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o. Introd-uct ion

It ls wel-l knoum the following beautiful

t .

result due to l$6f,on:

f in i te .  type sub R,31€ebra B

smooth sub R algebra Bkni orr

l i rni i  of i ts f ini te tYPe

lgggfgg( N6ronFS]l  Let i tcR' be an unramif ied,regular i r ,clusion

of dlscrete valuat ion r ings.  Then every

of Rt can'be einbedded'  in a f in i te type

equr-vaten-uryrR' is a .f l l tered' ind'uctirre

smooth sub R. algebras.

This d.esingularizati-on theorem is very useful in approximation '

theory because lt reduces so1vabi1i.t,yl, j-n R' of some polynom:ia1 systeme

over R to others for  which the impl ic i t  funct io4 thg-orem is, ,  possible

to app.t-Y.
' 

The alm of this paper is to prove the follc'ving eStepsion 'r.{ ' .

N6ron's theorem to the non normal one d" lmensiona1" '  case:

Ibggfsg-9:}  T,et  u:A"4A'  be a local  regular morphisu 3f

noether ian d"omainsrAt belng cne dimensional  ar 'o hensgl ian.  suppose

t} :at  the canonical  residue f ie ld exiensj-on induced by u:s separable '

lhen A, is a f i l - tered. ind.uct ive l im:t t  of  f i { i te type smot, fLr  A algebral

o f N 6 r o n ' s c l - a s s ' i c a l d ' e s i n g u l a r i z a t i o nMan;r general j- zations

have been already mad.e,  but al l  bf  these treat th6 so-cal led'  norrnal  '

case: '  A is a normal r ing I  S, l9r 40, l7r Zq
d  ? - : l

fhe proof of  the theorem o.1 is inspirgd- f rom lZl j  ano rs o 'one

i n  s e c t i o n  4 .
.  -  I  l - J - ^.  The f i rst  tv io sect ions deal  wi th a special  k ind of  r ing;  i ;

morphisms, cat led" deslngul-ar izat ion morphisms rwhich are f i l teped

ind.uct ive l imi ts of  f in i te ly presented. smooth morphisms. F'g 'S.F pro-
/

perties concerning their behaviour are stud-ied and' it is 
"+'o,.yrn 

that t

in the noetherian case these morphisms are regular '



. i

N6ronrs theorem and. i ts known extenslons, sugges!;the fol lowlng
'" ' ' i i , , - nranh.l cm: Ts r phisnn of noetherlan

general- d"eslngu:.:at1J:zr*ion p'roblem: Is a r-eglilar mor

r ings a de-singular izat ion one? l2or?' l r22J.  
As we see in sect ion 2 'cor '2 '4

^ ^*^-"^-  *^ {  b lem sol-ves posi t ively a famous
an affirmative answer to the above pror

conjecture of the approxirnatlon theory, stated by Artin [4l t

frE\rery excellent rhenselian, local ring has the approximation

p r o p e r t y ' f i . e . e v e r y p o l y n o m i a l s y s t e a o v e r A h a s a s o l u t i o n i n A i f f .
J . ^  l ! . n  

' \

i t  has a solut ion in the complet ion A'

some teclrnical faets concerni-ng lifting smoothness are i-ncluderj

i n  sec t i o r  3 .

3J1 we give ln the last sect ion
As an.,,appl icat ion of the,, theorem

a sli"brrt improventent of a recetrt, desingu]:ar]'zat'ion theorem i-n d'imen-

ii6n two (normal case) due to Atrtin and Denef [0] "

I [e are indebded. to dr.  D. popescu and- prof"dr. N- Radu fOr"napy

- - - a :  ^ ^ +

h61pfu1 conversat lons on the subject '

I r. -! e e insg! 3r L z?!!9\ -49 rpbl sse

(l-.1) geligil ieg A ring morphis* 
:tA-+ 

A, irs "+'1F:.u"":1-

gularization morphism ( shortly d--morphism) if e' 'ny commutative diagt'am

a f in i te lY Presented' A algebrar can be embed.tied it"to

A

I
( 1 . 1 . 2 )  *  

|
*
A, l}

algebra.  '

is a d.esingulari za'tlQn' : . -

of f in i te lY Presented

'a.r^. .

. , L i

(1.1"1) "l,>t
ln. which .t-* is

a larger on.e:

in which B' is a f inl tely presented smooth A
:: 

:tin [6] I u: /r-"+A ''  
(L. .2) i rgpgei l rgl(  Ar

morphi-sm i f f  u is a f i l tered induct ive l imi t

smooth morPhisms.



' J3-

dr*
(1.3) ggeggleg-9l-9:!9lpb1Ege i) a' norphism of the form Af A[xi]

. .  \ ,  - - ^^ - ; r r " ,o  resr r la r  inc lus ion  o f  d isc re te  va lua t ion  r ings(  c f  '
i i  )An Lrnramaf 1eo f -egur*r  r - r rv !*p!v^ '

N 6ron' s desingu 7'atization theorein)

i lr) A local fornally smooth morphism of 1ocal artinj 'an rings (clearly

sueh a morPhism is regular) '

( l . 4 , l A s f i n i t e l y p r e s e n t e d s m o o t h m o r p h i s m s e , r e f l a t a n d f l a t -

ness  is  p rererved by  f l l te red : r .nd-*c i i ve  l im i ts  i t  resu l ts  tha t  aoY

d.esingu :;att.:zal.:on morphism is fl lat '  Also d'-morphisms are stable und'er

base change and' f i l tered- ind'uctive l irnits'

Nowrwe shal l  see that these, mornhisms are stable und-er composl-

t lon.  The proof is based'  on the fol lovr i 'ng:

(1.5) lsggg consid.er a commrltative diagram of ring morphisms:
.  U  - Ds t

G

I
;

I

( r e s p . . , C ) .

commutative
, in  wn ich  B ( resp .  c )  i s  a ' l in i te l ; r  p resented '  a lgebra  over  A

r ln ad.di t ion suppose C smoots;rover At."T'hen; there exists a

,di-agram, ^ ,J - r\ !{-----r t
s 7 = -r t l
l l rr - t t
+ r t r \ r
;  1  ' - - - l . !

such tha t :

1 ) w o v = u  , g o L = P  4 '

2 ) D i s a f i n i t e l y p r e s e n t e o A a l g e b r a ' E i s a f i n i t e l $

p r e s e n t e d  s m o o t h D  a l g e b r a a r ' d  C  =  E @ A ' ^  
I

I

l fggl writ4:- :  
i  r [v ] ;  

" i
-  - r y . O [ r l  w i t h T ' =  (  Y f i J ' " ' Y N  ) '  f  =  (  f r " ' ' f ] l

c -  1121,  
g .d lz l  w- . th-  z '  =  (2L, . .  ' ,zM) r ,  I  =  (81"  "  t8* )

Deno te  g r=c l " .Y1  mod  f  .A [Y l  ,  ' i =c l s  oZJ ' .mod  g 'd [ ' ]  such  tha t :
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:=n[vJ , C={C,J and let 're N(z)ae some polynomials sucb that ?1(z)"'=

$ tf l)  r( i< i ' I  e

ly Y, ,rr-') P i (Z ) .
' +

l 'et Q : a[v]--+olt l  be the extensi-on of u defined

As & igduc 
"* / '  r ' Ie have :

H=t . l t l z ] -F I ^ . " ( h ;g )
h

r n \ \ - . :  d ' l Z l

f  r f i l = f i ( P r (  z ) , "  '  ' P N (  z ) ) e  d ' A ' V f
!

i . e .  
S

( 1  . , 5 . r ) f : . (  ? L ( z ) r . , . . , p N ( z  , r =  
h . r r : (  

z ) s i j L )  1 <  i (  n ,  
T : u  l t r :  

A [ z l  '

As At is a f i r tereJ.  int lucr iveJ.-r i r , , i t  of  f in i te ly presented'  A algebras

there ex1 sts such an A algebra D from whj-ch groceed'  the coeff ic ients

o f  po lynorc ia . l s  inc luded in  (1 .5 .1 ) ,  and.sueh tha t  1n  nLzT '  the  iden-

.  nt r ,1 .
t i t i e s  ( 1 . 5 . l )  h o l d  e f f e c t i v e l y .  W e  p u t  E = r L - ) /  

e . y L Z J ' f , h e n ,  t h e

m o r n h i s m + : , r [ v l - + n L z ] , { t " , ) = P , ( Z ) w h i c h e x t e n d . s t h e s t r u c -
' norphism tr: B-+E. ClearlY:tu1e n:orphi-sm "A--+n induces an A I- t " - ; - ' : . s  

t .  ,  t r t * t  E  is  smooth  over  D. .0 = E €  A ' ,  I t  r e m a i n s  t c  e h c o s e  D  s u c h  t h a t  E  i s  s m o o t h  o v e r  D . .  . . . : . :
D  : g"Xo"  

t? i i s  v re  reca l l  tha t  C is  smooth 'over  Ar  j - f f  some spee ia l

po1-ynor, . r ia1 j .d.ent i t ies over A/ are fu l f i l led.  These ident i t ies c. l .n be

l i f t e d  i u  D l Z i  c i : o : : i n g  D  s u i t a b l y .

iTe need some :reoarat ions'

} e t  h = ( h r  2 , . / n n )  b . ; .  v a r i a b l e  s y s t e m  o f  . i r o l ; m o r n i a l s  f r o m  t h e  i d e a l

a.'\zJ *i*n 
"g 

,, atso varj.able. tet A- h 11 
thu ideal genbr.r iet l  in tVJ

hy  a l l  r ' -m ino rs  l f  t he  j acob ian  na t r i . -  f  l h l  r  ^ -L  t1^*  
L# )  

. l , e t  (h :g )  be  the  idea1

of pclynomials ve : . ' fZJ such iha.t  tgJ €. h. ' i 'Fl  1 * i -(  n. ! ' ina11y

0onsider  th .u  ideal

^  ^ t  . ,fo r  f f i : i te ly  p resented

equent lp,  C i -s snioqth

, t r _1n AFJ ,c"  f in i te  number
, ,r-1. , \ 'LZl ; i ih r^-( l '1 and

f r r  (Pj  r
-  ; - " - l d n ' l r . " A  o  - n - l  ' r ' r n r n - i  q ' l- -'-La?, )* " ; "-'

e l l  L i r e s e  s e f i s f Y i n g

i- t  e: ' icn of  smoo t i r

^f  _.  .o-  . .  ^ l fq1Vel" it l- i- l '  i1=l{ r - r

: i n  |  1 t _ n h . h .  6  |  ^  1 a

, , v I J  r f  V T T I J G I D  u l  t  .  . .

"  ( : , )
. r i 1 . -  ) ,  r * ( r : ( s

- i l

r n . ^  o f  i h e  j a c o ' o i a
v

-  1  - l  t r  - l

€ nt . ; "  . i rVJ I  I  (

e n e s s

.  Cons

1 1  1t * n

a n 8

ii rret

i {  n ,

.  t f  . . 1

w h e r e  t h e  s u n  i s  t a k e n  o v e r  a i l  s y s t e m s  h = ( h r  e . . l h ' ^ l c 1 . A L Z J  .
-L r'J-

By the  jacob ian  c r

a lgebras ,  q  i s  s t : :oo th  o

o v e r  l , ' i i f  t h e r e  e x i s t
'  

/ ' . )  .  { ' . i
n i  q r r c ' l - a r . c  1 l \ - ' l - l ' l r \  " /v I  o J u u e r r r u  r i  - \ r f l  

, .

fn l -  evp- ! . \ r  n  a r  - : : inor- ; )

v*e ,tr[Z] such ihat v-E-;
P  b -  t ' d



<.1--:>

the

As

- -o ' , -= {
- q -

Now,  we bhoose the  { in i te ly  p resent :d  A  a lgebra  D such tha t ' (A '5 '2 ) '

( l .b. i )  hold in l [z ]  '  Then, E= '127/  
e: .Dl4wi11 

be smooth o 'v-gr  D'

(1.6 ) gqrglgly i)T,et u:A---+A" v:A'-----'+A{ be desingu}arization

.  6 !

morph isms.  Then vou j -s  too '

. : ] ) i i ) S u p p o s e t h a t v h a s t h e f o l l o v r i n g p r o p e r . b y : | l E v e r y p o l y n c l :

mia1 system c,ver Af has a solut ion in A/ i f  i t 'has one in Af rr

(see  a lso  d .e f in i t ion  2 '1 )  
"Then,  

i f  v  u  i s  a  d . -morph ism,  u  l s  too .

Proof i) Consi-d.er a conu'rutative d"iagram :

ident i tY:

(L. i .z)  ,E ejr j  *  
F,  

*ptp=l  7

tp8 j € h( p ) 
'. 

tlzlthere' exi st polynomial s wn, ke I!

( r  . i . 3 )  rpe j=  
F ,  

*n ;o l [n )  1€P4 sn  i< i<

f,z1
LUJ

, :  i  r f - ' ' -
.- .: p;

r t

., ra

such that

l l l  .

in whtch B is.  a f in i teLy presented A

, -
f initely--pr€sented A' algebra and by

comrcutative diagram :

algebra.  Then,  Bl

hypothesis  there

=x8 At
A

exis ts

i s a

a

commutative diagram of t 'he form

-..:

'  -P . *

, ,
A alge bra and' n ?-d 

= $

l?* *ffrt

A---tI"--+1'---L-2fr'

,.f lr 1'' t  n  ' t ' '  f '  ,L
in which

nf F =v.
C is a f in i te lY Pr 'esented'  smooth

:
ApprY ing  (1 .8 )  to r * thg  d i -agram:

A 
4  

i - ^ - .
r l

r I a!- L{'F
-\- fh ,E

we find a

i ' r i th:

f/ =fito(



i ' ln ' irhicrr n 
"*r, 

ue chosen noi only finttely pre*"rrf'"d o,rr" A but just,

snaoth o,r." 
ia,n'l; '

' j .  ' r ; ' '  '  i

: ,  $nootheness is preserving by composi t ion and so E is a f in i te ly
. '
presented .  A  a lgebra .  F ina l l y ,  n t /  =n{k '=s , .

i i ) tet  s=A[Y]/"  ^  ry l  ,  y=(yr l : :?yN)tH f in i tety presenteh.  a ' :a lge-
- 

l- .,fi- L
' r. hiafgn*:.s:3---)At an A-mo::phism, There exists a finitely presented

srnooth. A algehr'a Bt and a eommutative d.iagram of the forrr:
. : .

""*J 6  
_ - n /

-  - - n

)--ts 
-:

n
.tI

because vou is  a  d . -n to rph is r , r .  Suppose tha t  B t=A l ' ] * .a [Z ] . ,  Z=(ZL. . . . rZ . * ) .
:

t '
The morphism s def ines in A'  a sol-ut ion y for  the polynomial  systen

f { y ) = o .  A L s r  e  d e f i n e s  i n  A /  a  s o l u t i o n  z  f o r  g ( Z ) = o .  l e t :  h e t h t r .  r h i l }
' , 1

a.  sys tem o f  porynon ia ls  f rom a [zJ  i vh ich  de f ines  f  .  Then h(z )=v(y ) .

"Th t rs ,  z  i s  a  so lu t ion  in  A ' t  f c r  the  sys t  en  g( ' / , )=or 'h (Z)=v( I r ) ' .  By  ; -o*
r f

hypothes is ,  there  ex is ts  x€ iA , i '7 '  such  tha t  E(x )=o and h(x )=F.  th is  x

def ines an'AFmorphism sls,3/*- ;g/  such that ur/  =r.  The proot '  is

f in ished

i  Io  the  fo -L lowing  lve  need some's imp le  fac ts  i ' rom (co)hono logy

theory pf  corruta, t i r re algebras,  vr i i lch can be found. i - .  [ , rJ- u  {  -  - , r -  t  t r r r + v r r  \  J - l r  
f  I J  .

. t ' o r  a n  a . r b i t r a r l r y  g i v e i :  A  a r g e b r u  B  . | e t  l l r  ( A r B r - ) ,  ( r e s p .  I I l ( A r g  r - )  )

be itr- hono..!-ogv (resp. coriorirofogy) functor in d.iniensj-on one. Ihe B

nbdule I {1(ArBrB) is of ' ten d.enoted. t t " lO. \Te recalL t t ie tof icwing vrel .L

knor,, ' , l3. generai cri ier.i-on of sri icothenesg: r -

( 1 . ' / )  t g g p g s M g g [ l l  r "  t h e  a b o v e  n o t a t i o n s ,  B  i s  a  s m o o t h  ( n o t
_ : : !  

t  r \  -  nnecessar i l l '  f i n i te l .y  p resented" )  A  a lgebra  i f f  i '  oyo=o anc}  tLorn  is  a
- o l  A t  D l  I l

projeet ive B module,  w-hich nreans er(aci ly I I l (Ar l ,  - )=.e: ; ; : l : . ,

:0n the other hando' rrYe

f 
'l 

-,cl, \ T,o':'rh il1 r, I I .l>
.  - t l r v J  ! u

- _ , j = = _ L l J  
: r ' l  \ j ! r ! t

noduie.

i f f  n - / r = o  a n 4  ; [ ) . -  r "  i s  a  f l a t  B5 ! A  b / - \

have:

- ) = o

f in i te ly presented. { .  -a lgebra B.l low, consider a Then, O rln
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is a f inite1,,tr4;presented B module anoy-Oo7n is f lat over B if f  i t  is
r - r : l  

' '  D l  l l

pro j  est ive L laJ.  so:

( t . 9 )  gg rg lg ry  r f  B  i s  a . f i n i t e l y  p resen ted  A  a lgebra ,  t hen  B

ls  smooth over  A i f f  I I I  (  A,  B,  -  )  =o.

(1.1o) lgggg rf  u:A--,->At is a d.esingulari-zat ion morphism

t h e n  H 1 ( A  r A '  , - ) = o .  ,

Srggl The honology funetor Hr(ArAt ,- ;  commute's r";wj. th respect

to At -  with f i l tered ind.uct ive l imlts and sor the lemma -fbLlows

f r o m  ( 1 . 9 ) .

, t

Nextr. suppose that ArA' are noetherian rings 
'and 

u:A------*A' i.s
t ' t

f la t i  u  i s  ca l led  regu ia r  i f  fo r  any  e€Spec 'A  an i l  p -u - t (q ) ,  the- l . - -

induced 1oca1 rnorphism An---+An is formally smootnftU4. Then, the

fc- l- lowing homolcgical cr i ter ion of regulari ty, due to Andr6, hol6s: ; .

( l-.11) lUegres [t l
F r o m  ( 1 . 1 o )  a n d  ( 1 . 1 1 )

(L . !2 )  gg fg lg rg

u i -s  regular l l f f  Hr  (ArAl  r - )=o.

fs a regul&T *

rings is regular.

A few comment  on (1 .11) :  f t  is  easy to  provel the suf f j .c ibhcy
? . ,

vi .a jacobian cr i ter j .on of  fornal  smootheness Ll , lJ .  The neces_sj_iy ' is

hard enough and the onlyilaltown proof uses high i imensional'(co)homology

mo' iu les of  commutat ive algebras.

Ndronls theo; 'em and other part icular examples suggesf i ,he fo l -

lowing: \

'""- - (1.13) 9esegcl_Ceeisgglgrra?!199_pr9ll9g i.; r;
morphi-sm of noetherian r ings a d.esingula-r izat ion norphismi

An affirmative answer vrould heve ucefuft fpnlicati-ons in

x imat ' ion theory as we see in  thq next  { . 'Or .  the other  hand. ,

o f fe r r  y ia  ' ( L . t ro )  an  a l te rna t i ve  p roo f  fo r  (1 .11 ) .

vre  ob ta in :

Aidesingular izat ion morphisn between noether ian

I

a  7 1 f 1 ? n -

it would r;'r*'
'  '  ; - , .

: " : ^  i ' ; . i ,



' ?- AleeEfe1gellg.rpglg-gggpllgggL--------s---

' tVe reeal l ' that  a noet l r .er ian 1oca1 rrng A has the properby of

approximat ion (-s+hort1y,  A is an AP-r ing),  i f  for  every polynomial

sys ten  f= ( f l r . . r f * )  f ron  [ [X ]=  l lX i r . . rX . , . { . ]  r  eve ry  i n teger  c> I

and every  ?=(?1 , . .  r t * )  eAtT  such tha , i  f  ( * )=Q"  there  ex is ts  x=(x l -e .  -  rx1 , )
a r n ^

f rom Afl  such that f(x)=o and x=t rod *c. i . ,  m being tne nnaximal

id.eal of A LZn]
?t  

i ' .

Writ in i ;  congruences in equai ional  form, A is ' .an AP-r ing i f f

. \ ^the canonlcal  con; let ion morphism A--->A has the folLowing Jrroperty:

' ^

t . r i - r [s observat ion is the source,for the fo l lowing: , .  :

A r  (  A r A t  n o t
. ' ,  

. ,  
t  \  !  4  q  r : j '

necessar i ly  noet*_e-r i -an cr  local)  i -s cal led.  a lgebraicatr ly pure i f . . , . .

'every,pLl lynomial  systern over A has a rolut ion in A i f f  iu has one in Ar

+ pufe rnoCul-e porphisms." They are sta 'e, le u-nder conposi t io:r ; 'base change,

and f  i l te red  i : ' rd "uc t i . re  1 in i ts .0 t 'her  r roner t i  es  and so i le  in te res i i ,n r "-  ' - i '

a p p 1 i c a t i o r i . s i r r . a p ! i r ' o x i n a t i o n t ] r . e o : : 3 . : c a n b e i ' o u n d . i n [ { 8 , 1 6 , . . 7 l

I ret  u:A--+Af be a 1oca1 raorphism of local  r ings such t i rat  , ,u,

the  max ina l  idaa l  E  o f  A  ger ie ra ies  i t re ' r r rax i rna l  i r iga i  o f  A t .  f l i  i ' i s

ease we sha]L say taat u is an nnrarnified mornhism. T,et K and 7'

I t f  = I t  I  A '  b e  t h e  r e s i d u e  f i e l d s  o f  A  a n c  A r ,  r e s p e c t i v e l g r .  .
. A

s ^  - r  r  -  
- r ,  .  i  $  

i* i -  jo in bet ' ' ,veen afgebra.rcai i l i  _.urb aor.phisns *rr& iesin*tular i r i t ion ones ; '

i n t roduced"  in .  lhu  prev ious  sec t ion  is  fu rn ished"b11 thu  fo l lo rv ing :. . ,
'  { )  n ' \  *bgg lgg . in  t } re  above no ta t ions ,  .su . rpose ar i .d i i iona l l y  tha t  .  , .\ . L . L l  t? - - - - - ' : .  . - l - - * - - - - r /

sl i t  is-a d.esingular iaet ion : : ,ozrphisnr and'A is hensel ian.  The next stb. t"e=. \ - r

:en ts  a re  eou iva len t :

. r
i  )  u i -s aigebreica)_iy pl t re .

i i )  T h e  r e s i d , u e  f i e l , l  e x i e n e i o n  K c  i i r ,  c a n o n i c e l l S r  i n r l u c e d  b y " u

i  c  n ' l  o o h p n i n o l  l r t  n t r ) a a- L  i  o , J r : i E  ; J I  c L - L  U . i J  r J  - i  L i I  U  o

:t:!



- q -- :  t

Proof I[e have f ):+ii )
r -  J  - . -  -

becausa",uaTgebraieally pure morpq*'$ms

are stable imder base 'clrange'

i i ) :+  i ) .  Let  f=( f l r .  . , fu . l )  a  system of  po lynomia ls  f rorn A[Xl=

I \ f  ! !  \ r 7 ^  * . . + .

l l r r  , . , ] x *1  ana  J ' = (Y i " " y {T ) . t  ^ 'N  ' a  so }u t i on  f o r  i t :  t t :  
: " t t  

j l ' ' " . :

B;A.itxlrr. i ["1 and 1et s: B#At be the morphism defined' bv v' '  As

u  i s  a  d - m o r p h i s m ,  w e  c a n  s u p p o s e  B  s m o o t h  o v e r  A ' 3 t  
" - l ( g ' A t ) ' T h e n '

'by  
jacob ian  c r i te r lon  o f  s rnootheness '  there  ex is t i ;  a  sys tem o f  Po l ; ' -

n o m i a l s e = t s , t . . l 8 T , ) i n t h e i d e a l l . l [ x l , . a r - m i n o r M o f t h e j a c o b i a n - .

;  - -^, . - - - [ ] r l  
" i - " r ,  

t r rat  u i (y ' )  ls  invert ib le in Af and a polynomj 'a l  he4[4^ natr t"Lf t  

i t  of  A,  and hr,  e g. .o[x]  ,  f  - ( i€ m.
w i th  the  proper t ies :  h (y ' )  i s  an  un i t  o f  Ar  and '

v f  induces  a  
;? '  E t  r? t  )= (y i "  " f i t - ' [ t  

' ? t  )  .  
in  Kr  fo r

C } e a r 1 y o y ' i n d u c ; s a " - " ' " : ' " i : : 1 ' , . ' : T ' -

dtre following system of polynomi-al equatj 'ons over K: ' '- '- '

( * ) E i ( X ) = o , ' 1 ( j { r i u f r ( X ) - l = o , r f i ( x ) - I = o
- -u ^F n 

-t-1 . i . ' : , '

where gr,frod are the imag-e-s of gi'}1'h in KIXJ . ", ,i i,rit" '

- ' K c K ' n 6 i - n g a l . g e b r a i c a l l y p u r e e x t e n s i o n , ( * ) w i 1 ] - h a v e a s o l u t i o 4

l f r E r ? ) = ( 7 1 r . . r f g r i l r ? ) i - n K ' A s A i s h e n s e l i a n ' t h e s y s t e m l

8 g ( X ) = o '  1 ( i € r  ;  f h ( X ) - l = o  '  i " ' ' i

w f f f  have  e  So lu t i on  ( y rv r= ty l  ' . . tYp rV)  i n  A ,  by  the  imp l i c i t  f unc t i o r
:

t h e o r e m . , ' s o r . w e  h a v e  g ( y ) = o  a n d  h ( Y )  i s  a n  u n i t  o f  A '  t h e r e f o r e  f ( y ) = <

( 2 . 3 ) g e r e l e r g L e t . u : A - - - - l A | b e a l o c a l u n r a r r , i f i € d n o r p h i s m o f

local  r i :gs lv i th same resid-ue f ie ld. '  suppose A hensel ian'  I f  u ls a

d.esinguLarizatrion morphism, ttren u is algebraically pure'

.  \2 .4 )  Uoro la ry  ] ,e t  A  be  a  lo .ca l  exce l len t  and hense l ian  r ing*

. If general desinguterizafion problem {-}'tr13) hei$ian:'dffirna't*ve answer

then A is an A?-ring.

. l?roof 
The comPlet ion morphism

lent [ ' tql .tqo*, ihe statement follows

coro la rY.

' \ .  .  - -
A----+ff is regularrA beii ing excel-

I

d. i rect lY f rom the Previous

3 .

(  3.1) '  Eldinma ] . ,et

of local noe$herian

l i f  t i ne  snoo thenes i s  '

u: A------9A t be a local

r ings.  . ' Ihere ex j -s ts  a

formallY smooth morPhism

commutative diagram



A . ' ' ,  -

\a6

! i : : l l r!:ii i :i l l

. . . " : .

thd maximal

+ A a  h  n  I
- U I l l I  A  .

-  1n a f in i tb

the  res idue f ie13  o f  A t

o f  A  t h e n  u ^ . i s  8 . . ;o

r is lg ,  A^  is  sor  and uruo
t

::'::.:1.::

with the fo l lowing proper i ies:
\ . . i ;  

t ,  . - "  . , -

1)  u . . ,  i s  a  loca l ,  f la t ,  unrami f ied  morph ism ( i .e .
, 1 .

: ic1eaI cif A generates the rnaxlmal ideal of At) and" disAo

i i )  A^ is a local izat ion of  a polynomial  A algebra
U

n u n b e r o f i n d e t e r n i , r a t a s - a n d h a s 5 a n e r e s i d ' u e f i e 1 d . a s A .

'  Procf  -Let" ,p ,  I l t  be the nnaximal id.eais of  ArAt respect ively and
h ' -  -  L t  t -

K="r / *  ihe : :es j -due f ie ld  o f  A .  The ioea l  K  a lgebra  ^  
/ ro ,A , i  i s ,  by  base

: r : f r l

ehari4gen formally smooth and consequenttry.,u. legular local ri-ng."'*l,et

,x ' r ! .  rx i  be el .ernenbs frorn mt urhich forrn,  modulo I4t ,  a regular systqm

^ I t l r F l
o f  pa rane te rs  o f  "  / nA ,  .Deno te  R=ALXJ  ,  X= (X l r . . 1X , " )  and  d ; ; f i ne

'o ' .D4+Af  
b ) ,  f (X "  )=x *  ,  f  - (1 - (n  .  L , , e t  p=  d l (g t )  and .  A , ^=R-  .  The  A -

L '  l _ v y

morphism C extends to a locs- l  morphism n :A'----- ->r1r .  rJote that* o , - . o

p f iA=m ,  there fo .L 'e .  p  co inc ides  w i th  the  ideat  genera ted  by  gand X1r
:..

i {  i n  : l* . r .K '  in  i . .  I f  Eo=pRp is  t : re  r i iax ina l  ic iea i  o4 Ao,  Lhen S. t=Io. , i t  and.

Ao / *  =K* -ELa tn€ -ss  o f  u^  i e  a  consequence  o f  t he  nex t  remma \ ' ) . 2 )  and
Ils u

, . 4  i -  !  -

r the equal i ty dim A^=dfun A'  i 'o l ]oyrs - f rorn the c i imensiol  forrnula ;' v

(3.2 ) trer, 'maf{El Let A ---+B---------rC be 1oeal morphisnrs of local

noeth.ez' i - l r i  r i . , . ' . .  * -" ' i  nr  n f in i te c n:ort l i re.  suppose ts is A f l -at .  I - ,et  k

d.enote tne resj .due f ie ld of  A.  Then, l f  is  B f lat  i f f  [ I  is  A f lat  and

l r l  8 l r i s B 8 k f l a t .  .

( 3 . 3 )  U o r o j a r l r  J n  t h e  a b o v e . n o i a t i o n s  i f

j - s  ?  sepa: 'ab le  c ; tens ion  o f  the  res fCue f re ld

fornal ly snooth morphisn: .  f f  A is an exceL.Ierr t
. )

. ! 7 .F )  - r 'Oc " t ]  | n r . .  ? , - r n r ^nh - i  cncr  v u 4 r e r

4
Froof The f i rst : is tat€r.rL€nj ,  fo l tcws from l l f  Jq $] ,4]  and the second' " 1

i c 1  t  F n r t < : 6 n r r 6 Y 1  r ' c i  n f  , ( \ , n r i i X -nce  o f ,  $nd r6 -Ra .du ts  c r i t e r i on  o f  regu la r i t y :  I f  u :A - *A t

i :  a  farmal , ly  smcc ih  nol :ph ism of  locai  noeiher ian f i r igs a.nd A is
- r a l J o " r * i  

- f ,  "

- f  orl iral smooiireness )

I
EA



I

3,*) observation

-11-

The above lq$rnejseems to be well lcnown. ft

appears in different formulatlons in [Zar 61

(7 .5 )  t ' i ow,  suppose tha t  u :A-4dr  i s  a .  locar  fo rmal ly  smooth

morphisn of  ,1-ocal  ar t in ian r ings.  Using standard.  construct ion of  Coheir

algebras we ean easy prove the existence of  a f i l terbd induct ive sys-
f l

tem{a t  '  ?  i t }  i€  I  o f  loca l  a r t ln ian ,  essent : .a l l y  o f  f in j . te  type  r r .

srrooth A algebras wj- th the fo l lovr ing propert ies:

i )  the  t rans i t ion  morp t r i sms Q i ; :Ar - - lA . ;  ,  i<  j  a re  lbca l  n'  
l ; r  a  

" - j
f lat and unrariif ied .

i i )  A f = - l i B A ,  
:

By  (3 .2 )  the  canon lca ]  A-morph isms Ar .+- :€Ar  a re  a lso  lcca ln  f la t

and unramified..

(3 .6 )  le t  o :A-*a t .  be  a ' l -oca l  fo rmal ly  smoot f i  morph i -sm o f

loc.qt noetheriagr rings of same dimengi.at. !hen, u is unrami-fied. Indeed.,
i t

i f  m is the maxinal-  ideal  of  A,  then ^ 
/ rA, '  1s a '^ l -ocal .ar t i f l tan r ing,

O n  i ; h e  o t h e r  h a n d .  .  A r  /  . .  b e i n s  a  l o e r  
F  

m o o t h  e t c r e h r qnanc ,  ,Ly-,  being a 1oca1 formal ly smooth.  a lgebra over

a  f ie ld  i s  a  regu la r  r ing  and there fore  a  domain .  Uonsequent lyn  Ot  
/1n ! " ,

j .s  a f ie ld.  anC sor g generates ihe maximal idcal  o l ] ! ' r^ . r ,

r,et g bg a proper idear or A. Denote t=H/_nWiA:"i , f , [___*?,,
' r A

be the ioca1, formally smooth meir,ohiem induc"o iy .rr, uJ-eari-; i aim f,=
^ . ' t

d im A ' ;  the : 'e fo re  i f  I  i s  an  j -dea l  o f  de f in i t ion  o f  A  the  loea1 r ings
F

A and a  r  a re  bo th  a r t in ian .

( 3 ' 7 )  T h e o r e m  r n  t h e  a b o v e  n o t a t i o n s  a n d  h y p o t h e s e s  c o n s i d e r  a
1ocaI 'essent ia l l y  o f  f in i te  typersmooth  f i  a rseo" .  5  hav i -ng  same d . imen-

P
sion ." ]q'- and a local flat f-morprrisrn ? 2i--2\, (a1so f; i" unra*ifie(

^l

I f  A r  i s  h e n s e l i a n ,  t h e n ' t h e r e  e x i s t  a  l o g a l r r e s s e n t i a l l y  o f  f i n i t e

ly'P"t smooth A algebra D and a 1ocal f lat and unramified A-morphisnr 
*:rl

: i 1

, F

v:.D---:-*Ar such that 
-D 

=Dcl f' , ?=v6 i'.
o- ,  A  

p
Pg:>of,  T/r i te D-Ef i ,  T,vhere E is a f in i te type T algebra and ! 'e Sp"" i

I'

P F d ' e p

As  v  i s  l oca l ,  t he  composed  A-morph ism v '  :  E  €D  - -€ '  A  t  i s , , such
F ,  _ j .  r . . ,  ^ ,  .  e ? , t r l .  , - -

t ha t  T t - ' (mAt  )=p ,  i \ ex t  suppose  tha t  E -^  L  ) / i  ,  where  X=(Xr  1 . .  fX - )  a "e- d  
L '  '  I i l '



variables e.nd i; i [x]Yr" an ideal.

and therefore fi=o [*J,:,,t t;5G; lin* rr.r'r,-r .
s . l " - U \ J J )

loL"J =n r,lii :o[*] G . A[x]' *;;."':-;3ut

"orrnuno*ni1y 
the ide"tn-?i-?'n*.r* the ro"rnl i=J / 

!..td l:;r=.ii[x]_  _ :  ; _  L :  , n l . - . l  
_  r ,

r a ' q

wi ih  f . * .TX- lcJG? iCeals  f rom +tx l  ,  P be ing pr ime.So !=^L- 'J : : / l , lL f ,p
- b a

. .  F , f  . *  s F  
t J

Lei ?:rf f f i : -+'et be the composed ' ' -norphi-srn:
n  -  , r r  1  d  i t  1 1 .  

4

' t [ > ' ] -  7 ' t [ : t j  E - -+ ; '
. L , t

*  - r1* .T '  ;  .  ?ui  t= ? ' (x)  ,  A=i i ' ,  . .  ,3*)  .e

C i e a r l Y r  P = s  
- ( n . A ' )  .  I

{  *  - ' . ;  - - . ^
,By  hypo thes i=n  E  i n  a  s rnoo th  T  a lge l : : a  * i ' 5  i  v i a  j acob i .an  c r i t e r i on

of stnoot] :dness, there exj-st .  a

d F r e
T , s=bt J anC a s-mlnor [i o

s .v  s rem o f  po l ynonr ia l s  E= tE* r . .  rds )  f rom

the jacobian lrnatri"fl#J v'iith :
' . . : .  , - - ' " t ' - r d '  ,

^ \  p 4 f  1  4 1 r - t{  i  I  
z }  € . A l X l f  = ' T ' { l X f {

v  J  j  b  r j

r a r  o - ( c  -  ̂  - g - )  b e  s o r l e  l i f t i n 3 s  i n  J  o f  t h e  p o l y n c n i e l s  i t *
- r J E r ,  6 - t . f ; : f t r . t .  

r . .  r \ _ 1  ? ,

and $ the s-ninor F' i ; the jacobian matr i" l93'1"otr '"upond-ini j  to Tt
; "  ,  ' i  

* -  -  t ' - ;

ct.  t o d
i>

T1r  an  .

?

'1

l ,e t  r  l :e  a  f - i f t i z : .g  o f  t  ln  Ar .  f  u  E(V!=cr  ' r r€  ha- re  g (x )=o  rcod r .Ar  .

B u t  i h s  e o u p l - e  ( A t r g ; A t )  i s  h e n s e l - i a n  t o o ,  a n d  f h e r e f o r e  e = i s t s
. d

g  - - ( o l a  l  r f l  . . i - h  t ; r n t  - ,  ( o )  '  - :  ' - , . r - ( o )  
n n , " l  - . . ' r ,  d  q'  x - - ' €  a ' - -  o . . r '  ) = c  - a p o  x = x .  n o ' J , T . i i '

i e f i ne , r r : - l [ : ] - - ,+ - , . - '  b i  r ( r l = * (o ) .  r f  he  e [x l  a r l d  h$e ,  then
1o l  f  n ' t,, , r.uJ

i i l i i  i - s  i : r v e r t i b l e  i n  A t ,  b e c a u s e  I i g 5 " ' z  n o d  i n . i r r .  D e n o i e

r f'r-t
D="l ; -J.err-  *  fv- l  I  anC 1et ry3l l - |At  be -Li :e locel  A-morpi : ls?x i ,nd.uced

- r  :  g ' l ! -  l r ' ' J + 'g  - , _ .

hl"  f i  B: '  ^ , - . ' 'o tT" , -Ct ion l r  iq  l .  
'1 .nc11 

,  eSSent  j -a i  l - ' , r  o f  f i r , i te  t ; rpe

sciooth A ai3ebra and o I t=* gf, r/ z.l [xJ"+g.1"[:r]]? 
= SxSe/,t,^[rJ 5.

,  4  .  $  A  6 ' n L : l } g l = ' j ' ; ' L i r J p

:
iiiere,o.,rel' the si.ructure ncrp-:rslri j\--:--' ll i s ';-nrs.nij.f:-eC be ccrtse

! l  -  en l  *  g . r 'es idue f ie id  o f  t i i e  rocu . j -  t  a lp ;eor#  t .  I la t i ress  c f  v' m , l  ' r : i . l
.  

t ' -  - -

: - ,g  a  s ' f ,u .seqsence c f  , t  3 "?)  r
:€ :*  .  . l t1 I  * t  , . ,

{_ i . l i }  [ t 'os i r r " ;e* : i -C,*  i i ie ' r . , - i i l  use i ; : .coren{} , ' i )  in the 1:articul-ar

e.j i '*: l  ievcl;. '  i  e: loepi 'r  I  iLc::.sei ian, ::-r, i tcci J ,

- .  . L  :

:"

: l ^  n
u  - a . r I  n ^ , . ' l  r . ' i - t ^

l l . ' / 1  h n l . l < :
\ >  a  t  t



i

It should be mentioned. that sj.nilar t ift lng results wheqg.-,rgiven

by D. Popescu ln Vl,Z4from 
which we have been insplred' ' ' ' i ' '  ' l

( l . l i )  0orolary L,et  u lA#Ar be a loca1, forrne, l ly  srnooth inclu-

sion of  local  noether ian r ings of  same dimensiol i ,  A being hensel lan'

fhen,  fo r  every  f in i - te  sys ten  x t=(x i r ' . rx l )  o f  eLements  f rom At  and

T an idea l  o f  de f in i t ion  o f  A  there  ex is t  a  loca l ressent ia l l y  o t ' f in i t i

I roo t r ,  s r rb  A  a lgebra .D 6 f  A f  such tha t  the  inc lus ion  DcAt  i s *a  loca l ,

unranr. i f led ar ' j .  f lat  morphism, and a system X=(xlr . . 'X ' r )  f rom D such

t k a t  x = x t  m o d  r . A |  .

-  (3 .1o t  io ro lg r r f ,  The theorem (3 .7 . )  and.  i t s  coro la ry  (3 .9 )  s t i l ' }  : '

work i f  we asstxne that ulA+Ar is 
{o"t f  

,  forma}ly smooth morphierm

of 1ocal  noether ian r ings such that the residue f ie ld '  of  Ar is &

sep.arable extension of  the residue f ie ld of  Af  '

i '  P roo f  Use (3 .1 )  to  ob ta in  a  d"ecompos i t ion  u . :A  -+Ao- : {o  t 'A t

ln which Ao is a local ,  eEsent ia l ly  ef  f in i te type smooth A algebra

'&nd,:uo 
i .s i 'a loca1, formal ly smooth morphism of loca1 noether ian r ings

of  same d imension.  Then appl r  (3 .7)  or  (3 .9)  to  uo '

Gd1f6:ra1.ly spej' 'aXing, the local A algebra D constructed ln (3.7)

is  no t  un ique,  and there fore  a  f i l i e red  ind .uc t ive  sys tem o f  1oca1,

- -  ; - '  , "  f in i *a  t r rno  
F  

L iu r i t  i "  T 'can  no tessent ia l ly  of  f in i te type smooth A algebrasr whose

be 11gf, ,sf l ; to a s imi lar  system of local  A algebras.  Horvever,  the fo l -

lowing part ia l  resul t  hold-s:  - '

( 3 . 1 f ) @ I e t u : A - - + A r b e a 1 o c a 1 , f o r m a 1 1 y s m o o t h

morphism of 1ocal  noether ian r ings,eontaining .Q ( the rat ional  number

f ie ld) ,  At  being hensel ian.  There exists the factor i  zat lonz

u:a__$^6__+1,

in which Ao is l i rn i t  of  a f i l ter :ed induct ivelsystem of loca1 essen-

t i a l l y o f f i n i t q t y l l e . . S l l l o g t h A a l g e b r a , s i ' w h o s e t r a n s i t i o n m o r p h i s m s . . . .

are 1oea1, fts:t 'and unramified (particularly, v is a d'esinguT-avization

morphism) andr'uo is a locaf, formally smooth and unramified morphism

o f ] . o c a l h e n s ' e . I i a n r i n g s v r i t h s a m e r . e s j . d . u e f i e l d . .
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Proof The constructlon of Aorv-and uo wJ.II be made in severa]. ' ' 'ry

steps, using the stabll ity of d.esingularization morphlsms under com-

Fl.rst, by (3.1) vre can suppose that u 1s r-mramified.

tet m ber gs usual, the maximal ideal of A"* f,et t"i l i- I Pe a
, i  q  , r  { r

of elenents of Ar which form, modulo g'=g.At a transcen*ence
.  [ f  ,  A ,of  the res: ' -due f ie ld  kr=A' /m;  over  V=nim.  Denote B=A["a l ra ,

, i..

fam1ly

bas ie

r P-S. R

u and put Ao=Ftn . Let c;R--+.A? the A-niorphism defined.-by -(Xi)=xi

B y c h o i ' e e . o f * r , ' i n d . u c e s . , & } o c a 1 A - m o r p h i s m u o : A o + A r . I f
r Y

So=p.Rn is the maximal ideal of Ao then, clearly w{r.ave ge=4.Ao and. .

So.A l lg '  .  fhe  res idue f ie ld .  ko  o f  Ao is  k (X i ) i * f  and. ' there fore  the
'  

extension k^c,  k? is algebraic and moreover separable,  both f ie lds
. i  LJ

1-

havia! characteristic zero. Y/e will shoriv that the canonicaf morphism

a$^0.^ is a d.esingularizalion one qnd A." is a noetherian ring.
i  t  

.o :  ptr ,=!1Rr ' ;

Por every finite subset Jcf 'rue put nr=a[Xi1i€-J-ltrA-r=(R.r)- .
|  

< r .  ' -  L - - J 9 u '  - U  U  P J

I A, ls la 1ocal hoetherian ring, let mr=E A, be its maximel id.eal. If

iJ-Jt 'are 
f in i te-  subsets" ' 'cr f -  f r  - r r 'e hg.ve a ^cenonieal  local  morphlsm

:

,  AJlAg, which is f lat  and induoes on residue f ie ld.s a purely t rans-
r 1

,  cedental  extension. . [ , {oreove",  grJ.AJ,=Sj,  .  Thus, { l rJ i"  a f i ] - ter .ed.

I induclive'family of .Local nociherian rings, vrhose transition morphi.smc

are localrftat and. unramified. 
'Clearly 

.{.o=lS A, and UyhlAn is

noether iaa.  uo' is f lat  by (3,2) and the"el-ore forma.11y smooth by
t 1

L' l ' t I .  We relabel  uo:Ao--p4t as u:A------ tAt  and. consequent ly,  in the

theorenr (3.11, we can suppose the residue f le ld ext^ensi 'on kckf  a lge-

.b ra ic  and-  separab le .
i'  Norv,  let  Ao be the henset izat lon of  A" A ant $ have the same

I
residue fierd. and 'the 

lenselization morphism v:A+r;tA; is e fi l tered

l iduct ive l imi t  of  f in i te type and etale n:ozphisms p{f  ,1.€.  a iesln-

-gularization 
morphism. A, being henselian, {rhere .qaxi'stE an unique

]ocaL morphisfi oo zlto4Lr such that uoo\F.J.i. .Clearly, v and. uo are

unramifled. a' 'd uois flat by \).2) and formatrty smooth Uy lff l  .



'  a F:  , i , .  - L 5 -  '  ,  ,

In tht s $r&f iir.tT€lab ellng uo s Ao--€ A r as u. ! A. ---+A I we can ad.d; at the

hypotheses  o f  ( .J .11)  thg  cond l t ion :  A  is  hense l ian . .

ItIe need. the follovring auxi l iary result !

(3.1,2) Proposi t ion[ZS] ret  A be a locaL hensel ian r ing"v,r i th

maximal ideal  g and residu.e ' f ie ld.  k and let  K be a f in i te separable

ex tens ion  o f  k .

i) There exists a 1ocal f inite ancl etale A algebrer A* witir

resioue f ie ld K, unique up i ;o an"A- isomorphism.

i i )  let  urA-At be a local  morphism of loca1 r ings,  At being

hensel ian.  Let  krk t  be the res id .ue f ie ld .s  o f  ArAt

Kc,kr a f ini te separable k-extension.fhere exists

A-mOrphi sm 4,, ---4l A | . 1
- a -

W e  g o  b a c k  t o  t h e  p r o o f  o f  ( 3 . i 1 ) .  I ' o r l e v e r y

respect ively and.

an unique" Iocal

f in i te k-extension

{.kt  rye f* .X, l ,a local ,  f in i te and. etale A algebr? AK and a 1ocal

A-morphism An -----)A1,. .  l f  l ( lcK2-k!  are f in i te extensions of  k,  there

exists *n unique 1ocal A-morphism A*r-+O*, *ntch l if 'cs the inclu-

s ion ,  K1q K2.  For  th is r  w€ app l {  (3 " \ ; ) r i i ) r t i l "  1oca l  f ings  Ar ,  be ing

hensel j -an as f in i te algebf4e over hen6el ian r ing A. I t  is  easy to see

that the transition morphisnr -Ai1 -*Ai1, ls f lat and unramified.

Cor:sequent lyr the fami l ; '_ cf  1oca1 r ings { . t*}  : . "  induet ive because the

fami ly  o f  f in i te  k -ex tens ions  Kck? is  too . lVe  pu t  Ao=f ;$AfC;  Ao is  a

1oeal ,  noether ian and hensel ian r t -ngf ,Z3] 'anO.rOy construet ion,  the cano-

nical morphism v:A:--+ Ao is a. d esingulari zation nrorphi-sm,,

The local morphisms An--'4Ar give at ind.uctive l iThit a 1ocal unramifiec

A-morphism uo:Ao€Af I  which ind. t ices an isomorphism on resi-due -  .  .

f le lds.  uo ls f lat  by (  3.2) and moreover formal- ly smooth by [+t l  .

T h e  p r o o f  o f  ( 3 . 1 1 )  1 s  t h u s  f i n i s h e d .  ; '

(3 r I3 )  Coro la ry  In  the  no ta t ioneof  (  3 .LL)  i f  A . i s  a  red-uced.

r ing (domain,  normal or regular r j -ng) '  r  Ao j .s too.

Proof The corolary f ol1ows from 'f{0,5.{3] . "

(3.14) r iorolary f f  i \  is  an excelJent r ingo Ao is too and. the

morphisms u and uo are regular. 
'
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Proof 
'It follows from

fornal smootheness [St al '

[t3] ana from the localisation theot"* of.,,=

l

4.  S loof  o f  the th-eorem (o '1)

, 4., f P*:f ininar' obse&,tip*S i ) By ( 3.1)' we ean suppose that A ;

A? have the same dimension one" f l ren u is 'anranr:Lfred- by (3.5)- - , ."

l l ) L e t t . b q . a p a r a m e t e r o f A ( l . e . t e A i s a n e l e m e n t s u c h t t r a t

A'1 , '  1s art i : : ian). fnen t is a paramete'r of Ar '  Recal l  that any power
' t . A  - -

of  t ' is  s t l l . l  a  ccx l l i roo parameter  of  A and 'Af  '

i;ii ) Consider a colmrutatj.ve diagrafi ,

( 1 )

We rnrest embed this j.nto ano'ther
wh ich  B  i s ' a

the forrn:

io ,rlri.h Bt is a riPlte tYPe 
"*oo't'

In  ( r )  we can supFose s  in ject lve ' '

Afso ln (2) i t  is suff ic ient to as'k

u  I  ) g

1,4
A t

f ln i te tYPe A algebrq.in

of

B l ( 2 )

A a tgebra .

i ,  €.  ts is a sub A algeora of  A" , , .0

that Bt i-s smootfi over A at the.

prime idear s t-1 i4A' )  '

.  (4 .2 . )  Sor le t  ,=ot t l /o  where ,= t " r r : .  rYr1)  are var iaores and pc a[v ]
' y L 1 \ T

is  a pr i rae ideal ,  the isonorphism being given by Yr"+ Yt=(Yir  "  ry. i l )€At 'n

Ih ;  f rac t j -on  f ie ld  ex tens ion  a(A)GQ(Bi  t '  separab le  and then '  by

jacobian cr i ter ion of  er i iootheness, there existstafYstem of polyno-

ur: la ls f=,  ( f1 ' " ' . . r f " )  , .  r=ht(p),  f rom p and- a r-minor I ' [  of  the iacoblan

mat r ix  J= l$ lsuch t 'ha t  n t4  p ,  -uonseqoent ly ,  I i l (  y ' )#o .  There  are ' two
r r r s v r 4 A  v - L a y  j " * - ^ -  

- - T  s . " ' '

p o s s i b i l i t i e s  !

(4 .T  l ! (y r  )  fF  inver t ib le  in  Ar .  Ih is  d .oes  no t  necessar i l y  imp ly

t h a t  B  i s  s m c o t h  o v e r  A  a t  
" - I ( g A ' ) = B n  

g A r  b e c a u s e  t h e  i n n a g e s  o f  f 1 r . .

f "  into O["]  cr ' t31, ,  )  could not geierate the id.ea1 p.  ^ F. f lA Lr Jdr(aa 
Ct

A

l=_;\.-ry
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l

s
where or :ALYI+AI is def ined by,Y Fd y'  .  However  ̂ L[V]n f$.-a

regular  1oca1 r i -ng-of  -d imension r ,  because l [V]p arQ(Al [V]p (pnA

being o) ,  As f l r . . r f r  form a regular  sys 'bem of  parameters  c f  ' t fV ln

we have p.alYlp =f .A[" ln .  Consequently, ( f)  tp* p and. therefore existr

F e ( f ) : p  s u c h  t h a t  t r ( y ' ) / o .  1 f  F ( y r )  i s  a n  u n i t  o f  A ' ,  t h e n  B  i s

height

cornnbn

that A

one, is EAt-pr imary and- so- 
rttr^t ,1h."i exidi e =tF s-F{.

{  f  ( v t  ) .  j , t  =  t r ! , \ r =  r { t . A t  ,  t
,)A, i..e- e.-_F(vld wilta deAr
\ -  a

] - .qw r r i r , ' t - ' re  of  (3 .9)  we eatro  u J  v r f  v * v

being a

suppose

1 -< i€*r

61ear ty ,  w t . . i s  a  so lu t ion  f  o r  h
r \ '  - l ,...\ - 6- ) 11 ,-- 'Because \# f  (w)  = l# l  f  y l  mod
L d , , J \ u u i  

= [ T T 1  t ' '

an lnvert ib le r-mincr.
^ ft.:-1

Denote 3 ' l  -= " .L,  J/h.O[t t ]

g iven by W*=) ' lvr .  Clear lYrXP

Next rwe have 
' ' i .e E F(Y) .  a mod

S o :

rea I ly  smooth  over  A  a t  Br rmAt .  I f  n .o t ,  the  idea l  l ' ( y t ) .A t  hav ing

f ixed. p6rameter of  A and Ar

conta ins  the  e lements  Y=(Y1r . . rYN)  and a  such tha t :

y = Yr mod. 
"2 

-Ar end. r- l=a mod *2.A'

There fore :  "

y ,  =  
" 2 . * ,  

+  y  w i t h  w r = ( w i r . .  r w $ )  e l t N

Taylort  s expansion gives:

o = f (y,) = r(y) + 
" ' [3flg).., lr1t 

e4,R(w') i  , .r] ,

'wh6re R( ' }T)  = (Rl ( lY)r . . rRr( l j t / ) )  is  a  system of  po lynomia ls  f rom l f iv l  =

^ f n r  r r r  
' 1  

J a o t r i n d  t r ^  * a r r , c  n f  A a n r a a  1^L . , r l - r . .  r i r l l l  . lav ing  no  te rns  o f  CeAre ie  ( ,2 .

fhus,  f  (y)  e i .e7.A. 'n A = 
"2.A 

,  u belng fal thful ly f lat  and. then:

r r ( v )  =  
"2  

. o I  1 {  i (  r  w i t h  b i  eA  .  
"

S o ,  w e  h a v e :  
N  ) f .& bi .r? *3ff icv) .  " t .Ri(w') = o

Consid.er the fo l lowing system of polynomials f rom ALl ' /n
N  ) f , '  ^

.  h i(w) = bi  *  Z r ,v i t+(y) + ez,Rr(v/)  l - .<i ,g r!  
i - t  

u n - j

drnd. ri,re have f(e2.tr '/+y) - e2,n(',Y) .
2  n \ '  l

" ' .L'  ,  
thg inatr ix t#+J(w') contains

' l

and. let .G :B"--?At be the A-morphism

' i s  s m o o t h  o v e r  A  a t  6 - ' ( m A ' ; .
t

" 'A, '  
;  vie craJr sl lppose that e = I(y) .& .

N \ztwr f fcv l  +  e4- r r (w)
t= l  d

j ,l r;l r:., ) ,.'/

r ( " 2 . w + y ) = r ' ( v ) + 9



? 1

where Fl (vI)€ALvfJ has no
*

I[e get l

4

a . F ( e t . W + Y )  =

where G(wt ) 3-1 moa

ble element - of A,t .

Let  Pep ;  f rom F

a ' F ( e t .

o r3

! _ & v -

terms.  o f  degree (  2 .

N ' l

" [t + .. u f uu;ffi rl + "2 .u. r, (vr)] = '

e . A r  .  O o r i s e q u e n t l y ,  b  =  G ( w t ) e B t t  i s

e .  c ( w )

an inverti-

. 4 r , !

r 1
. P € f  . A L Y l i  v r e  g e t :

D )'Jt t+y) .  P( e' . lv+y) € t1" '"r .v+y)"a[w]

* D D r - t
e. d(w) .  P( e ' . la/+y)  e e '  .h(y/)  . rLY/J

. C n ' t l

and f ina l l y :  c (vV) .P(e ' .W+y)  e  h"AF/J I  '

Conrequent ly,  the morphism A[Y] o[* ]  g iven by the subst i . tut j .on
c  -  - - -

Y=ez. ' f f+y induces an A-norphi sn 4:ts-) Br=B{l and. the proof of (o.1)' t u

ls  f in ishec  in  th is  case.

(4 .4 )  i rT (y t )  rLg  no t  inver "c ib le  ig  A t  lVe  reduce th ls  case to  the

previ.bus one ih the' foltorrying way. ' '  '

T h e  l d e a l  I ' ' l ( y r ) . A t  h a s  h e i g h t  o n e  b e e a u s e  i n ( y r ) l o  a n d  A t  i s  o n e

, , r  r \  r . i . .  l = - -

dimensiona]- ;  so,  Jr t (yt  ) .Ar i i ' is  g ' { r -pr imary.  Therefore:  y ' t i (yt  )  .At  = rLA.r  =
l-

/t.At ,t being the common perarhe,t 'er: fofl ' .A,'r{!: ' f ixbci 1n the previous

base.  Consequeht ly ,  td€ 'L { (y ' ) .A '  fo r  a  su i tab le  in teger  t  .  we pu t

,  , o (  ^  _ f . \  f ) r l .  ? _d .= t - -  '  comp le te  , l ( v ' )= [#J (v ' )  bv  the  mat r i x  r , t=F i j l  ,  l ] j  €A '  ,
b v  -

r ( i ( lT  ,  1 - { i<  N such tha t  the  resu l t i r ig  i i -mat r i x  Ht  has  the  de ter -
j

mLnant d..  By (3-.9) we can suppose that A conta. ins y=(ts1r..r 'Xg) and
f

I , = L I i j J ,  r ( i ( N  '  1 ( i < 1 I  s u c h  t h a t

y' = y mod. d"3.A' and Lt = L niod. d"3.A | . : ,1,: ' , . .

l ,et l I  be the }I-metr ix obtained from J(y)*by"bordering with L.

v {e  have :  d=d .e t (H)  t=de t (H)  mod  dJ .A . t ;  t hen  de t (H) ,  and .  d .  a re  assoc ia -
a

ted in divisibi 't i ty in At and sor in A b1- faithfulLjr f latnessi of u.
. l

there exists the N-matrix K over A such thato i ' i . | ' '+"

H . K  =  K . l I  =  d . f ] d

where In is the ident i ty N'matr ix.  let :  i
$  

J t = d 2 . x + y

wi th  *= (x l  , . .  r xo1 )  €  (d .A r ; i {  6  { ,g .e r )N
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Pnt :  z t=H.x€(gr t \ t ; t "  .  fhen i  K .7"  = . 'K- i { . . x  =  d .x  and.  so i

,  " * y t - y + d , K , z t  ( l )

Tay lo r?s  expans ion  S ives  us i
o

o = f  ( X t  ) = f  ( y ) + a . J ( y ) . K .  r t + d 1 , Q ( z ' )

aq?.r,

i -,i-;'.

.  where 0,(Z)= (  Ql  (Z) , .  .  ,  Q"(  Z) )  are polynom:ia1s from . l ' [Z]=, t [Z1t , .  ,  ZNI

having no terms of  d .egree ,<2.

We haver J(y).K = fa.Ir ,O] ,wnere I" is t i re id.ent i ty r-matr j-x and O

ls  the rx( i { - r )  zero matr j .x.  So: ,

f i ( r ) +d2 '  ( z {+Qr ( z ' )  ) =s  1d  i 4 ,  r  '  :

Consequent ly,  f i (y)e And.2.A'  = d2.A by fa j - thful ly f latness of  u
. D

and thenr f1(V) =d' .  t i  wl th ai  € A 
'1 

< 1€ "  .  
.  

i

Finally we have:

a r + z { + Q i ( z ' ) = o  1 - < i < r  ( 4 )

P u t  B , = A f z ' ]  . F r o m  ( 3 )  r v e  g e t : B c B ' . B d . .  f h u s ,  F r a c ( B )  =  F , t z a c ( B ' ) .

Let o' : Aftl--g1r the A-morphism defined by Z(4zt and. q=Ker( (r ) . ,
d (  r y i

Ille have B I =A t") / 14 , Theref ore :

, ' . " i r t ( q ) = I d - t r d e g -  F r a e . ( B t ) = w - t r d e g - ,  . F r a c ( B ) = h t ( p ) = i .
( r , j  F rac(A)  Frac(A)

Consid.er the system of polynomials g=(gIr. .  rB") from n[Zl ,

\ i Q . ' ) = a i + Z . r + Q i ( Z )  f ( f ( r  ' | . :

By (4) si€u . Clearly, the jacobian matrj."ff i ]  n"" a r-migor whose

lmage through fis invertiblq in At. In this weyr we have red.iced.

the  proo f  to  the  f i rs t  case.

5.  _A noJe on a ?h6orem of 
' ivT.  

Art in and J,  Denef .

rn a recent wor\, L[. artin and J. Der4ef have obtained. the

fol- lowing d.esingular izat icn resr i l t ,  
|  .  

I

r4esre+ ,?:f I Gl r,et A-]1- be a regular map of excellent loca]
r ings vr i th s?me resj-oue f ie ld k.  Assume that T iu normaL, hensel ian,

and of d-irnengion two. Then T i" a fi- ltered. i.nductive l imit of snooth
A a lgebras .

The proof uses a nev' l
j ; ? '

extension of  c lassical  }Teronrs p_desi-ngu_



' , t  l

larLzation.I[hen char(k)=o the condi.t ion rr A,"qind. T hwe Sirme residu*gi;
l : :  T l  :  l

f leld.t t  can be.onit ted as shows the fol lowingr

Theoren 5.2 L,et A * >f be a loca1 fornral ly smooth morphism

. ef 1ocal.  noetherian r14gs, whose resldue ,f ields contaj.n Qr, lne rat lonal

n r l r n b e e f i e } { . . A B s u n e A e 4 c e 1 1 9 n t a r i a I . n o r m p 1 , h e n s e 1 i a n g n d o . s
b t

, t . i
) q

dimension two. Then, u is a desingularizatlon morphism.

?roof ,By (;,tL) we have a conmutative diagram:

il
lt-

-
i

f l !
IA,

o . *

t n w h i c h . v i s a . d . e s i - n g u ! a r i z a t j . o n m o r p h i s m " a n d . u o 1 s a l o c a 1 , f o r m a 1 1 y ' '

smooth-and uarandfied. morphLsq of 1oca1, henselian rings with s&me i ) {

residue fLeld,.  By (3.14) Ao is st i1l  an excel lent r ing, so we can.-*

apply,,( .5.1).  fhusr uois a desj.ngularizat ion norphlsm a.nd.""by (1.6)

u ls '  too.  . .e  ,  
t '

t
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