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EQUATIONS AND VARIATIONAL INEQUA],TTTES

IN DOMAINS WITH GRANULAR STRUCTURE

by

Bogdan M.VERNESCU

.;: i . ,  Abstract. The present paper is concerned v,r i-th some
var ia t ional  problems def i -ned on .a  sequence of  non-empty,  weakly
c losed subsets of  a  Hi l -ber t  space,  that , .  sat is fy  cer ta in  proper t . . ie ,s .
The ' ,solutions o,f these problems form a seguence that is weakrv
€onvergent , to  the so lut ion of  a  s imi lar  problem, but  wi th  a suppre_
mentary term.  These resul ts  are t ransposed in  the par t icu lar  cases
of  'equat ions 

and var ia t iona]  inequal i t ies.  some corrector  resul ts
are proved.

rNTROpucTroN

.  
The {i .rst paragraph of the paper deals with the cotrr:x

vergence of  the var ia t j -onal  problems:..

F ( u r ) =  i n f  F ( v )
' r -

F ( v ) = * t ( v , v ) - 1 f , v y
z

where K€ are subsets of

fy  some hypotheses.  I t  is

t ,o  urk ,  then ua sat i -s f  ies :

a  HiLber t  ,space,  weakly  i losed that  sat is-

p: :oved ' . that  i f  u"  is  weakly  convergent
d
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G (u)  = in f  G (v t
v € K

c (v) =F (-v) +] $tvl

where d is  a  funct ional  that  d 'epends on K,  and K '
, . f

In  the par t icu lar  case when ^ ! (u and K are subspaces
f

these resul ts  were proved by D.c ior inescu f  11.  The retnarks - ' l ' '3  a ; 'nd

'  1 .5  i n tenc l ' t o . . s t ress  the  l i nk  be twebn  the  hypo theses  used  i n  tn i s

paper  and the hypotheses used in  the case of  the subspaces.

. , * h e  h y p o t h e s e s  ( 1 . ) - ( 4 J  a n d  ( 1 : ) - ( 4 : )  a r e  i n  f a c t  i

d i rect  consequences of  the proper t ies of  K-  and K ' '  Th;  un iqueness

of  (3"  and { ,  that  sat is fy  thcse hypotheses,  for  g iven K,  and
l a

N,  a re  the  resu l t s  o f  t he  theo rems  L '2  and  L '4 '

The  co ro l l a r i es  1 .1  and  ] . 2 : : , g . i ve  some co r rec to r  resuL ts

that improve the convergence of ur '

The second paragraph is Concerned v, ' i th the study of

the convergence of  the genera l ized (sobolev)  so lut ions ;o : f i  the

p rob lems :

A.u=f ,

where  \ :O(e . )  c  H - '+  H ,  AE=A/^ ( ^  , ,  where  A  i s  a  l i nea r ,  symmet r i c  and
/ ; o \ n f

-pos i t j - vb  de f i n i t e  ope ra to r .  I t  i s  p roved  tha t  t he ' so lu t i ons  o f  t he

above problems are weakly  convergent  to  the genera l izecr  so lut ion of :  t

Au*  G- IBu= f  
s

1 a

j - .e .  a  s i rn j - Iar  equat ion,  but  t r ' i th  a supplementary term.  ' :

In  th is  paragraph we make use of  the var ia t ional  r i :

caracter izat ion of  the genera l ized so lut ion by means of  the €r l€r$18-- , - :

t i c  spaces  and  o f  t he  F r ied r i chs '  ex tens ion  o f  a  l i nea r  and  pos i l i ve

de f i n i t e  ope ra to r .
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The examples make use of the functj-ons w, and l^
thp t  a re '  f o r  va r i ous  doma ins ,  cons t ruc ted  i n  D .c io rdnescu ,  F . I {u ra . j

[ 3 ] , t 4 1 .  T h e  f i r s t  e x a m p l e  j - s  c o n c e r n e d  w i t h  t h e  D l r i c h l e t ' s  p r o -

b lem for  A and the second one wi th  the Stokes,  problem. Tne f i r . ; t

examp le  was  s tud j -ed  a l so  i n  D .C lo r i nescu  [2 ]  and ,  by  means  o f  t he

energy  n re thod ,  i n  D .c io rdnescu ,  F ,Mura t  E  3J , t4 l .  r n  the  second  exam_

p]3 the Br inkman's  law is  obta i ,ned for  the f low in  a porous mediunr

w i th  a  c r i t i ca l  s i ze  o f  pa r t i c l es ;  we  ob ta in  by  th i s  me tho rL  the  sa -

me condi t j -on for  the d iarneters of  the par t ic res as the one in

E.  Sanchez-palenc ia t  ?  I  and Th .  Levy t  6 .1 .

rn  the f i rs t  par t  o f  the th i rd  paragr?ph r^re s tudy the

genera l  resu l t  f o r  va r l a t i ona l  i nequa l i t i es  o f  t he  t ype :

u€ e t<€

a  (  u r rw-  u . )  > ( f  , v -  us ) r fo r  a l l  r r  e  Re

f
t

where K e are non-empt l f . ,e loseC'  convex

nuous ,  coe rc i ve ,  symmet r l c  f unc t i ona l ;

to  \ ,  the soLut ion of :

s e t s  a n d  a  b i l i n e a r ,  c o n t i -

t h e n  u  c  i s  w e a k l y  c o n v e r g e n
L

€ K

( u , v - u )  +  ( d ' ( " )

The f i rs t  example s tudied

w i th  s t rong ly  osc i l l a t i ng

as those obta ined bv means

F . M u r a r f 3 l ,  [ 4 J .

The second example

, v -  u ) ; 4 f  , v -  u ) ,  f o r  a l l  t  e R
f "
L U

i nequa l i - t i es

same res t i l t s

D .  C i o r d n e s c u ,

i-s the one for the variat i-oni

cons t ra in t s -We ob ta in  the

o f  t he  ene rgy .me thod  i n

s tud ies  the  va r ia t i ona l  i negua l i t i es

w i th  b i l a te ra l  cons t ra in t s .
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I .  FUNCTIONALS

Throughout  th is  paragraph we wi l l  denole by:  V a Hi l -

be r t  space ,  K rK .eV  no r r -empty  subse ts ,  c l osec l  i n  t he  weak  topo logy

of  V,  a :VxV---+"p.  a  b i l inear ,  symmetr ic ,  coerc ive.  bounded funct ionaL

and F lV--+ R the funct ional  def ined by:

1  ( r . 1 )f  ( v ) j a ( w , v ) - ( f r v )

w h e r e  f e  V ' .

,  Remark  1 .1 . .  r t  i s  eas i l y  ve r i f i - ed  t . ha t  F  i s  weak ly

lower semicont inuous and that :

t i m  F  ( v 1 =  D o  (  L . 2 )
l lvtt*t$

tn"ni:t t '&11,, is :bounded below and achieves its inf imum on every Ke. We

wi l l  denote by \ r€  one of  the so lut ions of  the problem:

( r . 3 )

TLr'borem 1.. 1.. If for every E' there exists p. :K -oR

and d ,  ( - 'R+ such tha t  the  fo l tow ing  cond i t ions  are  sa t is f ied :

. :
( r .  )  ( t -  O , )  K c K .'  f - € '  L  s

(2 . )  f o r  each  v€K ,  P . r  -  0  i n  V  weak l l z

( 3 . )  f o r  e a c h  v e K  a n d  f o r  e a c h  [ u r ]  ,  y t  €  k "  ,  v ,  ' - >  v  i r r  V
:

weaklyr  w€ have:  ,  d

[  " .  
€  K n

{
I  f ' ( u , ) = i n f  F ( v )
L - .r"e'!Se



( 4 .  )  f o r  e a c h  v e K  l i m  a
6.-> O

and  i f  t he re  ex i s t s  u€K

5

I i q  a ( P r \ t , v f )  4 - / t \ r ,
€ + O

( [5.v, ftv) e dft)

such tha 'u:

Lg.".--....s i n  V ' w e a k l y

t h e n u i s a s o l u t i o n of  the fo l lowing problem:

u e  K

G (u  )  = in f  G (w)
v € K

where :

f-
t

( 1 . 4 )

( r . s )

. " ' ( . 1 . 6 )

, { 1 . 7 )

( 1 . 8 )

Hence ,  by

d a * 0 i n V w e a k l . y

U s l n g  ( I . 7 . )  w e  g e t :

a (  u r ,  u ,  ) = a 1 u r u ) + a ( , ( e  r  a r ) - 2 a  (  [ r r " r  t e  ) -

- a  ( P r t ,  f l c  u  )  + 2 a (  " t ,  u )
( 1 . e )

G (v ) =ir (r,.,-) ++ /(v) - <i , v );,

Proof

Let ot 6 be an e lement o f  V  g i ven  by :

U e  = ( r - f 3 e ) u + . { €

( I . s )  a n d  ( I . ) :

I

T h e  f u n c t l o n a l  a  b e i n g  p o s i t i v e  a n d  b y  u s j - n g  ( 3 .  ) ,  ( 4 ' )  a n d r " ( l ' & ) '

we  ob ta in :
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l i m  a  ( u .  r  r e  ) ) a  ( u , u )  + / ( u )
t - r O

For aLl  weK we def  ine the e ien lents :

( 1 . 1 0 )

( r . 1 r )

( 1 . 1 2 )

w e =  ( I -  p r ) w

T h u s w e  d e d u c e ,  o u t  o f  ( 1 . )  a n d  ( 2 - )  ,  t h a t :

w, e K, , w€ -:' vr in V weaklY

T f  we  pass  to  the  L im i t  i n :

we obta ln:

l i *  a  (we  ,w .  )  ga  (w ,w ' )  +  d (w)  
'

i  * r O

B e c a u s e  w r e K r f r o m  ( I . 4 )  w e ' , . g e t :

f ( u e ) a F ( w r )

a n d  b y  u s j - n g  ( f  . 1 0 )  a n d  ( I . 1 4 )  w e  o b t a i n :

a  ($ t ,  rw ,  )  =a  (wrw)+a  (  p .w ,  f i €w) '2a  (w ,  f i .w )  (1 .  13 )

( r . 1 4 )

1 l

i a  ( r ,n )  + id ( " )  - ( f  ,  r . r>  < l im E (  ue) .1 : , i

<  +  " (w ,w  I  * | 6 t * l -  < r ,w :

f o r  a ] l  weK.  Hence  we  have  p roved  tha t : .  ) . . .

G  ( u  ) = i n f  G  ( w )
wEK



R E M A R K  I . 2 .  I f  t h e  h y p o t h e s e s  ( 1 . ) - ( 4 . )  o r e : , s d t i s f i e d

then  fo r  a l l  veK :

Proo f

. * + *  t ( f 5 e v , p e v ) = t ; i 1  a ( P . v , p r v ) = / { v )  ( r . 1 6 )

For  a l l  veK :

T h e n  b y  ( 3 .  ) :

f l 'ence:

v - p . v e K .  I  v ' P . t '  u  i "  Y  w e a k l Y
,/

t1S 
a ( [ lsv, v- Prv)( -{tvl

" , ,  ! !m  a (p rv ,p rv )> , { ( v )
t_>o

a n < l  u s i n g  h y p o t h e s i s  ( 4 : )  w e  o b t a i n  ( I . f 6 ) .

Next we shall  improve the convergence of uc

g o f g , L l a r y  1 . 1 " .  I n , t h e  h y p o t h e s e s  o f  T h e o r e m  1 . 1 :

' 1 - 8 . ) u  * >  0  i n  V  s t r o n g l Y- c  - \  
r . .

'  
P roo f

f f  i n  (1 .15 )  we  make  w=u  we  p rove  t ' ha t  t ' he re

e x i s t s  l - i m  F ( u - )  a n d :
€ - t o  

'  e '

I

' , . . ;  r i r n  F t u r t  =  *  a ( u , u )  +  + d  ( u )  - < . f  , u )  ( r . I s )  '

6*)0 
-  -L ' /  t



Hence there exists also:

l i m  a  (  u , ,  u r ) = a  ( u , v ) + d ( u  )
e - rO

F r o m  ( 1 . 9 )  a n d  ( f . 1 6 )  w e  g e t :

( 1 .  t 9 )

- 2 l i m  a ( 0 , . u , e r )  r ' 1 1 ;  a ( 4 r , < r ) = 2 d ( u )  ( r . 2 0 )
6;  

-  e . - lc

Frcm (3 .  )  and  the  pos i t i v i t y  o f  a  wq  have :

0 < ] i m  a ( d - , a . . . ) < l i m  a ( 4 . , a - ) 1 0  ( I . 2 1 )
€ . r c  

c  t  
€ . , O  

I  t

and hence {e is  s t rongly  converEent  to  zero in  V-

' In the fol lowj-ng theorem w6 study the uniqueness of

the funct ionals  g l  and the quasi -un iqueness of  the operaLcrs p.

tha t  sa t i s f y  t he  hypo theses  o f  Theorem I .1 :  , . , , ' i .

Theorem I .2 .  I f  t he re  ex i s i :  a l so  f .  :K ->  V  and

Y : K - - + R *  t h a t  s a t i s f y  ( I . ) - , J 4 . )  t h e n :

.  a )  d = . j r

b) 
l f ,T" l l  

(  P.- f , ,  )v l f  =0,  for  a1I  veK

Proof

Lel  veK.  We have:

, t- tre )ve t<a , ( l.- f,, ) v .-' v in V weakly.

.  Thusi

l i *  a  (  P .v , v -  { v  ) (  -S@)  G.22 )  t  ;
€ - ) O  

C  - , . " 1

a n d  b y  u s i n g  ( 2 . ) z



-  
+{ a (  qa' ,  f }€v-)(-Y(v) (r .24).  t ->o

From the iast tr^ro i-rrequarit ies we deduce that:

I E  a ( F " r - { v ,  p . u - t v ) < o
€ . . + o  r e  r c

and thus we obtain both statements of the theorem

The fo l lowing remark in tends to  s t ress the l ink bet -

ween  the  hypo thes i s  (3 . )  o f  Theorem 1 .1  and  the  one  o f  D .C io rdnescu

t , 1 1 .

Remark  1 .3 .  r f  K  and K.  a re  subspaces  o f  v ,  then the

hypothes is  
i t . )  

o f  Theorern . ] . i  i s  equ iva l .en t  to  the  fo l low ing :

f o r  e l a c h  v e K  a n d  f o r  e a c h  [ * r J ,  w e €  K s ,  w o * 0  i n  V  w e a k l y ,  w €

have:  ,

9 -

-  
$  

a ( p . v , { v ) < - d t u t

fn. the same way we prove that:

l1,T a (fiev'w, )€o

( 1 . 2 3 )

"  = ( L  . 2 s )

Thus vr -r v in V weakly. By writt ing iha,!:

l l i  " a ( P r u , u € ) < - / Q t

Proof

Fo r  p rov ing  the  necess i t y  we  de f i ne  V , . ,  by t

Ve = ( 1- fL )v+w, ( L . 2 6 )

( 1 . 2 7  )

a n d  u s i n g  ( I . 2 6 )  w e  o J r t a i n  ( 1 . 2 5 ) "  i .

The  su f f i c i ency  can  be  p roved  i n  a  s im i l a r  way .
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The next theorem is an alternative to Tr"r-eq,rern 1.L.

I !99I9I1--1.2! .  Let  J{c  K be a dense subset ' ' I f  for  every

€ t,here exists el continuous operator F'n , X *> V and a contj-nuous

funct ionaL 6 :K ->R* such that  the fo l lowing cond. i t ions are sat is-

f i e d :

( 1 1 )  ( r - P r ) f t , c K e
t . :' ( 2 i )  

f o r  eac .h  veX ,  hu  
- t0  i n  V  weak lY

(31) ,  for  each.  : r -€  K,  and for  each Lyf lc l1 ,  Y1 - - )  \ r  in  Y s t ' rongly ,

fo r  each  l . r J ,  w6  GK€ , l t  : .  v  i n  V  weak ly r  w€  have :

i l : '

( 4 1 )  f o r  e a c h

and, :f the::e

lim ffi
l  

- >o  8 - :0

vett, lim
€->O

e,x is ts  g e

then"  u ' '  i s  a

u € * u

solut ion of  the

a (  pe :1,  . t  )<- l tv)

a  ( f ] . v , l j . v ) < / t v )

K  such tha t :

in V weaklY

p r o b l e m  ( 1 . 5 ) .

Proof

There  ex i s t s

!"1

Let "tre T 
be an

I g f  t . ] C  s t - r  t h a t :

u '  in  V s t ronglY

element of, .V g.iven bY:

( 1 . 2 8 )

( L . 2 e )

( 1 . 3 0 )

( r . 3 r )
{

Hence :

a (  u . ,

u e  = ( r . f s e ) t r +  * . " ,

I ;

u.  )  =a (  pr ,  g , , )  +a 1 * r^ t ,  aer)  -2a I

-* 
![3r Pl, P. u.,) +2a ( '(s1 , sl)

I{e deduce that:

P, et '  , r )  -



l l m  a ( u . , u ,  ) > a ( 9 , n 1 ,  ! n ) - 2  t 3 g  
. ( p 6 u 1 , u e ) -

E:fi',
- 9 ( s . , , ) + 2 a  ( u - 9 1 '  ! 1  )  ( 1 . 3 2 )

and hence, when 1 tends to zero,  w€ get:

- 1 1

l i i n  a  (  v u ,  u ,  ) > a  ( u , u ) + f ( u )
t -)O

I f  w e K ,  t h e r e  e x i s t s  t W r l  c  T <  s o  t h a t :  '

g  1  
->  w in  V  s t rong ly  ( I .  34) ,

Thus :

( 1 . 3 3 )

( 1 . 3 8 )

We de f i ne :

* r , = , I - P c ) W f  , . "  ( 1 , 3 5 )

a n d  w e  o b s e r v e ,  b y  ( I l  )  a n d  ( 2 ' . )  t h a t :  ' :  : . r L  + . , .  r . ' t

* r " ,  : t  1 1  i n V  w e a k l y ,  w u . l  .  K ,  '  ( . f  . 3 5 )

l1* 
.  (we,i  , t ." ,  )* a (g,r,u 

r) 
+ F$l) (  1 '  37 )

B e c a u s e  o f  ( 1 . 3 6 )  a n d  ( 1 . 3 )  w e  d . e d u c e  t h a t :

r' ( ue) 4F (w.r, )

,  .  a n d  b y  u . s l n g  ( 1 : 3 3 )  a n d  ( . 1 . 3 7 )  w e  o b t a i n :

< +" (g1 ,E. t  I  * j , / tW 1)  
-  < f  ,Wnr> ( 1 . 3 9 )  . i

c

! -  By pass ing wi th  '1  to  the } imi t  we prove that :  ' ' '  r
- l



} .q  a  (P€v ,F t ) t )= l i -$  u ( l3 rv 'P"v1=f tw)  (1 '40)
E - > o  '  -  ' -

C o r o l l a r y l . 2 . I n t h e h y p o t h e s e s o f T h e o r e m t . 3 :

I im  f f i  f f  u r -  ( t " j , ps  )g t t l  = l im '  ! ! q l t t ' e -  ( r -Fn )u t l l  =0  (1 '4 r )

b  
n t - t o  t - >6  l - t o  € ->O  ' r ' i l i * r

where I u,,J t 'X, , 9't *> \r j 'n V strongly '

I f  v € 3 {  t h e n :

ur - ( 1- fSei u ;> 0 in V strongiT '

L 2

. ,  / . . \  -  i n f  G  ( w )\ J \ U , l -  ! r r !  u \ r r /

r t a V
Y Y \ A \

T h e p r o o f o f t h e f o l l o w i n g r e r n ' a . r k i s s j . m i l a r w i t h t h e

one  o f  Remar :k  L .2 ,  i f  i n  (3 : )  we  take  i 1  =  u  fo r  a ' I L  I

R e m a r k l . 4 . I f t h e h y p o t h e s e s l l ' 1 - ( 4 i ) a r e s a t i s f i e d I

'chen for all .{-€ J( :

P roo f

r f  i n  ( r . 39 )  we  make  v r , i =111 ,  by  pa l ss ing  w i th  t l  t o  t he

I j -mi t  we get :

( r . 4 2 )

( 1 . 4 3 )

and  hence :

l i q  a  (  ue  r  uu )  =a  ( t  r  t )  +d ( , ' )  : ,
E->t )

t ha t :

Next. we d.educe f ront ( t . 31) a,$rdtr' f rom the $ypothesis ( 3': )



I i m  l i m  a ( " ( r * , d r , , ) 1 A  ( I . 4 4 )
1- )O €  - )O

T h u s ,  u s i n g  t h e  p o s i t i v i t y  o f ' a ,  w e  o b t a i n  ( 1 . 4 1 ) .

W e  s h a l l  s t a t e  n e x t  t h e  e q u i v a l e n t s  o f  T h e o r e m  L . 2  a n d

-  o f  R e m a r k  f . 3  i n  t h e  h y p o t h e s e s  ( 1 1 ) - ( 4 1 ) .  T h e  p r o o f s  a r e  s i m i l a r .

Theorent- ]_=4.  I f  there ex is t  a lsc f , ,  :K ->V and r f r  :  K -+?. ,
c

t h a t  s a t i s f y  ( 1 :  ) -  ( 4 :  )  t h e n :

: .  a )  d = r y

b )  
t1S  

h  (p . -Q)w l t  =0  ,  f o r  a l l  - v  e  J t

. ( y

r i m  ^ ' F r Y r P , w ) = P ( v r w )  ( 1 ' 4 8 )
; j j l i  

q  t  l r c Y ' l ' € w /  
- r \ !  ' Y

, ,
b )  o  r - s  c o n t a n u o u s' l

c )  t h e r e  e x i s t s  B € f  ( K ,  K )  s o  t h a t :

n

S  t ' , r , w ) =  ( B v , w )  ,  f o r  a l l  v  , w € K  (  I . 4 9 )

( r . 4 s )

( 1 . 4 6 )

R e m a r k  1 . 5 .  I f  K  a n d  K €  a r e  s u b s p a c e s  o f  V ,  t h e n  t h e

hypo thes i s  (31 )  o f  Theorem 1 .3  i s  equ iva len t  t o  t he  fo ] ,1owJ-ng ; ,

f o r e a c h v e  K a n d f o r e a c h  [ f ,  l = f <  ,  Y 7

in  V  s t rong ly ,  f o r  each  \ * . .  l ,  v€  €  Ke  ,  * t  *  o  i n  Y  weak ly ,

we have:

11*  m 
t ( { t . v , ,  ,w . )<o  (L '47)

R e m a r k  1 . 6 .  I f  K  i s  a  c l o s e d  s u b s p a c e  o f  V  ,

F e  6  f  t X , v 1  ( r e s p . .  l r r ( 3 r r , ]  b o u n d e d )  a n d  t h e  h y p o t h e s i s  ( 4 . )

( r e s p .  ( 4 :  ) )  i s  s a t i s f i e d  t h e n ,

c  
a ) , t he re  ex i s t s  a  b i l j - nea r ,  con t i nuous ,  pos i t i ve  and  s immet r i c

I  funct ional  / :xxx- . ->R so that :



Proof

Because :

'l

" 
(  {31, prw) =} (a ( Pr(v-w) '  P. fv*w) )+

a ( fle (v+w) , P, (r'-+w) )

and  because  the re  ex i s t s  ( i n  bo th  cases )  t he  l im i t :

lim t ( f3r.t' Frv) , for all ve K
€->o

we observe that there exi.sts the l imit": '

t im a (prv  ,  [ t ;u t ) ,  for  a I I  Ve K,weK
€ - r o

Therefore we def i -ne i

t4

rim a ( pnl , I3c-s) ={{v ,w) ( 1 . 5 0 )

I t  is  easy to prove that F is bi l inear and symmetr ic '  For pro 'v i 'ng

the cont inui ty we observe that , i f  c" :and'  14 are the posi t j -ve constants

g lven  bY :

( r ; 5 1 )
! a ( v , w ) l  g  1 4  l l v l l v  t l  w  l l n  r  t t  f 5 € ' v l l . . r l 4  

c  i l - v l l v

then :

l F  t u , t ) \ g M c 2  l r v l l n -  l l r n r l l r ,  ( 1 ' 5 2 )

o b s e r v i n g  t h a t  i n  o r d e r  t o  d e d u c e  ( 1 ' r 0 )  a n d  ( . I ' 3 3 )  ' n

we harre used only the hypotheses that u, e It ,  'U*e that '  uu ' j-s

weaklY convergent  we can state:

R e m a r k  r . 7 .  r f  t i r e  h y p o t h e ' F b : s  ( 1 . ) - ( 4 . ) . ( r e s p .  ( 1 1 ) - ( 4 1 ) )
: - . "  d

are sat ls f ic - .c l  then,  for  every [ . tu  J  Lhat .  sat i :s f ies:



we have :

V e €

l im  a  ( v_
a

E - > O

2.  EQUATTONS

Tt  can  be  ease ly  seen  tha t :

(urw;  =(orw) ,* -  fo i  a l l  urve$(Ar)
rt- r'l' as  'A

s u l l r + . a . : i l  u u n o . )  E  l t  u i l i {

l s -

Kg , \fr '-'s i n  V  w e a k l y  ( 1 . 5 3 )

, v r ) > a ( . i r t  )  + f t " ) ( 1 . s 4 )

2 . L .  G e n e r a l  f r a m e w o r k

Throughout  th is  paragraph we wi l l  denote by:  H a

H i l b e r t  s p a c e ;  O  ( A ) c H  a  d e n s e  s u b s p a c e ;  H r c H  c l o s e d  s u b s p a c e s ;

!  ( A E ) c E ( A )  ,  O  ( a n ) c H ,  d e n s e  s u b s p a c e s  o f  H r ;  A I A A )  - >  H  a  l i n e a r ,

symmet r i c  and  pos i t i ve  de f i n i t e  ope ra to r ;  A , r :D (Ar )  - t  HE ,

A : A .  "  F  a n  e l e m e n t  o f  H ;  f €  t h e  p r o j e c t i o n  o f  f  o n  H o" €  ' 7 O  
( A e )  '  L t  '  -  

€  
u r r v  r . !

( i . e .  ( f u r u r ) H = ( f r u ) H  f o r  a l l u e H  ) .

We w i I I  cons j -de r  t he  ene rge t i c  spaces :

HO the complet ion of  "D 
( f ' )  w i th  respect  to  t t  ,  l l  *HA

H*-  the  comp le t i on  o f  l J (Ae )  w i th  respec t  t o  l l  ,  l [ , ,
f a 6  -  - '  t - '  -  r 1 A e

where we have denoted bv:

( . r r  t ) h  =  ( A v , v )  
H  f o r  a l l  u  , v c O  ( A )  ( 2 . 1 )

( u , v ' ) r r .  = ( A e . r , - ) H  f o r  a I I  u , v 6 $ ( A * )  ( 2 " 2 )
)"t'€

( 2 . 3 )

{ 2 . 4 )

(where f ,  is  the constant  f rom: (A. ,u) l r  )  , { : , f  , t1  * i i t  )

We  c le f i ne  f  rHA- rH  in  the  fo l l ow ing  way :  i f

u e  F f o  t h e r e  e x i s t s  a  s e q u e n c e  1 , , r , " \  c  O f e )  c o n v e r g e n t  t p  u ;  h e n c e

I  u " , ]  i s  a  C a u c h y  s e q u e n c e  i n  h  ,  l l  H A  ;  f r o m  ( 2 . 4 )  w e  d e d u c e  t h a t

t r . , ! i s  a  Cauchy  sequence  i n  l t  ,  l l *  and  hence  the re  ex i s t s  u "  €  h -  r

t h e  l i m i t  i n  H  o f  l  r n J  ;  w e  d e f i n e  f  ( u ) =  u o  '
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It can be proved (Dincd[S]) thatr. I  is a l inear, con-i ' r :

t i nous ,  i n jec t i ve  and  dense  imbedd ing  o f  Ho  
n in to  

H .
A

t ?

In  an analogous manner  we def ine f t .  t  *o ,  - t  l le  
s \

the l inear ,  cont inuous,  in ject ive and dense imbeddings of  the ener-

ge t i i  spaces  He- .  i n to  H t  .
t

U s i n g  ( 2 . 4 )  w e  P r o v e  t h a t :

" o r ' H a  
a n d '  f t =  f / r r o u  

( 2 ' 5 )

we denote by G:H ->I I , ,  a  l inear ,  bounded and.  in ject ive ;
f|'

opera to r  de f i ned  bY :

Gf=uo ,  fo r  a l l  feH ( 2 . 6 )  ,

wher€"uo: , , : r ' iu  g i 'ven by the Riesz Theorem:

( y ' f u , ) , f ) H = ( u r ' L r o ) " o  ,  f o t  a l l  V € H A

a n d  i n  a  s i m i l a r  w a Y  G O : H n * ) n O r .

'  . ' ,  We consider  the Problems :

T", =r*

A r u  = f ;

gach  o f  t hese .  p rob lems  has  a  un ique  genera l i zed  (Sobo lev )  so lu t i on :

u € € H

I t  can  !e  p roved  (D incd ts l ' )  &ha ! . , . u ,  i s  t he  c lass i ca . l  so lu t i o  t he

:
equa t , i on :

( 2 . 7  )

( 2 . 8 )

( 2 . e )
rt

4

where  Au  i s  t he  F r ied r i chs r  ex tens ion  o f  A -  and  i s  g i ven  by :



and

( r t ) -

(B given

problems

d , H o
( 4 t  )  )

R ( B )  c  H ( c )

b y  ( 1 . 4 9 ) )  t h e n  t h e  g e n e r a l i z e d  ( S o b o t e v )

( 2 . 8 )  s a t i s f y :

> 'R* th .at  sat is fy  the

(wi t .h  V=K=H^ ,  K. -  =H^ )A . e A €

I'- t i l  v i l1 -
'*, '.

, , - , ,a*u  -

T h e o r e m 2 . I . f f f o r every I  there

h y p o t h e s e s  ( 1 .  )

and  i f

- L 7

onto'Ar= (goG )  
* :  (cE (H€ )  )cHr- - ,+ H ( 2 . 1 0 )

e x i s t s  [ b e . €  t ' t H A , I t

- ( 4 . )  ( r e s p .

( 2  " r L )

soLu t ions of  the

( 2 . l - 4 )

u 6 , in H we,akly ( 2  .  L 2 )

where  u  i - s  t he  genera l i zed  (Sobo lev )  so lu t i on  o f  :

Au+G-1Bu=f ( 2 .  r 3 )

Proof

We consider  the funct ional 4t  Ho, . : - - l?

(v )= j ( y n ( v ) , f ; L =

( q ( r r ) , f ) u_ 1--x
z

By the fundamenta l  var ia t ional  theorem and the in ter -

pretat ion of  the genera l - ized so lut ion ,  i f  u  -  j -s  the unique so lu-
L O

t ion of  the problem: , . : i r  .  .

to^u

= mirr: 'F, 
tw 1

v€ tiA.e

t h e n  r e = { ( r e o ) . F r o m  ( 2 . f 5 )  w e  d e d u c e  t h a t :

rt,t"ust tq l 4\

Iu." €

L"t""' ( 2 . l s )



Consequent lY there

l  r * ,oJ  weak lY

1 8

l l  u 6 o ' ,  
, n  o

ex is t s  a  subsequence  o f

convergtent to an elemen't

( 2 . L 6 )

L ueo 3 (aenoted,

o f  H O :

by

Ug,o LJ o .  i n  H -  weak lY, A
( 2 , L 7  )

P.r r

of  the problem:

{

T h e o r e m  I . l  ( r e s P . l . 3 )  u o is  the unique so lut ion
t

s

r
l u " . * , ,
I  G ( u o ) =  m i n  c ( Y )
L 17e Hrl

where :

The weak convergence of  t
' '  

l l f  we denote

a n d  b y  ( 2 . 7 )  w e  g e t :

r to l  resu l ts  by

by u = f (  uo) then

the  un iqueness  o f  '  t lo ,

by  the  l ineaSi ty  o f  f

G (v) =]a tv,.r l  +|{tvt - (f (v) , r) s

( 2 .  1 8 )

( 2 . 1 9 )

(  j ( u e o  )  - . f (  u , ) , w )  H -  
(  u s o  - u u , G w )  

H -. " A

Tor  a l l  weH,  and  hence :

u . s L l  ,  i n H w e a k l y

:

We shal l  Prove next  that  u

t h e  e q u a t i o n  ( 2 .  f 3 )  .

F r o m  ( 2 . f 8 )  w e  d e d u c e  t h a t :

( 2 . 2 0 )

( 2  . 2 L )

j -s  the genera l ized

;

-,t

so lu t i on

o f

(  u . *B  uu -Gf  , v )  i 1O 
=0  ,  f o r  a l l  v€HA ( 2  . 2 2 )



t 9

There fo re  u  i s  t he  c lass i ca l  so iu t i . on  o f  :

- ' l  - ]
G * (r+B ) f  'u =f ( 2  . 2 3 )

We sha l l  p rove  tha t  c -1  ( r+B) f -1  i s  t he  F r ied r i chs '

ex tens j -on  o f  a+e - le .  We  de f i ne  onO(a )  t he  fo l l ow inq  sca la r  p roduc t :

( u r w ) g  
r  = i  

- 1
" A + G - r B  . A V w ) H + ( e  * B v , w ) n ( 2 . 2 4 )

( 2  . 2 7  )

H e n c e :

we obt .a in :

( v r w )  
H _  .  ̂ _ . ,  _ =  

( t r * )  
H -  

+  ( B v r w )  
H--A+G-IB "A ".A.

( 2 , 2 5 )

Then i f  we denote by Ha*e- fe the compret ion of . -D(e)  in . the norm

g i v e n  b y  ( 2 . 2 4 )  b e c a u s e :

u  v  l t 2 , ,  < h . '  l l 2 r r  -  <  ( t " i c 2 + t )  l l  v  g 1 r r 2  ( 2 . 2 6 )  -
"A "A+G-IB 

. 
"A

HaEHa+c-ls

C

. , ' ' r ' f  we  qpp fy  R iesz  Theorem,  the re  ex i s t s  6 :H->H^ .  so  tha t :

t  t I( . f ( \ - ) ,  f ) H =  ( v , G f ) n _  
_ _ . , _ =' 'A+G-. IB

r ; i " , a : { i l : , ,  
. "

f t f t f r

U s i n g  ( 2 . 7  )  w e  g e t :

c f = ( I + B ) c f  ,  f o r  a l l  f € H  o .  ( 2 . 2 9 )  . . :

: x t e n s i o n  o f  A + G - I B  i s :



f i r " -  (y ,Et  - l=G-r  1r+e)y-r { 2 . 3 0 )

i s  t h e  E e n e r a l j - z e d  s o l u t i o n  o f  ( 2 ' I 3 )  '

The fo l lowi i rg  aoro l lar ies are d i rect  consequence of

a n d c o n t i n u i t y o f Y a n d o f C o r o l l a r y l . l a n d . L . 2 .

Therefore u

the l inear i tY

f i e d

9 " o r g l - I a r y , 2 . t .  I f  t h e  h y p o t h e s e s  ( 1 ' ) - ( 4 ' )  a r e  s a t i s -

(wi th  V=K=H^,  Kr=Ho )  then:
" --{

uso  -  (1 .  -  (36 )  uo

u € ' - u . ( f " ( 3 r " Y

Ha strong'LY

,  i n  H  s t r o n g l Y  ( 2 .  3 I )

* > o
- r ) . ,

f i n

o

goro4ary 2.2r .

(w i th  V=K=HR'  K r=Ha  )  t hen :
e ^ €

r f  t h e  h y p o t h e s e s  ( r l ) - ( 4 1 )  a r e  s a t i s . f ; i e d

(?  . l " I )  i s  i n ,  f  acL  equ iva len t

C : H o ' +  H ,  s o  t h a t :

t im l i t t t
o1->o J-jj
l - im l im
", -)o €*) O

I

tluso - (r- Fe) e.r o 
. 
lt{li,T }* 

lt uei- (1- f}r) e 1o rtso=o

(  2  . 3 2 )
l i  t . - 9 r * ( g , p r " { t )  u " l  l l * =

= l im f jm t l  u€- s1+ (  +,  {3r"Y-t)  *  a t l r*=O
1 - r  o  g * ) O

Remark  2 .L .  HYPo thes i s

wj- th :  ther :e ex is ts  a L i 'near  operator

4 ( u r w ) = ( C u l f ( v ) ) ,  . l fo r  a l l  u  ' ve  I Io

O

- ' l
where  C=G *8 .

2 . 2 .  E x a m p l e s

L ^ - . . ^ J ^  - i  a " l - r a n { -Let  JL De a pouno.e l r  suu)L, :L

c l o s e d  s u b s e t s  o f  f i  I  L < i < N ( t ' )  .  W e  d e f i n e :

e  N ( € )  €

_f|. = J)- - .u Ti
A : 1

( 2 . 3 3 )

E
f o r  e v e r Y € ' T i

ol

( 2 . 3 4 )

- ^ uo r  K  a n o ,



there ex i -s ts

(Ho  I

( H r  )

( H 2  )

( H 3  )

( H 4  )

( H 5  )

We suppose that f). t  is chosen in such

w e  a n - d  X  t h a t  s a t i s f y :
1 I

Oewr<  I  a .  e .  i n  j ) -

wus H 
1 (f,r)

w e  = 0  o n  T i  ,  I < - t { N ( e )

wa * I ,  in HI (.rr-) weakly

f ^  a  t n ' - I " * ( t  )

f o r  each  v ,  and  \ -  t ha t  sa t i s fY :

VE . - - - - -s , r ; ,  in  Hr(n)  weakly

Y =o on r i  ,  r1 i<N (a)

and for  every ge2(-n)

I
(JL )

.Ss  p roved

a way that:

f  '  f  - )  t  - t ,  I { } t " ' ,

for vari-ous .rLa in

( -aw , f ! 'e > ri.r, r+f

( the ex is tence of  such w o and f r

D .  C i o r d n e s c u ,  F . M u r a t  t 3 l  ,  t 4 J ) , .

Exqlnple 2.  L .

The f i rs t  appl icat i .on

for  the Di r : ich let  problem:

o f  t he 'p rev ious theor :em wi l l  be

G

,t

' , '
where f  e .L ' ( .n)  .  Th is  problem 'was a lso

and. ,  by means of  the energy method,

[3] ' ,  t  4 l  .  In  the la t ter  i t  is  Proved

be found again as a consequence of

I  " .  
e  i l l  t n ' i

L-^  
ue =f  in  JL€: ( 2 . 3 5 )

studi ,ed .b"y rD.Ciordnescu t  2  l

i n  D .C io rdnescu  and  F .Mura t

a  co r rec to r  resu l t  wh ich  w i l l

Co ro } la ry  . -2 . : , 2 .

T h e o r e m  2 . 2 .  f f t h e  u n i q u e  s o l u t i o n s  o f  ( 2 . 3 5 )u- ar€
;

t hen :

' E * u in H] (sr) weakly ( 2 . 3 6 )
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where u is  the unique so lut ion of :

(
L, - rr l  / ' -  \
I  v  s '  I l .  \ . i L , l

{ -
I

I  -au+l tu=f  in  -n-
L I

Moreover :

( 2  . 3 7  )

1 ' l
u s  - * e r  0  ,  i n  W i ' -  k r )  s t r o n g l y  ( 2 . 3 8 )

Proo f

We sha l l  p rove  tha t  t he  cond i t i ons  o f  Theorem 2 . I .

a r e  s a t i s f i e d  w i t h .

H=L2 (s r )  ,  0  (a )  =  [ue  C2 ( i )  lu ,  =0  ] ,  A=-  a/rn

H e = L 2  ( f l € ) , O  ( A e  1 = [ u e c 2  t . F )  /  u 7 r r e  = o  J  e . 3 g )  .  '  r  
"n

f l .g  =, i r -w,  )9  for  a t I  f  eJ t=D(n)cH:  (n)'  |  - - - -  |

I t  i -s  obv i -ous that :  .

, , , rH,  -Hl  @) ,  Ha =H:  (J t t : )  ,  $  = i -d  .  (2 .40)
A u A r :

The  f i r s t  two  hypo theses  ( f  l )  and  (2 ' , , )  a re  obv ious l y  sa t i s f i ed ;  and :

i l l ,  : i ,T 
( {re Yr '-, )r*l,r. i - (,} 'w, v >ft '1n}tr,1Q '4L)

fo:: every L =., J " 
D(rr) ,.r-i"->"v in Hl (n) strongly and

r1 e I f ] tsr .e l  ,  \  
- ' r  in Hl  ( rL)  weakly,  and also:

l i T  
t i  F c r r l i r { } . r ' , - ,  

=  < r \ r , , v )  
H - t , 1 1 l t n l  Q ' 4 2 )

' t " - > O  ' a s  t J  b  '

s,

We observe that :

f

#  ( u , v ) = ( 1 r u , v )  ,' 
L- (fr)

- ' l
h e n c e  c  * B = 1 4  a n d  t h i s  y i e l d s  ( 2 . 3 6 )  .

c
t 2 . 4 3 )

'1'1ilrRr0f,?! -



r f
1

in  Ho-  (n- )  s t rongly ,

2 3

[ u 1 ]  c  O t r r - )  s o  t h a t  9 1  u

by  ( ,2 .32)  and by  pass ing  to  the  l im i t  in :

v€ --. \v. i r  Hl

l .
.  l r r t  l l  V,

t : ro

Lemma 2  .L .

(51) weakly,

I f  L r ;

t hen :

.  i i l  (n -€) so that

( 2  . 4 s )

*1,r1 
, iL)  > i iv  u2*r , r . , ( r*'; -v z 

\..-, *i,,lj,.nn,

E x a m p l e  2 . 2 .

We shal l -  s tudy next  the Stokes problem:

[ , ] ;

r r r l  i  ^€ r  rh
\ r r o  \ . J t  i t  , l  ,

= F  a r a  z i
r  Y r q v

- n

P e e t 2 ( s r € )

ps j-n -rt.c

in Ja'

- l

where f  e ; ( r ,Z (sr t )  lh  .  By pass ing to  the l imi t  we shal l  obta in a Br inkmai- r ' .s

].aw.

T h e o r e m  2 . 3 .  T f

v€ -'5' \r

v,  ep.  are the unique so lut ions of
c - - a

,  i n  1  H |  t n l ) "  w e a k l y  ( 2  . 4 6 )  , " 1 .  i
{

- : . '  
t - ' .  r '

(2  .  45 )  t hen :

where vrp are the

l [  ue - \xt t  [ la".rr ,*( l t  u, -- .  pr i l - : i . .ar.r* l t \ rc(Lrl  - t) l l -*,1,. .r . ,

s e t  ( 2 . 3 7  )  .

By Remark l_ .  7  we can prove the fo l lowing lemma:

s o l u t i o n s  o f :



2 4

f  i  " 2

i " 
€(H* (r.) ) , p€L2 (rr)

{  
-oo*pv= f  -g rad  P  i n  J l  (2 .47  )  .

I
L 

div'*r=0 an rL

Proo f

w e  d e n o t e  b y  e = [ w e  ( u ]  ( n )  ) h /  a i v  * = 0 J .

The equ iva len t  var ia t iona l  fo rmula t ion  o f  {2 .45)  i s :

( v " r w ) n l r . , ' , = 1 f , w )  ,  f o r  a l l  w e E  ( 2 ' 4 8 )
s  r l o  \ r l l

l v l

Consequen t l y  i f  p :  (H j  (n )  ) " ->  E  i s  t he  p ro jbc t i on  ope ra -
-l 

h

tor  o f  (gr (sr )  ) "  ,ohto E,  then Pu;  t r ,  where u€ are the so lut ions of

( 2 . 3 5 ) .  : l

We denote v=?u.  Therefore by Theorem 2.22 : : i : . t { '

vu:  *  v  ,  in  (H l  1n l  )n  weak ly  (2 .4g)

B e c a u s e  u  i s  t h e  u n l q u e  s o l u t i o n  o f  ( 2 . 3 7 )  t h e n :

1' (u 'w) (u l t , ' . ) ) " ' f< luurw)=  ( f  'w)  
( r ,2  (s r ) ' )o  

'  fo r  a l l  we(Hf  ( r r ' ) ) "

ancl hence v is the unigue solution of :

(w'w) 
tuf  t : r )  , , .  

+<f ' ' 'w>= ({ ' * )  
(" ' (sr)  )h 

'  fot  a l l  weE

) a

There fo re  the re  ex i s t s  pc (1 , ' ( c )  ) "  such  tha t  ' .

-r}V*rrrv=f grad p ( 2 . 5 0 )

Remark  ? .2 .  We ob ta in  ,  by  th i3 :  me thod ,  t he  d i scuss ion

concernins an. ; ; ;s ize of tr ,e partror,*" for*.whicl  utr 'O*an's

l a w  o c c u r s  ( s e e  a l s o  E . S a n c h e z - P a l e n c i a t T i  a n d  T . L 6 w y t 6 l ) .  F o r  i n s t a n -

't
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ce i f  n=3 and 1f  we denote by &s the d iameter  of  the par t ic res,
i .n  order  to  obta i_n Br inkmanrs law,  we must  impose:

_  ^ 3a . r -  u  a
a.

3. VARTATIONAL . INEQUALITTES

( 2 . s 1 _ )

3 .1 .  Genera l  f r amework

Le t  K ,  K€c  V  be  non -empty ,  c losed ,  convex  subse td  o f
the  H i l be r t  space  \ f .

we denote by u,  the unique so lut ions of  the fo l lowincr

va r ia t i ona l  i nequa l j - t i es  :

( 3 . 1 )

we want  to  s tudy the converg ience of  t * l  whe"n € tends
'  

t o  ze ro ,  i f  K6  sa t i s f y  t he  hypo theses  o f  t he  f i r s t  pa rag raph , .

Theorem 3 .1 .  I f  i . o r  eve ry  g  the re  ex j_s ts  a  con t i nuous

opera to r  ps :  K  - " v  and  i f  t he re  ex l s t s  t y '  : spK  * rR*  a  con t i nuous ,

Gd teaux  d j - f f e ren t l ab le  func t i ona l  on  K ,  t ha t  sa t i s f y  t he  hypo theses

c  
( r . ) - ( 4 . ' )  ( r e s p .  ( r : ) - ( 4 i ) ) a n d i f :

'  ( 5 . )  eve ry  weak ly  conve rg 'en t  subsequence  o f  [ r . ]  has  i t s  l im i t  i n

, t  K ,  ' t hen :

ut  * ' -s '  g  
in  V  weak l l z  i . i ,  (3 .2 )

t  u €  ' R '
I
L  

a  (u6 rv -u r )  > - ( f rw -  u . ) ,  f o r  a l i l  - v  €K ,

where u is  the unique so lut ion of : . , ,€he var ia t ional_ inequal i ty :
tl

f r u r .  ( 3 . 3 )
I  i ,

[ _ a  
( u , v - u ) + < d '  ( u )  , v - . u ) > ( f  , w -  s )  r  f o r  a l l  v e K
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Proo f

We shal}  Prove f i rst '  that

( resp .  ve  ) t  )  and:

Then' ,  !y ' the \YPotheses

[ " rJ  i s  bounded.  Le t  vcK

v€ = (1- I IE )v ( 3 . 4 )

cf  the theorem:

( 3 . 6 )

Ltr i  
' is  

bcunded we conclude that [ .  
"1

exis ts  a subsequence of  Iuu]  weaklY convel^-

By  the  hypo thes i s  (5 . )  we l  g ie t  ueK .

i s  t h e  u n i q u e  s o l u t j - o n  o f  ( r . 3 )  ,  b Y

we ob ta in  tha t  u  i s  a  so lu t i on  o f :

i

3
V "  e K . , v ,  * w i n . V  w e a k l y  ( 3 . S 1

By wrilting 'the var ia t ional  inequai i tY ( 2 . 1 )  f o r  v = v E  w e  g e t :

( v t , o t ) < a  (  * e  ,  r ' c  ) - < f  ,  t c -  * s  ) , ,  , , . '

and hence,  f rom the coerc j -v i ty  and boundedness of  a :

f , "  H u,  i l i -  <  m l t  u€ l ty ' l l  v? (v  + l l t  t tv , ( t runt t . r11vrB. ; . )  ( t3or ' ;7)

i s  bounded

" Using that

'  Then there

e lemen t  ueV .

Because u e

1 .  ( r e s p .  l .  3 " )  ,

gent to an

i .  
' l

fr

Theorem I .

K

in f  G  (v )
v e K

( 3 . 8 )

where c  j -s  g j -ven by ( f  .6) .  By Remark 1.6.  we c ieduce thap u is  the . . , i r ,

u n i q u e  s o l u t i o n  o f  ( 3 . 8 ) .  C o n s e q u e n t l y  w e  g e t  ( 3 . 2 1  a n d  a l s o  ( 3 . 3 )  " , r 1

b y  e q u i v a l e n c e  w i t h  t h e  p r o b l e m  ( 3 . 8 )

l-.:,:
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The fo l lowing coro l lar ies are obvious consequences

o f  C o r o l t a r y  1 . 1 . .  a n d  C o r o l l a r y  I . 2 . 2

C o r o l t a r y  , 3 . 1 .  I f  t h e  h y p o t h e s e s  ( 1 .  )  -  ( 4 .  )  a r e  s a t i s -

f i ed  then :

ug  -  (  f  *  p r ) . i  -+  0 ,  i n  V  s t rong ly  (3  . . , 9  )

ggro l ta r I  3 .  3_ . -  r f  the  hypotheses  11 '  1  -  (   |  )  a re  sa t is -

f i ed  then :

l i m  f i r i  t t  u e  - ( I - { 3 e  } p . r l l . r = l i : , ^  l i r n  l l  u r - ( l - p e \ 1 " 1  l l r = 0  ( 3 . i 0 )
.o t - rO E- ro  

|  !  a l - )c  € - ro

(where  L  U" I .  k  ,  9 \  - t  t  in  Y  s t rong lY)  -
r  - ' l '

3 . 2 .  E x a m p l e s

El<ample 3, ._ I .

The example,  that  we shal l  s tudy f i rs t  wi l l  be the

example of  the var ia t i -onal  inequal i t ies wi th  s t ror rg ly  osc: r l r la t ing

un i l a te ra l  cons t ra in t s .  Th i s  examp le  was  a l so  s tud ied  by  D 'C io : :Snescu

F . M u r a t [ 3 ] r [ 4 J ,  w e  w i I I  o b t a i n '  t h e  s a m e  r e s u l t s  b y  u s i n g  T h e o r e m  3 " 1 '

i '1 ' - '  We def ine the fo l lowing c losedr  convex sets :

( =  L t : u l C s ) ) / \ r ' > y  a . e .  i n r L ]  ( 3 . I 1 )

K -  . [  w .  r - l ]  t . n )  /  v . ] Y € :  a . e '  i n  5 L  J  t 3 ' L 2 )

where -c1- is a bounded subset of R" and. V iS a measurable function

def  ined on . t2  and:

I v in rt-€
Y e  = { ^  €

L U  O n  , T i
( 3 . - 1 3 )
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in the paragraph 2 . 2 J  .  W e  s u p p o s e  t h a t  K  i s( .syr'and ri are '.defined

non-empty and that

I t = K f \ D ( J t )

,q

t ions of  the

then :

Ug_ ---5 U

where d i -s  the unique so lut ion of  :

in  H]

e K

grad u .  grad (v-u)  - ( | . .

( 3 . 1 4 )

is  a  dense subset  c f  K .  We take  v=Hl ( r r )

T l ieo rem 3 .2 .  I f  fEH- r  ( s r )  and uE are the unique so lu-

( 3 . l s )

) - , r - r - . ,  1 ,^ r .  fo r  a l l  vc tKa
I t  , ) t o t t l )

var j -a t ional  inequal i t ies :

I  u e  c  K ,
J

1 
j nr"u ur.srad (v- us) >(f ,v-- ue

L^

$.

(o) w e a k l y  ( 3 . 1 6 )

I
+ +

u6  - -+  u

ui - \^rs u-*> O

1 3 . r . 7 )

,*i.r r >> <f ;rr- u >

f,or all v- e K

H |  ( n )  s t r o n s l y  "  ( 3 .  1 8  )
1 1

wi '  '  (n ) .  s t rong"Ly  (3  .  I9  )

t

-
Moreover :

, i n

, i n

Proo f

We shal l  prove that  i f  we def iqne the operators pr  in

such a wav that :
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P.Y = (- l+wu ) i - ,  fo r  every  $e ( 3 . 2 0 )

and  ex tend  them ove r  K  by  con t i nu i t y  t hen  the  hypo theses  ( I l ) - (41 )

a r e  s a t i s f i e d .

The  f i r s t  two  hypo theses  a re  eas i r y  ve r i f i ed .

rn order  to  prove the th i rd  one we observe that  for

eve ry  
. [ y r J  

c  ]<  ,  f i  ->1 r ' '  s t rong ly  and  fo r  eve ry  l v r i .  ku .  , v " * - . r

weak ly r  .w€  ge t :

( - r

)  g r a c l  f 3 r s r ' g t a d n  =  - J  g r a d y . i ' . ; r . r c l w n  + 4 . a - r , y i v r )  -
tL .tL

( --  
J  r : ,  g r " r i  v t ' 1 rac iV , i  r  J  * .  . 1 ra l  * * r ' t f , ac lw .  (3 .2 I )

JL

and  hence :

X

F;

gracl PrYr' !f racl vs = ( f\ , v 1.-

f n  a  s im i l a r  way  we .p rove  tha t  f o r  eve ry

t l r a c j l  p e  f  l z ;  - . f , . f - , V t r-r ,  r i ]  r :r)

Hence the funct ional
I

E  i s  d e f i n e d  b y :

4 t :u . t  =  -  1 f o r  aL l  ve  K ( 3 . 2 4 )

F.Mura t . [ r l  ,  [a ]  lem-

( 3 . 2 s )

L i m  l i m
"1-r O C -+O

' - 2 J
JT

t
JL

\  1 r " r . i  v - 1 2

( 3 . 2 2 )

f t l t

( 3 " 2 3 )I i m
€->  0

\
f,l-

d'l

pw 
-rV 

)

{

l t t q

i s  Gd teaux  d l f f e ren t i ab le  and  (D .C io rdnessu . ,

4 . 2 )  t

' 1  , l ' ru l ,  v  )  .  -2<pr 'v ; 'qgea a l l  qveK

cl

We p rove  the  hypo thes i s  (5 . )  by  obse rv ing  tha t :
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u  , r  
, ' >  . &  V *  -  \ t -  a .  e .  i n  - f L  ( 3 . 2 6  )

and  by  pass ing  to  the  l im i t .

I hen ,  f rom (3 .2 )  u *  i s  weak ly  conve rgen t  t o  t ' r  ,  where

u  i s  t h e  u n i q u e  s o l u t i o n  o f  ( 3 . 1 7 ) .

By pass ing to  the l imi t  in  the,  inequal i ty :

l {  u ,  -  u*  *  * . r - l l * , } , . . r r ,  (  l l  ue  -  91  *v ,  u i ,  { l  * : , r ,o ,  
*

+  i t  g i  *  * * l l -u r , : . ( ra )+  l l  we (u -  -c ! ) ' l l * , : , . .<^ )  (3 .27)

a n d  b y  v i r t u e  o f  C o r o l l a r y  3 . 2 . w e  g e t :

,  
u €  * _ "  . ,  ( - r +  r ^ r o  )  u - - - +  o , i n  w l , 1  ( r , ^ ) - J . s t r o n g l y  ( 3 . 2 8 )

We obse rve  tha t  because  u .  eK ,  we  ge t  u !  e ;  K t  I

. r ;  E } t l t r r€ ) .  Thus ,  by  Remark  1 .7 .  and  by  Lemma 2 .L ,  we  oL ta in :

+! u uj rt i*:. ' .r,
€ - > C  

r ! 0  \ r L '  "  v  \ Y - '

7.

H  
l i  u i i l r ' l  , . r . l  >  l t u - t r t u l . r r )  *  t f ' , ' ' . , * 2 ,  ( 3 ' 3 0 )

m ^ l - i  - ^  i  n + . nTaking in to account  that  i f  ue a; re the so lut ions of

t h e  v a r i , a t l o n a l " L n e q u a l i t i e s  ( 3 " f 5 )  w e  g e t  ( 1 . 4 3 ) '  t h e n  i t  r e s u l t s

t h a t  i n  ( 3 . 2 9 )  a n d  ( 3 . 3 0 ) ' t h e  l i m i t s  e x i s t  a n d  t h e  i n e q u a l i t y  t r a q s -

fo rms  in to  equa l i t y .  Hence :

'  +  . , 1 .
: ; i l -1. i , , ' i , , r j . i . . . ' " / :  U

. C - r * . . ' 4 6 \ - 5 l

I

a n d  f r o m  ( 3 . 2 8 )  a n d  ( 3 . 3 I )  w e  g e t  ( 3 . f 9 ) .

6

F x a m p l e  3 . 2 .

we ' sha l l  s tudy  nex t  t he  conve rgence  o f  t he  so lu t i ons

!

' a !

. *

!
I

- t
{ t

t...s*
fg
a
t
I

. l
i
i

t
!
i

*
.  r i

i
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" .:  of some variat ional inequali t ies with bi lateraf q"$Il"q4"q!s ' : '

We  de f i ne  the  fo l l ow ing  c losed ,  convex  se ts :

K  = [ v e H [ ( n ) l o < v 6 v a . e .  i n  - r r - J  ( 3 . 3 2 )

6  =  [ v e r r ] t s r - E ) /  o <  v  { Y  € \ , e .  i n  r r € J  ( 3 . 3 3 )

where. t i l  is  a  measurable funct ion def ined on the bounded set  - r t .cRn.

. .  We suppose that  K is  non-empty and that :

H, = Knit(Q) ( 3 . 3 4 )

u

t ions of ,  ' the var j -a t ional  inequal i t ies:

f uu€ K'
J  

'  -  ( 3 ' 3 s )
. | r

I J X*au6Xra.{ry.ud ), 1,.f.; v - ui,> , for all w..I.
[--tr

he  un ique  so lu t i on  o f :

U  E K

( - -
J  5 r . l . l  

u  ' $ r a c J  ( u -  u )  -  < ^ r  U , v - u  >  > . (  - 6 , r r - u I
-tL

i s  a  dense  subse t  o f  K .  We takeV=Hl  ( su )

rf fe g-I (r:-) and Lrz are the uniquo", solu-
E

t hen :

u6 . '  ^  L ' ,  in Hl  ( r r )  weakly (  3 .  36 )

f o r  a l }  v e K .

tl

u6  - ' 'we  L ,  ->  o  ,  i n  w | ' I  1n . )  s t rong ly  (3 .38 )

where  u  i s  t

'

\

t
Moreover s



Proo f

We d.ef ine F"  in  the fo l lowing way:

F . f  = ( L - v c u )  ,  f o r  a l l  o e  l <  ( 3 . 3 9 )
t -

.The  f i r s t  two  hypo theses  a ie  obv ious l y  sa t i s f i ed

1n  o rde r  t o  p rove  the  hypo theses  (31 )  and  (4 i )  we  ob ta in  3 ,
lr

t he  same resu l t s  as  i n  Examp le  2 . I ;  hypo thes i s  (5 )  i s  ' a l so  sa t i g f i ed -  . , .
. 7

ti
We de f  i : r e :

( t r r l  =  < p r r r u ) x - 1 * J t s r l  ,  f o r  i t t . r c s p K  i : . a o l

'  and hence:

Th:  conclus ions of  the theorem are thus imn'ec iate.

Aefzno,( -a-g Lme-nt ,s  .  I  am deeyt .Lq gt tc t te{u,L to  D)L,HofLLq"  I .Ene

don the he.Lyt glven Ln tnnttir4:: thL's pa"fre-/1,
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