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CERTAIN ARTINIAN ],ATTICES ARN NOETHNRIAN.

AP?I.,ICATIONS TO T}IE RNI,ATIVE
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St r .  Acad"emie i  1+
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The classical Hopkj-ns-levj- tzkL fheoren states that any rlghL

Art in ian r ing wi th ident i ty elemel l t  is  r ight  Noether ian.  Usual ly

this Theorem is proved. by ' the method of  factor ing through the ni l -

-potent Jacobson rad- ical  of  the r ing;rrA proof which avoids the con-

cept of  the Jacobson -rad. ical  was f i rst  perfor*ed,- ,b$ Shook' [1J;  he

obtaj .ns a. lso necessary and suff ic ient  condi t ions for 'an Art in ian

module over a r ing not necessar i ly  uni tary to be Noet l ler ian

The relat iv izat ion of  the c lassical  Hopklns- levi tzki  Theoren

with respect to a.  Gabr ie l  topology was f i rst  proved. i r r  the commu-

ta t i ve  case and con jec tured  in  the  noncommuta t ive  case t i y ' , ,1 ,1 -bu  and

Nib tdsescu [ f  ;  fn6or ' ]me 4 .7 ,  Prob ]dne 4 .0 ] .  The noncommuta t i ' , ,e  .case

'of  
the relat ive Hopkins-Levi tzki  Theorern was f i rst  provecl  by ! i i t1.er

' 'and Teply t1 l  .  However,  their  proof is long and compl icated.;  another

module-theoret ical  proof of  th is Theorem, also hard. ,  is  ayaLlable

in Fai th t1] .  A di f ferent way to approach this Theorem ls to t rans-

late t i re module-theoret ical  re lat ive ehain condi t ions occur ing in

f  i ts  statement 1n absolute chain cond. i t ions in a sui table Grothen- ; - . ,
'd ieck 

category,  and to prove thus a general  i {opkins-Levi tzkl-  Theo-

rem in sr . rch a category;  th ls was done by NSst iseseu [1] .  Anq$her

short  proof of  th is gencral  l {opklns-Levi  tnki  Theorem in a Gqothen-

dieck category is also d.ue to Nast isescu l ,Z),  and" is somewhat s i rn i , - -



Iar to the one given by $hock [1 ] for modules over Artinian rings

not necessar i ly  wi th ident i ty element

A discussion on the various forms of the Hopkins-Levi tzk*

Theorem and. the eonneetion betv,reen them may be found in Albu and

Ndst isescu [eJ.

, A short noncategorlcal proof of the rel-a,tive Hopkins-levltzki ;

lheorem does not yet  exists.  The aim of  th is paper is to give such9 - - -

a prodf by placing the Hopktr-ns:l"rvj-tzkl theorem in a 1attlcial set- 
rr

t ing; .moreover,we shal l  obtain even two d. i f ferent proofs of  .bhis

lat t ice-theoret ical  for 'm of  the Hopkins-Levi tzki  Theorem. our proofs

are inspired" by some id"eas of  shock t1]  and NistS.sescu L1J,L2J, and

are based on the concepts of  length and loewy length of  an upper

c o n t i n u o u s a n d . m o d u 1 a r ' 1 a t t 1 c e o f f i n i t e 1 e n g t h . . . i : .



o:_ PREITMI$ARrqg

Throughout thls paper L
and modu lar  la t t i ce .  The leas t

w i l l  be  denoted .  by  O ( resp .  1
wi l l  fo l low Stens t rdm [1 ] .

Recalr that a non-zero element a of r  is an atom lf
whenever b €l and b1 a, then b = 0. The ratt ice r, ;  cal_
led seni-a-! .omig i f  1 is a join of atons; i  iu carred semi_Art i-
nian i f  for  every x € l , x I  1 . the sublat t ibe [  * ,  1J of  I  con-
tains an atom. As in the case of  modules,  i t  can be shown (see
€.8.  Nist6.sescu Ll l )  that  i f  I  is  a)  semj.-atomj_c lat t l .ce,  then
I  i s  conp lemented,  and fo r  every  x ,  y€ I ,  w i th  -x1y  the  in te r_
va1 t* ,y]  of  I  is  a lso a senj"-atomlc 1att lce.  

1

Thu .g""=gioLloewv gg_figg. of t:

s o ( I )  <  s t  ( r , ) <  . . .  1 u a 1 1 ;  ( l ;

l s  de f ined , induc t lve ly :  so( l )

the  s_oc le  o f  I . ,  ( i .e .  the  jo in

ments sU ( f , )  of  L have been

then we qe t  s . ' ( l )  =  V  s" ( I , )
0<a, 

r^)

wiJ. l  denote an upper cont inuous
( resp .  g rea tes t )  e lenent  o f  I

) .  The notat ion and. terrninology

-  0 ,  s ,  ( l )  =  So (L )  where  So (1 , )  i s
of  a l l  atons o-f  l ) ,  and i f  the et  e_

defined for al} o::d.inal.s B 1 x ,
if d. is a l init ord.ina1, and

s , . ( I )  =  qo ( [ sn ( r , ) , 1 ] )  i f  x  *  f  +  1 ;  l ( ] )  i s  t he  l eas t  o rd i na l  a
such that  s^( l )  = sr+1r i , l -  The ordinar ) ( r )  is  thu lgurx.  f " rst4
of L,  and i t  exists always because L ls a set .  The intervals

I s . l ( f ) u " J * 1 ( L ) ] ,  w h i e h  a r e  f o r  e a c h  , ( < ; ( L , )  s e m i - a t o m i c  l a t t j " c e s ,
are cal led'  the fac. tors of  the ser ies (*) .  G in the case of  modules
i t  i "9 eqgy to shory that  L is a semi-Art infan lat t iee l f  and only
- 1 r  s r ( r , ; ( T . , )  =  1 ;  m o r e o v e r ,  f o r  s u c h  a  l a t t i c e ,  s o ( r )  r s  a n  e s s e n _
t i a l  e l - e m e n t  o f  t r  ( s e e  e . g .  l t d s t i s e s c u  [ ] ]  ) ,

Recalr that in the sequel r w'lI always be assumed. uppcr
continuous and mod.ular.



- q  *

0.1"  I 'E I {MA le t  x ry  € !  be  such tha t  x<y .  Then

s"( ([o, xl ) = so. (Lo, yl ) n x

f lor each ordinal a( .

Proof .  The lemrna holCs tr iv ia l ly  i f  c(  = 0r so assume i t

hoLds for each ordj-nal f < x arrd proceed. by ind.uction. For the
. ;

s a k e o f b r e v i t y d - e n o t e s , ( [ o , x 1 ) = X 8 a n d s u ( L 0 ' y ] ) = Y 8 f o r

each or t l ina l  BS* .

I f  x is a l imi t  ord. inal ,  then

' tn = 
J,. 

*u = 
/*(rtn' 

*t = ( V rg)n x = Yo A x'

.  I f  c (  =  8+1 r  then

1 " 6  r  y " . A x ]  = [ y u n x ,  y o . A x ] = [ v g  ,  g ' v ( y " . ^ * ) J  a  I v g ,  y a 1  .

S ince  [Vg n  y . ( ]  j . s  a  semi -a tomie  1a t t i cer . . , so  i s  IxB r '  y *A * ] ,  and"

consequentlS,, . L A x € xa. On .the other hand" \

[Yu ,, XBV o"<] Y txu^YB , **J € LxB , xal

because XB(Jg  by  the  induc t ion  h ;po thes is .  I - t , , fo l lous  tha t

LyS I  yg.V x* l  j -s a semi-atomic lat t ice,  hence YgV x* < f -  ,  and . , , ,

so xoa{ }". L x' B

g,.3. SSQJp,qLTlpN I 'et (r i) inr .bu a family of elements of

T, .  Then [0 , .V_zrJ  i s  a  semi - , t t r r t in ian  la t t i ce  i f  and  on ly  i f
i € I

[o ,z r1  i s  a  sen i -Ar t in lan  la t t i ce  fo r  each i  €  I ,  and ' in  th is  case

) ( [ 0 ,  V  u , ]  )  =  s u p  ) ( [ O , z r J ) .
i € I  -  i € I

3qogI.  Suppose that 10,z i l  are al l  semi-Art in ian lat t ices'  '

and d.enote ; !  = 
l lp )  ( [o,zr1 ) .  By l remnra above one has for eactr  ie l

.  1 6 I

, j  =  s " ( [0 , r3 ) )  <" r ( [o ,Y" r l ) ,
, a t : l ' : '

and  so  !  , ^ (  s .  ( [ 0 ,  V . , "E l ) ,  I I cnc "  .V - r i  =  u -  ( [0 ,  V  z i ]  ] ,  and  conse-  i ' ' ,  i
j € I  J -  o (  -  

i e f  
, ,  i € I  

' L  c A  -  
i e I

f  .  '  1  t ? -  r  y '  1 \

quen t l y  [0 ,  V  , ,  I  i =  a  semi -A r t i n ian  ta t t i ce  and  )  ( t o , .Y " r l  )<x .
i € I  r  i e l

Oonverse l1 r ,  suppose t i ra t  [0 , .V  z rJ  i s  semi -Ar t in ian ,  and.  1 i  - ,
i € I



d eno te ) ([o, 
,Yr", J, = F

s ' ( [o  , r  17]
f o r  e a c h  J  €  I ,  b y  O . 1 .  H e

i  e r  a n d  ) ( [ 0 , " i 7 )  <  p

the  propos i t ion  is  p roved.

, t l )  =  ( V z r ) , t

semi-Art in ian for

i : f  
r ( [o,zr f )<F,

- 5 -

. then

z .
J

j

n c e

T I
J . U

0

z rAsO( [o , rX

[  0 , z j  ]  l s

follows that

J

each

and"

Recal1 that a lattiee witir O and" 1 is  o f  f l .n i te  lengt !

1 ,

o f

i f  there  ex is ts  a  ( fo rdan-Hc j ld .e r )  compos i i ; ion  ser ies  be tween o
and t .. rt is well*known' that a rnod.ular lattice with 0 ancl l
is of f inite length if and only if i t is bo.th Artinian a,d Noethe-
r ian;  the tength of  such a lat t ice x 's i lL be donoted in the.sequel
bv lG>.

The next }enma is a latti l-e--ttoeoretical ' formulation 
of the

Proposi t ioR 12 of  shock h ]  .  For the convenience of  the read,er we
includ.e a proof here

o.3.  IJEMtviA I f A is an'Art in ian anC. modul-ar lat t ice wi th

an el-ement a* €A vrhich is . the least  etement

sub la t t i ce  L r * ,  1 ]  o f  A  is  o f  f in l te  length .

r rcgg.  te t  N  =  {xe  a  |  [ x ,1 ]  i s  a  ra t t i ce  o f  f in i te  lengt&] .
S i n c e  1 € N ,  N # q , .  I f  * 1  ,  x r € N .  t h e n  [ r . ,  n x r ,  

" 1 ] : L x Z ,  
* 1  V * Z l q

e l x z ,  1 ] ,  h e n c e  l x , n x r ,  * 1 ]  i s  o f  f i n l t e  l e n g t h ,  a n d  c o n s e -
q u e n t l y .  [ " t  A * 2 ,  1 J  i s  a r s o  o f  f i n i t e  l e n g t h  b e c a u s e  t * t  ,  1 ]
is of  f in i te length.  f t  fo l lows tkrat  x. ,  ,nx,  € N. let  a* be a mi-
n ima l  e l -ement  o f  N;  i f  x  e  N then a*A x  €N,  and so  a*n  x  =  ax
by  t t re  rn i .n imar i ty  o f  a* ,  i - .e .  a* -<x . .  Hence a*  i -s  the  leas t

e l e m e n t  o f  N .  r

r f  A  is  a  la t t i ce  as  in  the  above r ,emma,  then , ( (Lu* r . , ,1 ] , )

wi l l  be cal led the reduqe4-.Lsgdlb of  A,  and wj- l l  be denoted., . in

the sequel-  by ! . "G).

then there exists

A :uch that the
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As an ea$y consequence of  0.5 we obtain the fo l lowing known

resul t  which wi l l  be used frequent ly in th is paper:

9:L__q$gIAag let C be a eomplemented and nodular lat-

t i ce  (e"S.  C may be .any  upper  cont inuous ,  modu lar :  and.  semi -a to -

mic  la t t i ce) .  Then C is  Ar t in ian  i f  and on ly  i f  C  ls  Noethenan.

3roo f . Suppose that, C is  Art in ian,  and consider the ele-

c  j -s  a  complenent  o f  c * ,  thenment  c*  €  C d .e f ined"  by  0 .3 .  I f

[ 0 r c 1  =  [ c " n  c , c J  . [ c * , c * v  c ]  =  L c * , 1 1 .  ,  h e n c e  t h e  s u b l a t t i c e  [ 0 r c ]

o f  C is  o f  f in i te  length .  Suppose tha t  e ' .  1 ;  s ince  C j . s  Ar t i -

n lan there exi-sts aeC sueh that a 1s an atom of the.  ln*erval

[ c , a ] .  I t  f o l l o w s  t h a t  [ 0 , a ]  i s  o f  f i n i t e  l e n g t h .  I f  b  i s  a

conplement of  a,  then [0 ,  a]  * ,  [b,  1]  ,  hence Lb, 1 I  is  of  f in i te ' ,

leng th ,  and conseq l ren t ly  c t  <b .  Then cxn  a  <bA o .  =  0 r  and so

a  =  o A l  =  & A ( c  V c * )  =  c  V  ( a A c * )  =  c V $  =  c ,

a ' ,con t rad . ic t ion .  Hence c .  -  1 ,  and thus  C is  Ncether ian .

I f . r  Q '  i s  Noether ian ,  then the  oppos i te  la t t i ce  Cop o f  C

is morlular, eornplementecl and Artini-anr and then, by the proof

above,  C-o  rnus t  be  Noether ian ,  i .e .  C  is  Ar t in ian .  g  : : i

q_.5. IitSl'Q_!L$0N The following prop'€rties of an upper con-

t lnuous and mo4ular lattice .L arg equ*valent:

(  1  )  I  i s  a  la t t i ce  o f  f in i te  length .

(2) : ,  fs an Art in l -an lat t ice wi . th l  (L)  f in i te.

(1) I r  is  a Noether ian and seml-Art j "n ian lat t ice.

i s  c lear .? roo f . ( 1 ) = + ( 2 )

( z )  =  ( t )  t

of I r '  is

le i  n = , : ' ( . In,) . ; t then the ascending loewy ser j -es

o  =  s o ( l ) < s r ( r , ) <  . q .  < s - ( L )  =  1 '

Fo r  each  i  *  0 ,  . c .  , i l - 1  [ s r ( t ) , u j -n1 (1 , ) J  i s  A r t j -n ian  and .  semi -a to -

mlc ,  hence Noether ian '  by , ,0 .4 .  Consequent ly  f "1  = [0 ,  t ]  is  o f  f in i te
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I

length

( 3 ) = = + ( 1 ) :  
' s , 1 r , 1 ( l )  

=  1  s i n c e  L  i s  s e m i - A r t i n l a n ,  a n d/r\ -u,/

r ( r , )  i s  a  f in i te  o rd ina l ,  s&J  n  ,  s ince  I  i s  Noether lan .
i

'  For  each j -  =  01  . ,  .  , r -1  [s t ( r , ) ,  u r * . ,  ( r r )1  i s  Noether ian  and sen i -

a t o m i c ,  h e n c e  A r t i n i a n  b /  0 . 4 .  H e n c e  I  *  [ 0 , 1 ]  i s  o f  f i n i t e
L ' J

length.  I

Q.fu nErynni( From the proof of the above Proposition lt fol-

lows tha t  i f  the  la t t i ce  I  i s  o f  f in i te  length ,  then ^  ( r , )  <  l (1 , ) ;

c lear ly  > ( f )  =  . t ( l r )  i f  and  on ly  i f  fo r  eac .h  i  =  O,  , . .  ,  r ( I , )_1

e a c h  S ,  / -  \  t o m  i  n  t h p  s n l- i +1 ( r , )  i s  an  a tom in  the  sub la t t i ce  [ s r ( t ) , " i *1 ( r , ) ]  o f  r .  !

1. MAI}I RESUITS

1.1. THEOREM r,et r ,  be arr Art lnlan, upper contiauous and

":odular latt ice, and. let

( x )  * 1  - ( X 2 - (  r . .  ( x n (  . . .

be an ,"scending chain in such that the sublat t ices [orx iJ of

I are Noetherj-an for all L >1. fhen, the foli,g-.,e,ing two cond-it ions

are  equ iva len t ;

(  1 )  The ehain (r)  is  stat ionary.

(2) For each natural '  number i  ) .1 and each y 6l  wl th

y < x- there exists an eirement *yi nI, such that iyi < xi ancr

ayi*y; furthermore, th'ere exists a natural number t  such that

-  i ( [ o , a y i ] ) < t  f o r a l l  i > . 1  a n d  a l l  y < x i

P r o o f .  ( 1  )  = +  ( 2 ) :  S u p p o s e  t h a t

a n d  d . e n o t e  ' k  =  x ( [ 0 i * o 1  ) ;  t h e n  X ( t o , x r l  ) < k + 1  - . _ . f o r  d t l . . i 7 r 1  .

I f  y (  x i  , '  then clear ly (2) hold.s by chooslng ayi  = x i

( 2 ) = + ' ( 1 ) :  $ u p p o s e  t h a t  t h e " c h a i n  ( * )  i s  s t r i c t l y  a s c e n *

ding. Thenl  {he sequence (  a (Lo,x1] )} .b,1 r*  unbound.ed.,  fcr  other-



r,

wise., there exists a natural number m such that )(LO,xr] )  < m

, r  
6  

r l

f o r a l l  L > 2  1 ;  t n e n  ) ( [ 0 , V * ' ] ) - . *  b y 0 . 2 ,  a n d " t h u s ,  b y 0 " 5
i= 1 r' '

@

i r f  ,  V  ro" , l  i s  a  Noe-h t re r ian  la 'b t i cen  a  cgnt rad ic t j -on .  le t  k  > r1
L  i = 1  r r

be oueh that  ) (LO,xk] )  > t .  S ince LO'"XI  is  Noether ian,  there

'  
exj ,sts an element y < xk maxin:al  wl th Ltre property )  ( [  0 'y ]  )  (  t '

By hypothesis, there exists * = *yk sueh th"at a(xk and a4y. :r

A c c o r d . i n g  t o  o . 2 ,  A ( [ 0 , a v y J )  =  s i r p  ( ) ( L O , . J ) ,  ) ( L O , y ] ) ) < t "  B u t  
s

l

y  <avy  <xk  s ince  a+ y  and"  , ' \ ( [O,xnJ  )  ) t ;  th is  cogr i r ; 'a61" tu  th .g .  '

maximal i ty of  y,  and consequent ly,  the ehaln ( ; r )  ;nust  be stat io-

nary. g

. . @ I , e t I , b e a n u p p e r c o n t i n u o u s a n d ' m o d u l a r

lat t ice sat isfy ing the fol towing cond' i t ion:  i , i

( l )  .For  each y  <x .  in  I . ,  there  ex is ts  an ,  e lement  
" " *€ l  

. : ,
J 4 .

such that ao.*-(X; ty*4 y and. [O,ar*l  is seroi-Art inian; further-
J ^  J - '  r - -

more,  there ex is ts  a  nat* ra l  number  t  such tha. ! . , , , )1 [O'a.u*J)  <t

.  . : .f o r  a l l  y < x  i n  1 , .

I f  L is Art in ian,  then L,  is  Noet i ier ian'

? roo f  .  Cons ider  the  ascen i l ing  I ioewy ser jes  o f  J , i

0  =  u o ( l ) < s 1 ( L ) <  . c o . .

For  each 1> 0 ,  Is r ( f , ;  ,  s rn , '  G ' ) i  i s  semj - -a tomic  and Ar t in ian ,  hence

Noether ian  by  0 .4 ;  i t  fo l lows tha t  [O,sa(L) ]  i s  Noether ian  fo r

a l l  i  > ;1 i  Fy  1 .1 ,  there  ex is ts  a  na tur4 l  number  n  such tha t

so(fr)  = son.,  (1,)  .  I {ence 1 = srr( I , )  because Ir  is  Art in ian,  and

consequent ly  I ,  =  [0 ,  t l  =  [o ,s r r ( r , ) ]  i s  i {oe ther ian .  t

,,',,,.,1,'jjJajW4I[ The condition ( ) ) about . an Arti-nian, upper -, ', .ii,r

cont:L'huo'r.ls and modular lattice T, is necessary for L to be Noe-

thertan. In$eed, in th is case, for  each y < x in I l  choose ty* = 
:

- x ;  t h e n  ) ( [ o , r y " D < { . 1 [ o , a r * 1 ) < 4 . ( n i - a  , r , 1 .



a -

1 .4.  IEMIJIA Let I be an upper continuous and

tice and y < x elements in rr for which there

sueh that a _( {r  a *  y and the sublat t ice [O r  r ]

semi -Ar t in ian .  Then,  the  in te rva l  I y ; * ]  o f  I

a tom.

there exlsts a canonical

In orcler to show that the Artinian

I  as  ln  1 . ,2  i s  ac tua l l y  necbssary  fo r  I

need. ihe following sirnple

cond. i t ion  on  a  la t t i ce

to be Noether ian,  we

modular lat-

exists a€ l t

o f  L  ,Lg

conta lns .  an

I r  i s  Ar t in ian  by  0 .5 ,

and mod.ular lat t ice l rdth 1,

t*Ur) the so ca1ledru1;recluced

/ (Lu",  1]  )  ,  where * 'af ,  is  the

? I o o f .  - S i n c e  T , is a modular lat t ice,  i t  fo l - ]ows that

iscmorph ism o f  la 'b t i ces

L .  o y , a ]  *  [ y , r v y l .

Bnt a{ yr ,  " . t rence a n 'y < a,  and so ,  " the intervar [a n y,  a]  contains

an a tomr .  because [Or" ]  , i s  sen i -Ar t in ian ;  i f  b  : i s  an , "a tom o f

[a ny rel l ,  then the corresponding e]ement z of  b by the above

isomorph ism is  c lear ly  an  a tom o f  the  ln te rva l  [ y , *  vy ] ,

and.  her rce  an  a tom o f  I  y ,xJ .  c

We are now in a posi t ion to give the fol lowing

,1 ,5. TIIPOR}]M lr:t L be an upper continuous and modular. ,, lat-

t i ce  sa t is fy ing  t i re  cond i t ion  (  )  )  f rom 1 .2 .  Then r ,  i s  Ar t i -

n ian i f  and only i f  I r  is  Noether ian.

P r o o f .  I f l ,  is  Art in ian,  then i s  No et i rer j "an by 1 .2 .

0qnversely,  i f  Lr  is  .Noether ian,  then

b ince  I  
.  

i s  semi -Ar t in j -an .  by  1 .4 .  t

Recall that if A is an

we 
'have 

denoted. in the Sect ion

length  o f  A ;  more  prec ise ly ,

Art in ian

o b v

l*(n) =



such that ey3( x,  ty"*y and |  O'ayx]  ls  Art in i .an;  in addi t i

there exists a natur:al  number t  sueh that )*( [0,a.r*J)  <t  for

* A o  _

l e a s t  e l e m e n t  o f  A  s u c h  t h a t  t h e  s u b l a t t i c e  I t * ' 1 ]  o f  . A  1 s  o f

f in i te  length  (see 0 .3) ;  i f  in  aod i t ion  A 1s  upper  cont inuous  we

can clefine the reduced -IrqggE*1S$Ib ) * ( a )  o f  A  a . s  b e l n g  ) ( [ a * , 1 ] ) .

Clear ly 1"(A)< {*&).  Note that  ax is also the least  e lement of  A

such t i : , .at  the s '"rblaf ' t ice [*" ,1]  of  A ls of  f in i te loewy length'

.  We.shal l  consid.er now to other condi , t icr ls on a lat t ice I ,

(upper eontj-nuous and nnodular as always j-n this paper) I

()") For each y< x. ln t there exists an element ayx€ L,

ls Art in j .an;  in addi t ion,s Ar t ln l "an;  ] -n  aqo]" rLon,

a } l  y 1 x  i n  I , .

\I\ For each y < x in I, there exists an elernent arrx € f, .r ,,-

such that &. '*-(  xr ry*+y and tot*y"-J iu Art inian; in addit lon,

" l  ' , ' t , , ' " i "nr* bhat - t*{o,u l )  <t  forthere €xists a natural number t such yx-.

a l l  Y(x  ln  f r .  
' i  

"  "  :

O lear ly ,  i f  L  sa t is f ies  the  cond i t ion  (X . ) ,  then L ,  sa t j -s -

f ies th6r condi i ; ion ()*)  too.  We ignore the other connect ions bet-

vfeen the condj- t ions ()) ,  (>")  and (1")  on L.  However '  ' , ' . 'e hav€

the fot lowing resul t :

1.6,  Ti{nOri3} ' , {  I f  the upper cont j -nuous and modu}ar lat t ice I

sat isf ies the condi t ion (  I*) ,  then 1,  ls  Aft in ian'  l f  and only i f '

I  i s  Noether ian"

proof .  Th.e proof rna;r  be r :educed to the proof 1.5 '  by us. ing

the  fo l low ing  obv ious  fac t t  X" ( [O,a ] )  =  ) ( tO 'a ] )  fo ' r ' ' ' r iny  a€A i

s u . c b  t h a t  [ 0 , a ]  i "  o f  f i n i t e  l e n g t h . n

$Ie shal l  invest igate now the condi t i ra:n: '  t l " )  on L '
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1,7 . TI{EORIIM Let Ir be an upper eontinuous ancl mod.ular lat-

t ice sat isfying the condi.bion U.") above. Then I ls semi-Art l-

nian and h.as fj-nite loewy length"

natural nu.nber

Iroewlr  ser ies of

numbers n.

l e t  x € L

n d.eno te by s

L,  and suppose

Proof . First  of  a l l ,  T, i s  sen ia r t in ian  by  1 .4 ,  For  each

n the tern so(T,)  of  the ascendi-ng

that u* I sn+1 for all natural

be such that x(  sk for  some, natural  numter k

and [o, *] is ' ' Artlnlan. Then

by 0. 1 ,  i lence ) (10, xl  )  -(  k, and.
" r ( [ o , x ] )  

=  s n ( [ o , t J ) n x  =  s k n  x : :  x

t h e n ,  b y  o . 5 ,  [ 0 ,  " ]  
i s  o f  f j - n i t e

lengtir

I f  now n7r1 is a natural-  number and x is an elernent of

I ,  s u c h  t h a t  x ( s n  ,  x 4 s n - 1  a n d  [ 0 , * ]  i s  A r i i n - i a n r  t h e n r w e

s h a l l  F r o v e  i n d u c t i v e l y  t h a t  l < l . O , x l ) > . n .  I f  1 1  -  1 ,  t h e n .  x  1 0 ,

and so / .  ( lo,xJ) >.  1 .  tet  x 6I ,  be euch that x {  sn+1 ,  x4 sn and

[Or* ]  i s  Ar t in j -an .  ]enote ,  z  *  f rAQa,  and y  =  zVsn-1  .  Then

s n - 1  {  y (  s n  a n d  }  =  ( x z r s r r ) v  s n - 1  =  ( " v $ n - 1 ) n s n  .  B u t  * *  * n - 1  ,

henee sn_1 4  
"o_1 

V x ,  and consequent ly  (xV sn_1 )  n  s '  I  sn_1 because

the  soc le  
"n  

o f  the  semi -Ar t in ian  la t t i ce  [uo_t  ,  1 ]  i s  an  es-

sent ia l  e l -enent  o f  the  la t t i ce  [uo* i  ,  1 ] .  Thus  y  I  sn-1  and

there fore  
" {  " . r -1  ;  i t  fo l lows tha t  t  A  

"n - "11  
%n By cond i t j -on

( l*)  ,  there exists a € L suclr  t i rat  [0,  a]  is  Art in ian,  .a.{  z and

a 4 z n  s n - 1  .  T h e n  a < z ( * r , ,  a + s n _ 1  a n d  a < z l x s s h e n c b

I t l a , " ]  ) <  / t t o , x ] ) , .  0 n  t n e  o t h e r  h a n d . ,  b y  t h e  i n d u c t i o n  h y p o t h e -

s is  /  (1 ,o ,  a l  )  7  n ,  a r rd  consequent ly  4 ( lo ,x l )  ) ,  n+1 .

Since he have assumed. that 
"r, 

I ,rr+1i for all natural num-

bers n,  i t  fo l lorvs that  for  each n >,1 the r :e exists an € I  such

that srr(  u '  n &n4 uo_1 ,  [o,arr l  ls :Art ln lan,anr] .  / " ( ,1o,anl  )  < 'b,  Then

[o ,ar r1  i . s  o f  f in i te  1 -engt t r .  and"  ' i { ( lo , "J )>n .  on  the  c . r ther  hand ' ,

o < - ( . ( [ O , a o l )  =  ! . " ( l a , a o l  ) < t  f o r a l J .  \ . , 7 . 1 ,  a c o n t r a d i c t i o n .  T h i s

comple tes  the  proo f .  E
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1 . 8 . c 0 R 0 . ] r J , 4 . | X l f t h e u p p e r c o n t i n u o u s a n d m o d u l a r l a t t j . e e

I sat isf ies the condit ion U*), t i reh T.,  is Art inian l f  and only

i f  I ,  Is l{oetheri i"n "

P r c r o f .  A p p i Y  1 . 7  a n d  0 " 5 ' E

J f - 3 $ } x e n s H . ( 1 ) A n o t h e r p r o o f o f l . B c r r n b e o b t a i n e d f r o m

1.6  s ince  I ,  sa t i s f ies  c lear ly  the  cor rg i t ion  ( ; * )  too .  '€  :

(Z) The condibion ( I*)  about €rn Art ln lan,  upper cont inuous ;

and modular l -at t ice L is necessaly for  I '  to be Noether j -an:  see

1 . 3 . 9

2. AIPT.,ICATIONS

I,et  V be a Grothend. ieck category,  i 'e.  an abel lan ' - r :atego'ry"

with exact diree"f ;  l lmi ts and with a '3cnerator,  an$,.  let  X 
'De 

an

o b j e c t  o f  V  K $ )  v r i l l  d - e r i o t e  t h e  l a t t i c e  o f  a l l  s u b o b j e c t s

of  x"  I t  j .s  welr-known that xtx)  is  a modular and r ipper cont i -

nu .o i . r .s  la t t i ce  (see e .g .  S tens t rc j rn  [1  ] ) .  I f  U  and M are  o i : jec ' ts

of  V then'  FI  is  sai .d" to be U-gener:ated i f  there exists &n epi-

( r
morohism U.,^) ' - .> M for some set I ,  or  equ' i -valent ly,  i f  whenever

Mt  i s  a  su i :ob jec t  o f  f t I ,  I i l t  /  M,  there  ex is ts  f  €  Horor (U ' l ' l )  such

that fnr( f ) { tvt ' "  l , , t  is  said to be r ' , t ror :g ly U-generated 1f  each sub-

ob j  ec t  o f  t l i  i s  U-genera ted"

2"1 .  T I IE0RSM ( t t r i s tS .sescu [1 ] ,  [2 ]  )  Le t  V  be  a  Gro ' fhend ieck

.caLegory and. U .an 
Art in ian objec'h of  f  .  I f  M is an Art in iatr

obj 'ect 'of  V which is strongly tT*generated, then M is Noether ian'  i  : ,1

prooJ .  By  1 .8  i t  w i l l  su f f i ce  to  check  tha t  the  la t t i ce  i ,  = i ; , "

=  K  ( m )  s a t i s f i e s  t t r e  c o n d i t i o n  ( 1 . ) ,  l , e t  X ' T  € L  b e  s u c l i  t h a t . , ,  ,

Y< X.  S ince  X is  U-gene ra ted-  t i re : :e  ex j -s ts  f  6Honr (UtX)  such ' : ' i
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t h a t  {  =  I m ( f ) + Y .  B u t  A g U / K e r ( f ) ,  h e n c e  t h e  l a t t i c e  f  ( A )  *

=  [ O , a ]  i "  i s o m o r p h i c  t o  t h e  j . n t e r v a t  
f r e r ( f  ) , U ]  o f  Y ( u ] .  N o t e

also t i rat  A<X anC" [O,A].  is  ArLinian because U ls an Art in i -

n i a n  c b j e c t  o f  t 3  r  T h u s  / \ t o , A ]  )  =  . { . " (  [ r e r ( f  ) , u l  ) , <  / - ( l a , u l  i  :

=  . { " (K$) ) ,  and so  L ,  =  X(y { l )  sa t i s f ies  the  cond j . t ion  ( , ( " * ) .  L ,e -b

us ment ion that according to 1.7,  sny strongly U-generateC. object

of  V is a loewy object  having f in i te loewy length.  p

Our  nex t  a im is  to  app ly  1 .8  to  ge t  a  s lmp le  noncategor ica l

proof of  the relat ive Hopkins- levi tzki  Theorem. For th is,  w€ shal l

recal l  br ief ly some basic d"ef in i t ions,  totat ions and propert ies

concer:ning the lat t ice of  F-saturated. submod"ules of  a mod.ule.

I ,et  R be an associat lve,  uni tary and nonzero r ihgr; :1f ind

Mod-R the category of  uni tary r ight  R-module.  r f  M j -s a r ight

F.- 'moC.ule,  then X$A) wi l l  r lenote the lat t ice of  a l l  submod.ules

of M. Let F be a r ight  Gabr ie l  topoL.rgy on R, ( f  ,  f )  the .

correspondr.ng hered- i tary tors ion theory on Mod-R, and t  the

t o r s i o r l : : a d i c a l  a s s o c j - a t e d  t o  ( f  r f  ) .  r f  i r l € M o a - R ,  w €  s h a ] l  u s e

the fol iowing notat j -on

cF(t{ ;  = { i l  € X(M) I  m/t t  e Tl  .
r f  ?€  { . (w) ,  then T  w i l l  denote  the  F-sa tura t ion  o f  F  in  u i ,

i . e .  T / y  =  t ( M / p ) ;  n o t e  t h a t  P € C F ( M )  i f  a n d  o n l y  i f  p  =  F ,

i  .  e  .  P  ls  F-sa tura ted . . .  r f  (N i  )  ia r  i s  a  fa rn i l y  o f  e lements  o f

c"(m), then .Y*, = Fn, dnd A*'  = Qio, are elements
i € I  

I  
i € I  

J -  
i € I  

J .  
i 6 I  

I

of  Cp( l ! I ) .  Moreove i ,  CF(M)  is  an  upper  cont . ' ! .nuous  and modu lar

lat t ice ror i th respect . to the part la l -  order ing given by rr  c r l

( inclusion )  and with respect to the operat ions t rv r t  and t tn r f  .

cr(ut)  1s bal led the lat t j -ce of  a i l  f ' -saturated subm.odules of  M

and is som.et imes denoted al_so. b3; SatU(H).

I - ,et : 'us ment ion the fol - lowj-ng proper**es of  the lat t ice CU(nt) ;
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( 1 ) If N € ;r (M) and" N e r, then the lattices cF(M) an<i

co( ivr /n)  are ca.nonical  isorrorphic I  ln part icu1ar cr(M)- ctr  ( tvt / t ( l t )  )

(2) If r, le pf (r,q) and tg/X e T, then the lattices CU(t*i) an'1

Cf (N)  a re  eanon ica l  i somorph ic ;  in  par t i cuJ-ar  CF( l I )sCU( f r ) '

(3 )  r f  N I€  t r  and, '  N€ c I ' (M) ,  then c 'g { )  5  [o , rv ]  and ' .

Cr(M/N)x [ f f ,m],  where t ] re intervals are consid-ered in the lat t ice 
. ,

c F ( M )  .

(q)  I f  M and. Mr are isomorphic R-nodules,  
" then 

the lat-  "1.

t l ces  CF(H)  and CF(M' )  a re  i somorph ic '  6

For al l  these summarizecl  facts on the lat t ices cF( i ! I )  the

reader  i -s  re fe r led  to  S tens t rd rn  L1 ]  o r  A lbu  and NSst lseseu [Z ] '

Recal l  t i iat  M € I , . {od-R is said to be F-}Tqelhegial . - ( resp'

E-Aq!.ggn) - i f  Cp( lu)  is  a 'Noet ler ian ( lesp'  Art in ian) lat-

t ice.  R is oaid to be F-Noether:- ia.n (resp. I -Art in iq 'n)  i f  the

R-module Rn. ls F-Noeiher ian (resp'  F-Art in ian) '

2.?.  TI lEORii l \ I  (Mi l .Ler and Teply L1])  Let  F be a r ight  Gab-

r ie l  topology on t i re r ing R such that R is F-Art ln lan'  Then'

a riglrt R;moc1u1e }11 is tr '-Artinian if and only if M is l '- i{oe-

thcr i  an.

3rogg" By the property (  1 )  above, cF( ivt)  = ur(M/t(u) )  '

h e n c e  v ; e  c a n  s u p p o s e  t h a t  M e / .  A c c o r d l n g  t o  1 . 8  i t  w i l ' l ' s u f f i c e

i t l o n  ( I \ .
to check that the lat t ice CF(M) sat icf ies the cond'

L e t X < X b e e l . e m e n t s i n C F ( M ) ' T h e n , t h e r e e x i s t s x 6 X \ Y ' :

a n d  d e n o t e  B = r : R r  I  = A n n * ( x ) ,  A y x * A = 5 '  c l e a r r y .  A € c r $ ) '

A ( X ,  a n d  A + Y .  S i n c e  R / t r : B < i , t ,  j - t  f o l l c w . s  t h a t ' . , g / T e f  ,  a n d  :

s o  r  6  c r ( F . ) .  B J ,  t k r e  p r o p e r t i . e s  ( 2 ) ,  ( - 3 )  ,  , ( + )  a b o v e  o n e  g e t s :

[ r  ;n ]  =  CF(R/ I  )  dcp( l )  :  cp( *y ) ,=  t0 ,A ] ,

vrhere the j -nter:val  [ f  ,n]  is  consid.ered in Cf (R) and the lnter-

va l  [O, l ]  in  CF( I , I )  .  S ince  Cn '  (R)  i s  an  'Arb in ian  la t t i ce ,  i t
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fo l lows tha t  [o , l ]  i s  an  Ar t ln lan  la t t i ce , 'and  then

/ " tLo,Al  )  = . . ( .*(  [ r ,n j  )  < Lr(cu(n) ) ,
Thus C*(n)  sa t is f j -es  the  cond j . t ion  ( / * ) .  *

?:1", . . fJtry j \F1( T/hen the proofs of  1.6 e,nd. 1.8 are carr ied.  out
on the part icular l -at t ice Cr(M),  l I ,being a r igh' t  Gabr ie l  topology

on R such that R is F-Art in ian,  one gets two di f ferent short

module-theoret ical  proofs of  the relat ive Hopkins-Le'r l  tzki  Thef l rern,

cluoted, in tsaith ltt as the Teply-Mil]er Theorera. s

The next resul t  has been proved. b; :  Nist lsescu and Raianu [ f  ]
by using the not ion of  quot ient  category.  lVe shal l  present bel-ow

a much shorter lat t ic ia l  proof.  The terminology involved. in at l

that  fo l lows can be found. in NistS.,sescu and van oystaeyen [1] .

2 .4. THEOP,]DM

f t =  O
creG

topology on R such

r ight  R-module M

Noeiher ian.

Ro a grad"eo

(N is tSseseu and-  Ra ianu [1 ] ) ,  L r .e . t  G be :&,  g roup;

ring of type G, and F a grade'i" rj"ght Gabrie]

that  R Ls gr F-Art in ian.  [hen, ai ,graded. ,  .

1s gr F-Art :n ian i f  and only i f  M is gr F-

P{oof  .  By dcf in i t ion,  l i l  i -s  gr  F-Ar t in ian ( resp.  gr  F-Noegr .e-

r ian) i r  the lat t ice cfr (M) = {  N € i fs(} , { )  i  } r /N€ 7}  is  Art in ian (resp.
Noether ian),  where X,o$,t)  is  the lat t ice of  a l l  graded. submod.ules
:ei ' f ,  M and ( f  ,7 )  is  the heredi tary r ig id" tors ion theory def ined.

b) '  F .  le t  us  p reser \ re  t i re  no ta t j_ons  f ro rn  the  proo f  o f  z "z ;  th is

proo f  can  be  adapted .  to -  the  g : :aded case as  fo l lo lvs .  The e l -ement

x '€ x vY can be choosecl  honogeneous, sex of  d"egree 7 .  Then there
^ l ^ l  n  I  a  -  ^ f  \  , -  - 1exists air  isomorphism of graded R*modules R(o) fT x 'n,  \ jvnere . (  : : .

=  6 i  and R(" )  i -s  the  c r *suspens lon  o f  R.  on  the  o ther  hgr rd ,

s ince  i ;he  to r :s ion  theory  ( f  ,  y  )  iu  r ig_ ic l ,  the  cor re  sponde. .nce

J r - + J ( o ' )  ; ; e l d s  a n  i s o m o r p h i r i m  o f  } a . ; t i c e s  c f i t n l  =  c f f ( n ( o )  ) .
! : r

Conseq.uent ly . ( . " (Ls , tJ )  -  - { 'n (  [ r ,n(o) ]  )  <  l . (c$(n(oy I  I  =  I . {c f i (R)  ) .s
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2.4 to the Part icular case f  = {RR}

avoid-s the concept of  the Jacobson

version of thri l{opk'ins;Irevitzin:* Theo-

O) ,s taeyen I f  ] ) :  any  r igh t  g r -Ar t ln ian

R .

FAITH
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