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IqONODROI{Y OF FUNCTIOI']S DBFTJ{IID Oi{ ISOLA'I'ED

SIi , IGULARITIES OF COIlPLtr ' IE I I . ITUIISECI ONS

by

Alexandru DIIiCA

A basic  too l  in  the s tudy p. f , "  an analy t ic  funct , ion gerr l

f  :  (Cn ,  O  )  -4  (C ,  0  )  v , r i t i r  an  f  so la t  ed  s ingu la r i t y  a t  t he  o r i g in

(o r  o f  t he  co r responc i i ng  hy i : e rsu r face  ge r r l  Y= f - I  (O)  )  i s  t - . i r e

wel-lknown local rr'onodrori,y srorlp ( [, ], ft J. p''z] I 'n,'

.  fhis vriCely stucl iecl r, ' .onoc1ron,y gro\r.p can be clefined in

tv io  equiva lent  v /ays:

(1 )  Us ing  a  no rs j - f  i ca t i on  o f  t he  func t i on '  f ' .

( i i )  Us ing  a  l i ne  i n  t he  l : ase  space  B  o f  a  ve rsa l  c l e fo rma-

L ion  fo r  Y ,  i .  gene ra l  pos l t i on  v r i t h  respec t  t o  t he  r i i sc r im inan t

hypersur face A c i l .

In  t i r is  paper  t {e  exten<1 the construct ior r  ( i )  above to

func t i on  ge r ] l r s  f  :  (X r0 )  - - - (A r0 )  de f  j . nec l  bn  a  comp le te  i n te rscc -

t , i on  (X r0 )  g  1Cn+Pr6 ;  v r i t i r  an  i so la tec l  s i ngu la r  po in t  a t  t he

o r ig in  anc l  such  tha t  Xo= f - I  (0 )  i s  a l so  a  con rp leLe  i n te rsec t i on

v r i t . i r  an  i so la tec j  s i ngu lan i t y  a t  0  ( l r e re  n=d im X  >  0 ) .

f (  =  ' ; ,6 '  (Oisc r  {s  po ints}  )  on the exact  sequence of  the pai r  i  - i

( i r i o )  j - n  hcn io logy  ( r v i t i r  E -coe f f  i c i en ts ) :  : ' " ' '

)
(x) 0 -+ lin (i) -'-+ H' tfi,fol 3* ttrr-, tio) ---+ 0 ' '1.



v/here

that

i l r io are the l ' l i Inor f ibers of  x ancl  Xo t  [ tJ l  chosen such

foc  i '  , rna  ==P(x)+  
f (xo)  

i s  the  sum o f  the i r  I ' l i l nor  nunbers '

t l o r e  p n e c i s e l y ,  t i r e  a c t i o n  o f  i t  o n  I I n ( f )  i s  t r i v i a l ,  w h i l e

t i re  act , ions cn t i te  other  tvro hon,o logy groups can be descr ibed in

te r ros  o f  p i ca r< l -Le fsche tz  fo rn ru las  w i th  respec t  t o  t h imb les  ' :

AX  €  t r r ,  ( f , r i , ' o )  and  co r rcspond ing  van ish ing  cyc les  5O= dAr ,  a  I i r , - 1  i i o )  .

T h e T ( - e x a c t s e q u e n c e ( , t ) i s p r o v e c t t o b e a c o n t a c t i n v a r i -

an t  o f  t i r e  f unc t i on  f  i . e ,  i t  depenc ls  on l y  on  the  iSOnrOrph ism

c lass  ( i r i  a  na tu ra l  sense )  o f  t - he  pa i r  o f  co r rp le te  i n te rsec t i ons

(x rxo ) .  T i r i s  f ac t r  ES  v . re i l  as  the  i ndepenoence  o f  t ne  sequence

(16)  on t l ie  choice of  the-mors i f  icat ion for  f  is  obta inec l  by a s inp le

a p p l . i c a t i o n o f t h e T h o n i - l l a t l r e r S e c o n c l l s o t o p y L e n u n a .

To  g i ve  sone  exp l i c i t  exa tnp les ,  v , ' € - compu t -e  nexL  the  ? r  - se -

quence"  (X )  f o r  a l l  t he  ks i r . : p le  func t i ons  f  de f i r t ed  on  an  i so la -

tec l  l r ype rsu : : f  ace  s ingu la r i t y  x  o f  < i i n rens ion  n  )  I  r  os  l i s te r l  i n  [ t l '

i . lo te  
' that  the ' i (  -sequence (x)  g ives us in  par t icu lar  two

nronodrol,l}t $ror"lps

G - ( f ) = i m  { f f * * n u .  
I i r , - t t i o f  i

G ( f  )  - i rn  
l *  

r *  au t  l i r ,  ( I ,Xo)  i  .

tr ' r 'e pt:ove t.hat Go(f) is preciqcl,)I  the mcjnocirol i iy group of the com-

p l e t e  i n t e r s e c L . i o n  X o  c i c f  i n e d  a s  i n  ( i i ) .  I t r  f a c t  t h e  m o r s i f i c a -

t i on  p rocess  usec l  above  g i ves  r i se  to  a  l i ne  i n  t i r e  base  space

i l  o f  a  ( su i t . a l : I e  c i t osen )  . ve rsa l  de fo rn ra t i on  o f  Xo  ,  w l tose  < l i r ec -

t ion < lepends on Lhe fu: .c t . ion t .  ar ic l  is  !$  gener ic  rv i th  respect

t c  t h e  d i s c r i r n i n a n t  A c E '

That  i .s  vr l - i 'y  we neeci  a  s l ig l r t ly  nodi f ied vers ion of  a  resul t

o f  F la i i ,m-1 ,6  on  t . re  func ' l a r i r e l t a l  g rgu l i  a f r . (n r41  ( see  Le i ima  3 .5 )  .

. l 'gen r . ;c  shovr  t i ta t  t i re  other  n ionot l rony groupG(f  )  is  a  semi-



d i rec t  p roduc t  o f  Go( f )  w i th  a  f ree  abe l i an  g roup  nx  and  v re  a l so

give sonre est imaLe,s for  the rank

t" ina l ly  r *e rernark t i ra t .  const rucLions s imi lar  to  some of

ou rs  ( i . e ,  no rs i f i ca t i ons  and  connec t i ons  w i th  ve rsa l  de fo rma t . i ons )

r 1
have  been  usec l  l t , any  a  t ime  be fo rc  (e "g .  by  l o r l d in  L7J  and  La

[rO]  I  but  a lv ;ays wi th  c l i f ferent  a ims in  v ievrr  ds far  as v te know.

tJe vroulc l  l ike tc  express our  c leep grat i tude to  Professor

V . I " A r n o l d f o r a V e r y s t i m u 1 a t i n g d i s c u s s i o n "

f  -  r . A r  n : \ r l n f , r l t  1 f  n  r \  n n  n n  r l ) o

$t. noRsrrrcATrotrs Ali j l  f ' loNoDRoI'iY i '{A!'.or PArRs

L e t  ' . ; g l = r . . = g O = 0  b e  a n  a n a l y t i c  c o r i i p l e t e  
' i n t e r s e c t * : - @ l 1  

i n

a  ne ig i r l .ourhooc l  o f  t f t *  o f ig in  o f  Cn+P,  w i t , i r  an  iso la ted  s ingu la r

p o i n t  a t  0 .  ( n >  1 r  f  )  0 ) .  C o n s i c l e r  a L S o  a n  a n a l y t i c  f  u r r c t i o n

gerrii

n { - h

f  :  ( c " ' t r 0 )  - - - >  ( c 1 0 )

_ l

such  tha t  X^= f - ' (O)  n :<  i s  agh in , . r : : d  co rnp le te  i n te rsec t i on  v r i t h  a r t
o

i s o l a t e d  s i n g u l a r i t . y  a t  0 ,

Fo r  g>>J>o  chosen  su f f i c i en t l y  sna1 l ,  i t  i s  knov ;n  bha t

the  l t i l no r  f i be r  o f  X

€ O  -  - D  .  ,  a - -

i s  a  cor i ipac t  C 
- -n ian i fo lc i  

v ; i t .h  bounc la ry  fo r  any  r€  C. -  su f f  i c ien t ly

g e n e r a l  v r i t h  0  < l r l (  5  ,  v r h e r e  ' i , '  '

" r= { *  
€  

"€ ,  
r  g  (x l  = t  

}

% 
= 

[ "  €  cn+P;  l x , l  . .  €  ] . t' l
The space ){- (cienoteci in th+.: i+introciuction i ,y I) has t}re

!

l romotopy tyl, ie of a bouquet of n-spheres, t ire nunrl;er of vrhich is



4 -

by c le f in i t ion t i re  I ' t i lnor  nurnber1t  (X)  of  the co l i rp le te in tersect ion

r \  '  

-  t  -
F o r  r  s n a l l  e n o u q J h ,  i t  i s  e a s y  t o  s e e  t h a t  f f = f l f n t  X ,

i t a s  o n l - y  a r  f  i n i b . e  n u r : , b c r  O f  c r i t i c a l  p o i n t s  d I r . . ,  r a k  a n d  n t O r e -

o v e r  a . ,  - - l  O  v l h e n  r - + 0  f o r  a : ) y  i = l r . " . , k r
L

L e t  u s  d e n g t e  b y  p t ( f  ' r . r . .  )  t h e  l l i l n o r  n u n t b e r  o f  t i r e  S u n g l j o n
- l  r

f  I  a t ,  t , i r e  c r i t i ca l  po inL  o i .

One has l l re  fo l lovr ing proJ 'er t ! ' ,  i t i  analogy vr i th  a resul t

r ' l
o f  L a  t [ r o 1  ,  ( 3 . 6 0 4 ) ) .  :  '

P r o p o s i t i o n  l .  I
@

L  F ( f  
' , o i ) =  

f  
( x ) +  

f ( x o i  ,
i = I r k '  

' L

P r o c f :

L e t  D 6  C e n o t e  t h e  o g l e n  d i s c  l " e  C i  l z l  . { J u  F o r  ; {  7  6  a n c l  ,  '

r  su j - tab le  chcsen,  the  inc lus ion

( r . 2 ) E = X r n  f - l  ( o d  )  *  X r

i s  a  i : omo topy  equ iva lence  ( sce  fo r  j - ns tance  
[ao ]  (3 .5 )  )  anc i  more -

ove r  t he  res t r i c t i on

( r : 3 ) t lar :  ? n . - .> Di  r^rhere ?Ir= ? xr  n f  
- r  (ot  )

i s  a  su l :mers ion .

! e t .  b €  D J  i , e  e ]  r e g r r l a r  v a l u e  o f  F - f  
[ e  

a n c l  l e t  . i = f  ( a r ) € O 5
P

L r € , ' t h e  . ( n o t  n e c e s s a r i l y  d i s t i n c t )  c r i t i c ; r 1  v a l u e s  o f  f  .
r y _ l

Tnen  I ' = f  *  (b )  i s  t , i r e  l l i l no r  f  i be r  o f  t he  con ip le te  rn te r -  ; .

sect ion ) i^  and t l ' re  e>:act ,  sequence of  the pai r  (nof '1  shows t i - Ia t  " ;- - - - -  - - o  - -  r  ,  - - - -  r : -

11-  (L , i : ' )  i s  . r  f r ee  a l - re l i an  g rou l :  c - f  r ank  s=  f l (X )+  F t (X^ ) .  (Z -coe f -  ,  :n '  /  I  o ' -

f i c j . en ts  fo r  L ro ino logy  a re  used  th rcug t i ou t  i n  t h i s  paper )  
"  

l



5 -

l r le  compute now th is  group in  a d i f ferent  way,  fo l lowing

r t a(  L e J ,  3  5 )  .

Choose  sma l l  c l i s i o in t  c l osed  d i scs  D i  cen te red  a t  t he  c r i t i ca l

v a l u e s  c l  a n c l  f i x  s o m e  p o i n t s  b i e a D i l

Fo r  eacR i ,  t ake  a  C* -embedded  in te rva l  ( , L  f ron t  b  to  b ,

suc i r  that  { ,  =  U 4 i  can be contracted vr i th in  i tse l f  to  b anc j  Dd

can  be  con t rac tec l  t o  c=UDi  u  (  |  .

. S i n c e F i , , . i , . , " . " a t p ' o p . ' ) I ' o c a 1 1 y t ' r i v i a I f i b r a t i o n

t h e s e  r e t r a c t i o n s  c f l r i  b e  t i f t e c l  t o  t h e  c o r r e s p o n a i n g  s u b s e t s  o f

E  and we gec  the  fo l l c lw ing  isomorph isns

* - ' t  - - '  
( . )  ,  i * '1  1  0)  )  ,H n ( h r F )  + g - i t n ( f  ' ( C ) r f )  

" ' - +  I i n ( f

B y  e x c i s i o n p  t h e  l a s t  g r o u p  i s  e q u a l  t o

o - ]  r y - ]

e '  i i n  ( f  *  ( D i )  ,  f  -  ( b i )  )

Assune  tha t  u j . I r .  " .  r a t i *  a re  the  c r i t , i ca l  po in t s  o f  f  , i n , , , .Nhe

f i be r  ove r  c+ .  Le t .  t s {  be  tne  i n te rsec t i on  o f  a  sna l l  c l osec i  ba l l
r )

^/-'t e- l

cen te rec l  a t  d . - r  
" ' , ' i t h  

f  ' ( n .  
)  and  deno te  w i th  E ' .  t he  f  i l : e r  f  *  (b .  )  .

1 l  l - '  1  r

I t  fo l lov is  that

o - r  n r  m

H n  ( ; - t  { l r )  , u i ) = n I ]  (  
j Y r " j  

u  F i  f  F i )  = @  l i n  ( E  j ,  B j  n  F i )

.Moreover

I in  (B j  ,  B j  n  F i )  t  Hn-r  (B j  f t  r i )

i s  a  f r e e  a b e l i a n  g r o u p  o f  r a n k 1 r  ( t t  r t i j )  b y  t n e  d e f  i n i t , : i . o * ' , r '  o f

t h e  i l i l n o r  n u l i l b e r s  o f  f ' ,  i f  t h e  d i s c "  D i  a n d  t h e  b a l l s  I 3 ,  a r e
. . ; :  : i ] :

chosen  sma l l  enouSh .  g



Vie consider  now the probleni  o f  the ex is tence of  mors i f ica-

t i ons  o f  t he  func t i on  f  t :X ,  -+Cr  i . € .  s t i t a l l  de fo rna t i ons  o f  f  I

hav fng  on l y  nonc legenera te  c r i t i ca l  po in t s  r . u i t h  d i sE inc t  c r i t i ca l

va lues

I f  P denotes the vector  space of  po lynonr ia is  in  x1 i  o  t  t  1xn+p

of  degree r (  3 ,  i t  is  easy to  shovr  by s tandard f ransversal i ty  ar -

guments that  there is  a  Zar isk i  open subset .  U cP such that ,  t t ie

func t i on

tg= ( f+q) 
|  x,

i s  a , , $ o i s e  f u n c t i o n  f o r  a n y  q € U r  : ,  . .

l ' {oreover ,  i f  we have c i rosgl  a l ready e >> J > O such that

( 1 . 2 ' ) , . ' a n d '  ( 1 . , 3 ) ' h o l d  t r u e  f o r  a n y  g e n e r i c  r  e C P  w i t h  l r l  S  6  |

t n e n  t h e r e  i s  a n  [ ] 0  s u c h  t h a t  l g l  <  n  i m p l i e s  s i m i l a r  p r o p e r t j - e s
L  I  - I  

L

r o r r r
c'

Suppose now we have

l q i l <  ?  .  w e  c a n  " t i n d  a  c *

et=el f  or I  --a.< t(  I  and lqa I

.  Consic ler  Ehe spaces

tvro polynonr ia l "s  esre l€ U suc i r  t i : ra t

< ? f  or  hny t  € 10, 1]  ,  where

f o r  Og t .<a ,

a  €  ( 0 i 1 / 3 ) .

and the proper nap

D = D .  x ( 0 r l )  a n d
o

( r e s p . c ,  ( t )  )

of  f  for  i=cl
Q+ :!i.

t /  as fo l lor ' rs  (
I
,  t r

=  
t ( . i ( ' t ) , t ) ' i  t

/\, l-

. /  r E * > D ,  Y  ( x r t ) = ( f ^  ( * )  r t ) .
l l Y +

r r  a ,  ( r )

values )

the map

der:o:be. the., cri t ieal points

r .  a .  r " = ' f |  1 X 1 +  7 U . ( X o )  r  t h e n

{ r7 ,  chap . r )  .  The  s t ra ra

€  ( 0 r l )  r  j - = 1 r " i . .  
r "  ] ^  a n d

.  ( r e s p .  c r i t i c a l

we can s t ra t i f y

i n  D  a re  g i ven  by

D t iir=6 r 6, e

-pat l r  ga in  L l  suct r  that  e t=go

{ t x , t l  € x r x ( 0 r 1 ) ,  t n . ( x )  €  u C  
}
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The st,rata in T a::e given bY

' f r r r ,=  (  ?  xrx  (0r r )  )  n  ( f  rEr r , - r )

t u y *

F | 2 n + 1 = L \ t h e u n i o n o f t h e o t h e r s t r a t , a L - * a e t i n e d a b o v e . .

The lovrer  index g ives the , ,neal  c l imension of  the s t ratun '

(These  c le f i n i t , i ons  work  fo r  n ) t2 .  The  s imp le r  case  n= l  i s  l e f t

to  t i re  read€r .  )

The t lh i tney-Thom regular i ty  concl i r t ions are obvious ly  sat is-

f iec i  for  any pai r  o f  s t ra ta t l i i - :h '

By Thom-i , ta ther  Second Isot  opy Lemtna t  [ r ] r  I I ,  (5 .8)  )  vre

obtain a coirreut 'at ive cl iagrani

f l r =  [ , " r ( t )  f t ) r  t €  ( o ' ] ) ,  i = ] r . . . r s ]

t 2 n - z = { t x o t l  ; t  €  ( 0 r r ) ,  *  €  ( f q * ) - r  ( " i ( t )  ) f i } x r  o  i = r 7 " ' r = }

f i r r , - i =  { ( * , t ) ; t  e  ( 0 r 1 )  r  x  €  ( r n a ,  ( c r ( t )  )  0 r n t  x r  ,  i = l r  " a s ' }

%  
x o ( : :

vrhere 9(6(0ra) and Ft, h are honieornorphisros cor'rpat ' ible with t 'he " ' : j

'  
in< luced st ' ra t i f  icat ions o

In par t ' icu lar  we get  the fo I lor '^ r ing resulL '

x o ( , )

I
I

I
t,

l i  , 1 - 1  t o ,  x  ( 1 -  d  )  )

I
I
I t n ,
I
I

o6  *  ( r -  6 ( )

Y 
- (Dd

f
qo



fsts*,*, ,L*3.

The topologic . r l  type of the na.p of  pa i . rs

* q "  t ' '

where  C  i s  t he  se t  o f  c : i t i ca l

r lepenclent  o f  t i te  po lynoin ia l  q  €

M

r:glled the *g*g,F.gi*.L-sgt*,liE*,r: or rhe

be clen'ct.ed sl-raply by

I  I  r l l  tc l  I  - - - '  (D5 ,c)
r  /  i r

g 0

v a l u e s

u r  l q l

o f  t he  func t i on  fO  i s  i n -

< t  3

p a i r s  i n .  ( I . 4 )  v ; i l I  b e

f u n c t i o n  1 €  n X  a n d  w i . I l

I t  i s  a l so  c lea r  t he  i ndepenCence  o f  t . he  topo log i c . r l  t ype

o f  t h e  n i a p  a b o v e  o f  t h e  c h o i c e  o f  ( s u i t a b l e )  t  r  J ' a n d  r .  i \ l o r e o v e r ,

i f  we change t i re  funct ion f  to  a f ,ur rc t ion f r=f+k,  whe.re k  is  a

f u n c t i e n  i n  t i r e  . i d e a l  ( 9 1 r . . . r g o )  o f  t h e  c o m p l e t e  i n t e r s e c t i o n  X ,

notz  that ,  t i re  c l is tance l l f  .  -  '  t t  -  '  l  r " - iade as srna l. ,  ,  
- t  

l l  X can i :e .  nade as smal l  as vre vrant
, r

by  tak ing  r  sma l l  enough .

I i s i . ng  a  s t ra t i f  i ca t i an  a rgumenL  as  above  i t  f o l l ows  thaL

L ,he  topo log i ca l  t ype  o f  t he  rnap  o f  pa j r s  i n  (1 . - . 1 )  c lepen , l s  on l y  on

t h e  r e s t r i c t i o n  t l "  i , € n  o n  a  f u n e t . i o n  i n  n i " = m  / t O r * o , , t 1 , , p ) ,  v r h e r e
iO,

I[ c U,,*^ .i- s th,: max j.ma 1 i<lea ]. 
"t L  I  v

( lJe shal l  consider  t l r rougi r .out  ! l ' r  th is  paper  only  fu lc t ions

f  €  r i r ,  suc i r  t n : l t  xo= f  
- r  

(0 )  i s  a  comp le te  j - n te rsec t i on  w i t i r  an

i s o l a t e d  s i n g " l l a r i t y  a t  0 ) .

1. 'he  d isc . rss j -on  be low wi l l  a lsc r  imp ly  inc lepenc lence f ron i  the

d e f i n ' i n g ' e g u a t i o n s  9 i = 0  o f  X ,  a n c l  h e n c e  v r e  c a n  g i . v e  t h e  f o l l o w i n g .

f d : ( s " , o : )  * ( n , c )  .

Th is  topo log i ca l -  o i : j ec t  i s  cons ta ,n t t "  
1 , , l .  

-consLant  fanr i l ies



i n  t i re  fo l lbv r ing  prec ise  sense (contpare  to  [ t t l  ,  $  n l  .
n + n

( X t r 0 )  c  ( c " ' o r 0 )  b e  a  s n o o t n  f a m i l y  o f  c o m p l e t e  i n t e r -

sec t i ons  w i t i r  i so la tec l  s i ngu la r  po inLs  a t  t he  o r i g in  such  t i r a t

c l im  X-=n  anc i  AA  (X* )=cons t .  f o r  t e [Or l l  .  Assu r r te  tha t  f *€  m. .  i s  a
t l L ' L , a +

s rnoo th  fa in i l y  o f  f unc f i on  ge rms  such  t i r a t  / tA . ( f ; I  ( t l )  )=cons t ;
l E

Us ing  the  cons t ruc t i on  o f  mors i f i c< . t i ons  and  s t ra t i f i ca t i cn

argurrteltts as abovep one can then shor,v that t,he nonodrorrry rnap of

pa i r s  o f  t he  func t i on  f t  i s  i nc lependen t  o f  t .

A  spec ia l  case  o f  t h j . s  s i t ua t i on  i s  t he  fo l l o r ' r i ng .

D e f i n i t i o n  1 " 6  t r l

I , ie  say t i ra t  tvro funct jon gern ls  f  L ,  
f  ,€  rn*  def  ined o"n ' , . the

comp le te  l n te rsec t i on  ( x  ,  0  )  a re  JC  (con tac t )  -eou i r ra len t  i f  t i r e re

is  ar i  autonorp l r is r t  u  of  the local  C-a lgei , , ra  C/"  such that

( u ( f  . ,  ) ) = ( f  , ) ,  v r i r e r e  ( a )  h i € d r l s  t , h e  i d e a l  g u n * t t t . A  b ) '  o  i n  ( i  
X .' L 4

S i n c e  t h e  c o m p l e t e  i n t e r s e c t i o n s  X  a n c i  x o ' = f ] i  t O l

have  i so la ted  s ingu la r i t i es  a t  t , he  o r l g in ,  t he  ques t j "on

-equ- iva lence of  f  ,  a lc l  f  ,>  can be set t lec l  in  a je t  space

r -  ^k
JK(n+prp+ I ) ,  v i a  t i r e  ac t i on  o f  a  gS* *gSHg a lgeb ra i ' c  g ro rP  GJd

( t l ' re  pa: : t icu lar  case v;hen X is  a hypersur face is  t reated in  de-

F ' t

t a i l  i n  I I J ) .

L = L  t 2

of Jt-

I t  f o l l o r ' ; s  t ha t ,  ' ' ( x r f l )  a l l d  ( x r f )  can  be  connec ted  by  a

f .L-const ,ant  farn i . ly  (Xt r f t )  as above ; inc1 vre get  thus the fo l lo ' , ' r ing,
I

C o r o l l a r y  L , 7
@ffi-F'-eF@

I f  tv . ,o  funct ion '  gerns f  t r f  2€ 
mX are pequj -va lent  then the i r

*
associatecl  monodrony lTlaps f  . ,  and

,r
t  Z  

a re  t .he  sane.
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E Z . }{OTTIODI(OI,{]T EXACT $iJCUI;NCtr. }-XA;'TPLES
J '

Le t  f t :  ( r * r r f )  - - *  (D rc )  he  the  monodromy  map  o f  pa j - r s  o f
v

a  f u n c t i o n  f  € m "  a s  i n  f t .

I f  b  €  D \ C  a n d  F =  ( f t ( ) - t  ( n )  ,  t h e n  t h e  l o c a l l y  t r i v i a l  f  i -

brat ion i i {  t  U* . -oDrC c ief ines in  the usual  rvay an act . ion of  the

fundar .enta l  l roup fC = 1( t  (D \  C)  on t . i re  mi .Jd le homology group

I In_ I  (F )  c f  t he  f  i L .e r .

Moreover ,  for  any honrotopy c lass v  eTC there is  a  v le l l

def ined honroniorphi snr

r ? - - :  I r  ( F )  - - >  I I  f  i i *  - f ' 1l " r j 7 " ' n - 1  r '  I  '  r i n  \ !  t '  t

called tllg s*Iff:jJll .*lg#"jg9*pg!}] vr. For a detailed construc-

t ion  anc l  t i .e  ma j -n  p roper t ies  o f  ?0 ,  we senc l  to  t [g ]  ,  (6 .4 )  ) .

I ' Ie can def j -ne an act ion of  the f"rndamental  group ' i t  on

t,hd hopology group' I l- (Ertrl ') l :1' g1-r. fornula

\ r /  rY=- . " r -  ( -1)  n- l  
t ,o ,  (  ?  x)( 2 . 1 )

r ' rhere 3 is  i :he connect ing homonorphisn j .n  the exact  sequence of

t h e  p a i r  ( L * , F ' )

(2 ,2 )  0  - *  I I n  ( t * t )  i  
,  I t n  (E* r r , ) , * "?  ,  I l r r - t  (F )  - - *  0  .

I f  v re  cons i c ie r  t i r e  t r i v i a l  ac t i on  o f  i I  on  I {n (L r )  |  t hen  th i s

exact sequence is a fC-,9I*S:*SSIS*SS, i .€. the ironromorphisms i

ana }  are Td -equivar ian! : i ,  :

Let  f r  (say equal  to  X,  in  $ f  l  . rnc1 3o (say equal  to
\ t  ^  - l

 r { ) f  
*  (b )  )  denoue  t : he  assoc ia tec l  i , i i l no r  f  j . L ,e rs  o f  t he  comp le te  i - n -

te rsec t i ons  X  anc l  Xo .

' f  i re  correspo;nc l ing exact  sequence



r  .  -  1 1

1

(2  .3  )  0  '+  I I r . ,  (X)  - '  I In  (N ' fo)  *9+ i in- r  ( io)  -+ 0

i s  i son ro rph i c  to  the  exac t  sequence  (2 ,2 )  and  v ia  th i s  i somorp i r i sm

we can  t rans fe r  t he  lC  -ac t i ons  on  the  hon ro logy  g roups  i n  (2 ,3 ) .

n e f i i i t i o n  2  " 4

The  ?C-exac t  sequence  (2 .3 )  cons t ruc ted  as  above  i s  ca l l ed

t i i i  monorCrornv exact  Sequence of  the funct ion f  n-

FJgoPt.J..-5.

I f  t i re  complete in tersect icn x  is  smooth,  then t 'he seguence

( 2 , 3 )  b e c o i a e s

o + o - H' tf ,?o) % rrr,-r tio) -' o

and hence i t  conta j .ns the same in format , lon as the act ion of  7C

r ,n  L i  -  f i  I  i . €c  the  c lass i ca l  n ionodrony  ac t i on  fo r ' t he  hype r -  '
v r r  . . p _ 1  r . . O ,  - r  - !

sur face  Xo .  n

P u t  a g a i n  s = f , ( x ) + 1 ' L  ( X o ) = r k i i , . , { X r ' { o )  a n d  l e t  C =  t " r r  r " ' t t }  '

! {e  denote  by  wk€T[  the  e lementary  pa t ] r  enc i rc ] i r rg  tk  (  t9 l  (6 '1 )  )

ancl  chose the ord'er of  these pat 'hs such that

W = t  t t t  t l J I = W O

where  wo  i s  t he  c lass  o f  t i r e  pa th  wo( t )=b ' . 2  
f r  i t  

,  O { t ' < I  (we

a s s u r n e  h e r e  l t  l >  l " r I  f o r  a n y  k = r ; . . . 1 " ) '

i l , I e r e c a l l f r o r n t h e p r o o f o f ( I . I ) t h e i s o m o r p h i s n i g

S  b  - li  
I i *  l f i r i ^ )  =  I l n  (u * rF )  =  (E  Hn  (  ( f  ^ )  - '  

(D . , - )  I
I l  L /  l l  

k = I  
r r

s ince  f t t  i s  a  n io rs i f i - ca t . i on ,  each  o f  t he  l as t  homo lp .  Y

g roups  i s  f ree  abe l i an  o f  rank  one t
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l ^ I e  s h a l l  c l e n o t e  f Y  A f  I  t . .  I

of  t^he grouP l in t i r f ,o) ,  v rh lch are

L e f  s c n e t s  (  p ]  t u . 2 )  )  "

I^ I i t .h  these notat ions,  the

(2 ,3 )  ca r r  be  desc r ibed  i n  te rms

!M"e

For  x  e  I I n  t l r i o )  : r r iO .x=x*  ( -1 )

A 
"  

Lhe corresPbnding generators

p rec . i se lY  the  th imb les  o f

' [ ( -act ions in  the exact  seguence

o f  P i ca ld -Le fsche tz  fo rmu las .

( D * , ? A * t A n

F'or x € I i
F o l

(i"o):
ljn+I )

vru rX=x* (-, ) 
-U* 

@ ,? Ak) aA k

vihere (  ,

Ii=I t " . . p s 
"

)  < lenotes the in tersect ion fornt  on l l r . , - l  ( f ,o) ' - 'anct

Pid'of :

The seconcl  f  or : ;nula is the "rsual  Picard-Lefchetz f  ornula

( s e e  f o r  i n s L a n c e  t l a ] ,  f S l l .  T h e  f i r s t ,  c n c  f o l l o w s  f r o n  ( 2 . 1 )

' r  1  -  r \ r  r t

a n c l  t r r e  f o r n u l a  f o r ' 6 o " .  g i v e n  i n  ( [ g J ,  ( 6 " 7 " 1 ) ] .  I

I t  fo l . lovrs  that  in  orde: :  to  oetermine the monodrony exact

sequence  i t  i s  enough  to  f  i x  a  bas i "  t 6 r . l  o f  t he  g roup  Hr . - ,  t f o l

and to cor,rpute vrith respect to it the gggifli*5l-gxgfs: ? A, and

t h e  i n t e r s e c l i o n  f o r m ,

As  examp les  o f  t h i s  me thoc l  r  ! . , e  g i ve  the  <Lcsc r ip t i on  o f  t he

monodrcny exact  sequences cf  t i re  fus i r i rp le  funct ions def  ined.  on

an iso latec l  hy; :ersur face s ingt t lar i ty  X v , r i th  c j i r r  X ) ;1 '  l r l l ich were

c l a s s i f  i e c l  i n  t  [ t ]  ,  f  , ,  .

I n  a l l  t h e s e  c e t s e s

ty  o f  type  i , *  fo r  so l , te  k

o f  v a n i s i r i n g  c y c l c .  l ,  5  ,

an  i so la te& .  hype rsu r face  s ingu la r i -

e  can c i ro ,se a c i is t , inguishe.r  l ,as is

t9

l l  "  (X -  )  cQr resnond i .ng  t ' c  a
n - l  o '

\ t  . : ^

o

and  w

1 -r  r c r
I
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D y n k i n  d i a g r a m  o f  t y p e  A o  ( [ n J ,  ( 2 . 4 ) ) .

l , t o reove r ,  us ing  the  s tab i l i za t i on  o f  s ingu la r i t i es  ( i . e ,

a<ld i t ion of  a  sum of  squares Lo t .he g iven eguat ion of  Xo as des-
F 1

c r i b e c l  t "  - | 1  J  t r , 3 ) ) ,  w e  c a n  a s s u m e  n = l  w h e n  v , e  c o m p u t e  ? A ,  ,

The  resu l t s  a re  g i ven  be low ,  w i thou t  t hese  ted ious  compu ta*

t i o n s .

P ro r )os i t i on  2  
"7-

. 
'_'

Fo r  t he  s imp le  f  unc t i on  o f  t ype  B*  (m) ,2 )  g i ven  by

m ) )
x : x f + x j + . . . * * i * r = 0  a n c i  f = * r  t h e r e  i s  a  b a s i s  o f  t h i m b l e s  A t r . . r A *

of t { r r t i r i^)  and a vanishing cycle 5 vrhi-ch generates r t r r - ,  ( io)  such

t h a t . a A k = ' ' 6  f o t  d n '  k = I I . . . z r o  '

P{q.PgFi!ig*-2r.8.

: .
F . o r  t h e  S i m p l e  f u n c t i o n  o f  t y p e  C n + l  ( m > , f )  g i v e n  b y  X :

)  )  n . ,  r r , r _ _ ' - a _ _x a x r + x ! + . . . * * i + l = O  a n c r .  f = x r = * * )  t h e r e  i s  a  b a s i s  o f  t h i r a b l e s

r  r \  
e  P  

^ c  - - ^ - . ! - 1 - : - -  
(  f

A o r . . n r A *  o f  i i n ( X r X o )  a n d  a  h a s l s  o f  v a n i s h i n g  c l z c l e t  d l r . r . r  0  m

:  ' I  or urr-,  ( io) sucir that ? A o= Jr '*.  . .*  6* and ? A,.= f ,o for any

k = l  , r r r p f i i .  ( N o t . e  t i r a t  C Z V B 2 ) .

hd'Ps,ilgi"rJ:3
a ) 1 2 =

F o r  t h e  s i m p l e  f u n c t i o n  o f  t y p e  F n  g i v e n  b y  X l x i + x i + . . . + x n * 1 -

= Q  a n c l  f = * 2  t h e r e  i s  a  b a s i s  o f  . t h i m b , l e s  A r r . . . r A 4  o f  I I n ( i r t ' o )

anc l  a  bas is  o f  van ish ing  cyc les  6 f  ,  d  Z  o i  Hn- t  ( fo )  such tha t

? A I = 6 r  , ? A 3 = 6 2 , a A 2 = 2 A 4 =  f , r + , , d ,  ;

I lemark 2 . I0
affiffi

I t ,  v r i l l  fo l lovr  f ront  the resu"&$s in  the next  sect ion,  that

for  n= 3 ( r i rod 4)  the n ionodror i ly  group Go(f  )  (def  inec i  in  the in t ro*

c luct ion)  is  a  symrnetr ic  group fcr  any R-s imple funct ion f  n  l ' lo re
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prec  i se l  y

.  F  / D  \ - d  F  t . -  \ - < -  G  ( F , ) = S .  ., t O  ( l J m / : D 2  t  . t O  \ \ ' m /  - D m  t  ' A \ '  
4 t  " 3

o n  t h e  o f h e r  h a n r l -  i n ' f h e s e  c a s e s  t h e  n o n o d r o m y  g r o u p s  G ( f )  a r e
v t t  u l r g  v u r a u !  t  J  t

a l l  i n f i n i t e  ( s e e  3 . 7  j - i ) .

Therefore one c&rr r ' i r l t  establ ish a s imnle connect ion between

these monodror i i ,  gro. tos and the I ' Iey l  groupsassociat 'ed to  the root

systems of  type B* ,  Cm and F4

3. THE }' IONODRO}4Y GROUPS G^ (f ) AND, G (f )

Let  (X- ,0)  C-  (Y,0)  - - { - "  (8 ,0)  be 3 i i l f f i - rsa l  defo. rmat ion of  the' o

comp le te  i . n te rsec t i on  Xo ,  v r j - t h  a  smoo th  base  sPace  B  and  l e t  us

denote by A c e the d iscr i r r r inant  hypersur face of  F [ r ] .

Fo r  a  base  po in t  b6B  - .  [  ,  t ] r e  f undanen ta l  g roup

-  - , ,  - i r ^ - - -  
- 1  e

T ( '  ( e \ A , b )  a c t s  o n . t h e  h o m o l o E y  o f  t h e  s m o o t h  f i b e r  F  ' i + ( b )  *  X o
- - r

and we obta in in  th is  way the @ony group of . .X, - ,

(  -  , l Y  t ' l
c (Xo)= im 

t  
Tf  1  (e  ' .4 ,b)  * - - * '  Aut  Hn- t  (x" )  j  r '

Th is  q roup  i s  i ndependen t  o f  t he  cho ice  o f  t he  ve rsa l  de fo r -

mat ion F aqd of  the base point  b  (prcv ided we take B to  be a

\]
sma l l  enouqh  open  ba l l  i n  some A- ' ) .

Suppose  we  f i x  a  mors i f i ca t i on  f . , :X1 - - ' - -+C  o f  t he  g i ven  func -
c { r

t i o n  f  a s  i n  ( i . 4 ) .  T h e n  t h e r e  i s  a  r z e r s a l  d e f o r m a t i c n  F  o f  X o  v
O  - - -  - L  ! L  - r

2i.s_a 3$9-v€ and a .1ine L in the base sPace R such. that after a na- .-r, i l i i
' n

tu fbf  ident i f  icat ion (  ry  C we have a commutat ive d iagrarn : : i , . r ,



- ' l

fq- (Dd )

1 5

- t
F ( % )

( 3 . 1 ) q

?

To obta i -n  such a versal  deformat ion I '  i t  is  enouqh to take

n-. r - t  d  C .w r_
a system of 5Jenerators of  the c-vector space glo- /  t&'  9xo*" '

?  c  t u  , - - L ^ - ^  ? c - - , ? 9 ,  I * -  
? t , ,  

)  i n c r u d i n q
. . . +  i = : "  

' f r ,  ( W h e f e  
1 i - = ( . r * . 1 t t o 1 + '  

- t t  r r l u ' L L t L r a r r Y

d ^ n + p  ^ o  d x i  d * i  
' ? x i ' ? x i

. ' ' r

t h e  c o n g * a n t  v e c t o r s  € r r "  '  r e p * '  a n d  t h e  v e c t o r  ( 0 ' "  
" 0 ' 9 ) '

The set c of  c, f i t ! .cal  va'}ues of  fc '  corresponds via (3 '1)
a

to the interseql ion t  n t  and since tX t"  a l / torse funct j -on i t

follows that al 'I the noints, F.k € 0 fl a utu sirnple points on A

t  ^ :  L ,

and.  that  the in ter :sect ion ?,  n  A i=  t ransrrerse (s i tuat ion denoted

i n  t h e  s e c r u e r  n y 4 4 A  l '  t [ l ] ,  r ' 3 ' i ) '

' " ' :  The  r i unbe r  s  o f  i n te rsec t i on  po in t s

to  the  i n te rsec t i on  rnu l t i o l i c i t v  (A  '  8o )o

l j - ne  th rouqh  0€B  w i th  the  same d i rec t i on

E x a m p l e  3 . 2

F o r t h e s i m p l e f u n c t i o n o f t v n e B * i - n t r o d u c e d i n ( 2 . T ) o n e

c a n  t a k e  r ' ,  ( c n + 1 , 0 )  - * >  ( Q 2  , o )

r ( x ) = t x | + x l + . . . + x l * r , x r )  '  i

Then the d iscr iminant  A is  g iven+=by the equat ion Yf=yT and the

mors i f i - ca t i on  fo= " r 'X r  - - -+  0  cc r l g -esponds  to  the  l i ne  t  ' y ' = t '

in {, n n is equal

,  where 1 o is the

a s  L  [ t o ] .
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Hence  in  th i s  case  s=m ,  t hough  A  i s  smoo th  a t  0 '  I t . f o i l ows

tha t  t he  d i rec t i o r i  { o ' y r=O i s  no t  gener i c  w i th  respec t  t o  t he

d tsc r im inan t ,  ds  men t ioned  i n  the  i n t roduc t i on '  I

The  ma in  resu l t  o f  t h i s  sec t i on  i s  t he  fo l i r :w ing '

P r o p o s i t i o n  3 . 3

c o  ( f  )  = G  ( X o )

Pr:oof

.suppose that  B j -s  an open neighbourhood of  0  in  CN for

some N) .2  and  l e t  h=0  be . , t he  eEra t i on  o f  t he  d i sc r im inan t  hvpe r -

su r face  A  i n  B .

we denote. .here by B g the c loseci .  ba l l  o f  rar l ius y  centered

N  - ' .  f , - ^ ^ J  r . . .  ^  , l i r a n { - . i  
n t

a t  0  i r ,  C :  a n d  b y  d ^  t h e  1 i 4 e  d e t e r m i n e d  b y  a  d i r e c t i o n  d €  P ( C " )
" a

a n d  a  p o i n t  a e B
r  - 1

i l bne  resu l t s ' o f  Hamm-L6  [u ]  P rove  the  ex i - s tence  o f  a  Za r i sk i

tr

oper l  se t  Uc  F , (CN)  such tha t  fo r  any  t1  €  U there  ls  a  
f  o=  f  

(d )>  0

wir-h the prooerty that  for  any ? r ' r i th 0 (  e$f l  t l rere is 
"  

8*> O- J  ) ' o  )

such that the homomorPhisnn

( 3 . 4 )  T ( . ( ( e r r A  )  f \ d a , b ) ' - +  T f r ( e " r ' 6 , b )
)

ind.uced by the j inc lus j -o 'n  is  an epimorphisr r r  for  any point  a  wi th

n
0  < l a l . <  0 p  a n d  b  €  ( B p \ A ) n d ,

' J J h

We.canno t  apF , I y  t h i s  resu l t  t o  t he  l i ne  {  i n  ou r  cons t ruc -  t

t i .on above,  s ince € is  t l .o f : . , ln , i i ,genera1 "posi t ion wi th  respect  to

the  d i sc r i n i ' nan t  'A  (3 .2 " )  ' :  ' '  :

Tha t  i s  why  we  need  the  fo l l ow ing .
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L e m m a  3 . 5

l\1

S u p p o s e  t h a t  t h e  d i r e c t i o n  d € P ( C " ' )  i s  c h o s e n  s u c h  t h a t

d o € A .  r f r e n  t h e r e  i s  
I  

,  E >  O  s u c h  t h a t  ( 3 . 4 )  i s  a n  e p i m o r p h i s m

for any point  a wi th 1t i  -< 6 and du 4\  A

Proo f

Let 
S 

> 0 be chosen such that

( i )  up  f t  don  A  = to ]
'  

"  
- o " -  L - J -

( i i ) .  I ns ide  the  ba l l  
" s r .  

have  a  con ica ]  t opo log i ca l  s t r : uc -

t u r e f o r A , i . e .

( " S , A n B f ) t c ( s S , K )

a F ' l

w h e r e s r = ? e ' K = A f t s t  L t t J  ( 2 ' 1 0 ) '

There is  a  connected open neighbourhood V of  d  in  p (CN) . i : -

such  tha t  d 'e  V  imP l ies  d ;  n  K=@.

We choose  5>  O  sma l l  enouqh ,  such  tha t  d ;n  K=0  fo r  any

d ' e  V  a n d  a n y  P o i n t  a  w i t h  l a l s  {

n e a r  p a r a m e t r i z a t i o n  f , :  
( , c . r 0 )  - + ( d . r a ) r w e  c l e f i n e  t h e  f u n c t i o n

f=n t r
Then 

Y 
i "  def ined on a neighbourhood of  0  € c  whr ich conta ins

the  d i sc  D=d"O 
"g  

( i f  
$  

and  6  a re  chosen  sma l l  enough)  and

Y  
- r  

( 0 ) =  { X f  , . . . , X s  }  
w r r e r e  t h e  r o o t s  x i  a r e  a l l  i n  D  a n d  h a v e

m u l t i p l i c i t Y  o n e .

We choose  no6 ,a  d i r : ec t i on  d '€  V f \U  such  tha t

,  ( d ' . A 1 - = p 1 A )' - - o ' -  ' o

where *  ( 'A l t ) .  is  the mul t ip t ic i ty  o f  the d iscr i rT inant  A at  the

o r i c { i n .  An ,+e lp1 i c i t  f o rmu la  fo r  m(A  )  can  be  found  i n  [O ] '  [ tO ]

a n d  i t  f o l l o w s  t h a t  m ( A ) > / t A ( x o )  w i t h  e l u a t i t y  i f f  X o  i s  a

I l ,or t  \q/ \ { , t / ,
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hypersu r face  s ingu la r i tY .

Note that  a  Path connect ing d w

tc a homotonY fr- ,  D --+ C, 0.(t( 1 of "f
l L

de f ined  as  above  w i th  res -pec t  t o  d !

Since the  d i rec t ion  d '  i s  in  U,  there  is  a

0 ' >  0  s u c h  t h a t r f o r  a n y  a '  w i t h  0  <  l u ' l < / ' ,  t h e

monrorphj-sm (3.  4 )  is  an epimorphism.

C h o c s e  a . p a t h  a ( t )  1 ( t r < 2  i n  
" t  

s u c h  t h a t  a ( t ) = a ,  a ( . 2 ) = a '

w i r h  0  <  l . ' l S 6 '  a n d  d l t . y  f f  A  , f o t  a n y  t .  T h i s  g i v e s  r j - s e  a s  a b o v e

to  a  homotopy  
f  t ,D - 'C  

l - ( t<2 .  S ince  a t l  t he  func t i qns  fa  
ha r ie

on ly  s imp le  roo ts  xO ( t )  i n  I n t  D ,  we  ob ta in  i n  t h i s  way  s  pa ths

x ,  ( t )  ,  .  .  .  , x "  ( t )  f o r  o g t 5 2

w "  c h o o s e  t h e  o r d e r  o n  t h e  p a t h s  s u c h  t h a t  x r ( 2 ) r . . . r x * ( 2 )

a re  p rec i se l y  t he .  enc l  po in t s  w i th in  the  d i sc  B  p ,n  d ; r c  D i ;  where

m=m(A )  (No te  t i r e  i den t i f  i ca t i on  D  *  d ;  ( t )  n  n  
, , "  

f ' o t  any  t ) .

Consider  the fo l lowinq commutat ive d iaqram. , . . . . . . , : :

i t h  d '  w j - t h in  V  g i ves  r i se

= (p vr i th  Cp -  the f  r rnct  ion
f  o  r  r  /  e r r u

p ' >  0  a n d  a
J

correspondi .ng ho '

Tq

( B o r  A  )
J l

?i .
( n o r A  )

J , [
1 * l

(Bs,\ a )

f:
v

.t):!

- , rr .  +.  r

: i : ! r
r - t

b '  a n d

- {,:t,l:i\:rj:. 
l:

. . ; . ,D r lx',
L = 2 )  ,

fl,. (

f r t (

l-4p

0 d", b ) --l*'iT r
( B o \  A  , b )

J ;

{ " *

' us )  
1 'o '

rl '*
( B g , \ a , b '

n d ; ,  , b '

d (, *  r  '
l- {F

A - t r  l a t \
l f  u r ,  t t J  i - + l t f

The isomorphisrn c* is induced by t  path in 
"StA 

from b ' to

V  i s  o b t a i n  v i a  t h e ' h o m o t o p y  Y t .I

I f . "we  deno te  by  wk  ( reso .w i )  t he  e lemen ta ry  na th  i n

( t )  , . . . , x n  ( t ) ]  e n c i r c l i n g  t h e  p o i n t  x O  ( t )  f o r  t = 0  ( r e s p .

then the le f t  hand s ide of  the Ciagrarn corresponds to

r ' ( * i , . . . , w ; ) c - : f F - '  r  ( w i , ,  .  . , r = )  -  !  r F  ( w r , .  .  . , w s )

w h e r e  r '  ( a t , . . . , u p )  d e n o t e s  t h e  f r e e  g r o u p . q . e n e r a t e d  b y  d l ' . . . ' . p
' i '  '
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T h i s  e n d s  t h e  n r o o r  o f  ( 3 . 5 )  a n d  h e n c e  o f  ( 3 ' 3 ) '  n

, C o r o l l a r v  3 .  6

Suppose  Xo  i s  a  hype rsu r face  s ingu la r i t y  and  l e t  m=rn (A)= f ' (Xo )  '

Then  i n  the  monodromy  exac t  seguence  (2 .3 )  o f  t he  func t i on  f

( u p  t o " a  c h a n q e  o f  i n d e x e s )  t h e  v a n i s h i n g  c v c l  e s  5 f = ? A t  ( k = 1 ,  "  ' m )

fo rm a  bas i s  o f  I { r r - t  ( I o )  and  the  P ica rd -Le fsche tz  t rans fo rma t ions

a s s o c i a t e d  t o  t h e  e l e m e n t a r y  o a t h s  w O  ( k = 1 1 . . . , m )  q e . n b r a t e  t h e

g roup  co  ( f )  .

P r o o f :

The  p roo f  o f  (3 .5 )  im .p l i es  tha t  (up  to  a  chanqe  o f  , i pdexes )

t h e  i m a q e s  o f  w f  , . . . , w m  g e n e r a t e  t h e  g r o u P  G o ( f  ; = 6 ( X o ) .

T h e m o n o d r o m l z g r o u p c ( X o ) ' a c t s t r a n s i t i v e l v o n t h e s e t o f

v a n i s h i n q  c y c l e s  i n  H n - r ( i ' o )  [ n ] ,  ( 2 ' 5 ' 8 ) '

' ' ; ! ' ; : , t i " '  Hence for  any such cyc le 6 there is  an e lement  g € Go( f  )

such  tha t  5  
= *g '  5  1

s ince  g  i s  a  p roduc t  o f  P i ca rd -Le fsche tz r  t rans fo rma t ions

a s s o c i a t e d  ! o  w t r . . . , w m ,  i t  f o l l o w s  t h a t

6 e  n { [ t , " ' ,  d ^ )

7 ( - rl r f-l
i . e .  6 r , . . . ,  d *  f o r m  a  b a s i s  o f  H n - t ( x o ) '  U

F l n a l l y w e g i v e S o m e i n f o r m a t i o n a b o u t t h e o t h e r n r o n o d r o m y

q r o u p  o f  f  ,  n a m e f Y  G ( f  )  '

P r o P o s i t i o n  3  ' l

( i ) ' T h e r e  i s  a n  e x a c t  s e g u e n c e  o f  g r o u p s

'  , ' .1 ' , ,  0  : - -z  
'A '4-+ G(f  )  *Go( f  ) ' - - -+ I

f o r  s o m e  c { €  N w i t h  0  (  d $ F ( " ) ' y t ( x o )  '
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( i i )  SuPPose  tha t  Xo  i s

the  i n te rsec t i on  fo rm o t  H r r - l

Then o< > 4(X)  .' t

'  T f  moreove r  the  ac t i on

c ib le ,  t hen  o (  =  pu (X) ' lA (X^ )  .
l l v

a hyoersur face i ; inqular i tv  ant l

f i  I  is  nond.ecrenerate.

o f  Go  ( f  )  on  Hn- t  ( f o )  E l  a  i s  i r redu -

s = m * m t .

.3 )  ,  we  can  assume (uP

,  ( l < = I , m )  f o r m  a  b a s i s
K

a combinat ion

Proo f

Put  m= 1* (X)  ,  m '=1 , t (X)  and
I

' '  Usinq the exact sequence (2

c h a n q e  o f  i n d e x e s ) " t h a t  5 r =  a  A
G,

H  _ ( X  ) .
n - r  o

Then for  any k  > m there is

t o a

for

m
v . = A , * I o . . A ,  s u c h  t h a t  3' K -'K 

iYi 
j(a l-

'  
Tn  the  bas i s  vm.+ l  '  o  .  .  t t = ,  A ,  ,  .

N T

*k  on  Hr , (X rXo)  i s  c { i ven  bY  a  ma t r i x

tk=o

.  " , n A *

'  , i '

the act ion of

' . .
:t. l l ..:,

m -

A,)
K l'J

l . n

hTe

i t e  de f  i ne  an  ep imorph ism P  :G( f  )  ->  G  ( f  )  bv  assoc ia t i ns
J  o '

an .s i xs  ma t r i x  as  above  the  mxm mat r i x  i n  t he  l ower . r l gh t  co rne r .

ge t  t hus  an  exac t  sequence

I
I -----r kerg ---+ G (f ) D Go (f ) --"4 I

J

where Ker  p is  a  subgroup in  the (abel lan !  )  mul t ip l icat ive grouP
J

o f  a l l  t h e  m a t r i c e s

jil

iur

A \

,j
( .
l - L

I
M = l

I

I
l 0
t



f t  f o l l ows  tha t  ke r  Pc

p rove  ( i i )  we  assume the  i - s i s

Z , ^ . ^ '  
and  th i s  g i ves  us  ( f )  .  To

2T

i f

,  
" lr  1 . "  . . u . . 1

I  " l-  
l -  

-  - l  € kerg

s  I  t l
t )

then the same is

, i .  i . ' . " . .

for some row

f o r  a n y  e € G -* ( )

- | t  tne

i r reduc ib le ,

v e c t o r  v f } ,

act ion of  co( f  )  on the honolog,v  g. roup

then i t  fo l lows t i ia t

^ h i
o f l u

' h o I d

A ,
n

a .  The  cond i t i on  abou t  t he  j -n te rsec t i on  f , o rm in  (3 .7  '  i i )

necessa ry .  Fo r  j - ns tance ,  i f  f  i s  a  s imp le  func t i on  o f  t vpe  B i .

n  i s  e v e n ,  i t  f o . l l o w s  f  r o m  Q , 1 )  t h a t  G o  ( f  ) = G  ( f  )  = 0  '

on  the  o the r  hand ,  no te  tha . t  bo th  assumnt ions  i n  (  j . 7 ' i i )

when  Xo  i s  one  o f  A rno ld  s imp le  hyoe rsu r face  s ingu la r i t l es

.  r .  ^ ' 1  ( . t
D . ,  ,  E 6  ,  8 . 7  o r  E B  a n d  n ; 3  ( m o d  4 )  (  1 1 2 J ,  $ u t  '  ; ' L

,  mm'  is  not  the who' le
b.  In  qenera l  the 5v[grouP kerg C 2""" '  . ' ] ! ; ; '

qr-oup', even when they have the same ranK lr i : irr: '

Fo r  i ns tance ,  f o r  a  func t i on  o f  t ype  B ' .  and  n  odd '  :

k -  I  k - ]
ker  Q =2 '7 'n  'C  

V" '

6 k  c h o s e n  a s  i n  ( 3 . 6 ) .  N o t e  t h a t

the matr ix  A, -  def ined above is  zero
i(

zero row ( that  corresponding to  the

in te rsec t i on  fo rm i s  nondeqenera te .

( i i ) .

Moreover ,  note that

d i m C ( " ' e ;  B € G o ( f ) >  = m

I lence  ke rg  con ta ins  i n  t h i s  case  m 'm '  c - l i . nea r l - v ,  i ndepen-

dent  vectors and th is  imr : l ie is  the resul t  in  t 'he second r :ar t  o f

( i i )  .  I

Remarks  3 .  B

for :  k  6  rn and has a s ing le non-

vec to r  v ' - )  f o r  mgk6s  i f  t he
J(

Th ls  p roves  the  f i r s t  Pa r t  o f

t rue  fo r  t he  vec to r  u 'B  i

H n -  I  
( i o ;  a )  i s
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