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Are the f  so lated .S lngular i t ies of  Complete

fntersect ions Determined by fhe i r  S ingular

Subspaces?

by

Alexandru Dimca

Let  A denote t ,he C -a lqebra of  germs of  anal tz t lc  func-

t , ions de. i ' j -ned,  a t  the.or ig in  of  Cn and m be ' the inax imai '  ideal  o t  A.

.  We can th ink of  a  qerm of  an ar :a ly t ic  space X at  the or i -

)
g in  of  Cn def  ined by,  an ideal  t *= (g1 ,  ,  .  .  ,g ' )cmz as the f  iber  of

the  co r respond ing  map  qe rm g :  !Gn ,0 ) - - -o (CP,0 ) .  
r t  i s  we l l - known  [ t J ,

that .  in  the case n) tp t  the map germ g is  l in i te ly  X-determi-ned i f

and only  i f  X j -s  an iso lated s incu. t rar i ty  o f  a  complete j -n tersect ion

,  ( rh is  wi l ' l '  be abrev iated in  the sequel  to  ISCI) ,  : , . . , :  . ; ! .

' : : : , . 1n  s l l e r  words "  t he  rSc I  x  i s  de te rm i r :ed  by  t i : e  a r t j - n ian

C-algebra Ok (x) =A/r"+mk+l where k is thp, order ,-rf  #-determinacy

of  the map germ g.  i ,  , r l

The purpose of  th is  paper  is  to  suogest  that  a  d j - f ferenc

a r t i n ian  C-a lgeb ra ,  more  qeomet r i ca l l y  assoc ia ted  to  X ,  can  p lay  a

s im i l a r  ro le ,  I , t o re  p rec i se l y ,  i f  X  i s  an  TSCI  de .E ined  b1n  an  i dea l

f  -  as above,  then one can consider  the s inqular  subspace of  X i ' , ,  whic

'  is  the anely t ic  space germ SX def ined by the ideal  SI . , , .cm generated
' / \ l ^ . a \

_  _ r  f  _ -  _ r _ - r  l o Y i l. , .  by the g,  ar rd a l l  the pxp m. . i .nors in  the Jacobian matr ix  t - : - l
[ ? " i /

1 = l q .  , ,  t P ;  i = l  t . . .  t " . [ Z  ]

We hope the fo l lowinq to  be t rue,
. , ' .

1 f  the j . r  s ingular  subspaces SX and Sx '  are isomorphic .  , r :

Here " isomorphic"  means.  lsomorphic  as germs o i  analy t ic

s i faCeS,  NOtat ion:  X, -Xr .  Moreoverr  W€ shal l  Compare throug: [out  th is

paper onl,y'germs X and X'. having the same dimension and ern.$eddino

dimension.  In  fact ,  when X 1s not  a  hypersur face,  t ,he embe4{Xinc{- ' 'd i -
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:

mension af  X is  the same as that  o f  SX,  t i , . ,

f n  t he  hype rsu r face  case  ou r ,Con jec tu re  i s  j us t  a  re fo r -
. . ? ' t

mulat i 'on of  : : the main resul t  of  Mather and vau [61.

We p l :ove  th is  Con jec ture  fo r  0 -d imens iona l  fSCf  (e rop .3 .4 )

fo r  homogeneous ISCI  (n rop .5 ,4 )  and a lse  fo r  those ISCI  whoseJ( -a . -

termlnacy order is not too high (prop, 4,2) .

'Fh{  3  las t  case conLa ins  in  parc icu}ar  most  o f  the  1-d imen-L ^ ' L

S1o4a1 ISCI (Cor,4.4J.  The proof g 1n pecUlon 4 are i r rdependen..r- . .cf
- g

the resf  o f  the paper ,

The f i rs t ,  two cases are based

Vecslon of  tbe conjecture," ' : " :

Le t  ( y rx )  be  a  pa l r  c i f  qe ims  o f  ana lv t i c  speces  i . e ,  t he i r

de f i n lng  i dea ls  sa t i s f y  J . ,C f -€111 ' ,  I ^7e  say  tha t  cwo  such  pa i r s  ( y rx )- Y X

and  (Y t rX t )  a re  i somorph lc  I f  t he re  ex l s fg 'a  C-a lqeb ra  i somorph ism
r t t

u:A ' - - r  A  such tha t  u  ( ru )  = ry ,  and u  ( r * )  =T* ,  .  Nota t lon :  (y  2x)nn(y ,  . I ,  ) . ,  
'

Our mai .n  resul t  is  the fo lLowing.

*rc" r "*= suppose that  yoX.Xr . : ra f  I  rsc l , ,

such that  d im X=di -m X'=dim y- l  and r . ,=r . ,+( f  )  and' x Y

m e  f d f " € m

f h e n  ( Y r X ) . . , ( y r X . )  i f  : n d  o n l y  i f  ( y r S x ) ^ , ( y ; S X r ) .

In  the f i rs t  sect ion we reduce. . th is  Theorem to a problem

in some je t  space us ing the f in i te  { -A. t " rminacy of  funct ions,c .e-

f ined on an rscrr  d f , r  obv ious extensj -on of  our  work i "  [ r l

;  ' i 1+ :  Th l s  p rob lem j - s  soLved  in  the  nex t  sec t i bn , - ,= ing .  s l i qh t -

.I1r exfended version of a welJknown result of l , tather on Lj_e groups

ac t i ns  on  man l fo ras  [ s ,  Lemma 3 .1 ]  .

. ' , ' l i :1 i ; : r1  F ina l ly  Let  us ment ion just  or re n ice conseouence of  a  po-

s l - t lVe,answer to  the Conjecture

s u p p o s e , x c y  F r g  i s

the rscr x: f ' -1 ' (0-) .  Let  c denote

discr iminant subspace of  F and G

ls.  a normat lzat i -on map [z ]  "na 
a

!

lhe ' fo l towlncr re la t i ve

a t  t h e  o r i g l n  o f  G n

f - r={ ; ,+ i ( f t )  fo r  ssb
, a I

a semi-ufr iversal  deformat ion of  r i : r ,

the crit lcal subspace of F-2 A t*i$; ,

t h e  r e s t r i c t i o n  F / C . C - + A .  T h e n  G t ; *

simple computation, shows that

on

; iitr:';l

:rii.:
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In thls wdyr the dlscrj.mtnant A determlnes the slnsular

subspace SX. Thus whenever. the Conjecture is t rue we qet a much mo-
r ' 1

re  d i rect  and i l lumlnat inq proof  o f  the resul t  o f  l \ i l r thml i f  f  er  [S l

which,  says that  the d j ,scr imlnant  A determines the s inqular i ty  X,

I  I .  Contact ,  equivatence 6f

Le t  X  be  an  fsCI  de f ined

func t j .on germs

b1z an ideaL fx ' = ( 9 ,  t ' e . t 3 ^ ) c m 2 ,
t v

t he  max ima l  i dea i ,

D e f i n i t i o n  I  " 1

Two funct , ions F-r f  ,emx are ca l , ,Led J€cq"u ivq lent  i f  (XrXo)  -

, ' , ,  (X , i x6 ) '  where  the  ana ly t i c  space  qe rm l t  ( resp ,x f  )  i s  de f  i ned .by

t h e  i d e a l .  I X +  ( f  )  ( r e s p , f X *  ( f  ' )  )  , : :
.  

No ta t i on :  f - f f ,  He re  and  1n  the  segue l  we  i den t i f i - a  f unc .

t ion fen"  wi th  some of  i t5  representat tves ln  A .

fn  order  to  s tudy th is  equiva i lence : ' ,e la t . ion i t ,  is  usef 'u l

t o  i n t roc luce  the  l anquage  o f  g roup  ac t i ons ,  j eb -spaces ,  f i n i t e  de -

terminacy and so on from standard singularity theory (cqrnj?are to

t h e  f i r s t  s e c t i o n  i n  [ f i  t  .  ,

'  
Let .L  be the qroup of  g .erms of  analv t lc  i *eon: ;ph isms

WF denoterby A* the loeal  r tnq A/f*  and bv m*cA*

ces 14= (m*.  )  over  A such that  the e lemeR&s of
L J

f y  m i  ^ - . 1  = 0  f o r  i = L r 2 1  . . . 1 p n
+ t v r *

We def ine a qroup G=LxT and an act ion

nr ' l
o f  m a p  g e r m s  B = m . A t ' ' *  b y  t h e  f o r m u l a .

where 'we" ' th ink

i n  m
+ . 4  l l a  a

a n d  € t  a r e  a s

h ,  (Cnr  0 ) - - -+ (Cnr  0 )  and  T  the  q roup  o f  i nve r t i b le  (p+1 )x  ( . p :1 )  ma f r i -

t he  l as t  co lumn sa t i s -

o f  G  o n  t h e  s p a c e

( h r  l , l )  . F = M  ( F ,  h ) ! )

of  an e lement  F€B as a co lumn vector  wi tL t '€st r ies

r f  X r f i n  ( I .1 )  then i t  i s  obv ious  tha t
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f^ , f  t  i f  and onl lz ' fg the column velctors F=(91,, .

1 l t = ( g L f  . . o r g r . . r f r )  a r e  i n  t ' h e  s a m e  G - o r b i t

Tn analoqy with the Jf-tangent spaee

def ine the fol lowing G-tanqent space for a map

to  X  and f  as  above r  i

.  r 9 O r f  )  a n d i ; , , .

' :
of a map q€rrn, we

germ feB associa: ted

TGF=tn.  J  (F)  +I*et+ r  r ,  * I  :€O*t"o ,  € ^  , 1 c B
t  ' -

, * l . i :

f . I )

where J (r) is the A-submodute

the elanents of the standard

p r e c i s e l y  f . , + ( f  ) .
. r - 2 l

In thi,s sitrr.at, lon we a lso  de f l ne

* c o d l m f = d l m B / T G E ,

By  pass ing  to  k - j e t s ,  t he  ac t i on 'o f  c  on  B  i nd t : ces  "ac t i ons

1n B generated by

bas ls  fo r  CP+I  and

-  
' : ,

* * o  ? F"-ry'
the idc,al

e ,  a r e
J

I.,, i s
^o

ekx;k (n, p+l) --;k (n, p+I ) ano we hav-,e, the, fo. l iowinq relaticn bet-

ween tangent, spaces

,  j L F ) : j k  ( T G F )  ,

o e f l n i t i o n  I . 2 ,

The pa i r  (x r f ;  i s  ca l  led  k -de termined i f  the  cor respon-

germ F is k-G-determined (1.e.  i f  for  any other s imi lar
' v v

F '  w i t h  j ^ p ' = j ^ F ,  . o n e  h a s  F t €  G . F )  .

t: nu t!*

(X ,  f )  i s  ca l l ed  f i n i t e l y  de te rm ined
i

i l

K .
. {

We have the  fo l low j -nq  resu l t i  * ,
\

P r o p o s i t i o n  I  " 3 .

d ing map

map qerm

The palr

for some

i f  i t  is  k-determlned

i  i \ "

! i .  .

Let  X be an ISCI  wi t ,h

a re  equ lva len t :

dim x71 dnd f6nrx.{o} . Then the

fpl lowinq
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. ri.

ls f initeLy de&?'mined

' :  
i

..) ,-
i r ' . ,

1. The paf,r  (xr f  )

i i . cod lm f  <  so

pl"oi ,

f t  is  c lear:  that  1,(=)1i"  (see for instance Theorem 1.2

r - t
i n [A ] l ,  I f  l i i .  does  no t  ho ld  theh there  ex is t ' s  a  curve  serm

1:  
:4

e:  (A ,  o ) ->(G"r  o )  such tha t  i

a ,  f o c = J t  g i r c = O  f o r  1 = l r e . r e P  w h e r e  ( g 1 r . r . r f n ) : I X .

i l - i .The ' ldeaL t *o=t * * ( f  )  de f  lnes  an  ISc f  Xo '

b ,  c  ( t )  # 0
; , -

o-  ! l -oc  =_ _  
a x j

j = I *  ,  ' , 1 Y |  .

for
P
f,
l= ]

It,

r fo.
A O ,  

' i

1- .  l i *oc  fo r  some Laurent  se f les  l .  ( t )  and any
r - '  a x j  . .  + '
f o l l ows  Lha t  any .  e lemen t ,  

" l * l * , , . *3p+ l .p * f  
1n

TGF has  the  proper ty  &^ , r  oe=LX,  {a ioc) ;  tn  par t , i cu la r
p+l 

f-=f 
r r

. l = . , ,= .p=0  imp l i es  .p * luc -0  and r - t sh i s  con t rad iC ts  i i .

To prove i i i .  +i i ,  w€ note f irs,t q-t laE it  is enough to

show that  TGF>mN"€^. r - t  for  some N,  rh ls  foLLows f ro . iB t ,he fact ' that
!.,1'r

j ( -  c o a i m  g < o o .

Next,  for  each subset ,=trr( ,  '  .  ( ip**}d ' { r ,  .  .  ,  ,  " }  
' Iet

M-  be  the  fo l low ing  1p+ l )x (p+I )  mat r l x  '  , ,
l_

?E i  2s r  l. - - . . . : -  . r . r a . a r . . . .  : - -  |  " *

?*rr  ?Tin+t

a?e
?  * r .

I

?r
? \

Let us denote bY a- L the comPlement
r t 5

, .

aboye nratr j,x r Then we have

lb
? xp+I

2 r
ffi+r

? r
element, 

mu

. , ; , i f i :

fua the

"i:'r

of the
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o  f o r  u t i - : = r  I  .  . , 2 p' T r k '  

, t  
=

- - k

f- '  1r
L t r ,k '  

1*  
= det  ( ! ' l t )

, ' (t l-.R - k

fhese re la t ions show that  TGF 2 ' (SI . , ,  ) .€- , , r  and by i l i ,  thd ideai .- ;  - '  - x o '  p + r

t t*o is m-pr imary,  
O

u , t

, l . . T t l s p e r h a p s i n t e r e s t i n q t o n o t e t h a t . ( u s i r r 9 t h e n o t a - i , . , ' . .

'  t ions of  the Theorem in t ,he lnJ: roduct ion) l {  vXr 'd .oes 'nof  iq tp ly  (yrx)" ' '

l  -  - - ^ - - -

q , )
, . -  

(Vr ,X"  )  even in  very s imple cases 
-  r

'  
Take for  example the p lane curve s ingular i ty  : f  , * "+y '=O

. A

and f=*y ,  f  '=xy*x=.Then i t , , . i s  t r i v ia l  to  see thb . t  1^ ,X ,1  .  r f  .gne
,

,  wguld have f* f ' r then.f-xy+tx1.for qny t  € C and this gives x4,e. ' r€(  -
'  q ,  ,  |  \

€TGF, " .where F="(N-+y-  r  xy) ,  Expl lc i t  computat ions.  wi th  TGF show that ,

t h i s  i s  n o t  t h e  c a s e .

L
k

!'fui.

fZ.  groof of  the Theorem
, l

" .E ' l rs t  we state a more qenera l  .vers ion 
of  l4ather 's  Lemma

7 1
3 . I  i n  t 5 J .

€ o o
Le t ,  o1  :GxU-+U be  a  C  -  ac t j on  o f  a  L ie  q roup  G  oq  a  C-  r rd i ,

"  n i f o l d  u ,  F o r  e a c h  u € u  r e t  o ( , , r : c - ? u  b e  d e f  i n e d  b y ( u  ( g ) = ( ( o r u ) .

We denote by T--X the tangent  space to  a rnani f  o ld  X.  a t  the point  x .* x
'  

Then we have t l re  fo l lowlnq resul t .

Le rnma 2 , I .

W l th  the  above 'no ta . t$ons ,  a  su f f i c i en t  cond i t i on  fo r  a
" r d :

connected Clsubmanl fo ld  V of  U to  be conta ined in  a s ing le orb l t

of o( is the exls'tence of a vector subspace EcT. G such that,
I

l ,  Tv )TvV  fo r  any  V€Vr  where  T r r=Hr r (E ) ,

11..  d lm Tu ls lndependent of  vev.
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_pr'oof .

Mather ts  Lemma 3 , I  cor responds ta  the

The proo f  q iven  ln  [s ]  appf ies  a lso  to

replacing everywhere TrG by E, 
CI

Now we come to the proof of our Theorein. ]he impllcation

( Y r X ) - ( Y r X t ' ) . = ) ( Y r S X ) " . ( y r ^ S X t  )  i s  o b v i o u s .  T o  p r o v e  t h e  c o n v e r s e  w e

* i +
c a n  a s s u l r . e  t h a t  S I * = S f " r  r n d e e d ,  

l - ' ( S I X ) = S ( h  
t * )  t o :  a n y  h e 1 . "

- t

S u p p o s e  t h a t  t y  i s  g e n e r a t e d  b y  g f ? . . . r 9 n € m -  a n d  l e t

f = ( S 1  , t ' , . , r 9 n " f )  a n d  F r = ( 9 1  r . . . . r g n r f  
t )  b e  t h e . m a p  g e j : m  c o n s t r u c t e < L 1 l - 1 '

a s  l n  t h e  f  i r s t  s e c t l o n ,  ' "
1- 1'

us lnq  P rop . I , 3  l t '  i s  enough  to  show tha t  jK r  and  j ^F '

1 .

are G^-equiva lent  for  any k .  i

Note that  T.  Gk=T,  r ,k  o  T,  Tk,  where T. ,  Lk=Jk ( t ,  n)  and
I I I I L

t r fk  is  the vector  space o, f  (p+1)roo '$p+I)  matr ices ! {=(* i j ) '  "o \ r 'er

- , r k ( n r l )  s u c h  t h a t  m i r p + l = C  f o r  i = - J r . . . r p . [ a ]

; i : :  Let ElCTrf,k be the vector subspace generateC by al l ."the

l-ri n r n ) r  w h e r e  t h e  r - c o m p o n e n t  o f  . r  i s  j k { . r r n )

td t  in  the  no ta t ions  f rom the  oroo f  o f  ( l ' 3 )  '

: ,  
l  i ' ; t

' i .

ease E=T. ,  G n
I

our  case jus t  by

"-."-. elenten,ts

r: i  andq

a-€J "'.t 
!

0 i f
L

Let  nret l t *  be the vector  subspace def , ined b1z the egua-

t ions  * i  j=o  i f  i fn+ l .  
1_  1-

r f  ,  we take c( to be the act ion qkx,Tk(trp+t)  +. lk( 'n; .p+1-)

def ined above,  v= ikp and E=EI  @ EZcfrCk then an easv:computat ion

'shows that

. :
v

T_.=Tld- ,  (E)  = j "  (S '  \  a
. v  v  

J r X ' r  ' - P + 1

cons lde r  now the  l i ne  tg  i n  . l k (n rp+1)  wh ich  j o ins  the

po in ts  v  and v '= jkp t  ( i f  v=v '  there  ls  no th inq  to  p rove !  ) .

iA,n arqument s imi lar  to that  in t  [o]  $ s l  shows that there

ls a Zar.lski open dense subset t/eW such that

V=[wew, ro,=T,r]'



'L

contalned tn a s ingle G"-orbl t .

t - .

. i l

? ,

3  3 .  Ze ro -d imens iona ;  fSCI

In thi s sect, ion we shall
, , *  !  : r

Cohjectrr 're - i .n case of 0-dimensional

i  Le+.&{ 'X be an ISCI;  dim X=0

one .has. the fo.Llo-wing.
I

:
'

.  . ' i j r ' '

'  i  SLnce TrV ls spanned by

aLl the requlrernents of the Lemma

t
j^ (f -f,b)r:uep.r1eTy, one

2.L  are  fu l f l l " Ied  and

sees thdt;1.'r,+

hence v ls

v
fn part lcular v and v '  arc GL.-  equlvalent,  [ l

?er
sr*=T**( j  (g)  ) '  where i  (g)=det ,?E. ,

9  " ( i  , i = L r 2 ,  " . . 1 l r i  n l r 2 i .  I

use the Theorem to prove the
s . t

'T q ai'r

)
a n d  I X =  ( g l  ,  .  . .  r g r r ) c n i - .  T h e n

is t ire jacobian of the map germ

rt is known by 6rothendieck Duality Theorv that j tS)fAX

and . a. j (q ) e Tr, for any a€m.

" l lors preciseiyr.

Lemma 3,'1 ,

r ', t 
--:1'j,J.,

E . j  ( g ) € m . l *  f o r  a r r y  a € m ,x

. , )

,Pfodf  '  l

, N o t e  f i r s t  t h a t  i f  g l ,  ,  ) .  r g ;  i s  a  d i f f e r e n t  s e t  o f  g e n e - '

ra t< . , r s  f o r  f -  t hen :  j  ( g t )=u .  j  ( g )  mod  mT-  fo r  some un l t  u€A .  H€DC€"
x x

the s tatement  of  (3 .L)  does r la t  depeha on the choice of  generators

for  I . , r .
. l a

On th .e  o ther 'handr . i f  I cA ip  any  ldea l  and p  ls  a  pos i t i -
'vF 

lnteger "such that r can be geneqatdC by p.eJ.ements, t l ien we in-

t r o d u c e t h e f o l l o w l n g q  . . 1  "

* '
D e f i n l t i o n  3 , 2 .

o f  g e n e r a t o r s  g 1  t  .  i .  ? g ^
t,

h o l d s :

"4

r'!T' I 1 CWe say*t,hat, a syst,ems

in normal form ,ff  the folLowinq

1 ;ll :lf
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2(kt=or6, 9,1i. - - =o.rd otr( k2=otd gi., 4,1

3o. .=  o rd  gpS,a6 and fo r  any .  q= lp  , . .7  s  such tha t ,  kO (  €  the  je ts

i k q g i , . : : " . ;  , + l  t , , , t j k n n .  ,  r . i  r i  a r e  r r n " u t r y  i n d e p e n d e n tt ] * '  '  " + a n - 1 + r  t l * "  " * t q - I * '  q
K _

m o d  j ' 1  ( ( S 1 r . . , r 9 i l + . . , + i o _ r ) ) ,  w . i - t h  i O = 0  a n d  i = = p - i r - . , , - i = _ 1

I t  is  easy to  see that  for  any ideal  I  and posi t ive num-

ber  p as above there ex is ts  a system ,of  generators of  f . .  j .n  normal

f o r m .  M o - - ' e o v e r  t h e  p a i r s  ( k t r i l )  r . . . ,  ( k s r i s )  d e p e n < l  o i i l y  o n  T  a n d

p and not  gn a speci f  ic  choice of  .  a  system' ,  o f  qerrerators of  f  in

normal  form.  (To see th j -s  just  note that  Lwo such s lzstems of  gene-

ra to rs  can  be  re la ted  by  an  i nve r t i b le  pxp  ma t r i x  ove r 'A  and  cons i -

de r  t he  0 - j e t ,  o f  t h i s  ma t r : i x !  )  .

Now we come back to the p-roof of LefiIma (3'1) " Assume that

g l , , . n r g i i r l s  a  s y s t e m  o f  q e n e r a t o r s  i n  n o r m a l  f o r m  f o r  t h e  i d e a l  r x

and fo r  p=n,  Note  tha t  o rd  j  (S)T f fo ra  g i - I ) )ks .  Suppos*  l f , . t .  i s  a

" - '  "  The only  th ing s t i l l  t 'o  be proved

i s  d i r e c t  i . e .  t h a t  ( 0 1 ,  . ; . , g ' n ,  j  ( g ) ) [ l m r * = 0 .

f a s t  t h a t  J  ( S ) $ r *  a n a  t h a t  9 1 r .  . , ,  r c t y y  j - s  a n

re la t i on
\?

a. j  (g)  =Lt i .91 wi th a6rn and l . ree.  - ; : i i ,  " '  ,1 ' ,*- , ' i ' '

I f  one  fakes  the  k ' - je t  o f  th is  re la t ion ,  iL  fo l lows tha t

l r ,  ,  .  .  , l r -e  * .  By  tak ing  ne1, t :  the  k r -J  e t ,  l t  f  o l lows tha t* * r
7 ,  r 1  ,  . . .  r t r ;  G*I  , *  - I+ i r ' -  m and so or t ,  I

.%
with the above notat , ions

( i )  m .  S f  * = r n . I *

( i i )  S r *  i s  t he  d i rec t ,  sum o f  t he  i dea l  m . I *  w i th  the  vec to r  space

( g r ,  .  . . 2 g n r  j  ( e ) ) .  ;

Proof

is that the a.bosre sum

This fol lows.' f ; . : lom the' 
"; i' ,.).

A-reqular sequence in a. l



-  1 ni . .
- v

the aLm of .rthls section ls t.o prove the following. ?-

p r o p o s i t i o n  3  . 4 .

The Conjecture is t rue for 0-djrnensional  ISCI '

I t
s  : 1 s  $  . '

I  Proof .
' :  

.  As in the proof of, the gheor€irrf ,one can assume that :
s

I  
'  s r * = s { * r  .  L e t  g 1 r , , . r g t l  r ( r b s p ' , g i r , . " t g ; . )  b e  a * s y s t e m  o f  g e n e r a t c n s

for rx (resp.r*r  )  .  r ' ' :  '  
: ;

It follows thaL
rt

.  g l= )n . i t gk * i l i .  j  ( g ) ,  where  . i rSA ,  . l  j - €  C  fo r  i r k= l  121 . . .1 r r .  Us inq

t;"Ar-; , ,*orno.tons of t le=l equations one can take l*=0 f .or- t i

1 = l r o t o r f t - l

i  *  o  
,  In  the vecfor-  space SI* /m. . .L*=Sf*r ; /m. Iyr  the c las,ses of r  t .  +

"  ments gi  spau an n-d. l rnenslorral  subspace bv (3.3).

IL fol lows that

r.ank " " 0

0

a n t  ( o ) ;  " a r r r r ( 9 )  1 . ,

w h e r e  B = ( a r  i  ( 0 )  )  1 = 1  2  " " i . : 1 n - l ;  j = 1 ,  . , . ; t l ,  T h e n  n e c e s s a r i l y  r k  B = n - ]  iJ - J

and there  ex is t  1 . ( j11 j2  . . . ( jn_ l (n  such tha t  t ,he  nr i 'nor ' -  in  B  cor res-

* i ' ;

B

.i

= f L

l - .  ,  ;  
'  

,  ; .  - I  . .  
'

p o n d i n g  t o  t , h e  c o l u m n s  j 1 r . . . ,  j n - l  i s  n o n  z e r o .

This  q ives Us the equal i ty  o f  ideaLs ih i :

i
] 4

! n 2  ^  - 6 0  \ - / ^  
t  

-  ' {  1t y l t  c . .  t Y n _ J  / :  ( g i -  -  -  -  -  _ 9 i  i t l  .
L  J I r . . . r _ J n _ l

1.

This ideal defines a germ of ar*aoaalytic space y and, ln

order to apply our Theorem. we have. to sho'i lr t,hat the generators g!
-  - J -
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can be takb,n such that Y ls an ISC',F,u '

N

Note that mf*,qnf,,r)m" for some
, l A

lmpl ies that  we can add to cur  senerators

nomia l s  p *  o f  deq ree  N  and  s f l I l  have- - L

posi t ive

q I a.ny
" L  F

: ' :

r  1 , .  j

' , . .  i . i

m 1 ^ . i  ^
I -  I I I  D

yY+..r

' ' :  ' l  1' I

integer N.

homogeneous

rx ,  =  (o i+pt ,

r*= (st+ut r .

.  .  r  9f,-r+Pn-1 r 9f,)

. r9 f , - r+Pn- l ,  g j )

wheru 
. j* j i  

for

ral  enough, i t

o f  a n .  f S C I .  
n

,

k= I r . , . p [ - I .  r f  t he  po l yno r4 i .a . l s  P i  a re  chosen  gene"

fo l l ows  tha t  g i *p t= . . .=g i - I+pn - l=0  a re  the  equ  a t i ons

' / l

that  the def in lnq maP

The.n SX

c

$ a.  Relat ions wi th the order of-  K- determinacy of  an

ISCI

.* ' { , 'Th€ succes of  the proof  o f  the Conjecture ln  the 0-d imen-

sionaL case wa's based on the tact thati ' . the i ' leaL SI-.r '  was not too-

b ig  compared  to . the  l deaL  fX .

rn th is  sect ion we present  t r ,vo new j -nstanees of  th is  phe-
r . .

nomenon .  The  f l r s t  one  i s  t he . fo l l ow ing .

Plogorsitict*-4 .L' 
'l

Le! X and Xt be tvro f SCI " Agsume

;,-gefm g: (d,0) --(CP.0) oeXis k -K- determined gnd that

k+]  k+ I
S I * c I * + m " '  

-  
r  S I * r  C  l y t  + m - - .  

-

-SXt  imp l ies  Xr . ,X t  .

Pfoof I

" . 'S ince SX-SX'  r there ex is ts  a -algebra isomorPfufi 'sm u: R*3

Let  r ( resp . r t )  bg : * tuhe max i *
*Rx,  r  where R*=a/sr*  and R*r=A/sr* r



m a l  i d e a l  i n  R x  { r e s p , R * r ) .  T h e n  u ( r ) = r r  a n d  a l s o  u ( r s ) = ( r t ) s  f g r . . r i

any s.  On the other  handr  one obvious ly  has

n*/rk+l A/srx+mk* o7t***k+1

and s imi lar ly f o r  x t .  H e n b e  o n e  q e t s

{A,/rx+rnk+! a/r*, ***T

Since g is  i - ]CAetermined: ,  th is  g ives ' " t ;x ' .  
i l

: . : ,r, .  To state the second resultr w€ need some mo.re notations.

* 
. Assume that the defj.ning map germ g ,of the ]SCT X j-s put

i-n norma'l fornr as in (1.,2) with P=r-dim 
'x= the mlnimal number o!

generators for  iX>.2.

.T l rus we'  get  the pai rs  (k l r . i t )  ,  .  ,  - , ,  (ku,  i=)  o f  pos i t ive ; i i

integers, de{endlng only,on X, " l le j"ntrod,uce the fol lowing tvto r l !1ft,-

bers

o ( ( x ) = i 1  ( k 1 - l ) + . . . + i s ( k s - I )  . t ;  " ' .  -  ^ ' 1

f t  ( i l  =((X) -k=+1 .
I

The  resu l t  we  a re  l ook ing ' f on " , . i s  Lhe  fo l l ow inq .

PToposi , t icn_4 . .2,

Using the above notat ions,  assume that

i .  ( k l r p ) # G , 2 ) .  , ! . i

rators

(ki ,  i i  )

Assume that ST*=ST*,  and take'gf  r

for  rX,  in normal form, Hence we.get

,  . . . ,  ( k i ,  i i )  ,  U s i n q  1 .  w e .  g e t  e a s i l l i

. . ,  r 9 f ,  a  sys tem o f

some pai rs

(k ir , .p) t ' {z,z) .  Ler

gene-

. : i 1 ,  .

M  d e -

i i .  The order of  ]Ca.terminacy of  g\<o((x)+p(x) -2.  Then

S X - S X '  l m p l i e s  X - X ' r  f o r  a n y  T S C I  X t .
I

P r o o f :



not,e the

- 1 3

-1 
"\tr;;i

. .

i = l  r . . . r p ;  i = l  , . . " 1 t I

Note  tna t  k " (d (x )  \<  m in .o rd ,  (pxp ) -m ino rs  i n  M  and  s im i -

for  Xt  .  Us ing th is  and compu. t ing the pai rs  (k ,  i )  eorrespondinq

ldeal SI"=Sf*r and to a number of qernerators equa*: '*with

r m a

( t
ratr

?s i
t \

ix

)
/

I
l

lar ly

to the

n.{;}.

i?xp m'atr ix over A and the components a,

vector a belonq to the ideal qenerated

'  
A s lmple invest iqat ion based

g '  shows  tha t  N (0 )  i s  a  ma t r i x  ove r  C

one obtalns that s=t and kr=ki I

Moreover we have an eg',:ality

- f  - . i ?  €  a e  - - I l . . . p S e. r - - r  r - v !

g'=N.g+a ,  where I r I  j -s  a

(  i= I  r  .  ,  ,  ; .p)  o f  the. .  co lumn . -  J

by ttre. pxp. minors of M . ln Aa,.

on the normal form of g and

of  the fo l lowing tYPe

Ni ,t

II2

N"

N ,  i s  n o n d e q e n e r a t e  f o r  r = I r . . . 1 s .  f n  p a r t i -

ihver t ib le  and hence g ' -  6  r  where $=gr 'E

where "the ir* i ,  matrix

cu lar ,  the matr j -x  N is

w i t h  d = N - I . a .

To f in ish the proof 'we have to  show that  d-9 '

F'or this note that

' t  ' io( -14=-io(-lg 
, where o( =o((X)4 .  J  Y - J

t\
z;  e€ n l ' .J  (g)cTK. ,  , .  where p =ptx l  .

. : i ' . -
' .We  de r i ve  f rom these  as  i n  i r i ,  Lemma ( I , 3 ) )  t ha t  j ( *13 -2d ' ^ , ,

^ /  j * *P - ' o ,  wh ich  i s  p rec i se l y  wha t  we  need  b l z  j - i . 0

We end th,bs section with t,wo examples which throw some l ight on

the quest fon of  how of  ten is  the ,condl t ion j -  j - .  fu l f  i l led.

, i ;We shal l  consider  f i rs t  the case of  l -d imensional  ISCI



1.  e ,  P=t ! - I  .

Let Hd (nrn-I)  be the kernel  or  the natural  project lon

J l . r

J*(r ,  n- l  )  - t  Jo-r  (n,  n- I  ) . "

-  . , 'd.  -  1 ' t -  
' !

f$ r ' '* s "o,r" i i* i" to'prove ';he folltwinq.

r Jenma 4 ,3 r .  r  i$ r

i - . - T , +
|  - :

, : , , , .  .For (nud) *Grz) ' there is a zar lskj-  open and <tense subset ,x,
1'' t ,

UcHd(nrn-I)  such that joggU lmpl les; the map germ I  saf isf ies the :"
. ;

c o n d i t i o n  4 . 2  1 1 '  +

PxoOf r

f t l
Take U to be the set of oL-jets jdge Ho(nrn-I) such.. thatsl j  j :

*s-d+l" (g ) + (".*- d. 
TqfrrN+l r g tg ): ioil, I (q )

l - r  l - . . r  T  - l n  
n  

r  f r a a  a - m a r l r r ' ll r he regN$n(c r - r t - . r ,  r . , = (91  , . . . r gn_ l )  and  U(q )  i s  t he  f ree  A -modu le
J

. n - ] ' Y
t  A t t  

* .  i

f t  is  c lear  that  th is  subset  U is  open dnd rs- i4ce

' r . t - l

(* i .** . . . , "*r+xf f terr

i t ,  fol lows that U is nonempty..amciu henc.e dense. 
'

F ' r
I {e  g .e ' t  by  (12 | , ,  corb l la ry  (1 .4 ) )  tha t  a  map germ I' (  

J
I r' f r

leith jogeu is (r.r-f l iK-a*t*tmined ,

On the  o the r  hand ,  1n  the  base  IX= . (g t  t . .  " rgn_ l )  f t

fo l lows. (  (x ) )  (n -1 . ) . , (d -1) ,  P .qy$ ' ) (n -2)  (d -1)  and hence the  cond i t ion
- i

4 . 2 ,  1 1 ,  i s  f u l f i l l e d .  n
t l
L'



: .
, ; ,  

l

:  ,  .  C o r o l l a r y  4 . 4 ' .

The Conjecture ls tbue fdb l -d lmenslonal  ISCT
rrgener ic  in i t ia l  par ts ' r ,

More precisely" for each n23 and. d,>.2 there is
I

open and dense subset u"Ho1n,n-1) such that jdg€i- l  for  a
- l

map qerm g for x and sX-sxr glve X^X, for  any rscr Xr.

proof:
", 

..'.::.'.:--

I^rhen (a"d )  *  (3 ,2J rhe prqo f  f o l l ows  f rom (4 .2 ) a n d  ( 4 . 3 ) ,

,  . t i t  ' , , . - ,

' rn the case (nrd)=("3ezJ I  i t  ls  knoirn that  a generrc penci t - rcf  -eog!c!
-]l->

ls esuivalent, to ul-x1,"?--"3; and ir is 2{Gaeterrnined.fl 
' 

!!
LI

"  Th"  fo l lowing exampld prevents us of  beeominq too 'opt i -

mist , ic  .

. .  i r .

I '

'  E x a m p l e  4 . 5 ,  F  :
%

*+; ggrleous polynomlals of degree 3 cannot,:satis.fy the condlt, lon 4... ,&;! '. . ; - ,

{  {  c ^ -  - \ 1
. .  + + ,  f o r  n ) 3 .

, . .', 
..

P roo f :

- *  t h i s  cased=4 ,  (3  =2  ana  hence  i f  g  sa t i s f i es  the  cond i -t  J . a a

Eion 4 ,2  i i . r , .  one  hrouLd o : lc ta in  TKgzms.Ots l )  w l re re  0  fg l=A2.  r ,e t  us

denote by (Txgl* the homoqeieous part of deqree 5 in TKg and b*, p,r"  J  
-  - - - : r  

G

fhe vector:  space of  honeg,eneous:"polvnomi-als bf  deqree d in Xrr . . f  xn.

It ls obvious that,

p - + 4  d i m  p ;
5 4

'|;

dim (TKgr)  
5 . (n.d im

:

usins th i ry* .and the equal i ty  d im ou=(n+a-r )  one sers d im ( rxgyrq

(  Z 'd im  e .  f 9 r  n )3 r  a  con t rad i c t i on .  g1
f ,  : i  U

C

3 5,  Homogeneous ISCT

.fn th is sect i -on we prove the Conjecture for  ISef which
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a r e h o m o g e n e o u s i n t h e f o l l o w i n g ( u s u a l ) i s g n s e . a f ' l

or ig ln  in  Cn,  $/e
Using a f lxed coord lnate system at  the

r 1
i d e n t i f y t h e ( L - a l 9 e b r a A w i t h t h e C - a I q e b ' a C { * , , ' ' . , X ^ t o f c c n -

.* iergent  powel  ser ies,  AD ideal  TcA is  h ' - rmoqeneous i f  
l t  

ls  generaLed

i . i

by  homogeneous  po l ynomia i s  P r r  " , ' rPp  o f  deq ree

2(d1r(. .  .r(d'O '

]  ' . 1  t r  ' , t  4
a

" l

we assume moreove r  as  i n  (3 .2 )  t ha t  no*#  (P1 ,  '  .  .  ,  Pp )  f  o r  . : i .  -

r -1 .  The  mu l t :  l d . '  , . . . , d^ )  i s  ca l }ed  the  t ype  ' i ' : '- '  : " -1  o -1 .  The  mu l t i deq ree  d  ( I )  =  (d r  ,  .  .  .  rC r . , )  i s
t - r . r . . . r L  

- - - - r - - -  I '  P -

r ^ ^ 1  1 1 1 6  1 a { '  t Q  a e n o t e  t h e  
' : e d  

b y  a l l  t h e  p o } y -  
"

"o f  
t he  i dea l .  we  l e t  r9  denoLe  thg  i dea l  qenera t

* r ,

nomials  P€r  wi th  deg P.(9.

$  1  D e f i n i : t i o n * 5 . I o  *  n  ' : ; - ' ' '

.i

T.wo homo'< jeneous ideals  f  rJCA are equi -va lent  ( resp ' I inear ly  i * * i

equ i va ien i )  i f  t he re -ex i s t s . ^a r r  ana ly t i c  i somorph ism h€L  ( res1 : ' h  I i -

near  wi th  re=pec!  te  the f ixed coord inaLe svstem) Such that  ! : '  ' : ; '

* '
h - '  ( I  )  = J .  ,

t :

I t  i s  casy  to  es tab l i sh  the  fo l l ow ing  bas i c  resu l t .

Le i , l ina  5 .2 .

Two i romoqeneous ideals  I rJcA are eguiva lent  i f  anc only

'  l f  t {  a .nd  JQ a re  l i nea r l v  egu iva len t  f o r  any  q 'n
u

D_95ini_tien-5:3 -

An ISCI  X is  ca l led homoge-nggus. i f  i ts  ideal  IX is  homo-

geneous in  some qoord inaf€: l5ystem (which can and wi l l  be taken as

* - s

our f ixed coprdlnate systF[it) ,

I^Ie shal"l assume in the seguel nTrp)r2

The ni,b.Ln result of thfs s'ectiorl is the f ollowing.

p r o p o s i t i o n  5 . 4 .

l ,e t  X,  Xt  be two homoqeneous f  SCI .  Then SX-SX'  impl ies



-r:*.:l:. 
_: . .=:-..;__,- '. , ,, .,

?  -  1 7  -  " -

' "  ' I  i r : : )  r _

X-Xt .
I

The proof  wi l l  fo l low f rom a sequence of  Lemmas,  on ly

one  o f  t hem (5 .6 )  us inq  ou r  Theorem.  A  pa r t  f r om th i s r  t he  d i f f i cu l

s l tuat , lon ls  when X is  def ined by a penclL of  suadr ics and then a

carefu l  invest - i -gat ion is  needed,
t  

l ,

fn  one specla l  case (n-4) ' '  we descr ibe an expl ic i t  way of

get t inq the ISCI  X f rom the ar t in ian a lgebra 
\=A/Sf* ,

ternma 5. 5

The type of  the ideal  sr . .  detern ines the type of  the ideaj' x

rx '  ,

Proo f :

. r r o A s s u m e  d  ( r x ) : ( d I r  .  " , r d p ) ,  T h e n  d  ( s r x ) = ( d l , , . . r d n r q r  .  " , f ( )

i +he re  c (=  (d I -1  )  * ,  ,  , +  (dp - I ) ) rdn  and  equa l i t y  ho lds  i f , , ano  on l y  i f

( P r d t ) = ( 2 r 2 )  
"  , r n  t h i s  l a s t .  c a s e  d ( s r * )  J s  j u s t  ( 2 r d 2 r . , . . r d 2 ) .  

D

fn  pa r t i cu la r ,  us inq  (5 .2 )  \ ^ re  f i nd  o , t t  t ha t , , f *  and  f " , *

h a v e  f i r e  s a m e  b y p e  ( d ' r . . . . d n ) .

When o< ) dp we have IX: (Sf 
*)q 

-1 
and similarl lz for X. .

u s i n g  a q a i n  ( 5 . 2 )  t h i s  e n d s  t h e  p r o o f  o f  p r o p .  ( 5 . 4 ) = , i i r  . t h l s  c a s e .

L e m m a  5 " 6 "

SX-SX'  impl les X-X,  when p=dl=2(d2.

p roo f ,

Assume that srn.=Sr,u.r is a homogeneous ideal of type
/ l X -

' - . ' . . - - . . . * . r r  
( 2 , d , - -  . r 1  - 1  T h e  . r m J : ' l e  a.  2 r  r , . 2 Q 2 ) .  I ' n e r e  e x i s t  h o m o g e n e o u s  p o l y n o m i a l s  9 r  r g . r  a n d  Q l  ' i . , , . . :

- L ' , u  I  
* ' : ^

'  
o f  d e q r e e  r e s p e c t i v e l y  2 ,  d ?  a n d  d "  s u c h  t h a r  T  - ( n  n - , t  . r a iJ  .  Z  z  

- - -  - - - -  e  - . X - , Y L r y z t

T  - t ^  ^ r \* x r - r v 1 r Y 2 ,  "

The re  a re  then  two  poss ib i l i t i es  - - . : - ;

Case 1.  Tf  gr  ls  a  nondegenerate quadrat ic  form,  we can

^ , r , . ^ - /  / a / l )  t :



apply direct lY the Theorem,

92; If  91 is d'eqenerate, then' iorank 9l=I and we

can take g1=xf+, . , * *3- r .  There e* is ts  a  pos i t ive in teger  N such that

m.i r* :m*.  r * "  def ine two IScr  y  and Yt  b lz  the ideals

' Iy= 
icr+*f;, 9 2) , ry, = tor+x|, 'V i)

,Ttren by,Nakaf i ima's Lemma we ger:  SIr=Sf* and SIyr.=SIyr .  Uslng qur

Theorem we obta in  Y" 'Yr ,  But^s1nce any  Isc I  1s ' f inL te ly  J { -ae termined '  ' i

l t  foLlows that for  L l  b19 enough one has x^,Y and x?-Yt.  
0

tgmma 5:l "

SX-SX' lmplles Xr.,Xt when P=dr =AE+Z.
I Z ,

e-gi'i
' n i ,e 'ce in , . r take ' the  de f ln ing  map germs o f  X  and x f  in  the  fo l -

r ' t

Iowinq normar ferm f [ :1 ,  chapxrr r ) :

) ? n 2 ^ ?g=  (x i+ - .  "+X i ,  i t x i+ .  . .+ / r r , x i )
) ) ) )g r '= (x i+,  .  "+Xfrr f I * i+. ,  .  +pr . .Xi )

:

wlth l r , l reC and l t f  i :  , f  t t l t i  ror i  f  j ' '

There  a re  seve ra l  cases  to 'd i scuss .

'  C a s e  1 .  n = 2 r 3

these  va lues .o f "n  the re  i s  a  s ing le  c lass  o f  nonde-For  :o t  n  Enere  L !

generate penci l "s l  o f  quadrat ics and hence'  there is  noth ing to  prove.

C a s e  ' 2 . '  n = 4

The a lqebra 'R*=A/sr*  has a natura l  qrading



-  1 9  -

Ro=G, Rl=C(xr, ..  .  rxn) r nr=C(x!)tcnyg.nr>. rn the equatlon "QS,;s2 we

can take l1=0 ,  7 Z=I,  .1r=-1 , .  74= I  ,  Conslder an element,  a€R, such

tha t  a2=0.

f f  a=af f * . . . *dnxn,  then th is  ccnd i t ion  j -s  equ iva len t ,  to

{*r="i 
(1-}) +1ul-uf;=o

I nr=-ui 1 t*,L) *,1. j*uf:o

.Hence the set  o f  e lements a as above 1s a compl .ete in tersect j -on
t

(L"=RI  determlned by the penc ' i l  ( { l rg2) ,  We show that ' the penci l

( g I .gZ )  t hus  ob ta lned  i s  eou iva leh t  t o  t he  penc i l  ( g l r92 ) .

For  th is ,  note the fo l lowinq obvlous facts :

o{91+pg'  is  desenerate(- ;  (d:  p)  e t r  o:1)  ,  (1 :1)  ,  ( -1 ;1)  .  ( r2; , I  ) }g# .

f ,U1+6q-," is
' * d e s e n e r a r e ( : ;  ( U ' ; d l e  

{ C O , t )  ,  ( r : 0 ) ,  ( 1 : 1 ) ,  ( t + i . : f  - f f  c p l .  ,

The project i 'ze transformatlon o(=-f,+6, F= f,  * 6 sends one

of  4  po in ts  1 r ,  p l 'on to  the  o ther  and hence the  pen<; i l s  (g1rg ,2)

( 9 1 , 8 2 )  a r e  e g u i v a l e n t  f [ a ] l  ,

C"""  l .  lnb5

gake  any  h€C l (n )  such  tha t  h * (S f " r )=ST*  and  assume tha t

h  i s  g l ven  by  a  ma t r i x  (a . '  
i )=M.  Then  we  have

- r .  \ 7  )  .  . '
h  (x ix . i )=  Lu ik* ,k ,x f  +someth ing

r (  
J . +  , l .

Uy 9 i j  the in i t ia l  sum above and

sFace spanned by g l  tgZ,

.  T f  each ,co lumn in  M has  p rec l se l y  one  nonze ro  eLemen t ,

- *  , { ^J fthen h Xi=?,1 Xs( i r '  for  some . i€  0,  and some permutat , ion s€Srr .  In

th i s  case . , l t  1s  obv j -ous  tha t  h * { t * ,  )= rx

' , . , .  l ' iasssJJ ls  now there is  a"co lumn (say the k- th  one)  hav ing

a t  l eas€  2  nonze ro  e lemen ts  ( say  a r *  and  u j t ) .  Then  g i i *O  and  s ince

S1 i€ (S1 '6 i )  one  has  r kg l i ) rn - l .  Hence  on  the  row  I  t he re  a re  a t

_ L  t r .  i . .  -

s e t

and

ln  (x " ,X t ,  
" * t )  

,  Le t  us  denote

note  tha t  g i j€ (g f ,gZ) ,  the  vec tor



a v -. i i

least, (n-1) nonzero elements. Consider tf ,eelo:r l lnear map *:: iA

t : Gn"-+ d, r, (u) = (ulail r , , r r. lJrr&in) '

-  r r  .  r  d .Now rk ly ,n- l  and hence d lm L(V)>n-2>/3t i , '  where J  i " . the : r  ,  . ' .
* , '

veqtor  subspace in  Gn spannecl  by the rows of  M d i f ferent  f ro :u. the

, /  ^  .  - \
l - t h  e n e .  , s l n c e  r ( v ) c ( 1 r . , , r I ) ,  ( i l  r . , . 1 U )  b v  o u r -  h y p o t h e ' b i s ,

: i i t

, t h i s i s a c o n l r a d i c t i o n . 5 1  '  "  i  +  ' {
" u

I

, $ N *

I  n .

' i t . l i

i
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