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1. INTRODUCTION

tUnderstanding the structure and size of spaces

of functions of n variables which are superpositions
“of various kinds of functions of less than n varia-
bles is @ rich subject [4]. Here we are dealing with
algebraic superpositions of meromorphic functions (see
§ 2 for the precise definition). As a typical example
of such superbositions one may think for instance of
functions + inv 3 wvariables which may be~repr¢sented

in the form
P (21,22973)=F (9 (2157) 7 (23)

where QW:,fQ, are arbitrary meromorphic functions and f
is an arbitrary holomorphic algebraic function (of course
oY amm should be defined on suitable domains such that

their composition makes sense), It will turn out that
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things areueaaier in the meromorphic case than in the
case of r times continously differentiahble functions [Z]
and final results on the space of superpositions are
more precise, This is due to the fact that in the mero-
morphic case we dispose éf a powerful tool which is dif-
ferential algsbra 1h the sense of Ritt aﬁd Kolchin, We
Fope this short note illustrates 6nce more. the fact that
simple geometric ideas from differenfial algebra can‘be
used to answer nontrivial questions inlanalysis.

We are indebted to A.G.Hovanski for introducing us to

this subject,

2. STATEMENTS
Let '21‘22""9Zn be coordinates on C". For any do-

main Ac C" define:

M(A)=field of meromorphic functions on A
M, (A)=subfield of TM(A) < of functions which do not

depend on z, -

! i \ : ‘ .
P(A)=subfield of M(A) - generated by 7ﬂ1(A),...,7ﬂn(A).
Y'(A)=algebraic closure of ‘?”(A) in M (A).

i ” running_through b,
F{A)= N/ (M(A) ~ £"(B)), B subdomains of A,
SBei ‘ : : it
It is reasonable to say that ¢G’NZ(A)‘ is an algebraic
superposition if and only if ¢e¥(A).

We may of course give the same definitions in the abstract
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setting, replacing M(A) by a universal field [3]

. . ]
of characteristic zero and putting Jf =Y < In fact
all arguments we are going to use work in the abstract
case too; we restricted to the analytic case only be-
cause of the function-theoretic interest of the problem.

The aim of this note is to prove the following:

THEOREM,- For any n there exist ;ountably many non-
‘zero differential ideals <%k’ &}k- (ke N )-in the ring
of differential polynomials G}{y} such that for any
domain' A c:ldf’w and any 4/6‘Tn(A) the folléwing are
equiyalent: R :

1 deP(n).

2) Thére exists an index k- such that

A (fr=0 and B () #0

CORGLLARY - Differentially transcendental meromorphic«,

functlons are not algebraic~ superp051tlons

Recall that a function is called differentially trans-

cendental if it does not satisfy any nonzero algebralc dif»
‘ Wwith rational coefficients,
ferentlal equation%, The existence of such meromorphlc func-

tions follows for:  instance from [7].

REMARK,- By the basis theorem [3,p.126]-the ideals <Xk
~énd~A b>k in our theorem may be supposed finitely gene-
rated in the differential sense, It would be interesting

to determine explicitely for any n a sequence of finit®ie.
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sets of generators for these ideals.

vse
In what follows we prove the Theorem, We will the stan-

dard notations from [3] and [i],[é].

3. COUNTABLY MANY CORRESPONDENCES

For any integer m > 1 ‘weswill construct a certain

correspondence as follows, Let y},yijk, w be diffe-

ijk
'rénfial indeterminates with respect to derivations
é},...,cfn where: i '€ I=%1,..,n§ y jéfﬁe{o,..,m}' and

ke K:{lq..5mf. Put

i : ?
Y:SpecDQ{y}

z=spec, Q{y, Vi dlr Magus A €1, 1€T, ke K o

Consider the following differential polynomials:

N—.——' :
i < Y15kY25k Yk 5 ©3° Z:k 136" 250 Ynik

Sm -1 ' »
F = Mey +M1ym +"‘+Mm and S = QoF/2y .

,Let "Cc X be the closed subset given by the idealr
C ‘; ch'iyijk‘, ;iw_ijk:' L€ 1, j€ I, ke K]

and“k(sV}: Z be the closed subsets given by [?} and [SJ

«,
ina

ey
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respactively. The set pY(pX’l(C)/\(T\\V)) (where

> X cand oz

Py ? Y are the natural projec-

tions) clearly depends on m and will be denoted by Yr'

pX:Z

From § 4 it will follow that Ym are constructible
sets in the differential Zariski topolegy of Y and
from §‘5 we will get that no Y_  is dense dim U Y. S0,
modulo these two facts our Theorem will be proved if we

prove’the following:

CLAIM.- For any domain A & d:n we have
F(Ay= '\Tn“’{“(y“ u: @y} — M(A), kerfu)eY, §
To ptove the claim consider first a differential spe-

ciamlization u as in the right member of the abgve equa-

lity. By construction of Ym there exists Poe ¢

B ‘such that R @{Y%”ker(u),lpm[c 5 F] v B éé . éy

Seidenberg's embedding theorem [7] there exists a subdo-
main BC A and an embedding v such that the folidowing

diagram commutes:

af(@y}/ker(u)) —> af (R/P)

oy > M(8)

where R= @{y, Y1k Wijk; el jed, ke K} . This shows



that viy)= %; satisfies a non-trivial algebraic e- .
B .

quation with coefficients in }”QB) hence %’& Pia).
Conversely, if <¢é M(AY N 3¢%B) for some B then -
there exists by separability @ pclynomial g € .Vﬂ(B)gy]
such that g(%)mo and (dg/dy)(+) # 0. Writing coef-
ficients of g as quotients of sums of products’ of ele-
ments in M, (B),..., M (B) we see'that'a.specialization
V:R=—->7n(a) is induced for some m , extending the spe-
cialization y |—> ¢ . Clearly ker(v) &€ pg'l(C)/\(T*\V)

8¢ yj_qﬂk gives a M (A)=-point of Ym and we ‘are done,

4, CONSTRUCTIBILITY
In this § we prove the following: -

PROPOSIFION.~ Let f:U

> W be a morphism of affine
Ritt schemes wnich is differentially of finite type and
suppose W has a Noetherian underlying topological space,

Then f 1is constructible.

Terminclogy is from [1]. The case of a single deriva-

tion was proved in [IJ.

Proof. We may write f:SpaeDu where u:A —> B:Agbl,.;,bk}'

is a morphism of differential algebras. By the basis theo-

rem SpecDB is also Noetherian so by a standard trick it
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is sufficient to prove that f(U) dis constructible in

W. By induction on k we may assume 'k=i. Now exactly

as in [11 we may reduce ourselves to proving that under

the hypothesis that A C BmA%b} are domains, f(SpecDB)
contains~a non-empty open subset of SpecDA. This is pre;
cisely the theorem on extending specializations [z,p.lAO].
Ne won't apply however this theorem and give instead a

more direct argument (as we did:in [lj). On the other

hand note that the theorem on extending'specializations
clearly is a consequence of ocur propositibn,so'we wiil ob-
tain in fact an alternative (and we think easier) procf of
this theorem (at least in characteristic zere). There is

an additienal reason for giving here this altenpative proof:
our afgument may also begapplied-to get informationé on the
differential dimension polynomialsof the components of fibres
of morphisms between Ritt manifolds. But-to explain this ap-
plicétion is beyond the scope of this note.

Coming back to the proof of the proposition we see that
by*the zero characteristic assumption we have f(SpecD8)=
=f(Spec B)Y " SpeéDA énd since SpecpA is dense. in Spec A
it is sufficient to prove that f(Spec B) contains a non-
empty Zariski opeﬁ subset of Spec A. But to have this it is

sufficient [5, proof of 6.E] to prove the following:

LEMMA ,~ Suppose AC B:A%b% are Ritt domains. Then there
exists a subring C of B (which may not be a differential
subring) containing A and there gkists~an element s €& B

s # 0 such that: ‘ ok



1) C is isomorphic to a ring of polynomials over A
in possibly infinitely many variables and
2) B[l/s] is finitely generated over C as a non-

differential algebra,

Proof. Some notations first, Let (® be the set of ope-

rators of the form &= "S' °1 (5 'an If = J bl" S bn.
‘ o} o] orm = SO ’)Z— 1ROy

1 o < i - ot ' t

we writs 68 7. 4f either 6] S8yt . st <- I’Yi blf...ﬂ)n

or there exists t & %1,;f.,n} such that. for - 1<t

i“bi_
En0 eqe by WewWnise < (0 kg if edther: @<l or's @am

- We write 6’6.;’*1 if a, = bi for all 4.

For any fe ® put

Be =A[42b; m < 9_]

« and construct inductively (with respect to < ) subseis Z

of & in the following way: Zoz ;25 and if M is the

.succesor of 6,
b . e
2 yif mb is algebraic over B

ot

g : :
Z-‘*u{"ﬁ)if /)Lb is trans.cendent over 8?;'

v min
set of minimal elements of /\ with respect to the order

Pt = \6_/2_- : N=O~7 and let A be the

@hiClearly A

¥ i is a finite.Aset {31,..., GM}' Define

C=A[9b; Bé Z,]

o

Fiognog onw e

.
B
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By construction C is a polynomial algebra over A, Now

for any 4 € 31,9,.,M} let Fi be a polynomial of mi-

e, ‘
nimum degree in B 1£T] \20} such that Fi(Gib)zo. By
the characteristic assumption dFi/dT.% O and so s,=
e Bsiol.

: g. .
=(dF,/dT)(8.b) € B *[8,b] N jok nence  s=s;s,...5,

Now it is easy to checkthat
duc s 8w 1/s i ferd e = Lt e s
ey ey S =
This then easily implies that
Sell/e] - afdh. ... 8 b A, L, 1/

and we are done.

5., COUNTING CONSTANTS

We will show that (in ncotations ofu» 525 ) no Ym ie
dense in Y; éuppose on the contrary that there is a com-
ponent of pxnl(C)/\(T‘\V) which dominates Yjuket P be
its generic point. Then . P> l’:{) p F], P $ S and e

have an extension
F=Q<y> — af(R/P)= @y Vyp Wigch(T€T, €3, ke K>==45,

where X denotes the class of x&R modulo P, We will

get a contradiction if we prove that :
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(diff. type of F over Q) > (diff. type of ﬁ over CQ)

' (see [3’p.118]). Now it is well known [3] that (Q(_y)

has differential type n o\)ex' & . Since F & P and

84’_ P it follows easily by inducfion that for any Re®(s)
il el 96@, 6! 5 s ) we have :

0y e .Q ., qzvijk7,\2@ijk3 Aze@(s.), ié,l-, jiea, ke K)
hence

tr.d-égQ @4(6’?,99”“9%”“ ee@(s),ie I,:‘jwyél].,ke K)iie,
< [1::13 tr-deg@@( O Vi 9?.@(8_))&

: ;;;tr;deg@@( O, 15 BEe@s)) +

+ tr.deg@@(?) = {2nm(m+1)/(n-l)!)sn'l+lower terms ‘.

S0 5 ‘has differential type at most n-1 over & and we

are done,
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