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l,ucian BHdescu*)

Introd"uction

This paper i"s a.conti.nuation of [ :J ""4 [a]. Eero re especial ly d.eternine

all  nornal projective variet ies X contalrr ing a cortain givea projective variety

Y as an arnple Cartier divisor. In many cases we sball  be d.ealing with, tbq va-

riety X ttuns out to be a coae' over Y if  X is assuned. t 'o be singular. Sone si-

tuations of this kind. rere alread.y encountered. in fil ""a fa-l.. fhe paper is di-

victsd. in four Sectlons. The f irst one deals with the cases ln wbicb Y is either

an eI l lp t ic  curve (see Theorern 1) ,  or  a  snocth pro ject ive,ourve of  genus 771

(see' ' theoren 2). Si-nce i" p] ^rd Lqrre classif ieC al l  smootb project:.ve l-fcIds

oontatnlng a geonetrically ruled surface as an a,nple d.ivisol., :it ls natur'al also

to,sss what is going on in the singular case. And ind.eed., $eot:on.,2 takes up

thls problem, giuing a conplete answer i f  T is the su:face F , wlth e )zo (see

Theorems 3 and 4), and a partial one if Y is 
" 

Pl-borrdr" orr"l.*a snootb rrorr-o"-

t ional curve (see Theorern 6). fhe higher dinenslonal case (i .o. y is a pn-bun-

d. le  over  a smooth curve,  wi th  y>2)  is  muei r  eas ler  to  handle.  fn  Sect ion I  we

inprov.e a result of T. Fuji ta concerning the Orassmann variety (see Tbeoren J).

Finallyi ' the last Section relates the results obtained. previously with the d.efor-

nat ion theory.

fhe author tbanks P. Ionescu for some stimulating discusslons.

Notationg *nd terninology

fhroughout this paper we shall fix an algebraically cJ"osed. base fj.eld. k.

In ' 'general  the erninology and. notat ions are standard, with the fol lowing pre- ,r : i '

c i sa t i 'ons .  . '

Unioss otberr ise si ;ated.,  al l  schemes we shal i  be deal ing with wi l l  be al .ge-

braic scheraes over k. The term 'talgebrai.c varietyrr me&ns an lrred"ucible and,
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red.uced. algebraic scheme over k-

By  a  po1a l j "z ,ed .  var ie ty  we unders tand a  pa i i '  ( f r l )  cons is t lng  o f  a  p ro jec t i ve

variety y and. an arople l ine bundle t  over Y. Tbe grad.ed. k-a1geb33 $ = S(tr f , )  as-
Oa - r . r  

h

s o c i a t e d .  t o  t h e  p o l a r i z e r l  v a r i e t y  ( X r l )  i s  t h e  a l , g e b r a  @ ^ n - ( y r L " )  g r a d e d  i n
?L=o

the natural  way, ccrnsid'er the polynomial algelrra $fz]  over s in one variable z

graded.  by  tbe  cond i . t ion  tha t  O.eg(szn)  =  deg(s )  +  n  fo r  every  honogeneous e le -

m e r : t  s € S .  f h e n  t h e  v a r i e t y  C ( f , t , )  =  P r o j ( S [ r ] )  n i l l  b e  r e f e r r e d  a s  t h e  n r c j e c -

t i -v 'e  cons  R$e i 'oc ;& ted .  to  the  po la r ized-  var ie ty  ( t r l ) .

Let y be ein effect ive Caurt i .er c i" iv isor on the var iety X. l le shal l  d.enote by

o" - (y )  bhe inver t ib fe  sheaf  (o r  l ine  bund le)  a ' : soc ia ted .  to  the  d iv isor  Y ,  and '
J ( '

by Nv.*  = 0x(y)80,  the norraal  bundle of  Y 1n X.  "A g lobal  equat ion.of  tbe d- iv i -
I 9./r ./l t 

^

s o r  Y  o n  X  i s  a  s e c t i o n  6  f j  H " ( X r O X ( Y ) )  w h o s e  a s s o c i a t e d . .  d i v i s o r  i n  Y .

J.f  Z is an arbi trary algebraic schene over k,  we sha1l denote by OI,  tbe

gro thend" ieck  d .ua l i z ing  sbeaf  o f  7 , .  I f  D  is  an  e f fec t i ve  Car t ie r  d iv isor .  an :  Z ,

then one has the ad. junct ior i  forn ala On = AJZ&O,A!D)€0' .  This g' ives 1n par-

t iculerr the genusrforrnula of a cur.ve over a smooth project ive su3face. , : . ' i . r"

.  I f  D j " r . . . ,D , i  a re  Car t ie r  d i ' r i sc rs  on  a  p roper  d . -d inens lona l  echene Z  over

k ,  t h e n  D - . X , , . . . D ,  v r i f l  d " e n o t e  t h e  i n t e r s e c t i o n  n u n b e r  o f  t b e  d . i l r i s c r s  D .  1 . .' i l a - L

. r D " .  T f  i n  p a r t i c u l a r ,  D -  *  D  f o r  e v e r y  t  -  1 1 o o r 1 i e  t h e n  D , . D ^ n . . D ,  w i l l  b e' d .  1  .  I  I  d

a lso  c l r :nc ted .  by  D 'd ,  o r  
" i *p ty  

by  Dd.

I f  F  i s  a  Coherent  sheaf  on  the  scheme Z and.  D a  Ca jn t ie r  d i r r i sor  on  Z ,

ther r  F(n)  w l l f  d -enote  the  sheaf  1 l@0o( I ) ,  f f  moreover  Z  is  p roper  over  k  we

s h a l l  d e n o t a  u y  h i  ( z r t )  t h e  d i m e n u i o l  o u " "  k  o f  t h e  v e c t o r  s p a c e  u l ( z r t r ' ) .

f f  E is a vector bundle ovet 2,.  H stand.s for" the dual of  E. I f  E is of

rank one, we shal l  also wri t*  n-1 instead. of i l .

If S is a graded. k*algebra and r a natural nurnber, tnen s(r) is the grad.ect

homogeneous part oft 'here S denotes the
ut

/ - \
k - e . 1 . g e b r a  s u c h  t b a t  ( S t ' ' ) r ,  =  S  , ,

Cegroc  m o f  S .  I



[ f .  Surfaces eontaini as an aqple Cartier d.ivisorven curve

let us bogin by recall ing two well-known resur"ts:

Theorem Ar- Let X b:e_qjnorn?L q,
anple car ! - ier  d iv isor . -  Then (qp-  to  ar ,  isonorphisg)  one. \as_ote_of  thg fo l lo :
r*ins t hree postflil!|isg,

o
a) X-is P' and y_is either a s!:gigLL-}LE or a oonio in p2,

- - - t

b)  X Ls.  lbe g_?glet r ioa l ly  rq1*  sur fatg Fo = p(0, . t (D1, . t ( -u) )  (e)_o)  eqd

T is a section.gf , tbe canonicat-plgjggli :g-p,i-- lr t ."
'l

c) T is tne*pJgJgclivc- cone over p'a. r,rj trne_groJec.tlvc cong ovel_l__ffj.th_fe_spect to the s_fold Veronese
l s

eqb.edding v":P----+'P- (")2) *r .d T ig thu i r tu"u"qt loo of J * i th thu htrpo"-

pl .ane at inf ini ty of ps+I.

Theoren A i"s classical. A rnod.ern reference for i t  is f tSf .

fheorern r (q.h*l(t\ * oI. i,et X Le a_gqrqq!-!gr-qJeq!1yr3 surface containi

the  e l l ip t i c  curve  y  as  an  arnp le  d - iv isor .  Then to  j -somorpb lsm)  one

of  tbo  fo l low ing  two poss ib ! l i t ie t r

a) X is _a DeI Pezzo surface and. -f is a  canon ica l  d . i v isor o n X

b ) p: f  (n) ->J over .y  and.  the inc lu-
s i o n  I C X  i s  a  g s g l i o n  o f w i th "E a  rank  two vec to l  bund. le  ove : :  y ) .

Theoren B is also classi .eal .  A nod.ern reference for i t  L" Uf).  rn connec-

t lon with tbeoren 3i  i t  is nai i rral  to classi fy aleo al l  norrnal (s ingular) p"o-

ject ive surfaces containing a given el l ipt ic curve as an a.raple Cart ier div isor"

As far as we know such a classi f icat j .on is not expl ic i t ly contained. in any pa-

Fer r  a l though i t  tu rns  ou t  to  be  c lose ly  re la ted .  to  the  e lass i f i ca t ion  o f  a l l

surfaces of d-egree d. in !d which are not contained. in any hyperpl.ane of pd

(see [91]) .  Tbe result  j .s the fot towing:

T.he.oremrl (c4a,r(kL= o\. Let x be a ro**"$rrsB1?),_prgj*"tivu u u
containi ls the q]l , ipt ic .curve. J,as an amp.lg cart ier-*Lvitgl: .  Then oqe hag o.ne

! ,

a) X is a surfSge with on-}y:{Lional _dog-bJe. points aL_singuLari-t ies and

(see ?heo;.eg ri_lglew.I.

a  canonicaL d. lv isg l  on X.  -T l rese sur faces. -  arq c lass l f iea in  S9l , l4 tJ , [zaJ

b) X is the pro;ecltve cone over the pol*#,ized. curve ( Y r N -  - ) ,  a n d .  y  i s
r tA 

-----



embedd.ed" in Lggj&g" iJfinit.e sggtiop X is an el l iPt iq- cPng- iv93

&g91. Let f: f-----*-X be the nnininal. d"esingularization of X, t 'e'  the ex-

cept ional  f ibres < l f  f  d .o not  conta in any ercept ional  'curve of ' the f i rs t  k ind '

$!nce Y d.oes not mset the singular locus of X' Y is also contained' 1p fr and

and the normaf bur.dles of y in x and of Y in i  are t lre same. In part icular.

2  ,  ^ 1  
N

(y , )X)e  anr l  ! .8 ) ;o  fo r  overy  in tegra l  curve  g  on  X '  The erac t  sequence

o- -\- *'f. ---+-(-uk@07(r) - 6' = 0t* o

yield.s trhe slcact sequence of cobonology

- * o t . n  \  , r o l r . v . t Q  / - - \ \  f "  " c  

1

o ---*>r1 \*fi -t n i,*yr+o;.(y)) --F-+H"(0v) = k-->H- (A:i)-------+-

ul(ct}ieci(r) ).

3y d,uali ty and" the Kod"aira-Rarnanujarn vanisbing theorem, Ft(&ji8Og(r)) - ot

which inp l ies t l i r t  q  *  n ' (og)  -  t t - (d i )<1 '

r f  q .  *  o  the map a ie  sur ject ive,  and '  therefore there is  a  sect ioa

s€Uo(f ,  a lSgf(Y) , )  r " r i rose rest r ic t ion to  T rs  1;  in  other  woTr l "s ,  there is  a

canonic€r, i  ci ivi lor K on t '  cf the. fqrn K = D-Yr witb D), 'o and' Supp(l)O I - f '

Since T is airple on X, the support of r,r (: f  y / ") 
rs contained' in tne sxcep-

t i o n a i f i b r o s r f f . 0 n t h e o t h e r l ' a t r d r s i n c e f i s m i n i m a l ' o . - ( K ' E = D ' E - Y ' E

= D.E for  every i r reducib le  componon'b E of  the 'e-xcept ional  f ibres of  f '  Then

a etandard. argument (see fZJ , PfgPaS.Z.) 
shows that D(o. t:cal l ing tbat '  D>.ro,

we 6e1 D * or anC in pa"rt icular, Ctfyf+':* Oi/X-\. This implies that C{ is in-

ver.bible ahd, isomorphic to o*(-Y), a.nd. ''t,hat ff(alx) = a-Jn" nv Le-J x has only

rat ionel l  d .ouble points  as s inguler i t ies.  Tnerefo lo q a o lead 's  fo  caso a) '

Now assuno Q * 1. ! ' i rst we shon that 1 j 's ruled"'

pfgi*, Assurning that fl iu not ruled., then dX.^).Q f or every i-ntegral cur-

ve Z oni s,-rch that z2) o and pa(n)>/\. " 
'

I:g$-Sl*![g.--gl"l't. ,We sba11 proceed by''1nd'uction on the nrenber n of qua-

d.ratic transformations in orrler to reach T from its (unique) ninimal rnod.el

( see  fBJ ) .  I f  n  -  o r  i . e .  r t ' i  i s  i t se l . f  t he  m in ima l  mode l ,  t hen  the  c lass i f i -

cet ion of  sur faces ( toc"  c i t '  )  shows tb 'a t  ( i " "77ao for  eygry"ourve z  on '  x '

Thus we can assr. i lne n> o, and- let E be an excepttonal culve clf the f irst kind

orr f ; .  le t  f  ,X._-- - - - ' - -X be tne morphisn contract ing E to  a smooth pc int  x€f ,

and -  se t  Z '  =  O(Z ) .  We  have  2 ,2  =  ZZ  *  *? ,  where  m) ro  i s  t he  rau . l i i p l i c i t y  o f
) 2

t l r *  p o j . n t  r  o n  Z '  ( t  *  o  i f  r f  S " n n ( f , ' ) ) .  T h e r e r f o r e  Z r ' 7 7 2 " )  o ,  M o r e o v e t ,



:1;

pa(z')>.ou(z))tt .  ssing the ind.uctive hypothesis we infer t l at '  a\.8'7o, But
o(ot.r '  = 6x(* i) .  dx(r ' ;  -  u-(" t) .2 * me\a:r) .n = 6*(arr) .r .  rh*"ufor"
6'x(ak).2).o. since wX = 6*(c,Ji)8or(n)r we have ctrg., - it<r"* ).2 * E.z >
) ;E,Z) ,o,  the last  inequal i ty  coming f ron the fact  that  E and Z are d i f ferent

integral ourve6. The clain is proved..

Returnj.ng to the proof of theoren l and using tbe clain ( in tne assr:rnption

tbat i  ls not rulod')r one gets &.I1.Y/o. Then the genus formula yleld.s the

d.esired. c ontrad.rct ion:

1 - n"(T) - t /Z. ' tz + t /2.6i, ,  + r 7z t /z.tz + t)1.
This proves that X is luled_ if  q = f. Now we can apply oorol lary Z.( ,  of

IC f  i s  equ iva len t  to  a  sec t ion  o ffl,S U ord.er to ded.uco that the inclusion

a geonetr ica l ly  ru led.  sur face p:p(g)-9-y .

Tbe point is to show that the inclusion Yci actually coincid.es to a' s€c-

t ion of a geometrical ly ruled surface f = p(e)--->-T. But this ie.standard. as

fol lowing. J,et gt i----*T be the rul l ing morphism of i" We have to check that

al l  the f ibres of ' i i  are irred.ucible, knowing thal y.F = 1fOi",r"q general f . ihre

I '  of g. Since ?' iu tu" uinimal, deolngu.lariaation of X, there are no exceptio-

nal curves of the first kind. not moet,ing y. Consid.er a comrnutative d.iagram

( r )

rhene 6 is a birational morphisn (such a diagrara always exists because the

nir i imal mod.els of sufaces birationally equtvalent to p1>< y are the geometri-

cal1y ruled surfacos g':p(E)--------- y over r). $ino.o T ls a section of gr 6"(y)

is also a section of Bt , and in part icular, 6 (I) 1s snooth. te.t ui be the rna-

xinal nunber of i.rredu.cible eonponents of fibres of g, and. lot F be a fj,bre

of  g  hav ing exact ly  m components.  dn easy ind.uct ion on m'shows that  i f  m)1,

there is an exceptional 'curve Er of the f irst kind contained. in tr '  such that

Ef f l t  =  / .  In  th ls  vdvt  the assuropt ion that  n>1 contradic ts  the n in imal i ty  o f  .

the d.es ingular izat ion f l i  -  X.  Iherofore t r  =  1r  or .e lss f ;  is  geonetr ica l ly

ruled. over T and. the incl"usion YCi is a section of g,f=***1'.

Wr i te  i  -  p( f ) ,  wi th  E a nolmal ized.  vector .bund, le  of  rank Z over  y  (see

fZ1J, pagCI l?l).  Sot e * -aeg(n), arf i .  let C . lea' l tue mlnirnaf sectj .on or r(n).
2 o

Then C- = -e utd Op(n)( to)  = Or i r ; ( t ) .  Assune that  the vector  bund. le  E is  in-

d.ecomposable.  Then by 1oc.  c i t . ,  Theorem 2. l t ; r ( ,page ,3??)  and proposi t ions

f 6 ' p

\ , /
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Z,Zo and Z.ZL (p*B*t '3Be) i t  is ea$y to decluee, tf iat e\rery lntegral curve ott f

has non-negative self- intersection, contra'd' ict ing the fact tbat ? carries at

Least  an in tegra l  curve wi th  negat ive seLf- in tersect ion.  consequent ly  E is  ce-

eomposable,  i .eo d -  Or6pL,  n i th  -e -  d-og( f ) (  o .  dgain i f  e  = o every ln teg: .a l

curve o '  f  h*u non-negat i l ,e  se l f - i r i tersect ion.  Therefore e> o.  Then Co" is  the

only oi:rve on fr wj.tb negative self- intersectiQnl and oonsequently X is obtai-

ned. f,rom fr fV contractinS Co to a poi-nt. $ince C can also be regard.ed- as the

zero sect lon of  tbe l ine bundle V( l - l )  and-  a"g1l :1)  = e)  o ,  l tg- l f f  f  I  sno ' "s

tha t  X  i s  i somorph ic  to  P ro j (S [z ] ) ,  where  t  - rpogo(Xre* )  (w i th  tbe 'na tu ra l

grad,ation), z is a, variable over S, and if  s€ $ is a honiogeneouo elementr then

- m
4eg(szm) = d.eg, (s)  + n.  In  other  rords,  X is  tbe pro ject ive cone of  tbe polar i :

zed, cr : rve (yr t -1) .  Mor"overr  r  ry c

be viewed as the inf ini te ssct ion

z ,  * ,  o ) .  Q .  E .  D .  , ,

n,SatE*. l. One,. could. also prcve tha ruledness of T and' tUe fact that the

inelusion TCX is equivalent to a section of a geonetrical} iy'rr.r l f td s'.urf4oer

us lng the sane k ind of  argumenis as tn  f t7 i ,  Froposi t ion 1.11.

?"  Let  ( l r f , )  be a polar ized.  var ib ty ,  wi th  Y a normal  pro je- t lve.var ie ty  of

d. imension ) .  l ,  and le t  X *  C(yr l )  ne the cone of  (Xr t , ) .  Ernbed'Yl , in  X aa the ' ; ' "

inf inite sectiol,  so that Y becomes an anple Cartler divisor on X. Then:
't

i )  H - ( 0 - )  -  o .
^ l  1

i i )  I f  B ' ( Y ' L )  =  o  t h e n  n - ( o * ( Y ) )  -  o .

i i i )  " I f  t i i (y rLt )  =  o for  ever ,y  n)7r  a 'nd '  i  -  I r21 ani ,  Ez(r r )  =  or  then

n2(o*) *

She

ing ihen

xl(o*) -

3. In botb c&ses of fheoren 1 the surface

ple. The surfaces nitb. these propert ies have

(J.

proofs of. these statenents are stand"ard and. left to

to the e l l ip t ic  cone X ( i f  t  is  an e l l ip t ic  curve)n

o for t  -  1r  z errd ul to*(r))  = o.

+ eFr and therefore the inclusion TCX can
o
of, Froj(S[ri ,)^ (correspond.ing to the equation

the reader. epply*
'one 

gets that

- t
X is Gorensteln and. CtJ*- is a0-

been studied. and claseified. ln

'Egli ' ft i4f ,naP"t{. fhe nain roeults about thenr can be su.nrnarized. as follows:.... i;.i

.ry-j. . (Ls7, ftt\, E4) .I{Arg-":-@ieetily?. surracgr*
_ .'l

wi tb  ( l i - *  ^ *p le  and i f  rse  pu t  d .  =  1 'J . , "AJ , . ,  then:  - , i '
5 . F : . - @ , k j | j ( : _ - : f r i j : 1 a l i

a)  rbe ant i -canonica l  ] inear  system lCt . : - l t l  conta ins a srnooth e1l ip t ic , , , , i ; '

oqrYe_J.
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.  |  - 1  r  a .  - ]
b) I f  T€ lA/X-l  is as above and 6,€ H-(X,.(r} . . . -)  i  ,

t-he,+ t!gr3--Lg-g*gqfgi.-$e 6 oo(r,Hl*-) =
O.t ^ _.$ fu=O I rA

= S/s S, Ihg]g s - @ ,no(X,*;t) ie- t_LL anti:gagollcal rins -o.{ X. In pjr{Liculge
t 

'ffL=O A

0J;' lg-ver.y . a"mple _if-{Z}.A

c ;  n in*uo(x rd i t )  = r i l .d rn (n+I )  *  I  Mpgt - i cu ta r .  i f

the anli-cgggai.g*L-linear g.y:tem-glJgeld.s an_embed.d.ing of x in pd arg

a subvariqly gfl d.egree d.

d') (glassi{ ig?Lign).If  4 i .s an el l ipt ic coner-sl l  posit ive vatues af .d. are

gggrhlgr_Jl l_f_g_&gl3n_e]l ipt ic cono (i ,e. i f  the minimal d.esi ar izat ton

of x has irlgsu:1al:i: ly qe_lg), then _1-( 4(9" tf d = Q, x is isouorphic to the
quad.r ic  cone of  P i .  J f  1(  d(?r_ l l rere ex is ts  a set  g .of oints or p? in aI-

contracting al l  the -Z-cr:rves

most  genera l  pos i t ion (but  not neral_pos1_tion) suoh t,hat X is obtained. b

tbe suiface V(S) obtqj.4ed. fron p2 U:r blowl

up the poinls of So

* ,Beca l l  t ba t  a  subse t  u  -  { t r r . . . rPJ  ( r - (B )  o f  po in t s  o f  p2  i $ . sa ld .  t o  be

in general posit ion i f  no three ofi '  then are on,a 1ine, no six of them ar,si,rorl

a,aoni"a., and if*;.n,.= Br there is no cubic passing through al l  points an4 having

a singulaxlty' in one of then. Tlen one can prove that S ls a set of polnts in

generai posit ion l f f  tbe anti-canonical class of tbe suxface V(S) is ssr,ple (see

Eil).  Sar,.the case of+:points in alnost general posit ion, inf inltely aear points
2

of P- are al lowed. in S (see loc. cit .  for tbe precise d.efinlt ion). Anyhow, tho

points of S are in almost general posit ion i f f  the oanonical,, .class f of V(S)

has tbe property" tbat K2) o and. K.C<o for every integral curve on V(S). More-

overr there are only f initely nany curvee C with K.C - or and al l  of these are

snooth rat loual  curves r i th  se l f - in tersect ion -Z ( loc.  c i t .  ) .

Therefore we see that - a posteriori  - there ls no d.i f ference bet'*een the

class of normal (si-ngular)..Gore::,stein projective surfaces with ample anti.-c.ano-

nical class and'the class of norrnaL (singular) projective surfaces support ing

ell ipt ic curves as a"nple Cartier di.visors. Eowever, Theorem l cannot be dtrect-

ly d"ed.uoed fron. thooren C,.beoause -a priori  - we d.o not know that such a $ur-

face X. !s  Gorenste in or  that  ; t ,he 'e l l ip t ic  curve Y belongs necessar i l ; -  to  the

antl-canonical l inear system.

Via part c) of .{heorem C, we also see tbat i f  d. - l2}r3. then Y ls a very

anple Cartier d.ivl l ior on X, giving rise to an embed.ding of X in Pd 
"u 

a surfa-

se of d.egree d.. TheFefore, i f  d>/3, the cl"assif ication of theeo surfaceE also



-g3{*L*gjogmiri _plg-i9ct"ive . sgl-f ace co{tai
2 .  -  /  \

surne that Y*)- 4g+5" Then (rrp- tg ,isoqorpbismf -gne bgs gg? € t-he f-ollowing .twg-:

p o s s i b i l i t i g s s '

a) X iS -a seoBgtlicall.Uiulgd" g-r.rfac.g p:P(:U)-------:+t

talnecl in X qs,, a_seqtjLcrl_gl_g;

b)  I  is  tE-  pro iec: t ive eqlng C(YrNX'X)

comes rrom f:r], Theorem 8.

IFe-ore- ur _? (c harlkLl q).

l: !-

Let Y be a smooth proiective curve of ,

over Y and. Y is con*

and Y is enbed.d.ed. in X as the iafinite

a suo,oth member of t.he li,nebr syptem
2

I '"  - 4g+4,. fhis shors that theoren 2 is sharp

kq (tno tey poiat i .n t i ie proof ) is so.

proved. l

secjF i on. _

I:S. Locord.ing to the proof of $heoren I, Iot f,lT--+X be the nininal

desingularization of X. He bave (tZ)X 714g+5 by hypotheeis. Since ? f" snooth

we can use Tbeoren {.f  of faA] in ord.er to d"ed.uce that X is-a ruled. surface

and the embed.d.lrg YCX fs equivalent 1io a sectlon of a geonetrical ly luled. sur-

face prf(n)-->f. Using the fact ihat f; f-------->X is mininal one ghows (e-

xac t l ' y  as  i n  t he  p roo f  o f  Theoreu  1 )  tUa t  X  f s  i t se l f  geono t r i ca l l y  ru led i  i . e .

? = p(g), wi.th E a vector bundle df rank 2 or-er,,r$, and. Y ls embed.d,ed- in ?' i 'ag,"

ses ib, , io* 'o f  p , : , ,$ f l 'Tr  = X ( i .e .  i f  X is  smooth)  we get  d l rect ly  s l tuat ion a) .  I f

not, T carl i ies at least in lrred'ucible and red.u"ul.",rt .r" witb negative self- inter-

sectio:. and. not meetlng T. [ben, exactly as in the proof of Theorem 1, one 
*ian

essune'r,$hat E is nec€ssari ly of tbe forn E - 0r@L, with aeg(i,) - -e{o. From

thi .s  po int  one easl ly  gets  that  we are ln  s ' i . tuat ion b) .  Q.E. t .

1 1
e,g$" tet X be P-X P and. T

I  . r

l 0 (2 ,9+1 )1 .  Then  Y  has  genus  g  and

and. this ie because Tl 'eoren {.1 of

[ 2 . Norm ql 3-:t91{q- gbgg g..-hf,geJplllBe. s e c t-Loj:s- aqe ge ope,tz' i c.4 I f

ruLed sr.lrfaces

r" [: l  
ana [ ] the followins result

frcqry-m D*_(Q_bglEI_:__g). let-Abg a smotL_ploiectivg_curve and. E a vest€

bund"le over B of rank r22. Denote bv f  the oro. ject ive bundle P(E).  and" assume

thqi Lhe ymooth. p{g' je.ct iv.g (r+1)-d:irBggqign?l vq.:: iety.X qontains_T as an.?pple

d. iv isor ,  Tben:

1"S

. 1
a) lg X f f-x P,:', thele exlsig an_gxagt sequq4c.e_q{_v.ectqr_b.und.lgs -over 3



o-------20;--------> V -3----n' = EEL ---2. or
.D

witb F apgle and tEPic(3). such that .x, ig_isonorphic_tLgP(r) ,anL,I,33$l)_lg

embedd"sd, in X vla s_qrjggtion-.E-.
'l "l

t) If Y_ = ptx.P*.._oqe*ha! or,re of thejlgl]llw.lg$._poggl!:Llities:
)

i) X Ll- isonorptic to Pr ?nd Y.is a qua$.rtc in I: ;
A

ii) X is iliomqll.bij !o illyperqlqlla},e .of..D1,ew1 Ijtn a hyJlgqt_1_ang_sectio.q;
. ' l

ili) Tberg ts an ilry!-se.qlre-nge_gf vecio;l b-un{}es- over Pl olj[\e forlL

o - - * 0 p 1  * F  *  0 ( a ) O o ( l ) @ o ( " )  f  , n ' =  o ( s ) O o ( u ) - - - - > o ,

vr i t -h a>o, b'}o,  elo and g>o (Sq.t isf{ ing the equat ien a+b+e - 2.sL sBg.h tbat

X  i s  i s o m o r p h i c _ } o  P ( F )  a p d  Y ' ;  P ( E ' )  i s  .

Tbe aim of this sect lon is to d.etermine also the normal singular project ive

(r+1)-dimensional var iet ies X support lng Y = p(n) as an ampl;  Cart ier dirr isor,
1

rhere E is a vector bund.Le of rank r72 over P*. As in tbe proof of Theoren D,

the really diff ieult ease i.s tbe one where Y:'$s a surfaee. He bave to treat se-

parateiy t ire case Y - P124 Pl.

tr ' l rst of al l ' : let us recall  the fol lowing general ard. usofuJ:" ' leunra (s"e pfl ,

E4Gl , larrumn- l.Z):

lemn? 1" Let L be I normal" ect ive  var ie ty  and.  Y  an  ample  Car t ie r  d lv i -

sor  on X.  S.ssruc t4at  Y is  gggoth anLof  d. {menslon )2*  Let , fL* .neg(X)  be t4g

snooth  Locus  o f  X ,  and F_a cohjre+t 0--module such the.t F/U,is_Jocally tr jee
n - -

and. d.epth (tr' )) a ror-  x '  x "
everf, x€X-U-r -l, i '  u?(trr@*tT*) s o for" eve.ly p-,a-o.1 and,

qZg. - , the lgP(X, r )  =  o  foT p  * .g r lo

Now one oan state:

qrreore-m 3 (cnar(x) * oI. Let_ { be * ngrqeli-rq,iggLlye -}-fold u!14_gl.ggglk

ritie;p,-'o-nqLq*niab vs p1><pl q.s ttt
- - +

to, the_pr?iggtlve Lgne t,(t, Orr*) and- the inclusion YCX is the inf lnl te sect ion.

Plo-ot, Set N" x 
- O(arb), with alo and b)o. Consid.er f irst the eaee where

r r A

& o L or b o 1. Then, usi .ng the expl ic i t  computat ion of the cohonology of

1 1  
' r

lp 'X  po  togetner  w i th  lemma 1 ,  we d .e< iuoe tha t  H- (XrO*(nY) )  *  o  fo r  every  n€Z- .

Therefore, for etaory n>'o we get tbe exact sequence: .  : . : r : .

uo ( o* ( (rn-r ) : ) )-5--e- no ( o* (nt ) ) ----------*tto ( 0 ( ma, nu ) ) 30.,::,,
Thus we bave a natwal isoanorphisn of graced. k-algebras s/Gs - 6 Eo(0.(R;rmb)),

@ ^ 
Jt.LeO

rbere S = 6 Uo(O*(mf)) 
"td 6€ Stlo a global equatlon of Y. $ince the graded.

- .  YYI=O



4 o
4ry

k-alsebra (O Un(O(marnb)) f" Coben*Macaulay,,and generated by l ts hornogenoona
1"4: o

part of d.egree one, ue infer tha.t s is cohen-Macaulay and generated. by sr. In

part ioular, we get that T is very auiple and. X * Proi(S) is locally Cohen-Macau-

lay. ts1 xc--+pN * l t l  be the closed. innmorsion given by lY,} and II a'hyperplane

in pN such theit XnE = y., l ,et Er be anotber h.lrperplane not passing througli  the

s ingul .ar i t los of  X (which are f in i te ly  mar,y)  and.  such ' that  C -  Xnl {ng '  =  Tn[ '

i s  a  s m o o t b c u r v o .  $ i n c e  y *  P 1 2 < P l  a n d "  a o  I  o r  b  * l y  C  l s  r a t i o n a l . , L e t ' ' n  .

tben x e X 
'be a singular point oI' X and. S'r the hyperpiane passing tbrough B nH'

and.  the point  x  (note that  s inc*  * fU ' ,  t# f lnH' ) ,  anc l  d .onote by S the sur fase :

Xflg,r. Since X is Cohen-l{ncau1ay, $ is also Cohen-lgiacaulay. Moreo"er, S supports

tbe snootir 
"*.r*t%s 

an arople Cartier divisor, and henoe the sinaularities of

S are isolated,. Thie prows that S is nornal, having a sl46u1arlty ln x. Sinee

S ccntains the snooth rational curve C-&s &n,anpli j  eart ier d' ivisort re can ap-

ply theoren A to d.ed.uce tbat $ is the cone oveT C in PN. Now, varying tbe

smooth cu lve C in  the l inear  systenr  |  * r r * l  =  l * ( . rb) | ,  we in fer  tbat  for .  e ' rery
N

point X€y tbe l ine in p" passing"thro,,rgh r s,nd y i .s containeC in X. fhie""

sttbt{tr rt,hat &,,$s"'the cono over Y in P'', and conc}udes the proof of Th'eoren 3 in

C & $ o & s J . o f b * 1 .

Aesume now a)rz and. b>2. If . .moreovet a y' b, then part b) of Theoren ] in

f |Je, f r ins tbat  X is  isonorpbic  to  C(Yr*r r* ) .  The ext ra-bypothesis  r ra  /  6r r

lyasr nscessery- in that tbeorem ouly to ded.t 'ce tbat the restr ict ion napA(:Pio(U)

- -+- f i .c ( f )  ie  an isomorph. ismu rbere U *  neS(X) .  Therefora i t  w i l l 'be suf f i -

cient to prove that oC is an isonorphlsm own in case a - b7. '2.

Assume the contrary, i .e. a = b/.? and. d., not an isomorphlsm" fhen accor-

ding to the proof of Theoron J Lt:r-f4j, cL is injectir.ro and. Coker(o) i* tor-

s ion - f ree .  S ince  f i c ( f )  -ZxV ,  P i c (u )  *  ZL ,  w i th  L  a .np le  on  U"  l f r i t e  L8t̂ tY=

* g(srt), and since Colcer(oC) Uad no torsion, s and t are relatively prine po- ?

s j"tLve integers. I fr i te O"(f )/u = Lr and Oix/u = td. fhen the ad. junction for-

n u l a y i e l d . s  s ( d . + r )  -  t ( d a r )  = - 2 ,  a n d .  t h u s  s -  t ' e  L  a n d . r e  € L  o b ) ? ,  T h e r e -  .

fore wo 6et the exaot sequenpQ

o------+*Ln-' 6 
.X,q ---r- 0(n rn) --> or

wi-th m7-., o and 6 "a global oquation of Y. Applying lenme I to tbe eheaf F o

.  ; - [ l \  ,  D '
= j. ,o(l-),  where i i luc----)-X is the cano:rical :"nc1usion, we get that f l ' (X1F) = o

for  p  e o l l  end. 'bVery mVo.  fn  par t icu lar ,  the above oxaet  sequonce y ie lds

for every w2.o t ire.rexact sequencer



.J f
(r) o.-->no(u,rt-t) 6 us"1u,r.t;--------no1o1,o,r) )-----,>o,

Denote by $ tho grad"ed. k-algebra O@=.,ro(urL*) = 
F="to(",ix(tt)). Then

6€ s, ana (r) shows that s/c u * 
,F"oo(o(ra,m); ' ;  

i .porrr,ru,rr l / (ror1-Taf3),

where kporfrrfrrTl is,the pol"ynornial k-algebra in four variables (grad.ed. in

the usual ray).-rr 'n"" *(]) - ff i="ao{*,i*(r,"") ) * 
ff i=rro(x,o*(rnr)) and. y is ample

(  t ' r  
| 7

o n  X ,  w e  h a v e  ;  -  F r o j ( g t ' l )  =  f r o ; ( S ) .

l{ow, using the olementary argurnents fron the proof of Theorem J. 6 tn ES]

one d.ed.uces that  s  "  t f rorT ln fzr r r , ro l / (e( f  
o , . .  .  ,To)  ) ,  wbere a"g(T4)  = r ,

tO nod(q)  = 6 and Q(TorTl r fzrn3ro)  = Tot l  -  TzTj .  rn  o ther  word.s ,  x  -  r ro j (s)

i s  the  hyperquad" r io  Q =  o  in  the  r *e lgh ted  pro jec t i ve  spaee p( l r111r1r r ) , ' *

-  Pro i l rc f lor r r r r r r t r r r f  ) .  I f  r7 .3  then necossar i ry  e( rc , . . . rnO) = t tTz -  T 'TOr

and.  bence X is  the pro ject ive cone C(f rnr r* ) .  Therefore tbe caae r lJ  impl ies

that the nap d" is an isomorphism (since X is a cone over T), contrary to tbe

byno thes i s  tha t  f i . c (U)  *ZL .

If r - 2 we have two possibi l i t ies: eithe:n;rTO does not ocour in Q (and. one

gets the same oontradict ion as in case r>J), or TO does cccur, and t,hen Q *

=  
" t4  

*  T lTe  -  n j *4  (w i th  a€k - [oh ,  I n  t he  l a t t e r  caso  $  =  t  Fo r . . " r f t / ( q )  e

g  kd  , . . . r r J .  Consequen t l y ,  X  i s  i sono rph ic  to  p3 r :&  con t rad i c t i on  because
5 "

X was supposed. to harre singularit ies. This shows that Lf a)?r. b/?; ' :h.be map

o( is always bi jective, and -vla tbe proof of Theorem J, b) tn t4] - Theorern 3

is  complete ly  prorred.  Q.E.D.

[e.rqa:@. 1. Let Y be a smooth h;persr:rfaco in Pm (^>2il  of degr.ee r?2,

and. lef.X be a nornal projective variety support ing Y as an ample Cartier d.ivi-

so r .  $ inoe  p fc ( t )  =ZO, ( I ) ,  
" r r *  

=  Or (s )  f o r  sone  s70 .  f f  s ) r  t hen  t l r eo ren

4 ot |4 |shows that  X is  necessar i ly  the cone C(Vror(e, ) ) .  I f  j .nstead.  I  a  r ,  the

arg'un:erits of the proof of Theoren J (concerning the case a * b o t - 2) can be

used.  to  prove that  X is  e i ther  Fn o"  C( f  ,Or . ( r ) ) .

2, fheorom J could. also be proned. in 
" i"u 

& = I or b * 1 by observing that
1\T

( i f  e. g; & = f )tne subvar. iety X of P^' (embed"d.od. via the complete l inear. system
. :  .  N

{ t l l  sat is f ies tbe l in i t ing cond. i t ion aeS(X)  = cod. i rn(XrP")  + 1,  and us ing a

well-knorn'and classical result classifying the non-d.egenerate subvarieties of-
\T

P^' satisfylng the above equali ty. ,1i

Now coasider  tho caso Y -  F"  = n(0r . r@0na(-" ) ) ,  wi th 'e77J .  Donote by,  , l ' .

p:Y----------r.p1 the canonlcal projectionn and let X be a normal (eingular)'pq.o,-



. . .

joetivet 3-fo1d. colatainln& Y as an ample cart len dlvisor. Flrst we prove a key

lemma:

Lenroa a (ctqr-G)- :1. I{L tlre. aHqe ngla-!}o4s 3lt@I9-r991-rig.-

ti?n ggp cL; Pic (u)->-ric (r) j - s  an  ieomorph ismu where  U -  neg(X) .

RgS. Exactly as in the proof of f l ieorem ], l f  oC would not be bi jectlve

then  p i c (u1  *  ZL ,  w i th  tGp ic (U)  a ,np le ,  Deno to  b r  0 r (1 )  t ue  tau to log i ca l  i n *

vert ible sheaf of Y = F* relative to p, and. by O(f) tne tautologieal sheaf of
1

p t .  Then  0 * ( l )  ana  p i c ( l )  f o rm a  base  fo r  r i c (T ) ,  and  hence  we  canqr i t e
L

LSoy c,Oy(b)epu'o(" )  fcr  some (unic lue ly  d.etern ined)  in tegers a and b,  S inee

L&0-  i s  amp le  on  F^  one  has  a lbe )  o  (eeep1 ]o  page  J$o ,  Coro l l a ry  2 .18 ) ,
I e

*"* tJo p ic(u)  we can a lso wr i te  o (v \ /nq f  ana AJ- /U.Y Ld.Sinee I ,  genorates F ic(U)  we can a lso wr i te  o* t r / /u 'a  l . . r  
*

tbe adjunction forroula yield's b(, inr) - *2 and. a(d+t) 
'* 

-2-e. I t  elzT, then

we easily 5;et a oontradict ion frorn these equations, and. tberefore lenna 2 is

proved.  in  th is  caseo

The cage e = 1 ls more subtle. tr 'r 'oru now,otl (t i l l  tbe enrl of the proof of

leuimaz) w,e shall  ,asbune Y * Fl. Since a and. b are relatively prine integers

(recaIl t t lat Coke,r(ct) hae no torsion)1 tbe above equatlons yietd'a - 3 and.
't

b * el  i .€"  l , ,3sy x oy(2)@p"0(3) -  a- i - .  oxact ly as , in tbe proor or rueorem J

one t leduces (using lerama 1) that the fol t rowir:g $equence is exact:  , - . .

o -.---*Ho(urLt-" ) --q_-,.uo(urr^)*Ro(rn <^r]t) ; 'o (n7vo).

fherefere, i f  we d.enote by $ the graded. k-algebra 6HolUrtt; ,  we hat-e

6€ c-  and"  s f is  *  @i ln(yr* ; ) .  fhe le i i , ter  r ing r*  u5J"" ted.  by i ts  i romoge-
r

neous part of degree one and. l*;t  I  vielas an embedd,ing of Y in P8 
"" 

a subva-

.r iety of degree B. Ivioreover, u,*ing p{, Thoorem B anri i ts Corol lary, we lnfer i , i ,

that  t  is  g iven in  pB by n hyperquadr ic*  f r r . . . t f r r ;  or  e lge
e<>

{ 1 7 '
7h= c)

i l o (y , r+* )  s  kFu, , . . ,BB] / ( f r r .  " .  r f r r ) .
ef,. Let F

J
Now we proceed again as in tbe proof of ' fheorom 3.6 of ILB ! d , ,  a

i
nd. (for

then

e(r^)  *
, Y

1 / i n
9J l  

te ' i  I

-  T ,  m o d . ( t r r . . . r f " ) .  s i n c e  s / g s -  x F o r . . . r f J / ( f 1 r . . . n t r )  n o  c a n  f i

ov6ry  i .=  o r1r " . . rB)  Eone , l r€$ ,  such tha t  
) i  

*oa15s)  -  
t i .  

I {e  uan

genstruct n hyp,erquad.rics F1r. . " ,Fr, ,from n[n"r. . . rfgrfrl uu"i, that d.e

*  r ,  F . ( T o r " . . r r g r o )  *  f . ( f o r . . . r T 6 )  ( i  *  l e , , . r n )  a n f  $  o  k F o r . . . r T

. . .  r l t r r ) .  
.

T t  r )>3  then  the  l ra l i ab le  f ,  canno t  occu r  i n  Fa ,  i . e .  
, t r ( t o rn . .  

rT r )  - . . i

.  f  .  (To r . . .  r f g )n ' i  =  11 . . . e r ! ,  Th i s  sh .ows  tba t  X  *  C ( t r& { " ) ,  con t rac l i c t i 46 , : ,



the aserrinption that oC is not an isomorphism.

If r - 2 and" T, does not ocour tn antr F*r ono gets in tbo sane way a eon-

tra.d.ict ion. If  r - 2 but fU does occur in at least one F., then T, occurs pre-

c ise ly  in  one.F.  (eay in  Fr) r  prov ided that  the systern of  generators ( f l r . ,u f r r )

te.. supposed. to bo miniroal" In other words wo have:

F r ( T o r . . .  r T r )  =  a f ,  +  f r ( T o r . . .  r T g )  ,  w i t h  a  € k - [ o ] ,  a n d '  
:

F . ( T o n . . . r T 9 )  =  f l ( f o r . . . r * B )  f o r  i  ^  Z e " o o 7 r ! 1

fhen we get

g  *  u / - r  r .  - n 1 / ( n
L - o , -  " o I L g J t  \ r l r . . . r F o )  a  t F o r . . . r T B y ( F r r . . . r F r r )  -

-  k F o ,  . . ,  $ ; / ( f 2 t " . "  r f r . ) .

T h e r e f o r e  x  *  p r o j ( s )  *  r r o j ( k F o , . . . r [ ' " ] / ( f a r . . . r r r ) j g  u u .  B h e n  t b e  i n *

tersection of tbe hypersurfece, f,  - o with X is (transversal and. equals) I.

Therefore d.eg(X) - I /Z.d.eg(T) - 4. But X ls a non-degenerate subvarlety of p8

of diraension J and d.egree d1 whicb contradicts tbe well-known lnequali ty

d e s ( x ) )  e o d i m ( x , P B )  +  1 "

The last" ,case to  consider  is  tbe one where x , r  1"  S ince S/65 *  6Bo(A. I f ) ,
l.n=o

the latter algebra is generated by ite honogelneous part of degree one and. th,e

d.egree of O is 1, t  
" 'oX(T) 

1s very a.mple and yielcls an enbedd"ing of x in P9 .,! : , .

as a subvariety of "d.egree 8. 'Horeover, OJ:I i  L2, i .e. X ls a eingular Fano- i t

J-fold, of index 2 in tbe terminology of Iakorrskih [5J. I f  X would be snoath then

Iskovekih proved.'rthat suoh a J-fold. cannot exiet (see loc. cit .r page So{). We

g[a].1 nimic the proof of Iskonskih in.,ord-er to sbow that guch a sf,4gul.ar J-f'old.

also cannot exiet. The nethod. (classical ly cal led the sweepLng metbod) consists

in the fol lowing. Lel f i  be a hyperplane of P9 euch tbat Xf)Ho * Y and E, ano-

ther byporplane such tbat XilHl * Ft and. tb.e curve 6 - XnEonB, is smooth, Shen

C j.s necessarl ly e11iptic. Considen*.tbe pencil  (g),) of hyperplanee eontaining
I

Eoflf iL, I{e get a lat iona} nap X-

the currre C. Let P be the divisor on X nhich is the cloeure of tho oubvariety

of X srrept out by the lines E1 of X n B.\ 5 Ft (nO is the only one curve of X flSra

wi th negadiys se l f - in teree*t lpr l ) .  t r 'or  ur r*"y  ) ,  we barre (C.E )XnE; \  -  (C.no) ,  *

y.E o 1 (n is the..Hnique cqrsa of I  with negati-ve self- intersectlon). He get
o ' o

that p ls a ruled qurface, whlch cannot contain"the curve C because C j.s el l ip-

t ic  and,  (C.n^)  - . ' t ;  Th is  eas i ly  i rnp l ies that  P/ '1Y = E ' rand.  therefore there is
- o '

a Line bund.ie *Epgq(U)r wlth M - OU(P,/U), sucb that MGlOr- 0T(1)" 3ut since



" ; : . !

: ,
f ic(U) wa.s supposell  to be genorated bi i  Lr we

cause M cannot be a mult ipte of t  (otherwise

Lemma 2 in  conplote ly  proved. .  Q.S"D.

Renark. Ehe proof of lonma 2 exte*ds tbe

t obviously a oontrad"ict iEn'be-

({) woula be a muLtipre of A"r]{),

arguments ot f57.

ge

n
"Y

glsssss--4'.1**l-ul s -g). &s-!-$bo a norinal  (s iniTular) project ive J-fold

S*Lgig,i*n*L1g--t*{qq.g y _ F", X*3b

i q.-ig93-g*:g*; 6*-t le--git*g 0 ( Y' ]iy. 
x )

anil T is embed.doel i .n X as the inf inito sec-

t ion CI f  c(Y, l { . ,  \
5 ; : : - . := .  " r - r - ' r1 ' r1 / '  i

I " .g€.  I t r l te  * r r*  *  or ( t )ErxO(s) ,  wi tb  s l te)>o (see tbo proof  o f  lemna

A). I f  t  * 1 the proof rorks exactly as tbe proof of fheorem J, c&se a * 1 or

b *  1  (ue ing ' lheoren S) .  Therefore we c&n s,sgune t>2.3y lemna 2 tbere are

t rM€F lc (U)  sucb  tha t  t 8oy  e  p *o ( t )  and  l 680ya  Or (1 ) .  I f  f  i s  a  coheren t

sheaf on U r.Ee ahall denote by Fo the sbeaf i*(f), where izIJC-----2X is the ca-

nonica l  inc lus i .on" ,Tben us ing ]emraa 1 ono can show that  l lp( t 'EO*(nY))  *  o

for every nee and p r oel. this inpl ieg in part icular that tho.,restr iet 'Son

nap go(ur1,) - ,Ho(XrL')-e*us(r ' ;Lpro(f)) (*Uose kernel and cokernel are res-

pect ive ly  no(xr t 'A0x(-y) )  and.  Hr(xr t , '@o*(- r ) ) )  is  an isonorpbi .sm. Fronr  th is

we igfe? that the l lnear system lf l  oo,U,.yi*Ide a rational rnapping qlU--*PI,

and there ls no loss of general i ty in assuming lt  is d.efined. on U (either sin-

ply restr ict irg U to a smaller noighbourhosd cf T ln X, or using the argurnente

of .'the pruof 'of Theorem I inU4J). I{oreoverl'"the ma,p q has the pr-oporties that

q,/\ - p &nd. qro(t) 'g l,.

Consid.er now the coherent O"-mod.u1e p = (] j .gPti(qF(O@O(-*))rM))'  E

a  (u@(ue l? j ) ' ,  whose  res t r i c t i on  to  Y  1g  F ,  =  Eggr (nx (o@o(* * ) ) r0 r (1 ) )  *

*  oy ( t )@(oy ( r )Eneo(e )J "  t *  haw the  exac t  sequenco
1-+' -u 

)@ (m]-t6,l*-*) ) '  ---- ' 'F >-r ' ;->o i6-  >-S =(( ia-  '@L -  
) / i9( I { -  

-GL:  
^

( ind.eecl . ,  s ince N* -  *  O-( t )EplO(u)  a: rd the fact  tbat  o0 ls  b i ject iw,  we have

ox(T)  'g  ut€)r ,u) . ' ; : *  we cta in  that

(a )  a I ( x , c ;  -  o .  i , :

Iaet us a,sslJr[e for the monent (a) prol"od. F$.pm the abroVe exact sequence 1t

fo l l ows  tha t , f he  res t r i c t i on  map  l t on (q^ (o@o(*o ) ) r i r t )  ' f i om(p ; ( cOc( -e ) ) roT (1 ) )

te  sur ject ivs.  S ince p is  tbe pro ject ion af  p( ,S@O(-u)) ,  the d.ef in i t ion of  the

projective bund.lo yields a oanoni.cal sur jectiyp. '  homomorphism

f  6 rorr(px-(ooo(-e )  ) ,or(1)  ) ,



( ' :

By egrjectivity'of tbe above restr ict ion,,map we infer that tbere is a rnap

g,€non(q*(OOo(-e)) , i i r )  such that  Y ' / ' t  
-  y ,  .  $ inco 

7 
ls  surJoct ive,  l ' iakayanats

I
lenna shows tbat we Gan assune that (r '  iu also surjective,Tleen by the d"efini*

1
tion of the p -buni. le p(O@O(-")), there ex,ists a unique morphism E rU*-*-+Y-

s F sucb. th.at d(Or(i)) € i{ ana. i(/X o id. tben the concluslon uf Theorern d
e

ooules from tbe following gorreral lenna:

ISBP.1. Ireg,Jl.e-* -e*oqt-b *-qo.;isgLlP-gariq;!v- of lLl-g14gLB-?--AL &ngJ" t

nornal proiective variety-I-ss4laiqin"g Y*1s .4.4 -a.q Cgllief

: tf,ut the followinel' tr*o condttions- are fralfil]-a4:

f  or  every rn)  o  (automat ica l f fu l f i l led. i f  char

Kod.aira VanishiSg-llg greqr l.
', ii) gh?rq exiets g rtLiinllnapging'iirX-------- Y deflgod. in a lelghbout-

Fo-gL of T ig X..-such.l[.hat Jf/T t i-d.. 
'

i )  s}(v,url*) * o

Then.X ig isomoqplr.g ,t"o. t\e-p}'siggti-Y€ coqe C(Vrtr,. 
")

eec t  i  on .

and. T ls the infinito
#

@.
that UeX and 'i(

reg
Since ff" i  o id, the

Let U be a (Zariski) open ne:"ghbourbood' of Y i t .X,sguh

is d.efined. in u, and. i:Yc--------*x the canonical" inelusion"

coniposit ion of the natural r iaPo

r ic  ( r ) 1(Y
: *

Pic(u)- j -> Pic(r)

is also i .d"ent!ty. hre clain thet 0X(Y)/U g TfvtWrr"). Ind'eed., since botb } ine

bund.les are nappod by i* into NyrX, i t  wil l  be suff icient to know tbat iS is

injeotive. But tbe injectivity oi i* fol lows from i) anA&oJr6xpos6 XI, Sheo-

rem J .  i 2 .

Now, eince X-U is f inite and. X normer.l ,  tolYrO*(inY)) - Eo(XrO*(mT)) for eve-
0 9  ^  *  o ,  n

ry  m ' ) io .  se t  s r  =  
; fH ' (x ro* (nT) )  

and $  =  
P=" ' -  

(x ' l i f r * ) '  cons ider  the

na*rrra}': homonorphism of grad.ed' k-algebras 'it*:$--+- St I so that we get a

hononorphien tr :sftl---=-+- s' by hls *f1+ ana X (t) *6 ' where 6 € 5i is a

global equation of Y, and" T a variable over S (such that the grad'ation of S[fl

i s  g iven  by  aeg(oTm)  -  d . .eg(s )  +  m1 where  e€S is  a  homogeneous e leuren t ) '  The

. .
p 's int '  is to ebt ' 'ctuarfy '1n l$eu 

1 

- '_ 

;"  

- :  

---- t
w i l l  be  su f f i c ien t  to  check  the  sur jec t i v i t y  o t  A ,  beoause SfT l  and S '  a re  ; '

both integral  dornaj.ns of the gane d"i"mensiotx,  Tbe surject iv i ty of I  j 's  a qion-

sequence o f  the  l "somorph ism $ ' /q  S '  d  S .  To  es tab l i sh  the  la t te r  i somorph lsmt

one has just to rook at tbe fol lowing connutat ive d' iagran (*)o)r . , , ; i '



nq6x,  o"(mr)  )  *

" ;  l J

no(uro"(mr)  ) * ' , fro(u, ohT,*)
x

lr-
'lt

Theorem 4 is conpletely proved" Q" I l .  D.

is of the form P(E)--*Pl,  with E a l ,"ector bund. lq*,of

conpletely anal,rgous and" in fact much gas;er to prow;

f;l
t s

no(v ,NT - ) * :r r/y
(from -r*hieh we de,i.uce that the rostr ict ion nap

6  S ' )  i s  s u r j e c t i v e ) .  Q " E " D .

o ,  m
H  ( y r r o * r * )

$r -.----:**$ , (whose keinel ts

Retrgning to the proof of Tbeorern r|,  i t  re'mains to prove (e)" 3ut (a) is

equiva lent  to  the fo l low""ng two equel i t ios:
1

n](x, qsl ' - t6, L*") '  )  -  g1(x, (r .r ]- t6L**"")) o o.

Using lennna 1 those equa. l i t ies fol low fron:

( a '  )  . s l ( v , 0 " ( t - t ( r n + 1 ) ) @ p F 0 ( - a ( n + l ' ) ) )  *  o  a n d
t '

(a " )  l I * ( y ,o * ( r - t ( rn+ l ) )8p "a (e -s (m+1) ) )  =  o  fo r  eve ry  m77o .

In order to prove eeuation (2t ) c.onsid"er the l,eralr spoctral sequence for

tbe morphism p (wi.tb $ = II I+17II) :
i - i  i  1  - i  i ^ {

* ; '  =  H* (P ' ,o ( -ns)B RJpuox( l -n t  )  )  *?  
l * * ' ( t ,0 " ( t -n t )6p*o( - " " )  ) ,

whose ,exaot seo,renee irr low degrees o ----;njr o---*nt ------r;t1 shows that

(a , )  ro r rowe f rcm o l to  *  n f ,n l  *  o .  l {ow we i r . l " ,  , . , . :  . ,  , .

-1r o , ,1 
' r  *

E ; ' -  =  H  ( p * , 0 ( - " " ) 8 0 * o r ( t - n t ) )  -  o  :

since for every n)l and. t l t2 we have l--nt"(o, anrl- hence f^0r(l-nt) * o since

p is  the pro ject isn of  a  P*-bund. le .  - , ; . .

0n the other hand, by the relativo d"uali ty we havo

nlroou( t-nt ) * I lgpro ( o( -* )O r*cr(nt-3 ), ora ) d o(" ) 8(s"t-3 (o o o(-* ) ) f  t
nt-3

Gr 
9 '  o t ( r+ r ) " )  ( i r  n  *  1 r  $ " : -3 (ooo( -s ) )  *  o ) .

fn these forruulao we usad.'bhe faot that *"rr,r = 0r(-2)EB"O(-") and. the

notation S"(E) for the *tO ur**etr ic power of the veotor bundle E. fberefore

we g:et

"o ,1  
*  6 '  Hu(F l ,0 ( -ne+( i+ r )e ) ; .o Z  *  

t = o  
\ L + ' L l w J l '

B u t  - n s  +  ( i + f ) e ( - n s  +  ( n t - ? ) e  =  - n ( m - t * )  - 2 e  ( o  f o r  e v a r . y  o - . ( i (

-{ nt-3. 
.Therefore 

s;o} = o.

; '  ' ' ' r ' ,  ,  JlI .  a conpletely oimilar way one proceed"s for (et ') uping the inequall t ieg

, *ns4 .ea , ( i+1 )e ( - r , "u (n t -Z )eae  -  -n (s - te )  -  e  (o  fo r  o ( i (  n t -3 .  +

The case

rank 
')) 

ovor

where Y

Pl is



The resul t  is3

1

rheo:egr 5.. lr T -jln)r wiib-Ei yestrqr, !"qg.d,le gf*I3*923 qvqq g.l.r *tt
an a ,&p le  Car t ie r  d iv l -sor  on  the  normal  (s ingu la r )  p ro jec t i ve  var ie ty  X ,  then

X is*-igs+qr*,1lc_ I.o theffi C(Y,I{., .) tryl-X j"-utobed"ded irr X as the
I 9 r !

lgf Lqita ,tgpt !sq*

Theoren. p also r,3gards the situation whon Y is a pr-Sundle (r>.I) over a

Gurve of pooitive 6enus arul X is suroo'bh. As far as the case where Y is it Pr-

bundle over such a curve and. X has singularit ies is ccncerned., we bave,the fol-

louing part ial anirwers

Theorem 6 '(cirar(k) 
:_o-)_. !qLF__Lq a ggggl!_pryJeqtiw cu{'/e. g{g_enqg .671,

g-.* vqptqf- gBl:qle-o.i tI-,_P-',9"9 p:Y = P(E) _1B l-43 canonic+].

variet. 'r  X cautain.s Y as an a{uple Caqt1q1dj-Yi-1q;1r*-Ell1!g N,, * a 0*/-\(t)8p"(i ,)t

sith t) o anct te pic(3), arrrd asnurntt !)'?. 'lh.qn X 1s-Jq-qn9ry-hlg.,!o-L!g--p-fqjgq-*

t i , v e  c o n e  C ( Y ' N - , . . )  a n d .  Y : . s  t h e  i n f i n i t e  s e c t i o n  o f  L  l n  e * n ; y  o f  t h e  f o l l o i r l l g; - ; ; * - : - - : -  -  \ - , -YrX,

t w o  c a s e s :

") lZf,-'*g
b ) r * 2 4 @ .

t - - -

Igg-€. If U - Reg(X) tUe Lefechet z theorsn and the i.lbanese Eapping (see

kJ, rboorem l) yierd 
" 

;:_"*; 

diasram

\ /
\ /

o \  / e. \ B

and  the  ex i s tence  o f  a  M€p ic (U)  suo t r  t ha t  MSor t  0y (1 )  and  O" (Y ) /Ud
t r r

g tc"@q*( l ) .  Consider  the fo l lowing exact  sequenoe

o --*.( qr ( X o r,-1 ) E *t;t )' --? (ggpu( o* (n ), u )' * ( q" (X ) E u )' ------i .
___+>ll$u(n* (n),or(1) ) -_:-o,

where, &s in the proof of Theorem 4, He denote by F' the coheront O*-mod.ule

,$n(F)*, 'r*bere F' is a coher,ent 0'*mod.ulo ancL j:Uc--+X ir$ the canonical inclu-

ls i c n . ' I f  w e  s h o w  t h a t

( l )  s I (x,  (n*( tor- t  )Eort* t  ) '  )  = o,

tben (eract, ly as in the pfoof of Theorem {) one

9 l€g* * - - (q * (g ) rM)  whoue  res t r i c t i on  to  Y  i e  t he
r u

'',,:
gets a surJective bomomorP.h'isn

canonica l  sr , r r jec i ion , . , ,

o. iec t ion  o f  the  nro jec . t i ve  bund le  P(E) .  dssuno tha t  tbe  normal  (s inq , 'u lq ,1

t'Llrol \i t bY



,,: :.

g  e Uom(p"( f i ) r0- , , ,o \ (1) ) ,  ad therofore a norphi$n f f  rU-+-T such 1ya1 .Afy*
|  

' -  
r \ j : j /

- id" Thon again uaing lomma J one geto the conolusion'

It  rer.nairre therefore to prove (l).  By lenna f (f) ni l l  fo]1ow from

u l ( v rp * ( i l g ,L - l -u ;Eo . ' ( l - t -E t ) )  r  o  f o r  eve ry  s7o ,

o r  e l se  ( rep lac ing  s  bY  a+1) :
- ' l

(+ )  u r ( v ,e " (NeL-s )60 r ( r - t s ) )  *  o .  f o r  eve rv  s71 '

fo provo (?) eonsider the Leray apectral  $equence

ul i  *  Hi(s,EEr-b nin*<lr(r- tu) )  -+i t in i(v, f  (Xel-*)eor( l - ts)) ,

and. i ts a*sociated" axact sequenee 1n lorq d'egreesl

( i )  o- - r - t lo*x l (v ,p*  (Xet -u)6 or ( l - ts ) ) *E l r .
i , \ A ^ - , r

I f  rTz i  then nJfuor( l - ts)  e  o for  every s) -1,  t )?  and.  j  *  or1,  and the*

refore in  th is  case (4)  fo f fows f rom (5)  r recauu" n lo  -  n l l  =  
" .

I{ 'w consid,er tbe G&$e I a ?. T}ren again t lo * or and' i t  remains to oheek

ol
that  E i '  a lso vanishea i f  E le  deconposable.

s i i ce  ,n r / r *  oy ( *a ;6p*1ae t (n ) ) ,  t he  reJa t i ve  dua l i t y  w i th  respec t , t o  p

givos:

alnnur( i*nt  )  *  
ryuln,*(or(st-3)ap*(d: t  

(E))  ) ,0I) -€

a Xggo(aet(n)8 $sr*r(E),0*)  a,  d.et(n)- 'Esou- ' ) (n)"  .

Theref ore we also U*r'u n!{ * o if i*e Sbor that I

. [6 ')  u"(nrXG,L-*6r d.*t(n)-tm $*t-3(n) ')  = o for everv s>1'

fn  o rder  1 ; 'o  de  i t r  we ca . tn  ass t lme S nor iaa l i zed . ,  i .8 .  E  -  0p@Lt r  where

L ,  .  ae t (n )  anc i .  d .e6 (L , )  *  *e (o "  r f  ne  se t  F  *  X8 l -u5 t  ae t (n ) : l g  uu t - : (n ) t r , -

tte hal'e 
., st-, .r ^ st-l

g c (oosr, ,* t )gr-s8L,-1@ (, (b=}, - t )  s , ( r , -u 8t  .@-i ' -1- i ) )  @

@ (l-" I ( .S3 i,,-2-i ) )-

T5us, (6) fouows if we prove *O*, u"Jlr l--*t,- i){o for evory 1r( j :< st- l ,

or  e lse *s .aeg(L)  + ie{o fo : :  every 1<i (s t - l .  Recal . l ing that  * r r*  *

;  o r ( t )&px ( i , )  l s  amp le  then  l yF . t J ,  page  JB?1  Propcs i t i o r -  2 .2o ,  aeg ( r , ) ) t e "

Therc - : f o re  - s .deg (L )  +  j e  (  -e  aeg (L )  +  ( s t - t )e .=  - s (aeg (L ) - te )  -  e  (o  s ince

aeg(L ) * te (o ,  ?7z l  and .  e (o .  '  .  .

The proof ,  o f  Thaorem 5 is  conplete"  Q.E.D.

Remark" Theorom 6 would remain also valld.. in case where E is an i4d.econ-

posablo vector br*nG.le of rarrk 2 over E if  we could prove (6) in tbls cass.



t:

{3. q_raosmann vfr.ri.eties as ampl.o drviso}s

In thle section r+e ehall  prove the fol lowing result by refining and, sinpl i*

fying the method. used by Fuji ta i"USl.

Thoorern ?-. tgLJ be_M G, of r*d.iraransional subs,oacee
B r T  -

q{-39 .g:*,LmqqElgBgl,veclgl-g?.ec-a, v" -A$*gLe_-t}?t n25 *g{*}<r<n*t .(i"e.,y-i"s
qoil|gr.a proiective s-p31%*.n$ G, *) aqd _!.bat y is eonlained. in the normal

4 t  c '

qier.ctiW valig*tJ. [-gs-ani$p+e Cq:r'.!-i€r' d-ivisor. tlqn x is ieomorphie to the
pro jgct  ive*c ogg C ( t ,  $r r*  ) gnd:J is_-gl l4telned jn I as the inf inite section"

Tho proo f  o f  th is  theorem uses  ssr re ra l  lemmae.

.4eqma 4, Let_X _be a norrual pqoject j .ve var iety of d" inenslon )-  4 and y an

anele :iar_t.i.eT diIlso,r gI.1 X" Ageqqe_ ihat y is snooth_-*- and. let E be a vector bun-

S]s "r r"qk r>t 
"{, 

y _su* th'l uz(y,n**(e )eult") = o for everll t)_o, then
thqae exiets a ?arisEl open neighbourhood U of, y in X qqd $; coberent shsaf E'

on x-sJ1c\. t ,h.at  H"{T s E'  E1lu- i .s. l .ocq] ly.qrse (of  raqk Ll_anci .qor e_Igl .y x(x-u,
aenth*(E i )7 z"

P"ogl. I f  r = 1r lenna { is well-known and. foi}ows from pd. .Assu,ne there*

fate r7z?.  Using the hypothesig tb .at ,  H? (xrgg(n)en 
l * )  

=  o. fqr  ever . f ,  t )o ; ,

Fuii te provod. that tbere is a vector bund.ls"E, on the forrnal conple{ion f of

X  a long  Y ,  such  tha t  E l /Y  3E  (seeB5 l ,  p ropos i t i on  2 .1 ) .  0n  the  o the r  hand . ,  by

&oJ, 6xpcsti X, examgle ?,2, thej pair.,dXry) satisf ies the effeotive Lefschetz

cond. i t ion,  l ,e f f (Xry) .  In  par t lcu lar ,  th is  inp l ies that  there ie  an open neigh-

::: :: :: .u *',r,,',T, -.;:: 
" T. n : "::: ", :: ; :,,' "f. -, - l; " :":: ;, T,k',: "t 2

Since;;XoU is f inlte and X i.s normal, the sheaf Er - jr*(nr) satisf ies tbe d.esi-

red.  conclus ion,  where j r ,Ua*X is  the canonica l  inc lus ion.  e .E.D.

r,emnra q (F-fl,- corollar*v 1.4\.. rn:Lhe notatiq4s -of lqqma 4, let F be a qqhg,*

Tent o*-gnaur.u suci, tn"t .ln o-pen _Ire_iBhbourhoo4 u of y j.n x

rr ' [x{ih-t,he p_roperty that F 
/u, is l .ocal+;/ free .and. aenth*(F 

*)b z @.
Ass.urd. norbo_ver that the fol lowlng maps, o.f rostr ict ion Uo(Xnf )--+Ho(Vrn1V)

ano.  Ho(xrOx(Y)) - - - - - - - -+I Io(Tr*r .n)  are Loth sr4r iect ive agl  that  lhe natura l

na i l ' s  no (y , r8x ;  , )E  no (vnu" - * )  Ho (y ,F8 l i l * l )  a re  a t t  su r j ec t i veJg iI I A  l r A  I r A '

{or eve.:v t ) ro-Tben the natErar mqp: Ho(x,rEor( ty))  I  xo(xr0x(y))  - - -=-r*">

i . :



Ho ( x, F 6 0., ( ( t * r ) v )') g.e**lg9-ggtate-Liy-e- -tq : sqrv t > 9.. lq-p *r t i cx "
gqlgtg*"L,v . ils ,s1g"bP.L*qqc,t igss,

"Assums now that Y is the Grassmann variety Grr." 6f r- l inesr subspaces in

the n-dimensi.orra.l  vector spaae v. I f  m - f l)-r", Let q3Jc-----7-Pn be the Plu-
\r,/

cker embedding anrl O*.(f) tUe sh.eaf of hyperplene sec'bions of Y with reopect to
I

l r ,  fhen CIy(I) generates eic(f). l ' [oreoverr a result pro*rod ind'epenrlently by

Hochster ,  Kempf ,  Laksov anct  i , lus i l i  (see e.g. fz+h assor te that  Y is  ar i thmet i *
m

cally Cohen-i1,lacaulay in Fm. Ienate Uy Vy tbe tr*vial vector bundle of rank n

over Y and. by E tiie universal quotier.t bunrlle of Vi of rank n-r,

I f sL5 "@t *eq ry
.  a ' r .  O

i )  H"(y ,E)  -  v  eg*  H"(y ,nBov(- t ) )  *  o  fo .q:gI9JE_!)  j .

.  1 .
il ) H (Y' E f,^n f +- \ \ * 

" 
f.f-g"yp;y---tl-Z -.. J v y \ v l l  "  "  i :

ti i) r-f-j>*l*tg ur(v,Eg*(n)8 o,(-t )) = n fol every t) g

:-o) Tlg-etr41g1-.-sj ls I Io(y,neo,(t))esu(r,0.,(1))-----  ' -uo(v,E@0'(t+1))
I I I

q{ q ..9 r4p j.10 t Ly9-*[gr-sJg*g-49..

Lemma 6 is proved in UiJ{eae 4*.}1r 4.}?'; ,

t ial ly on some reeults of Kempt f iUl.

coqgrL,gLv.Jqtfeqqges'5r6*gl.ld l).',SS,,y,r:S9-!h* { = 0r,," is sn a+p1e-c,a.tt:Lqii

g:fr*r-gjbg-j:gsgl-H.sagt t*i:i;5er Le-tJ- e", r r .g

vorsal bundle L] can be extenrled. to a cohe:i:ent sheaf Er on X such that E/U ls

L*_p{}ry, fl*u-_Lqr .qg$*"*-{). gfg o.enth*(E*)) 2 for ev-gry-x€ x:U- rvi.tA U a gr*itg-

}'|q oLeLEq-r-slp.*f[g?-d o{' Y tL -l-L- teq.}r-iq!.ign-E*L uo(,t.oE,) *
o ,

H (YrE) j"s an lsogglphigm ,an{ {'_,ig,-Sener*.te-*j@Lg+g."

Rf .og$"  $ inoe 0T(1)  generates f ic (x) ,  tbere l "s  a (un ique)  s€Z such tbat

s l ro  = or(s) ,  and.  s ince Y is  a . rnp le in  X,  s)o.  3y leruna 5,  i$ l ) . ,and.  lemma 4,  a

can be extended to an Er, with the propert ies,.stated. in the f irst part of the

co ro l l a ry .  ?o  see  tha t  t he  ros t r i c t i on  map  Ho(XrE ' ) - - -__>no(y rU)  j . s  an

isonorphisrn, apply lenma l and lenna (, 1) and i i)  to tUe shoaf '€)gx(-y)

in  ord.er  to  d.ed.uce tbat  Hp(XrE'8 OX(-Y))  *  o  for  p  = o1.1, .  [he, : fact  tbat .E '  is

genorated by i ts global sec.bions fol lows from'Xesna I and,, ' ' tremma g, in). e,X.D.

Eroof gf *T!eo.regJ. First of all observe " that there is no loss of 6enera-

l l ty  in  assunlng that  r )1 .  Indeed- ,  there io 'a  canonica l  isomorphism bet l reen

4,18 and.  d.2o)  and re l ies essar-



tt

0 and. G such that the unlvorsal quotient bund.le of rank r of G is' I lrT 
nr n*f $e R-1,

id"ent i f ied to  Ker(V"- - -+E),  and.  so,  i f  r  =  2,  then n-r7.3 ( fn  the hypothoses

of our Theorem). tUerefore we ean apply uhe above corol lary and deduoe that

th .ere ie  an extension Hr  of  E wi tb  a l l  the proper t ies s tated tb .ere.  $ ince Er

is  generated by i ts  g lobal  sect long a i :d .  the map no(Xrp, ) - ->Uo(yrE)  *  V is

an isonorphlsn, E' is a quotient of the tr ivial bundlu V* of rank n over Ne Re-

call ing that E'/U is locally free of rarrJr n-r, the universal property of 0-
D r r

yields a unique roorpbism 'f(zIJ-------->Y = G- - suoh that ff"(g) E E,/TJ. Since
s t +

E'/T ? E we aave T(ft - id. Now we oan apply lemma J to d-erive the conclusion.

Indoed, we juet verif ied crxdit ion l i)  of that lenma, shi le cond.it ion i) fol-

1or*g ( iu arbitrary characterigt ic) sinee Y is ar, l thnettcal ly Cohen-Macau,lay in
_u l  r  l [ r l  - \P  ( *  =  ( r J - l ) .  Q . E . D .

Reqarl.<-s-. 1..Fuji ta proved. i"fr i l that the Grassxnann variety 0- _ (n25 and
4 t ^

1(r (n-1) .c .annot  oocur  as an auple d iv isor  on any snootb pro ject ive var le ty

(see also &{ fo**;arnother proof). Theoren ? above si lould be consid.ered. as a

st rengthening of  th is  reeul t .

2 .  In  the bypotheses of  Theorom J,  ' r r i . te  N* o? 0" , (s)  for  soma s lo.  Dt
I r A  I

Fiore and Freni also proned. a result which is equivalent to" Tbeorern J in the

oase $ = 1r by extend.ing a classic,.el nethod. of G. S"o"uuH6n the other hand.,

Lf s).3 fbeorem f ls a d.irect corol lary of Tbeorem 4 * AJ because G

glven ln Fn (scheme theoretical ly) by qua"d-ratic equationg.

3.  Tbeorem J is  a lso va l ld .  when n)>3 and.  (nr r )  -  (or l )  or  (nr r )  *  (nrn- l ) ,

i .  e, i f  T ie a projecti .ve space of d.inenaLan ) 2. This resul.t  was prorrecl in

fg], Theoren 1, but it turned. out to be elassical and. due to C. $egre and 0.

$corza (see p{)

,4. Tbe laet erception in Theorem J is

T ls isomorphic to a (sqooth) h;rperquadric

? ls no longer true in tbis ease. Honever,

pro joct ive var ie t ies X conta int*  O4r ,  * .

fron the fol lowing rnoro general result:

i s
E r P

the one when Y - 0:, ' , '^;, '  In thls case
\  4 r .

' in ?- and the conolusion of Theoren

ono @an al .so.euunorate al l  normal

an anple Cart ler d. iv lsor.  This cornes

Propoegtion l.  tet y be a smooth hyperquadris,,, i .n p*t (o>A) and x a nor-

proiectlve variety contalnlntg { as- ap gglple.Qalt1i'idr .*ivisor. fhe.n X_l"J*.gggg.-

nbic to) -gqe_ of tbg_lgll qwjug:

i) p* and { }s :ontalned. jn.Pn+I..g a"}gplq}1,{r,ie.



. . t  , l

ii ) Sjlnggt} &vparg-*acl-r.ic. in p1+? ?nd 3ljl.

* i i )  IAg*gltrggyg_gg€ C(Y'N ) anc. Y is the inf inite section.
Y e 7t' _*---._-

Froof .  I f  X is  s inoothn i t  ia  knr :vrn thet  l te  haveei ther  i ) 'or  i l )  (see p$,

or Fil, corollary of {rv). so we can aesruse ii

ie*morphic to a hynerquad"r ic in the weigh"ted

for  sono s>o"  Ue ing  th is  a .nd  remalk  I  (a f te r

. . .  \
e a s i l y  f i i j "  Q . l l . D "

n0n-.$laooth, in whlch case X is

pro jective spece F(l:_f i l -r*. ,  l ,  * )
n+? t imes

the proof of Theoren J) one ge.ts

We sba1l" olose this ssction by t lro further remarks. The f irst one shows ;

that-the hypo-bhrcsrs of norrnall ty io not indiepen*ablo in sone g€onetric situa-

t ions,  More preeise ly t

Proposit ioq-.-?. -SUppote-l lpt th.e smooth sqli3t lgjJ T.of Pn of d.iruetqlSn-?2
*@q*'

t'qg. 1"!.9 f e}!9"{"{gg*g1gggiSr!
(.f) nryry*lqrqel J,qgiectiYt v-ar#;ty- -Z c:o-ntaigi{lg Y as ,g:-ggq"-g.ggi-*.-dr-

_gLggl_T.]]qu*!Ii*. ,ur"" d 0y(l) (the $]Srrt-gf liuperlrl-ang sectintLZ@
. n'  

lg,U*1e__Lg c (x,0..(1) ) .t o  P  ) "  l s  i s o r i
l _

:  h r  I

$g3gli*gy*lelr1.g;g--!.I4 -x'is ?n qrq.i-tl,arf ". ff

tBlrg rs a n*y!g.rpl"g,-ne -tl-in.prl-1 r{lt-h."the. prqp€rt[-tilgl,XflH * I-(.schen:--tireo-

]'et*ikl,+c. f l i le:+ !I,,Ie*ig p_pqg!_x€X qttob tFa! x is thg_$nio4.g.f qlr-l lnqt
^ *n+.Io{ _P -._j qin*pE...:r -*aa,-al -.q.ti'tjlg[*ng1g1_9ff.

qtlggf " Xe't u:f,*.--+"X be the norphism of normal-ization". Since in or.* hypo*

theses Y is 'ecnt ,n ined in  the smooth locus of  X,  Y is  a lso conta inod.  in  X as

an anple Cartier d.ivisor at1d, N, €'J N,, * d O*(1). Sinoe Uy (X) ?" fu isomorphic
l l A  l g r i  I

to  C(YrOr( f ) ) ;  le t  f r  be the ver te.x  of  .v-  and.  set  x  *  u( f ) .  Let  y  be an arb i t ra-

ry point of Y and f i ' t i ru generating l ine of the 
"oo" 

?- passing througb (? and.) '

] , l ' r e u d , a e b n = u ( f i ) . T h e n t I r e . 0 : " f i ' . I , e E p a s $ e s t h r o u g h r a n d y , a f f 1 s i n c e t h e

d,egre.e ot  T (wi th  respect  to  the l iue bundre On(r ) )  is  one,  and.  u*o, (y)  a  p^. /v) '-x : : '  J f r ' \  r  / , '  '
wo infer that tbe degree of E tn Pttul i* oo*, i .".  E is a l ine in pfi* l  because

E is  in tegra l .  Q, .  E.  D"

ft i  part iqular, let r:c c::plarin a l l t t le bit how Theorem 1 of f3l was elas-

s icat ly  for rnutatcd. .  (see Ft l l .  Let  ' r_ ,pt . -  > ,pn (wi th  *  = ( "1") - t  ana n) .2)s  \  n z '
be the Veronese embeddirlg, and. d.enote by YCPn the image of v-. Suppose that

' '  
* . 1  

s  
-  

b . ' t
we are given a subvariety of P*+1 *uch tbat there is a hyperplane E ln Pu'* '

wbose in torsect : "on.vr i th  i t  is  Y,  then th is  subvar ie ty  sat is f ies the concLusion



l 1. r  i

of Proposit ion 2. This faot was f lrst observed b.y C. $egre in the case of tbb

Veronese surfaco in p5 and. eubsequently extended to the general case by 0.

$corza (toc" clt .  ).  Using Proposit ion 2 and. sone stand.ard" facts, i t  ls not d.i f-

f icult to see that this classloal result is in faot equivalont to Theorom I in

fzl
L") .

fbo l-ast renark (which io iaapired. fron f3t.f,: concerns the following situa-

t ion. Let (Xrf) be a polarized. variety of d. inension )z 2 such tbatl

a) L ts very arople and. yields an arlthrnetically nornal erobed.d.lug of Y ln

p o r w i t h n = a i n l i , l .

b) for every nornal projectlve variety X containing Y &s an anple 0art ier

divisor and such tb"t Orr* g Lt then X ls isonorphic to the projeotlve cone

C(Xrf r )  and.  Y is  the in f in l te  sect ion of  C( t r f , ) .

Put Y' = C(lr!).  fhen T is enbed.d.ed. in Y, es an arnple Cartler d.ivlsor (via
l_

tbe inflnite eectlon) t* *rr, & L. Denoting by S the graded. k-algebra

a o  ^  
" t - 1

9^ 
g"(troo" (tr)) ani l  by 6 € s, a global equation of Y in Yrr and usin6*,.

t = o ^ ^ l r ' & A

iernaa 3, onergeto tbat 5r/6 S is isonorphic (as graded k-algebra) ,o f ioEolyrt t ; .

Slnce we &sslxred tbat a) bold.s '  the lat ter e).gebra is generated by i ts homoge-

neous part of d.egree one, anti. thus S bas the sane proporty. Moreoarr, slnce ,.t

d.eptb,(ff i S)), a",we have d.epth(S)b l. Therofore a) irnplies:

a') Y ie a very ample dlvisor on Y., anrl yleld.s an a,rithnetically nornal

embed.d. lng of 'T , in  Pel  (n+1 -  d . in  l r l ) i  ro"eover ,  g I ( t . , ro . ,  ( tT) )  -  o  for  evory
" l

in teger  t .

$ow se sant to sbot{ that a) anA U) together inplyr

br) For every normel projective varlety Y, eontalnfug the cone Yr. as an

anple Cartier divisor and sueh that N" -, 
e O, (T)r then Y, ls isonorphic to

tbe cone c (y, r or, (x) ).  .  
'1"? '1 &

' r '  r r '

ryqgrSf -!*), Uoing ir ') anA lenna 1, oner easily gets that ul(Trro" (tf.,)) -
'  b  ' z

a o for every lnteger t. .Again fron this we d.ed.uce that there 1g an isomorphlsm
C>o A

of  gra.ded k-a lgebras Sr /VS' - ;d , ,$ , ,1 .  r r .here St  is  
_9^o-( t r rO" 

( t f r ) )  and.  %€Si
t ' :o - t?

is a g1obal equatlon of Tl oo YA. Fron this we lnfer tb.at St is genorated. by

Si, depth(S')V4, ard that the divisor Y, is very anple on T, and.-yield.s arr

ernb.ed.d.in6 of 'trlrr"Pn+z such t}$it tbore is a hyperplane g (il pt*2) nitb. tho

property that T f l  t i .* y- .  C(Y'L). L@t then Br be another hyperplane in PeZ
2 I



such  tha t  T , .n  HnHr ' ' o  I r f l  H  *  Y "  S ince  Yo  =  P ro l ( s ' )  and '  d ' ep th (S ' )7 r4 ,  To  hae
'd"  -1 '  ' , t  4

the property S, of $erre (recall  that a 1ocal r ing A has property Sk lf
1+

depth(S) ; r . in f [Uoeim(* f ,  &d a scheme I  has prcper ty  Sk i f  for  er rery  point

z  €Z tbe local  r ln€ 0Ao 
,  

r **  proper t ] '  $U-) r  and theroforo Xu -  I rOH'  has pro-

porty $r. bloreoverr X.t su.pports Y &.s an anplo Cartier dirrisor end' ls regular

in cocinnension 1" Usi.r:g gorrers cri terion of normalety we t l ten ded'uce that Xt

is norual" Applying b) we have Xr . C(Y"i), anrlr let x'  be th.e vertax of the

oorre Xr. l{sw iraryiw tr, ln tbe pencil  of hyparplanee containtng the }inear

subspace L * H' l ' l  I Ir  tbe gaonetric locus'of xf is a curve C, whi 'ah is easiiy
a . D  ;

segn to bo a l ine in  F^* ' .  Then i t  iu  c lear  that  Y,  is  just  the jo in  of  tbe

1 lne  G  r+ i t h  Y ; ,  wh ich  t s  exac t l y  b ' )n  Q .S"D .
e

. $ince in thie paper as well aa in fZ'J a,nA l3J "u 
provld.ed. eany exanples

of variet l t*s y satisfying tbe propeiiy b) with respect to every anpl.e l tne bun-
tt ')  )

d1e orror y, 116 can apply\ i6 several situationsr €.Bn whon Y is a projectivo
, n

epaoe, or a,graf:f$m&nn vari"oty, etso l tr ps"r-t i ,cl-J.*t,  i f  wo take (tr l)  * (f"rO(s)),

wi th  nZZ'  a : rd s l f ,  we got  that  the:  cone Y,  *  O(F* 'O(") )  sat is f ieo b, t ) .  In

order to ste1e r6sfo preoisely what we ean get using tbis exanpl,er i t  is col l-

venient to uno 'bbe languago of weightecl projeotlvc,.spaoes (oeoBZ)"

$tart rsit ir  the interpretation P(&:.J-.-.:-""]ns) * C(PnrO(u) ). Sinoe" tbe eheaf

tr+l tlmers
t* )  i *  inrnel t ib le  i f f  e  d iv id-eb t r  we' P ( t r e e o  

1 1 0 * ) t u / l  

r P  r s v v r  u r " 4 e

co:lo over F(b.Lr__:-:]r*) ls a wa.ighterl p:*joctlve

rr"+l t ises
t ) ,  wi th  t  a  l ru l t iP le of  s ,  and so

(vr t , )  *  ( rn ,o(a))  (n)72)  and.  us ing

of fheorem I in f:] ,

C I " C  T . . C . . . .  b e  a  s e a u e n o e @
L Z

get that a normal projeotive

s p a c e  o f  t y p e  F ( } r " } r . , . ,  e I e s l
n+l t ines

on" Srirnarizing tbe abovo d.iscussion for

induction, one gets the fol lowlng'variant

P*, q}J-h-i!>}_kt-ne-?--g4d. qbeq(d * -q), +ei
tgeAe-#*g*-3. JS Yo

w.'r i-et ics sush t i lat T -

vory i)21 T. , ; ;s_sL:g1plg Cartier cl irr isCIr g Y." Thrr+ t@
@.#5n# t_I 

--*---*=-:-*- 
I 

-@

qg"jg._ry,iJ!.itr_intss_e.rq s], Qr,... gg tB3!lel_glpg.-iu cr_r 9*Si*3g cr,

.e4g T. i.s-jrsgpg:qui"Ljlg-tbe--yeigh!-ql"p-r?iej:t ive-sPqcg P(3r_1r..-=-:]rs.,ri.. 'Q \
:-* x :gr-tis!"4-k.g-gg: -3j 

,- ,-l1l t it
n+l tirnes

for  i )  1 . Furtherraora, the inclus1cn Y. .C-Y. cbrrespond.s to the natural sur-- - _ . * . - * * . " i - . t _ i - t r .

juql'Lpq Sl.gqly_gogl.ul E*iltrt'{eg k [!o,. . . uT**J kFor.. .,Tn+i_J, qp

maps f  lnto *uro and. lcaven the othdr var labies f ixed.
:::;9. -nri
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Renark. .A nore general case of tb.e problen of of woighted. pxojective spaces

a.nple dirr isors was considered. in [fo], as a. natural extension of Theorem I
r ' l

LlJ. In part icularn one provos a mor€ 6€ner&1 result than proposit ion ] above.

$4" 
.Aqplieqtiqns rb q_4gf oryat i_g3s- of _pryiegtlveJ.oles

I t  is  wei . l  known-that  the c lass i f lcat ion of  cer ta in  subvar ie t ies of  a  pro*

ject ive space 'can g lve in terest ing in fornat ions concern i rg the defornat ion

theory. For example the classif ication of al l  non-degenerate subvarieties of

cLegree J in  pro ject ive sp&ce$ (see [ lg : ] )  y ie ]ds in  par t icu lar  an e lementary

proof of tho non-snoothabil i ty of the cone in P6 oou* glxp2 via the Seg,re em-

bedd.ing. Schlessinger constructed. tsany exauples of non-snootbable of r igid af*

f ina cones over  cer ta in  pro ject ive var ie t ies of  Cimens Lon >-2 (see t i - i ] l .  Us ing

and. refinirrg Schlessingerrs id.ea, Mranford" provid.ed. exanples of aff ine coneg

.over certain smooth curves of genus ),.2 whLch are not 
"*ootn#l?i3'or* 

thesis

Pinkhan obtained. more preoise results (see f3,t,).  Hartshorne discussed" some con-

d i t ions for  emooth ing a subvar ie ty  of  Pn (see fe3] ) .  More recent ly ,  Somrnese. .

[f6] u"a Fuji ta F+,1 gavo further exa.nplee of non-smoothablo projective cones,

using regults ai iout the inposgiir i l i ty of certaln proje:ct ive raanifold.s of bein6

anple divisors ln anotber nanifolds.

In the spir l t  of [ taf ana b6J in this section we are going to apply sone

results of ours about araple divisors to d.eforraations of certain projective

cones. Altbougb. or:r sett ing is sl ightly, d. i f ferent frono Schlessingerrs, we can-

not clain gett ing essential ly new resufts. The onl; i  reason of presert ing them

lies in the faet that the proofs are d.l f ferent fron the usual ones.

To f ix our sett ing we need sone d.efinit ions, Iet X be a cl.osed. subscheme of
n

Pp. sn ,(eobed.d.ed,) d.ef ormation of X in Pn is a elosed subscbemo Uc PnX f whicb

is flat over the paraneter space T and sucb that there i-s a k-rational point

o€T with the property that the f ibre X of U over tbe point o is isonorphic

to X.  $uch a deformat ion w111 be s imply  d.enoted.  by (UrTro) ,  or  by i ) ( rJ  t  € f ,
rwhe?e X,1 = Un( f "X { t } )  is  the f ibre of  U over  t ,  i f  no 'danger  of  confus ion 1s

poss. ib le .  X is  sa ld to  be smootb.able in  Pn 1f  there ex is ts  a d.efornoat ion (UrS,

. n
o)  of  X in  P"  such that  d . im( t ) )o ,  B connected.  and.  X,  is  smooth for  every t r /  d .

X  i s  r i g id  i n  Pn  l f  f o r  eve ry  de fo rna t i on  (UrT r  o )  o f  X  i n  Pn  th * re  ex i s t  s ,4  Za -

riski open neighbourbood Tr of o in T such that for every k-rational" pointi{',;:

l



t  €T t  r  X ,  1s  iaomolPh i .c  to  l t .  :

Let X be a clcsed, subschene of Pn having a certain property (P)g €.So to

be a  comple te  in te rsec t i .on  in  Fn  o f  t ; rpe  (d r r . . . rd . . , . ) ,  e tc .  We sery  tha t  e r re r r
4 a

smar1^l d.eforrna1J.$?r of, X 1n Ptt ha,o also the property'(P) i f  for everir d.eformation

(Urfro) elf X in Ft ' th*ru is a i l f tr iskr opon rreighbourhood Tt cf s in t sucb that

X, le also a subachsrue of Pn having the property (P) for every k-rational point
t

+ c tlrl
"* 'r"* 

* ou an arbitra.ry proper scheme over k. l ie aay that X is (algebraical ly)

r igid. i f  for overy propor f lat morphisra fcU f of algebrais schemes over :

ke with T recl.uceti and connec'fed, suoh that thore is a k-rational point o€ f

with tbe propeirty that f-*(o) is isonorphic to X, there is a Zariaki open noigh-

bourhood Tt  o f  o  inT such that  f * r ( t )  is  a lso isomorphic  to  X for  every k*ra-

t t rona1 polnt  t€  $ ' .  In  tbe oase whe:e lE is  the complex f ie ld .  0 ,  ore a ioo say

thet X is (ana)"ytical}y) r ig' id i f  for ovorJr proper f lat morphism f:U-------+'T
. 1

of  complex*analy 'b lc  spaces,  wi th  f  connesfedi ' : fend reduced.r .such thet  f - * (o)  is

isomorp 'b i *  to  X for  a  polnt  o€f ,  then f* ' ( t )  is  a lso,  isomorphic  to  X for  eve-

ry point t  belong, ng to a cornplex open neighbourtrood Tr of o in t.  l ihenever

t ire torn I 'r igir i i r i  is uoed, i t  is. undersbirod. both in the algebraic ard. analyt ic

sense (provic,ed. that k * A )o ,

Sglgg-*:-iSl 3. kg f :U---->r Le_,g.glo_pq-*:[Je!_mo4qi]*"s-m gl,qlg?b*Lic-

schemes over k (m:n=.,.f*gg.FJgI**3.*]l1r,q q_!*gggL_wilh-T _c.qll.g$gd ?lxl ,r:e4g-

ge-*._ilqer:I*e':1-Bg-t*!Lqre ,l* a ir-l-a!.Lqil;ti:-g t-sgg.h-tke.
1

the fibre X * f-l(o) fo. ie-?grglphl* !-q--"jl?le3-.*.4b""3..*- q{ P" $ -& c€r-
o
,  / . - \  .  , t a  - 1  ^ -  n

tain prcperly_,l8).._AAq_Vqg-S.o"".qg*1._lk!__?:eJy_qur?ll_ de.Joqmalion of X in P'
a . -
L 1

g3g..gl$o...1h?-_p4gJ|er-r,I jrJ, H-(x*,0- ) = o for_:L:l_r?_qnd. H*(X_'O- (r)) - o,
o ' ^ o ' A

o
whqrlg_ 0* (1) iS. trre sheaf of {&ggp@ X

A
u i th  . respec t ' t o  t he

tne J. t ts1()n o:  A ^ fe**--T}!-*lhere exi.sto a ErigrgFi queq qe:glUlHrbqat kgsg.
1

q qgwr.et' nqg]}.-:rS.tg.HLg:gi4Sq4) rl_gf o.g:!..qyc_ir.Lt]e]_:!& jriblg- x* = f-t(t)

ovol_gwerJ k-Tati.o-ry1] loj.rrt, -(qgsp_=j)r'er gver

Proof "  C la imr  There i s  an t i taLe ( resp.  an open in  the complex topology, )

( resp.  T lqT)  of  the point  o€ T and.  an inver t ib le" . i t :

i  n . l l r i ' i  v , r y  o n  Y  t h e  S h e a f  0 -  ( f  ) .  l* r . r a b v 4 r 4 c )  

A  
i .

ne ighb ou:rhooC f 
;*---->T

s h e a f  t  o n  U '  *  U X * T ,

elr ;*ed. subgreir ,eme of Pn har. ing the prapertv (P

In o::der to prove the olairu we shall  dist ingui.sh between the al6iebraic, i : ,and



' i

and. the analyt ic onen

Firgt  le t  us f ix  eome notat ions.  Set  & *  0*  ( the local  r lng of  T at  o) ,
T r o

n - the maximal ideal of "41 f tn" m-ad.ic coinpletion of A, and. ?'the heneellza-

t lon of  .a  wi th  respect  to  !0n For  ever ; {  p>o 1et  u-  *  (x- r0, , /npn10, , )  d .enote the
+ h  P  o '  u '  u '

pno in f i r r i tes imal  nc ighbourhood.  of  X in  U (U = f ,  )  and set  N(r : )  =  d, im (*P*1/
P + 2 ,  

" "  
^ -  

- -  * -  -  
o  \  -  

o  
- - o '  - ' \ r ' l  -  * - " " k \ *  /

r0 '  - ) "  In  both casesr  for  every p)-o consi< ler  tbe s tand.ard exponent ia l  Bequenc€3
' 

o- *P*1oul*P*t*u - -f:t' o X - 4 + 1 ,
U - U

P+ l  P
and. taking tbe coboraology we get the exact sequsnce

r t tof lo ' r --  - r r*(un*.  )  Er , . r ic(uo) -uaqd(nt,  .
o . - o

since re absumed. tbat g*(0x ) * o for i  * !s?, we get tbat the naps ef

are isomorphisms for every p),, oo ( in tUe analyt ic case lqe implicit ly used. a

result of GAGA-type).

l{or consid.er the analytic case. He need" the

?heorem E (3anica, Bingenern Kuhlna4n).  i*ei i^

fol lorcing result (see f6J ):

f rU-------> f be a_prQB,gll q*CIJphlg

the fol lo i+ing natural  map (def ined. in an obvious way):

of compl"ex-analyLic $paces ancl o€t a noi-nt.  In tbe abova notat lons.  .sonsider

) ,  :  a i "  1 im r ic (u , )
u t

\ibelp_I{'_J:ujre o_vgr i}ig sgg- g€.*!}-qoqg}s4 nei&"hEgqlhoglLo-f X^i.in U. Then ,i,

inv l irn f ic(U-) ,
P2z o 

Lr

o'

+pis:jiys_9'q4_it:_ i.ryesg _is3e.nsq_is_!_Ue__t op,glosy_ glj bu _t+ye{€e-l1;m+!.
In our case we Just ehowed. that the rnaps €n are lsomorphisms for,-overy

pbot  and hence inv l in  P ic(U. . )  reduces to  Pic(X ) ,Fron th is  we in f ,er  that

^  P ) - o  
P  o '

the map A is an isoraorphism, proving tbo clain in the analyt ic case.

fbe algebraic case is nore eubtle. Consld.er the fol lowing cartesian d.iagrara:

x
l o

L T _
I

l o
l a

.f
puc ( t )

I

/\/  > T = S

, A ..  - ' ' " ,F i rs t  q 'e  observe that  tbe rest r ic t ion map Pic(U)- - ->r i " (xo)  is  an iso-

norphism. This is a eonsequence of theorem f .1. 4 fton [49] , chapter III and. the

fact that €-, ta an isonorphisn for every p> o. }Iow by fheorem 1.5 in f lJ tn*

map FicG)-n io(0)  is  a lso an lsomorphism, .Apply ing QoroS. lary  2.2 Ln, f47

we get tbe claira in the algebraic case. t(ote that the nain point in the proof,.

of the olalm in the algebraic case was Art ints approximation tbeory. i

o

l " l ,
>T=rl]" (a) -------* f



the claim being provodn we 6an use the base' ehange theorems (seo e. e, lzlJ,
-  -  , a l

chap. III, Qta lt tn* algebraic e&ae, and. LFJ in the analytie case) and' the

assr*nptior, ir** nltxno0" (r)) = o in order to d"ecluce that there is a Zarlski
o

opon (ronp. &rr 6pa$ in the *omp).ex topology) r .eighbourhood" f , ,  of  o in T, such
4 . L

t b a t :

f  )  I f  s  -  f  *n$t  thon u*( l ) / r ,  rs

.  ,  - 1 ,
i*) t /*:-*(tr) *a verY anPle rEith

-'t -
d . ing  o r  g " r ( f r )  i n  Fnx  f ,  ( ove r  T r ) "

t*hereforeu i.n tho algebra,ic case

&ggg. Sinee
1

H * ( X , 0 " ,  ( t ) )  *
O A

o

a froe 0* -module of rank n+1, anrd"
4 1

respect to gfg- ' ( t^)  and. yields an *nbed*

we go* a;r  (embadded.) d"efornat ion of Xo in

pn pareno*oi;r ized btr,I*r and' accord.ingly (Uy our assr:nptions)there is a Eariuki
- 1 .  n

open ne*ghboimhood. f ,  of e in f^ such that X*'E, S 
-(t) 

is a subscheme of P
J l T '

havir.g tbe property (P) for overy l<-rationaL point t  € T," $lnce u. is 6ta1er.
5

u(T_) is a Zarieki  opon neigbbourhocd. of o in T, aad. hence we conch,rde.(ee the
J

a l g e b r a i c  e a e e )  b y  t a k i n g  T t  -  u ( T . ) ,
J .

Finally, in tbe analyt ic ca.sc) one procoede slnl larly, but using ths S&GA.-

tyne fa.ct tbat the Hiluert echome $ parametrizing afl  cloaed. subschemos of Pn

with tbe pa.ue Eilberb polynonaial as Xor represonts both t ire Hilbert functor

defined. on the aigabraic categcly and the Hilbert frnrc'tor defined" on tho analy-.

t i e  ea togo ry .  Q ,E"D .

-Q_g,q9l!+fg^ I,et f,sU----+-T be a*pggEel

gggg.-E*kq..Jk-g{. 9cpp.l,gxra:B*-1y-"t}q-gpqq-qg)! ,rytth, T Le4upg4. a,qq. copnqct-e{-' sggb

_tnqt,-!-ha-lt&Le-,r1... o f 
{(u) 

.g:*g-a-!=ratqsnal ggi*1,-*kz-qpq-*gjl-e:.-g"Jg1'1Ll*g.S.g,

l,q.;lS.g.qgfgFie *1o-g-gorupl:S3":l*Iglgq.gj-l-gg-l:-ry:-gg-!fgg (d., ,. . o ,d* ) eq{-gl-gt:' -

pe$,?lgg.j.J, ?*p4 .tLe*g iq *- f;ariltLj, onen. (r,e-?_p. eqlpe+ in t"4e g.6eq1e{ t -

s-u)Jg.Lgli!.9*r}gelg' g{*-o -iq*9*g,gg.h-}Aeljo*' q ye-q.n-{ge!"iont! p-o-trt-lq?g'.
1

L-93^*!")-*}J-t:j-}{il{},gg x- * fl*(t) i*e ":tl,gqrieomq$,_}rl-c_ Lo_t c9.rrig.}gje*j.n!grggE*
t

x)
t i o n  i n  P " ' e ; f  t " * ^  t s  '  \ -

.:-,.**-*-4|g: \ral t c'' 
" t *f /

X is a eonplete interseotion in Pn of, d. imension D3, we h,aveo
o for ev€rry, i  "y 1r2 and for e.rery integer t.  0n the othen han.t

i t  is veell  knorn tb.nt every srw,ri l  (ernbedcled) defornation in Pn of a complete

intersect ion of  type (d-  r .  " .  rd  )  ie  a lso a complete tn tersect ion in  Pn of  the
, 1 r

aane type (soe e".gl; 'F5j), fbus the hypothesos of ?ropog.4 aro fulf i l ledo and

tho coro l l ,ary  fo l }ows apply ing tb is  Froposi t ion.  Q.EnD.



* j ' i

lomark,q. f ,  } 'e.;are ind.ebted. to C. B5nic6'for showing us his paper f6J, whicb

was useful in the proof of tb.e analyt ic part of Fropoeit ion 4.

?. The above corol lary is of folklore type. It  was lnclud"ed, &s an i l lustra-

t ion of the usefulness of Proposit ion 4 on one hand., and" becauso it  wil l  be

used. in the proof of Theorem B below on the other hand. The analyt ic part of i t

was proved in [ASJ i" the framework of Kod.aira*Spencerts d.oformation theory

(i,n t i ie case where everytbing is sncoth, but - except the K-3 surfaces - also

including the two-dinrensional caso).

3. Ebe proof of the corol lary works also in the case when X is one of the
o

fol lor*ingr a quad.ric or a cublc in p3, or a complete intersection of type (arg)
A 1

in  P$.  Indeed.r .we have Ht(Xor0*  ( t ) )  =  o for  every in i ;eger  t  ( tn is  ho ld.s  for

every surface rrhich is a oonplefe intorsection in Pn), and. in the above cases
2 .

a l s o H - ( t o r O * ) = o .

o

In ord.er to state tbe next reeult  1et Y be a coraplete int 'ersect ion in Pn,

and denote by 0.,(1) i ts sheaf of byperplane s,eici . t ions. t f  dira(Y)) 3 rcfschetz's

tbeoren sayo tu i t  P i "c ( t )  i s  gonera ted .  by  0y(1) .

Theorery-8, I.gg f:U--->T bu g-gqqe"r:Jlet mg]n.plrisg,.gf a,re".Ft?'.Lq lc*?Sh*re.g

(resp. of coroplex-analf i io spaces),  witb f  red,uced.,  einr l  assune tha.t  tbe f ibre

X of f over a k-qejir4Al_pifnj Jrg!p_..ov9r_e_p.gi$)-g-€T_19:!*g,T.orp$Lq._:!o_!'Fp
h

c-onq C(frOr(s)), rs-lrete X ie-a qmoglh qornPlete i ,pt-9-rseotic:-4 - in - i- of tJpe (d'r.

. .1d.* )  guch tha j . - ILA?f- -ay{  o ;  nax(d. r roe r rd- ) .  Thsn there iE a Zar- isk i  oJeq
r - l r -

(resp" a.n open in the complex topolosy'}neighbourhood. fr  of  o in t  euch that

fol: eIFrJ ig-rgtional B?.i.nt k:ggg*-fg{,.gve-r.y ggi+t) t,€ t' the f ibre X. over t
+ _ E
v

ie is*omorphic .to the cone C(TtrOr. (u)), where Yt i*_g_ggggfh ic.Tplelgj l terq3-c*
t

li-qfi-iF-lt gg-leg (d..,r...1d*) (bg! lnav be qol! -isoroorphic tg Y^ * Y).# r r o

Pr?ot. Let I

near  sys tem fo r (s ) l  ( " ( r )  =  n ) .  Then tbo  cone x  =  c ( r ro r (e ) )  r tee  in  p t (s )+ l .
' - - l  \ . t

$tep--I.  Every snall  (embedd.ed) defornation of X in Pn($/+r is agaln & cone

,6f" twe c(Ytro,  (s) ) ,  ' rhe: :e  t ,  is  a  eomplete in terseot ion in  Pn of  type (drr .
4

. . , d  ) :  
t

' r "

&:oof -of .stgp l.  Let f t-1. r - be an (a16ebraic, ernbed.d.ed.) family of cloead.
-  .  t J T e  !

' r \ei*t p*""*etr ized by 3., such that X o X for a k*ratiorrol , ;subscbomes of P
- / ^ \  o

point o€8. Let H"o p"\oi b* tb" hyperplane s.t '  inf inity or p*(")*1. Futt ingui, ' l

. ':.;



T. * N,nH we get another al6ebralc farai ly of, sr* 'bschomos of r '*(*) perarnetr*red.- t  
t "

eventu.elly by a ffaris:ki opon neighbourhooct of o in B. Since the problenn ie 1o-

cal around o, one can e,seuft io that i t  is Bar&metrised by 3 ttself" Since Yo *

*  X  nH *  C (y ro " . ( s ) )AH o  Y r  He  ca r l  apB ly  the  ce ro l l a ry  o f  P ropos i t i on  d  to
o x

d.ed.uce that Y*' ie a6ain ( isomorphic to) a conp,lete interseetlon in Pn of type

(a r i  \  fnr" every k*rational point t€ 3 (al '*ayo shrinking 3 to a Zarisisi\ u 1 t o o . l * f ,  1 v 6

open noighbclurhccrl.  i"f  xreceesary). $ince dim(Yr) - d. im(Y)>- ],  tho Lefschets'e
1

t heo rem a l ]ows  u rs  to  wr i t e  t t y . . *  -  o "  ( s * )  ro r  so rne  s t>  o .  $ ince  H* (Y r0 r (s ) ) *
* t  t " t  t t

r  o wo c,&n uso the base change theorens to inJer that
o ,  o ,

a i m  f i - ( T , o r ( s ) )  *  d i r n  s " ( y t , o r - ( * r ) )

for every k*rational pol"nt t€ 3 (sh: ' inking a6ain 3 i f  necessary). Recall ing

that T an4 Y* aro both iooraorpiric to co.rnplete lnterseotions of the sarne ttr4po
h

in P'-, we tben get *t ^ * for avory k-rational point t  €8.

. 0n the other hand., st lrce Xo is normalr X* ean be assuned. to be also normaL

(l lgl ,  chapter IV, 1e.1.6). And n-ow comss the main polnt of the whole proof,. iof

f hao . rem 8 !  $ ince  X*  i e  no r .na l ,  
" *0  

H  *  T ,  anC s ,  *  e  )  max (a rn . . . rdo ) ,  Xa  i s

the eone ctY{or*(u))  uy Theoren 4 in  t4 i  (or  a leo by th .e coro l lary  of  Theorem

6 in f! l).  
'

$*o,p 1 1* prorrerl"

&g-n-_?r_f0_ogglgtg*)" He havs jusl to apply Proposition (. In our eituation
n(  s  )o1

tbo 'properu"lf '  
{ f  J of a norrnai subvarioty.?f of is tbe fol lowing; rtbere

exiets  & $J* lor r th  complete in tersect ion Yr  in  Pn of  type (ur . r . . . rd*) 'sucb tbat

l l  o  C ( f t rOr , ( s i )  o ' .  3y  n tep  1 ,  eve ry ,e rna l l  de fo rna t i . on  o f  X  i n  ph (u ) * l  * t *o

bas the propr:rty (n) (note that by the very d.efinit ion X has tbe property ( ir)).

fo apply Propoeit ion 4 we have to know that f i l (xro") = o for i  = lr z anr,
"t

H-(XrOX(Y)) - o. 3ut tbi.s fo] lor+E{ f: :on the d.iscussion preced.ing: Proposit ion 3.

Eho proef af theorea, B is complete" Q*E.D.

c.gsgllgg#, i) tLg-q.gtig c(p*,0(s)) rS qt€Lq_for every !)_1,an<1 s2z!. The

sa. ine oonclusion holt ls for n * 2 Lf char(k) *  o.

is r igid for every-g>-i.
rytu{tu

P{.ggt. Pe.rt i) fo}lcws ln case

treatod. in a similnr r+ay. Part i i )

any two smooth hyperquadrics in Fn

c (r ,  or(s )  )

n)1, froua Theorem B. Tho caee ri  = 2 can be

aleo fol lows frcn Theorom B rerearking thet

are pro ject lve ly  i .sonorphlc ,  Q. .E.D.

i i)  !q! Y be .q amooth ic  in Fn" with n) Tben the cone



Using Propoeit ion J ancl the

i) of the above corol lary can be

Use 1!s6r 'en

the sane rnethod.

eame method as.:. in the proof of fheorem

generalized.r, in the fol lowlng way.

B, part

T{eoTem 2.  LeL n,  e1r  o " .  r  a1 nEZ and"
v ides  q .  fo r  e r re r :_?L::"s.r1":--Jl_g_:l_ gF-qqne j:]ore{ver tirat char f k o.  Ihen
thq",rye+g!"1q4. pip,iqgt +ge_s€*gg F( i:],* _"1_lr e1 r *, ., ei ) iF lli-sj.g,

n+l t i .mes 
*

Tb:ogsm Jq (94g.(r\.-.-d." i) lsLJ_3gj.fu c(v,o(a,b)) iq,
" g l q s - P - a - b = ? o

i i )  te t_y E.g r t , "S psy______>_Fl  thu cu
oo*g c (y,oy(b )Ep*o(u,, r t* "r-o[ -"* 

-tbs

For the pr.oof use fheoreins 3 and {.,  propooit ion 4, the r lgi6ity of prxpl
and" F, and the sa,"e nethod. as in the proof of Theoren B.

Theqr?3 11. leL l  be- t l ie Grassnaru variet.y G
n, r' 

!'xth nlf--gl4 -L*.{-+-t.
For every s) ,1 c(r,0"(s)) *s_r*eig.

Proposit ion 4, the r igidi f ,Sj ,of  the Grassoanl l  var iety and"
in  the  proo f  o f  ?heoren g .

7 ,

as

gL@. 
!et--L.b-q e,g qUi.pj ic curve, L a t ine bu'dte

prj'p-qr' rl9t EQ]R 
Mggg*%kg{,q1.{tig,"

sp a:e,s L **c:LWg-ggg" *? k-r ptj 
"*+ i "l l'Llre sp. o yJl- ? Jpgi nt )

@ p l e x o p e n )
.nglgb!_ogghooa r,*-gf 'g i+ r".lqeg*t*.t-.:rre.li$g_€,-f 

,ovqr l_1g_:ggggeh}c,to the
co lg  C(Y*rL . )  o l re l  a  po la r ized  e l l ip t i c  curve- \ - t . ' -1,  : - - -*  , .=,---*-el l ip_Lic_-cr i rvg ( t*r t r ) ,  y l t l ]  deg( l r )  *  aeg(t)"
T.Ee_slme kind. of conc_l"usion hol 

"*rru 
cf Aenus

g>.. e_a:g jeg( .I, ) ?. {e+J.

the proof observe that the two t ;rpes of surfaces from si tuat lons a) and
b)  o f  ?heoren {  ( resp .  ?heorem 2)  have d . l f fe ren t  Eu le r -po incar6  charac ter is t i cs ,
and therefore cannot f i t  in the sane family.  Then use Theorems L and Z, Reraark
? ' (a f te r  the  proo f  o f  [heorem 1) ,  ] ropos i t ion  {  and.  the  same method as  1n  the
proof of Theorexn B.

R-emgl'k" Compare with a resul.t o{' pi.nkham

12) the af f ine oone

^ P 1
rrom 

DZJ, vrhich states that ( i in

of (Yrf,) bas no smooth d.efornai-
the  s i tua t ion  o f  Theorem

t i -ons.
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