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A FINITE ELEMENT DISCRETIZATICN OF BOUNDARY

CONTROL OF A TWO-PHLASES STEFAN PROBLEM

(preliminary version)

by
Dan TIBA

1. INTRODUCTION

This paper is concerned with the approximation of the

boundary control problem:

T

2
(P) Minimize X y-a 3
_ J{Z 1L2: :

0

subject to:

(EIEF 1) vt(t,x)»Ay(t,x)zf(t,X)
v (t ,X)é[aCy @)

(L.2) %%“: o

(1.3) w(o,x)=v(x)

_%[ull } at

12 (2.0

i€ 0y

ame a0,

T
Sraoicll).

f) is a bounded domain with smooth boundary 3% and

B 0b o Bo TRy [ is a cylinder with lateral face i .

We assume 'V’OGL2 (), d‘,:f‘éL2

monnotone graph in RxR, bounded
’>ven1by:

BT
(1.4) plr) = [-101

{5
K(r-ro>-a,

(Q) end {3 is a strongly meximal

on bounded sets. When {3 is gmi-



~where K,J;o, we obtain a two-phases‘stéfan free. boundary pro-

blem (J<DsEions—| 11 pel96Y.

consider the regularized problem:

(P.) Miﬂimizev f;l!y—dlz 3 li@( }dt
e o 2 2. 1okea)

subject to:

4 e \ ‘
(1.5) p(y(t,x,)t—Ay<t,X)=f(t,X) a.€.Qy.
and (I.2)3 (1.3), where

; £ 4]
(1.6) )=y + [ ¥ (y- €0)p(0I20, £20,

]

with Y’ the Yosida approximation of the maximal monotome graph.

x\y) ﬁ(y)-y (it is assumed for couvenience that [1 is strongly
monotone of constant greater than one) and .P is m.Friedrichs
mollifier, ie. fC—Cw(’R), suppj)(fEl,l] ,Jo<-9)=f(e) » P 20 anﬂd

[ p (8)30=1.

This smoothing technique is mainly due to V.Barbu [?1,[&]
ip ﬁhe study of necessary optimality conditions for contr§1
problems governed'by variational inequalities.

In a previous paper [1%] the existence of at least one
optimal control ur in-LL(Z) is established for problem (P). De-
note. by ug en optimal control for problem (P ) and by'ﬂfu%),

HTf(w ) the ontlmal values of problem (P), respectively (P£)°

The follow1ng reoult is known from [151

Theorem l.l. We have the convergences:

(1.7) Ttug) - T
(1.8) TE;ug)«a‘HYu¥>



when ¢ -»0.

Therefore, one has to discretize the."better™ problem
(P&) and to compute ug.

In the thesis of C.Saguez [131 a semi-discretization
méthod with respect to the time variable is studied for the
contfol of Stefan free boundery problems. V.ArnZutu [1] s DEP=
forms the discretization with respect to the épace variables
in certain nonconvex parabolic control problems. Qur aim is lie
"reduce" (Pg¢) to finite dimensional problems and we discretize
both to respect to t and x. The converge result is given in

Theorem 4.1.

For related problems or methods, both from numerical
and theoretical point of vue, we quote J.F.Bonnans[@] K.H.Hof
.fman and J.Sprekels [10] I,Pawlow and M. Nlezgodka [1{] Do,
end Z.Meike [14] R.S.Falk [7]

Our algorithm can be compared with the work of C.M.
Elliottband J.R.0ckendon [6] in the case of two-phases Stefan
problems but the questions and the methods are certainly diffe-
" rent.,

As a last remark thic is the first part in a forthcoming
paper of D.Tibs and P.¥eitaanmaka [17] concerning numerical re-

sults for lroblem (P)a

. 2. THE DISCRETIZED PROBLEM

For the sake of simplicity assumésthat.fL is a convex

polygonal domain im.R2. {1 is covered by a union of triangles

J“; where h is the length of the largest triangle edge andfTh
verifies the Zlamal conditions“i{P.G.Ciarlet [5], C.Fix and

'G.Strang[7]).



S

Let us denote H=L2(.(2.), ,V::Hl(,n_) with norms l~l° . l'li .
Vi is the space df continuous functions which are linear on
each triangle, with the norm Jv}k induced by the modified

ﬁzﬂl) inner products

1 : h
ly (W, v, = Z. W.u.w. u,we V.
Vit i L 1L ’

Eere I is the number of vertices associated with 5rh, W
is the sum of the areas of the triangles with a vertex in i and
u;, wy are the values of u,w at node i.

. It is wellknown that:

(2.2) 1v| Shvlgcivl, Vver”,
Cor GV (’w,v){sch2[wKI[VIISChlvid L wly v, werh

where ¢ id'wused for different constants and ( , ) is the H# inner

product.

h M * . 5 @ . ° .
vV i® a finite dimensional snace of dimensiom I and we

denote {bi}igi a basis in Vh,defined by

@ -bti)=dy, g

h

and J}j the Kronecker symbcl. Let 1L be the Space of traces

» ofe functions Trom Vh endowed with the Lg(aﬂo noTm.

Assume that the inferval [O,T] is divided in N equal sub-
iniervals of'leﬁgfh K20

The_discretized control problem ist:

H

: rEEE ¥ 1{ 2 I’lz’
(2.5) Minimize =~ by ] iln }
2 ;:1{ h l1,2(’.;:.;7.)

[ 51

subject to we(LMHN  ,eyhyN,



o

i el . : ‘
(2..69 (‘i—-—?i'?——,v)h 4 ijm'oIVv- fV-Un+1=(fn+l-,v)h ‘VW é:v.h
N 20
: £ . :
(2.7) vi=p (v;), i€I, ngw,
Bo 7%

and we denote it by <Ph k)“ Here f,u ,dn are given vectors of
s 3y

appropriate dimensions. For every h,k»0Q, we prove the existence
of ap opilimal econtrol for (Ph,k)‘ First we deal with the éonf.
tinuity properties in the monlinearvalgebraic gystem (2.6),
(2.7)« By a variational argument (C.M.Elliott, JQR.Ockendon[BJ§
it is known that the system (2.6), (207) has a unique solution.

Let J denote the number of nodes aésociated with:Th which
belong to ofl. We assume that all the vertices of the ”polygbn"
L) sre vertieces in gh, which is a natural conditiomn,

: . <N ' :
Propositaon 2.1. Let quépw EQ_RJYBO The the correspondin;

solutions pr ¥oof (2.6),(2.7) sstisty:

5 TN
¥y in 5

Proof

Let ngSN‘be fixed snd assume we have proved

Baseeam o n n n
Yp y ; \,p-~a>v ,Vnsno_l
i I, w n leide tr =l - sine s we shall se
in R, when p =»ee, This is true for I, since, &

in the sequel, v° is fixed W*p by the discretization of the
initial condition Vb(X) atigh G ERL ) e

We write((2.6) for Nt

1]

o) n_+1 r mi+l N1 ol
afL

: n n
From (2.7) one can see at once that {ypo} ,ivpc } are



bounded in Vh with respect to p. By teking subsequences we

have

n
Yok =2 )

n
V. —>V

ic o o iz o

when p-see. Since the solution v corresponding to u is unique,

the convergence is on the whole sequence. .

Proposition 2.2. Problem (Ph k) has st least one optimai
TR b

pair ¥y up i ] -

vgroof.

Let {up} be a minimizing sequence for'(Ph’k). Sinee, X
s fixed, by (2.5) we getl;
{ M 2,

2la i

=0 P 1o }

bounded with respect to p. Then lugl is bounded with res-
1
peet to n,p.

H- - ! e L : : Fae
As up is a pilecewlse linear function on Sfl(in dimension 1}

and gmh is fixed, it yields {lug jt} bounded for j&J, n¢N and
9 P

every p. Therefore, on a subsequence py:

2o

Pysd - J
~.end b P °;t* a2l 1 ) i 4 i
‘by Freposition 2.1, ypk’j~9,/j ,the. selution of "(2.6), i

: . (22 s 3 i
(2:27) Qorrespondlng tou . It i1s easy to infer that[jy,u] is anm

optimal pairy It may not be unique because we take subsequenges.

5. THE ADJQINT SYSTEM

ol N Loty .
Let @1 ) — (7 )J be the mapping u —> y defined by



e
(2.6), (2.7). It is a nonlinear{mapping and we show thet. it

is G&teaux differentiable.

proposition 3.1. © 1is Ghteaux differentiable and for

: h N ' . .
every u,wé(L '), r=%u)w satisfies:

. gk € m
G %(vf"Wnﬂ)rnﬂ"vfs<yn>1"n,V)h+ [Vrmlvv £
£L

e aAwn““l.v:o, ¥ vev?, ngn-1
(G329 =0

Proof.

We have:

vOu)w= lim S(usdw) -0 (u) in (’Vh)N.
A0 A
Denote y=6(uy, ?:601+kw) and subtract the corresponding equa-

tions;
~vn+l  n+l n+1 _ri+1l
Al n L1 aﬂ
o L,V v v) VG-Vh
L .
_ 1,~n+1 gl S ‘ : :
Take v= =(y 3 Yo An easy computation invelving (2¢2)

A
; . <258 .
and the Lipschitz property of /3 implies:

sl onsl (Lo an+l n+l T oan+l  nsl o)
%g‘ = e ﬂv Y=oy l<cly el }+ l,_l_(.v = l .
i . A s X Bel o a in
: 6355 Fon ~ntl _n+l, 1

| Ak
.’ml_ -

g¥nce the initial condition (1.%) is the same for 8 (u)

andbﬁ(u+kw) and N is fixed, we get:



bounded for A> 0, nglN,
4 ;

bounded for A>0, ngN.
0

Therefore ?n#mﬁyn‘strongly im Lzai) when A=20 .

&I 1
We denote r

tim L. 44 the strong topology of 1
A0 2 :

Sl
since J° is fixed, it yields as in the proof of P2.2

-

that
révh and

We can p&¥8.to the limit. The first term gives:

€en, £ n ~n N
e ae Db T 3y
, V) =T W — e Vs
i
; T
'3 .4"'7' W

£ n £ '
v (yR) pleve = (e (v e, v)
i<t 3 1 11 h

and (5.1) is proveda

We denoteTT~' :(Lh)y-ma -8, +00'} the value of the func-
h;k ’ :

tional associated with (Ph k)a Then Uy g is & minimum point
9 b

for TTh i and the G& tesux differential vgnishes:
ik, :
3.3 Sta, w=0, Fwerl
h,k ‘Yh,k

But, we have:

' -IT (u+AW) - (a) N
et e e g T8RS 5 88 M- o ~
1 2 =k % . 5
N :
k Z.l {(’ [Vém)%(’y—d‘)}n,wn)hj* (u
n=.1

01 n
. W ) -
’ L2 (’;f»m}

i



g
By (%.3) and the above equwality we get the adjoint sys-
tem:

X = :
(’3f4)vg(uh’k) (yh,k“’@)“wh,k

in abstract form.

Ve define the adjoint state Py, kévh by ¢
. b

n+1
(5. 5)<vﬁcyh k) “““E“-“,V)h,‘( -VV‘
i

) n h s
=—<yh,k—d ’V)h’ 'VVGV y n=0,N,

(3.6) pl=0.

This is e linear system-im implicit form and obviousl

there is a unique solution Py kéVh.
5 )

BProposition 3.4. Relation (3.4) is equivélent with:

o T n
(3.7) uh,k:ph,k y néN,
a{L
Proof.
We have Y’@Cuh k)x:(vh)N.4>(Lh5N. Accordingite (3.4) we
* . S
show that "Veodh,k)‘(yh,k”d)"ph,k{an. y LHgt 19
N-1 N-1
i n+1 : n+l-.n+l n+1
(3:8) o ) = -3 (yy -4 vO(u, 1w
rﬁZ:O Wi g g b [ Ayl l
¥ wE(Lh)N

By (3.1) this is equivalent with

N-1
(3.9) ( n+1’ n+1) i
Z o 1° (2.0 nz;';)

n+1_dn+1’rn+l)h.



- 10 -

In order to prove (3.9)and implicity (3.8)we put in

(5.1 v«p.‘r?]]é

N=l ¢ ‘n+3 n+l L : :
(.10 fG( )T '°Vﬁ(\ e sl
.)rg;b( K By

Ned ¢ ; N-1
= TA 5%1“n+}vpn+1: Z gwn+1.pn+-l
n= O Rl =0
22
(we omit the subscripts h,k).
summing by parts in th=z first term of (5,10), we have =

ge 1 N-1 n+l 'n
G g s z:%m' S ML TS G
- R=0 gL %
N-1 -1 g o0 Dn+1 2 ot
2 o o S
n-:o

from (3.2} and (3.6).

By “#3.5) we finish the proof.

4. THE CONYVERCENCE

We show that, in a certain sense, the solution of problem

CPh k) approximates the solutivii of problem (Pﬁ) when h,k —»C.
, v
As a general remark we underline that our result is much more

general and it can be applied, for instance, at other types of-

discretization or other finite elements, etc.

For the sake of simplicity.we assume that r,, diyf are

defined pointwise and*v§45d§, 0 3enote the value et the moment

_C‘m

n.k and at the vertex i of J .

wWe recall the discretized control problem:

S W ¢
. .Y Niminize g o '.-dl u }
h,k p: c.j{l l l i s

n=.i



e Nl

subject tos

ol 3 ‘h+1 | n+1 N
(2:.6) <"’“”"""‘E""’V)h+ fvy V- fv.u = V)
£ 241,

o = A
(2.7) vi»/s(:»i), igT, ngu.

heorsm 4.)1. Under the monotonicity and boundedness

&

assumptions for /g we haves

€4.1) Yim im . o (u )= Tr(u )
k30 he0 Bilksohk

Proof .
For every h,k>0, it yields

N 2 ; N 2
(4:2) 3 rgﬁwg*k"dn{flux * i (Qﬂ)}sg r;“y ot L2(r3ﬂ.)}

any ué(’Lh)N and y-»“@(u)é(vh)m.

7 2 :
Let uoéwl’&(O,T;szaﬁD) be fixed and u
h’k). Then, it is known from D.T

h’ké(Lh)Nwl be the

discretization of Uy yh’kzéhl

ba, M.Tibé [16] that s

4,25y Lime uh’k: u, in LZCZ),
h,k «»0 ‘ :

@y Tim . sy in L L),
h,k=$0 :

the qolution el Cl B ) L2 (1:5) corresponding to uge.

By (2.3) we see that 131 TT ; (uh’k)=7T?u } and frem:
b,k =2 h,k g 0o’ : i

'-(4.2) we conclude that
N 2 b5
k n n n
y ~d *iu }

is bounded as h,k ~»C. Therefore



2212 =

2

(4.5) 5
L. (21

N
2l
.

k
2
¥k n
?

ke
h,k

(4.6)

are bounded with respect to h,k>0.
Por other estlmates we put v*yh i in (2.6); In the ec-

quel we omit the subscripts h,k:

. 2
(4.7) k( o+l q, yn,+1 %(Wn+l_wn’yn+1 +lV n+11©

n+1)

Y

:fym;fH%WﬂHl =

L

£
Here Wh NS IB(Jh el Vn X 'X'Vb v ) i

accordlng to (1ib).
By a device due to O.Grange and F.Mignot [9], it is known

thati«
p-1 .
(4.8) }:g(wn+l—wn, yn,+1);Cc
n=g '

Prom (4.7), (4.8} we gei:

p-1 p-1 > p-1 -
% 2_ Cyn+1-yn n+lifE+ Z:i n+1I. Z~'I n+*.un+1 -
n=0 n=g. n=0
R afL
- %i}'(fn+l yn+1)
’ ®
=0 h
Then :
1 l 1 Pl a1BSe -1 n, %
cx[y i ZQij fgse t o) il
n=Q n= L™ ()



Ly

(4.10) k!yn+ﬂz%cr¥h,k&
Let k>0 be fixed. By taking subsequences we infer:

(4.11) @ o fiﬁgg,uk wsaikly: dn 17 (B0
3 & )

(42 yg - E:ig yk weakly in H am
g b

strongly in LoAa

. £ ; i .
S . nee /g is Lipschitz continuous, we have

: n Jit u—ko 2ol
_(4.13) Vh,k /3@

strongly in Lzaﬁg.
We pass to the limit with respect to h-»0 in (2.6), (2.7

n+l _m

v \
€4,14) (-~—E—m V) + fvyi+%$rv— J v.u§+1 = f?+1@v,*fvéﬁlﬁﬁ).

L AL L

We consider the control problem

N
(Py) Minimize % g;%{(yn-Tn}§+lunli2(ajD }

‘subject to (4.1%), (4.14). This csn be compared with the semi-
discretization method of C;Saguez [13].

qere e ; yn5 un, fn, v™ denote the function 6n JL, obtad:
 ned for t=nksT.

By the same argument as in Section 2 one can seeithat
(Pk) has at least one sblution G:LQCIDNQLQCQQ)N. .

Using the weak lower semicontinuity of the norm gnd



(4.2)-(4.4), (4.11), (4.12) we get:

: . .
(429 5 Lol gl 2(@;1%?" ’3 fivi-a™lG ool (0.2) J

for every uaéwl’g(O,TgL2C&Q)).

By an easy calculation it yields:

N

(4.16) T ¥lu <c Yoo,
; é;I k{L o)
4.1y 5g0, Ve,
N'
(4.18) Zilklykll , Yio.
. n=J1

Next, by the same redsoning as intD.Tiba, M.Tiba [16],

from (4.14) we get

n+]

[@(y}, ;[% (sk ]ql(,m <c

HEO

and we can pass- to the limit when k-20:
Fast [ lacd 5 = X
Denote by u, y, v the weak limits of the mesh funetions
defined on [b T] in the usual .manner from the Vectorfuk,yk,vk@
We have y solution to (L.5), (1.2), (li5) corpesponding

to u and v=/5(Y)» Moreover, by (4.15). one gets:

T

(4.19) jﬁ 2|7 d]2 [u!? (M)}dt g
o
Jo OQd!O% %l e (’sm}dt

for every u éW (O T L (20)) .

The following lemma is needed:

Lemma 4.2; Assume that ul,ugéLECX)




s

Z;:dc J}o being given. Then NERR ) the
(&) —

and satisfy‘[uquuzl >
I 12
solutienccor (1.5, (1.2}, (1.3) corvesponditg Lo Uq,Us satief]

(4.20) | v+~ <c.d
| 4 EiL?.(Q)

5 ; s
where C is independent of ¢.

Proof of ~Lemma 4.,2.

t g 3
Denote w;= IO ¥:, 4=1,2, Then

¢ &
p(wi)t)nﬁwizwb %»Lf a.e.Q,

w; (0,%x)=0 a.ee:%_
i

5—5 2I0ui a.e.z,
for i=1 2,

subtract the corresponding equations and multiply by

(Wl“WZ)t:

¥ ! :
j ifwl)tw(wg)tlg— % f&(wl(t)—wz(t))(wl(t)awz(t})dxéo,
° . S
¥ tefo,1] .

Henceforth:
i oo o P

1 I £ s

el (wq (1,0)=w5 (£,07)) . j (ug-u5)dsda &

afL 0

< cdfwy (t)-ws (t) |4

The conclusion follows at once.



el

Proof of Theorem 4.1 (continued)

By (4.19) and (4.20) we getl:

5
Ty~ 2 T~y 2 .
02 - B ! <
(4 i) jo{’zly 6[94 ?!Ule(gm dt N
iy D
< ‘Iy @it =l dt
j;{ 200 lu * zzJo{L2(gﬂ }

for every uoe‘-L2 () that L8 tlie pair",‘!:?}‘,ﬁ'] is optimal for

problem (P£)°

We have shown that, on a subsequence, we have:

(4.22) lim lim y, k-.-‘;
k-0 b0

(4.23) lim Iim u, =0
k-0 h-0 :
in the weegk, respectively strong topology, where [?}Gf is ean
optimal pair for'(Pé).
By means of the adjoint system we prove that the above

caonvergenees are strong:

_ - pn ﬂ)n+1
e L b gt e s o oo J n 7
(/-5) (V[/&(,Yh’k). *-*L—R:—-—L-,V)h' Vpp‘ e NV =

+i9

= (7 @)y Yver', n=0,n-1,
(3.6) Py, =0,

(3.7) up (=B, » DEY.

n+1

o :
Put Wuph,k—ph,k

n»;n+112 g nt,
h

L JV‘PH (pRovp ) = (v R-a® pifep
ﬂ .

(we omit the subscripts h,k).

“|

in



Summing with respect to n, after an easy computation,

we obtain:

1 N-1 n n+1 2 N-1 2
S]] w}svn sor xpmaty -

Therefore:

(4.24) [py | gc ¥n,hx
1y n+l

' N-1l Py =D 2 :
(4.25) ;-D k} hrkk h,k 1hs§c, Vh k.

By (3.7) and (4.24), (4.25) we see that the convergencey.i
(4.2%) is (on a subsequence ©f the iterated limit) in the stror
topology of L2 )

We recall that when k is fixed yh,k is strongly converger

with respect to h (on a subsequence) and y, 1 =¥ V)
: )

+ n
Vn 1_»

+1 sai b
(4.14) (“M”E'"E V) + Vvi+1 TV - j v.u§+1: I:ﬂ; iy v&ﬂluﬂ)s
cXp3 =k '

g.:)

t
(4.13) we= Hl)

Summing in (4.14) for n=0,s-1, itsrields:

£ sao B ] Sl : '
(/5 (YE),V) + jKE’yQ+1.Vv= Jv.k% u§+l +
0] .
ok - .IBJL
4 Sv.k T ot et

SRR

Taking, the corresponding sum for ymlfor n=0,q-1=apd sub:

trecting, we infler:

= : 47 S
(4 26) ([5('\/‘{)_ /5(37 E, )+ (5-: kvyn*l_ zmv yn ).VV,_;».-
0 .
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