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Vasile Nica

O. Introdﬁction

D G > = e = ) -

It is well known the foliowing beautiful result due to Néron:
of discrete valuation rings. Then every flnlte type sub R algebra B
of R’ can be embedded in a finite typelsmooth sub R algebra B'eR? or,
‘ equivalently;R' is a filtered inductive 1imit of its finite type
smooth sub R algebras. :

This desingularization theorem is very useful in approx1matlon
tﬁeory'because it reduces solvablllty%ln R’ of some polynom;a* systems
over R to others for which the implicit function theorem is possible
to appTy. |

The aim of thls paper is to prove the follcwlng extnpslon of
Néron’s theorem to the non normal one dlmen31ona1 case: .

Theorem 0.1 Tet u:A—>A’ be a local regular morpnlum gf
noetherian domains,A’ being one dimensional and henqg}lan. Suppose
that the canonical residue field extension induced by u Is separable.
Then A’ is a filtered inductive limit of finite type smooti A aigebra:

F.Many generalizations of Néron’s classical desingularization
have been already‘made, put all of these treat the so-calléd norme.l ..
cage:' A is a nermal ring [ 9, 19,40, 17, 2d] -

: The proof of the theorem o.l is 1nsp1rgd froml};‘and is done
'1n section 4. |

The first two sections deal with a special klnd of rings L
morphlsms,called degingularization morphisms, which are flltgged
inductive limits of finitely presented smooth morphisms. §9Q§ pro—
perties concerning their behavigur are studied and it is shgwn that,

in the noetherian case these morphisms are regular.



Néron'’s theorem and its known extensiogs,suggeéﬁ;the follewing~

general desingularlzatlon problem: Is & regular morpbism of noetherian

rings a des:mgularizatlon one? [20 24 22.] As we see in section 2 :eor.Z.‘t

an affirmative answer to the above problem solves pos1t1ve1y a famous

congectu e of the approximation theory, stated by Artin E@].

"Every excellent,henselian, local ring has the approximation

property" i.e. every polynomlal syste over-A has a golution in A iff.

" 4t has a solution in the completion A.

Some technical facts concerning 11ftingrsmoothness are ‘included
in'secticn 3.

As an,application of the theorem3iwe give i the last section
a slight improvement of a recent desingularization theorem in dimen-
gién two (normal case) due to Artin and Denef [G} .

We are indebded to dr. D. Popescu anﬁdprof .dr. N. Radu for many

hélpfulUCOnvefsations on the subject.

-nm———‘u .———————_—.———_—_ ———_.—

(1.1):\Definition A ring morphlsm 51 Af——%A. is cuﬁled de51n-«,

——---—-.————

gularization morphism (shortly d- morohlsm) if eny commutatlve diagram

e e :
' -{Qr’?//

~ip which E 1s a finitely presented A algebra, can be embedded into

\3—9——»5' ,

‘.(1'1‘2)# '/ ;

A . < : 5
®

lln Whlcn Bf is @ flnitely presented smooth A algebra

a larger one:

(1) jggogggtlgg( ArtlnLG]) wiAiesit da 8 de51ngular1zat10n

morphlsm 1ff u is a filtered inductive limit of finitely preserted

smooth morphisms..




s ‘

(1 3) @gg@nlgg_gg_gzgggggiggg i) A morphlsm of the form A———;A[Xf}
43 An unramlfled regular inclusion of discrete valuatlon rings( cf.
Néron's desingularization theorein)
iil) A ocal formally smooth morphism of local artinian rings (clearly
suech a morphlsm is regular) -

(1.4) As finitely presented smooth morphlsms are flat and flat-
ness is preuerved by filtered inductive limits 1‘ results that any V
d931ngularlzatlon morphism 1s tlat. Also d—morphlsms are stable under :
uase change and filt@réd inductive limits. |

Now,we shall see that these morohlsms are stable under composi-

: tion. The proof is based on the follow1ng

u
‘A'

«

‘,
%@

»C

in which B (reSp. :¢) is a Tinitely presented algebra over A (resn¢£C).
In addltlon suppose C smooth- over A'..Then, there exists a commutative

idlagram: = o

A ) >A "
l \ l . 7 l
) B }‘_ S5 sl
guch that: :
b)) ey o= w "A.Ok =& 0

o) B is a finitely presented A algebra, E is a finitely

presented smooth D algebra and C = E % it
e _ 5

- am > ow e ot
T

‘ B [YJ/f A[Y] Wlth a.’— ( Yl,.oo,YN k), f "—-' ( fl,oo,fn

c A{Z]/ A.‘_Z] With = (Z ..-,ZM) 2 2 = (gl9-f-9gm)

Denote Ve =clg, Y1 mod . A[Y] Z - —cls,aZ3 mod g. A[Z] such that:



S
3-=A['y] ' czA’['z] and let P, € N[z} be some polynomials such that Pi(z,)'\‘?

d(y;) 1§ 1&1 . Let 3 A[y]_—'-:—w{z] be the extension of u defined

oy in‘/f\f——? Pi(Z) oA é igduces 7_( , we have
: ¢ % 04
P (£.)=1,(21(2),...,P(Z)) € g.A 2]

i.e.
(1.5.1)8; (P (2) 5+ -5 By(2))= LllJ(Z)glJ( 7). léigm with 1 A[z]

=
as Alis a fLLtereoﬁ inductive llmlt of -finitely gresented A algebras

there exists such an A glgebra D from which proceed the coefficients
of polynomials Jﬂcluded Tl 5 l), and such that in D[Z‘] s ohe ddenis

tities (1.5.1) hold e“fectlvely We put E= [“}/ ,D[z]“’l‘-heni, the

morphism t.f» :AEY]—————-—*D[Z] ,eP(Y.)iP‘(Z) which extends the struc-
’turé'morphism ‘A——D induces an A morphism A:B——>E. Clearly

n

e=EQ@ 4A’. it remains to ehoose D such that E is smooth over D..
DFO this we recall that C 1s smooth over A' iff some special
‘ pollynomial identities over A/ are fulfilled. These identities can be
}j iifted in D[Z] choscing D suitably.
We need some preparations.
Het h (L.l,.. h ) be o variable system of polynomials from the ideal
g A[JJ with r§ M also variable. Let B h be the ideal generated in A'I:Z]
’by g}l r-minors of :the jacobian matrix ’Z:} Let (h:g) be the ideal
of polynomials ve & fZ] such that VO;}EH.AA‘E{J] l.gjem. Tinally

consider thg ideal
H=g.A'[2]+ ZA

where the sum is taken over a!l systems h= (h ,.., )c.g.f[Z]

. By the jacobilan url’cerlon of smootheness for *i‘hitely presented

~ {

% 3 : ~n -5 /
algebras, C is syrooth over A iff Hz=A [7 .Qonsequw_ﬂg{, C is smooth

: 1. .
over A'iff there exist nolynomials Upgeesly ki A[a] ,& finite number

for every p-& r.-minor m_ 01

v.pe A’[Z] such that 48 € nte) .AI[Z] ;L cgs iy ol



. e e _"5'-;
the identity: |

(L5.2) i‘ g.u éq m v, _1 “} :

=4
As vpgﬁeh(p) [ﬂthere e*ust Dolynomlals Wpake A’[Z} such that:
> v r

(153) V. g.= w n{P) lgpg s, 1$js,m.

i e

'Ncw, we choose the flnltely presented A aJ.gpbra D such that (1.5.2),
- Ui
(1.5.3) hold in D[Z] , Then, E= / D[Z_] will be smooth over D.

{1.6) Cnrolar}[ i) Let u: A——-)A o A-—-——»A” be desingularization
mdorphisms. Then veu is too.
yii)su ppose that v has the follovung property: " Every 1:)015{1&(:-1-;1"'z

mial system over A’ has a solution in Af 1f it has one in Al

‘ (see also definition 2.1) Then, if viu s 8 d-morphlsm, uis foo.

roof i) Consider a commutative diagram :

Yei

tl>‘—-—b>
i

/

in which B is a finitely presented A algebra. Llhen, B/ =r@®@47! is a
: A

=initely-presented A' algebra and by hypothesis there exists a

commutative diagram :

T e
ook T '
¥ B of I

in which C is a finitely pre’sented smooth A algebra and _r%'zx =5 ,
c;dﬁ =V, Applylng (1 &) to the diagram :

A—-————-)A

,tll% 2’« L¢IP~ <

T we flnd a commutat*ve diag :Lm ot the form

Lo

l 1 ¢/ with: 9”5“ =g
B__L, _____’ _7’¢=¢'cx

e



. B ; i s
n woich D can <be chosen nol only finit ely pr enued over A but just:

-
l&;; LA =

smooth.over A,’u being a desingularization morphism (see (1e2))s = v

Smootheness is preserving by composition and so E is a finitely

because veu is a d-morphism. Suppose that

§

presented A algebra. Finally, o¥'d - a'¢{7(~:s.'
A[I] be
1i)let B= / o v] Y= (Yl,f.,YN)V” finitely presented Aalge~
brai&ndws:3-=—~5;. an A-morphism., There exists a finitely presented

smooth A algph B' and a commutative diagram of the form:

~f ey

vou 23 e
AlZ
B [}g-A[Zl’ Z=(Zy 50y 2y)

; : 1 . :
ines in A & solution y for the polynomial system

g,
i

The morphism s def
f(Y)=0. Als> ¢ defines in A" a solution z for g(Z)=0. Lethohs (hl,.,hN)
a sysbem of Uolynhmﬂals from A[J] which defines 75. Then hiz)=vly)-
Thus, z is a solution in A¥ for the system g(Z)=0, h(Z)=v(y).

] M :
hypothesis, there exists xe A'" such that g(x)=o0 and h(x)=y. Thig-zx

s

defines an A-morphism s/ sB8'——3A’ such that s@ﬁ =g. The prooi is
finished.

In the following we need some  simple facts from (co)homologyd
theory of commutetive algebras, Which can be found in.[1]
Hor an arbitrarily given A algébra B tei HL(A,B,-), (resn. Hl(A,5,~))
be ite homology (resp. conomology) functor in dimension one. The B
module Hl(A,B,B) ks ofteﬁ denotéd EB/A' Ve reowll thae io,Low1ng well

known general criterion of smoothenes

(l)

.
°

(L.7) Proposition [1] In the above notations , B is a smooth (not

initely presented) A algebra iff ﬁQYA:Q end J:L /ﬁ is a
. ._J ¥

N .

projective B maodule, which means exactly H

On the other hand, we have:

Now, consider a finitely presented A algebra B. Then, ‘ILB/A



/ 7.
f [}

is a finitely . presented B module andgﬁ)ww%_is flat over B 1 3t ig

projegtive Bﬁ]. So:

then H, (4,4',-)=o0. _

Proof The homology functor Hl(A,A';e) commutes =iwith respect
to A' - with filtered inductive limits and so, the lemma Follows
from (1.9). o

Next, suppose tyat A,A are noethérian rings and u:A————}A' is
flatj u is called reéular if for any qé€& Spec ‘A andrp=u-l(q), the .
induced local morphism Ap———_—>Aq is formally smobthEMﬂé].Then,'the

. fellowing homolcgical criterion of regularity, due to André, holds:

rings is regular.
A few comment on (1.11): It is easy to prove7%ﬁé suffici%ﬁcy'
“via jacobian criterion of formal smootheness B1]. The necessity‘ié
hard enough and the only"known proof uses high dimensional‘(co)homology
medules of commutative algebras. |
Néron's theofem and other particular examples suggést the fol-
lowing: . : : \\‘ '
~7-(1.13) Ceneral desingularization problem 7= =° Is a regular ...
- morphism of noetherian rings a desihgularization morphism?
An'affirmative answerrwbuld heve ugeful $pplications in appro-.
ximaﬁion thepfy as we see in the next §.‘On the other hand, it would %=

. offer, via (1.lo) en alternative proof fen (1.31), o W

—-



2. Alge

——— o ot s — — o w  n - o . A —s S ——

We recall that a noetherian local rlngkA has the property of

- approximation ( shortly, A ig an AP-ring), if for every polynomial

system f=(fy,..,f ) from afx]= A[Xl,..,XN] , every integer c»1

~

T A N o _
and every X=(X1,..,XN) &% such that f(x

L

& A

from AN f(x)=0 -and x=% mod ok

—

such tﬁat
ideal of A[25].

m being the meximal

Writing cengruences in“equational ‘form, A istan AP-ring e

; o

A T

<h

e

mpletion morphism Aem—me—s

the canonical co the

B

"Every polynomial system over A has a solutio
one in A",
This observation is the source for the following:

A
£

ring morphism'usA——A

o s . e o o

necessarily no or local) is called algebrai

A

a A

every pclynomial system over A has a solution in

Algebraically pure morphisms also generalize the 1iinesr. case of

~

s pure module mprph

“and filtered inductive limits.Other nroperties and

- - - * . ) =y L3 w
applications in approximation theory can be FTound 1n_08,16,7]

Let utA———2A' be a2 local morphism of local rings

the maximal ideal m of A generates the maximal ideal of A'. In this
case we shall say that u is an unramified mornhism. Let K and
BE-K &) AT be The residue fields of A arnd A respectively.
A
& S % 2 i s By = R * 3 L -5 7 L “
A-join between algebraically nure morphisms and desingularization ones
introduced in the »revi cti i furni 1™t 3 oWl
introduced 1n tne previous section is furnished bw the following:
W2.2) Thedorem.TIn the above notations, suppose additionally tha
M 1z .2 desingularization morphism and A is henselian. The next state=

)} u s algebraically pure.
- 1 ; ey ; " : ;
i1) The residue field extengion Ke K', canonicelly induced byju
ienlly pure,

f.( A,
catly

isms.. They, are.stahle under composition

A’ not

pure if

such that

)=0, there exists x=(xy,..,%)

ollowing .property:

in A aff 15 has

el ol as lone. in. A%

*base change,



9.

‘Proof We have g )=>1) because%élgebraically pure morp@%?ms
are stable under base change.

ii)=>1i). Let f= (fl,..,i ) a system of oolynomlals from A[X]_
Afxy, .. Xy] and 3'=(5],- - TR E a'Y o solution for it. We put:i-.
B:Aiﬁ]/f A[ ] and let s: B-———aA' be the morphism defined by.y's Ae
w ig a d- morphlsm, we can suppose B smooth over A at s 1(m A'). Then,
?by jacoblan criterion of smootheness, there exists a system of poly-
nomials év(gl,;.,g ) in the ideal f.A[X],a r-minor M of the jacobian
matrix{sij cuch that M(y') is invertible in A' and a polynomial héin[\
with the pI‘OpeI"bleS hiy!) ig en Lmlt of A' and hi. ;€ 8- A[X] lgigs m.
Clearly, y' induces & solution (y',u',v')z(yl,..,yN,u ,v') in K' 1op
the following syétém of polynomial equations over K: .-~

(&) 'gj(':c)=o, 1<€jgr ; UN(X)-1=0, vh(X)-1=0

: where g ,7,0 are the images of g, ,M,h in K[X] ; . 1h
_Kc K' being algebraically pure exten81on, (% ) will have a solution
(?,E,V):(?i,..,yN,u,v) in K. As A is henselian, the system:
53(X)=o, 1¢j&r 5 Vh(X)-1=0

Wi¥l have a solution (y,v):(yl,..,yw,v) in A, by the implicit'funotioz
theorem. *S0, we have g(y)=0 and h(y) is an unit of A, therefore f(y)=¢

(2.3F Gorolary Let usl——>A' be a looal unramified morphism of
local rlngs with same residue field. Suppose A henseLlan.,If B is-@e
desingularization morphism, then u is algebraically pure.

(2:4) orolarz lLet A be a local excellent and henselian ring.
If general de51n0u1”r1zatlon problem 118 hééianaaffirmatlve answer
then A is an AP-ring. '

Proof The oomplétion morphiom A— R %é régular,A beiing excel-

_1ent[¥ﬂ.ﬁbw,othe sta%ement foiiows_diréctly_from the previous

_corolary.

3, Lifting smootheness.

(3.1) Bémma Let u:A——>A" be a local formally smooth morphism

of local noetherian rings. -There exists a commutative diagram



T
\AA:

w1th the following T\:c'apezr‘‘,:Les.

1) & 1s a local flet, unramified morphlsm (i.e. the maX1ma1
“1deal of A generates the maximal ideal of A') and dion =cdime AT,
cdd) AO is aglocalization ¢l o polynomial-A algebra ~ in a finite
number of indetermiuates- and has same residue field as A.

2221£ Let«p , m' be.the maximal ideals of A,A' respectively and
K= /. the °eoldue field of A. The looal K algebra '/mA;.is, by base
charnge, formally smooth and consequently a regular 15;a1 ring{?Let
Tysees®, be elements from m' which form, modulo E@', a regular system
of parzmeters of A'/m!\_, .Denote R:A[X] - X:(Xl""“ ) and doefine
¢ :R—3A' by o(X,)=x, , 1 gign . Let p= & (n') and AR The -

m o extends to a local morphism ot =—— >At, Hotetthot

3
@]
3
g
5
(=1
n

) °

pNA=m , therefore p colncides with the ideal gemerated by m and Xl,

=pR_ 1is the maximal ideal of A then m'=m A' and

0’
o/m =K..Elatnéss of u_ iz a consequence of the next lemma (3.2) and

-

» the ecuallty dim Aazdim A' fTollows from the dimension Formula .

(3 2) Lem Jg‘}4] Let A > 3 »C be local morphisms of local

}Jc

noetherian rings and ¥ a finite C module. Stippose B is A flatf., Tet k
denote the residue field of A. Then; M is B flat iff ¥ is A flat and

M® k is B® k flat.
A A

(3.3) Corolary In the above-netations if the residue field of A

e
163}
]
n
®
®]
€0
ks
o
1]
}..—l
®

parable c¢xtension of the resjdue field of A then u .is a.
; ; o}

formally smooth morphism. If-A is an excellent ring, AO 18.80, and u,u
: o

%

Procf  The fi st@%uateyenb follows fronm E11;&4&Z1] and the second

gndré-Radu's criterion of reguls rity: If utAe—s A

=cellent , then u is.regular [8;2;243(9130 nemed localisation theorem

.

o) ST 5 15
Tormal smoothenesg) <
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(3.:5) Observation The above lg“mma}'seemst;o- be well known. It
"appears in different formulations in.[QZ,G] .

(3.5) Now, suppose that u:A—pA' is a local formally smooth
morphism of tocal artihian rings. Using standard construction of Cohen
algebras we can easy prove the ex1stence of a filtered inductive sys-
tem{A - cr ji} ieT of local artinian, essentially of finite typebss;‘:.,
smooth A algebras with the following properties:

i) The transition morphisms C? ‘_ji:Ai——'—'——)A'j - 1<:| are l:éocal 5
flat and unramified .
dd e At= }_]_._Ir'l’ Ai : ; |
By (3.2) the canonical A-morphisms Ai—++é—i>Aj are also local, flat
and unramified. v

(3.6) Let u:A——>4' pbe a.local fbrmally smooth morphism of
loqal'noetheriag rings of same dimensgiem. 'nhen, u is unramified. Indeed.
if m is the meximal ideal of A, then Af/mA, is a‘local artinian ring.

On vhe other hand , A'/mA' being & local formally smooth algebra over

mA'

9 : ?
a field is a regular ring and therefore a domein. Consequently, 4 A3

is a field and so, m generates the maximal ideal ot™A'.
A '= A/rAI 5 - ~
A= ‘f’hd Lot A5l

be the local, formally smooth morohlsm induced by u. Clearly dim X;

Liet » be a proper ideal of A. Denote

dim A,; therefore if r is an ideal of definition of A the local rlngs

Eﬁand A' are both artlnlan. : e

(3.7) Theorem TIn the above notatlonﬂ and hypotneses con81der s

local essentially of finite type smooth.A algebra D having same dimen—

» ~

sion as A and a local flat A—morphism v:D—————klA' (also ¥ is unramifiec
~

B At 1s hensellan, then there exist a logcal, %essentially of finite

type; smooth A algeora D and a local flat and unramified A-morphlsm =

Ve D'——-—-)-A' such that D Dg?\f ’ V_V@A
: ' A

S g ~, >
Proef Write D:Eﬁ, where E is a finite type'z algebra and pe€ Spec E

-~ . ~, = o~ \Nl
As v is local, the composed A-morphism v':E » D A 18 such

~
~ o
that %d—l(ﬂi')=§: Next suppose that E:A{K}/g , Where X= (Xl,..,X ) ‘are
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It should be mentioned that similar tifting results wheres glvenv
by D. Popescu in [21,27_] from which we have been inspired.

(3.9) Corolery let q:A———3At he o local, formelly smooth inclu—
sion of local noetherian rings of same dimension,'A being henselian.
Then, for every finite system x'= (Xl,..,x ) of elements from A' and
ig an ideal of definition of A there exist a local,essentially of finiti
smooth sub A algebra D of A' such that the inclusicn DeA! is+a local,
unramified aud‘fiat morphism, and a system X=(Xl,..,Xn) from D such

that =xs=x' mod r.A' . -

(3,100 boroLarx The thporem (3.7) and its corolary (3 9) still -+
- ~work if we assume that u:A»——-;A' 1; %Eocal, formally smooth morphisem
of local noetherian rings such that the residue field of A! is‘a
separable extension of the residue field of Av . .

Proof Use (3.1) to obtain a decomposition u:A-——~—4>Ao—:3L9A'
in which AO is a local, éséentially off finite type smooth A algebra
Y&ndfué‘iésa local, formally smooth morphism of local noetherian rings
 of same dimension. Then apply (3.7) or (3.9) to u, . o

Generally speaking, the local A algebra D constructed in (3.7)
is not unique, and therefore a filtéred inductive system of local,
essentiallfﬁof finite type smooth Efalgebras, whose limit is‘Z'can not
be 1lifted to a similar system of local A algebras. However, the fol-
lowing partial result holds:~

(3.11) Theorem Let UsA —==pA' be a local, formally smooth
_ morphism of local noetherian rings-containing Q (the rational number
Pleld), A" being heﬁselian. There exists the factorization:

Y e SRR
7 (o] . i

uéA_
in which A is limit 6f a filtered indﬁcfivé’system of local essen-
‘jtlally of flnlte tyne smeoth A algebras, whose transition morphilsms
rare local, P24t and unramlfled (particularly, v is a des1ngular1zatlon
morphism) and“uo is a local, formally smooth and unramified morphism

of local hengelian rings with same residue field.



-’Proof The construction of Ao,v»and uokwill be made in seQeral«mf

- steps, uéing the stability of desingulerization morphisms'under com-

position. : 5 -~ _
First by (3.1) we can suppose that u is unramified.

Let o be, as usual the maximal ideal of A. Let {x } be a family

iel-

of elements of A' whlch form, modulo m'—m.A' a transcenuence bas1q
i !
of the resa.duerfleld 1{'= -/_Hl' over k= /_n_l_’ Denote R:A[Xi]ieI » P=m.R

end put A0=Rp . Let @ :R—>A° the A-morphism defined by a(Xi)=xi i

By choige of xi,-o'induces;ailocal A-morphism uo:Ao.————4>A' ekl

g%zp.Rp is the maximal ideal of A then, cléarly W%éave m,=m.A, and

-'O

QO.A?;Q' . The residue field ko of A is k(X ) and ‘therefore the

iel

Aexteﬁsion-kéc:k' is algebraic and moreover separable, both fields
-4 !

‘A—Ji—aA is a‘desingularization one and A

iﬁ‘or every finite subset J<I we put R —A[-A. ]leJ"V'“AJ (R ) .

havin% characteristic zero._Wevwill show that the canonical morphism

o 18 a noetherlan PN,
J

AJ is ‘a local noetherian ring. Le% Hy=p.A; be i%s maximel 1dea1 Lf

Jc:J'xare finite subsetsiof. I, we have a:canonlcal local morphism

'AJ———$AJ, which is flat and induces on residue fields a purely trans-

cedental extension. Moreover,'gd.AJ,=gJ,m. Thus, {AJ}is a filtered

- inductive family of local noctherian rings, whose transition morphisms

~ are local,flat and unramified. Clearly A =1lim AJ and by{ﬁ]A is

noetherian. u, 1s Plat-by (3.2) and therefore formally smooth by

{Afl,We‘relabeL u, A n——ﬁrA' as uiA—A' and consequently, in the

theorem (3.11) we can suppose the residue field Vx+en°1on kek' alge-

‘bralc and separabie.

f
/
re51due fleld and the mensellzatlon morphism v:A

Row, let A be the henseilzat¢on of A. A ant %o have tne same

:i:Ab is a flltered

iﬁductlve 1imit of flnl%e type and etale morphisms Bﬁg,l e. a desin—

gularization morphism. A' being hemselian, bhere exists an unique

local morphiém uo:AO———?A' such that uoov;g;.cleariy, v and u, are

unramitied and uois flat by (3.2) and formdlly smooth by fﬁ] }
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In this Wayﬁgrelabeling uO:Ao———T>A’ as utA——>A' we can add at the
hypotheses of (3.11) the condition: A is henselian.

We need the following auxiliary result:

(3.12) Propositionf23] Let A be a local henselian ring with
maximal ideal m and residue‘field k.and lef K be a finite separable
extension of k. ~

i) There exists a local finite and etale A algebrsa AK with |
residue field K, unique up to.an A-izomorphism.

ii) Let ustA——>A' be a local morphism of local rings, A' béing
henselian. Let k,k' be the fesidue.fields of A,A' respectively and
Kek'! a finite separa?le k-extension.There exists an unique local
A-morphism AK—;—-aA' .

We go back to the proof ef (3.11). Fomri every finite k-extension
Keck' we fig.a local, finite and etale A algebra AK and a local
A-morphism AK —>A', If K CK ck! are finite ex’cens:Lons of k, there

i 2

exists @#n unique local A-morphism AK-———aynK which 1ifts the 1nclu—
1 2
sion-chsz. For this, we apply (3,1?),ii),the iocal Fings AK being

henselian as finite algebﬁéS’over“hehéeliah ring A. Lt is easy to see

that the transition morphism AK-———%>AK igs flat and unramified.
& 2

Consequently,the family of local rlngs-{A } is inductive because the

family of finite k-extensions Kc:k' is too.We put Ao-llmAK aaf is a

local, noetherian and henseliun ring[?{}énd,by construction, the cano-

nical morphism v:Ae——_énAo'is a desingularization morphism.

The local morphisms AK-——?A' give at inductive limit a local unramifiec

A-morphism u :A —>A', which indlces an isomorphism on residue ..
0

The . proeof of(3.1l1) 33 thus finished,

fields. u_ is flat by (3.2) and moreover forgglly smooth by PH] 5

(3,13) Corolary -n the nota tlong‘of (3 11) 11 A dignig reduced

ring (domain, normsl or regular rlng) , AO is too.

Proof The corolary follows fromsEﬂU,SAél.

(3.14) Coxelary IR Aiig an excellent ring, Ao is too and the

morphisms u and u, are regular.
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Proof It follows from ﬂ3}eum.from the localisation theorem of .

formal smootheness {B;Z] .

4. Proof of the theorem (0.1)

4.1 Preliminary obser%atiogﬁ i) By (3.l) we can suppose that A

A' have the same dimension one. Then u is unramified by (3.5).

_ ii)Let t be a parameter of A (i.e. t€A is an element such that
A/% A is art 111an) Then t is a parameter’ ot Af. Recall that any power
of t is still a common parameter of A and "AY.

iii) Comsider é‘comﬁutative disagram . :

. A
x S
St
in which B is-a finite type A-digebra. We must embed this into aﬁcther

A\\~ :
e~

= (2)

<

in which B' is a-rinite type smooth'A«algebra.

of the form!

In (L) we can suppose s injectivey i.e. Bis a sub A algebrgyof At,
Also in (2) it is sufficient to ask that B' is smooth over A at the
prime ideal s" -(mA Jo . : »
(4.2) So,let B—AIYll where Y= (Yl,.., ) are variables and pc:A[I]
is a prime ideal, the 1o@morph;sm ‘being given by Yo y! (yl,..,yN)gA'N
Phe fraction field extension Q(A)c:«Q(B} is separeble and then, by
3acob¢an cr;terlon of smootheness, there existsva system of polyno-
'"'mlals f= (fl,..,f ) r= nt Qp), irom p and a r—mlnor M of the jacobian

-matrlx J= }§$lsuch that E&#p, bonsequently, M(y-)#o. There are two

possibilities:

(4.3 H(y' )‘fé invertib1e in A%, This does not necessarily imply'

that B is smocoth over A at s l(mA') Br\mA' because the images of f,,..

fr into A[Y]‘F(gA.)‘could not generate the ideal p.A[Y]
s : c."( m A'
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where o :A[Y]—>A' is defined by Y&y’ . However v aca |
regular local ring of dimension r, because A[Y]p @-.Q(A)[Y]p (pna ‘
being o). As fl""fr form'é regular system of parameters cf A[Y]p
we have p.ALY]p =f.A£Y]p 2 ‘Consequently, (f):pci:p and therefore exist:
_Fe('f):p such that F(y')#o. if Ply') de an unit off A, Ghen Brdig &
really smooth over A at BamA'. If not, the ideal F(y').A! having“
- helght o:;e, is mA'-primary and so m' = nuk':*[i;_.';' . & bedne o

: Thus, there exists e=tPe Fy)N ie. @=F(He& with a/eA’
common. fixed parameter of A and A'N By virtue of (3.9) we can suppose

that A contains the elements y:(yl,.s,yN') and a such that:

y=y' mod e?.A' - and a'=a mod e .A"
Therefore:™
it 2w + y with W'=(w]'_,..,wb'1) eprl
Taylor's expansion gives: _
: 4 e
o= 5(y')=1(3) + 92[3% ).wts et .R(w') e

“whére R(W) = (Ry(W),..,R(W)) is a system of polynomials from Alw] =
A[_Wl, o ,WN] having no terms of degrée 2. .

i | i
2.A'AA = e2.A , u being faithfully flat and then:

Thus, fi{y)€e
£.(3) = b, ledigr wilth bed .

So, we have: -

N e ; .
e : i 2 ° i o
< By +j§ Wﬁﬁ;(y) + e .Ri(w') =0 lT<icr
Consider the following system of polynomialsg from A[W:ﬂ .
N gfi' e :
hy (W) = by +J§ WjTIJT(y) + e“.R; (W) : 1$_5'S T

€learly, w' is a solution for h &and we have f(eg.W+y) = e2.h(W) ;

Because %—%(W)E{%}(y) mod e°.A’ ,. the matrix I%;‘%}(w') contains
an ihVerti“Dle r-minor. . 8 i - : .
‘ Denot‘e_'B"f :z-Ar_‘a’?]/ﬁ.A[W] end let B :B";—;)A' be the A-morphism
given byA Woa—dw'. Clearly,B”-fis smooth over A at ’G_l(p_A’).
Next,we have e EF(y).a mod eZA" ‘; we can suppose thatse = Blyduese
S0 : ‘ =

F(GZ-W+y) =.F(y) + eZ'Z‘_wj%-?(y) - e4.Fl(W)

=
A A : 7 A rZ /, ./"1 ,"//
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}where F (W)eA[W] has no terms of degree ( 2.

- We get:

a.F(ez.W+y) = [1 s = az:war(y) + ? 8. B (W)} =-e.G(W)
where G(w')=1 mod e.A' . Gonsequently, b = G(w')e B" is an inverti-
ble element of A' ) 4 = . » 9 s g
‘Let Pep ; from F.PET. A[Yg we gett

a.F(e2. Wey) . P2 Wey) € £(e°. w+y) . A[W]

or: { ’ :
'é_-Cf'(W).P(ez.wﬂr)ee?.h(W).A W]
i finally:  o(W).P(ef.wy) enaafw] .
Consequently, the morphism A[X]————4>A£N] given by the substltutlon
‘Y-ez.w+y induces an A—FOfphlsm 7& B—>B'= Bg and the proof of (o 1)

ig finished¢ in this case.

A(4.4) M(y') ds not invertible in A' We reduce this case to the

3

previous 6ne in the following way.

The ideal N(y').A' has height one because M(y')#o and A' is one

e e

dlmensn.onal S0, Pu(y ) AMds mA'-prlmary. Therefore: Iu(y Al = mA' =
: m ,t being the common pax‘amemr foh &y K30 leﬁu ~1n the prev1ous
casgse. Consequehtly, to‘er“(y ol for a suitable integer X . We put
d=_t .Qompl.ete Jdiy! )= [g Y](y" by the matrixz L'—[l ] > lj':jéA' :
r(i W 14{7'( N such that the resulting N-matrix H' has the deter-
minanu ds By (3 9) we can suppose that A contains y= (yl”"yF) and
I=[1;], r<i¢ ¥ , 1€ &N such that ,

' y'= y mod d°.A' eand L'= L mod d°.A"

Let H be the I.\I-matrix obtained from J(ym) by ‘bordering Wlth i /
We have: ds= det(H)' det(H) mod d°. A'; then det(H) and d are associa-
ted in divisibi'-lity in A" and so, in A by féithfull‘y flétn_ess-;iof U
-There exists t};e N—matrz"tx-K over A such that: o Sinad

. H.K = K.H = 4.1 v

N .
where .IN ig the identity N-matrix. Let: -k

i

2 ;
y'=d .x+y

with X:(Xl, oo ’XN> € (d.A! - ‘f(mA,)N

N
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Put: z'=H.x€(,rgA')N o Then: K.z' = Hafl.x = d.x and so: . *§
 My'=y+d.K.z' (3)
Taylor's expansion gives usf
o=f(y")=£(y)+d.I(y).K.2'+d2.Q(z")

- where Q(Z):(Ql(Z),..,Qr(Z)) are polynomials from A{Z]=A[ﬁl,..,ZN]'
having no terﬁs of degree-€ 2.
We have: J(y).K = [ﬂ.Ir;O] swhere I is the ideﬁt;ty r-matrix and O
- 1s the rk(NQr) zero matrix. So: ‘

£ (y)+d . (2§+Q;(2'))=0 lgigqr » '
Consequently, i (y)é.Arvdz.A' o by faithfully flatness of u
- and then: fi(y):d .a; with a; €A lgigr . '
Finally we have:

a;+z)+Q;(z')=0 l<isT (4) »
Put B'=Afz'] .From (3) we get:BeB'c By . Thus, Frac(B) .= Frac(B').
Let o: A[_Z}———%A' the A-morphism defined by Z~—>z' and q—Ker(G')

We have B'-A[Z]/ . Therefore:

~.nt(g)=N-trdeg Frac(B')=N-trdeg Frac(B)=ht(p)=r.
CAY Frac(4) Frac(A)

Consider the system of polynomials g=(gl,..,gr) from A[Z] :
g;(Z)=a;+2,+Q; (2) 14ig _

By (4)»gi_€,.q o Clearly, the Jjacobian matrixﬂ%ﬁz] has a r-mipor whose

image through O is invertible in A'. In this way, we have reduced

the proof to the first case.

5. A.note on a Théorem of M. Artin and J. Denef.

In a recent work, . Artin and J.VDquf have obtained the

»
follow1ng des1ngularlzat10n result

Theoremwé.ll[gl Let A-—5>A be = regular'map of excellent local
rings Wiﬁh,sgme residue field k. Assume that A is normal, henselian,

and of dimeggion two. Then A is a filtered inductive limit of smooth

A algebras.

The prq?f uses a new extension of classical Neron's p-desingu-
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larization.When char(k)=o the condition " A gnd & have same residuegg“
field" can be omitted as shows the following:

Theorem 5.2 Let A—=1% be a local formally smooth morphism

of local noetherian rings, whose residue fields contain Q, the rational
number field. Agsume A excellent and A normal, hensellan and of

dlmension two. Then, u is a de81ngularlzatlon morwhlsm.

Proof.By (3.11) we have a commutative diagram:

A - = >4 , 4
g 2 :

in which v is a de31ngularlzat10n morphism and u, -
smooth and unra mified morphism of local hensellan rings w1th same
- residue field. By (3.14) AO is still an excellent ring, so we can...
applyv(B.l). Thus, u,is a desingularization morphism and.by (1.6)

u‘is*tpo. : ey s

is a local formally,'
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