i ( g ) :\  s t t '  f  v \ ( J /  :

G(g+ i l ;  (  l 'D ' )  =

= (  < e f ( 1 0 + c - ,  * 1 " ) , h f ' ( a u u t p ,  
" ) )  

r ( { : , ( } r + o , * 1 c )  r e { ' ; : ( C - J * l p , . ) ) r 1 ' ; : '  r Q Q '  )  =

=  ( G ( s ) D ,  3 ( g ) l ' >  .  ,

, {e  Prove C5.  '  ::

< 'J (c r+ lc )  ,  1 , r . )  (  l '  ,  1 "  )  =

It oil rq5( t/



=  (  (  r ( l r r - F ' ; : , * 1 " )  ,  f ' ( c r + l r , " )  ,  c p p ' * 1 . )

, , p , * 1 . ) . ,  o ( ' i l ( ' r p o l r r g ) >  r  l P '  r  q q . t  )  =

=  ( J , ) t , 1 " ) .

; je c lef : -ne the i terate by

l l 1 - =  (  ( r ( s i + r r ) ) i  ,  4 i i ( ( s l ' + r  ) < ( f ( s i - r r , r ) ) t , l o * ) )  ,  p  r  e  )
t )

f c r  e . , / € r 1 :  )  =  ( f r d r P r t ) € . R ( e r e r )  .

I t  is  eas; i  io .o i 'ove th.e. t  G prescr- iee the i tcrate.  :

i ' i e  p r o v e  1 1 .  L e t  1 )  =  l f r l , p r Q ) € R ( a r a n )  a n d

t t  =  ( f t ,  o ( '  r i r '  ? q t  )  G  ; ; ( ; r c ) .  ; ^ r s

'  l e  +  i r  =

-  (  ( * O r i - 1 a i - L t c , f ' ( l * , o 0 r , * 1 " ) ) . ,  o { t ; i ( l p , + C a + } c )  r  p '  ,  e *  )

i t  fo . l -1or ' . ,s ' the. t

) ( I a + t , )  =  (  f ( l p n ( C p , * l u n u . ,  f , ( l p , + 0 a + l - c ) > )  ,

< s { f i ( i p *  ( J p , * l a * J " , f  ' ( l f  , + . y ^ + 1 , - ) )  ) ,  o 4 r ; . ( , - 1 0 + 1 O r + O a + l c ) >  ,  i r ; t '  r  Q . c i t  ) .

i ; e  c a l - c u l a t e  t h e  f i r . s t  c c : r p o n e n t  o f  ( i ( t u + ; ' ) ) r :  . . .

(  f <  1 . + c ^ r , ^ r C - - , * l ' * C r . n f r  ( u , . + 1 , . , - F J r + l , " )  >  ( ; i - , o 1 . )  ) t  =  a
t r l / s v

= (  r (s f ;o r , ^ )4  1 r+ '3pp,cno-+ l -+Op,c r  onn* t '  t  ) t ,=

f r \
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* 0 ^ * 1 ^ ) ,  { 1 1 ( 1  - r C ; " + 1  ) ,  p , r  e  ) t  =  ( f r d  r l l r c j )  =  1 )  .

)

As

q rr r:l

, ' , 8  )
Y t

< r t , 1 b " )  =  ( ( r r o

< l l , t r l " ) . =  ( { F ' r

+ h ^ h -  F ^ - ^
v r l v :  v ! -  v 4  \ /

p * l , r " ) , o { i i ( ( ; i + r ^ " ) ( i r , l p , r g ) )  r  p  r  e

o*  1+ l ^ )  1  o ( t : . (  ( r l
p '  c

:  ( ( ; 1 , o 1 " )  ( i i r r l D , e >  )  r  p '
it

l * n
.v

,

= <f  (s , f+r^" )  ( r -+ ; ]+opr+ lc)  r f  ' ts ! , t r - " )  (o*+t .  +00*rp l :c )  )  t  =

=  (  r ( ; ] . + C ^ r + 1 . )  <  F '  ( O p * t n , . )  r - ! - , . O r o ) ,  f ' q ( 0 p l - 1 p , c ) , , >  =

=  ( F ( i o + { F ' r c - , + l - c > )  ,  O p - + f * )  .  
' ,

I t ,  fo l lows that < ' )  |  . ) 'G(0a*1U*-) , )" t

= ( f ( l p

, i i e  p r o v e  , I i .  L e t  ) . =  ( f  r {  r ? r e )  € .  i t ( a , a b c )  a n r l

D r  =  ( f t ,  c { t r P t r q . t ' ) G R ( b r . b c ) .

L e t  u s  p u t  F  =  ( f ( s ; + r . b * ) ) t  a n c J  F t  =  ( f  ' ( S 3 , * 1 c )  ) l '

. <  l + r 1 i r c )  (  , - a t ' * r i a )
, :

*  (  ( r , i o * I , r " )  (ao*  ( i " , [ ' r u+ i . )  )  ]

(o { l  (  ( ^ ; i+ f , ,  ) ( f ' , 1 -_ .c } ( t -+ ( ; "  rOp l * t " ) )  )  r * - ; , (  ( ; r l , *1 " ) ( I '  , f po " } (Oo- iuo , " )  )  }  ,
P 'ru '. 

pe; , 
^"qll 

) =

=  (  < F ( l p + ( F , r C p , r - 1 c ) )  ,  O O " U - .  r  O p p r , + l c )  ,  
'

-

o ( ' ; , ( ( S i , + r . ) ( C o + ! " r O i , n l p , . ) )  ) ,  i p u  r  e e '  )  o
i

r '. ie pass to r"the cal-culation of 
'].eft-haiid 

side of A7.

D*G(L- ' "+ l .  
" )  

=  (  i ' , '  ( lp f .+oe+ lbc)  '  o l t l i ( ln ,+ l r . ^+15" )  . ,  p ' .  ,  Q '  )  .

< D ,  ) ' G ( v u + 1 5 " ) )  =  (  < r ( 1 0 + c o , + 1 a b c )  ,  f ' ( c o + t o r = c * + 1 5 " ) )  r

( * u t r o + O p r * l u b . ) ,  o ( '  d ( 0 0 + 1 n r + 0 a - i - 1 b c )  )  1 ! F r  r q q r  )  .

i?e eelculete the f i rst  eoiapol ' Ient  .qf  < )  ,  D'G(Cn*lb.)  >f  i

F , ,  =  (  <  f  ( f o - r 0 p , + t a ^ c )  i f  
' ( a o * 1 0 , + O a + l b c )  >  ( 3 ; ; , + f c )  ) t  =

= ( F,, ,  (  { i ;(  (sf i+ro.) (r"+s!*op,-r- lc){ F'rr lpp,*) ) r

( 1 ) r ( 2 )
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6 ( t I ( ( s | , + t . . ) ( O ' + 1 r . , t . 0 . ' ' { - 1 , . ' * ^ ) ( f " ' , 1 , . ' . , . } ) >
y v c 4 y y v i / l / v

=  (  <  i r ( t p - i - ( I " r c ' p , + l - c > )  ,  C . + r t )  ,

<  d  l i (  (s3+1,cc)  < j r (1-4 '<  F '  o0p,* I *  )  )  r l - r - r . ;orcr0p+l r ' rboor+Ic  )  )  ,p

o ( t ; { ( ( s l , + 1 ^ ) < c ^ + ; " r c . * } , - , ^ ) }  p p $  r  c e t  )  .
i j U ! U } , f r

ft fo-L1ov;;r eesil-;i frore tl:iEr thet

4  < n  r  ) t c ( O e + - l b c ) > t  ,  1 * )  =  (  i ) 1 ' ,  l b c )  ( n n t  ,  1 " )  o

g € T ( 5 , e . b c ) .

Let us put :

i  =  f ( . i a 3 - l - ' t  )  C  f ( e . a , r p c )r  -  r \ L , D  ' : C /  t  i - \ ' - ; l i ^ r / \

a n , l .  i = t : ( . t - " r + C r + 1 e ) € T ( : r i : : ; o c ) .

It fol-Loi;s froiir t2) th.et

(r(; l+ro") ) tt : i*rr) = (t.("f+ro. ) (ru+sf *1" ) )-t = if  .  '

' r!.e prepare the celc,;lation of the lef'u-han'i side of f4

.  c (s )  (  D t  *  1b . )  =

;  (s  <  ( r t - ; f+r r " )  ) t rc l+rbc)  ,  oa l : (  ( t i * t . " )  <  ( f  ( t in t r . ) ) t r1p5c)  ) ,prc1)

The f irst conponent of (G(e) l} t  r tn"t  )* is

( c (  ( f ( r f i * t , r . )  ) t r co+ tbc )  ( s i+ r .1 ; t  =  ( sa ; ; , l b+op+ lc  ) ) t= ( i<  i t , , . o . ) ) t

therefore

( G ( s ) < l t n t b " > ) t  =  ( ( i a i t + n p . ) ) t '  " i

, t  o(  I I (  (o f+ro. )  <  ( rCsf* rb*)  ) t , lpce> (s !+r . )<(  j<  i t r l *p .> ) t r loc) ) ,Prq)  =

= (  (  j<  i t r lbp*)  ) t rc ( l i t ( ; f i+ro" )< i t ,s ! *1*)<{ i<  i t r l i rp" ) ) t r1o">)rPrQ)  =

=  (  ( i<  i+ r t r :pc ;1 t  ,  x ' r ( (5 f3 t1c )  < i t r l bp " )< ( i  <  i t r l up* ) ) t  r t o "> ) rP rQ)  =

=  (  ( j ( i t r r b p . 7 ' ) t ,  q H ( ( s i b + r " ) < < i r . j l t , l o " ) )  r  F  r  Q  )  -

The Last equal i ty fo l lows from ( l - ) .

Idovr Q) inplies that

te(s3*1c, i f1i-  +0p*1.) = (e(s]+r*) ( lo*+oo+lc) ) t  =



. l

2 L _
:

= (g(1a i : -F0p+ ic ) (S :+rpc) ) t  =  ( j (s l+ r r . ) ) t  o

i le prepare t i :e calculat ion of  the r ight-hand siCe of  f4.
h h . +

D C(  (S ;+r " )  (  (s (s ln  1" )  )  |  r lac  >  )  =
it - (iu

= '  (  f (1o+(s l * r . )  <  ta (s !+ Ie )  ) ' t , rn ">  ) '
l J c ,  w q

{ I i ( r ^+ (s11* t ^ )< (e (s :+ I ^ ) ) f ,1 - ^ ) )  r  p  r  e  )  .
p A C A U ' c l u

+1c) > ' '

-plc> > =

=

I

( o*tto+uc. , lu*ou" * ( i( i :+lpc) )t ' ,  0*o*1" )

(sfb*r. I ts!+loc ) < ( i(s:*.0" ) )t, 1^oc )

t fol-loi;s thai if ne put

^  -  i f  : / : r l ) . . - r  \  t  r : r . . - b , "  r r t  . l  \  1 tA  =  ( '  r [ S ^ + 1 . . , J ( \ J ( J F r r n n , ,  t  & 5 6 n - ,
a  I JL :  d  PL  - r -

then

(  D  G( (s l+ r . )< t ; t s l * l c ) ) t  ,  r " .> . )  ) t  =

= (  a  ,  c { r i ( ( s f i r+ r " ) ( ; l + ro " )< ( i ( s l :F lpc , r  )1 ,1^o">  < - , l p " ) )  ,
v

Usin3i i r  t ' . rn ( f  )  ar : ' , i  (1 ' ) ,  \ ie see thal-oi ,he r ig i : 'c-hand sid.e of

(  (s.(+l i* t .)) t{ . i  ,  op*i .)  }
n ho t i i ( ( r i n * t " )<  s : ,<  ( : cs !+ to " )  ) t (  r i r ro .  ) ,A ) , l p ">  )  ,  p r  r  q  )  =

= (  (a( t ln t . )  ) t t tu* ;p* l " )  (  a , tn" )

. ( : i ( ( ; ; b * r ^ i < i ; ( j ( s ? + r p e ) n i ( i 3 + 1 p c 1 7 t r  l p s ) )  r  P  r  Q  )  -

=  (  ( j ( j : + l p e ) ) f < x , l p c )  r  d ' F i ( , " i o ' n r - * ) < < i , j ) t , 1 r r . ) )  ,  p  r  Q  )

, i te dejuce froa (7) that  i t  is  equal  to tne lef t -hanci  s ide of  14'

l le heve proveci thet \ i : T ------i.1i,.. is el ?-nodule v,' i t l ' i  i terute '

P r q . )

14 is

,

ft rrrill oe celled the T-no,3u1g--qf,-L€.il"E over l . : , I - ) e  r
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?-"1 )a. f j i r i t . jnn r^+ 1T .  rn  -=}  ;  l - le  a T- :no iu le  v , ' i -Lh i ternte,c a  I  s r . r  ! L : i  v ! L ' : j a  J - J C  t  I . l  r  ' L  a  \ t  , U  q

$ubcategory of "d hevirrg ti:e siz:,lc ocJect,s ac t, vi i l- l  be cell, led s t:-A.i*}

iaa,l,g1"q,wf!X-rl lf i f i t is cl-osecl'un,:1e:: tupling

ope:. i t ion anC i te: .ate en,. l  i f  i t  contain l j ( f ' )  for  every f  eT(e,  - r )  o

2,3 !i:e T-*c'l:ll.: c.f :':o.*,ra-l i.!S!:::ig[:!-n!g. Le'L I'1 : I *--].* be a

T-:lcCule viit?:. iterete an,1 let, S : t *** li he its T-moCul-e of pairs.

,A i .ornhi .sn ( t ' rot  r?rQ.)  : ro i . :  R is cal leC. a noT::ral  .Jescf i ] ! . io* over
l J _ . r v ! r  r * l _ .  l } / r t ,

i i . :,t *---+; if p - q. Al-l- t l ie n"orrcal . lescriotions ovel' l I : r '-P w

foi:a a t-sii::oiule wit,h iterate of G : ! -----t; i, denotel 
-oy 

l ' ;D) . , ie
q

shei l -  prefe . i :  t ,o ' .^ . ' r ' i te ( f  ,x ,p)  inste rr i  of  ( f  r  o(  rPrP) for  every

noi:',,1:r;-l- t1 e s cript i cn,

2,9 lrj-fi:rition.. Lct '-:i": i -----) * ayrcL i{r : 'f ----* .o' be t',1,'o'

T-rolule$;itn it:r.*:te. A fr. inctc:" r ' I -+ --1).q,t rs cell-e'i E' :: lqiphi-:+
A

oi* ' r - .or .u l -e$ '* t l l j " - i r , : : : te r f  i r  presel 'ves the oblects,  the tupl ing

operai ien el i  tne i . te: : : 'Le;  noreover,  I { l r  = } i !  O

ilo+,ice t,hat evel.y norpi-. isn of T-.lodules ivit ir i terate pre$erves

{rI : r .-\ '-UiI o

Cf eo':rse t,he corposir,ion of twc norphisns of ?-nodules v:ithr

iLerate is e ,:orphi;:r of T-;-c-,,1;1es r, ', ' i tn i ierat+.

2*1t l?,r,;o_sii!c,l . Le-,. H i T -*) A be a T-so'Cule lr:it,ir if-er*te.

I f  for  eeeh ( f  ,o{  ,F) € i ; ;  (ar ' : )  ' , ' ;e Cef ine

.  I  r l  \

l ( f r " ( , p ) l *  =  i { ( f ) < o { r ,  1 . )

then
* | | . N13 , ------{*o.

t t ;  w
1

xs a nor' ' 'phisn of T-noiul^es l,Yith iterate-

P - r o o t .  M  € ; ( E r l - ' )  t h e n

l n ( r ) l o  r ' : ( f ) ( n ( c . ^ ) t r l r )  =  I i ( f ) < i i ( c , ] ) , r o >  =  r ( f )  '

r t  1o ] lows f ; , cn  th is  Lh .+  l ' l  |  =  '1
. j e .  L ,  ,  _ " , . , , "  _ _  - _ l

r f  ( f  , 4  r p )  €  l ; J ^  ( a , b )  a n i  ( - ,  
! 1  r q )  €  i i D Q ( " c r c )  t h e n

l t -
I  t r ' r 6 (  ,P )  ( . ; ,  p  , . i )  l *  =



* ' 2 3 * - .

= i - : ( f ( l - + r l ) ) < < c { l ' ( 1 . ^ - r - l . ) - A i : ( C ' ' i - 1  " * 1 -  
' r  \  1 3

r r  _  u . I i  
r  f J I \ L p T i q c i t '  |  t c ?

= l r ( f )  , , rnn r )  <  ( . {11 - - r : r ( ; ) )  ) t  ,  l qg  }  <  p r  ,  1 * )  =  r : l - ' c4

=  i r ( f )  4  o d u ( l ) ,  ] l ( * )  )  (  l u f  ,  1 . )  =

'  =  l i ( f )  (  o t t  ,  i u )  i i ( ; )  <  p t  ,  l L * )  =

,  =  i ( i ,  d  , r r )  l -  l ( s ,  f J  ,  q ) l  -

f f  ( f  ,  o {  , p )  €  i i - )  ( e r c )  * : n d  ( e , P  r c l )  €  i ! } , ( c r c )  t h c n  u o i n g

proposition 2.4. in tlre .second equali i;v ,r:e oi:tein

l ( ( r , c ( r P ) ,  ( g r F  r q ) )  l -  =
.L

=  i t ( ( f ( l ' + , . ; q n i " ) , s ( C o + t q c ) >  )  < < o t i ; ( l o + ; q o l " ) ,  p : ; i i p + l q c )  > r  ,  l " )  =

=  i t ( f+€)  r i ( r ^+  (  c . , *1" , f0 "  >  )  (  d t ,  F t , l - " )  
=  C4

l / L i . v

=  r : ( f + g )  < o ( t ,  < t l ( c o . - t l - . ) , 1 q . )  < f } l  , 1 " ) )  =  
j .  

c 5
' ' ' " : :

c4=  H ( f + g )  (  d i  ,  l c  ,  p t  ,  1 .  )  =

=

=  4 .  1 ( 1 , a , ? ) l *  ,  l ( ; , p  o q ) l -

I f  ( f  ,ol  rP) € l l ; l - :(era'r)  then 14 inpl ies

I  ( f ,  d  , p ) t  l .  =

=  - , - r ( f r ( . r a - r  t t t t  z  ( . , t \ - ( . ( s ? + t , - ) < ( r ( 1 r 8 + r  t i t  r  : ' t t t  r  \  =
= t - r ( ( i ' \ o f + i r ^ , ) ) ' ) <  \ o (  y  ,  . t ? ' t b "  | L p 5 / t t  , * b '

+  . +  |  '  ^  .  \ l  1 -
=  (  i i ( f ) < a 1 t , l e r )  ) r  =  l ( : , o c * p ) l o 1 ' g

7. Tl:e T-noiule of flor';charts.

f Let T be en s*sor,fec thecry with iterate

.5*1 Je nade evel'y left-cancellecl-e monoid, I{ into a T-nodule

. vrith iterete 11 : T *--i v1a BY

.  ( a , b )  -  {  ( a , r u r u )  I  m € } . 1  }  'ttL'i

eompos i t , ion  (a r i i i rb )  ( 'b r : : i t  rc )  =  (e i * r : rmt  ' c )  '

t u p l i - n g  (  ( a r n r c )  ,  ( " r m ' r c ) )  =  ( a b ' r L m " c )  '

i t e r a t e  ( a r n ,  a b ) t  =  ( a r n l ' o )  ' t

1 { ( f )  =  ( a , t r r b )  i r  f ' 6 T ( a r b )  '

a^F,  ^1- r^+ . i ^n  n r  [ , {  i .q  ncceossarv  fo r  de f in ing  the  i te r 'a te .
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a A* 1 +

7,- )  ?- , .oo. r<r i t . iOn.  The cetef :o la /  o f  T-nOdr. - r les wi t ,h  i toratc  harc
) a b  I l v ; i- _ . - :

p r o d u c t s , .

qoog. Let lir : I -;*+ a' and li" ; T ***) t" oe two

T-rqcCulcs v,'ith itcrate. Tireir proC.uct il : 'f *--:) q is definecl by

Q , ( a r r )  =  o r ' ( a r D )  x  o " ( a r : )  ,

' : i o n  (  d r  p  ) (  o ( ' ,  p '  )  =  ( o ( d ' ,  F p ' ) ,conpo;1r

tupi-ing

.  i t e r a t e  ( { ,  
P  ) T  =  (  o < T ,  

P 1  t  ,

l i ( f )  =  ( l i ' ( i ' ) r I i " ( f ' ) )  f o r .  e v e r y  f  e - ' ( a , b )  "

I t  is €asJ* io prover t i rat I i  ;  T --*.o is a' I-nod"ule' , ' ; i tht i terete"

The fu*ct,or"s f t i 'r,. -| v{r anC !-'t : Q' ---} nu" define'l cy

I r ' ( 6 ( , p ) ' : o (  a n i  F " ( o ( r F )  =  
P

are nolli-)i:istls of' T-;u'.o'1u1es 'sith iter'ut'e' -'n,

Gt , ,,1_ -+ ' r eni G" , ol. --t ;'' ce +,,lrc i.orFhisr:s of T-u<.rdules

vrill it,ci:are. 'ri:e unique ,ro.rpeisni of' !*aod.'r:les witb:" itcrate

( ;  i  * i . ;  qa $JCh that GF' = Gt anl l .  GF. '  = Grr is def ined oy
l-

' J ( o ( )  =  ( i , : ' ( a ( ) r G " ( a ( ) )  f . o : :  € v c r y  < € o a ( a , r )  t r

i,e'L E Je a sei an{

arid 
"Z 

: E ---* ,r*i .r  :  f  ---$if,

be tno fu; :ct ic l is , .  , r r  es.ch o '€ f  ,  r ' r (O')  incic*tes the nu"rncer an: l  the

;  sor is of '  the i : :put ,s of  o ' .  For.  eecl i  d eE, rr(0 ' )  in l l j -ca-, tes th-e nr: inbei '

and tl ie $or+'s of the exi'Ls of 0i .

L e t l { n . : t - * - - } ; i b e e I - n c t 1 u ] . e i , ^ ; i t } : i t e r a t e . L e t f u r t h e r

i-l .!eflii$gl],. Let a,r6 Jx. ,i E--:il"-g';ptir:rlt o'/-gi:. ! 'r:ith inpr-r't

a enL cxit  b consists of a tr ' i -pLe ( i ,  E ,e ) l 'v-here e € f*r

i  €  l ( c , , : . ' r * ( e ) r )  a n i  6  €  t . ( t a * ( c ) , ; ' - F ( e  ) ' : )  g

Let ulE,. .(arc) oe t i re set oj l  el l  f - f lcv, 'c irafts over i  with

input a arii-'l ei'i 'u J.

Let ii 
':' 

1l --+ i,, bg the il-i:iocr,ule of peirs over 1.r' : i *---* *

anc-1 let I- l  :  T -)..g* "re t,hq - l-: lcr lul-e , ir i t , l l  i tcrerte o)taine{ fr 'r i t

t he  mr rnc id  5 :+  es  i n  ] . 1  : ; e  s i ra l - l  i . LFn t i f l i  eac l r  ( i rE  ' e )  6  F f -  * (a tb )'  , E t L



a r i. )

: ,

, , , ;  + ! -  , '  (  a' I r v r u r i  \ \ - ,  r o  t - - l  \ v , r t *  )  \ - - /  /  r \ a : 3 r : ) / / g ' ' t C t D / ^ ' u 5 . * \ : ] t U /  
j

; ' . 4

7.ri -.'-r"-cjlj.r_Liilg. ;r-1.r. 1s e, T-i:ro'-luI': irj.th itcrilt-c
l r -

l l rrof. -t t  is eesrr to t iee t l ia'L b:f thc i , i : lov€ i. : ' lcnt ' i .- f ici+,j .or 'L f

becotucu a t-su:;racr1u1e .,, i frh i"Leri, tc c-f ihc pro,luct oi '  L" : T -*-"t j . :

u . rn ---.--s -
r r  |  4 .  I  . c s . ) f  f . l

L -  u

T .n *  e \  T  - - - \  i ' 1  l 1 r :  * 1 .n  q t  v . r r n - i - t r : - r ' l  f  i i nn t . ^ , ' . - '  n J i  ? ]
J L ; U  - .  r  - - q .  t , t  , !  t r r : u  J u r ' u L ) t ' l - L - ' : 1 - L  - L L ' J I U L i ' I  U !  I ' t  n l '

'  L t t  e r ' '

O b v i c u s l ; ,  ?  =  ( I ' r C ^ r I )  - i ' c i ' e v o . i ' . \ '  1 6 T ( a r ; ) .
U '

i"5 .i-ie.t.1.1;-lioj:. ,a^n inlet::i;1!3liS; -t of E ii:.t,o a T-ri.o-lule i';itl:

iterate l{ : t *--} t"l Col1siiits of a f-Ilriily of lror'.o}:istLEl o.i' i+ such

"1
" " E r f

...^ ,.1
C i J . l . J

1 ;te an interpretation o1' E i i l

's.r) )ef ir:-t.io.:- -he s'ri::ri-i-;'1- !:rf,er"i:r:i-Lrt't;-ii-9 j; is t,h: in+-e rpr.e -

tati.on if o-i : in ttE,t fef:-irei for ceclr c-eZ l;Jt

r a ( e )  =  ,  t - - r ( o - ) u - J . r ( o - )  ,  a r r - ( r ) - F l r r ( 0 . )  ,  o  )  n

i .7 l ' f  ' - : r l ,c ' , .g i ' , , :U>1. I i  (LrZ , ' i  i  e1' l f r i tc ' r : )  t ; ren

:  
( i r G , € )  = f ( ( r r * ( r . ; ? ; t , l - . r )  |  \ { -

HS-€,. :ln easy caicuJ-at,irn slioii's 'Li:at

l r * ( e )  =  t  a r r * ( . ) - n ' l r , * ( . )  ,  u r l * ( o ) - f , , 2 * ( e )  ,  e  )  .

'  
r  f ,  ,  o  ) t  =T h e r e f c l e  ( : r r x ( e ) ? ) t  =  ,  i ' i f , ( " ) * i " t * ( e ) >  ,  c " a * ( u ) t

* '  =  (  I r _ * ( e ) t - C , :  , 6  r  e  )  .
' 1 \ v '

Hencu  t ( t r , . * t . ; r ? ) t
1

? . l  J ln , r  , ' r . . .  i  t  i  , r  . t  -  : rC  t
J . : )  L  - L  v ' . , ' J J :  e r  J r r c

wi th  i te r : :a te  i l  l ' ,  ' I  -$  * -  .  l l o : '  eerch  ( i ,  €  ,e  )  €  ! ' l r  ' r ( r : r : ) ,
G t '

: F r . :
l - [ r r  G  , { : l

{ i * v i l

T l r  i . : ;r '  '  . . t - . i  ' " 1 . .

is a rnorphisrir of T-noCul es uith iterate.

U i l - i . i  ! - - - r v \ : u I U
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f ' r ' c o f .  I f  f  e i ( a , ' i )  t h e n

Tt f i  =  T( f  ,0 r , t r )  =  ( f  i i ( cb) , I )

It fol1or,vs froui t lr is that Ttfn) = 1,

r /  n \= j i . \ I  /  .

1 : t  + t  ^ t \ / - l l 1  f i .  ^ ' \  + 1 -
t 1 ' r  6 ' t C ' )  t ; - u r 5 .  ! r \ J t u , '  v ' I € l l

t  b r -r f  '  (  L, E rr:  )  € ir1r,1(a, :)  an' l

f t i ,  t s  , e )  T ( i - *  ,  6 '  , . ' )  =

l f  ( i , 6 . ' r e  )  *  ' r l - ' r y , ( a r c )  a n d  ( i ' ,  6 ' r e  
' )  e  F l g r ' ( : r r c )  t l ' e n

( T t i , 6 r e )  ,  T ( i ' , G ' , e r ) )  =  ^

=

=  (  < i 6 r " i ( u ) * c " f ( " , ; + 1 " )  r  i t ( 0 r 1 t i u l n t " i ( o , ) . ) )  ,

r r t ( " l r f (e  ' )  )  -

1 * ( " ) : : - , F ( e '

) , i n ( e e ' ) )

e e '  )  -

=  (  < i 1 i " f ( u ) o O * f i u , 1 + i . )  r  i ' ( 0 - * ( " ) * l " f t " ' ; " ) )  ,

rx (ee '  ) t i (<  G(4r . , * ( * ) *Or , f i  * ,  )o1*) ,  6*  1o" i ( * ) * l " f te ,  )e)  )  ) ,

=  T ( (  ( i ,  ? , e )  , ( i t ,  E ' r e ' ) ) )  .

I f  ( i ,  B , e )  €  t t t o r ( a r a c )  t h e n

T (  ( i , B r * ) t  )  =

=  T (  ( i ( t r f , . ) *1b ) ) t ,  G (s l f ( " ) * I b )<  ( i t t i i i u ) * l b ) ) t , t * r ( e )o )  I  e  )  =

=  (  ( i ( s i l e )+1u ) ) t  ,
I

r * (e ) i : (  a  l l t (  ( : ; f  * ru ) * lb )  <  ( i t t i fC* ) *11)  1 t r1" r (e ) i r )  )  ,  r f ( * )  )  -

=  (  i  ,  r * ( c )11 (z  )  ,  r f t e )  ) t  = ' (  T ( i ,E  re )  ) t  n
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"; .9 i . iein Theoreq. Fle,p is the T-m^odule with i terate freely

generated.  bY E.

lroqf, Iret I{ : T. *-} w be a T*roociu}e with iterate" Let f be

en inter.pretat,ion of A in d. ,Te have to prove tirat there is a r:nique

rnorphism of T-mo'Jules v,'it,h iterate

F : F l g , r n 4  A
. r. l _

s u c h  t h e t  I < F  =  I  ,  i , e .  f c r  e a c h  d 4 E  
' '

L

.  :  F ( I N ( 0 - ) )  =  I ( 0 - )  "

I t  fo l lovrs f ron proposi t ions 2.10 and,) .8 tha-L i

i t  I : i ' i .o r -+ ;
-  i r J  

+ . ' *

is a norphisq of T-raodules ri ith it.erate. i iLoreover, for r:acl: Cl'€f,

l ? - r
I r r  r * ( S ' )  ) 1 " :  =- L , ' d

I  r  r  + o  T ( S ' ) " ( i - , . r - ) + 1 p ^ ( o -  ) )  ,  r t ( O ' )  I  l o  = i ,
I  \  t " - , ( t r ) ' " r . ( Q : )  I  a t v " " ' ' - = l ( F )  

/ .r l

i .  t 1  - r - i - , ' " . - i o , ) )  1 f ( f  ) , 1 r , ^ ( o - ) >  =  4 ,  i ( S " ) r ; i ( u " , ^ , - ' )  )  =  i ( 0 ' )  '* -  r r \ t t ' - ' , ( 0 t / ' " * . , .  '  r ' 2 \ u  )  i ' 2 \ u  )

Let F , FfEr, --+ u" oe a nor.phiom of' t-srodules tnil;h iterate !.

s r : c t r  t h a t  I e  F  =  I .  f f  ( i ,  E  , e )  e  O t e r r ( a , 5 )  t h e n  i t  f o l l - o " ' ; s  f r o n r
u s v ^ - r '  -  |

t b  b t ^

'proposi t ion i  ""1 that .

u ' r  4  ?  \  a a ,  * ' r r - f f  ^ i ? l t  I  \ )  =
, \  r 1 u ,  1 e  . , ) =  i ' t  i ( l r z  i i ) 6 , / '  t  L i l l  -

Y  /  .  \  )  ' ' 1 1 -=  r i ( i ) ( t - * t . i  E . r ( e ) ) 1 , ( a ) ) t ,  
i " )  =  i { ( i ) ( ( l t ( e ) i r ( Z ) ) f  

"  
1 " }  =

. 4

r  i :  t - * ( ^ \ ; , i  ?  )  - . f ( ^ ' i  j  |  -  t T f  i  
-  r  I

I  \ r r . r -  ' . . r r . : i Z / r  r i \ e i i  l ;  -  I  r i  l t 6 t e  . /  l . u  t r

1. Pro.v ing conpi lers correct

Let G :  .  T - : l  T '  ce a mo::phis i , t  of  theor ies u ' i th i terate '

4 '1 Li l , j :g.  I f  i i '  :  T.  *+ ;  is  a T,- inodule wi th i tcrate then

Gl i r  :  T ---* .u is a l -molule i i , i t i { i terat*  n
A

4.2 I€,::.Lq. ivcry i: ioti.phiuil of the T'-ntoC.ul-es '. ' ; i th iterate

F,r. : Tr --|.c, arrC Ii,, : Tt ---t Q" is a norphism of the T-no'dules

v,-ith iteraite ci-tt : T -| *' and t}i:i" : t --l l'" n

The i r ip l .e (  f  , r . . ,  , r ' r )  tcgether r , " ; ' i th an interpretat ion I  of  f

in the T-nodul't rvith i t."utu i: : T, *+ ; def i i ie a 1en6ua;e whose
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syntax and semant ics vrere clef ine"i irr- thc rrevious section. lret

? . T1 .n ---* .;' t - ' f , , r

be the  senent ic$  norph is . r : ,  g iven 'by  th .eore :n  o ) .9 .Obv ious ly  f  5 -F  =  I  o
L

Let  (  E t , r i r r j )  an i  I '  be  ar i . c "Lher . lengua. ,e  v . 'hez .e  r {  z  {  - - t : j l
' L . a

r - t  :  F r  ,J t  a : :e  1 'u . i i c t i .ons  i ln ( . '  I !  i s  Fn  in t .e rn i -o t .a l ; i cn  o f  s . t  in  - t l re.  u  J  v  q j . u  _ l A l v v r . \ / ! r u  ( ; : r 1 . . , .  r  4 J  ( . ' f f ,  r f i u w { i J r q : u c i u ! v t :  w I  
z  

l l l
l q

Le t  F r  ' :  F1 . * r  j t r  * - ' ; t  be- ' F ' . i r  ?  a
I  t r

the ccrresponCing se;aant ics norphisn.  Ccviously f*o;+ ' t  = I r  o -*
L

l t  4  l ! , ^ T l - / a a - l A h  j t  ? . n h ^ h r / a . s' t  
" / rt lc:j ' j-+ 9jl l j :!o *1 i.. i ,JI '!Jri l-Cilu

11 . T:ra \ -la
.  r r f rT  - - * -?  

" t f ,  rT ,
the T.-noCules I,rith rtcl ' :,t,e A: T ---> Fl-. ," eni. JAt

'  a l  r

r | D  I  I o / - t  r . r a T i n t  t e I  n
E

Let E : i *--?iit i :e a morphism of t,he T-m.cduleo l,, i i th itcrer,e

rI : T --+ Q inrl Gii '  , ? ----) 
".. ' . .his-rnc::pirism hes the folloit ing

i n t u i t i V e  n e a n i n g  :  i f  o ( € Q ( a r b )  i , c ' r . h e  b e h e v i o u r  o f  P e F l o , n ( a ' b ) .
& t r

then t(o( )  iaust be the beheviour t . ,- f  C(P) .

4,4 ldiql}Ur. The co:.pi ler c is ec::r 'cct i f  CF' =Fr n

4.5 fgp.g*.!ig:. Tiie compiler C is cor,i'ect if ;end on1-y if

I t C F '  =  j : E
a+

Ffoo€. It  fcl- lct irs f i .orr i  lel; , ia lr.2 thet Ft is €

T-lo.: lul,e s vr, i+,,n i te rate GAr : T *--) inl1, 
, ; ,  

anC

Then tbeoren 7.9 inp l ies that ,  the equal i . ty  CF'  =

T-modul.es viith i'Lerate hol,Cs if and only if I 
f 

CFt

1- ,.1'F t TTr* y r , r  , -  g
..

4 "5 FqqrlggiFog. There exists a correct compiler C if  ancl only

i f  there ex is ts  an in terpretat ion J  of  f  i i : .  F lor  r r l r  such t t ra t
4

,Ttr ' |  = .Tt

Pr,:cf. If C is cor'rect then vre take ,- ' i '  =

:  ? -- l  i l - . ,  i . ,r
L  r *

norphisn of the

, ' ] ' ! j l  .  r T t  - - - . : ' t' ! t { '

h ' ! , :  o f "  mnpnh lc - r1 r .g  Of

=  f  < . F E .  
' i . € ,

A

I r C enC apply pror)o-
h

f, in Fl-n ,.;,, such that
L  r :

exists a unique compiLer

s i t i o n  4 . " 5 .

T  ̂ +
I-JU L

ft follo"vs

J b e

frcm

.T'i\{an intertpretet ion of

theoreic. 5"9 that there

- L ! .
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th .a t  r rc  = i . .  As T lc i r '  =  J f t  =  rs  the conoi ler  c  is  co i : r .ect  g
:-rrl_1)r:lilnr;;

.  : U ;  . J : \ ; J l i  v r x j  .

1" A-DJ(, . r"  A. i lo6uerr l . i " i ' , ' .Thatche r . r i "  J. , ' , ; i ,grrcr .  anr. l  .J"J. l , r . ight) ,  Tni t ie l

algebra seirientics end continuous al.ge;l:rasrI; l i ; Iteseareh 1iet--.,ort

RC-ITCf ,  i , Iovenber" lg7i .  j ; ' rCi i  Zrt(L)77 )  pp,6g*g\.

:  2-  A-D.,r ,  Rat ional  a1 .e craic +.1:eor. i -es a; lC . f  ixed-point  sol i r t ionsrFro-

cesCings 17th rj i l  Syr:rosi,,m on Fo,.mdi:Lions cf Conputiri;r i;ousL,o*,

Texes, u)c 'Loi : :be r  L97b, pp "14 T-159.

3, /DJ(llc,t 'rr. i i irJ;W) rl 'ree conbinuous theoriesrld;'1 Research i?eport

RC-590b, lece" l i .eer l??7r

4. l l .]), l{, i i ;!rIG,ir1tjts,i) ri:,ar4r-so;'tecl and. cr.derecl al.;ebraic t,heories }

Ii i ; l?esearch riepcrt RC -ir?t, 
april LgTg. .

:
,. sirr.:oie cn edvice on st,r,;ct,ur"in; cc:p;lers anc proving -bl:en

c o r : ' e c t ' i i i , ' . ' R e s e a r c h R e p o r i R C 7 ' : 3 3 , . . ! p i ' i l L 9 , l 9 t

9" A])J( i r t l r iJG,;r j ; . . ' ) r i i lotes on e1-gerr-eic f r :n,3anent,als for  theoreLical ,

compute. '  i ic j .e. l i r " r . , .athener ical  Cent i 'e , t racts lUlrFor-uldat icr :s.  of

conputer  sc ie : rce  I1 I , r ra rL  2 :Len; . ia i je .s , l cg ic ,se : lan t ies (J .  r i .CeJak l . :e r r

. I , van leeu, , . 'enrJd .  )  r . rHs-uerde.n ,  i )  |  > ,  1 .  ; : , .  ) - lS4  .
' i  

.  C-<.2 j .nesc;  V.- l .  rLn cci i t : : i -L f ; .e e +-; . :esr ' l i  € i :p()ar.

3, JirkllO-if G. a::i r, i-pSCn ,.1.-.:. rr;etejtt;e:j.r;oug nlgeJraSr"ioCCn:-rinatOrial

theor l r  3( l i7C),  i :1-r .  i15-1jr- .

f . i i lencerg J. ani '1.-r ' i .{ht .r ' .3- r, iutonate in general a.Lgecrets,
t

fnfolrat icn anc Control  i l - ( l i , l : ,T)  pp.5Z-7C

10.  
-J lgo t  

C.C.  r l .one : : i c  .co ; rp r - r tc t , ro t r  
an : '  i te ra t i ve  a l -ger ra ic  the  or ies ,

Froceel l i f l *s r  Lcgic CoI l  cc,ui ' ,xn 19-13, i , tor ih- ; ;o11rr i : i  A)75 )  pp " I75*27J

11. I:rieri lu:: i i  . l i",vn rat,icnal ,:efi i i i" i ioirs i;t co:ip]ot,e al-5e ,)ras without

i 'ar i ; r ;* . re in iscl : - , ;est t 'El isci ie !oclui i ;c l le i rochs,:h, . r1e,racr i ren, ier ic l i t

. i r ,  c , i ,  Uc tu , :g1 '  l - l -n

l . : "  . i ,e  ' . . 've- i  e  -e ' . , i . ,  i 'u i :c tc : : ia l -  sct i i - . ; r -L ic3 , .11 ,  a l ;e  
' i r : .u ic  

theo: ' ios1P.r" 'oceeCin: -s ,

. r \ ta t f  l  . ic r , r . i .  ic : '_  . jC(L)5" t  )  p f  -3e l -S ' /2 .  .
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r l  t  I  '  
:  

:  I

t . ?  a l ,  .  n  tL),  i , ,orr ls I 'o l , ,orAd.vice on structur. ing conpi lers end pr:oving then

qorrectrt 'rocee.:J.in-srACI,,I symposiurn on Frinciples of i irogra.1rioing

ian;;uages, Jo,iton( I973) pp .- t;4--L|.Z.

l4.  i . ' i ivet  i i . ,0n the ieterpretat ion qf  polya. l ic  recursive prcgran
7 r '-  scl : .e i" lesrSi 'npcsia i , iat ,henet ica,Voi  ) {Vrfnst i ' tuto l iat ionele r i i  Al ta

,.j

.^  .  I ,1€: fhsngt ica,  f  +"aly 
, l l j5 .  ,

I 5 , F 1 o t , ] ' r i r r G ' ) o e r : . , 1 3 ; : i 1 i t i r , ' . ' ] . , T h e c a t e 6 o r y t h e o r e t i c s o ] - u t i o n c f

recursive dc:nein equ;it i-cns, Llnirrersity o:l lcl inourgh, )epe$,r,:nt of

Ar t i f i c ia l  In te l l igence Repor t  l to .6Cr19?g.

1 6 .  S c o t t ,  1 -  T h o  I  l t  f  i  ,J.r , l le rarrrce of  f lor ," l  c i -sgr.amsrLecture i , iotes in i :at ] :er let ics

1133, selrentic.s of Ar-gcrithil ic LenGueges (E.rn3elerrEd. ) sprin.S.cr-
-  Ve:. tag( L}TD pp .1l-L- jc6.
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