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1. INTRODUCTION

,  Th is  pa

boundary  cont

(P)  l l i n in izb

i s  c o n c e r n e d  w i t h

prob len ;

th.e approximat ion of  theN A F

r o l

T
( r  r
llz
o

I v-o ll, ̂ . ;r'rl, rer' J u'

s u b j e e t  t o :

( 1 , l "  )  v t  ( t , x ) - A y  ( t , x ) = f  ( t  r x )

v'( t ,  x l t  p(v ( t . ,x) )

ev
5 i i = *
vr (O,  x  )=vo  (x  )

a . e . Q ,

a . e . Q ,

<t
8 . € . d t 1

a.e . ( } .

3

( 1 . 2 )

( r . 7 )

.n  is  a  bounded donain wi th  smooth boundary ?f I  .and

Qd lx  J  O , f  I  i "  a  ey l i nde r  w i th  l a te ra l  f ace  E .

\4le assume rro(Lz(o)n a,fel2(Q). and 
P 

i"  a strongly maximal

monotone granh in RxR, bouncled on bouncled sets. I l lhen (,  is g+r

ver:i by i

f  " -*o= { r-  d,otr
L *C"-,  o) -d,

r l ro

, . , o

r ( ro

( 1 . 4 )  p ( r )



f
where K, d>0 r  tne

b l e m  ( J  .  L . L i  o n s

C o n s i d e r

(?6 ) il l inimize

obta i

[rr] ,
the re

r
l,[]t'-

2

n a two-phases 's te fan f ree '  boundary pro-

p .  i 9 6 )  .

gu lar ized Problem:

, L  l .  r  J : *
d l  ,  + f l u l  n  I G I- r  

Lz(nt  / '  .L . (aJt ) ,

) t - A Y  ( t , x )  = f  ( t  r x )  a  ' e  ' Q ,

s u b j e e t  t o :

t
( 1 . 5 )  p { v ( t , x )

a n d  ( 1 . 2 ) ;  ( 1 . 3 \ ,  w h e r e

e ,aO ,t

(1 .6)  p ' tv )=v + J  r r lv -L '0) f (0)dS'  , - . f , )O '
- o e

wi th the yosida approxirnat ion of  the maximal monotane graph

y(v)=p(v) -Y ( i t  is  assumed for  co i iven ience that  ( t  is  c t rongly

rnonotone of  constant  greater  than one)  and f  
is  'S" 'Fr iedr iehs

mol t i f ie r ,  i ^e.  geed(n)  ,  supp3[ [1 , t ]  , f  ( - t )  = f  (O)  ,J  ]o  u t t :  :

.*i<)

I  p  ( 0 ) d 0 = 1 .  ' i
l )

Thi.s smoot i i i .ng technique is n:a ' j -n ly due to V,;Barbu [ ' ] , [ ' ]

i r r  the  s tudy  o f  necessary  op t ima l i t y  cond i t ions  fo r  con t rc f

p rob l -ems governed by  var ia t iona]  inequa l i  l : ies '

In  a  p rev ious  paper  [ t t ]  thb  ex is tence o f  a t  leas t  one

opt ima l  eont ro l  ux  in  f , f  ( . f )  i s  es tab l i shec l  fo r  p rob len  (P)  "  De- ,

no te  by  u t  an  op t imar  cont ro l  fo r  p rob le rn  ( lu )  and byTf (u rc ) ,

tT f ; fua l  the  op t ina l  va lues  o f  n robr " : - : l ' '  respec t ive lv  t ta ' '  
-

t - -

The fo l low ing  resu l t  i s  known f rom Lr )J :  i "

The or :em ,1 .1 . l i le ha're the eonver{renee-s:

;-'i..

( 1 . . 7 )

( 1 " 8 )

1Tc"€) * jT(,,*)

TL,",; *r Jftt'*;
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when 6 -nt 0.

f h e r e f o r e ,  o n e  h a s  t o  d i s c r e t i z e '  t h e .  " b e t t e r " '  p r o b l e m

( P e )  a n d  t o  c o m p u t e  u € .  .

f n  t h e  t h e s i s  o f  C " , S a g u e ,  l r t l  a  s e m i - t l i s c r e t i z a t i o n

m e t h o d  w i t h  r e s p e c t  t o  t h e  t i n e  v a r i a b l e  i s  s t u d i e d  f o r  t h e

cont ro l  o f  s te fan  f ree  boundery  p rob l -ems"  v .Arndr t "  [ r ]  r  per -

f o r m s  t h e  r l i s c r e t i z a t i o n  v : i t h  r e s p e c t  t o  t h e  s p a c e  v a r i a b l e s

i n  c e r t a i n  n o n c o n v e x  p a r a b o l i c  c o n t r o l  p r o b l e m s "  O u r  a i m  i s  t o

" r e d u c e "  ( P e  )  t o  f i n i t e  d i m e n s i o n a l  n r o b l e m s  a n d  w e  d i s c r e t i z e

both  to  respec t  to :  t  and x .  The con\ izerge  resu l t  i s  g iven  in

t h e o r e m  4  " 1 .

F o r  r e l a t e d  p : : o b l e m s  o r  m e t h o d s r  b o t h  f r o m  n u m e r i c a ]

a n d  t h e o r e t i c a l  p o i n t  o f  v u e r  w €  q u o t e  J . F . s o n n a r . - [ + ] ,  K . ] l . H o f

fnan and g : ,Spr :eke ls  
[ tO] ,  

- r " -pawlorv  and M. ]u ' iezgoCka [ t t ]  ,  D .T ib r
f _ 1  r  . t

a n d  Z . M e i k e  L 1 4 J ,  R . S , F a l ] r  L Z J .
Our  a lgor i thm ean be  ccmDared w i th  the  work  o f  c . l , { .

r - l
E l l i o t t  a n d  J . R . O e k e n d o n  L 6 l  i n  t h e  c a s e  o f  t l o - p h a s e s  s t e f a n

prob lems but  theq ' r res t ions  and the  ne thods  are  cer ta in ly  d i f fe -

r e n t .

A s  a  l a s t  r e m a r k  t h i s  i s  t h e

i \ a n 6 F  ^ f  n  m i  b a  a n d  p . l l e i . t a a r r m a k rU  '  L L

su. l t s  fo r  l l rob le rn  (p ) .

f i r s t  par t  in
r - t
I  1 7  |  c o n c e r n i  n
L J

a fo r thcoming

g  n u m e r i c a l  r e -

2, THE DTSCRETIZED PROBLEill

For  the  sake o f  s inp l i c i t y  assumb; , r tha t . .J^L  is  a  convex

p o l y g . o n a l  d o m a j n  i n  n 2 .  - n -  i s  o o v e r e d  h y , a  u n i o n  o f  t r i a n n l - e s
FJ,r

f t ,  where h is the length of  I thb largest t r iangle edge 
"ro 

9f i

v e r i f i e s  t h e  Z 1 a n a 1  c o n d i t i o n ! " ' i ( p . G . C i a r l e t  [ l ] ,  C . F i x  a n d

G.strane[zJ l .
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L e t  u s  d e n o t e  H = L 2 ( f l J ,  v = H l ( D  i v i t h  n o r m s  I ' l o , l ' l i . '

V6 is  the space bf  cont j .nuoUs funct i -ons which are l inear  on

each  t r i ang le ,  w i th  t t re  no rm , l ' 1 , ^  i nduced  by  the  mod i f i ed
.-) 

tl

L' f t 'D inner prociuct: '

(2 .1 )  (w, " ln= . }  
* ,  

i l l i u rw,  o , *6vh .

wher:e C i 's i ,user l  , for  d i f ferent constants and (  ,  )  i

p r o d u c t .

.  Vh  i ' s  a  f in : - te  d i rnens iona l  sDace o f  d imens ion

t 1 h
d e n o t .  {  b i l  i S f  a  b a s i s  i n  t / ^ , d e f i n e d  b y

inner

e

I {e re  f  i s  the  number  o f '  ver t i ces  assoc ia ted  w i th  Tn ,  w. ;  ,  . '  ,

i s  the  sum o f  the  areas  o f  the  t r iang les  w i th  a  v .e r tex  in  i  and

u i ,  s / i  a r e  t h e  v a l u e s  o f  u r w  a t  n o d e  i .

I t  ie  we l lknown tha t :

(? .2 )  l v lo< ' l , r l 5 (c  l o lo  1&re f ,

(2 ,5 i ; '  1  6 * , v )h -  (w ,v l l g$ l21*  t r f  v f  u '<c i r l r I  o ' t  *  l r  f t , *€ t f

s +"he 1{

I a n d w

( 2 . 4 1  b j ( j  ) = d j . i ,  i , i { r

r  _ n  .
and dr i  the  Kronecker  synbc l .  Le t  'Lh  be  the  space o f  t races

of funct ions f rcm Vh enclowed with lhe 12( 'aru- nonin.

A s s u m e  t h a t  t h e ,  i  n t e r v a l  [ o , f J  i s  d i v i d e d  i n  N  e q u a l  s u b -

i n t e r v a l s  o f  l e n g t h  k > C " '

T h e  d i  s e r e t i z e d  c o n t r o l  p : : o b l e m  i  s ;

N I

(z .i, ninirniz- 5 & {lu'-u"13 nl,,*ll, 
,r*, l.  n = l '

sub jec t  t o  t r€ ( r ,h ;m,  y€ (vh ) ,N ,



(2.5;1 ,t"+C,r)h * 
fu"*Jw 

- 
,!;..,ft*l=(f+1,rlh 

fv 6vh

(2. 'T) ,r l=ptfu; l  ,  tut,  l , .*"n

and we denote  i t  by  (p -u , . ,o ) .  Here  fo ,o* ' rd*  u t "  g iven  vec tors  o f
r r ,  f !

a p p r o p r i a t e  d i m e n s i o n s .  F o r  e v e r y  h r k > 0 ,  w €  p r o v e  t h e  e x i s t e n c e

o f  a n  o p t i m a l  c o n t r o l  f o r  ( I O , g ) .  F i r s t  w e  d e a l  w i t h  t h e  c o n ;  
"

t i r r u i t y  p r o p e r t i e s  i r r  t h e  n o n i i n e a r  a l g e b r a i . c  s y s t e m  ( 2 , 6 ) ,

( 2 . 7 )  "  B y  a  v a r i a t i o n a r .  a r g u m e n t  ( C . L { . E l l i o t t ,  J . I i , . o e k e n d o r r f e J  I

i t  i s  k n o w n  t h a t  t h e  s y s t e m  ( 2 , 6 1  ,  ( 2 . 7 )  h a s  a  u n i q u e  s o l - u t i o n "

L e t  J  d e n o t e  t h e  n u m b e r  o f  n o d e s  a s s o c i a t e d  w i t h Fh whi ch

b e l o n g  t o  A f ? "  W e  a s s u m e  t h a t  a l l  t h e  v e r t i c e s  o f  t h e ' n p o l y g o n " '

n  a r e  v e r t i r : e s  i n  f h ,  w h i c h  i s  a  t r a t u r a l  c o n d i t i o n .

yp--+ y ; - ,rlXl'i
I I {  I t  }

Let  no{N

n
L L  .

J'* *
t'

be f i xed  and assume v /e  have Proved

vh, "l* 
ot, V n{no,-}

i n  R r ,  when  p  "bs€  G.Th is  i s  t rue

in  the  seque l ,  ro  i s  f i xed  fp  bv

i n i t i a l  e o n d i t i o n  v o ( x )  i n  ( I " 5 ' ) "

f o r  n^=1  s ince  r  Bs  we  sha l - l  .  se t
o

t h e  d i s c r e t i z a t i o n  o f  t h e

i't

(4" , 'r ir*:.Jvrlont Jf,v = n ( , r ;o  nv)h+ ( r r lo+r  'v lh '

W e  w r i t e  ( 2 . 6  )  f  o r  D o . i  ' . :  '

" t  no+I
*  

J  
* p  ' v

aJa
J

s e e  a t  o n e e

?vl\t
proposi t j "on-  ? .1 .  Le;b u"c :?u ig  R ' " " .  The _LLe co{ lesnonginr

so lu t  i  ons y * r  y  o f  ( 2  " 6 )  ,P
(2  .7  )  sat i  s fy  r

Froof

From (2  *7  )  one  ean thar { "l' i ,l ";" } u"*



bounded in  Vh '  ; i th  respec t  to  p .  BY.  tak{ .ng  subsequences  we

h a v e

n
Yp --> Y

n
v --+v

p

when p- 'o6e Since the so lut ion Y

the  conve rgence  i s  on  the  who l .e

Propos i t i  on  2  "2 .  F ' : rob lem

n A ' r  f r

pre i I .

t e t { u

i s  f i xed ,  b r '

b o u n d e d  w i t h  r e s p e c t  t o  p .  T h e n  I

c  o r re  spond ing

s e q u e n c e .

h a s  a t  ] e a s t  o n e  o P t i g l !

t o  u  i s  un ieu€ ,

JJ?.  ( in  d imens j .  on  1) r ,

for jr<J, n(N and

( - 1

L Y h , k t  t } , , t J  '

1,
t'r

p l
(2

{

be a min- imi z ing sequence for (p" , . ) .  Since, k
r r  t  l \

" 5 )  w e  B e t :
t l r -
*  r . - n  I t  IL l ' u ^ l  )  ' t

n-=O Y L* GXI I ' 
.,i, ,

u p |  
"  

i s  bounded w i . t .h  res-

L'(e"n)
p e c t  L o  n , p .

. n
a s  u o  i s  a  p i - e c e w i s e  l i n e a r  f u n c t i o n  o n

a n d  f , h  i s  f i x e i l  ,  i t  y i e l d s  { l r ; ,  j l }  b o u n d e d

ev€r 'y "p .  fhere fore ,  on  a  subsequenpe Pk :

nu
P p r J

"and by  Pqopos i t ion ,  ? r I  ,

( 2 . 7  )  c o r r e s p o n d i n g  t o  I

opt imal  'pa i r : '  f t  may not

J. TITE ADJOI}IT

* t i

y:  ,  - -+ '?  .  the so lu t i  on of  (Z .6 |  ,  , \ r
" P u r J  " J '  '  -

. * ra  i s  easy  to  i n fe r  tha t  [ y , f ]  i s  an^

be unique because we take subsequence:s .

SYSTEM

be the mapping u *+ y  def ined byLet 6, ( lh) l l  --+ (vhlN
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(2 .6 ' l r ' ( 2 ,7 r . I t  i s  a  non l i nea . r , { , n rapp ing  and  we  show th ry t , i t
'

i s  GAteaux  d i f f e ren t iab le .

A io  GAteaux  d i f fe ren t iab le  and fo rP r o p o s i t i o q  J " 1 *
h r r

g,very u , w'6( L")" , r=:Vfr'u ) w sati sf ie s :

(3.r1 $rvptun+l)rn+l

,l*"*t.v=o r
(5  . z )  ro=0 .

- vAnoton

V v6vh,

f  n + ]
r v ) r " *  l t r r . . ' ? v

r l  J

n
n.(N-).

t ' ;n+1-t'n+1 ( '"n+1-t'n+1
E (  X  ' t / L * J o  X

4 f,n--n 
Ja 

h.  * ( ? , r ) L , . v € v " .

eCI(u )w=

Deno te

t i o n s i

Stnce

and e (u+trw )

P r o o f .

We have:

,t,n 
g(r:,+),w) -0(uI

l+o ^
y=0(u), !* 'g(u+).w)

I  n + l. 9 V  =  
J W  . V

3-rt

Take.  v=  1  
" " [ *1  

n+1 ''  
i ( y - -  

- -y - -  - ) .  An

and the  l ipsch i tz  p roper ty  o f

easy  comnuta t ion
F

/ 5  1mp-L ] .e  s :
I

t  l } ' * ] -un+1
Ef _\ *"*l*$ln.

,L

l . +

the

and

j"ryll1 ffn" 'ln"tht'.tln

i n i t i a l  e o n d i t i o n  ( 1 . 7 )  i s  t h e  s a m e  f o r  0  ( u )

N  i s  f i x e d r  w €  g e t . :

h 1\?
i n  (v^ ' )  " .

and subt ract the corresponding equa-

i nvo lvi ng (2 e,2 )



W e  d e n o t e  r

S ince  7*  i "  f i xec ln

&Jl Il^

= Lirn V.- :L-  i r1 the strong toPolory
A,+o ra

i t  v i a l r i s  a s  i n  t h e  p r o o f  o f  V &

E -

bounded fo r  I>0 ,  n$ I '

bounded fo r  l )O '  n (N.

strongly in 1,2 (f) when A-+o .

-+ r i  s i .( i .

'l
*) | -oo,

J

\  r n h a
1 - /  6  l r r u

t r !

d i f fe re

1 Vt-yt t
|  ^  l , l

*.fl n
l v - \ t  I

I 
--.\-- 

lo

fherefore !n4 y t

r€Vh and

W e  c a n  p a $ : s  t o  t h e  l i n i t .  T h e  f i r s t  L e r m  g i v e s :

rcifr-/rtcul) }l-vl'r.S*-o* .-r 
rr td A(T-,v)h = i *r"t tT-:' 

-r' ' i

+ .4-,rr "f r"il -"f . v i= $ztt(v') "^ , v ) h,  i ( r  
'  t  *  +

a n c l  ( 3 , t 1

Tfe d

t i o n a l  a s s
'rf

for l l  r r-
r . l  t  I

i s  p r o v e d .
.  ' r f  h 1 \ '

e n o t e  l l *  , :  ( L " ) "
r r ,  t \

oc ia ted  w i th  (P f ,

and' ,  the GA teaux

N

= - i {
- !n=1

o'o* t""

t

(u ) x (.v-r: )J ̂ nu,r
[os

.1

+ or ' l  the  vehre  o f  the  func-
J

D u,^ , -  is  a minimum poirr t
l l r 1 1 .

n t i a l  v a n i s h e s :

(3 .5 )vT [ , k ( th ,p )w=o ,  f  *  evh .

B u t ,  w €  h a v e :

+T'

l l "  ; (u+ Iw i - l lo  . , - fu )
l r n  " t ' - ,  - -  ^ ' r i l -

N
=k I. {e

n = L  l

(y*-d*, rn ) h

' * * )12  
* f i ) ) '

of':,2,iJ?J "-

that
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By (5,5) and the above eiqmali ty we get the ad join,b sys-

f  orrr.
I  u a : ;

(7  .  4)v$(urr ,  k )*  (yh 
r t -d  )  =-uh,k

in  abst ract  form.

(5 .l't(Cril, k ) . e#, ", r.jop*.vv=
=- fuft,o-a*,v)h, VoEyh, '=ffi ,

( 1  . 6 1  p N = 0 .

.  Ih is  i s  I  l i i ear  sys tem. tn  i rnp l i c i t  fo rm and obv fous ly  , " i

ih " re  i s  a  un ique so lu t ion  px  ,€Vh..  r I r l t _

=i ; r * . ' - - -  
r " ' ' ; ' , . , ' .  "F t 'opos i t ion  7 .4 .  Re la t ion  ( '7 .4 )  i s  eq .u iva len t  w i th :

(7.7 ) irf,,k=pil,* 
lr*, 

n(N.

We def ine the adjoint  state Fr"  , -€Vh by;
r r ,  I r !

p r o o f .
h t\T lh' lr

v 0 (ux ,-  )*,  e V' lN '- '  (Lt*) N.
rr ,  l !

,

en

n + l  -  . n
Yx L-ol r  t  S

la f\T
T r r \  r Y
J J ) .

A c c o r d i n g  t o  ( 3 , 4 )  w e

t h a t  i s :

" t , f i r t , rh ,k ) *Jn* l )6 ,

We have

show that -v€(

N-T(7.8) t r"frl
F O  

r r t

. * "  lthrk) t  ( .v1, t -d  )  =Pi r ,  
t  J

I  n+r".  N-L
i , w " ' * )  2 . ,  - f  (
r\ 

t- (aO n=O

V we(

E y  ( 7 . 1 )  t h i s  i s  e q u i v a l e n t  w i t h

N - L  * ;  N - l  - , 1(, .g) :f rnfr** ,*t*tr ) z . . =-"f (vf*|-a"*l , ***f ) h.
n=0 

rr r A- 
L' 6_12) n?0 rr; A
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Jn  o rde r  to  p rove  (5 .g )and  imp l i c t - t y  (5 '8 )we  pu t  i n

n+ ' I
(5 .I ) v=P"'' f II . l t I

(1. ro, H1+clult- "r rv"l"",on+l)n *

.y [r"*bnn+l- ts (*"*t.p.nt
Fn_[ Fo J

(we ornit the subserior* n]J"

$umming by parts in th l  f i rst  ter in of

l""ll, €o3 J

/ 1  - l h )  -  w e  h a v e :
\ , /  4 . 3 v . /  t

(5.rr1 
H "tn+r.o".n=Ht.".l.no'*l* 

H 
q,p'r,

=tH f o"'.nn"*nit ,:irr",.on-P":t ,"1)n
n'  d 5

n n + l n
n  \  P , ' *  P"  

'  -  
- t ^ ' )  tl . - - 1

k

f r o m  ( 3 . 2  )  a n d  ( : . 3 . 6 )  .

By ' ( i . '5 )  we i in ish the Proof  .

4. T.i{E COIIIIERGTiICE

s le  show tha t ,  in  a  eer ta in  ' sense,  the  so lu t ion  o f  p rob lem

(P*  . , , )  approx imates  the  so l -u t i t t ; i '  o f  p rob lem ( fa I  when h tk  -+C '
- -  n r K

As a  genera l  remark  we under l ine  t \a , t '  our  resu l t  i s .much nore

g e n e r a l  a n d  i t  c a n  b e  a p p l i e d ,  f o r  i n s t a n c e ,  a t  o t h e r  t y p e s  o f

d i s e r e t i z a t i o n  o r  o t h e r  f i r t i t e  e l e m e n t s ,  e t c '

t r l o r  t h e  s a k e  o f  s i m p l i c i t y . w e  a s s u m e  t h a t  f o ,  d t f  a r e

def ined po in t rv rse  and ' "v fn , -U$. l  f f  denote  the  va lue  a t  the  moment

r ,n.k and at  ' fhe vertex i  of  i i - t t '

we  re ra i i i  the  c l i sc re t iaed eont ro l  p rob lem:

h  ^ " C
" - d ' ^ l +' k

k
2(p*  , - )  M in imiz 'e

I I  
t  

f !
*.{t "N = I  L

"PT"'1



a ' l
I I

sub jee t  to1

(z ,G,) t""*nid, v) h+ Jou"nto -- I t.***1= (ft*l , v) h
e.rt(z "7) ,,1* pcrvf l , t$f n{g.

Th6orsm 4 .L . Under the monot oni  e i ty and bounaedness

assumpt ions  fo r  h  we have:
t 

-_

( 4 . L )  t i m
k_r0

P r o o f .

For every h n k } Q ,  i t  y i e l d s

,t-ll I[n"k (uh. k ) = 
4," r, 

.
h+o

'  B y  ( 2 . 3 )  w e  s e e

( 4 . 2 )  w e  c o n c l u d e  t h a t

. ,:',

, . , h , k r f r  h ) N + 1  
b e  t h et t  e . , . i J  I

i t  i s  k n o w n  f r o m  D . T

c o r r e o p o n d i n g  t o  u o '

h, s (uh ' k ; =Tf oo ) and f"o*, ,.

(4.2r I *rf luiln*-u" Il.|"il ,olz 
"rnrrJ( 

5 *t,vn-d"li-b-l 
'r, 

lrnt\

any u€(rh)N and y=B(u)6( tP)N.

Let  uo6wl '2  (0  ,T ;LZ ( l JU ' )  be  f i xe t l  and

d i s c r e t i z e t i o n  o ' f  u o r  y h ' ' k =  S ( * h : k )  .  t h e n ,

b a ,  M " T i b a  [ t u ]  t h a t r

(4 .3 )  l i t  oh ' *=  to  i . ,  , 2  (L l  ,
h t k 9 o  

1 r  L  )
(4  ,4  )  l ip  y " ' ^=yo in  L -  ( f l )  r

h , k + 0

t h e  s o l u t i  o n  o f  
'  ( 1  . 5 )  ,  ( I . 2 )  ,  ( L . 5 , )

that l im Tf

5 *t'"ilnr.-a"lf.l"il,*

h r k * ' 0

l{"
I 12 G.nJ

a a b o u n d e d  a s  h , k  - - * O .  T h e r e f o r e



( 4 . 5 )
N

5 f I ' l  *
" n - ] ' ^ . ' . -

, $ 
"lnof;,n

bounded w i th

F'or other

we omit  the

r A
LC.

?,
I
l ) ,- t - ( J o )

re  spect  t 'o

es t ima tes  we

subscr i .p ts

h r k X '
n + l

Put' v=Y; I

h  r k :

i n  ( 2 . 6 ) .  r n t h e  s s -

( 4 . 6

a r e

quel

(4.T $fvt*]-vtr, y**'f  *(***t-o'n,y't* l)n+lvtn+11: 
=

= 
f 

y"*!on+r'* (ftnr ,Jt*]) 6 .

n [ -  r r  
e

*il,k= F (uf; ,r) -vfror= f, (vf, ,* )
t o  ( 1 . 6 ) .

de.r j .ce, due to O.Grange and F.L{ignot [ ,J '

P--1 nr ' l  n  n+J .
(4 .8 )  f -  (T r " - t -w" ,  y t r r J ' )>e .

rf=b :

aJa

Here

accord ing

w a

tha L : '

a " ' l ", ,  i f i .  1 , .
i l  q J - r

i t  is known

Fron  (4 .7  )  ,  (4 .8  )  we  ge t :

+1
F

p-1

E
n=O

T h e n :

** lnol ;

t , , ; l : l * l  , ,n , ,n+L
\ J  - J  , J

+ Fl ,'".

n- . I .
f ' l o t
n=0
n. -J' f  

l . t
S = a t "

".tl 3{-ttl f ,".t.o'*1
rr- vafl.rf;.:4!"'

1 , Y * * i ) 6 "

n . r 1  t ) ' r f r^ '  - t  
; d i  *

n + 1 1  2
l O

'l
' t

* 1
c

'll

- 2

and  (4  -5 )  , ( 4 , 6 )  y i e l d g

'H r.,',)**,.
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( 4 . s 1  l v o f 3 { . , V n , h , k ,
'rr-1

(4 .101 
' t  

r ly t * t l  ' sc ,Sn, : . "
n=O

Let  k>0 be  f i xed .  By  tak ing  subsequences  we in fe r :

(4 . lt. ) *il , o 139.; weakl"y in L2 (oJlJ ,,

(4.r2) uil,o B uil ffi;:lIr'i"rlitg,,rb.

F
Since n-  i "  l , ipsch i tz  cont inuous ,  we have

I

(4.1\ 'f,,0 g 
";= /r.u[l

strongly in Lz trl) .

We  p ' ass  t o  t he  l im i t  w i t h  r espec t " ,  t o  h ->O  i n  ( 2 .6 ) ,  ( 2 "7

.rrl* l- 
"*

r A  1 r \  t ' k  
- u ' v  

f  n ' t(4.14) (---g:: ,1r) + 
Jorl-t l .ot- I t .ui l*t  

= 
/  t i l - l" t ,  t f ,rEi i t(n).

SL E.fL ST

W e  c o n s i d e r  t h e  c o n t r o l  p r o b l e m

(pk) r,rininii.ze 5 *{1""-u"lj.rl""l i,r,r, I

s u b j e c t  t o  ( 4 . I 5 ) ,  ( 4 . 1 4 ) -  T h i s  c a n  b e  c o m p a r e d  w i t h  t h e  s e m i -

d isc re  L tzar ion  method o f  C.Sague? [ t t ] .
n t f i , n n n ^ '' - , ' r : " '  

- ,  , - "  Here  d" ,  . y t t ,  L r t t ,  f " ,  v "  denotg  the  func t ion  on  JL  ob ta '1 ;

ned fo r  t=nk{T .

By  the  same ar f {ument  as  in  Sec t ion  2  one can see$ ' tha t

( ro )  has  a t  leas t .  one so lu t ion  e  L2  g?N* t ,2 (erDN"  '

" r  ' i  Using the weak lourer semicont inui ty of  the norm 'h 'nd , . t  *



t 4

( 4 , 2 t - $ ' 4 j ,  ( 4 ' 1 1 ; ,  ( 4 ' t 2 )  w e g e t :

(4.ri) * #{"f-d"l3. t"il tr,#l $J'"}-o"l 3. l"3f '"r,r^ 
)

1 )  )
f o r  eve ry  uo€W-"  (0 ,T iL -  (AJZ)  ) .

B y  a n  e a s J r  c a l c u l a t i o n  i t  Y i e l ' 1 s :

N( 4 ' 16 ' Er* l"il I i, orrf 
t 'Vo>o '

(4.r71[vi  l3<. ,  Vk, *
N(4. rB ) ;_r' tvil ll-.. , Vt>o .

n - T'  t l - r

r 1
N q x t ,  b y  t h e  s a m e  r e a s o n i n g  a s  i n i D . T i b a ,  t { . T i b a  I " 1 6 J  ,

f r o m  ( 4 . T 4 )  w e  g e t

f " .  n r a  I  ^
N , p(yij- ') -/g-(yil) I 2" __ ? nT.t  | ' -* .L

f f i  t  ls*( l?Dx\u

a n d  w e  c a n  p a s s " t o  t h e  l i . m i t  w h e n  k * 0 :

D,enot,e b; ,  f ,  f  ,  f  tn.  weak l in i ts of  the mesh fune,t ions

t- 'f

d e f i n e d  o n  L o , f J  i n  t h e  u s u a i  m a n n e r  f r o m  t h e  v e c t - o r t ' u i " r l k , v k o  :

W e  h a v e  I  
" o l - u t i o n  

t o  ( 1  . 5 ) ,  ( 1 . 2 ) ,  ( L . 5 )  c o r r e s p o r i d i n g

. t e - ( v - Lto  
'u  

and 
'v= 

f t -6 ,  ) .  I i io reover ,  by (4 .15)  or ie  gets :  '
I

T
(4 -rs, [t+ l]-- 13 . ]l; llr,*,]u' (

r I t ,  t 2  t r  t )* f{ }l'"-ol 3"} ldi' *rr., }u'

for  every uo€ul l  ,2  (o ,T iL2 (a f lJ  ) .

T l "  fo l lowing lemma is  needed:

Lemina 4.?" ;  Assume that  u t rur€L? (n)



fl.aJgl.-Inen y1it2 the
|  4  . ' L . ( t )

s_olut ic ls  ? f  gL.5I  ,  {1 .2  )  ,  (1 . } ' )  cor : re"sp.gnding - t9  u} ,u2 s?! i5- f l

.

(4.z i l  I  vr*Yzl r rco 
f  

, "  d

where
?-

c  i s  i n d e n e n t l e n t  o f  d ,v

' l R

.  P r o o f  o f  L e m n a  4 , 2 ,
'1i ' 

rhenD e n o t e  w i =  J "  V i ,  i = 1 , 2 .  1

p'(*i ) s)-Awi=vo 
" 

lr: B. B .e I

w 1  ( 0 r x ) = 0  u . " . +

ewi - [b,,
5 ] n  

- l o * i  a ' e ' f ' ,

, t r -  . )  r  f  :

t  j lC* i )  6-(wr)  r l2-  $ I^(vrr { t ) -w2 
( t  )  )  (* r  ( t ) - rv ,  ( t  }  ) r1xd0,

ul l .  
JL

# t e[o,r]  .

f o r  i = f r 2 .

subt rac t  the  co f fespond ing  equat ions  and muf t ip ly  by

(wr-w2 )  s:

I lencdorth:

+t  r L .  . )  1  f ,  - , 2 -

I l.!c*,_) 6- (w, ) tl 'o i J[v('1-*z ) | 
'ax

UJL IT
+.  

' 1  (  t -

+ | f  *_ r+ .-)  _r^r^ rt ,o-) )  .  J f"L-u2 ) dsda _(2  l _  
\ r v l \ v t v / - w 2 \ t r *  ' t ' ) a  r * l - * Z / u u e v  \ -  

, 1\ r t  
-  'O

Ct-l i-

t - . - .  ?+ \  l+  r  I3  c d l w i ( t , ) - i v 2 t t ) l l  . : :

:r, i,r '1r : , '  ;;pr3 ,,t; i  ;:r T h e  c o n c l u s i o n  f o l l o w s  a t  o n c e .
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Proo f  o f  Theorem 4 .1  ( ' con t inued)

By  (4 , i 9  )  and  (4 .29 )  we  Be i :

(4.211 l i* ' f-ul3 . *t; I lr,r^ dt
r l  r  1  

'

s f { *t""-ul3 . *1""1 '"r 
rr*J 

u*

r t

. f-r* ^-'1 .
,  w n b r e  

[ Y r u ;  
r s  B n

1

rove t ,hat  the above

sr  in  the  weakr .  r€spec t ive ly  s t

o p t i m a l  p a i r  f o r  ( n  )  .  - r

By  means o f  t l i e  ad jo in

onvergences  are  s t rong:

n n+l
€  n  P l  r - - P t  t( ) .5 )  (v f t ( rn  o ) .  f t t ' ,I r ,  A

- - l v l  - d t r - r r l 3  "  h
wn, t -o  ,v)h " l rv6t / " r

I t

1 7  A \  ^ I !  - r r
\ . / . o v  t  y l n l l q _ t ,  I

(7 ,7  )  u i - , , k=4r ,k  n  n (N.

r

lli

t

v

r. I 
p" , fr"*l li . 1oo" coo"-*n+l) =- (yn-d" npf&Frt*\ h

J].

( w e  o r n i t  t h g  s u b s c r i p t s  h , k ) .

for  e\rery uoer,2( f ) ,  tnat  ie the pai l . [V, f i 'J  is  opt inal  for

prob lem (P,  )  .- L

Vfe h'"ave shown thatr  o i l  a subsequence, l {e have:

(+ "22) '  ] im Li ni  y* u=Y
k + 0  h + 0  

r r ' A

(4,23) l im l im un 
' r=fr '

k+0 h+0 
rr ' \

Put o= # . -on*J :-  - h r K  ' h r k

* '  r :1 '  
r ' i  l

ong topolog,y

i : : ; i  
t '  

. ' , :

sys tem we p

f -
)h- JnP'n.t .vv' =

JZ

n=ffi1 , , r*,



1 r t

L I

.  Surnming with respect to i l \  af ter  an easy computat ion,

we ob ta in  i

l
2 H olu"+"*'l: . *J,n-, i'H riv"-."[l

t T l ho t -a - f ' r , no  .

(4.24\  I  o i l ,n  I ,_**r  Vn,h,k

(4.2r) H -l of;'o, nill i I3<r, #r,,k.
,ro l--E---l h

B Y  ( 7  . 7  )  a n d  ( 4 . 2 4 )  ,

(4 .23 )  i s  (on  a  subseque .nce

toporogy of  r ,2( I )  "

€ *( p ( Y ; ) , v )  +

rFnk ' i  n  o

t r a c t i n g ,  w e

(4 .2 f  1  l {e  see that  the converg€r ic€r . .  i

,otr l  " the i te::ated l i rni t  )  in the str 'or

- . ,  ' t  - ,

l l i e  reca ] l  tha t  wher r  k  i s  f i xed  Yhrk  i s  s t - ro i :g ly  converger

w i t h  r e s p e e t  t o  h  ( o n  a  s u b s e q u e n c e )  a n d  y h , k - +  y k :

,,n+l **n
(4 . r4)  ( \_15,"1

t't e(4.rj) . 'oil= pivfit"

S u m r n i n g  i n  ( 4 . I 4  )  f  o r  o = O  r  e - l ,  i t  ; r i e l d s :

I
J1-

* Joul*t .rv J
"rL eJa

n + 1v . u k  = til*t o.y r ve-Hl ft?J ,

,..' -};

1ea n=ffi1.','gpd sub.

i ) ,

.1 
,i

.Vv,:l'T

f 5l n'r'l ( - stl r

J.Fuil*t.v.,r= J ".*"6- '',il*t o
J L  

v a - r '  e n

{  v . t  " f  1 . r l *1  + (vo ,  v )  .
t ' F (

J L V

the  cor respond ing  sum fo r  Y*

' i  n f  o n .

(v,?t -I-

r11 p€$;l, v)+ f e fown+r.- hi-" v**1 )
ri- 

-b" 0
(4  '267
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