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O0.Introduction,

Throughout this paper, the ground field is the complex
field d:, By curve we will always mean @ Cohen-Macaulay
quasi-projective scheme over d: of pure dimension one,

It is well known [1,7] that if C is @ reduced projec-
—.tive curve embedded in a smooth projective 3-fold V such
that C is locally embeddable in smooth surfaces, then
C globally lies on a smooth surface contained in V.

Note“that the above turns out to be false if one does not
suppose C is reduced, even if the support of C 1is assuméd
to be smooth connected (see CB] ). So nilpétents on C may
impose singuiarities for the surfaces conteining C. The
aim of this paper is to get a picture of these singularié
ties. We will restrix ourselves to the case when the support

of C is smooth,connected., We ‘prove:

THEOREM. Let C be a projective curve embedded in a

smooth projective 3-fold, Suppose 0=C is smooth, con-

red

nected and C has a 2-dimensional Zariski tangent space
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at each closed point, Let H be & very ample divisor on
V and let imM~C! be the linear gystem of surfaces in
\m%{ passing through C, Let n be the multiplicity of
the local ring of C at some (or equivalently, any) closed
point of C, and put Ktmiﬂf)zw(mgﬁz where Zs= ﬂD(KE/V),
C?%(Ol)m ﬁ%(l) and b, 1is the section of 'Z —> D
defined by the injection of vector bundles TC/TDC.TV/TDmND/vw
Then there exists an integer m such that for any m> My
there is a Zariski open slUbset U:#.¢§ of {mH-C[ with the
property that for any S & U,
-1} 8 has only Ano1 singularities,

2) The number of these singularities is’ m(H.D)V+t.

3) C 4is a Cartier divisor on 8§,
Let us make some remarks:

(0.1l) Since in odr Theorem, m(H.D)v+t >0 for w0,
it follows that S is always singular for m> 0. So the.
Theorem appears as an analogus of a result of Severi [@]
(see also [6,10] )} which says that hypersurfaces F of
sufficiently high degree containing a smooth subvariety X
of dimension k > N/2 in HDN must have singdlaritiés, the
singular locus of F having dimension 2k-N and a degres
which is computable in terms of deg(F) and some invariants

of X,

(0.2) The Theorem is also analogus toa result of Bloch E41

saying that if X is a smooth subvariety of a smooth variety



Y C?(r’N and dim(Y)=2dim(X) then the generic hypersur-
face section of Y containing X hae only ordinary

double peoints,

(0.3) One could prove the above theorem in the fol-

lowing way: First prove a local analogus of the theorem
(whiﬁh seems in fact to be classical cf.[E p,l?] ) and

then globalize it with the same method used in proving

the Bertini type theorems in [i]. This method is probably
easier then the one we adopted in our paper. The reason we
chose @& longer way is that this way gives a quite nice
picture’of the simultaneous desingularizatien of the genert
surfaces S passing through- C. We think that in fact the
real interest for the theorem lies in this- picture whth will

be implicitely described in the proof,

The rest of this paper is devoted to the proof of the
theorem,
I am endebted to C.Bénicé eand F.Catanese for several

valuable discussions and fruitful suggestions.
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1. The main construction,

Start with the following

(1.1) LEMMA, Let ScFo W be closed imersions
of smooth connected quasi-projective varieties, where
& is @ curve, F is a surface and W is @ 3-fold,
Let W1A-w¢’w be the blewing up of W along d
Z the exceptinal locus, Fl “the proper transform of
F and Crl. the curve cut by Fl on Z;\D@fina A
to be the Cartier divisor,,(k+l)cf on F and 2fi
to be the Cartier divisor kcﬁl on 7iF regarded
as schemes, where k » 1 is some integer. Let .G =W
be an irreducible normal surface distinct from F eond
Gy its proper transform on Wl. ihe following are
equivalent:
1) G contains .

2} G, coatains Z“l.

Proof, Take a generic p € J’ , denote by Py the

corresponding point on c{;, take @ germ R of smooth
surface in W passing through p and transversal to

cf and denote by Rl ite strict transform on Wl.
It turns out that the local intersection numbers

G, —~R

1°6 l)R differ

A F o~ R.GAR)RQP and (FI/“\R S
“precisely by 1 which leads to the conclusion of our

lenma., We omit details,.



Now suppose we are in the hypothesis of the Theorem,

We perform the fellowing construction. Cever C with

wicz;v

Fi &= &ﬁi

25 Cartier divisers on F

Zariski open sets such that there exist

smooth surfaces having the property that

Cr\Wi = n(D "™ Wi) Let

ib
@long

flsvl

Jd"" Bullet Z,

the strict trensforms of Fi
J}iaFlifﬂle, By Lemme (1l.1)

giving & curve <fl. Let

e V be the blowing up of L™

be the exceptional locus of

fFir F1a
f“l(w ) =W

Bk e 5 ¥
Cfli

foiVy — V1 be the blowing

2 Wi

stick together

via

and

up of V1 along cfl, Z, the exceptional locus of ’fz,

1 3 - -1 L Y 2\ 4 1A
Foy the strict transforms of. Fyy Vvia f2~(hli,mdzi-o

bl‘li

and CrZigFZir\ZZ' Again by temma (1.1), ‘J%i stick
together giving & curve cﬁz. Now since Fli are trans-

it follows

versal to Zl

proper transform of

Zy2

above procedure we obtain

fn
v

BT
11} 7l’l

-

it

k
is the blowing up of V.

and curves on V.

zk+l ‘
strict transform of Z

: J
tha‘t Jsmzaézgé for

to. -Z
q

are isomorphic

.-————-7 s -
1

0 <k = n=l,

‘the exceptional locus of fk+l

on Vv

that cfz does not meat the

Zl on V.. Iterating the

a sequence of morphisms

f
oy Vl W7V€b

such that fk+1

along ka . Dencte by

and by Z the

is

for j <<s. It follows

8
j< 8 in particular Zjn

for any j=1,2,..,n-1l, Note also

that Lemma (l1.1) implies the independence of the above

construction from the choice of wi and Fi‘



2, The linear system ‘Ts b
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In the notations of §1 put Wk e fro1frene ety (%nzid),

and consider the linear system on Vn $

\Tm

# , & oy B
| o ‘#)OmH = k!/lzl =AY hi1PheT 3 an
where m is any integer. The aim of this § is to

prove the following:

(2.1) LEMMA, The linear system ITm \ is base peint

free for m> 0.

We will prove first¢ the following “"uniformity"” lemma

concerning linear systems on surfaces:

(2.2) LEMMA, There exists a function mys Nx N — Y
having the following property, Let Y be a smooth
projective surface and consider any sequence of mor-
phisms

9n

e e R R |

g

ey

where g, 1is the blowing up of Yo at d arbitrary
distinct points Po1***'Pod é}Ya and for k> 1, Il
is the blowing up of Y, at a set of points {pkl""pkd}
such that for each j=1,..,d, Pry lies on the excep-

: -1 . .
ticnal line Ekj e fk (pkml,j) but ka da@@'ﬁot lie

on any strict transform of 2 E with kg < ko Let M

koj.

xRy



be a very ample divisor on Y and s » 1 such that
the linear system l%M—kY{ is base point free, where

K is & canonical divisor on Y. Then the linear

Y
system

% . S p X, e PP i »
[T, ) =1 Poom - ;gJ“Plalj - e = Z%J‘fn_lennl'j ‘ Z%dﬁnjl

is bese point free and
1
HH (X, (T )) =0

for m 7'm1(d,n) + 8, where LFR = 941%+2°°9 °

pProof. Using the same technique as in.L5] we may

easily reduce ourselves to proving that for any

blowing up 0 X+ >X .at~<x € X, with exceptional

locus E, the linear systems

P = |\ (m-8)M- R |

P'= ‘U%\Pi\m»S)M - R'\

(where R = 225:‘??&,, ARGERE g 1 and
3 1.9 7Nl

R'= OF°R + 2E ) have selfintersections 7> O and
contain l-connected divisors, Note that selfintersec-
tiocns cen be made > 0 provided m-s is bigger than

an obvious bound depending only on n and d,

L}

Now choose:for each j=1,..,d an irreducible reduced

divisor MJ & ‘M[ passing through poj' an irreducible

reduced My & lMI passing through ym“ﬁdeé and an

arbitrary irreducible reduced M &€ [M|. Define

A = ZnZEbﬂ + (m-swénd)M

J
b
B = 2nD'M, + 2M_ + (m-8-2nd-2)M
j J Y
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Then:

B4

o/ T

Ae P

<

E = 0§‘f’§z§—&* S

: - E : oy L X
because e %’OMV E and ?ij ?’kEkj are
effective for any k=l,..,n.

we will prove that B is i-connected; in the same

way one may prove that A is l-connected,

Suppose B = By + By with B, >0, g=]l,2. Writing

B,= O P8, +,_z_JZj'Jaskjo* ‘kakj + a_E

where askj.&g are integers, we get B > o,
Y B w 21 -".»2 & o ;:..,.” [~ o 5
1 % 82 = 2H &1¢a2w . qlkj 82k3 2, We may suppose

= - s Y
- # 0 and put RLLITEE a=a,. We get

o w5 2 2

8182 &' B B & 4%7 “7“ (a P @Zakj) + @ + 2a

S ravd NS
15 both Bl and B, are non-zero, we have Bs'N’bsM

/\/

with b, >0 hence s 7 byby 7 byt+by=1 = m-s-l.

l 1 1

Consaquently 5182 =% 1 péa¢:de m-8 > 2nd+2.

New suppcea Blac° Let Fki be ihe strict transform
of Ekj cn X. Becsuse of the conditions imposed to

the centers of the blowing ups, we have

b
Ex g, = By reFrapgyatesivatsling
hence
2;? ZjJﬁokEk‘:f'“ "‘Zr(“ljf”lj + (8 Ry MBagat -

Sk (alj+,.+a

nj)Fnj)
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Let ij be the strict transform of ij on

Threes cases may occur:
Case 1 : X ¢5ij for any k and any J
Case 2 : X E’Fijo but x ¢ Fkio for ks i
Case 3 : x & Fial,jd”‘Fijé

We have accordingly:

..81 = Z%j(alelJ oeee (alj+..+anj)GnJ) + (a+c)E

where
0 in Case 1,
c'= aljo+"+aijo in Case 2,
2aljo+°'+zai-l,jo+aijo in Case 3,

Since B; > 0 we get ;%;;2 :8k3 > 0. In Case 1, we
also get a >0 and since at least one of the numbers
a,akj is non-zero we get 8182 > 1. Suppose now we are

in one of the cases 2 or 3, If all the numbers are

akj
zero, we must have a > 1 hence B,;B, =3It there is
precisely one non-zero number between the numbere akj
then 8182 2.3+a2+2a > 2, If there are at least two

non-zero numbers between the numbers a then

kj
8182‘2 2+a2+28 >z 1 and we are done. '
Let us prove now Lemma (2.1).
Take an arbitrary ><é5Vn and look for & member-

- of (Tm l not passing through x, where m 1is any

integer bigger that some bound not depending on X,
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Put y= %E(x), By Bertini-type results, there exists
asmooth connected surface Y é-fM[ passing through
y and meeting O in dm(H@m}v distinct points

. 1 o o o 4 Y
Poi* e *Pode Let Y, be the strict transform of Y= £
on V. Then x € X=Y_, X is linearly equivalent with

q/iH on V and the induced sequence

=0 R, S =
Yn o Ynal ’ Y1 e Yc

is precisely of the form described in Lemma (2.1).
Futthermore, if M is the trace of H on X, we have

) \ = I g
C?x('tm,w~@& ﬁﬁ(swn(Tm), Choose an integer s such

that the linear system ‘(3~1}H - Ky i is base point

free, By adjunction, lsM o KYI ie base point free, so

by Lemma (2.1), ‘tm‘ is base point free and Hl((pg('ZEB)nO
fofiim ;:ml(don)+5{ in particular there exists a section

u & HO(Cfx{'fm)) with u(x)ﬁb 0. Consider the exact sequence:

]

-H"(a/“\,nwm))f >SHO (DA T ) —>

/3
5 Hl(@vn(Tm_l))———~ﬁ-> W@y (T N —>H (O (T,))
1]

Since /8m is surjective for m ;;ml(d,ﬁ)+s and since
{dim Hl(é7v (Tm)}g . is a decreasing sequence of natural
numbera, thgra exists m, , d@p@nd;ng only on V,H,C, such
that /Bn“is,an isomorphism for mJ;:ﬁz, so o is

surjéctive for m'z;mzfah@nc& u lifts to HO(CVV (Tm))
n

and we are done.,
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3, Conclusion of the proof.,

Keeping in mind the notations from 81 we will
conclude the proof eof the Themﬁ@m.

It follows from {?] that there exists a non-empty
Zariski open subset U of lmﬂaci whose members are
normal (connected) surfaces, provided m>>0., Take-

S E.Ug and let Sy, be the strict transform of S

on Vk for k=1,..,n. From Lemma (1.1) we deduce that
for™ 'k < nek, Sk passes threough cfk; consequently, if
R denoctes 4!?21 # ...+ Z , then the divisor 4’§8 - R,

'is effective, Consider the diggrem of algebraic wmorphisms:

\’Pi b (}UOE

‘mHl > MP;mH 49'ImHl
+R
O = iy H)imH-Rn} = | Tm{

where h(S)= ?ismﬁn. Since h has & retract, it is in-
jective, in particular dim lmH-Cl £ dim f‘#imH-Rn\.

We will prove that there exists a non-empty Zariski open
-gubset U' of VPimH—Rnl such that for any Sn e 0,
S@:‘Poﬁﬁn «contains C, has only Anml singularities and

the number o@ the singularities is that given in the Theorem.
Suppose we alreédy have proved this, In particular
\POK(U')c: Ud’ Since h is & retract for £=%K:U'~——> U0

it follows that £ is injective and dominant, hence

the image of £ conteains a non-empty Zariski open set:

U which will be good for our Theorem,
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Let us prove now the existence of U'. Teke S _ &
—~ .'g:ia:?’,“. 3 = f = N ¢

& %}axn &ﬁ! and put Sy \Fkﬁﬁn, Let fﬁks be an

prbitrary fibre of 2, (k<< 8) and {”k an ar-

hitrary fibre of Zk’ We have:

¥ ”(Zk' rk)'\/k" (zk‘r-l‘ﬁk,k-rl)v silagd =9,

3 BEPWS FAE
it ke Vh k+1

(Sher ) = sy, TP T

By Lemma (2.1) and Bertini's theorenm, there exists a
non-empty Zariski open subset Ui of \Tmt consisting

of smooth members, Let M be an arbitrary section of .
Zln‘ Let <¢:# us C:{Tml be @ Zariski open subset all of
whose menbers cut 1 in distinct points, The number of
these points may be calculated as follews: put ’vlm ¢&mnl i

A}szlz r\22 and then

(Sp-M )y = m(H.D)y- (Zl‘"l}_)vl“ (Zz°'ylz)v2 .
n

= m(H.D)+ ((921(1),f?1)zl~ (<{;2~’?2)212

Now (Cflzoﬂzg)zlzz (cfl.’vl)il so finally (S .7%) =
= m{H,D)V+t where t 48 the number defined in the Theorem,
Write for any fibre fﬂn an exact sequence
o —H(v_, T, (T.))—H%v .0, (T ))i* WPl @ (1).)
; n’ [“n (] Ay Vn m . Sk !Pl

where :7'

A1

V. Note that X is surjective because ImX defines

is %hé(sheaf of ideals of F1‘: EDl on

& base pointfree linear subsystem of {C%jl(l)} which

must be automatically complete,
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L]
ot
(53]
]

i

Hence dim l:jfﬁ (Tm)l dimITm‘ - 2, consequently the
dimension of thg set of divisors in [Tml containing

at least a fibre [ﬂn is £ dim T - 1. Let Uy #=95 be
a Zariski open subset of le!, all of whose members

don't contain any .rwn, Finally put U'= Ui,~\Ué,»;U°,

By the intersection relations computed above it follows
that for s, €U, the (s@t»th@oratic) intersection.between

S and Zln\,fzzn\v/...\/'z \“';n has precisely y=

i n-1,n

m(H.D)V+t connected components, each connected compo-
- , e
nent being a8 curve of the form ln\J FWZn\J ooo\S F“nul'n

with intersection numbers ’fq fod all

i+1 n)q F

i=l,..;n=2 and all other intersection number9 (F’ 1n)8
d i

equal to zero., Denote the above connected components by .

F”‘l),uagi’z). We claim that S ; ——> s, is 8 desin-
gularisation of So with exceptional IOCUS{y@ﬂ(l)\J ..kJrK))v
! h

This is a consequence of the following :

(3.1) LEMMA, Let V be a emooth 3-fold, D a smaoth
curve which is a closed subscheme in V, f:Vl——~—¢ \Y
the blowing up of V along D, Z the exceptional locus
of f, " @& fibre of the ruled surface Z —> D and
S a divisor on V4 such that (S,F’)V1= Ly Soa B
consists of one .point p and S is smooth at p, Then
f) S:S —>V 4is a closed immersion around p (in the

‘complex topology).
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Proof. The local injectivity of f 1is obvious.,

Now suppose there is a non-zero tangent vector V e&TpS

which is carried by the tangent map Tgf:?pvl s DRy
into zero., It f.iollows that v é-Tpr’ which contradicts

the relation (S./"), = 1 and we are done,
54

Returning to the proof of the Theorem, note that since
So is normal, Lemma (1.1) dimplies that S_  contains

C. To prove that So has only A singularities, it

M=l
is sufficient to show that each irreducible component

of each ﬁ”f(i) hes selfintersection =-2.S5ince S is

o
Gorenstein, it is sufficient by [23‘  to prove that
H, 2 i e
g Kg = Kg where g:S_ 4 '50 is the restriction
G ne-l
o § o (AR,
of f.vn_l > Va’ Now if q.Sn_l > Vn«l and

it A v0 -denote the natural inclusions and if we

put Qn*l”f R we get

nE N
Q%KQ = g%r%(Kv + SO) = q&fg(Kv + SO) =
o o o
v Ay Ky coalnoade ShegdBraphi ®
n=l

*

o= q (K S = ) K(‘ ®
Vn-nl Pl S

In the end we will cshow that C is & Cartier divisor
on SOc Note first that the restriction of C to the
regular locus of S0 i3 equal as a Cartier divisor to
n times ifs support, So.we will be finished if we prove

the following:
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(3.2} LEMMA, Let (A,m) be an A ., surface sin-
gularity, Pc A a prime of height one and Ic A
an ideal of height one with prof(A/I)=1. Suppose
the sheaves of ideals 1 and (P")Y are equal on
the punctured spectrum Spec(A) ~m . Then. I is

principal.

.ggggi. Since I has no embesdded components, it
must be primary so it is equal to the symbolic power
P(n)f:On the other hand by [8] the divisor class group
~of the completion of (A,m) has cardinal' n, and since

_ A
sClIlAY T =CL(A), P(n) must be principal,
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