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+ The aim of  thts paper is to prove that fcf t 'evdry i f  f r r r  every

ex t ,ended R iesz  norm I  on  an  order  comple te  R iesz  space E the  sen i .

ngr iyL g has the weak patou prbnerty then E has the Egorof f  pr&rty;
. L

a resuLt,  of  th is k ind was ah:eady announced in [a]  but  the pr:oof was

^od 
"ogec t .  

R€su l ts  o f  s im i ia r  na ture ,  bu t  eons i&er ing  t .he  f 'a tou  pPb"

p e r t y  i n s t e a d  o f  t h e w e a k  F a t o u  p r o p e r t y  w e r e  g i v e n  i n  [ f ]  a n O  L Z l .

A Riesz space E hra.s the Egoroff proDerty if for anyrrJ{6E+ and

any. double ' 'sequence (xnt)n,krr lcE* such lhat  
"rrkt f  

for  every n)r1 there

i t  y:ul-e N and a sequence (x, . , )  
nr ICE such thst  *rr€*rr ,?(* ,  and xrr f  s,

An ex tenc led  R iesz  seminorm on the  R j .esz  space E is  a  func t ion

g: E -+ R+U l*] such that:

" ' i  )g(x+y)<g(x)+f  (v)  r  g(ax)  =ag(x)  f  or  x  rYCE and a € R+ .

i i ) E ( x I g ( r )  r o r  x ; y € E  a n d  l x \ ( l Y l .

i s  a  R i e s z  n o r m  i f  x t o  i n P l i e sAn ex tend.ed  R iesz  sen lnorn  3

$ (x )y'0.

The ex tended R ieszr  s 'e l1 inorm 3  has  the 'weak '  Fa tcu  proper ty  i f

there is  c |L  such that '  f rom O-. " jg l i  fo l1ot"  that  $(x)zc " "P S(xn) 'n ) l  "

For  every  ex tended R iesz  seminorm

is  de f ined bY

T'he or6'm. li s s\lme

S the Lorentz  seminot t  SL

P ( x ) =" L
i n f  {  s u p  g ( x o ) l  s a x n f t x t ] .

t nz.] '

tha t  the  cont in t lum hypothes is  hoLds .  fhen
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for  every  o rder  comple te  R iesz  spsce E the  fo l low ing  are  equ iva len t ;

i )  F o r  e v e r y  e x t e n d e d  R i e s z . n o r m  $  o n  E  t h e  s e m i n o r n  e  h a s
" L

the  weak Fatou '  ProPer tY .

i i  ) ,  E has the Sgoro' f f  ProPertY &

fhe  proo f  o f  the  theoren needs sone lemnasn

A weak ly  Cr ' . -d is t r i -bu t ive  R iesz  space is  a ' '  6 l ' -o1der  comp- . |e te

Riesz  space E such tha t  fo r  eVery  o rder  bounded doub le  sequenee '

(o r . t  )n ,k ) lcE+ increas ing  in  k  fo r  every  n  ws have:

inf  sup X-r-  = sup inf  x^ ^r- \  .
n7L kz I  

r rA  
<p  ld+N n)  1  

r r  l  f  \ r r  t

A  R i e s z  s p a c e  i s  c a l l e d  o r d e r ' s e o a r a b l e  i f  f o r : . . e v e r y  x 6 E  a n d

ev€ry Agf sueh that"r .x=sl lp A there is a eountable subset BCA sueh that r

x=sup B"

L e m m a f . . L e t E b e a w e a k 1 y c / - c 1 i s t r i b u t i v e o r d e r . s e p a r a b 1 q

Riesz :  space"  Then E has  the  Egoro f f  p roper tyo

prqgf .  1 ,e t  g5x .o fx  fo r  every  n2J- .  V{e  want  to  show tha t  there
I l I \ ' h

-epe ( f r r ) , r r1CE e ind V rN--+N such that  V#*r r r .V(n,  and y$* .
* ttt/ -

.As  A is  weak i -y  d  -d is t r ibu t ive  we have

x=j-nf  sup x-r .= sup inf  x-  t^  t -  \
n 2 1  k Z I  

' ! \  
g r N - i N .  n ) l  

r r t Y  \ r r ' l

As  E , i . e  o fde r  sepqrab le  the re ' i s  a  sequence , (g r ) rZ f  9 f  maps  9 r * :  N ' -+S l  I  1 , .  :
'  

such that

X =  S U p  i n f  v

n>r nzi 
^n' 

ft(n) 
'

Let rf r hl-+ N., Q I N-+ N ue eiverr by
' h
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V.= sup 9u
}{}(1n

, l r1"1-prr fn) .

Put

v  =  i n f  r r" "- i.'i 
^*, 9* (* )

The sequence (yo)rrrr ,  is  inereasing. We ha.re

"= ;;l l1{ "", p1o (n 14 sun 
l;{ =" r p* (n'r#Y Y'( x '

Hence y* f ,g ,0n  the  o ther  s ide

""=ilr{ 
xm',{rn (n)*(xn, V*(r ) 

=*r, 
, V (n) "

i r , . . .  

f h e  p r o o f  i s  c o m p l e t e .  _ . , . ,  ,

A result of Pinsker and Alroemiya (17f, theog'en 75.5't s't 'ate'sl '

tha t  under  the  cont i r r .uum h ; rpo thes is .  every  o rder  comple te  R iesz  space

wi th  the  Egoro f f  p roper ty  i s  o rc ie r  separab le .  f t  i s  a lso  easy  to  p ro-

v e  t h a t  a  d - o r d e r  c o m p l e t e  R i e s z  s p a e e  r n / i t h  t h e  E g o r o f f  p r o o e r t Y  i s

' , t r  weak ly  d  -d is t r ibu t i r re .  Hence,  t .he  preceed ing  le rnma g ives  a  converse

"  t o  t h e s e  s t a t e m e n t s .

. . , * ' r  '  W e  s a y  t h a t  a  R i e s z  s p a c e  h a s  o r o o e r t y  i ) i f  i t  s a t i s f i e s  i )

f r o m  t h e  s t a t e m e n t  o f  t h e  t h e o r e n .

I f  E  is  a  O/  -o r t le r  comple te  space we c lenote  bY Px the  pro jee-

,  t i o n  o n  t h e  b a n d  g e n e : : a t e d  b Y  x o  :

1eruna,2 .  Le t  E  be  an  Arch imead ian  R iesz  space.  Supposr€" " the i 'e

ie  a  d  -  ,o r .der  comple te  R iesz  space F ,  a  pos i t i ve  6  -o rden:c 'Snt inuous

l inear  map T :E-*Fr ,  an  e lement  x€E*r  a  sequence ( *or ) r ,Z lCE*  ;and a

.  doubie,  sequence (xnf  ) rhert l  such that:



i i )

a f  1  I

i rr \',

Then E hns not  the  proper t ) '  i  )  .

Proof " We mair a,ssume t'hat x. , , -  i -s  decreasin€f  in  n fo l  ev/e: rTr4 '
N K

k>r\ {otherwic,e repj-ace xrrk **ill trrtt) .

Def ine

K bre the sol id eOnvdf huLl

ex tended R iesz  seminorm g

g(v)= inf ta \  u7*,  Y€aK J , .

(it i s und'erstoocl that r.nf f, =oo) .

I f  v6K then Iv lSx '  I {ence,  i f  5 ' ( .y )=O

i*  U is  Arch imeadianr  X=O- thus 3 
j -s  an

Suppose that  E has the ProPer tY i )

proper ty .  As xukmo€ K i t  f  o t lows that

$r(tt'ltn**)

for  every n,k)- t r - ,  I ' ler lce $ (xr . ) rc fo l  every n) l .  i lpply ing onee again
L ) ' )

the  weak Fatou  proper ty  tve  ge t ,  9 ,  (x )gc ' .  Pu : t  d=c '+L .  There  is
l - 1

(r*)*rrcu* such that O{ynfinand Q(v*)<e for m71' If '*= fY* then

and 'aoreK.  Hencen there is  a  t r ip le  sequehce 6f r* )* r r rk71

i )  Fo r  eve ry  m$ .  t i r e ' ee t  S . ' t t , t l h f i f oJ  i s  f i n i t e ,

ii) "**frrlii(x*Ax*).

l . 're,k z lJ.or lxnkAxn
by

I ,e t

t h e

-tf (*rrkn*r, )e I

1

ra$'$x

that r :

i )  x { x .

x,. ,otx for  everY n21

Pr**fr*fx for ever$. n)r1.

in f  lX. ,  ,n , , r - r \=O for  everY
nZL

T; h. l  *+ N.

t h e n  i y l ( a x  f o r  e v ' e r y  8 ) 0 .

extended Riesz ,tor-no" -:, i1r, ,.:, .:

.  Then P has  the  weak Fatou
" L

such

r 1._

r i

i i i )  Z  \ *o=f  for  e \ rery  m)1.
n , k ? l - ' * '

11?":!w_
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Define \ t : "b{*+ bl  W

Put

'. t ..-l-,

i[f*l ="upfrtnr,l, i$nlxf**o] .

).* = Zf *.
n k>L nr

I fence

Otherwi se

is m->n' '  such that
I -

kg> 1 .  Chcose 1=*o

\ mn

m2? n1

miSn< mi*I

every n71 there

)L ror 0( i(k-L and n)mi+tr Let ,nHg-+I. Ttiena

X " \
mit n<*i*1

<r

l- = L\:, >, ./ -
n ? I  t  ' o . i { k - l

wh ich  i s .  a  eon t rad ic t i ono  
'

frt*t

A * \k*s implie s k{+(!s) we have

frri fo cx*n**,.frr| h. (xn r p(n )^xn) =; \fr c*., {(m)^xn)'

()

"*sjtl\f t*o, f (*fl*,r),

r\*=n'
n2, I "'

I Io.w we Prove the fol lowing:

(R) f , r" :  every t> O there is n71 subh that for  ever. ' /  * f  *  there is

such that L XT' t 
".mtnd.ml

there would be an L) O such f , ;hat  for
- m ^

rtr^)rrr '  inpt ies >- \^ '>€. Let 's,k?'t  be such that
z JL 

ntgr.alllr 
rr

- J r

a - -  ^ - - ^ 1 , .  + 1 . ^ + '( m -  . . . ( I I I ' -  r n d u c t i v e l y  s u c h  t h a t
-L. IA
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Now take t,  = iA and get m u' i th the proper.ty in the statement

of  (A)  "  Choose induct ive ly  an increas ing sequence (m , l  .qr rnh +hat '
<  m  -  

u r r  + r r v 4  v  s v a r r b  v v  Y s e r r v v  t " t p '  
p ; l  

u s v t r  u

&t=m+f  and ?  X, .O(  [  fo r  p '22 .  F ix  p ) .2 ,  We ha. , re  fo r  q i lp
Kaarp_l  

r r

*",0f *",ona 
#ilot o,,, v(nq) \ x*) "

But

,*JlQr (",,,v(*q;nx^)( ,.fr '\ fotr**

'* *n- l 
;* (xn,'v ( m o I 

n "*l,o<,i'f -n- ) i 
l'*t $'*

-ti"tlQr 
(xra, v(rnn)^xn"'**o*., f (*n) . ',r: ': : '

Hence

fhen

(t-rr**) ,tzmp

"*r.,Fr^ilfo**' *'* * '*ro-1,v(,0) ,

Appl.v ing f -pr,  we get,
^ ^ &

D e f i n e  T r N - r N  .  b y

tp(n)=!&p) for  Kn(np_l

f (n ) = fimq+t ) f or *q_f *(*q r g)p.

- *t",* r**o-r,v(orq)

'rlll



I t  fo l l -ows tha t

7

g( inf  Tx* tv/m r(  inf  T*.r , . f (n 
)  
=O.

q>p *g-1" r y \rLrq/ D)rI

( r -P,"*_)  (Tz* -  2{ tx1Eg.. ''^m *^p

as z*,f lx we have rr-f lr*. Hence*pl '*p*

, .  L e m m a  5 .  L e t  g , , 6 9  a  d - o r d e r  c o m p l e t e  R i e s z  s p a c e . .  L e t  S ( a < ] ,

x 6 E * a n r ] ( x o ) , o , 1 c E * b e s u c h t h a t x , . t r a n d ( a x - x , , ) f o f o : ' e v e r y n 2 7 \ .

Then there is a sequence (Vrr)*rr ,sueh tha.t : . j0(yJx and P"oxt 'x for  evel 'y

n 7 1  .  
t ' ;  j "

Proof . Le1 v*=P(xl_ax}**" ,obviously Jr{x and nr.rr*=tr"' suppose

that  nro*=*" Then. Yp=*.  l fe have

O(x+P (ax-x*)**=n (x*-ax)** * P C"*-*rr)*o* t

Ther€ fore ,

whieh together wi th P*.  TxfT: t  g ives a contradict ion.
r ' - f , I

thris

P 6"*-*o) **=o t
: ' : i  l



E -

w h i c h  i m p L i e s

f t  fo l lows tha t

P t"*-*rr) **t'O'

(ax -x ' , ) r=P  tqx_x  y  (ax -xn ) * .=  (P (ax_x  
;  

(ax -x r )  ) . r=or r  " ? ,  \ a^_^n l+  f t .  +

w h i e h  i s  a  c o n t r a d i c t i o n G

A  R i e s z  s u b s p a e e  F  o f  i t h e  R i e s z  s p a e e  E  i s  c a 1 1 e d  r e l a t i v e l y

d-order closed i f  from x€E* n xn6F ancl xrr$ait  fo]Iows that xeF,.

Lemma 4 .  Le t  E  be  a  d  -o rder  comple* ,e  R iesz  spece and le t  F

be a  re la t i ve ly  6 -order  c losed R iesz  subspace o f  E .  f f 'E  has  p .noper ty r

i  )  tJ:en F elso has property i  )  .

Proof .  Let I  be an extended Riesz norm on F, De$&me" t .he : . ; :

ex tended Riersz seminorm F on E by

g (x)* inr tsfv)  f .ver,  lx l  < y !

( i n f  F  =*> r  As  F  i s  reLa t i ve l y  d -o rde r  c fosed ;  fo r - ,eve ry  x6E  such  tha t  3

S(x)<oo ther€ is  J€F+ such that  lx \ t ry  anc l  $(v)=! {* )  "  In  par t icu lar

i t  fol ' lows that F iu an extended R.iesz rc.orm. I t  wi l l  then suff ice to

p rove  tha t  Q ,  ( x )=0  ( * )  f o r  eve ry  x€F . .'  J L '  J L t  "  
.  

= "  - - - + -

,  '  L€! x6F+ an.d 1et *, '6L be such that *f" '  in F. rhen x$x in-E. ,
1We have

: '
3j"l< "" 1 ?{"*) < sulg (xn)



hence

3 (2,.) s 3(vr/ 
=$ (xo)

Si(") J SL(x) "

To prove the  converse  inequa l i t y ,  Ie t  x^eE*  be  such tha t
rt- +

,^*Jx.  \ t re  want  to  prove tha 'c  supQ(xrr )  zg(x) .  We ma.y assume tha{

$txrrl(oo f or n>r-. There t" ;11* "**rl 

t in", 
xn(rn and g(vrr) -f l(xrr) . Put

z*=  in f  y -AX.
LL 

f r ) t t \  
&

! 4 Then zr.€F and xrr(zr,€x, hence tit". \ i le have

hence

Sjx ) n #lg("",. #l S*,.) .

Prcof  o f  the theorem.

i i )  + i )  t r r i s  i s  known.  In  fae t ,  i i )  i np l : -es  tha t  f  has  the

-  Fa tou  p ro l re r t y  ( [2 ] ) .

i ) + i i )  V i g , p r o v e  f i r s t  t h a t  E  i s  w e a k l y  d  - d i s t r i h u t i v e .  f f

-  t h i s  i s  no t  the  case ,  the re  i s  by  fa ]  an  ex tended  R iesz 'no rm -9  on  E

such that g is not a norrn' i l i t r fence there is x6E*-10 ] such that Sa(*)=O.vL

nh i  s  ' i  mn l ies  t t ie  ex is tence o f  ( " r rk ) r r ,k21  E*  such tha t  * r r t t t *  and
L . . L v * * . H

.syp (*nk)<f i  ro"  every  ,n>r .  Let  g :n i -  >  b" l  and ' le t  v - i1-11* . , .g fn) .  l {e
k ) i  

'  
. i r c '  

- I l ^  
n ) r \  

^ ' t

'  h a v e .

${v )<J(xn , ? (" ) )e I

h e n c e  S ( V ) = Q  w h i c h  i m p l i e s  t h a t  y = 0 '



L o _

fhere is  a  sequen0e (zn)n>, I  such that  O<z$x and f * . -zn l fO

for  n} l^ .  Otherwise for  every n>r1 ther-e wouLd be a t f  (n tTL sueh that
I

x  .  b  . > * x .  w h j  c h  i s  a  c o n t r a d i c t i o n .  T h e r e f o r e  b y  ] 6 m m a  j  t h e r e  i sn r V ( ! x ) / Z  '  - - - ' -

a sequence (*o)o?t such that O(*r fx and px*xfx for  n7L"--n

B.y  lemma l  app l ied  to  F=D and f=18 we ob ta in  tha t  X  has  no t

p r o p e r t y  i ) ,  w h i e h  i s  a  c o n t r a d i c t i o n -  H e n c e  E  i s  v r e a k l y  d - d i s t r i b u t i v e

S e c o n d  w e  p r o v e  t . h a t  E  i s  o r , d e r  s e p a r a b l e .  T f  n o t ,  t h e i . e  i s  e

an uncountab le  o roer  bounded se t  l / cE+ cons is t ing  o f  d is jo in t .  e lements .

L e t  B ( M )  b e  t h e . R j - e s z  s p a c e  o f  a l l  b o u n d e d  f u n c t i o n s  f : M . . " , R r -  D e f i n e

H: B(ui) *-eE by

H ( f )  =  s u p
rcM
t r ' f i r r i te

f ( x l x

f o r  e v e r y  f e n ( l t ) *  a n t l  t h e n  e x t e n d  H  b y  l i n e a r i t y .  T h e n  H . i s  a  R i e s z

isomorph is rn  o f  B(L i )  on to  I { (B( l ' , { i  )  and } i ( t s ( I ! )  )  i s  a  re la t i ve ly  C-crder

c l -osed R iesz  subspace o f  E .  By  fsnrna  4 ,  B( l \4 )  has  DroDer tsp- " i ) .  As  l t l  i s

uncountat l l "e and we assume the cont inuu.ml:hJfpothesis holds,  a resu,Lt  of

B a n a c h  a n d . K u r a t o w s k y  ( t 3 , ) ,  c h . 1 0 ) : s t a t e s  t h a t  t h e r e  i s  a  d p u b l e  s e -

q u e n e e (14.,o-). .!-\..r of subset,s of I.{ such ti:
)  

L \ ' / L

iat Ntxclf]1.k+]. ' p. ttt=
,

LJ l,I*o=I'{ for
l rT l  

r r r !7

n N i

z
x6F

every n71 anC /  \  r r  i .s  at  most countable for
, r lL 

tut t t r$(n) cunraore ror everJr 
I  :  N-+ h ' l  .

There is al-so a sequence ( l t [*)-- . ,  of  subsets of  ] .4"such that l I^cMrr* l  ,
l  I  

L L  r L ' t / L

L- ln4-=1,1  sn f l  MrMo is  no t  countab le .  Th is  ean be  ob+-a ined as  f ,o l fows:
n?21 

1r

there is en one-to-one map g:  R-+1,{"  Then put } .h=lr{rg( (npo) )  .

L e !  G  b e  t h g  o r d e r  i d e a l  o f  a l l  b o u n d e d  m a p s  f : M - + 9 1  s u c h
' ?

t i r a t { x { f  ( " } f O }  t r : a t  n o s t  c o u n t a b l e  a n d  l e t  I '  b e  t h b  q u o t i e n t .  R i e s z
n lrrn \

spac .  =d* .  Le t  r : g (M) ->  F  be  the  quo t ien t  mBp;  T  i s  6 -o rc ie r  con t i -nuous .

Le t

il iq,i.;



Xnk = t-"-

*n =tt*

\ . ,  \ t1, *#" ,  inf T*r,  
rg(n, 

=o f  or every I  I  | } ' l  -+ N an"d

Pr- Tx = TP* t#Ix.
"-rn -'n

An app l ica t ion  o f  Lemma 2  shows tha t  ts ( t ' { )  has  no t  p roper ty  i ) ,  wh i ' ch

i s  a  c o n t r a d i c t i o n .  I ] e n c e  E  i s  o r d e r  s e p a r a b l e .

By Lernma l - ,  E has the ESoroff  nronerty.  i : f l ' i
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