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ABSTRACT

We prove the '  s tab i t i ty  o f  the index and the semicont i . ' . ru i ty

of  the d imensions of  the cghomology groups of  semi- ! ' redholm

Ranar :h  sDaces  -nea r  ope ra to rs  w i thcOmplexes of  Banach spaces and c lgsed l inear  operator

respect  to  per turbat j -ons of  the operators and of  the 'under-

ly ing spaces which are smal l  wi th  respect  to  bhe ga.p topologies.

I t  seems that ,  even fo l  s j -ngIe semi- I ' redholm opera. iers ,  some of

the s tatements are more genera l  than ' the current  ones.  The resul ts

are appl ied to .obt .a in  semi-cont inu i ty  for  jo in t  speql ra c1f : t ;J in i te

systems of  ccrmmut ing bounded l inear  operators.
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STABIL ITY OF THE ]NDEX OF A SEMI-FREDHOLM COMPLEX

OF BANACH SPACES

E r n s t  A l b r e c h t  a n d  F l o r i a n - H o r i a  V a s i - I e s c u

1 .  INTRODUCTION

The  a im o f  t h i s  wor l<  i s  t o  s tudy  the  s tab i l i t y  o f  t he

index  o f  a  se rn i - I ' r edho lm comp lex  o f  Banach  spaces  ( see  Sec t i on  3 )

of  the form

r : -1  p  p+1

where  c rP r , ' ' i "  a  c losed  l i nea r  ope ra to r  f o r  eve ry .  p€2 ,  w i th

respect  to  the gap tooology. ,  This  ITte <rns that  both spaces and

operators may be per turbed,"  The main resul t  o f  the present

paper  asse r t s  t ha t  t he  1nc1px  ( i . e .  t he  ex tended  Eu le r  cha rac -

te r i s t i c )  o f  such  a  co inp lex  i s  s tab le  under  sma l1  pe r tu rba t i ons

and  the  d imens ion  o f  t he  q roupg  o f  t i r e  assoc ia ted  cohomo logy

i s  upper  semicon t i nuous ,  . d t  l eas t  f o r  conp lexes  o f .  f i n i t e

leng t l r  ( see  Coro l l a ry  3 .6 ) "  However r  w€  ob ta in  adegua ' t -e  i n -

format ion even for  complexes of  in f in i te  length (see Theorems

3 . 5  a n d  3 . 7 ) .  I n  p a r t i c u l a r ,  w e  e x t e n d  t h e  c o r r e s p o n d i n g  r e s u l t

f rom IB ] ,  as  we l l  as  the  s tandard  resu l t .  c f .  s tab i l i t y  ( i n  t he

gap topology)  of  the index of  a  semi-Fredholm operator .  I t  seems

that  actual ly  in  the context  o f  semi-Fredho1m operators we

obta in more genera l  asser t j -ons than the .gu"nrenb ones.  This

happens because we al low the var. i"at ion of,,  ' -both spaces and

operators.  In  addi t ion,  our  method"  enables us to  g j -ve in  some

cases  e f  f ec t i ve  es t i -ma tes  ( see r , - : f o r  i ns tance ,  t he  p roo f ,  o f

P r o p o s i t i o n  2 . 2 O ) .  . ' .
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The  ocu r rence  o f  con ip lexes  o f  Banach  (o r  H i l be r t )  spaces

in  ra the r  d i f f e ren t  c loma ins  o f  ma themat i cs ,  f 6 r  i - ns tance

in the theory of  the 8-operat .or  in  s t rongly  pseudoconvex

m a n j - f o l d s  l 6 l ,  [ 7 ]  '  [ 1 0 ]  '  l 1 5 l  e t c .  r  d s  w e l l  a s  i n  t h e  s p e c t r a l

and  F redhohn  t l r eo : : y  o f  seve ra l  commut ing  ope ra to rs  117 ) ,14 ) ,

[ 1 9 ] ,  [ 5 ]  s h o w ;  t h a t  t h e y  a r e  r e m a r k a b l e  m a t h e m a t i c a l  o b j e c t s

w h o s e  i n r . r i n s i c  s y s t e m a t i c  s t u d y  ( s e e  a l s o  1 1 2 )  ,  l l i l  ,  [  1  6  ]  ,

[ ' i 9 1 , [ 2 O ] , [ 5 ]  e t c . )  c o u l d  b e  o f  i n t e r e s t .  I t  i s  t h e  p t r r p o s e  o f

th i s  paper  t c  show t i r a t  a  h igh11 '  abs t rac t  concep t  o f  a  comp lex  o f

quo t - i en ts  o f  Ban ich  subspaces  has  impor tan t  s tab i l i t y

n r o r i i x r J - i  a s  r : n d n r  a  c t e n e r a l  f v n e  o f  r r s m a ' l ' l  t t  n a r f  r t r h e . | -  t O n s .y ! \ . / I / 9 r  u I \ - r  u r t u e !  q  
Y e r r u J - q r  " J  i r t

T 'he  cho rce  o f  such  a  concep t  has  been  d i c ta ted  by  some

techn ic r l  r easons ,  ma in l y  by  the  i nva r ian r :e  under  dua l i t y ,

as  we l " l -  as  by  some s ign i f i can t  examp les ,  d i scussed  i n  the

las t  sec t . i on  "

We sha l l  f o l l owr  dS  a  ru le ,  t he  no ta t i on  and  te rm ino logy

f rom tB l .  Neve r the less ,  f o r  conven ience  o f .  t he  reader  (anc i

to  po r - r r t  ou t -  so lne  sma- ] , l  d i f f e rences ) ,  we  sha l - I  t i s t  t he

-symbol  s  that  are usecl  j -n  the present  work

L e t  X  a n d  Y  b e  ( c o m p l e x )  I l a n a c h  s p a c e s .  T h e n  g ( X r Y )

i s  t he  se t  o f  a l l  c l osed  l i nea r . . ope r ia t c rs  tha . t  a re  de f i ned

on l inear  subma.n" t fo lds of  X and have va lues in  Y.  The subset

o f  t hose  ope ra to rs  f rom C(XrY)  wh ich  a rg  eve rywhere  de f i ned

. ( a n d  h e n c e  c o n t i n u o u s )  i s  d e n o t e d  b y  { ( X , Y ) ,  W e  s e t

g ( x )  :  = .  C ( X , X ) .  a n d  * , ( x )  :  = r t ' ! X { X i X ) .  F o r  a n  a r b i t r a r y  S  € C  ( x , Y )

w e  d e n o t e  b y  D  ( s )  , N  ( s )  , R  ( s )  , G ( S )  a n d  y  ( S )  t h e  d o m a i n  o f

C e f i n i t j - o n ,  t h e  n u l l - s p a c e ,  t h e  r a n g e ,  t h e  g r a p h  a n d  t h e

reduced minin-ium modulus of

the  se t  o f  t hose  ope ra to rs

r a e n a a . F i t r a ' l r r ,  L e t  0 .  ( X , y )  b ee r  v v 4 J  
- F

f r o m  g ( X , Y )  s u c h  t h a t  R  ( S )  j . s

S ,

i)
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c l o s e d  a n d  d i m N  ( s )  <  " " .  S i m i l a r l y ,  0 - ( x ' Y )  i s  t h e  s e t  o f

t h o s e  o p e r a t o r s  S  €  g ( x , y )  s u c h  t h a t  d i m  Y / n ( S )  < -  ( t h i s

c o n d i t i o n  i m p l i e s ,  i n  p a r t i c u l a r ,  t h a t  R ( S )  i s  c l o s e d  t 8 l ) .

T h e  s e t  o _ ( x , Y )  U  O + ( x , Y )  i s  t h e  c l a s s  o f  s e m j - - F r e d h o l m

o p e r a t o l : s ,  a n d  O ( X , Y )  :  =  O - ( X , Y )  f i  0 +  ( x , Y )  i s  t h e  c l a s s  o f

F  redho l  rn  one ra to rs  .  The  i ndex  O f  a  semi - I ' r edhOl .m Opera tOr

S  w i l l  be  deno ted  bY  ind  S '

The d i rect  sum X @ Y of  two Banach spaces X and Y wi l l

) ) 2
a l w a y s  b e  e n c l o v r e d  w i t h  t h e  n o r m  l i x @ y  l l '  =  l l x  l l '  +  l l y  l l -  f o r

a l -1  x  € x  and y e Y.  This  eonvenbion automat ica l ly  covers

t h e  c a s e  o f  H i l b e r t  s p a c e s .  T h e  f a m i l y  o f  a 1 l ,  c l o s e d  l i n e a r

subspaces  o f  a  Banach  
"po .u  

x  w iT l  be  deno ted  by  S t r l  .  T f

Z  €Y(X) ,  t hen  ZL  i s  t he  ann ih i l a to r  o f  Z  i n  t 1€ '  d i - ra . l -  ' ,X *

o f  X .  Fo r  eve ry  x  €  X  the  symbo l  d (x ,Z )  . s tands  fo r  t he

d i s t a n c e  f r o m  x  t o  Z .

We recal l  that  the gap topologl r  on YtXl  is  def inbd j -n

the  fo l l ow ing  way :  f f  Y  and  Z  a re  i n  Y (X) ,  t hen  on ,e ,  se ts

6 ( Y , Z )  : d ( y , z )  ,

a n d  6 ( " , r )  :  =  m a x { 6 ( v , z ) , 6 ( z , Y ) } '  T h e n  t h e  m a p p i n g  6 ( Y ' z )  '

which is  equiva lent  to  the l lausdor f f  metr ic  on the set  o f

a l l  u l i t  ba l l s  o f  t he  spaces  f rom f  (X l  ,  de f i nes  the  g 'ap '

topology of  I  tX l  .  One can def  j -ne in  a s imi lar  way the gap

t o p o l o g y  o n  C ( X , Y ) ,  b Y  s e t t i - n q

6  ( S , T )

( S , T )  =  m a x { 6  ( S , T ) , 6

= 6 ( G ( S ) , c ( T ) )

J U I 1

y€Y
l l y  l l  5 1

6 ( T , S ) )  f o r  a l l -  S , T € g ( X ' Y )a n d



Vfe now g ive a br ie f  descr ip t ion of . r  t? te contents  of

the  p resen t  work .  The  second  sec t . i on  i s  conce rned  w i th

the  semicon t i nu i t y  o f  t he  d imens ion  c f  t he  ke rne l s  and

coke rne ls  o f  ce r ta j -n  semj - -F redho Im opera tn rs ,  w i th  respec t

{ - n  { . j - r a  dAn  { - r l n . \ - l  r - \ . r \ 7  A l  } hn r rnh  i  nJ -an r l o r i  #n  n rn r z ' i  r l o  { - } -
: _ r  L ( )  I ) I ( ) V I C I e  t l l e

a r r x i  I  ' i  a r v  a n n ^ r a f  t t q  o f  t h e  w h o l e  w o t - . 1 < ,  t r ' .  j - s  s e c t i O n  c o n t a i n st v

some res r . r l t s  t ha t  a re ,  " ^ re  th ink ,  i n te res t i ng  fo r  t he i r  own

s a k e .  P a r t i c u l a r l y ,  T h e o r e m  2 . 2  i s  n o t  o n l y  t h e  c o r e  o f  t h e

s e c o n d  s e c t i o n ,  b u t  i t  a l s o  y i e l d s  a  g e n e r a l  m e t l : o d  o f

c n 1  r r i  n ' r  I  i  n a a r  a ^ r r a i -  i n n c  l -  '  
r r . 1 r - 1 r n r l i  m : 1 -  i  r r n S  ( S e eD v r v r r r y  r r r r s a !  E 9  u a L r v r r )  r J V  S U C C e S S I V e  a [ ) P ! U x J l l t d L L ( ) I t l

a l s o  C o r o l . l a r v  2 . 3 ) .  T h i s  m e t h o d  l e a d s  t o  e f f e c t i v e  e s t j _ m a -

t e s  ( s e e  t h e  p r o o f  o f  P r o p o s i t i o n  2 . 2 O )  a r r d  c a n  e v e n  b e

comb ined  w i th  some non- l i nea r  cb jec ' ; s  ( see  the  p roo f , , , , o f

L e n i l r l a  Z "  l O ) .

The th i rd  sect ion is  concel lned wi th  the s tabi l i ty  o : . f , .  the

inCex of  a  sen- i - -Fredholnr  ( t r redholm) com.plex under  smal l  per-

tur l :a t ions in  t i re  gap topology

The  fou r t i r  sec t i -on  con ta ins  ano l i ca t i ons  o f  t he  resu l t s

r rnm #ha  n ray jgsg  sec t i ons .  The  f i r s l .  examp le  shows  tha t  t her < 9

c { -  t r r l r z  n f  a n m n l  r a v a c  n f  n r  i  r q  n f  c r  r h c ] 1 a  ^ a S  (  a  C O n r : r a n f  S O m e h O W ,r  v r  t / q r !  o  v !  -  u l D y q u L r  \ q  u v r r v E l J  u

sugges t .ed  bv  112 ) )  can  be  reduced  to  the  s tudy  o f  usua l

comprexes .  rn  pa r t i cu la r ,  we  ob ta j -n  the  s tab i l i t y  o f  semi -

F redho lm pa  j . r : s .  o f  subspaces ,  as  nade  i n  [  8  ]  ,  even  fo r  t he

c a s e  w h e n  b o t h  a r q u m e n t s  v a r y  ( s e e  R e m a r k  r v .  4 . 3 1  f r o m  t 8 l  )  .

Then  we  d i scuss  the  i nva r iance  o f  t he  c lass  o f  se rn i_ -F red -

holm complexes under  some natura l  t ransformat ions.  The th j . rd

,exarnpl 'e  concel 'ns a c lass of  ob jects  which are complexes . " , ; i

modu lo  compac t  ope ra to rs ,  and  whose  p rope r t i es  can  be  ob ta ined  ,  :

'' i'qtrsFr n
\  . l
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f rom those  o f  usua l  comp lexes ,  v ia  a  na tu ra l  t r ans fo rma t ion .

At  th is  po int  the use of  complexbs of  quot ients  of  Banach

s u b s p a c e s  i s  e f f e c t i v e .  F i n a l l y r  w €  a p p l y  o u r  r e s u l t s  t o

ob ta in ' semicon t i nu i t y  s ta temen ts  fo r  j o in t  spec t ra  o f

commut ing  f i n i t e  sys tems  o f  bounded  l i nea r  ope ra to rs .  We  a re

espec ia l l y  i n te res ted  i n  ope ra to rs  i nduced  on  i nva r j -an t  o r

quo t i en ts  o f  i nva r ian t  c losed .subspaces  by  g Ioba l l y  de f i ned

l i n e a r  o p e r a t o r s .

This  work has been prepared whi le  the second named

author  Was a guest  o f  t i re  Univers i ty  o f  Saarbr t icken as a

"  'Humboldt  Fe11ow. He would l ike to  express h is  grat i tude

to the ' '  A lexander  von Humboldt -Foundat ion for  i , ts  suppor t . . r " ,

and to the Univerdtty .of, ,  Saa.rdrf i .cken for i ts hospital i ty "
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2.  SEMICONTINUITY OF THE DIMENSTON

T i re  s tandard  f ramework  o f  t h i s  sec ' t i on  i s  desc r ibed

by  the  fo l l - ow ing :

2 . 1 .  D t r F I I J I T f O N .  C o n s i d e r  t h e  B a n a c h  s p a c e s  X  a n d  D '

a n d  l e t  X o , x e  y f t )  a n d  Y o , Y € y ( U )  b e  s u c h  t h a t  x o c x  a n d

,  Y -  cY .  Fo r  eve ry  ope r :a to r  s  €  g (x / xo ,Y /Yo)  we  de f i ne  the  ,o

f o l l o w i r r g  l i n e a r  s p a c e s :

N  ( S )  '  =  { x € X ;  x + x o € N ( S ) } ,
o '  C )

R  ( S ) : =  { v € Y ;  y + Y o € R ( S ) } ,
o '

c o ( S )  :  = { x O y €  X @  Y ; x +  X o €  D ( S ) , y €  S ( x +  X o ) } .

r r  i c  n 1 ; i 4  t h a t  N ( S )  = N o ( S ) / X o ,  R ( S )  = R ; ( S ) / Y o  a n d  G ( S )

i s  n a t u r a l l y  i s o m o r p h i c  t o  c o  ( S )  /  ( x o g  Y o )  r  I n  p a r t i c u l a r ,

, .  N  ( S )  a n d  G o  ( S )  a r e  c l o s e d ,  w h e r e a s  R o  ( S )  i s  c l . o s e d  i f  a n d
o '

on l y  t : f  R (S}  i s  c . J -osed .  T f  Xo  =  O  and  Yo  =  O ,  t hen

N o ( s )  = N ( s ) ,  R o ( s )  = R ( s )  a r r d  G , u ( s )  = G ( s ) .  r f  X o , I e  Y 1 g 1  a n d

7  . V e  . f r n t  d r e  s u c n  t n a t  I  c X  a n d  V  . Y ,  a n d  i f  S €  g ( X / k ' - , 7 / V ^ \ ,- o ,  -  ! v  \ . - f l  *  ^ ^ o  . .  * o  -  -  . . /  ^ . o r  - t  - - o

th . t r  * .  set

6  ( S . 3 : )  :  =  6 ( c  / ^ \  r x r '
' , O \ v r L l  . - O \ - / t u O \ D / /

a n d  3  f  S , 3 l  :  =  m a x { 6  ( S , g )  . 6  f H . s t  } .  w h i c h  a r e  c o m p u t e d  i n. " o . " r " ,  t v o \ , f  v t  )  f

x @  $ l ' ) .  r f  X o = i o = o  a r t d  Y o * ? o = o ,  t h e n  6 0 ( s , 3 )  =  6 ( s , g )  a n d
 . A

A  / c  e \ : A 1 e  S ) .v o Y J l v ,  "  \ v t

Le t  :  be  as  above  and  l e t  M  be  ano the r  Banach  space .

Le t  a l so  A€  / ( l u { ,Y /YJ .  V le i , de f i ne  an  ex tens ion  51  o f  S  by  the

e q u a t i o n ,  5 1 ( g @ v )  +  S l  * A v , , ' . 5 o t  a l l  6  €  D ( S )  a n d  v €  M ,  a n d  h e n c e

S l  €  g ( ( x / x ^ )  O u , Y / Y - . ) .  S i n c e  ( x / x - , )  O  u  i s  n a t u r a l - I y  i s o r , r o r p h i c
I  o '  o  o

t o  ( X O M )  /  ( x o @ : ' o ) , r r  t h e  e n t i t i e s  g i v e n  b y  D e f i n i t i o n  2 . 1  m a k e

sense  fo r  S . ,  ;  w i t -h r ; .X  rep laced  by  IO  IU .  I f  d im  14  < - ,  t hen  r . re  have
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d i r n  N ( s 1 ) / N ( S )  + d i m  R ( S 1 ) / R ( S )  = d i m  M ' ( 2 . 1 )

w h e r e  T  i s  i d e n t i f i e d  w i t h  I O O .  T h e  p r o o f  o f  ( 2 - 1 )  c a n  b e

f o u n d  i n  [ 1 9 ] ,  L e m m a  2 . 7 .

L e t X b e a n a r b i t r a r y B a n a c h S p a c e a n d I e t Y € ' y ( ) i )

be  such  tha t  d im  X /Y  !m< .o .  Fo r  eve ry  e  >  O  one  can  choose

a  p r o j e c t j - o n  P  o f  X  o n t o  Y  s u c h  t h a t  l l P l l = <  1 + m +  e  ( s e e ,  f o r

i n s t a n c e  t 1 4 l ) .  r n  t h e  f o l l o w i n g ,  v / e  s h a l l  s t r e s s  t h e  c h o i c e

o f  s u c h  a  p r o j e c t i o n  P  b y  s a y i n g  t h a t  l l P l l  d e p e n d s  o n l y  o n  m .

2 . 2 .  T H E O R E M .  L e t  S  a n d  3  f e  a s  i n  D e f i n i t i o n  2 . 1 .  I f

S  €  o  ( x . / x -  , v  / v  ^ )  and  the  numbers  6^  (S  ,  g )  and  6  (Y ,  v )  a i : e
o o o

q r r r f  i n i  e n t l v  s m a l  l  t h e n  3  g  O  t V t X  , 7 / 7  )  a n d
D  q !  ! M u r r  u ! _ /

r r i r r  t T t i  ) / R ( E )  S a i m  & / Y  ) / R ( s ) :u l l r r  a - r . o / / r \ \ v /  -  s l r r r  . - ,  * o

proof  .  we shal l  essent- i .a l t ry  re f ine an approx imat ion

m e t h o d  f r o m  [ 1 7 ] ,  L e m m a  2 . 1  ( s e e  a l s o  [ 1 9 ] ,  L e m m a  ' 2 . 1 ) .  T h e

proo f  w i l l  be  d i v ided  i n to  seve ra l  s teps

10  No te  tha t  t he  space  (Y /y )  /R (S)  i s  i somorph ic  to  the

space  Y /R^  (S )  .  The re fo re ,  d im  y /Ro  (S )  =  m,  whe ' re
o

m :  =  A . i m ( y / y o ) / R ( S ) .  L e L  P  b e  a  p r o j e c t i o n  o f  Y  o n t o  R o ( s )

s u c h  t h a t  l l P l l  d e p e n d s  o n l y  o n  m .  T h e  n u l l - s p a c e  o f  P  w i l l

be  deno ted  by  M.  S j -nce  d im  (?+ t ' { ) / ?5m,  we  can  choose  a

p ro jec t i on  F  o f  ?+  m o f l t o  ?  such  tha t  l l F l l  depends  on l y  on  m.

L e t  u s  a l s o  n o t e  t h a t  Y ( s )  >  o ,  s i n c e  R ( s )  i s  c l o s e d .

.  20  l , e t  us  choose  some pos i t i ve  nunJ re rs  r  >  Y  (S ) -1 ,

6  >  6  ( ? , v )  a n d  6 ^  t  6 ^  ( s , 3 )  .  r f  6  ( Y , Y )  a n d  6 ^  ( s , g )  a r e  s u f  f  i -
" o  - o ' - ' - '  -  o

-  -  !  t -  - r

c ienL ly ' sma I l ,  t hen  we  may  assume tha t

t r/z
( o ( 6  , 6 , r )  :  = l l F ' i l  ( 6  +  6 ^  ( 1 + 6 )  ( 1 + r ' )  ' -  

l l P l l )  <  1
o

( 2 . 2 )



I

W e  s h a l l  s h o w  t h a t  i f  ( 2 . 2 )  i s  f u l f . L l l e d ,  t h e n ' Y =  R o t B )  +  F l , r .

30  Le t  f  e  ?  i re  a rb i t ra ry .  r r  f  +  o ,  then by  the  cho ice
r . \ N N

o f  6  i n  2 u ,  t h e r e  e x i s t s  y  €  Y  s u c h  t h a t  l l i - V i l <  6  l t i t t  ,  a n d

h e n c e  l l y l l  < .  ( 1 +  6 ) r  l l i l l .  r n  t h e  t r i v i a l  c a s e  7 = o  w e  t a k e

I = O .  O n e  h a s  t o  p r o c e e d  s i m i l a r l l z  i n  t h e  f o l l o w i n g  e s t i m a t e s ,

where  we  sha l l  cons tan t l v  om i t  t L re  t r i v i a l  cases

40 we can r^r r i - te  y  = 11 *  11 ,  ' .vhere u. ,  €  Ro(s)  and v. ,  € '14.

I l h . , en  the re  ex i s t s  E . ,  e  O(S) , ,  such  tha t  r i  *  Yo  -  tE t .  Moreove r ,

t h e  v e c t o r  t 1  c a n  b e  c h o s e n  s u c h  t h a t  l l E l  l l  <  r l l S 6 . , ,  1 1 .  L e t

* t  €  g 1  b *  s u c h  t h a t  l l x , '  l l  <  r l l S q , l l .  S i n c e  u 1  =  P y ,  a n d  h e n c e

l l u , ,  l l  .  ( ' t  +  6 )  l l P l l  l l i t t  r v  3 o ' ,  w e  h a v e

.  - r .  A \  i l D t . t  t , i l t t  
"  

. ' . . ,l l x . ,  l l  < r l l u , ,  l l  < r ( ' l  + O )  l l P l l  l i i l l

5 0  N o t i c e  t h a t  * 1  @ 1 1  €  G o ( S ) , , ,  T l r e r e f o r e ,  b V  t h e  c h o i c e

o f  6o ,  t he re  ex i s t s  an  e lemen t .  i . ,O  [ , ,  €  Go(g )  such  t i r a t

2 * ) , ) 2 )
l l x ,  - : i ' , 1 1 -  +  l l u . ,  -  1 1  l i -  <  6 "  ( l l x . ,  l l "  +  l l u . ,  ! l - )  S

s  u . '  ( 1  +  6  ) 2  (  + r 2 )  i l P i l 2 l l i i l z ,

b y  t h e  e s t l m a t e s  o f  l l x . ,  l l  a n d  l l u . ,  l l  f r o m  4 0 .  I n  p a r t i c u i a r  |  4

l l x 1  -  f . ,  i l  . 6 o ( 1 +  6 )  ( 1  +  , 2 r 1 / z  t l F ' l l  l l i l ;

anG

l l u . ,  -  f i . ,  l l  . 6 o ( 1  +  6 )  ( 1  +  , ' ) ' / '  l l p l r  l i i l l .

60 Let us consider the vector 7f  = i  -  f i1 -  Frr . ,  € f ,  where

t1  =  y  -  u . ,  €  M (see qo)  .  Cne has  . . . , i i : ;1  , . .

l l i l  l l  =  l lF ' ( f i  -  f r . ,  -  v . ,  )  l l  S ' ' " " i , ,  ,  i

:  l l p ' l l  (  t l i -  v  i l  +  1 1 f r . ,  -  u ,  i l  )  S , p ( 6 o , $ , r )  t t i t t ,

''m:1.



where

9 -

w i th  tP  (  6o ,  6  ,  r  )  as  i n  (2  "2 \  '  where  we

o f  t l ?  -  Y  l l  and  l t t ' ,  -  u ' ,  l l  f r om 30  and

v . ,  =  (1  -  P )Y ,  w€  a l so  ha t re

I t I i l t l t t i , , - x ' ,  I [  + l l x ' , l l  !  P 1 ( 6

and

o , 6 , r l  l t V t l

l l v . ,  l l  1 o r ( 6 )  l l v l l  '

. ,  '  l l^

g t ( 6 o , 6 , f )  :  =  ( 1  +  6 )  ( r +  6 o ( 1  +  r " )  " )  l l P l l ' ,

p 2 ( 6 ) : =  ( 1  + 6 ) l l  1 - P l l  '

have used the esbimates

50 ,  resPec t i ve lY  '  S ince

( 2 . 3 )

: . =  o f  ( 6 o , 6 , r )

( w e h a v e u s e d t h e e s t i m a t e : o f " l . i ' v t f ' l l x ' , l l a n d l l x ' ' - x ' t l l f r o m

" o  
t o  a n r l  5 0 ,  r e s P e c t i v e l Y ' )3 - ,  4  a n o  )  1  r s . ' y e v e + v v * r - '

70 We can now repeat the previoirs steps, replacing the

vector i uV inu t '""tot Vt def ined in 60 ' we obtairr a. syslem

of  vec tors  ( i z , ;2 , i2 ' ' z )  such tha t  ' i :

i r = i  t  
- i " 2 - F u r = i  -  f i r  - i ' 2 - F ( v l  +  v r )

l l i 2 l l s p l l V . ,  t t s e 2  l l v l l  '  I  r

i l ; 2  l t  s  
f  

, ,  l l i l  l l  '  p l a l l ? l l  '

l l v ,  |  |  S  o r l l i l  l l  5  P r t P t l T l l

a n d  f i r e  E t i r + I o ) ,  w h e t r e  q : = Q ( 6 o ' 6 ' r ) '  P 1

and  92 ,  =  p2  (6 )  '  I n  t h j - s  manner '  w€  ob ta j -n

""nrr.l".= 
{irr}r, t ?, {ir}r, t t' {fir-,}r, c v and

i'u fir, € Go (g) '
' .  

N  A

y n  =  i '  ( f i t * , ' ' + f i r r )  -  F ' ( v t + ' ' ' + v " ) '

l l in  l l  I  'P t  t t  i  l l  ,

l l ; n l l  5  o . , Q t - 1  1 1 f  t l  '

l l v r r l l  5  o r t o n - 1  t t i l l

by induction the

{ t r r } r r cM such  tha t '

( , 2  . 4 )
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f o r  a l l  i n t e q f e r s  n Z  1 .  F r o m  Q ' 4 )  a n d  ( 2 ' 2 )  i t  f o l - l o w s

t.h1,t the seri€s , i^ anil  rt",  are convergent in i  a'nd M

t o  c e r t a i n  v e c t o r s  i  a n d  v ,  r e s p e c t i v e l y '  S i n c e  ! n * O

i- is  n  - )  @ and F is  cont in l rous ,  the ser ies x f r -  is  a lso con-

ve rgen t .  Henr ' e  the  se r ies  13 ( in  +  Xo )  i s  conve rqen t  and

i t s  s u m  m u s t  b e  e q u a l  t o  B 1 i + i o ) ,  b e c a u s e  3  i s  a  c l o s e d

opera tc r i .  Mo l :eove r ,  i f  f i  i s  t he  sum o f  t he  se r ies  l f i r r ,

N N ' v r u N N t t , l

r h e n  i o f i €  c ^ ( g )  .  C o n s e q u e n t l y ,  
' i =  

r i + p v ,  w h e r e  u €  R o ' - '
(J

a n d  v € M .

80  We on lv  no re  tha t  t he  space  (Y /Y . r ) /R (g )  i s  (a lge -

b ra i ca l J . y )  i somorph ic  to  the  space  ? /no t3 l  anc l  t ha t

a i n r ? / n  f $ t  5 d i m F t A  5 a i m t t = m .  I r r ' p a r t i c u L a r ,  R ( g )  i s  c l o s e d .
v r r r r  f  /  r \ o  \ v /

T h  i  c  n n m n l  c ' i -  p q  t h e  o r o o f  o f  t h e  t h e o r e ; n .r t f  I )  v v f r r P r e  \ - v r

' 2  .3  .  T iOROLLARY.  Wi 'ch

tet  3;  € e(  (X/X^) (D M, i /T^)
l L r v

A 17 a,  r r )  :  s i  +  f fu  ,  where f ive , l  \ >  v  v  /

v € M.  Assur ,e that

the-  opera+-or  3. ,  is

v ( 3 - t - 1  5  ( 1 - r p  )|  \ v 1 r  -  \ !  ' . o

t h e  n o t a t i o n  o f  T h e o r e m  2 . 2 ,

be -g].teg !y- !t g esuat j-on

= F v  +  V  ,  f . a r  a f l  E € D ( 3 )  a n d
o

Q o ,  =  p ( 6 o ( s , g ) , 6 ( ? r Y )r Y ( : j l  )  <  l .

I I A J

( 2 . s )

( 2 . 6 )

Then

where

appropr ia te chc j , ' ie  o f  the

( 2 . 2 )  i s  a l s o  
' f  

. . I f  i l l e d .

-  n  l q \ . +  ( p M  + . Vr \ \ u / ' r r . - - o

n . =t ' 1 r \ '
t v

n . =
t /  a A  '

z\)

P r o o f .  T . E  ( 2 . 5 )  i s fu l f i I l ed ,  t hen  we  can  make  an

s u r j e c t i v e  a n d  o n e

- '  ,o . t  *  p r |  ) ' / '  ,

n e n c e  Y / Y ^
(J

numbers  6  ,6  and
n '

Then we have V = R

.  r lYI  / V  q . \  f h e f  t h e

r  such that

t3t  + F'u,  an<lo '
n h o r a l - n r  t" 1
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is sur ject ive.  Let  f f 'e ?7?o and e > O be'  arbi t rar f .  Choose

i e  i '  s u c h  r h a r  l l i l l  :  ( 1  +  e )  l l i ' l l  . .  r " r o m  t h e  p r o o f  o f  T h e o r e m

2.2  i t  fo l lows tha t  there  ex is ts  a  t r ip le  ( i , f r rv )  such tha t

i  =  f i - r  Fv  and iO f r  €  co  (3 )  .  F rom (2 .4 )  we ob ta in  the  es t imates

i l I n  s _ i . n i , . , t l  5  t r  . . a ) - 1 p 1 l l i l l  ,
n = l

l l v l l
cc,

S  r  l l v
n = 1

- 1

n l l  5  ( 1  - a )  - ' o r l l T l l  
.

r f  g = i + ? o ,  t h e n  w e  c a n wr i te

5  ( t  - a ) - 1  G l  *  o l  l ' / ' ( 1  +  e )  l l i ' l l  ,

and 3 , ,  l i ov )  =  i ' .  There fore

" r ( 3 . , 1 - 1  s  ( t  -  t p )  - t  
t r l  *  , |  l ' / ' r .

L e t t i n g  6 o *  6 o ( s , s ) ,  6  *  6 ( Y , Y ) ,  r + Y ( S )

las t  inequa l , i t y  we der ive  (2 .6 )  .

2.4 .  Remarks .  ,11:o i "  11 the operator  S f rom Theorem 2 .  2

i s  su r j ec t i ve ,  t hen  the  p ro jec t i ons  P  and  F  a re  i den t i t i es

' a n d  M = o  ( s e e  t h e  s t e p  1 0  o f  t h e  p r o o f  o f  T h e o r e m  2 . 2 ) .

Then the operator  3 . ,  f rom Coro l ' lary  2.3 is  equa3.  to  3.  Note

a l so r  t ha t  i n  t h i s  case  we  have  i '

t  1/^

. p ( 6 o n 6 , r )  =  6  +  6 o ( 1 +  6 )  ( t  +  r ' )  ' ' ,  '

') r/"
g t  ( 6 o 1 6 , r )  =  ( 1  +  6 )  ( r  +  6 o ( 1  +  r " l  ' ' )  '

P 2  ( 6 )  =  o  '

w h i c h  a r e  d e r i v e d  f r o m  ( 2 . 2 )  a n d  ( 2 ' 3 )

20 rn the 
.case 

of  Hi lber t  spaces i t  ; is  not  necessar) r  to

cons ide r  guo t i en t  spaces  '  t r {e  have" "  i n  genera l  '  l i p  l l =  l i F  l l  = '

=  l l 1  -  p l l  =  1  b o t h  i n  Q . 2 )  a n a " ' ( 2 ' 3 )  '

t t E o v ' l l  5  t t ? o  v t t

+  e  ) .
. i .

- 1'  and e + o, f  ror.n the



t z

2 .5 "  COROLLARY. Let  X,  Y € y( I  )  pe such thq!  X c  Y

a n d  m :  =  d i m  y / X < o o .  L e t  a l s o  i , ? e  Y t X l  b e . s r : c h  t h a t  t - Y .  f  f

( 1  + m ) ( 6 ( ? , v ) + , E ( 1  + m ) 6 ( x , X )  ( 1 + o ( 7 , v )  ) ) < 1 ,

then a im VzX 5 m.

Proo: [ .  t r r ie  apply  Theorem 2.2 to  the canonica l  inc lus ions

i t  :  X  + y  a n d  3 ,  X * V .  w e  h a v e  6  ( s , 3 )  S  . . l  ( x , i )  ,  Y ( s )  -  1 ,

l l P l l S l  +  m +  e  a n r l  l l F l l  = <  1  + m +  e ,  v ' h a r e  e  >  o  i s  a s  s m a l l  a s  w e

des i re .  Then  the  condr t i o r ,  . f , r om the  s ta temen t  imp l i es  (2 .5 )  ,

w t rence  we  de r i . ve  the  conc lus ion .

2 . 6 .  L E M I I A .  L e t  S  a n d  3  b e  a s  i n  D e f i n i t f o n  ; 2 . 1 "  
' I f .

t l

S  i s  d e n s e l y  C e f  i n e d ,  t h e n  G ^  ( S * )  =  G l  ( - S ) * ,  w h - e g e  G ^  ( - S )  i s
U V

t h e  s e t  G  ( - S )  r e q a r d e d  a s  d  s r t b s e t  o f  D @  X .  W e  a l s o  h a v e

l l
r r  / c ' r k \  -  D  / c l * a n d  R _  ( s * )  c N ^  ( s ) * .  w j r e n  R ( s )  i s  c l 0 s e d ,  t h e n. t O  . -  /  

-  r \ O  \ u , t  I l . *  
- . O  r "  ,  ^  

O

the last  inc l r : ,s i ln  is  gn g-q-Ual - i !y . .  I f  3  is  a lso denselv

A a { : i n o A  # h a n  S  f t *  c * \  =  "  ' - ' '  x '
v ^ \ v  ,  O ^ ( b r r . ' 5 /

* t *  Not l " "  that  , -o 'c t " j  /v r ,x !  /x t l  ,  by  the naturar
U J

r r t l
i d e n , € 1 f j - c a t j - u n  o f  ( X / x c ) *  w i t h  x ; / x *  ( X j , a n d  X *  c o m p u t e d  i n  X * )

and  a  s im i l a r  i den t i f i ca t i on  o f  (Y , /Yo )  *  w i th  v jZv1

I f  y O x € r i ) O X a n d  i f  n = y * Y o . .  E = x * X o ,  t h e n  w e  h a v e
I

y  O x  e  c ^ ( - S )  i f  a n d  o n l y  i f  n O  6  e  c ' ( - S )  ( w h e r e  G ' ( - S )  i s- o

G ( -S )  w i th  Lhe  changed  o r : c le r )  .  S im i l a r l y ,  i f  g  @f  €  c ! ) *@;13 ' , . ' "

a n d  i f  G = g t - y I ,  F = f  * X f ,  w e  h a v e  g O f  € G o ( S x )  i f  a n d  o n - l y  i f

G @ F  €  c ( S * )  .  S i n c e  w e  h a v e  t h e  f o l l o w i n g  d u a l i t y  r e l a t i o n

< G @ F r r l  @  6 >  =  ( G r n >  +  < F , E )  =  < 9 r Y >  *  < f  , x >  =  ( 9  @ ' f ' ' r , Y O  x >

f o r  a l J -  x € X ,  y € Y ,  f  € X ] ,  g € Y l  ,  a n d  G ( s * ) = G ' ( - S ) +  ( s e e
o o

I

[ 8 ] ,  r r r . 5 . 5 ) ,  t h e n  w e  e a s i l y  d e r i v e  t h a t  , c o ( s * )  =  
" ; ( - S ) * .

."-a 
*
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r l
U s i n g  t h e  r e l a t i o n s  N ( S * )  =  R ( S ) *  a n d  R ( S * )  c N ( S ) * ,  a s

we I I  as  the  fac t  t ha t  t he  l as t  . i nc lus ion  i s  an  equa l i t y

w h e n  R ( S )  i s  c l o s e d  ( s e e  I B ] ,  T h e o r e m  I V . 5 . 1 3 )  ,  w e  o b t a i r l

r o a r l i ' l v  f h e  a s s e r t i o n s  c o n c e r n i n q  N ^  ( S * )  a n d  R ^  ( S * )  f r o m
l v q g 4 * J o

the s tatement .

Now, le t  us observe that

d  r H * . s x i  = 6 ( G  ( 5 x ) , c  ( S * ) )  =- o . "  t  - . - o . "  , . - o . -

= l l6  ( G o  ( s )  * ,  G o  ( S  ) - ' )  =  6 0  ( S ,  S  )  ,

by  the  f i r s t  pa r t  o f  t he  p roo f  and  Theorem lV .2 .g  f rom t8 l  '

We  now g i i ve  a  dua l  ve rs ion  o f  Theorem 2 '2 ' "

2 . V .  T H E O R E I 4 . . .  L e t  S  a n 4  3  U e  a s  i n  D e f i n i t i o n  2 . 1 .

r f  S  €  O . '  ( x / x  , Y / Y - )  a n d  t h e  n u m b e r s  6 ( X ^ , ; ^ )  a n d  6 ^ ( g , S )
- r  " t  " o ' ' '  - o

are  su f f i c i en t l y  sma l l -

d i m N ( s )  :  d i m N ( s ) .

P roo f  .  I r l i t h  no  l oss  o f  genera l i t y "v re  may  assume tha t

bo th  S  and  3  a re  dense ly  de f j , ned ,  and  thus  S*  and  3 *  ex i s t .

Le t  us  check  tha t  t he  cond i t i ons  o f  Theorem 2 .2  a re  fu l f i l l ed

f rJr  S* and 3x.  we have S*.€, , , -O- (Y;:  /Yl  ,x!  /xL) in v i r t .ue of  I  B ]  ,

T h e o r e m  I V . 5 . 1 3 .  N o t i c e  a f s o  t h a t  6  ( X ; L  , * o t  )  =  6  ( X o , f r o )  a n a

t h a t  6 0  ( s * , 3 *  )  =  6 o  ( 3 ,  S )  b y  L e m m a  2 . 6  .  C o n s e q u e n t l l z  o  i f

6  ( X o , X o )  a n d  6 0  ( g , S )  a r e  s u f  f i c i e n t l y  s m a l t ,  t h e n ,  a c c o r d i r r g

ro  rheorem 2 .2 ,  3 *e  o -  {YoL  /7 ,X !  tXL )  and

dim ( xor/Xr) /n (3* ) s dim tx;L zxrl  /R (s* ),

wh ich  imp l ies  tha t  5e  o*  fV /Vo , i / i o )  anc j  t ha t  d i rnN t3 l  <  d imN(s ) .

2 .8 .  Remarks .  10  Le t  us  cons i -de r  t he  func t i on

I  t / ^

a *  ( 6 0 , 6 , r )  :  = l l F *  l l  ( 6  +  6 o  , ( , 1  +  6 )  ( 1  +  r z )  / ' l l p *  l l )  ,  Q . 7 j

where  P*  and  F*  co r respond  respec t i i ve l y  t o  the  p ro jec t i ons

i : ; ; tben Beo* ( i /Xo,V/ i )  and
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P  a n c l  F  i n  Q . 2 ) ,  w h e n  S  a n d  3  a r e  r e p l a c e d  b y  S *  a n d  3 * .  I f

t o . ( A  r H . s t . A ( x  . 3  ) , y ( S ) - 1 ) < 1 ,  ( 2 . 8 )- *  r  " o  \ v ,  e t  r  v  \ , \ o r r \ o .

t hen  the  conc lus ion  o f  t he  p rev ious  theo rem ho lds .  I ndeed ,

in  th is  case we can apply  Theorem 2.  2  to  3 ' * l  an6 $x (note

t h a t  y  ( S )  =  y  ( S * )  ,  b y  T h e o r e m  T V . 5 .  1 3  f r o m  t 8 l  )  .

No te  a l so  tha t  t he  func t i ons  (2 .3 )  can  be  wr i t t en  i n

th i s  case  i n  the  fo l l ow ing  way :  . .  ' ' 1 , ,

, . ;  l t
p 1 *  ( 6 o , 6 , r )  :  =  ( 1  +  6 )  ( r  +  6 o ( 1  +  r ' 1  r z  l l p * l l '

( 2 . e )
p 2 , ,  ( 6 )  :  =  ( 1  +  0 )  l l 1  -  P *  l ! "

n

2"  I f  t he  ope ra to r  S  i s  i n jec t i ve  (qnd  hence  S*  i . s

s u r j e c t i v c ) ,  t h e n , , t h e  f u n c t : - o n "  e *  a n d  0 1 *  ( f r o m  ( 2 . 7 )  a n d

( 2 . 9 )  r e s p .  )  a r e - e q u a l  t o  t h e  f u n c t i o n  r g  a n d  p "  a s  o i r " n , l . ,' I

b y  R ' e m a r k  2  . 4  . 1 0  ,  v r h i l  e  g  
2 *  

= -  O .

2 .9 .  LEMMA.  Le t  S  and  3  fe  as  i n  De f in i t i o ,n  2 "1 , , xa* r .d

1"!.  n(s) be closed. Then yS. lL1yg. the esrinlate:

d ( R o ( s ) , % ( 3 )  ) = <  ( 1 + y  t s 1 - 2 i ' / r  6 0 ( s , g )  ,

6  ( N o  { s " )  , N o  ( s )  )  S  ( 1  +  y  ( s ) - 2 ) ' r t  o o  { 3 , s )  .

P r o o f  .  L e t  6  t  6 o ( S , g )  a n d  r  >  y ( S ) - 1  b e  f i x e d "  L e t  a l s o

y  €  R o ( S ) .  T h e n  y  i -  Y o  =  5 6 ,  a n d  w e  c a n  c h o o s e  E  €  D ( S )  s u c h

t h a t  l l E l l  <  r  l l 5 6 l l  = <  r l l y l l .  L e t  a t s o  x  €  E  b e  s u c h  t h a t

l l x l l  <  r l l y l l .  s i n c e  x o y  €  c o ( s ) ,  w e  c a n  f i n d  a n  e r e m e n t
N f u

x  @ y  €  c o  ( S )  s u c h  t h a t

' ' '  ' \ r , 2  ,  r . -  i ! , , 2  ^ 2 . . .  .  ?  . .  , , 2 ,  . 2 , -  2 ,  . ,  , , 2.  . . . , '  
'  

l l x  -  x l l -  +  1 l y  -  y l l -  <  6 , i l l x l l . +  l l y l l r ) < 6 ,  ( 1 + r z )  l r y r r

Therefore

-rr l

5  ( R o  ( S )  , R o  t g l  I  5  6  ( r  +  , 2 r r / z  .
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L e t t i n g  6  +  6 ^ ( S , 3 )  a n d  r  +  Y ( S ) - 1 ,  w €  o b t a i n  t L i e  f i r s t
o

es t ima te  o f  t he  s ta temen t .

Le t  us  p rove  the  second  es t ima te .  We assume,  w i th

n o ] - o s s o f g e n e r a 1 i t y , t h a t b o t h S a n d . 3 a r e d e n s e 1 y

de f  i ned .  S ince  F -  (S  )  l - s  c losed ,  t hen  N^  (S  1  
f  =  p^  15x  1  and

o '  o '

F .  1$x ;  c  N  (3 )  r ,  
by  v i r t ue  o f  Lemma 2  .6  .- o '  o '

Hence

5  ( N o ( 3 ) , N o ( s ;  ;  =  6  ( N o ( s ) l , r ' r o t S ) f )  :

s  n  r p  ( s x )  . R  
- 6 - ,  

)  s  ( 1  +  y  ( s *  r - z 1 1 / 2 6 ^  ( s * , g x 1  ==  u  \ r \ o  \ u  , /  , , . r \ o  \ u  I  I  =  \  |  '  |  \ p  t  ,  " o . -  .

- )  t / ^
=  ( 1 + y ( S )  " ) ' ' 6 0 ( S , S ) ,

b1z  the  f i r s t  pa r t  o f  t he  p roo f  and  Lemma 2 .6 -

For  the next  s ta, tements ' . . /eass"ume that  the Banach ; ' . , . . , !

; ' : '  : : : : , . , ( : r rbe r ' , ac 'es l  X  ,X  ,X , i  a re  i n  Y ( t )  ,  V  V  - v -V  ^ to  i n  9 ($ )' o " o ' L t '9 v v v r g v v v . . o ' - - o ' - - , - - )

a n d  z o , Z o , z , V  a r e  : - n  Y ( 8 ) .

.  . : . , " . " . .  2 .1C , -  PROPOSIT ION.  Le t  S  €  g  ( x / xo ,Y  /YJ  and

T €  g ( v / Y ^ , 2 / z ^ )  n e  s u c h  t h a t  R ( s )  G N ( T ) ,  d i m N ( T ) , / R ( S ) < ' " '
( J ( J

a4-d ,  R(T)  i s  c losed.  Le t  a rso  5e  e , ( l / i . r ,7 /7 )  Pndv v

F 'e , ' e  f i r t i ^ ,2 /Z^ )  be  such  t ! e !  R (g )  cN( f l )  .  I f  l he  numbers
o ' o '  -

6 ^ ( S , g )  a n C  6 ^ ( i , T )  a r e  s u f f i c i e n t l y  s m a l l ,  t h e n
o o

d im N  t f i l  l n  (g )  s  r l im  N  ( r )  /R  ( s  )

a n d  n  ( t )  i s  c l o s e d

P r o o f  .  N o t e  t h a t  s  €  0 -  6 / x o , N o ( T J / Y J .  F r o m  L e m m a  2 ' 9 ,

i t  f o l l o w s  t h a t  O  ( N o ( f l ) , N o ( T )  )  i s  a s  s m a l l  a s  w e  d e s i r e  i f

A  ( f i . T )  i s  s u f f i c i e n t l y  s m a I I .  I f ,  i n  a d d i t i o n ,  6 ^ ( S , g )  i sw o \ r r r l  - .  
o

suf f ic j -ent ty  smarI ,  then 3e o-  &/Xo,No(F)  /7o)  and

,d im N  ( r )  /R  t s l  s  d im N  ( r ) /R  (s )  ,

b y  v i r t u e  o f  T h e o r e m  2 - 2 .



We har re  on l y  to  p rove  tha t  R ( t )  i s  c losed '  Le t

T o  € e ( Y / R o  t s )  ' z / z o )  b e  t h e  o p e r a t o r  i n d u c e d  b y  T  ( n o t e

rha r  (Y /Yo)  /R  (T )  i s  i son rc rph i c  to  Y /Ro  (s  )  )  '  Then

T o  €  0 *  ( Y / R o  ( s )  '  z  / z o )  '  s i n c e  R  ( g )  ( a n J  h e i r c e  R o  ( 3 )  )  m a y

be  supposed  to  be  c losed  by  the  f i r s t  pa r t  o f  t he  p roo f  '

w e c a n a l s o c o n s i d e r t h e o p e r a t o r T o e e ( V / R o t E ) ' V ' / Z o ) '

i n d . u c e d u y T i n a s i m i t a r w a y . T h e n t o e o + ( V / R o 1 i ! ' Z 1 T ' o )

b y T h e o r e m 2 ' 7 ' p r o v i d e d t h a t 6 ( R o ( s ) ' R o ( g ) ) a n d 6 o ( T o ' T o )

a r e s u f f i c i e n t i y s m a l l ' s i n c e 6 ( R o ( s ) ' R o ( 3 ) ) i s a s s m a l l

a s w e w a n t i f 6 0 ( S , g ) i s s u f f j . c i e n t l y s n a l l ( L e m m a 2 . 9 J

a n d 6 0 ( T o , T o ) - 6 0 1 T ' t ) ( n o t e t h a ' L G o ( T 9 ) = . G o ( T ) ] l a t n " '

r  r f i  \  =  G  (T )  )  '  i t  f o l l ows  tha t '  n t t l  =  n i t o )  i s  c losed  i f

- o  ' - o '  o  
^ F ^ c  i  +  i  o n  a r e  f u l f  i r l - e d .  , i .  , ,  , . .

t h e  c o n d i t - i o l s  o f  o u r  p r o p o s i t i o n  a r e  r u ! r ! ! + v * -  :

1 6

2 . 1 1 .  D E F T N T T I O N '  
' A  p a i r

the s tatement  of  ProPosi t ion 2 '

h o l m .

T h c n  P r o P o s i ' ; i o n  2 ' 1 ( )  i s  a

F rec i .ho lm Pa i r s  o f  oPera to rJ '

2. coRcLLARY. wr lh the

t h a t  R ( S )  =  N ( T ) '  I f

A  > M A X

6 2  m a x

r Z  m a x

operators l :s ,  
T) as in

w i l l  be  ca l led  semi -Fred-

- r  r -  € a r  q a : m ]  -
^ + - 1 ^ ' i  1 i  t v  f e s u r L  r v !
b  L q ] / ! ,  *  - J

cond i r ions  o f  Propogr l lg l  2 '1O ' ,

,  ( 1 + Y  ( r ) - 2 )  %  6 o ( f ' T )  ] '

o f

1 n

^ 1
z .  I

suppose
d .  ^  , x r T ) ) ,

{ 6 o ( S , s ) , o o u r
^ 1 r

{  ( 1 + y  G \ - \ ' / ' 6 o ( s ' g )

{ v ( s ) - t ; Y ( t ) - 1 } '

. ^ / r  A r r )  < 1 r
a n d  I r  t P \ t O ,  "

U'oIeeY.g.I ,

m a x { Y ( g ) - 1 , Y ( f l )

whe::e a alq P1 qle- Al :Il

rhen R(3) = N(fr) ar|q

a  . ^ t )  , C  r : ) )
i  <  (  t - q ) \ o o r u t r

r l n r O
Rema ri< L 

"+ 
' I

a r

R (fi) is gf*o-seg'

- 1  -  / . f  A  r l
P 1 \ u O t v t L )  '* 1

.:..

\ L .  t v  I

- , . :

.n-
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proo f .  We  fo l l ow  the  l i nes  o f  t he  p roo f  o f  P ropos i t i on

2 . 1 a . S i n c e N ( T ) : R ( S ) , t h e n t h e o p e r a t o r S € 0 . ( X / X o , N o ( T ) / Y o )

i s  s u r j e c t i v e  a n d  w e  m a y  a p p l y  R e m a r k  2 . 4 . 1 0 .  I f  6 o  t  6 o ( 5 , g ) ,

d  z  ( 1 + y ( T r - 2 r 1 / z  6 0 ( f l , T )  2  6  ( N o ( f ) , N o ( T )  )

( L e m m a  2 . 9 )  a n d  r  >  y ( S ) - 1 r .  a n d  . r f  e ( 6 o r 6 , r )  <  1 ,  t h e n ,  a c c o r d i n g

t o  C o r o l l a r y  2 . 3 ,  w e  o b t a i n  t S a t  n t 3 )  =  N ( f l )  a n d  t h a t

Y  ( g ) - t  =  ( 1  -  a ( 6 0 , 6 , r )  )  
t  

o ' ,  t 6 o , 6 , r )  '

The  ec lua l i t y  R (S)  =N(T )  a l so  imp l i es  tha t  t he  ope ra to r

T o  €  g ( y / R o ( S 1 , 2 / Z o )  i s  i n j e c t i v e .  T h e r e f o r e  w e  m a y  u s e  R e m a r k

z .  B  . 2 o .  r f  6 o  l  6 o  ( f l o ,  T o )  =  6 0  ( F ,  T )  ,

6  >  ( 1 + v (  
" r - 2 r 1 / z  

6 0 ( s , 3 )  ?  6 ( R o ( s ) , R o ( g )  )

1  =  Y  (T )  
-  1  (bo th  quan t i t i cs  a re  I

( L e m m a  2 . 9 )  a n d  r > Y ( T o )

d e f i n e d  i n  t h e  s a m e  w a y ) ,  a n < 1  i f  a ( 6 o '  6 ' r )  <  1 '  t h e n  f r o  i s

a l s o  i n j e c t i v e  a n d

y ( % ) - 1  = y ( f ) : t ' ' =  ( 1  -  a ( 6 0 , 6 , r ) )  
t  

o ' '  t 6 o ' 6 ' r )

b y  C o r o l l a r y  2 . 3 ,  v i a  R e m a r k - g  2 " 8 ' f  a n d  2 ' B ' 2 o  '  C o n s e -

q i i en t t y ,  i f  t he  cond i t i ons . . ' o f  ou r  co ro l l a ry  ' ' .  f u l f i l l ed ,

then  R  ( f ; )  i s  c losed  and  (2  '  1c ' )  ho lds  '

2 . 1 3 .  R e n a r k .  A  p a r t i c u l a r  c a s e  o f  P r o p o s i t r o n  2 ' 1 0

(ob ta ined  i n  a  d i f f e ren t  way )  can  be  found  j -n  l 5 l '  I n  ' t ' hc

fou r th  sec t i o i i  ( e ropos i t i on  4 '2 )  we  sha l l  show tha t  P ro -

p o s i t i o n 2 . l o i m p l i e s a n o t h e r t y p e o f s e m i - c o n t i n u i t y o f

the  d imens ion .

t r { e n e e d a c e r t a i n v e r s i o n o f C o r o l l a . - r y 2 . . . 5 w h i c i r d o e s

not  involve any d imension.  we star t  vr i th  some auxi l iary

r e s u l t s

Fn$ \q t('g)



t d

2.14.  THEOREM. !g- t -  Y be a Banach space '  le t

and  Ie t  n ' :  Y '+ .Y /X  be  the  canon ica l  mapp-U lg '  Then

C co1gi3trg-.Ug. homogeJreous map p zY/x-+Y such th?l:

=  y + X  f o r  a l l  y € Y '  M o r e o v e r ' 5 - o - !  e v e r v  e > O  w e

r t  .  r t  l l

o  s u c h  t h a t  l i p ( y  +  x ) l l  :  ( 1  +  e  )  l l y  +  x l l  '

T h i s r e s u l t h a s b e e n p r o v e d i n t z l ( s e e a l s o t 2 2 ] ) .

u re  have  the  decompos i t i on  Y=X +  M '  where  M= p (Y /X )  i s  noL

necessa r i l y  e  l i nea r  space .^ . rndeed ,  f o r  eve ry  y  €  Y  we  h . .Ve

t h a t  x = y -  p ( y + X )  € x ,  s i n c e  n ( x )  = 3 '  H e n c e  y - x + v '  v r i t h

v = 0 ( y + X ) . N o t i c e t h a t t h i s S e c o m p o s i t i o n i s u n i q u e . ; I n d e e d ,

i f  v = x .  * , t 4  = x - , * v e r  w h e r e  x a , . x ?  €  X  a n d  t l  =  0 ( n , | ) ' t 2  =  0 ( n r )  €  M r i ' ' i '

1 r . . 2 2 ' t z

t h e n  u 1  - ' , ' 2 i X , a ; r d  t h u s  o = t T ( o ( n ' , )  - p ( n r ) )  = r l 1  - 1 2 r  s o  t h a t

v - = v ^ a n d x . = X . > . I n t h i s \ d a y w e c a n d e f i n e a n o n - I i n e a r p r o -' 1  ' 2  |  z

j e c t i o n  p  
" , i  

v  o n t o  x  b y  t h e  e q u a t i o n  P y = y - p ( y + x )  f o r  a l l

v  €  Y . N o t e  t h a t

1 )  l l P y i l  =  l l y - o ( v + Y ) l l 5 ( z +  e )  l i v l l '

X  €  Y ( Y )

t he re  ex i s t s

n P ( y * X )  =

qan, choqEg

We also have

2 ) P ( P y )  = P Y  ,

3 )  P ( u + Y )  = u + P !

fo r  a I I  u  €  X  and  Y  € 'Y ,  bY  the

Y * X + M .

uniqueness of  the decomPosi t ion

s u c h  t h a t  i . 9 . IJ
LEMMA.  Le t  x ,Y  € 'Y t t )  be  such  tha t  XcY  an4

2 . 1 6  .

d im Y/X < " " . E! 4sg t"? e Y<xl be

.'! -:itu!ilnl|
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P r g s f - .  L e t  p  I  y / X + Y  b e  a s  i n  T h e o r e m  2 ' ' 1 4  a n d  1 e t

M  a n d  p  b e  a s  - i n  R e m a r k  2 . 1 5 .  w e  s h a r r  f o l r o w  t h e  l i n e s  o f

t h e p r o o f o f T h e o r e m 2 . 2 , w i t h s o r f l e c l r a n g e s d u e t o t h e n o n -

l i nea r i tY  o f  t he  me thod '

L e t  6  >  6  ( Y , v )  a n d  6 o  t  6  ( x , X )  b e  f  i x e d '  L e t  a l s o

; : e  Y .  T h e n  r h e r e  e x i s r s  y  €  Y  s u c h  t h a t  t t ? -  / l <  6 l t l i t t  '  w e  h a v e

the  deconpos i t i on  y=x1  * . t 1  ,  where  x ' ,  €  X  and  v ' ,  =  p (y  +  Y )€M '

No t i ce  tha t

l l x . ,  l l =  l i p v l l S  ( 2 +  e )  l l v l l  t  Q  +  e )  ( 1 +  6 )  l l y l l  '

l l v . ,  l l 5 ( t  +  e )  l l v l l  S  ( 1 *  e )  ( 1 +  6 )  l l T l l  '

L e t u s c h o o s e i , , e i s u c h t h a t l l X t i , , l l . 0 o l l x , ' l l . H e n c e

l l x . ,  - ; l  l t  ' 6 0 ( 2 + e ) ( i + 6 ) ' l l i l l

We now consider  a maPPing

N ;q--"_- N F;--

F ' t Y + s P 1 4 / Y ' Y + s P 1 4
..

as  i n  Theorem 2 '14 ,  where  spM i s  t he  l i nea r  space  genera ted

by  r ' 1 .  L€ t  a l so  F  f t  t he  non - l i nea r  p ro jec t i on  
" f  

?+  =p l ' r

onto Y that  is  associated to  6 as in  Remark "2 '  1  5 '  Then we

N  
' - E ( v l + ? ) € ? a n d f ' '  

= 7 - i ' '  - ? t '
d e f i n e  t h e  e l e m e n t s  t 1  =  t l  I

L e t u s n o t e t h a t , b Y t h e p r o p e r t i e s o f F ( R e m a r k 2 . 1 5 ) , w e

have

, , ^ i  . . N  * . ,  l l  =  l f  F f V - ; .  - v . )  l l  5
l l Y l  l l  =  l l v  -  x ' t  -  t l r , ' t  r r  " r  \ r  - - 1  1 '  '

)  (  l l 7  - Y l l  +  l l ; 1  -  x ' ,  l l )  5

< ' ( 2 +  e )  ( 6  +  6 o ( 2 *  e )  ( t  +  6 ) )  l l ? l l  '

can choose

that
condi t ion f rom the s tatement  impl ies that  we

n u m b e r s  e > o ,  6 > 6 ( V , Y )  a n d  6 o  >  6 ( X ' X )  s u c h
The

the

' f t . =

Consequent l !  r

( 2 +  e )  ( o  +  6 0 ( 2  + e )  ( 1  +  6 ) )  <  1

as  i n  t he  p roo f  o f  Theorem 2 .2 ,  we  may  con t i nue
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t h i s  app rox ima t ion  p rocedure .  I {e  f i nd  the  sequence  {V r r } r r .V ,

{ ;n }n  c i  and  { v , . , } r ,  c  t u t  such  tha t

i r , = i -  ( i r + . . . + i r r )  -  ( F v . , + . . . + F v r r )  ,

I t i , .  t t  5  q t  l t y  t t  ,  .  ;

, , -  , t  (  -  ^ n - 1  f , 3 t tl l x n l l  = r 1 Q  I l Y l l  ,

l l v r r l l  5 r r r n - 1  t t i t t

f , o r  a l l  i n t e g e r s  n : 1 ,  w h e r e  t l =  ( 2 + e )  ( 1  + 6 ) ,  t 2 = ( 1  + e ) ( 1 + 5 1 .

We a lso have

l t F v n i l ' S  ( 2  *  e ) r z e  l  
t t i t t  ,

ru" 'by ,  Lhe proper t ies  o f  F  f rom Remark  12 .  15  "  There fore  the  ser j -es

I f r" ,  and ) lFv'  are converg.ent to certain 'v ,ec ' tors Ig I  and ?g Y,

'  respecLive ly .  Thus we have the equal i ty  y :  x  + v .  We-rg"halL.  use ,  " " "

rh{ l is  reDrosentat ion of  an arb i t rar ;y  e lement  }e V to  pro ' ' . ie  'che

i n c l u s  i o n

t i €  f  ;  t t i t t  S  1 ]  .  t I e  I :  l l i l l  S  r i )  + f r  ' " ' ' ( 2 . 1 1 )

w h e r e  f i - V  i s  a  c o m p a c t  s e t .  L e t  u s  o b s e r v e  t h a t  i f  l l i t t S t ,  : ,

then

v . r  =  p ( y + X )  € L :  =  p ( { n  e y / X  ;  l l l l l  S 1 +  0 } )  ,

and  the  se t  L  i s  compac t  s ince  Y /X  Ls  f i n i t e  d imens iona l  and

p  i s  c o n ' t i n u o u s .  S i m i l a r l y ,  v -  =  p ( y -  .  +  X )  €  q n - 1 t  f o r  a l l
n  * I r - l

n - 1
1 n } 2 ( i v h e r e y * n € Y a i r d | | y n - , | | s ( 1 + 5 ) 2 ' ' - , ) , s i n c e p i S a- n - l

h o m o g e n e o u s  m a p .  T h e n  w e  h a v e  V .  g i l : =  L + i ' ( r , + Y ) ,  w h e r e  t
. l

is  compact s ince r ,  + Y . is compact ana 6 is cont inuous.
'  d  n - 1 -

Ana logous l y ,  V . ^  e  q " - ' t  on  accoun t  o f  t he  fac t  t ha t  i '  i "  a l so  I' n

homcgeneous  (n  ?  2 )  .  Consequen t - l 1z  i

i e  t  *  e i  +  q 2 ; * . . .  ,
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and  the  se t  R ' , :  =  Iq t -1 i l  i "  compac t  (as  a  rang ie  o f  a  compac t
I

a a * .  r - , r r  1  ^ A h + i n u o u s  m a p p i n g ) .  H e n c e  3 e  R ,  =  R .  n  ? ,  s o  t h a L

( 2 . 1 1 )  h o l d s .

N o w ,  b y  v i r t u e  o f  ( 2 . 1 1 )  |  t h e  u n i t  b a . l - l  o f  ? / X  i s  r € -

la t ive ly  compact  which impl - ies d im ?/X < - .

2 .17 .  Remarks .  10  Le t  us  no te  tha t  J :he  me thod  f rom the

p r o o f  o f  L e m m a  2 . 1 6  c a n  a l s o  b e  a d a p t e d  t o  t h e  p r o o f  o f

T h e o r e m  2 . 2 .  I n  s u c h  a  e a s e ,  o n e  o b t a i n s  a n  e s t i m a t e  o f  t h e

t y p e  ( 2 . 5 )  w h i c h  d o e s  n o t  d e p e n d  a n y  l o n g e r  o n  d i m  W / R ( S ) .

However ,  t he  conc lus ion  o f  t he  theo rem i s ,  i n  t h i s  case ,  i .

poorer .  Namely '  one only  obta ins ; tXrat  d im f f /R (3)  < " " '

20 Recent ly ,  i t  has been shown that  i f  gn,  Theorem 2, , , ,X4

o n e  h a s  m :  = d i m Y / X < * ,  t h e n  t h e  m a p  p  c a n  b e  c h o s e n .  s u c h

tha t  p  (Y /x )  l i es  i n  a  f i n i t e  d imens iona l  space ,  whose  d imen-

s ion  depends ,  i n  genera l ,  bo th  on  e  and  m.  Th i s ' '  y ' i e l ds  a

ce r ta j -n  s imp l i f i ca t i on  o f  t he  p roo f  o f  Lemma 2 .16  and  g i r . ' es  a i l

e s t i m a t e  f o r  a i r n V / I ,  t 1 B l . .

2 . 1 8 .  P R O P O S T T T O N .  l e t  s  €  0 +  ( x / x o  , v  / v  o )  
a n d

T t r 6  ( y / y  - 7 , / Z  )  b e  s u c h  t h a t  R ( S ) c N ( T )  a n d  d i m N ( T ) z ' R ( S ) = -
M _  \ J - l  f o t " ,  " o t  = :

r f  . g€  e ( t /?o ,T /T ' J  and  t ' e  C t i /To ,Z /Zo )  a re  such  tha t  R (g )  cu ( f f )  ,
N , . N

a n d  i f  t h e  n u m b e r s  6  ( x o , I o )  ,  6 ( Z , z )  ,  6 0 ( g , s )  a n d  6 0 ( T , f )  a r e

s u f f i c i e n t l y  s m a l l ,  t h e n  R ( g )  a n d  n ( t )  a r e  c l o s e d  a n d

d im N ( f l )  /R  (5 )  == - .

Prr:of .  With no loss of general i ty we may assume that ' '  ' ) i i ' l i

a l t  i nvo l ved  ope ra to rs  a re  dense ly  de f i ned .  Acco rd ing  to  i r : '

C o r o l l a r y  2 . 3 ,  i f  6  ( Z , D  a n d  6 0  ( T , f )  s a t i s f y  Q  ' 5 )  ( v r r i t t e r i  f o r

t h i s  c a s e )  ,  t h e n  t h e r e  e x i s t s  a  B a n a c h  s p a c e  M  w i t h  d i m M = 1 '
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w h e r e  m :  =  d i m  (  z / z ; / R ( T ) ,  a n d  a  s u r j e c t j - v e  e x t e n s i o n

f l ,  e  c (  ( i / fo )o  M ,Z / ' io )  o f  f l  such  tha t  the  ass ignment

f l  -  y  ( f l1  )  
-1  

i "  bounded when 6  (T  ,z )  and 60  (T  ' f )  tend to  zero ,

a .s  fo . . . : . lo rvs  f rom (2 .6 ) .  Le t  To  be  the  ( t r i v ia l )  ex tens ion  o f

T  t o  D ( T )  @ o c  ( v / Y o )  O u .  T h e n  w e  h a v e  6 r ( t o , f f ' ,  )  5  6 0 ( T ' f i )  '

s ince f i . ,  extends fr .  Hence

6 ( R o ( f i 1 *  ) ' , R o ( T * ) o M * )  = 6 ( x o ( T o )  , N o ( F 1  ) )  s
n  l l

by  I remma 2 .9 ,  so  tha t  t he  number  6  (Ro  t t { l  'Ro  (T* )  O  F i x )  can  be

made  as  sm.a l l  as  we  wan t  i f  60 (T , f i )  i s  su f f i c i en t l y  sma l l '

Let so and fo be the oper:.ators s and 3 with values in

(v / {o)  @ M and tv /?o)  @M, respect ive lv  (by canonica l  inJ:e<ld ing)  .

r f  6  ( x o r f o )  a n d  6 0 ( g o , r o )  =  6 0 ( g , s )  a r e  s u f  f i c i - e n t l y  s m a l r '

t hen  the re  ex i s t s  a  Banach  Space  N  such  tha t  d imNSi r ,  where

n :  = d i m N ( S ) ,  a n d  a  s u r j e c t i v e , ' e ; t e n s i c "  S f  o f  3 j  t o  t h e

'^ '  l -  ' - i )  
@ M* @ N such t r ra t  Lr re ass ignment  3 -  y  (3 t  * )  -1

S p a c e  ( Y o - / Y - )  @  M - ' ( + ) N  i i u c n  t n a t  t n e  a s s f  g l l t t t e r l L  o  -  I  I  
,

j - s  b r . : u n d e d  w h e n  6 ( X o , f o )  a n d  6 0 ( g , S ) ' t e n d  t o  z e r o .  L e t  S S

be the  ( t r i v ia l )  ex tens ion  o f  s ;k  to  D (s i l )  @ 6  -  l vo t , /v r )  o  M*  @ N '

T h e r  w e  h a v e  6 . , ( s ; , S i  I  : 6 0 ( t J ' g J  )  =  6 o ( s * , 9 )  =  6 o ( g , s ) ,  s ' i n c e

g i  ex tends  gJ  .  There fore ,  by  Lemma 2 '9 ,

;  l t

6 ( N o ( s ; )  , N o ( 9 1 *  ) )  = <  ( 1 +  Y ( g i  ) - z )  / 2  6 0 ( g , s ) ,  i

t h a t  t h e  n u m b e r  5 ( N o ( s ; ) , N o ( g i  ) )  c a n  b e  m a d e  a s  s r n a r l

o n e  w a n t s  i f  6 0 ( g , S )  j - s  s u f f i c i e n t l y  s m a l l

Now assume tha t  d im Nt t ' l /n (3 )  <oo fo r  some pg j " r :  1 f l . ,3 ) ;

when the  numbers  5  (xo ,X; ) ,  o  (2 , i l ,60  (g ,s )  and '  6o  ( t , t ' )  .  tend  to

z e r o .  w e  h a . ; e  d i m N  f t l / 1 t ' , t 1 f l 1  O o )  5 m  a n o  d l m l r l ( 3 1 *  ) / t m t 3 l ) @ o ) f n ,

by  (2 .1 ) .  S ince  n  (3o)c r . ' i  ( f r )  @ o  c  1 t  1 f l . ,  )  ,  i t  fo l lows tha t

so

o,D

-wE
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d i m N ( 9 1 *  ) / R ( f r i  ) o  o )  =  d i m N t B l  t / f u t B ; k  ) @  o )  +

* d i m N ( g ; :  ) / n ( f . , *  1  =  d i m N ( 9 1 *  ) / N ( g J k  ) o  o )  +

+ d i m N ( f l r ) / ( n t f f l o  o )  +  d i m N ( t )  / R ( 3 )  . - .

H e n c e  I

d i m N o ( g i  ) / ( n o t F l  l e ' o )  =  d i m N t 3 l  t / t n t t f  ) @  o )  < - .

I n  pa : : t i cu la r ,  we  may  app ly  Lemma 2 .1G to  the  subspaces

R o ( f r 1 *  ) o o . u o ( 3 r *  )  a n d  R o ( r * ) o u * o o c N c ( s ; )  = N ( s j  l o o .

B y  t h e  p r e v i o u s  r e m a r k s ,  t h e  r e q u i r e m e n t  o f  L e m m a  2 . 1 6  i s .

f u l f i l l e d  w h e n  6  ( x o , X o )  ,  6  ( Z , z )  , 6 o  ( 3 , s )  a n d  d o  ( T , F )  a r e

su f f i c i en t l y  sma I l .  Consequen t l y

d i m  N  ( r )  / n  ( s )  =  d i m  N o  ( T ) / R o  ( s )  =  d i m  N o  ( T o )  / R o  ( S o )  =

= d im No (sok )  /  (no (T*  )  o  M* )  <, le ,

wh ich  i s  a  con t rad i c t i on

2 . 1 9 .  L E I \ $ { . A .  L e t  S  a r : d  3  b e  a s  i n ; , D e f i n i t i o n  2 " 1 ,  a n d

l e t  A , s r  a n d  M  b e  a s  i n  ( 2 . 1 ) .  l h e n  t h e r e  e x i s t s  a n  e ; t e n s i o n  i ;l -  - - -

9., of 3 to tXtX^) @ ru such rhar
t - v

6 0 ( s t , 3 t )  5  B  ( m +  1 )  m a x { 6 0 ( s , 3 )  , 6  ( y , V )  } ,  , ,  ,

6 0  ( 9 1  , s t  )  5  1 6  ( m  +  1 ) 2  m a x { 6 0  ( 3 , s )  , 6  ( y , V )  }  ,

p r o v i d e d  t h a t  l l A l l  5  1 ,  w h e r e  m  :  =  d i m M .

p r o o f  
"  L e t  6 o  r  6 o  ( s , g )  a n d  6  >  6  ( y , V )  b e  f i x e d .  L e t  a l s o

{ v 1  , . . .  r V m }  U e  a  b a s i s  o f  t ' l  s u c h  t h a t  l l v t l l  =  . , . .  =  l l v * l l  =  1

a n d  f o r  e a c h  v = X ^ j r j € M  o n e  h a s  l f j | :  l l v l l  f o r  a 1 l  j = 1 r . . . r m .

The  ex i s tence  o f  such  a  bas i s  f o r l ows  f rom Auerbach ' s  Lemma t  1  I  .

' L e t  a  >  O ,  a n d  1 e t  y . € A v ,  b e  s u c h  t h a t  l l y j  t l  S  ( 1 + e )  l l A v ,  l l s t  +  e

f o r a 1 1 j . W e d e f i n e A o € c ( M ' Y ) b y t h e e q u a t . i o n A o ( x r j ' j ) = x } . j y j "

N o t e  t h a t  l l A o v l l  5 m ( 1  +  e  )  l l v l l  f o r  a l l  v  €  M .  T h e n  w e  c h o o s e

i . , e  ?  s u c h  t h a t  l l y - . - 7 - , t t  S  6 l l y + l l  S ( 1 + e ) 6 .  w e  a l s o  d e f i n e- l  - J  - J  I  
-

X^ eZ (M,?)  by the equat ion A '^  t r t r - ,v*  )  =  r t r . i *
o  o '  )  J  l " l .  '



Let us observe that

l l a o v - f f o t 1 1  5 m 6 ( 1 + e ) l l v l l ,  v € M '

r f  f i€  l , (M,V/Vo)  . i s  g j -ven  by  f fv= f fo t *  Yo,  then we de f ine  the

xext .ensr-on "1 
ot  3  by the equat ion g1 (gov)  =S?+f iv  for  a l l

8 e  o t 5 l  a n d  v € M .

N o w  l e t  x @ v @ w €  G o ( S 1 )  b e  a r b i t r a r y .  T h e n  w e  c h o o s e

u  €  S ( x +  x o )  s u c h  t h a t  l l u l l  5  ( 1  +  e  )  l l S  ( x +  x o )  l l  S i n c e

x r + ) i . r  €  G o ( S ) ,  w e  c a n  f i n d  a n  e l e m e n t  i O f r €  C o ( g )  S u c h  t h a t

l l x  -  I 1 1 2  +  l l u  - G  l l 2  s u o ' (  l l : r l l 2  +  l l u l t 2 ) .

N o t e  t h a t  y o ,  = .  w - u - A o t € Y o r  s o  t h a t  O t Y o € G o ( S )  .  T h e n

there ex is ts  io t  7o € Go (g)  such that

t t ?  l t 2  +  l t . ,  - ;  t l 2  - <  n  2  1 1 , , ,  t l 2  -l l * o l l  
- r  

l l y o - y o l l  
-  w o  l l J o t r  r

L e t  f f ,  =  i o + f r + f f o . r "  T h e n  t i + i o t @ v @ f r e  c o { S ) ,  a n d  w e  h a v e

, , f .  l l x o  v , @ w *  ( i o + I )  o v o f r l l 2  s

5  ( l l x - ? ' l l  +  l t i ' o t t  
' t 2  +  ( l i v o - i o l l  +  l l u - f r l l  +  l t e o v - f f o v l l ) 2  s

?  2  2 ) + 6 2 1 1 , ,  l l 2 + ^ 2 5 2 1 t * r ) 2 t t v t f , l 55  4 ( 6 ;  ( l ! x 1 1 - + l l u l l  ,  ,  . o  , , r o r ,
. , r , .  ?  . . 2 . .  . . )  )  2 l l u ! 1 2 + m 2 ( 1 + e ) 2 l l _ r i t z ) +
s  4  (  6 c ) '  (  l l x  l l  

- +  
l l u  l l  

- + 4  6 ;  (  l l w  l l  
- +

*  * 2 a 2 r + r ) 2 l l v l l 2 )

Nore that t l im nGJ/RTST 5 aim R (A) 5 m. Therefore,  thcre

ex is ts  a  p ro jec t ion  P o f  RTS; - )  on to"RTST such tha t  l lP l l

depends on ly  on  m,  Then u+ Yo =  P( rar+  Yo)  -  PAv,  and hence

l l u l l  5  ( 1  +  e )  l l u  +  Y o l l S  ( 1 t  e )  l l P l l  ( ' l l w l l  + l l  v l l )  "

Consequent ly ,

l l x  @ v o w -  ( ; + i o )  o v o f r l l 2  :

= <  4 { 6 o 2  l l x l l 2  +  ( 1 o  6  j  ( 1 +  e  ) 2 l l p  l l 2  +  q o o 2  )  l l w l l 2  +

t  ( 1 o d o 2  ( 1  +  . ) 2  l t p i l ) + A * j  * ' ( 1  +  e  ) 2 ' * ^ 2 0 2  ( t  +  a ) 2 )  l l v l l 2 ) .

S i n c e  w e  m a y  s u p p c s e  t h a t  l l P l l  5 n +  1 +  e  . .  w e  h a v e

4 o d o 2  ( 1 + e  ) 2 ' l l n l l 2  +  1 0 6 o 2  5  5 6 6 ; 2  ( 1 + e  ) ' ( * *  1 +  e \ 2 ,

t. r ' ,,

r ! ia l !$?' .4

ri'ff l
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and

4 0 6 2  ( 1 +  e  ) 2 l l p l t 2 ( 1 + e ) 2 + 4 ^ 2 0 2 ( t + . ) 2  :

n 2 ,
7 o  J  r

T.T1

a
r L
o

o

T

c l

t o oo
2- m a x t

so tha l :

l l x  @ v @ w -  ( i + i o ) o  v o f f l l 2  s

t  6 4 ( 1 + e ) 2 ( m +  1  +  e \ 2  m a x { u j , u '  }  l l x  @  v @ w l l 2

T h e r e f o r e ,  I e t t i n g  6 o -  6 o ( S , g ) ,  . 6  -  6 ( Y r ? )  a n d  e  ' + o '  w e  o b t a i n

the f i rs t  est imate f rom the s tatements '

T h e s e c o n d e s t i m a t e c a n b e o b t a i n e d i n a s i m i l a r w a f l

w i th  some m ino r  changes .  we  s ta r t  w i th  an  a rb i t ra ry  e remen t

N

i o . ro f i ' e  Go(3 )  and  p roceed .  as  above .  we  on l y  "no te  tha t  t he re

ex i s t s  4 : ' r o  j ec t . i on  F  o f  -G /  on to  R  (S )  such  tha t  l lD ' ! l  depend ' s

o n t y  o n  m ,  t h a t  l l f f o v , l l  5 q ( 1 + e ) -  ( , 1 + 6 )  l l v l l  a n d  t h a t l l E v l l S l l E o v l l

f o r  a l l  v e  M '  ( O n e  a l s o  h a s  ' ' : ' !  +  6 ( Y ' ? )  5 Z ' )  W e  o m i t  t h e  d e t a i l s '

W e s h a l l l a r g e l y t r e a t , i n t h e n e x t s e c t i o n , t h e s t a b i l i t y

o f t h e i n d e x o f a s e m j - - F . r e d h o l m c o m p l e x ( i n p a r t i c u l a r , . o f a

sem- i . -Fredholm operator)  under  smai l  per turbat ions in  the gap

topo iogy .  Neve r the less ,  wQ sha l l  end  th i s  sec t i on 'w j - t h  a

s t a b i } i t y r e s u l t f o r F r e d h o l m o p e r a t o r s , a S a n i l l u s t r a t i o n

o f  t he  resou rces  o f  t he  p reced ing  s ta temen ts

2 . 2 A .  P R O P O S I T I O N '  L e t  S  a n d  S

rf s € o(x/xo ,Y/Yo) and- il]" lg&98-9. i

i -  t s ,3 t  a re  su f  f i c j ' en t . l y  sma l l '  t hen
' o '

d i m  N t d l  s  d i m N ( s )  ,  d i m  f v / i o ) / R ( g )  s

i n d S = i n d S .

be  as  i n  De f in i t i on  2  '  1

t w  V  r  i r v  V t  a n d
\ ^ O r ^ O l  t ! \ L r L t

3 e o l iZ io  ,717;  ,

d i m  ( Y / Y o )  / R ( S )  . a n d
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p r o o f  .  L e t  n  :  = d i m N ( s )  a n d  l e t  m '  =  d i m  ( Y / ' r J  / R ( S ) :

w e  h a v e ,  i n  p a r t i c u l a r ,  s  €  0 + ( x / x o , Y / Y J , a 4 d  t h e r e f o r e  w e

1 r . a y  a p p l y  R e m a r k  2 . 8 . 1 0 .  S i n c e  l l P * l l  5  n + 1 + e  a n d  l l F * l l !  n + 1 * e

i n  Q . 7 ) ,  w i t h  e  >  O  a s  s m a l l  a s  w e  w a n t ,  i f

6  :  =  m a x { i  r * o , X o ) , 3  ( t , ? ) , i o ( s , g )  }

s a t i s f i e s  t h e  i n e q u a l i t Y
' .  7 l

6 ( n + 1 ) ( 1 + ( n + 1 ) ( 1 + 6 ) ( ' l  + Y ( s )  " ) ' ' )  < 1 ,  Q ' 1 2 )

then (2 .  B)  i s  a iso  sa t is f  ied .  I lence 3  e  o*  t i l f ;o  ,7  /TJ  and

d i m  N f S )  5  n ,  b y  v i r t u e  o f  T h e o r e m  2 - 7 .

A s , q r r m i  n l r  t h a t  ( 2 . 1 2 )  i s  f  u l f  i l 1 e d ,  I e t  P  b e  a  p r o j e c t i o n
l r v v g - . : ! J . J

o f  Y / Y o  o n t o  R ( S )  s u c h  t h a t  l l P l l  5 m +  1 +  e  .  L e t  M  L ' e . t h e  n u l l -

space  o f  P .  I f  A61  i 8 (M,y /YJ  i s  t he  canon j - ca l  i nc lus ion ,  t hen  the

opera to r  Sn  f rom Lemma 2 ,1g  i s  su r j ec t i ve .  t , e t  3 . ,  be  the  ex t ' eus ion- E - -  ' l  -  
|

o f  5  tha t  i s  g rven  by  Lemma 2 .19 .  Accu rd ing  to  th i s  l emma,

6 0  ( S t  , 3 t  )  5  e  ( m  ' '  1 )  6 .  L e t  u s ' o b s e l v e  t h a t

y ( s .  ) - z  s  ( 1  +  Y ( s ) - 2 )  ( m +  t , ) ? :  +  l .' t

I n d e e 4 ,  i f  r > Y ( S ) - 1  a n d  q = 5 6 + v € R ( S . ) ,  w e  m a y  a s s u m e  t h a t

l l E  l l  <  r  l l s E  l l  .  T l i e r e f o r e
2 ) ? .

l l E  @ v  l l '  <  r ' l l s E  l l ' +  l l v  l l '  s  r ' l l P  l l ' l l s 1 ' ( E @  v  l l '  +
)  )  )  . . ' )

+  ( 1  +  l l p l l )  l l s l  ( 6 @ v )  l l ' =  ( ( t  +  r ' )  l l P l l ' + i ) l l  s 1 ( 6 @  v )  l l - '

f r om wh ich  we  de r i ve  eas i l y  t he  des i red  es t ima te .

B y  T h e o r c m  2 . 2 ,  i f  6 0  ( s t  , 3 t  )  a n d  6  ( ? , Y )  a r e  s u f  f  i c i , e n t L y

cmr ' l ' l  * ' l r an  E .  i s  a l so  Sur jec t i ve .  MOrc  p rec j - se }y ,  i f
t  e . r v r r  

"  
,

6 ( 1 +  B ( m +  1 ) ( 1 +  6 )  ( 2 +  ( m + l ) 2 ( 1  + y ( S ) - 2 ) ) ' i ' . 1  . ,  ( 2 . 1 3 )

then ,  by  Remark  2 , .4 .10  ,  t he  ope ra to r  3 . ,  i s  su r j ec t r ve . .  rn .

pa r t i cu la r  ,  ,  : . . ,

d i rn  (?/Vo)  z 'R (3)  = d im R i3 . ,  )  /n  (g)  s  c inn M. : r= rTrr

b y  ( 2  . 1 )  -
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We shal l  show that under certain condi t ions we have

a i m  n ( 3 r )  =  d i m N ( S 1 ) .  L e t  u s  n o t e  t h a t

6  ( N o  ( g 1  )  , N o  ( s 1 )  )  s  ( 1  +  y  ( s 1 )  
- 2 )  % 6 o  { 3 . ,  , s . , '  )  s

5  1 6  ( m  +  l ) 2 0  t z  +  ( m  +  1  ) 2  ( l  * Y  ( s )  
- 2 r  

r r / z  ,  '  
( 2  ' 1 4 )

b y  L e m m a s  2 . 9  a n d  2 . 1 9

L e t  Q 1  b e  t h e  l e f t  s i d e  o f  ( 2 . 1 3 ) .  L e t  a l s o
? - '>  l / ^

,  
p 1 1  :  =  ( i + 6 )  ( 8 6 ( m + 1 )  +  ( 1  +  8 6 ( m + 1 )  )  ( 2 + ( m + 1 ) - ( 1 + y ( s )  : ) )  

' " .

Then we have

w / t  \ - 2  
- 2 ^  2

r  r - 1 /  
'  s  ( 1  - t 0 . , )  ' o l i  

,

b y  Q . 6 ) ,  v i a  R e m a r k  2 . 4 . 1 0  a n d  t h e  p r e v l o u s  e s t i m a t e s  f o r  i '

6 ^  ( s , ,  , 3 . ,  )  and  y  ( s  
1  )  

-2  
.  The re fo re  lo '  t '  |  |

6  ( N o  ( s 1 )  , N o  ( g i  )  )  5  B  ( m + 1 )  6  ( 1 +  ( 1 - a  l - 2  r , , f ;  ) ' / '  ( 2 . 1 s )

b y  L e m m a  2 . 9 .  L e t  n 1  b e  t h e  r i g h t  s i d e  o f  ( 2 - 1 4 )  a n d  l e t  \ 2

b e  t h e  r i g h t  s i d e  o f  Q . 1 5 ' ) .  I f  n  =  m a x { n 1 , n 2 }  a n d  i f

( n + 1 )  ( n + D ( n + 1 ) 6 ( 1 + n 1 1  <  1  ,  . , i  Q . 1 6 )

then  we  can  app ly  Cora l ta ry  2 .5  to  Xo  c  No  (S ' ,  )  and  Xo  c  Wo (5 . ,  )

i n  bo th  d i - rec t i ons ,  and  we  deduce  tha t

d i m  N  ( 3 . ;  =  d : - m  N ^  ( g ,  ) / f ^  =  d i m  N ^  ( s  
|  / x o =  d i m  N  ( s i  )  .- 1 '  o '  l "  o  o

Consequent ly

ind B = d im N (5)  -  a i *  (V/?o)  /R (g)  7

= d im N (91 )  -  d im Nt3. ,  )  /u  t3 l  -  a i *  (Y/Vo) /R(3)  -

d i m R ( S - ) / R ( 3 )  =  d i m N ( S . )  -  d i m M =  d i m N ( S )  -
l l

d im (Y /Yo)  /n  (  s )  =  i nd  S ,

-  -  r  L  i  ^ . ^  i  ^. i . , , r . .  where  we  have  u ' sed  (2 .1 ) .  The  p roo f  o f  t hq  p ropos i t i on  i s  i

'  ^ n m n ' l  a # a
,  vv r r r t /

Le t  us  remark  tha t  (2  '  12 )  ,  Q  '  13 )  and  (2  '  i 6  )  can  e f  f ec ' f  i ve l y

be  used , to  f i nd  a  pos i t i ve  number  6 ' f o r  wh ich  the  asse r t i p ,4 "  o f
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3. STABTLITY OF TI.IE INDEX

W h e n  a  c o m p l e x  o f  B a n a c h  s p a c e s  o f  t h e  f o r m  ( 1 . 1 )  i s

g iven,  we may a.ssume wj . th  no loss of  genera l i ty  that  every

operator  61 F is  a  c losed operator  in  a cer ta ' in  f ixed Banach

spaee X which conta ins Xp as a c losed subspace for  every p

( take ,  f o r  i ns tance ,  I  t o  be  the  space  O^XP,  endowed  w i th

) I /
t he  l ' - no rm) .  However ,  i n  t h i s  case  the  dua l  ob jec !  i s  no  ,  ' " -

l onge r  o f  t he  same t ype .  Morg  p rec i se l y ,  t he  dua l i t y  rep laces

the  
' b ' ubspaces  o f  X  w i th  quo t i en t  spaces  o f  I ' t  .  S ince  the

gap topology is  def ined on the fami ly  of  .s t rbspaces of  the

same Banach space,  a  unj -que and natura l  t iea. tment  of  t [e

p rev io .us  cases  i s .p rov ided  by  the  i -o1 low ing :

3 .  1  .  DEF IMT ' fON.  Le t  X  be  a  f  i xeC Banach  space

A coun tab le  fam i l y  o f  ope ra to rs  s  =  (aP)  r , cv  . ,  where .

oP e  g  (xp lxp ,xp+12" f l t ,  and  xP,xP €  Vtx l ,  " l l .n  thar  n (op-J  )cw (aP) '

f o r  a l - I  p (V .  w i l l  be  ca l l ed  a  comp lex  i n  X , .  The  se t  o f  a l l

c o m p I e x e s i n I w i 1 I b e d e n o t e c . , ' , . b y a ( ' ) . I f ; ( 0 F ' = x P 7 x f ;

f o r  a l l  l €  Z ,  t h e n  t h e  c o m p l e x  s  i s  s a i d  t o  b e  d e n s e l y  d e f i n e d r  , l

Fo r  eve ry  u  €  D  ( I )  we  de f i ne  the  quan t i t y

y ( o )  :  =  i n f  y ( o P ) .
^ c v

I f  y ( c l )  >  O ,  t l ' r e  comp lex  o  j - s  sa id  to  have  c losed  range .  The

cohomology of  the complex cr  is  the fami ly  of  l inear  spaces

( H p ( o )  )  - - ,  w h e r e  H P ( a )  I  =  N i o , p ) / n ( o P - 1 )  ( a n d  t h e  l a t t e r  i s
I r \  g .

r  D r  r ^  , ^ P - 1 'i s o m o r p h i c  t o  N o  ( o , Y )  / R o  { a -  
' ) )  

.

rli.n5t'-'(



I f  S  i s  a n  o p e r a t o r  a s  i n  D e f i n i t i o n  2 . 1 ,  t h e n  S  c a n

be  iden t i f i ed  w i th  the  comp lex  c r ,  =  ( c l ! ) r : €2 ,  where

o !  e  e txpzx ! ,XP* ' ' l *5 * t , ,  w i th  Xo  =  X ,13  =  io , " '  =  
" , * :  

=  Yo ,

x P = X l = o  i f  p S  { o , 1 }  a n d  o 3 = t .
o D

3 . 2 .  D E F I N I T I O N .  L e t  o  =  ( o P  )  p ( 2 . €  a  (  r )  b e  d . e n s e l y

de f  i ned .  Then  . ,P*  €  c rxP+11  ' - - r :+11  - ' b t  " ' p t )  has  the  p rope r t y0 '  g  ( ; ( x o  / x -  , x o  / L "

t h a t  R ( 6 1 P x )  c  N  ( o P - 1 * )  .  T h e r e f o r e  o , * ,  =  ( o - P - t  * , n a  
z e  

a  (  { )  a n d

i s  c a l l e d  t h e  d u a l  g f  o .  I t  i s  e a s i l y  s e e n  t h a t  Y ( g * )  = y ( c l )

and  tha t  Hp(cx* )  i s  i somorph i - c  t o  H -p (c l )  .

,  3 . 3 .  D E F T N T T T o N .  L e r  s  =  ( o P )  p € v - €  a  ( r )  .  
j

10 The complex o, , : i 's  said ao n.g semi-Fredho1m at the's 'bep

r ' . ' " '  , , ,p  i f -  the  pa i r  1oP-1 ,sP;  i s  semi -Fredho lm (Def in i t ion  2 .11)  -

- 2 9

20 the complex g is said to be semi.-Fredholm i f  cr haq : . , ' ru, t

c l o s e d ' r a n g e  a n d  a t  l e a s t  o n e  o f  t h e  f u n c t i o n s

Z . > k  - d i m H 2 k ( a )  € Z * u  { * } ,

z .  ]  k  - +  d i m  H 2 k + 1  ( o )  a  z  * u  { - }

i s  f in i te  and has  f in i te  suPPor t .

3b the complex o is  sa id to  be Fredholm i f  a  hps c losed

range and the funct ion

Z ) p  + d i m u P ( o ) € Z +  u { * i

is  f in t te  and"  has f in i te  suPPort

I f  a  €  3  (  X )  i s  semi -F redho lm,  then  we  de f i ne  i t s  i ndex

b y  t h e . e q u a l i t Y

i r r d u  =  4 - ( - t ) P a i m H P ( 0 , )  
( 3 ' 1 )

p e L

The  number  (3 .2 )  i s  f i n i t e  i f  and  on l y  i f  t he  comp lex  c r '  i s

F reoho lm.
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Le t  us  obse rve  tha t  i f  a  €  a  ( I )  i s  dense ly  d 'e f i ned

and  semi -F redho lm (F redho ln ) ,  t hen  c l x  €  3  (€ " )  ' i s  
a l so  se ry i -

F redho lm (F redho lm)  and  i nd  o *  =  i nd  c l .  The  conve rse  i s  a l so

t rue  ( see  the  comment  fo l l ow ing  De f in i t i on  3 -2 ) -

A compl-ex o € D (  I )  is  sard Lo have f  in i te  f  e- ig lh  i r

o P  =  O  f o r  a I I  b u t  a  f i n i t e  c o l l e c t i o n  o f  i n d i c e s  p .  I f  o t

l l a s  f i n i t e  l e n g t h  a n d  R ( o P )  i s  c l o s e d  f o r  a l l  p  ( i n  p a r t i c u l a r ,

i f  d im  HP (g )  <  -  f o r  a l l  p )  ,  t hen  o  has  c losed  range

A comp lex  q  €  3  (X )  j . s  sa id  to  be  exac t  a t  t he  s tep  p

i f  l l P ( o )  -  o .  r f  H p ( o )  -  o  f o r  a l t  p ,  t h e n  t h e  c o m p l e x  a

i s  sa id  to  be  exac t

The main a im of  th is  sect ion is  to  prove the s tabi l i ty  i1 ,y ' l : , ' :

o f  t he  number  (3 " l )  under  sma l l  pe r tu rba t i ons  i n  t he  gap

topo logy .  F : :o i r ,  t he  resu l t s  o f  t he  p rev ious  sec t i on ,  we

der i ve  r i r s t  some " l oca l "  consecJuences .

3 . 4 .  p R O p O S r T r O N .  L e t  c i  =  ( s p )  -  -  - Q  a  ( X )  .' p e  L

10  l f  o  i 1  se .m i -F rec lho lm g ! -  l t l e  s tep  p ,  t hen  the re r  ex i s t s

g g  e > o  s u c h  ! h e !  i f  ; =  ( A g ) n € . r €  a ( x )  ,  6 . , ( s P - t , d p - t ) . u  a n d
q c r L  ( ,

6^ (A ! ,op ;  .  t ,  t hen  I  r s  a l so  semi -F : :edho lm a t  t he  s te -p  p
(J

a n d  d i i n H P ( A )  S  d i m H P ( c x , ) .  i n  p a r t i c u l a r ,  i f  . r  i l  e x a c t  a t  t h e ,

F t€p  p ,  t hen  d  i s  a l so  exac t  a t .  t he  s tep  p .

2 0  t f  c x  i s  e x a c t  a t  t h e  s t e p s  p - 1  a n d  p * 1 ,  g n q  i !

n - 1  n J - 1
y ( q v  ' )  t  o  a l g  v ( s t '  

' )  >  o , '  t h e n  t h e r e  e x j - s t s  a n  e  >  o  s u c h

tha t  i f

m a x  { 6 o  ( o F = 2 ,  a , P - 2  ) ,  3 o  ( o P - ' l ,  d p -  t  
) ,  l o  ( * P ,  & P ) ,  6 0  ( f i p + 1 ,  o P o i  )  } . . ,

. - o - 1 .  . . , a F ) * l  ,
t h e n  d  i s  e x a c t  a t  t h e  s t e p s  p - i  a n d  p + i ,  y ( A P - ' )  t  O r  y r r o -  )  >  v

and Aim uP (d) = dim t lP (o) .



J t  -

Prbo f .  1o  rhe  asse r t i on  i s  p rec i se l y  t he  con ten t  o f

P r o p o s i t i o n  2 . 1 O .  W h e n  H P ( q )  =  O r  w €  c a l  a l s o  g i v e . s o m e  e s t i m a t e s

( t f ra t  a re  needed  in  the  seque l ) ,  wh ich  a re  ob ta ined  d i rec t l y

f r o m  C o r o l l a r y  2 . 1 2 .  N a m e l y ,  i f

6  >_  max  .  "  p -1  ^4c -1 .  n  ,ap  ^ .p r  r
o _  

t 0 o ( 0 -  , 0 '  ) r o o ( 0 ' r 0 - ) J r

6  I  m a x  {  ( t + y  ( o P - 1  , - 2 r t / z d  ( ' P - r  . ; c - ' )  ,  (  1 + y  (  o P r - 2 r 1 / z 6 o  ( A p , o p )  } ," o ' *  
( 3 ' 2 )

r  > =  m a x  { Y  ( o P -  1 ) 1 1  
, Y  ( o P 1 - t  } ,

p ( 6 o , 6 , r )  <  1 ,

t h e n  n ( d p - l )  =  N ( o P ) ,  R ( A ! )  i s  c l o s e d ,  a n d

m a x  { y ( A ! - 1 ) - 1 , y 1 & e l - t  }  s  t 1 - e ( d o , d , r )  ) - t  0 . ,  , 6 o , 6 , r ) ,  ( 3 . 3 )

w i t h  g  a n d  p 1  a s  i n  R e m a r k  2 . 4 . 1 0 .

20 we take some posi - t ive numbers 60r  d and r  that  sat fs fy

( 3 . 2 )  f o r  b o t h  s t e p s  p - 1  a n d  p + 1  ( n o t i c e  t h a t  ( 3 ' 2 )  i s  w r i ' t t e n

f o r  t h e  s t e p  p ) .  F r o m  ( 3 . 3 )  a n d  L e m m a  2 - g  w e  i n f e r  t h a t

^  n - 1  , m - 1  - 1
0 ( R o ( s v * ' ) , * o  ( o v  , ' ) )  5  m a x  {  ( 1 - q ( 6 o , 6 , r )  )  

' p 1  ( 6 0 , 6 , r ) . ,

(  1+Y (oP-1  , - z  r t / z ' ' r i  ( o 'P -1  ,& ! - i  )  ,q  ,  /  J  v o  \ w  ,  ,

( 3 . 4 )

i  t * o ( o P )  , r r r o t d p ) )  S  m a x  {  ( 1 - t p ( 6 o , r , 6 ) - t 0 . ,  , 6 , r , 6 , r )  ,

.  ( 1+Y  (oP  r ; 2 r1 / z l t o  r oP ,& 'P )  .

L e t  t * ' ,  a n d  n  b e  t h e  r i s h t  s i d e s  o f  t h e  i n e q u a i i t i e s  ( 3 . 4 ) ,
y ,  p 2

a n d  l e t  n p  ,  =  m a x  { t p 1 , n p z } .  r f  * p  ,  = d i m g P ( c x , ) . ,  , i s , "  f , i n i t e  a n d  j - f

n n ( 1 + m o )  ( t + 6 0 * ^ n )  ( 1 + n n 1  )  <  1 , ( 3 . s )

w h i c h  i s  p o s s i b l e  i f  t o t o n - 1 , ; p - 1 )  a n d  i o i o n , A n )  a r e .  s u f f i c i e n t l y

s m a l l ,  t h e n  b y  C o r o l l a r y  2 . 5 ,  : - r i : ' : :  '
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dim HP (d)  = d i -m No (ap)  /Ro ( ;p-1 )  = d im wo {crp)  /  (no (oP-1 )  =d im nP (cr )  .

T h e  c a s e  m  - @  f o l l o w s  f r o m  L e m m a  2 . 1 6 .  I n d e e d '  i f
v

2 n * ( 1 + 2 ( 1 - r n ^ 1  ;  . 1 ,  ( 3 . 6 )
p p

then  acco r :d ing  to  Lemrna  2 .16 r  w€  canno t  have  ,C im HP(d ;  <  co

( o t h e r w i s e  w e  w o u l d  h a v e  d i m F I P ( s ) <  * ) .

The fo l lowing s tatemenLs are concerned wi th  the "SJlobaI t l

consequences  o f  t he  resu l t s  f rom the  second  sec t i on .  Fo r  eve ry

p a i r  c r , B  €  D ( X )  w e  d e f i n e  i t s  " g a p "  b y  t h e  e q u a t i o n

3 o  t * ,  B )  =  s u p  3 o  t o ' ,  B P ) .  ( 3 . 7 )
p€z

O n e  a l w a y s  h a s  6 ^ t o r B )  s  1 .  M o r e o v e r ,  t h i s  f u n c t i o n  i n d . u c e s  a  r . , : ,
o -  =  '

me L. r ic  topol ,ogy on a (X)  .

3 . 5 . ' T H E O R E M .  L e t  o  =  ( c r P )  ^ c v  e  A ( T . )  b e  a  s e m i - F r e d h c l m
P c 4

complex gigg is not Fredholm:" Then there exists an e > O

s r l c l r  t h a t  i f  A =  ( d P ) , . 6 2  €  a  ( x )  g " {  l o ( o , J )  <  e  ,  t h e n  d  i s
Pcs'

also sery-I lgg12fry.  Moreover,  for  eggh p€Z yre i14ve cl imltP(d) =O

n  Y . r  r u  n  - _ P , - ,i f  d i m  H {  ( g )  =  O ,  d i m  H ' ( q )  =  -  i f  d i m  H -  ( c r )  =  * ,  4 n d  d i m  H ' -  ( , s ) <  -

*  U r *UP( . r )<  o .  f n  pa r t j - cu1a r . ,  j . nd  i l  =  i nd  c l

f n  add i t i on ,  f o r  eve ry  non -nega t i ve  i ndex  q  the re  S" ! " t r

a  p o s i t j - v e  n u m b e r  e ^  < e  s u c h  t h e t  i f  e  ( o . , d )  ! e  n ,  t h e nq -  q
n N ? 1

d i m  H r  ( o )  5  d i m  H " ' ( a )  w h e n  l p  |  5  q .

Proof  .  I / i i - th  no loss.of  genera l i ty  we ma'y '  suppose that
1 v  

-  r r n n , r  r l -t h e  f u n c t i o n  k - + d i m H ' o ( o )  i s  f i n i t e  a n d  h a s  f i n i t e  s u p p . ' ) r r .

Therefore,  thesb ex is tS. ,S. i , ; i3on*negat ive. in teger  ko such that

? k :
H - " ( o )  =  O  i f  l k l > k o .
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L e t  u s  c o n s i d e r  s o m e  p o s i t J - v e  n u m b e r s  6 o  t =  6 o { o , d ) ,
- 1  1 1 ^  - 1

6  > =  ( 1 + y  ( g ) -  t )  / 2  6 o  ( c x , d )  a n d  r  > =  y  ( a ) - ' .  r f  6 o  ( c r , d )  i s

s u f f i c i e n t l y  s m a l l ,  t h e n  w e  m a y  a s s u m e  t h a t  A ( 6 0 , 6 r r )  <  1 ,

w i t h  e  a s  i n  R e m a r k  2 . 4 . 1 0 .  H e n c e  ,  L f  H P ( o )  =  o  f o r  a  c e r t a i - n

n r u
p ,  t h e n  H P ( d )  =  O ,  b y  P r o p o s i t i o n  3 . 4 . 1 0  I n  p a r t i c u l a r ,  [ i

) k
H ' ^ ( o - )  -  O  i f  l t < l >  f o .  w e  a l s o  n o t e  t h a t  t h e  r i g h t  s i d e  o f

( 3 . 3 )  d o e s  n o t  d e p e n d  o n  p  =  2 k  i f  l k l  t  k o .  T h u s

i n f  { v ( d 2 k - 1 ) , y t i l 2 k )  }  >  o .
I t<  |  > rl : o

T €  n  i c  . F } - r a  f U n C t i O n  f r O m  ( 3 . 5 )  a n d  i f  n :  = s r r n  { n - -  
t r  I  r  1

J - l o  l - S  E n e  I u n C t I O n  I r O m  ( J . 5 1  a n O  l - I  r t  :  -  s u p  r , t 2 k i  ! K l  >  o O J ,
- l

t h e n .  f o r  n  ( o r d )  s u f f i c i e n t l y  s m a l l ,  w e  h a v e  2 n Q n  +  3 )  <  1 ." o

I n  p a r t i c u l a r ,  (  3 .  6  )  i s  f  u l f  i l l e d  f o r  l t <  |  >  t < o ,  a n d  h e n c e

--2k+1 ,  _ 1L-.L1
d i m  H - " "  ( c r )  =  o  ( o r  d i m H - ' ' '  

' ( o )  <  - )  i m p l i e s

-_2k+1 , - .  . -2k+1 , - ,  _  ,
d i m  H - " '  '  ( a )  =  o r  ( o r  d i m  H - "  '  ( o . )  <  o o )  .

Now,  we  have  to  d i scuss  on l y  a  f i n i t e  number  o f  cases .

,  2k-1 2k,  , -2k- i  -2k '
S i n c e  ( o - "  ,  o - " )  i s  a .  s e m i - F r e d h o l m  p a i r ,  t h e n  ( o - - -  '  

,  o .  
' - )

i s  a l s o  s e m i - F r e d h o l m  i f  t ^ ( o , ; )  i s  s u f f i c i e n t l y  s m a l l .  f no '

p a r t i c u l a r ,  y ( ; 2 k - t )  ,  o  a n d .  y ( d 2 k )  t  o  i f  l t < l  :  t c o ,  s o  t h a t

y ( d )  > o .
- - 2 k + 1  

, .  
^ '  i

r f  d im  I r  ( cx ,  =  *  anc f  e i t he r  a im  H2k  ( c r )  o r  d i , n  H2k+2  (a )

i s  n o n - z e r o ,  t h e n  P r o p o s i t i o n  3 . 4 . 2 o  d o e s  n o t  a p p l y .  I n  t h i s

case  we  can  use  .P ropos i t r ' on  2 .18 .  I ndeed ,  assuming  w i th  no

loss  o f  genera l i t y  t ha t ;Cp t  -  *n2 "3  fo r  a l l  F ,  we  have

3o .  r*  {x2klno (o2k-t  )  ,  * 'o*  1 /xozk*1 )  ,0

- z R
where c lo

' i s .  
i nduced  by  o2k .  we  a l so  have

2k+1 c ^  , , -2k+1 ,u 2k+1 n /^2k+2,  tu  2k+2\
t r ! 1  \ / \  / n o  , t \ o \ u  , ! n o  t .
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s i n c e  6  ( R o  ( s 2 k - 1 )  , R o  t i z k - t , ,  a n d  5  ( N q  1 i 2 k + z )  , N o  @ 2 k n 2 ) )

c a n  b e  m a d e  a s  s m a l l  a s  w e  w a n t  ( L e m m a  2 . 9 )  ,  a n d

6 (cr2k E2k r = A /nv 2k ;2k\ /_ -L ̂  -_^ :21< .-2k' o ( * o  , * o  /  - o r *  , v  i  ( w h e r e  o -  ^  i s  o b t a i n e d  f r o m  d - , r
2 k  -  ? , k .a s  q - - -  f r o m  o - ' t )  r  w €  d e r i v e ,  f r o m  p r o p o s i t i o n  2 . 1 8 ,  t h a t

) V J 1  ^  r u
C i m  H - ' t '  ' ( o )  =  o o  i f  6  ( c r r o , )  i s  s u f f i c i e n t i y  s m a l l .

r n  p a r i - i c u l a r  w e  h a v e  i n d  o ,  =  i n d d  = ' -  -  i - f  d i m H 2 k + 1  ( o ) = " o

F ^ -  ' t -  rr t - l r  so ine K e V- .  Suppose now that  d imH2k+1 (o)  .  -  for  a l l_  k  e Z.

As  o ,  i s  no t  F redho lm,  the  func t i on  k  - r  d imu2k+1  (o )  canno t  have
€ i  - . i  + ^  ^ r i * - . ^ - L  - - Z J < - f  |  , Nr r -nr -ce suppor t .  Assume now that  H2l . *1 (d)  -  o  for  some ke.Z-

wi th  l t  l  ,  ko.  we can chose 6o ani l  6  so snra l I  that  we have (wi th

n n  
3 s  

i n  t h e  p r o o f  o f  p r o p o s i t i o n  3 . 4 . 2 o )

n n ( 1  + / T ( ' l  + n * ) ) < 1  f s l s lP p "
f o r  a l l  p  €  Z  , l p l  t  k o .  F r o m  ( 3 . 4 )  a n d  t : l s t  v i e  s e e  t h a t

C o r o l . l a r y  2 . 5  c a n  b e  a p p l i e d  w i t h  X  =  j r l ( 3 2 k * 1 ) ,  y  =  R ( d 2 k ) ,
d ? k + 1  r u ) v
X  = N ( o ' o t ' ) ,  y  =  i l  ( a . t n ) ,  a n d  m  = d : m u 2 k * 1  ( d )  =  e .  w e  c o n c l . u d e

tha t  a l so  H2k*1  (o )  -  o .  Hence ,  k t , ,H2k*1  (A )  canno t  have  f i n i t e

suppor t  and we concJ-ude that  ind s  = in t i  ;  =  -  oo.

T h e  i a s t  a s s e r t i o n  f o l r o w s  f r o r , L  p r o p o s i t i o n  3 . 4 . 1 o  ( t h e

cases  o f  i n f i - n i t e  d i -mens ion  a re  a l ready  se t t l ed ,  by  the

p rev ious  a rgu rnen t )  .  No te  tha t  t he  p roo f  o f  p ropos i t i - on  3 .4 . l oo

wh ich  i s  based  on  co ro l l a . r y  2 .5 ,  i nvo l ves  the  d imens ion  o f

a  quo t i en t  space ,  and  the  se t  o f  a l l -  t hese  d imens io r i 5  r s , ,

i n  genera l ,  non -bounded .  The re fo re ,  t he  cond i t i on  f rom

coro l l a ry  2 .5  can  be  rea l i zed , ,  i n  genc ra r ,  on ry  fo r  a  f i n i t e

number of  ind ices.  Hencer  w€ a l ,so have the fo l lowin$l ;  , ,

3 . 6 .  C O R O L L A R Y . Assume tha t  t he gernpfgx 0

i f  q ' i $ -  ! . 1 9

!  a i m  H F  ( o )

r F h a n r o *  ?  q
* . r v v !  u f r r  J .  J . 4ee $l-r!e length. I . l l3.r,

we may take

p €  z .

. =  t  ,  s oq '

f ::om

o n n r r n h
v 4 r v q Y r .

f o r  a l lLlgt aim HP (d)
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3 . 7 .  T H E O R E M .  L e !  s  =  ( o P ) ^ . ,  €  a ( f )  b e  a  E r e d h o l mpe4

c o m p l e x .  T h e n  t h e r e  e x i s t s  a n  e  >  o  s u c h  t h a - t  i f  d = ( d p ) ' ^ . ? / €  a  ( I )
p e 4

. N

a n d  6 ^  ( s , o )  <  E ,  t h e n  t h e  c o m p l e x  a  i s  a l s o  F r e d h o l - m ,
o

d l m  H P t d l  S  d i m  u P ( o )  f o r  a l l  p € Z  a n d  i n d  d =  i n d  o .

P r o o f .  S i n c e  o  i s  a  F r e d h o l m  c o m p l e x ,  t h e r e  e x i s t s  a

n o n - n e g a t i v e  i n d e x  p o  s u c h  t h a t  H P ( c r )  =  O  i f  l p l  ?  p - .  T h e r : e f o r e ,* o

- d  i  n  + ] r a  ^ r n , 3 f  o f  T h e o r e m  3 . 5  . .  i f  3  f  o , d l  i s  s u f  f i c i e n t l " y  s m a l  I ,C l -  J I I  L l l s  I / ! v '  J . J l  L L  - O a * ,

l - ) r u

t hen  Hv (A)  -  o  i f  I n l  ' =  no .  Acco rd ing  to  the  same a rqumen t ,

w e  h a v e  y ( ; )  >  o  a n d  d i m  H p t d l  l a i m  H P ( c r )  f o r  a l l  p € v - ,  p r o v i d e d

t h a t  6 o ( o , o )  i s  s u f f i c i e n t l y  s m a l l  ( w e  n o t e  t h a t  i n  t h e  p r e s e n t

case  no  i n f i n i t e  d imens ions  occu r  and  a l t  pa i r s  16 rP-1  ,op ;  a re

semi-Fredholm

The only  th ing to  be prov, .ed is  that  ind d = ind o i f

6 ^ ( a r u )  i s  s u f f i c i e n t l y  s m a l l .  W i t h  n o  l o s s  c r f  g e n e r a l i t y  w e

* l o  ? s s u m e  t h a t  a i m  H P  ( o )  =  Q  i f  p  <  o .  s e t

n ( s )  : = m i n { n i o ; H P ( c r )  = o  v n P } n } .

L d a  h r . ) \ / A  r r r l r  A q q e r t i o n  h v  i n d u c t i o n  w i t h  r e s p e c t  t o  n  :  =  n  { c r )  .Y r v  } / L v  v v

:  I f  n  =  O ,  t hen  the  asse r t i on  fo l l ov . i s  f rom the . f i r s t  pa r t  o f -

the proof  .  Assume that  the asse: : t io .  ,1"  t rue f9 t  a  cer ta in  n >= O,

an  l e t  o .  have  the  p rope r t y  t ha t  n  (o )  =  n  *  1 .  Then  we  can  wr i t e

R ( o t t )  +  M  =  N ( o t t * l ) ,  w h e r e  M  i s  a  c o m p r e m e n t  o f  R ( o n )  i n , N ( o t * 1 )

w i th  d im  M =  d im  H t (c r )  <  m.  Se t  D  =  I@t ' , t .  'We  s ' i r a l l  cons ide r  a  ce r ta in

comp lex  B  =  (Bo ) r raz  €  a  ($ )  t ha t  ex tends  the  comp lex  cx .  Na .me ly ,

b y  i d e n t i f y i n g  i  w i t h  X @ o ,  w e  s e t  g p  =  o P  i f  p + n -  1  a n d

n - l  n - l  -  n - 1

B n - r ( E @ v )  =  c r r r - r ( { )  + v  f o r  a l l  E € n ( o "  
' ) ' a n r l  v ' € M .  T h e n  B

is  a  F redho lm comp lex  w i th  the  p rop -e r t y  t ha t  n (B )  =n  ( s ince

n - 1  n  . . n - 1  n - 1 .
R ( B n - l )  =  N ( B n ) ) .  N o t e  a l s o  t h a t  N ( 8 " - ' )  =  N ( o " - ' ) .  T h e  c o m p l e x

d  w i i l  b e  e x t e n d e d  i n  a  s i m i l a r ) , w a y .  N a m e l y r  w €  d e f i n e

f f  = dp i f  p + n -  1,  v ihereas B' t -1 ln obtained from d^-1 as in
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Lemma 2 .1g  (w i th  o t -1  fo r  s , ,A - . t - l  f o r  5  and  the  canon i - ca l

i n c l u s i o n  M c l l ( o t + 1 )  f o r  A )  .  s i n c e  R ( o n - t ) . * ( o n )  ,
r u n - 1  N n

R ( c r "  ' ; c N ( o " " )  
a n d ,  b y  ( 3 . a ) ,

6  (N  (an )  . r . l  r i n t  t  s  i  N .
.  

O . u  / r r \ o \ r x  ) ) :  c 0 o ( 0 r 0 ) r

where  c  )  O  does  no t  depend  on  t ,  i t  f o l l ows  tha t  6 r a n - 1  E n - 1 r
o t t  

t v

can be made as snal l  as one wants r  on account  of  the est imates

f r o m  L e m m a  2 . 1 g .  T h e r e f o r e  6 ( B , E )  i s  a s  s m a 1 l  a s  w e  d e s i r e  i f

6 (o rd ;  i s  su f f i c i en t l y  sma l r .  By  the  i nduc t i on  hypo . thes i s r  w€  know

tha t  E  i=  F redho lm and  tha t  i nd  d - i nd  B .  S ince  we  have

i n d  B  =  i n d  c x . +  ( - 1 ) n - 1  d i * t  ,
N  N  n * 1

i n d  B = i n d  o +  ( - 1 ) "  '  
d i _ m M ,  i l i ;

w h i c h  f o i l o w s  b y  p r o p o s i t i o n  2 . 9  f r o m  t 1 9 l  ( o r  d i r e c t i y  f r o m  i

( 2 . 1 ) ) ,  w e  o b t a i n  t h a t  i n d  d =  i n d  o  i f  i ( o , A )  i s  s u f f i c i e n t l v

smaLl ,  and the proof  o f  the theorem is  e,omr: l -e te ' ;  f , ' '

4 .  SOMB AFPLICATTONS

In th is  sect j -on vre shal l -  r ; resent  var j -ous conseguences of '  ) . ; ; , . ,

obse rva t i -ons .

a)  . ' , t r t re- . ,s tar t " 'w i th  some aspects concern ing the.  geometry  of

the metr : ic  space Vtx l  ,  where r  is  a  f  ixed Banach space.

4 . 1 .  D E F r N r T r o N .  L e t  { x l , y 1  , x 2  , y 2 }  . Y ( f  l  b e  a  s u a d . r u p l e t

wi  th  the  p rope r t y  t ha t  x1 .  +  y1  =x2  n  y2  .

' ' ' : , ' --"?fe say lhat this quadruplet is semi-Fredholm if ){_.; l i
. 2 '  )  .  1  1  )  )d r m  ( X -  n  Y ? ) /  ( X ' + Y ' )  < " "  a n d  X "  + y z  i s  c l c s e d .  l
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Let  us ment . ion that  such quadruplets h a r r o  l r p e n  n r e s e n t e d

The  nex t  resu l t  i si n  1 ,12J  under  the  name o f  F redho- lm  I i nks .

a  s l i gh t  ex tens ion  o f  a  s taLemen t  i n  t 121 .  We a re  no t  aware  o f  any

pub l i shed  p roo f  o f  t . h i s  resu l t .

.  4  . 2  .  p R O p O S r r r o N .  L e r  {  x 1  ,  v 1  , x 2  , Y 2 )  -  Y ( x )

F r e d h o - ! 3 1  q u a d r u p r e t .  r f  { X 1  , ? 1  , V 2  , V 2 }  - X t )  i s

l-- ^

such

s e m r -

L l^  ^  J -
L I I A  L

t1  +  ?1  ' . I2  n  V2 and i f  the n u m b e r s  d  ( x 1  , X 1  ) ,  d  ( Y 1 , ? 1  ) , 6  ( k ' 2  , x 2 )  ,

- ? )
6  ( V ' , Y ' )  a r e  s u f  f  i c i e n t l y  s m a 1 l ,  t h e n q-ugLd.rupret  {? '1 ,?1 ,Xz ,Y2}{- l-. n

L f I g

i s  a l so  semi -F redho lm and

a im 32  n72 / (R1  +  Y1  I  :  d im  (x2  n  v2 )  /  1x1  +  v1 ; ( 4 . 1 )

P roo f  .  cons ide r  t he  ope ra to rs  sp  €  l xP  @yP,  T  o  x )  g i ven  by

t h e  e q u a t i o n  S P ( x O y ; = ( x + y ) @ ( - x - y )  f b r  a ] - l  x e X P  a n d  y € V p ,  9 =  1 , 2 -

No te  tha t

R ( S 1 )  =  { v @  ( - v )  ; r , €  X 1 * y 1 }  -  { , ,  @  ( - v )  ;  v  € x 2 n  Y 2 i  - l t ( s 2 )  .  : ' ,

r , M o r e o V e r ,  n ( s 1 )  i s  i s o m o r p h i c  t o  x 1  +  y 1  ,  N ( s 2 )  i s  i s o m o r p h i c

t o  x 2 n y 2  a n a  R ( s 2 )  i s  i s o m o r p h i c  t o  x 2  + y 2 .  T h e r e f o r e  t h e  p a i r

( S 1 ; S 2 )  i s  s e m i - F r e d h o l m  ( D e f i n i t i o n  2 . 1 1 ) .  r - e t  3 k  b e  d e f i n e d

i n  a  s i m i l a r  w a y  f o r  t h e  s p a c e s  ( k ' J t , ? K ) , ] <  =  1 , 2 .  I t  w i l l  b e

e n o u g h  t o  p r o v e  t h a t  t h e  p a i r  ( g 1 , g 2 ) ,  u n d ' t h i =  f a c t  w i l l

f o l l o w  f r o m  P r o p o s i t i o n  2 . 1 C - .  S i n c e

l l x  oy  o  ( x+v )  @ ( -x -v )  -  ;@y  o ( I+ f1  @ ( - i ' - 71  t t 2  s

S  5  (  l l x -  i l l 2  +  l l v  - i t t 2 l

f o r  a l l  x  €  x P ,  y  €  Y P ,  I e  3 p ,  i e  ? P ,  p  =  1 , 2 ,  w e  d e r i v e  t h a t

6 ( s p , g p ) 2 s s ( 6 ( x p , x P ) 2  +  6 ( Y p , ? p ) 2 ) ,  ( 4 ' 2 )

a n d  a  s i m i l a r  r e l a t i o n  w i t h  c h a n g e d  o r d e r .  I n  p a r t i c u l a r ,  i f

6 ( x 1  . f 1  ) , . 0 ( y 1  , ? 1  ) , d ( X 2 , x 2 )  a n 6  o ( Y 2 , v 2 )  a r e  s u f f i c i e n t l y  s m a l r '

t h e n  o ( s 1 ; : 3 1  )  a n d  o ( 3 2 , s 2 )  a r e  a s  s m a l r  a s  w e  v r a n t '  a n d  t h e

conc lus ion ,  o f  t he  p ropos j - t i on  fo l l ows  v ia  P ropos i t i on  2 '10 '
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a r k s .  1 0  P r o p o s i t i o n  4 . 2  s u g g e s t s  a  c o n c e p t  o f

a  semi - ! ' r edho lm.  comp lex  o f  subspaces .  f  i r s i  o f  a l l ,  a  doub le

f a m i f y  o f  s u b s p a c e s  ( X , v )  =  ( X P , v P )  
p € Z - Y t l )  

i s  s a i d  t o  b e  a

. r rmn tex  o f  suhsoaees  i f  Xp -1  +  Y l -1  -  xP  n  yP  fo r  a l l -  p  €  V - '
v v l l l l J I U ^  v r -  u  s , J e F q v v

; ; ^1u " "  , r . *  an "  p roo f  o f  p ropos i t i on  2 .z ,  v te  can  rec luce

the  s tudy  c f  comp lexes  o f  subspaces  to  the  s tudy  o f  comp lexes

( o , f  o p e r a t o r s ) .  N a m e l y  ,  L f  s p  e  / ( X p @ Y p ,  X  @  X  )  i s  d e f i n e d  a s

i n  P r o p o s i t i o n  2 . 2  ( f o r  a n  a r b i t r a r y  p ) ,  t h e n  R ( S p )  c N ( S P + l ) .

l ' l ..P 
^ n-t. 1

R ( S P )  i s  i s o m c r p n r c  t r o  x -  - t  Y v  a n d  N ( S t " )  i s  i s o m o r p h i c  t o

n-L 1 n-L 1

x I / - '  n  Y I ' '  
' .  

M o r e o v e r ,  f r o m  ( 4 . 2 )  ,

i , ^ p  x t r  1  ^  n  # P ' 2  i r . , P  i / P , 2 ro \ i ) - r i r - ' ) ' 5 5  ( 6 ( X v r x - ;  ; -  o ( r ' ' I ' ' J  ) t

where  (X ,?)  =  (Xp,Vp)  
oeVcy(  

$ )  "J , ,$  another  complex  o f  subspaces

a n d  { 3 P ) * , - -  a r c  ' t h e  . o r r . = O o n d i n g  o p e r a t o r s .  T h e r e f o r e ,  t h e
L) 'L

r a h o l e  i n r o r m a t i o n  c o n c e r n i n g  t h e  c o m p l e x  o f  s u b s p a c e s  ( X ' Y )

i s  t r a n s m i t t c c l . t o  t h e  c o m p l e x  S  =  ( S p ) p U  €  a  ( I  @ f ) .  I n  p a r t i -

c u l a r ,  ' ' l f  ' F r e d h o l m  
t h e o r y  f o r  c o m p l e x e s  o f  s u b s p a c e s  c a n  b e

o b t . a i n e d  f r o m  t h e  F r e d h o l m  L h e o r y  o f  c o m p l e x e s  ( o f  o p e r a t o r s ) ,

a s  d e v e l o p e d  i n  t h e  p r e c e d i n g  s e c L i o n .  :

2 0  c o n v e r s e l y r  e v e r l z  c o m p l e x  s  =  1 ' x p t  c  A ( t \  ^ a n  b e/ p 6 7  r -  "  r * r

a s s o c i a t e d  w i t h  a  c o r n p l e x  o f  s u ) ; s p a c e s .  N a m e l v ,  i f

. , P  e  r ' .  r x P z x P . x p + 1 u  x P + 1 ' l  .  t - h e n  w e  d e f i n e  t h e  s p a c e su  L  V \ n  l  z t } t r \  ,  t t o  I  I  u r

n  n - L ?  n - L ?y p  =  " . . e l g  @ x @ G o ( c r P )  o " : - ' o " 5 - ' @ . . . ,

z P  = . " . @  T , @ x , o t @  x ! * 1 o x l + 2 @ . . . ,
o o

wh ich  a re  subspaces  o f  t he  space  @ X .  S ince
p€z

c o ( o P )  n  ( n r " 3 * ' )

a n d x o x f , + 1  +  G o ( o P )  =  x .

=  No  (oP )o  
"3 * t

@ R o  ( o P )  ,  i t  i s  e a s i l y  s e e n  t h a t

r ,ii:.,
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n  n + ' 1  n +  1
YP +  Zv  c  YH '  

'  n  z * '  
'  

and  tha t  t he  guo t i en t  space

n -L1  n - { - 1  t 1  n  n * ' 1
( y P +  t  n  z p + ' )  /  ( v P  +  z p )  i s  i s o m o r p h i c  t o  H P - '  ( o )  .  H o w e v e r ,

the  me t r i c  re la t i ons  do  no t  seem to  be  as  good  as  i n  t he

p r e v i o u s  c a s e .  I n d e e < l ,  i f  d g  a ( t )  i s  a n o t h e r  c o m p l e x  a n d

we construct  t t rc  spaccs ?p and 7P for  d  in  a s imi lar  way,
^  n  - n .  i , - p  r y F , .

t h e n  6 ( Y P , 7 P )  ( o r  o 1 ' t ' - , r ' -  1 )  s h o u l d  b e  e x p r e s s e d  i n  t e r m s  o f

^  r - ' )  r u y r  - - r k _ ? p + k )  
f o r  k > 2 .  A s  w e  h a v e  s e e n6  ( o Y ,  o v )  b u t  a l s o  o f  6  ( X ;  '  ' -  

,  X '  )  t o r  K  -

i n  f h p  n r e e e 6 i - n  a a n f i a n  O U f  m a i n  f e S U I t S  ( S e e  T l f e O f e m s
-  * I I I U  L ) g U  U M l  t  \

3 . 5  a n d  3 . 7 )  d o  n o t  r e q u i r e  t h e  u s e  o f  t h e  n u m b e r s  6 r t t p  ? P r
\ z r o r r r o i .

30  One  can  cons ide r  sen i i -F re r l ho l rn  pa i r s  o f  subspaces  o f

a  B a n a c h  s p a c e  X ,  j - n  t h e  s e n s e  o f  [ B ] ,  C h a p t .  I V .  S u c h  a  p a i r

(X ry )  .Y ( t )  can  be  rega rded  as  a  ; comp lex  o f  subspaces  w i th

x o  =  x t  Y o  =  Y ,  x p  =  Y P  -  o  i f  p c o  a n d  x P  -  Y P  = !  i f  p ' I " t  '

Then  the  assoc ia ted  comp lex  (o f  ope ra to rs )  i s  se rn i -F redho lm

and  we  can  app ly  ou r  resu lLs  f rom the  p rev ious  sec t i on '  I u

pa r t i cg la r ,  we  ob ta in  s tab i l i t y  resu l t s  when  bo t - r l : " va r i ab l -es

a re  pe r tu rbed  i n  the  gap  topo logy .  A l though  mcn t ioned  i n  , [ 0 ] ,

such resul ts  are not  prove 'd ' :  there '

b )  We sha l t  show tha t  t he  fam i l ) t  o f  semi -F redho lm (F red -

holm) complexes in  a Banach space I  is  invar iant  unc ier  a  c lass

o f  na tu ra l  t r ans fo rma t ions ,  wh ich  a l so  p rese rve  the  i ndex '

p rov ided  tha t  t hese  t : : ans fo rma t ions  a re  " c lose "  to  the  i den t i t y

i n  a  ce r ta in  sense  to  be  sPec i f i ed '

.  
Le t  ao (3 )  be  th re  fam i l y  o f  a I I  comp lexes  s  =  (op )pez

in  X  such  tha t  o  (oP)  €  y (  f )  f o r  a l l  p '  r n  pa r t i cu la r '

o P e  4 ( o ( o P )  ,  o ( o P + 1 ) ) .  ( w e  w o r k  w i t h  t h e  f a m i . I y  a o ( I )  o n l y  :

f o r  t he  sake  o f  s imp l i c i t y ;  mos t  o f  t he  asse r t i ons  a re  va l l l d

i n  genera l ,  w i th  su i tab te  mod i f i ca t i ons . )  Fo r  eve ry  pa j - r : i : i ; i i l . ;

o , B € D o ( f ) v r e d e f i n e t h e s e t H o r n ( c x , , B ) a s t h e c o l l e c t i c n o { '
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-  . -  D .  r r r ^ h  { - h a r -  l P  e  / ( n  ( o P )  , D  ( B p )  )  a n dm a p s  A = ( t - ) p e v .  s u c n  c n a t  A -  e { ( u \ o ' " / r u

g P ) . P  =  I p + 1 o b  f o r  a l l  p € Z - .  F o r  e v e r y  ) .  €  H o n ( s , B )  w e  d e f i n e

. | - h o  a r r : n . | - i  J - r r

v ( I ) :  =  s u p  s u p  l i x - t r P x l l  ,  ( 4 . 3 )
p € Z  x € D  ( t r P )

l l x  l l  S 1

whj .ch  is  no t  necessar i l y  a  f in i te  number .  Note  tha t  we have

s u p  6 ( D ( 0 P )  , D ( B P ) )  s  v ( r ) .  ( 4 - 4 ) "
^ c v
v ! s

w e  c a n  e v e n  g i v e  e s t i m a t e s  o f  t h e  s a m e  t y p e  f o r  6 ( u P r B P ) .

r n d e e d ,  i f  x  o c x , P x  e  c ( c r P ) ,  t h e n  t r P : <  o ' p + 1 c x p x  =  l P x  @ B P ) . P x ' e  G ( B p )

and  one  has

l l x  @ o P x  t r P x @  g P l P *  l l 2  =  l l x - t r P x  l l 2  + . ' l l o P x - 1 P + 1 s P x l l 2  s

-  s v ( r ) 2  l l x @ u P x l l 2 .

Hence

s u p  6 ( o P , B P )  !  v ( r ) .
p€7.

( 4 . s )

4 . 4 .  P R O P O S T T T O N .  L e !  o = ( * P ) ^ . ,  €  a ^ ( X )  b .  g  l s m i - F r e d -
P . c -  u

n"Jry cojgplex and 1g!. e > O be giE:_;r |g 
'lheorem 3. 5 (or Theor_qln

3 . 7 ) .  A s s u m e  t i : a t  f o r  a  c e r t a i n  B  =  ( B P ) - r r o  €  A ^ ( I )  t h e r e  a r e
pcll (J

) ,  €  l l o m ( s , B )  a n 4  U  €  H o m ( B , o )  s u c h  t h a t  v ( t r )  <  e  p n d  v ( U )  <  e

Then the comptex B is  a lso semi . -Fredholm and ind F = ind o.

.  F r o o f .  f n d e e d ,  f r o m  ( 4 . 5 )  i t  f o l l o w s  t h a t

i ^  ( o ,  g )  =  t  ( o ,  B )  I  m a x  { v  ( I )  , v  ( u )  }  <  e .
o '

C o n s e q u e n t l y ,  w €  c a n  a p p l y  T h e o r e m  3 . 5  ( o r  T h e o r e m  3 . 7 ) ,  w h i c h

irnpl-. l . ,es the conclusion.

O f ' c o u i s e ,  t h e  o t h e r  c o n s e q u e n c e s  f r o m  T h e o r e m  3 . 5  ( o r

Theorem 3 .7 )  a re  a l so  t rue  fo r  t he  comp l -ex  B .
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4 . 5 .  c o R o L L A R y .  L e t  s  e  t ( x 1  , x 2 )  a n d  1 e r  r  €  l , ( y 1  , y 2 ) ,/  i ; q . r f . . : v * \ * ' r | |

1 ) 1 )
w h e r e  x '  , x ' , y '  , y ' €  l , (  r ) .  T , e t  a r s c  a p  g  * l X P , y P ) ' a n d  g P  g  l , ( y P , x P )

( p  =  
1 , 2 )  b e  s u c h  t h a t  r A 1  = A 2 s  a l r d s B 2  =  B 1 T .  f f  s € o + ( x 1  , x 2 )

a n d  i f  t h e  n u m b e r s  l l t - a P l l , l l 1 - B p l l  ( p  =  1 , 2 )  a -  t  * t * t * t

s m a l t ,  t h e n  T  €  O +  ( y 1  , y 2  )  a n d  i n d  T  =  i n d  S .

P f O O f  .  T h e  f e S r r ' l  l -  i s  a  s i m n l e  e c l n s e o l t e n r - o  n f  D r r ^ r n n c i + . i O n

4 . 4 .  W e  o n l y  n o t e  t h a t  t l t  - a P l l  ( o r  l l 1 - B p l l )  i s  c o m p u t e d  i n

4 ( x P , T )  ( o r  t $ P , I ) ) .

c )  G iven  a  Banach  space  I  ,  one  can  cons . i de r  co l l ec t i ons ,  o f

ope ra to r=  (oP)peZ  in  I  t ha t  a re  no  l onger  comp lexes  bu t

" a l m o s t "  c o m p l e x e s ,  i n  a  s e n s e  w h i c h  w i l l  b e  s p e c i f i e d  ( i . e .

modu lo  compac t  ope ra to rs )  .

L e t  , t , - ( I )  ( o r  t  ( I ) )  d e n o t e  t h e  B a n a c h  s p a c e  c f  a l t

r , r bounded  (o r  t o ta l l y  bounded)  sequences  o f  e lemen ts  o f  X .

Le t  a l so  r<  ( f )  :  =  L * (T )  / ' r  (X . )  .  r f  E  i s  ano the r  Banach  space ,  t hen  f , o r

e v e r y . - o p e r a t o r , s €  { ( i . , \ )  t h e r e  e x i s t s  a n  o p e r a t o r  r ( S )  €  { k ( I ) , r c ( D ) )

tha t  i s  i nduced  by  the  ac t i on  o f  S  on  componen ts .  Tn  fac t ,  t he

ass ignmen ts

,  X ,  - r ( € ) ,  S ' r ( S )

de f i ne  a  func to r  wh ich  i s . "men t ioned  and  s tud ied  i n  t 3 l  ( see

a l s o  t 5 l ) .  S i - n c e  r c  ( S )  -  o  i f  a n d  o n l y  i f  s  i s  c o m p a c t ,  t h e

ac t i on  o f  r c (S )  i s  de te rm ined  by . the  ac t i on  o f  S  rnodu lo  compac t

ope ra to rs .

4 . 6 .  D E F I N I T I O N .  L e t  s  =  ( * P ) o U Z  b e  a  c o l l e c t i o n  o f

c i o s e d  o p e r a t o r s  i n  X  w i t h  x P :  =  n ( o P )  € Y ( X )  ( i . e .  e a c h  C I p

-  i s  b o u n d e c l , ) ,  R ( q P )  - X P * 1  f o t  a l l  p  a n d  D ( q P ) = O  f o r  a l l  b u t  a
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f i n i t e  f am i l y  o f  i nd i ces .  We say  tha t  q  i s  an  essen t i a l  comp lex

i f  oP*1qP e  l , ( *P , . xP+2)  i s  compac t  f o r  a l l  p  €V- .  Then
h  n - L 1D ' r  c  ^ t  t 6 l r ) ) ,  w h e r e  

" ( o P )  
€ .  t ( " ( X P ) , r < ( x P * ' ) ) .r ( s )  .  =  ( r < ( s ' ) ) p e Z €  a ( &  ( I

The  fam i l y  o f  a l l  essen t i a l  comp lexes  i n  I  w i l l  be  deno ted  by

Ae  (  X )  .  An  essen t i a l  comp lex  u  i s  sa id  to  be  essen t i a t l y  F redho lm

i f  H Y  ( r ( c x ) )  =  C  f o r  a l l  P  € 2 . .

Let  us remark that  the s tudy of  essent ia l  complexes

requ i res  the  genera l  se t t i ng  ( i . e .  ope ra to rs  be tween  quo t i en t

s p a c e s )  f r o m  t h e  p r e c e d i n g  s e c t i o n '

A s  i n  t h e  c a s e  o f  c o m p l - e x e s  ( s e e  e g .  ( 3 . 7 )  )  ,  t h e  t o p o l o g y

n f  A  r  l , )  ' i  q  i  nd r r r -ad  l - r v  t he  f unc t i - on
\ J l .  9 a  \  

. - , /  r p  r f  r v u v v s  s j

^ . 4 - .

6 ( a , B )  = m a x  3 ( c r P , B P )  ,  r y , 8 € a ^ ( ' I ) .
p€z

we sha l l  show tha t  t he  se t  o f  essen t i a l l y  F redho lm comp lexes

i s  open  i n  a^ ( f )  w i th  respec t  t o  t h i s  t opo logy .  We need  some

auxi lrary t . l r . ,r t=

4.7 .  L t rMMA.  Le t  X ,Y €Yt f l  .  Then one has  the  .qe l i Ig lge

6 ( { , - 1 " 1  , f * { v ) )  5  6 ( x , Y ) ,

6 ( r ( X ) , r ( Y )  )  : 6 ( X , Y )  .

p roo f .  The  f i r s t  es t ima te  i s  obv ious ,  so  tha t  we  sha l l

dea l  on l y  w i th  the  second  one .  \

L e t  6  >  6 ( X . Y ) ,  a n d  l e t  { 6 n } n  a n d  { t r r i '  b e  t w o  s e q u e n c e s

o f  p o s i t i v e  n u m b e r s  s u c h  t h g t  6 t 6 r ,  >  6 ( X , Y ) ,  6 r , * 6  a s  f l - ) @ r

6  -  o  c ^ - ^  ^  1  1  

@

/ e  +  0 r r .  o r r * ,  f o r  a l l  n  onU,  
, r5 , ,  

e r ,  (  co . ' 91s  can 'a l so  assume tha t

6  :  2 .  LeL  O  +  E  =  { *k }O  e  t  (X )  r ' " ' an -d  l e t  A  be  the  sequence  I  rega rded

as  a  subse t  o f  X ,  S lnce  A  i s  t o ta l l y  bounded  ,  f o r  eve ry  i n tege r

n : 1  t h e r e  e x i s t s  a  f i n i t e  s u b s e t  A r . , . A  s u c h  t h a t  d ( : '  I  \ z ^  l l r l l* r ^ n r  - o '  l l 9  l l



4 3

f o r  a l l  x  €  A .  W i t h  n o  l o s s  o f  g e n e r a l i t y  w e  m a y  a s s u m e

f h a f  A  =  { x  1  W e  w a n t  t o  c o n s t r u c t  s i m i l a r  s e t su r r q u  n J l  , ^ 1 r ^ 2 t . . . ,  ^ k r . r r '  r r u  w q r r L  u v  u !

i n  Y .  L e t  8 1  =  { y  1 ,  . .  .  , y k n  }  c  Y  b e  s u c h  t h a t  l l x r - V ,  l l < 6 1  l l x ,  l l  5 6 1  l l  E  i l
I

f o r  j  =  1  r . . .  r k 1 .  A s s u m e  t h a t  t h e  s e t s  8 1 , . . .  r B n  h a v e  b e e n

c o r l s t r u c t e d  s u c h  t h a t  d ( y , " k )  .  0 r O  l l E  l !  f o r  a l l  y  €  B k + . ,  a n d

k  =  1 , . . .  r h - 1 ,  a n d  f o r  e v e r y  u  €  A O  o n e  c a n  f i n d  a  v e c t o r  v  €  B O

s u c h  t h a t  l l u  -  v l l  <  6 k  l l E  I l  f o r  e a c h  k  =  1 r . . . , D .  L e t  u s  o b t a j - n

t h e s e t B  L e t x . € A  b e w i t h k  + 1 5 - i : k  T h e n t h e r e
n + l  I  n + l  n  n + l

e x . i s t s  a  v e c t o r  u .  € A  s u c h  t h a t l l x . - u . l l  < e  l l g l l .  B v  t h e  i n -
I  n  I  I  n " - ' ,

d u c t i o n  h y p o t h e s i s ,  t h e r e  e x i s t s  r j  a  
" r ,  

s u c h  t h a t  l l u r - v r l l .  6 r , l l g  l l  .

Le t  a l so  w .  €  Y  be  such  tha t

.  l l x . - u . - w r  l l  <  6 _  l l x . - u .  l l  5  e * 6 *  l l 6 l l  .
I  I  I  n  I  I  

-  n n

T h p n  d e f i n c  v .  :  =  V .  +  w , ,  a n d  n o t e  t h a tJ

d ( y i , i " ,  5  l l l r j  r r  
j  

t 1 + 6 , r )  l l x . - r j l l  <  e , r 6 , r ( 1 + 6 , r )  l l 6 l l  !  6 e r ,  l l 6  i l  .

We a l -so  have

l l x - , - y *  l l  S  l l x - * - u . l l  +  l l u - * - v . l l  +  l l w *  l l  S
J  

- f  
I  I  )  J  l  

-

s  ( e _ + 6 - + e * 6 -  ( 1 + 6 * )  )  l l 6 l l l t z e _ + 6 _ )  l l E  l l . 6 _ , , r  l l E  l l  .' n  n  n  n '  n '  " - " - '  f )  n ' " - , '  n + 1 , ,  -

m h a  d A ^ i i n h ^ ^  n  =  { v _  } _  i s  3  + . a # : ' l I r r  h n r r n { g f l  S e t .  L n d g e d ,  i fl I r €  D s v u s r l \ - s  , t  -  L J k J k  r D  q  L V L q i r f /  u v u r r \

e  >  C  i s  g i v e n ,  t h e n  t h e r e  i s  a n  i n d e x  n  s u c h  t h a t  A l l E l l  :  e v )  e .
K:n

T r  i o  n : c . i ' l r r  + L - +  ^ / r ? - R  )  <  C  f r t r  C \ z o r r r  r r p r . f - n r  V  i n  t h eI L  I >  C C f > - L f y  - g g l l  L I 1 O U  u  \ J  r u h  /  \  c  ! v !  e v e r J  v u v u v r  J

sequence

have

n  l - r r z  t - h l .  n r r roe r t i es  O f  t he  se .n rence  {R -  } ,  .  We  a l sot l f  p J  u r r u  . y r v l  -  
" " Y  . " k r k

l l  g-n l l  = 
" , ,p l l * r -vr .  l l  :  o  l l  s  ! l  '
k

whence we der ive the desi red est imate ;
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4 .  B .  L E r \ r M A .  L e t  s  €  t ( x , v )  a n d  l e t  3  e  * J i , t )  ,  w h e r e

x r X , y , ? e Y ( f ) .  T h e n  w e  h a v e  t h e  g s t i m a t e
a  L l

6 o  ( r <  ( s )  , K  ( g )  )  I  5  (  i +  l l s  l l ' ;  
7 2 m a x i 6  ( s , 3 )  , 6  ( Y , y )  ] .

p f g q f - .  L e t  E O n € G o ( K ( S ) ) .  T h e n  n - S g € K ( Y ) ,  w h e r e

>  (  t  -  1 6 ;q = r * k J k  c . L  r X )  a n c i  S E : =  { S x r } O .  F i x  a  n u m b e r  6 > 6 ( S , g ) .

Then  fo r  eve ry  i ndex  k  the re  ex i s t s  a  vec to r  iO@SiO e  G(g )  such

! i .  - !
L l I A  L

l l x o  @  , " k  -  ? u o  3 ? u t i  2  .  6 ' , , , , 0  @  s x o l l 2  .

F i x  a n o t h e r  n r r m b e r  6 1  t  6  ( y , V ) .  B y  L e m m a  4 - 1  ,  w e  c a n  f i n d  a

v e c t o r  E e  t t ? l  s u c h  t h a t

l l n  s E  g l l  . 6 , l l n - s q l l
-  '  ry  r lu  '  

,  we .set  i "  t  =  SE' t  E.  Note that  we haver r  q  :  =  t * k J k

l l E  o n  -  E  @ i ' l l 2  = : , r p l l * x  - ; k l l 2  +  i i n  -  g g ' -  E l l 2  s
k

s  6 2  s u i ?  ( l l * r l l 2 * l l s ' o l l 2 )  +  ( 6 1 l l n - s 6 l l  + l l s E - S E l l l 2  S= k t l

5 e 2 ( t + | | s | ! 2 ) | | 6 l | 2 + z [ o ] t r + | l s l I 2 ) ' i | g o n | l 2 * 6 , ( , ' , - | | , l i ; i l | g l | 2 t . >

:  5 ( 1 + l l s l i 2 )  m a x l d 2 , d 2 .  \ l l  q o n l l  2 ,

f r on  v rh i ch  t ' " e  i n fe r  eas i l y  t he  des i red  es t ima te .

4 .g .  LEMl tA .  . l - - g !  S  an9  3  be  as  i n  Lemma 4 .8 .  Then

6 ( x , f )  = .  ( t + l l s l l 2 ) ' / ' d ( s , g )  .  M o r e o v e l ,  i r  ( 1 + l l s l l ) 6 ( 3 , s )  < ' 1  ,  t l : , - e n

r r F r r  .  ( 1 + 1 1 S l l  )  6  ( 3 ' S ) + l l S l l
t ! J r ; >

1 - ( r + l ' l s l t ) 6 ( g , s ) .

P r o o ! .  L e t  6 > 6 ( 5 , g ) .  T h e n  f o r  e v e r v  x € X  o n e  c a n  f i n d

i e i '  such that
? ? )

l l x @ S x - x g S x l l -  < 6 -  l l x @ s x l l -  ; '

T n  r r : r - l - ' i  r . r r ] ; r rg & g + ,

l l  x  -  i ' l t 2

w h i c h  i m p l i e s  r e a d i l y  t h e  f i r s t  a s s e r t i o n .
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N o w ,  l e t  6  >  6  ( 3 , s )  b e  s u c h  t h a t  ( 1  +  l l s l l l  O  <  1 .  L e t

a l s o  i e  t  n e  s u c h  t h a t  l l i ' l l  <  f  .  T h e n  w e  c h o o s e  x O S x  €  c ( s )

such  tha t

l l ; @ 3 ; -  x  @ s x t l  <  o  l l i o s ? i l  .

From th i s  es t ima te  we  de r i ve  tha t  '

l l " l l  s  l l ; l l  * o ( i l ; l l * l ! 3 ? l l t  s 1 + 6 + 6 l l f f i l l .
e i m ' i ' 1 r r ' l t r

4 q !  r J  t

l ! f f i l l  s  l l s x l l  *  o ( l l i ' l l * l l f f i l l r  s 6 + ( r + o ) l ! s l l * 6 ( 1 + ! l s l l l  l l f f i i l "
Hence

l l 3 ? l l  s  t r - d ( t + l l s l l n - ' ( 6 + ( r + o r  l l s l ! )  ,
wh ich  imp l i es  the  des i red  es t ima te

4 . 1 0 .  p R O p o s r T T o N .  L e t  a  =  ( c r P )  ̂ -  €  a  ( x )  .  r f  0  i . $ .' p € Z  -  " e '

esqen t ia l l y .  F redho lm,  then  the ro  ex i s t s  an  e  >  O  such  tha t  i f
'  

o  -  r p P t  c  1  / . ? \  - - x  . i  Fp  -  \ e -  ) ^ r - , t  c  E^ (X )  and  i f  6  (o ,B ) '<  e ,  t he r l  B  i s  a l so  g_ : :g ! ! l g l_ ry .
Irc4- s

f redhofm

: , - . .  1 i i ' . ' " . .  ' ' "  P r o o f  .  ' W e  s h a l l  a p p l y  T h e o r e m  3 ^ 7  t o  t h e  c o m p l e x  r c  ( a )  .

L e t  l l o  l ! ,  =  * $ * l l o p l l  .  - ,  a n d  s i m i t a r l y  l l g  l !  :  =  m a x l l O n l l  .  *

( s ince  c lP  +  o  and  BP +  o  on l y  fo r  a  f i n i t e  nu fnbe r  o f  i nc l i ce? ) .

I f  ( 1 +  l l o l l l i ( o , B )  <  1 ,  t h e n , ' b y  L e r n m a  4 . 9 ,

r r  n  ,  ( 1 +  l l o .  ! l  )  6  ( c x ,  B )  +  l l c r  l l
I l  P  l l  :  

1 -  ( 1  . l l " l '  b  6  ( " , 8 )

T h i s  s h o w s ,  i n  p a r t i c u l a r ,  t h a t  l l  g l l  i s  b o u n d e d  i f  3 ( o , g )  j - s

su f f i c ien t ly  smal l .

x P :  =  o ( o P )  a n d  l e t . Y P :  =  D ( B p ) .  A c c o r d i n g  t o

Lemma 4: 8, we have fo,r every p e Z

' 6 o ( r c ( o P ) , r ( B P )  )  s ' 6 ( 1 + m a x {  ! l o l l ,  l l  e l l  } ) m a x { 6  ( o , 8 ) ,

t  ( x P * 1 , v P * 1 ) ] .



On the  o the r  hand '
^ n

6 ( x v , y p )  :  ( 1  +  m a x {  l l " l l  ,  ! ! g l l } l  o ( s , B )

f o r  a l l  P ,  bY  Len 'Lma 4 '9 '

Therefore,  6  ( t rc  (cr )  , r< (S)  )  can be rnade as smal l  as vre want

i f  t  ( o , g )  i s  s u f f i c i e n t l y  s n a l l - '  B y  T h e o r e m  3 ' 7  '  t h e  c o m p l e x

r <  ( B )  i s  F r e d h o l m  a n c l  i r p ( *  ( B )  )  -  C  f o r  a t 1  p  w h e n  6  ( o ' ' B )  i s

su f f i c i en t l y  sn ,a l l .  The  p roo f  o f  t he  p ropos i t i on  i s  conp le te '

4 . 1 1 "  R e m a r k s .  1 0  e  p a r t i c u l a r  c a s e  o f  P r o p o s i t i o n  4 . 1 0

o c c u r s  i n  l 5 l .

20  One  can  de f i ne  a  concep ' ;  o f  an  essen t i a l l y  sen t i -F red -

ho]m ccmplex and obta in s imi lar :  s ta tern 'ents .  A lso complexes

* o f i . n f i n i t e l e n g t h c a n b e t a k e n i n t o c ( } a , s i d e r a t i o n . *

30 We end th is  c l iscuss lon vr i th  the fo l lovr ing quest ion:

I s  t he : :e  any  way  to  ass i c ;n  an  i ndex  to  eve ry  essen t i a l l y  F red -

ho lm comPlex?

d)  The resr" r l ts  o f  the prev j -cus sect ion can be appJied

to  ob ta in  s1 -a temen ts  conce rn ing  the  semicon t i nu i t y  o f  t he

jo in t  spec t rum ( i n  t he  se t r se  .g  [ . 171  )  o f  seve ra l  commut ing

o p e r a t o r s .  l

L e t  X  b e  a  B a n a c h  s p a c e  a n d  l e t  a  =  ( t 1 ,  "  '  r t * )  c " t ' ( X )  b e

a conrrnut i -ng syste ln"  set

L a t  ( a ) :  =  { x  € Y ( f ) ;  a .  X c X ,  J = 1  , . " ' r n } '

Fo r  eve r ] /  X  €  l , a t (a )  l e t  o  (a ,X )  c jeno te  the  j o in t  spec t ru 'm  o f  a |  
?

when  ac t i ng  i n  X .  Th i s  se !  i s  de f i ned  i n  the  fo l l ow ing  way :  s

' . : X , e t  o ' =  ( o n  r . . .  r o * )  b e  a  f i x e d  s y s t e m  o f  i n d e t e r m i n a t e s '  T h e n  ' l
l '  n

" A [ o ] .  ( o r  n P t o J y  i s  t h e  e x t e r i o r  a l q e b r a  o v e r  C  g e n e : : a t e 6  b y  ;  '

6 1 , . . .  r o n  ( o r  t h e  S l ) a c e  o f  h c r n o g e n e o u s  e x t e r i o r  f o r m s  o f  d e g r e e  , , i

p i n  o 1 1 . . . r o .  t  o 1 p 1 n ) .  T h e n a p o j - n t  z : ( ' 1 , " ' , z T \ )  € o ( a ' x )  :
r  I  n '  =  -  =  |  r r
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for

i f

i f f  { - h a  n n m n l a v  / A P  \r r !  L r r s  v u r r r y r € X  ( d i _ r ) p € Z  i s  e x a c t '  w h e r e

n P  c  ' | \ P [ o r x ] ,  A P [ o , X ]  :  =  x e A P i o l  a n do i - r ' =  o " - r l '

6  E  =  ( a i  { e o ' 1 + . . . * u n S o r r ) n E' z - a -  1  n

a l l  [  €  A [ o , X ]  z  =  X  A A l o l .  H e r e  o n e  p u t s  U 9 - .  =  Q

p  <  O  o r  p  > =  n  ( s e e  1 1 7 ]  o r  t  1 9 1  f o r  d e t a i l s )  .

I f  X o r X  €  L a t ( a )  a n d  X o  c  X , . ,  t h e n  t h e  s y s t e m  a  a l s o  a c t s  i n

x / x  ( t h o  i n d r r r - o d  : r . f  i o n )  s o  t h a t  o n e  c a n  d e f i n e  t h e  s e t\  e r r e  I  e v

o(a rX /Xo)  i n  a  s im i l a r  way .  We sha l l  show tha t  t he  j o in t

spectrum. o (a ,X/XJ is  semj-cont inuous in  a l l  o f  i ts  arg iuments.

'  Le t  b  =  (b  
1 ,  

.  .  .  r b r )  -  / , (X )  be  ano the r  commut i -ng  sys tem.  We

def  ine, ' r f f r : 'd is tance between the systems a and b, .  by the formula

l l a - b l l  : =  m a x  l l a . - b . l l  .i r *  . " | |  
1 < i < " , - j  

- j " -

4 . 1 2 .  P R O P O S f T I O N .  L - e t  a  =  ( u 1 ,  . .  .  , a r r )  c .  { . ( i l  b e  a

c o m m u t i n q  s y s t e m  a n d  l e t  X ^ , X € L a t  a  b e  s u c h  t h a t  X ^ c X .  T h e n
#  O '  O

F n r  6 \ 7 a r \ ,  / . \ n a ' ^  ^ ^ !  r i  . - -  -  i /  ̂  
K / X ^ )  ,. r ( J J -  c v c r y  \ J P c r r  - € L  u  J  u  \ a there ex i s t s  a  pos i t i ve  number

6 , ,  s u c h  t h a t  i f  b  =  ( b .  t . . .  t b * ) . , . c  l , ( I )  i s  g  c o m m u t i n g  s y s t e m ,
I  r l  

  ^  
-

Y . , Y € L a t ( b ) , Y  c Y ,  l l a - b l l  . 6 U ,  6 ( X o , u o )  . 6 U  a n g  6 ( X , Y )  <  6 U ,
o '  o

t h e n  o ( b , Y / Y ^ )  c u
U

Proo f .  We  no te  f i r s t  t he  i nc lus ion

o ( a ,  x / x ^ L  .  . f i  .  k *  €  c ;  l z . ; l  s  l ! "  l l ]v  l = t  J  
'  

J ' - : :  i l l : r

a n d  a  s i m i l a r  i n c l u s i o n  f o r  o ( b , V / Y J  t 1 7 1 .  O n  a c c o u n t  o f

t h e s e  j - n c l u s i o n s  a n d  s i n c e  l l b : l l  i s  a s  c i o s . e  o f  l l " ,  i l  a s  w e

w a n t  i f  l l "  -  U l l  i "  s u f f i c i e n t l y  s r n a l I ,  i t , w i l l  b e  e n o u g h  t o

c o n s i d e r  t h e  c a s e

U c B : =  { z € r l n ;  l l r l l  g R } , r

w l t h  R > O  s u f f i c i e n t l Y  l a r g e .
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For  every  z  €  B \U the  complex  (69-u)naz  tu  exac t  (no 'Le

. P  a c - " s  o n  n f  I o  , X / X ^ ]  ,  w h i c ] r  i - s  n a t u r a l l y  i s o -t n a t  n e r e  o | _ . u  -  t  - - t  - - o -  .

m o r n t r i c  t o  A P l , - r - - x l / n P l o . X  ] ) ,  a n d  h e n c e  F r e d h o l m .  L e t
l l t L J I y l l r u  u v  r L  L v r r \ J /  j r  r . v r ' \ O J / ,

e  -  >  o  be  the  pos i t i ve  number  g i ven  by  Theorem 3 .7  fo r  t h i s
z

F redho lm comp lex .  I f  w  €  Cn  and  i f

^  
r r P  5 P  ) < r  ( 4 . 6 )

" : B  
i o ' - z - a '  - w - b '  e z  '

f ( -  / /

, " p
t hen  the  comprex  (ow-n /pez  i s  a . l - so  exac t  ,  bY  v i r t ue  o f

T h e o r e m  3 . 1 .  r f  5 P  a n d  r \ P . , *  a r e  r e g a r d e d  a s  o p e r a t o r s  o nr !  " z * a  
. , w _ b  - - r - - -

AP[o ,  f ]  (wh ich  i s  i somorph ic  to  a  d i rec t  sum o f  ( : )  cop ies

of  I  ar rd is  g iveu the topolc-gy induced by th is  isomorphism) , "

thbn we havd

l l  o l  ̂ * 6 L  * l l  <  n t l l " - b l !  *  l l z - w l l ) '
, ,  Z _ O .  v / _ D  ,

s i n c e  l l o r n E  l l  S  l l 6 l l  f o r  ? 1 1  
j  a n d  E '  \ r l e  a l s o  h a v e

J

^ * n

,  6  ( A P I o , X l ,  A P I o , Y ]  )  : 6  ( X , Y ) ,

anc l  a  s imi la : :  formula for  Xo and Yo.  Therefore the fu l f i l lment

o f  ( 4 . 6 )  w i l l  f o l l o w  f r o m  t h e  f o l l o w i - n g :

+  4 . 1 3 .  L B I v I M A .  L e t  S , T €  { ( i ) ,  l e t _  X o , X € L a t ( S ) , f s !

y  ,y  €  Lat ( r )  and le t  S^ and T^ Le_ ! } rg  sperators induqed by- o ' -  -  - -

S qnd T in  X/xo and Y/Yo,  respect ive lY.  !1911 we have the

est i rnate

6 ( ^ ' ( s o , r o )  s  2 ( 1 + l l s l l  I  ( 6  ( x , Y ) + 6  ( X o , Y o )  ) + 4 l l s  -  r l l

P r c o I  o f  L e m m a  4 . 1 3 .  W e  t a k e  6 .  >  6 ( X , Y )  a n d  6 o  t  6 ( X o , Y o ) .

I f  x  ou  €  Go(so )  ,  t hen  u  - : sx€  Xor  we  choose  the  vec to rs  y  €  Y

a n d  w € Y o  s u c h  t h a t  l l * - y , l { , '  , <  o l l * l l  a n d  l l u - s x - w l l  t 6 o l l u - s x l l '

S e t  v :  =  T y * w .  T l a . n  y O v €  G o ( T o )  a n d  w e  h a v e
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l l x o u  -  y @ v l l  5  l l x  -  y l l  *  i l u  -  v l l s 6  i l x l l + l l u - s x - w l l + l l s x - T y l l  s

s  6 l l x l t + 6 o i l t u l l + i l  s l i  i l x i l ) + 6 i l s i l  i l x i l + ( 1 + 6 )  i l s i l  i l x l t  s
s  2  ( 6  ( 1 +  l l s  l l )  + 6 o  ( 1 +  1 1 s  l l  )  +  ( 1 + d )  l l s - r  l l  )  l l x o u  l l  ,

w h i c h  i m p l i e s  t h e . d e s i r e d  e s t i m a t e .

R e t u r n i n g  t o  t h e  p r o o f  o f  p r o p o s i t i o n  4 . 1 2 ,  i f  l l a  _  b i l ,

l l z  -  w t t r t  ( x r Y )  a n d  O  f  
"  

, Y  )  a r e  s r : f f  i  e i o n f  ' 1 r r
o  o  

D u ! ! r \ - r e i l . L r y  S m a l l ,  t h e n

( 4 . 6 )  i s  f u l f i l l e d  a n d  w e  c a n  a p p l y  T h e o r e m  3 . 7  a n d  o b t a i n

tha t  t he  comp lex  (Ap  \  i  o  ^xac t  i f  w  i s  i n  a  ne ighbourhood: w - b '  p € Z

o f  z .  S ince  B ' -U  i s  compac t r i t  can  be  cove red  w i th  a  f i n - i - t e

n u m b e r  o f  s u c h ,  n e i g h b o u r h o o d s ,  a n d  ( 4 . 6 )  m u s t  b e  f u l f i l l e d  o n l y

f o r  a  f  i n i t e  s e t  o f  p o i n t s  z .  c o n s e s u e n t l y ,  i f  l l a  -  b  l l  ,  3  ( * r u )  :

a n d  6 ( x o , Y o )  a r e  s u f f i c i e n t r y  s . m a l l ,  t h e n  t h e  c o m p l e x

( 6 1  , . ) ^ . ,  i s  e x a c t  f o r  e v e r y  w  €  B . - U r  s o  t h a t  n ( h  v / v  \  - T i' W - f l  
p t L  r Y \  v \ u t t l  r . , r . S : u '

Us ing  the  func to r  cons ide red  i n  the  p rev io r : " s  examp le ,

\ , re  can g ive the io l lowing:

4 . 1 4 .  D E F I N I T I O N  t 5 l .  L e t  = -  |a  =  ( u 1 ,  " . . , d n )  c ' t G )  b e  a n

essen t i a l l y  commut ing  sys tem ( i . e .  r (a )  i s  a  comh i . r . t j _ng  sys tem in

* ( r < ( f  ) )  a n d  l e t  X  €  L a t ( a )  . ' ' w e  d e f i n e  t h e  e s s e n t i a l  j o i n t  s p e c t r u m

of  a in  X by the formula

6  ( =  V \  n l , n l ^ \  , ^ / \ / \ \, e = = ( a r A J : =  o ( r ( a )  ,  K ( X )  ) ,

w h e r e  r c ( a )  :  =  ( r c ( a  \  ' - l -  \ \
1 ,  

, .  .  r  7  n -  \ o r r , /  , r  .

A  v e r s i o n  o f  P r o p o s i t i o n  4 . 1 2  c a n  b e  a l s o  s t a t e d  f o . r  t h e

essen t i a l  j o i n t  spec t rum.

4 . 1 5 .  P R O P O S T T I O N .  L e !  a  =  ( r 1 , . . . , d n )  c { ( X )  b e  a n

. i r , ' r - : ' ' '  
,  

essen t i a l l y  commut ing  sys tem,  and  l e t  X  g  La t  (a )  .  Then  fo r  eve ry  . : r ;
'  

open  se t  U=  ou"=  (a rX )  t he rs  i r  u  pos j . t i ve  number  6U  su .ch  Lha t  i f

b =  ( b 1 , . . . , b r " r )  c l , ( I )  i s  a n  e s s e n t i a l l y  c o m m u t i n g  s l z s t e m r . y € L a t ( b )

l l a - b l l  < 6 , , 4 n d  3 ( * , y )  < 6 , , ,  t h e n  U f , o  ( b , y ) .' 1.,' es s



50

P r o o f  .  S i n c e  U =  o ( r < ( a )  r r c ( X )  ) ,  w e  m a y  t r y  t o  a p p l y  P r o -

p o s i t i o n  4 . 1 2  t o  t h e  s y s t e m  o f  o p e r : a t o r s  a :  ( a 1 ,  . .  r a n )  w h e n  a c t i n g
n

i n  { - (X )  (on  componen ts ) ,  and  to  the  i nva r j -an t  subspaces

- " o  . " ' - - '  
r d  X - :  =  r ( X ) .  L e t  a l s o  y * :  =  t , * ( y )  a n d  Y i :  =  t ( Y )  .X : = L ( X )  a ' ( r L e t a l S O Y ' . = L ( Y r a n a - O

r r  r  i l  i l  ,  i l , r r  - h l l  i s  e o m r : u t e d  i n  L * ( T ) ) ,s r n c e  i l a - b i i _ :  l l a - t r , i 1  ( l l a  - : o

* ^ ^ o A

u  ( * - , v - )  !  6  ( x , Y )  a n d  6  ( x ; , v l l s o  ( x , Y )  ( b o t h  e s t i m a t e s  f o l l o w

b y  L e m m a  4 . 7 ) ,  o n  a c c o u n t  o f  F r o p c s i t i o n . , , 4 , l 2  w e  d e d u c e  t i l a t

j  f  l l u  -  n  l l  a n d  6  ( x , Y )  a r e  s u f  f  i c i e n t l y  s m a l l ,  t h e n

U r o ( r ( l - r )  , r < ( Y )  )  =  o ^ ^ ^ ( b , Y )  .

e )  Comp l -exes  o f  i n f i n i t e  l eng th  occu r  i n  t he  cohomo loc ty

theo r l z  o f  Banachr .a lgeb ras .  I de  sha l l  use  the  no ta t i ons  o f  B .  E .

Jchnson ' s  su rvey  a r t i c l -e  i n  l 21J :  Le t  G  anc r  r  be  t v ro  Banach

s p a , c e s  a n d  c o u s i d e r  t h e  s i t u a t i o n  ( A ,  e ,  X  r p  ,  g  r  U t r ,  U g )  w h e r e  A

resp .  X  i s  a  cc . ,mp lemenced  c losed  subspace  o f  G  resp .  f  ,

Q  €  * ( G )  r e s p .  P  € . { , G )  i s  a  p r o j e . c r i o n  w i t h  R ( o )  , - A  r e s p " R ( p ) = X ,

p :A  x  i \  - rR  i s  a  conL inuous  asscc ia t i ve  mu . l t i p l i ca t i on  on  A  wh ich

t u r n s  A  i n t . o  a  B a n a c h  a l g e b r a ,  a n d  U L : A  x  X  - + X  r e s p .  U R : X  x  [  " e ;

a l : e  l e f t  r esp .  r : rgh t  / r -modu le  mu l t i p l i ca t i ons  such  thaL  x

becomes a two-s lded Banach A-module.  we a l_so shal l  consider  a.

pe r tu rbed  s i t ua r ion  ( ; , , 5  , 7 . , ; , i , f r , i , , )  .  we  de f i ne  the  con t j -nuous
L " K

b i l - i nea r  mapp l -ngs  B :G  x  G  *G ,  M" :G  x  I  -+  T . ,  and  M* :  f  l . . 0  _+ .X  by

B ( a , b )  : = p ( Q a , 0 b )  ,  M " ( a , x )  : = i l L ( e a r p x ) ,  a n d  I r { * ( x , a )  : = U R ( p x , e a )

fo r  a rb  €G,  x  €  r .  The  co r respond ing  rapp ings  i n  t he  pe r tu rbed

s i tua t ion  w i t l  be  denoted  by  e , ld l , l iR . , : - . " i " ' ; r i

4.16. pRoposrrroN. sgppg.e rhar t r re _H_gihgshl ld cohomorogy
g r o u p s  ; { P ( a , x )  a r e  f i n i t e  U a r * = i o n a l -  f q i : , . O  S - p  S n  ( n  €  n t - )  a n d

that thg gq-Qggltlery *uru*a r".LrI,oo) *,€ n*' (o, *) has closed
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ranc re .  Then  the re  ex i s t s  an  e=e  (n )  >  o  Egch  tha t  f o r  a l l
..)----z-

per tu rbed  s i t ua t i ons  w i th

l l p - F l l  < s  ,  l l  o - 6 l l  . ,  ,  l l  B - E  i l  < e  ,  I  l u " - M "  l l  < c  ,  l l M R - M R  l l  < e ( 4 . 7 )

- n + 1  r ' l  . N  r u .  - n * 1  1 3 y  1 y 1  n f  f l - r a  r r r s r J - r r r h a d
t h e  c o b g u n d a r y  o p e r a t o r  S " '  

' : 1 , " ( A , X ) -  C , '  \ A r A /  u r  L i l e  p s r F * r u e u

situation bCg g-los-gg rang-e and such lhat f or O < p < n '

d im t *P  (8 ,  x )  <  d im NP (a ,  x )  -

p r : o o f  .  F i r s t  l e t  u s  n o t i c e  L h a t  e a c h  T  € 4 p ( A r X )  h a s  a  I

11

canon ica l  ex tens ion  to  a  p - l i nea r  mapp ing  f rom Gv  to  x  g i ven  by

( a .  r . . .  r a . ^ )  * T ( Q a r  A r  \ - '  ' F  t ^  :  \

I  P  
"  

" ' ' V d P i  
- '  t e t * 1  

"  
' 4  t q ' /

t r  G  T n  t h i  s ,  w a v  w e  m a v  c o n s i - d e r  l P ( a r X )  a s  a
f o r  a  4  r  .  . . ,  a *  €  G .  I n  t h i s  w a y  w e  m a y  c o l

t p

c losed  f i nea r  subspace  o f  4p  (O ,  r )  .  The  same can  be  done  in  the

per tu rbed  s i t ua t i on .  Fo r  a l ' }  p  €  l IV ,  T  € /p (A ,X )  we  then  have

s p ( ? ) "  = r 3 ( T . ) ,  w h e r e  s ! : * n - ' ( c , r ) ' t l p ( G , r )  i s  d e f i n e d  b y

D ( s E )  =  { r . l r  € / P ( 0 , x ) }  a n d

+  ( - 1  )  P i ' { n ( T  ( Q a  
1 ,  

.  . . , Q t p - . ,  ) , a n )

f o r  T  e  d ( a , x )  a n d  a  1 t .  " , a n  €  O '  T h u s '  i n s t e a d  o f  c o n s i d e r i n g

rhe complexes {sp)ne w .r,a l3p) 'pe ru ,  w€ now work with ts!)re nt

and t3 ! l .ne ru  .  rhen G(s: )  and G(g: )  are both conta ined in

! ,p '1 (GrX)  *  lP  (G,X]  .  The resu l t  w i l l  now fo l low f rom Propos i t ion

2 , 1 o ,  1 , f  w e  s h o w  t h a t  8 t s ! , S ! )  t n  = 1 ! "  
" n + 1 )  

j - s  a s  s m a l l  a s  w e

des i re .  i f ' e  i s  smal l  enough '

' F i x  
an  

' a rb i t ra ry  Te  €  D(S : )  .  We  de f i ne  T "  e  Ap - t  (G ,X)  by

T . { a 1 , . .  , . p - 1 ) , =  F t " ( d a l , ' . . , 6 a n - 1 )  f o r  a 1 "  " ' t p - 1  € G '

c r e a r l y ,  f r .  €  D ( g : )  a n d  f o r  u 1 ,  " ' , * p - 1  € G  w e  h a v e
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l l  ( T e * f f e )  ( a 1 ,  "  . . , a n _ 1 )  l l

p - 1
+  l l F - : _  t " ( a . ,  , . . . r a i - 1 ,  ( 0 - 0 ) u * , 6 u i + 1 , . " . r d a o - 1 )  l l

- : _ 4  J  I  J  J - r  I

J - l
n - 2

. .  " .  l l a  . l l  ( 1 + l l F l l  r  t t d t t r l

This shov'rs that for e < 1 we have

1 r ^  -  f f ^ t t  <  c c * l l r ^ 1  ( 4 . 8 )
€ E I J g

n - ?
t / ' i

i , v h e r e  c  = 1 * ( l l P l l  + 1  )  r  ( l l O l l + 1 ) J  d o e s  n o t  d e p e n d  o n  T  o r  t '
P  ; - n' -l =(JJ -\r

Moreover ,
n t u n r u(sr -  ( r  )  -s r  ( r  ) )-  e ' e '  e ' e

t ^  ^  \  -
\ c t , r  r . . .  r a ^ l  

-

r P

= . l i l ( r 1  , T e  ( a 2 ,  .  . , r p ) )  - f i t ( a . ,  , f l *  ( a r , .  " . " , a o ) )  . -

( r 6 ' { n  ( a , o a r ) , s 3 , , - . . . , t p )  - T . t E  ( a r , a 2 ) , a 3 ' i . .  "  r d p ) ) + . .  ' +

+  ( * 1 ) p - 1  ( r i u  ( a 1 ,  . .  , u p - 2 , B  ( a p - 1 , u p ) ) - t e  ( a 1 ,  .  ,  -  , u p - 2 1 H 1 ' ( ' a n * 1  , a n ) ) ) + '

+ ( * 1 ) p ( M R ( T e ( a 1 , . . , u p - 1 ) , u p ) - f i * { T . ( a 1 | . . . , a n - . 1 ) , a n )

f r f o m  t h i s ,  ( 4 . 7 ) ,  a n d  ( 4 " 8 )  w e  s e e  e a s i l y  t h a t  t h e r e  i s  s Q S e .  " r

consta.nt  Ci  > O not  depending on T.  or  e  I  such that

n s ! t r . )  - 9 3 ( T e )  l l <  e l l r e l l , . c ;

T h i s  a n d  ( 4 .  B )  n o w  i m p l y  t h a t  6  ( S : , 9 5 )

way one obta ins O tS! ,s ! l  =  uCp'  for  some constant  Cf '

( f  )  Wb, ' - 'end '  th is  sect j -on vr i th  a second s lmple example.  in-

vo l v ing  comp lcxes  o f  i n f i n i t e  l enq th .

Fo r  p  €  N  we  deno te  bY  5n . the  g roup  o f  a l l  pe rmu ta t i ons  o f

{ 1 -  . .  - n }  -  T 1 =  K  j - s  a  s e t  a n d  k = ( k , , . . . , k  )  €  K p  t h e n  w e  d e f i n eL , r . . . c t y r .  \ - - l ' - - - , , - p /  s - \

f o r  n ' a " O t  n * ( k ) : = ( k n ( 1 ) , " . . , k n ( p ) ) .  L e t  n o w f ) b e  a  c o m p a c t  H a u s -

do r f f  space  and  deno te  by  i ,P (n , t  )  t he  space  o f  a l l  con t i nuous

f u n c t i o n s  f : C I t r * T  t h a t  a r e  a n t i s y m m e t r i c ,  t h a t  i s ,  s u c h  t h a t

. ,  {J-*7.  rn the samep p

' .  - i
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f ( n t ( t - r ) )  =  f ( o n ( t ; , . . . , r n ( p ) )  =  s g n  r  . f ( u . r )

f o r  a l - I  t o = ( o l  n -  -  -  - . t t \  t  6 ' o P  a n d  a l l  n  6  E.  . t  / . . .  r o p )  e  S l .  a n d  a l l  n  €  5 O .  I t  j - s  c l e a r  t h a t

l P [ n , f l  i s  a  B a n a c h  s p a c e  w i t h  r e s p e c t  t o  t h e  n o r m

l l f  l l  : =  s u p  {  l l f  ( o )  l l : a r  e  A p } .  W e  a t s o  d e f i n e  l o l n  , E l : =  K  a n d

n p t n , X J : = { O }  f o r  p  < O .  L e t  n o w  a  z e  - +  t l T )  b e  a  c o n t j _ n u o u s  f u n c t i o n

wi th  commut j -ng  range ( i .e .  whose ranse is  conta j -ned j -n  a  commu-

t a t j - v c  s u b a l q e b r a  o f  { ( X , ) )  .  W e  d e f i n e  c o n t j - n u o u s  l i n e a r  o p e r a t o r s

o P  ( . ) ,  A P I n ,  t ]  *  A P + t  I n ,  t ]

b y  o P ( . )  = o  f o r  p  <  o ,  ( o o ( a ) x )  ( o ) : = a ( o ) x  f o r > <  €  I  r o  €  0 ,  a n d

/ "  ). r * k r . . . t * p + l .

f o r  f € A p [ n ,  r ]  a n d  o = ( o 1 , . .  . , r p + . ,  )  e  n p + 1 .  o n e  c a n  e a s i l y  s e +

t h a t  d p + l  ( a )  o P  ( a )  =  O  f o r  a l - l  p  € Z r .  , , s o  t h a t  ( A p i n  , E f  , a P  ( a )  )  p e Z
i s  a  c o m p l e x  o f  B a n a c h  s p a c e s  ( i - n , g e n e r a l  o f  i n f i n i t e  J e n g t h ) .

Le t  us  deno te  by  La t  a  the  fam i l y  o f  a l l  X  €JF(  f )  such  tha t

' . a ( o ) x c x  f o r  a l l  o  € e .  F o r  X  € L a t  a ,  w e  h a . v e  o P ( r ) ; t p L a r x l . A p + 1 [ n , " 1 ,

s o  t h a t  w e  m a y  a l s o  c o n s i d e r  t h e  c o m p l e x  ( A p t n , X l , o P  t a , X ) )  p e Z
w h e r e  a P ( a , X ) : = o P ( a ) I A P [ c , x ] .  :

D E F I N I T I O N . The funct lon a i_s sa id to  be of  semi-Fredholm

. i  { :  + L ^  ^ A . . . - , ^ . :r r  L r l 5 :  a s s o c r a t e d  c o m p l e x  ( n p t A r X l , o P ( a r X ) ) p e  
z

In  th i s  case  w  de f i ne  the  i ndex  o f  a  on  X ,

i n d e x  o f  ( n P t n , X l  , o P  ( a , x ) )  p € 2 . .

4 . 1 7 .  P R O P O S r r r o N .  L e t  a : f t  -  l . (  r )  b e  o f  s e m i - - F r e d h o l m
tu

o n  X € L a t a .  T f  a : O - + l ( t \  i s  a l s o

golmgt*i_!_g raqgg and if the numbers

l l a ( 6 ) * 5 ( r , r )  t t  a n d  6 t x , f l

( u P ( a )  r )  ( c o , ' = #  
: : ;  

( - r  ) k * 1 u  { , o )  r ( o 1 ,

type on X € Lat  a

i s  semi - -F redho lm.

say  i nd*a ,  as  the

J-  r rna
" J . v *

' w i t h

a  con t i nuous  func t i on

*  5  L T U

f i€n
t ta- I t t
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where ? g r,at then 5 is o f'tl 
1

Fredho lm tYPe on

{ r e  s u f f i c i e n t l Y

ind- !  =  ind. ,a
X A

p R o o F .  C I e a r I y  6  ( o p ( a , X ) , o p t 5 , I ) )  =  O  f o r  p  < O  a n d  a  d ' i r e c t

computat ion shows
  1 + ! l a l l ) 6 ( x ' t )

6  ( o o  ( a , X )  , o o  ( 5 , I ) )  <  ( t * 3  ( x , X ) )  (  l l  a - e l l +  (

F i x  n o w  p :  i .  F o r  f  €  A p l f ) , x l  '  E  e  n p [ s l ' I ]  w e  h a v e

'|'n'u'x) f-oP(5''';? 
=l;:ll ll:-;;i:ll:-;ll ; ll:,11,,,-=,,,

s m a l l ,

X  a n d

From th i ;  we  ob ta in

t  t * p ( a , ) i ) , o p { i , I l l  s ( 1 + l l a l l  1 8 n + l l a - 5 l l  ( l + 6 n )  '

w h e r e  t n , = l ( l p t e l , x l , A p L 0 , X l ) '  i ^ i l e  s h a l l  n o w  p r o v e

( 4 . e )

( 4 . 1 0 )
d  .  O ( x , X )  f o r  a I I  P € r l i 'p

F i x  a n  a r b i t r a r y  O t t  t X , i ) . .  T h e n  t h e r e  a r e  6 ' , g  > O  s u c h , t h a t

6 t x , i )  < 6 ' < 6 , + p < 6 .  I f  f  € A p { " ! } , X 1 ,  t h e n  b y  t h e  c o n t i n u i t y  o f

f  and the compactness of  f , l  we f ind a r in i te open cover ing

. :
t U . 1  r .  " . , U r j  o t  f l  s u c h  t h a t  f o r  a 1 l  j '  =  ( ' 1 " "  ' i p )  €  I { p  ( v r i t h

l N  : =  { 1 , . . .  r n } )  a n d  a l }  0 r r o '  €  U i  - x  "  ' x U  w e  h a v e
n  1  

_ p

l l f  ( t r )  -  f  ( t r ' )  l l  S  P  l l f  l l  '

For  each i  €  I }J l  we f ix  now an arb i t rary  point  rL

, i  =  ( r f  , . . . , r ; )  a u r . , X . - . X u r o '  A s  { u ' ,  " " ' u r }  
i s  a n  o p e n  c o v e r i n g

o f  0  t h e r e  e x i s t  c o n t i n u o u s  f u n c t i o n s  ( p j : Q  +  [ o , 1 ]  . w i t h

s u p p  Q .  c  U - i  ( j = 1  , . . .  r r )  a n d  A 1 * "  ' * Q r ,  =  o n  0 '  B y  ! " h e  c h o i c g  ' o f
J J

6, ,  there  ex is t  fo r  each i  e  ru f  e lements  11  e  X 'suqf i . tha t

l l ; i  -  f  ( u r i )  l l  s  O '  l l f  ( , r i )  l l  S  6 ' l l f  l l  .  W e  d e f i n e  n o w  a  c o n t i n u o u s

. :

,  , d  n * ( i )
. . ' Q ; .  ( U J ^ ) x

L I J

P - i

f u n c t i o n  ? , a P  - I  u Y

? t r l ' = ; ! :  s s n r  t , n r i . ,  ( , , r . i ) " .
r€.5n i€Nn
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f o r  u r = ( r d 1 , . . . r o p )  € a p .  L e t  u s  s h c w  t h a t  T e  n p [ a , N ] .

For o € S_ we havep
t u  t  

r  q c r n ! T  r  ( D .  ( o  . - . ' ) .  r "  ' i f i * ( i )
f  ( o *  ( r ' l ) )  = ; f  : _  s g n  T T  t  

^ Q i  
( r . , . ( t )  ) . . . . . t o i  ( r o  ( o )  ). v '  n € 6 _  i € r N F  * 1  v \ " /  * p  v \ . - /

nll

4- l

1= - -  r  s g n n  r  * e i  ( o r ) . . . . . e i  ( u r - ) I ( n o ) * ( ( o  
' ) * ( i ) )

P t  n € 5  i € l N P  
r  - t  I  r  - 1  ,, , - _ p  _ 1 t r - r \ h  o _  

,  ( 1  )  
,  ( p )

= +  r  s g n ( n o ) s g r i ( o - 1 )  r . , . e +  ( o r ) . . . . . e i  ( u r - ) i ( n o ) x 1 i 1
P l  n € s ^  j € r { :  J 1  '  l p  P

p

= s g n " . +  r  s g n r  r  e - i  ( o , , ) . . . . . e i  ( u r - ) i r * ( J )  =-  P r  t € 5 n  j € r { H  J 1  '  J p  Y

= s g n  o ' '  ? ( , 1 )  ,

where  we  used  sgn  o ; ' sg r ro l l  a "nd ' ' t he  fac t  t ha t  t he  mapp ings

- 1 *  n  n
Tr  ->  T ro  f rom g  to  q  and  o  '  :N : -  N :  a re  b i j ec t i ve .  Hence ,  w€'  ' . -  p  p  n  n

i - \ _  N

h a v e ' f  e  A Y [ 0 , x ] .

F i x  now 0 j  €Ap .  As  f  i s  an t i symmet r i c  and

I  e a  ( o r ) . . . . , e i  ( u r ^ )  =  1
i € l N H  t 1  '  , p  Y

we obta in

f  ( 6 )  =  I  e ;  ( o . ) . . . . . e . i  ( r r r ^ ) f  ( c , r )  =

i € r { P  L 1  '  ' P  } ,

=  I  e . :  ( 6 .  )  . . .  . . e ;  ( , u ^ ) J l  I  s g n  n  f  ( n *  ( o ) )  =
j € l I H  1 1  '  ' p  Y  Y ' '  n € 5 n

1= 
n i  

" . t ^  

ssnT l  
i&H 

t j . ,  ( t l )  ' "  '  '  ' a jp  (u rn)  f  (n*  (o ) )  '
p

so that
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1  
- . I f * f i \

E ( r ) - e  ( u r ) = = r  I  s g n n  I  ^ Q i  
( 4 r . , , ) ' . . . ' A i  ( 6 o )  ( I ' r t  \ r t ' f  ( n * ( 6 ) ) )  ( 4 ' 1 1 )

P: n€gn j  €r , { f i  r  1 'p !

F o r  0 r = ( o 1 ,  . . , r p )  €  s u p p  t j , ,  *  . . . x s u P P  t j o -  u j . , *  "  ' * u 3 n  - t U

n € S, we harze

r r * ( u i ) = ( r n ( 1 ) ' . . . , o n ( p ) )  €  u j n ( 1 )  " ' * u j n ( p )

On the  o ther  hand,  a lso
f * I i \  - .

U J ' ,  
\ J , /  € U .  x . . . x U - l

J n ( i )  r n ( p )

so  tha t
n * / - i \  - * / - i r  n * / i \  n * f i ) '

l l x n ^ r l J _ r 1 n * ( , ; r ) )  l l  <  l l x n + ( J L g ( r n ^ ( l ' )  l l + l l  f  ( h ) " ' ' J ' )  - f  ( n * ( o ) )  l l  S

H e n i e  w e  o b t a r n  f r o m  ( 4 . 1 1 ) ,

l l ? ( r ) - f  ( u r )  l l  s  *  r  l s g n  n l  r  - ' e . i  ( t r ) ' . . . ' Q i  ( u r o ) 6 l l f  l l  = 6 l l f  l l-  
P !  n € 5 o  j € n l F  J 1  '  ' P  Y

a n d  t h e r e f o r e |  " " . "

l l ? -  f  l l  S 6 l l f  l l  .  A s  6  w a s  a r b i t r a r y  w i t h  O  r 3 1 x , I ) ,  w €  s e e  t h a t

n

6 { ' A P l Q , x l  , A P [ 0 , f ; i )  s 5 ( x ' X )  " '

In the same way one obtains

'  6 ( A P t a , X l  ,  A P I Q , x ] )  1 8 ( x , i )

a n d  ( 4 . 1 0 )  i s  P r o v e d .

N o w ,  b e c a u s e  o f  ( 4 . 9 )  a n d ' ( 4 . 1 0 )  w e " ' s e e  t h a t

I  ( o  ( ' ,X )  , d . t 5 , r ) )  =  
;EE  

6  , " 1 (a ,X )  , qP  ( - ! , x ) )

s ( 1 + l l a l l  ) o  ( x , I ) +  ( 1 + 6  ( X , x ) )  l l a  -  E l l  , ' , r , ' r  i .

s i n c e  t h i s  i s  s m a l l e r  t h a n  a  g i v e n  s  > O  f o r l  , 8 ( X r X ) ' a n ' d

l l a -  5 l l  sma l l  enough ,  w€  ob ta in  the  s ta temsn t  o f  t he  p ropos i t i on

now f rom Theorem 3 .5  resP  -  3 -7 .  -  ; r i

, rr ::lil*t!!ll
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