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Abstract -

o f  l i nea r
.  In  'ch is  paper  che problem of  scabi t ieat io l t

C 1 i f , f e r e n u i a l c O n c r o I s y s t e m s w i t h M a r k o v p e r c u r b a t i o n s a n d t h e
' " f . 1 : ' 11nsa r -qua . l rac i c  con t ro l  p rob l -em fo r  such  sys tems  a re  c l i scussed '

I .  N o t a t i o n s and.  PreI j :n inar ies

Rn j_s che real  1-d imensional  space.  I f  A is  a  mat- r i -Xt , ' r "

(o r  a  vec ro r )  Ax  mean i :  uhe  ' t r ' anspose .  H>  0  (H)1  0 ) .  means  thaL  H

is  pos i c i ve  l semi )  c ie f  j ' n i t e  ma t rJx

I  n ,  *  t ' i )  l  j -s  a  g iven probabi l i ty  f  ie lc l '  I f  x
l _ J q t u  i  r  J  .

random var iabre by Ex we denote the mea.r r  varue of  x ;  E[x

means mean vaiue of  x  con<l i t ional  on the event  w t t )  = i  '

'  
.  Throughwi- ' t t  ch is  'paper  w( ' t )  '  L) t  0- - is 'a  r ight  cor- rc inuous

:  ( -  7

f romogerreous""! 'Erkov chain wi th state space the set D= Lt '2"  "  's l

a r ic l  t rans tu ion  rna t r i x  P  ( t )= [p i j  ( t i l  =uQt '  Here  O= lq i j l  w i th

5

i s a
-1

l w  ( t )  = !

e i3 )  o ,  j l i  a t rd  
i l q i i =o '
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Consider t,he system

( 1  )

' n

wher€  f ,  x  a re  vec to rs  i n  R" .  t
a l

.  T h e . . s o l u E i o n  x ( . )  o f  ( I )  i s  d e f i ; r e . l  i n  a n  o b v i o u s  w a y '  $

, r ' a, , 1 ' \ J o l - n l r r , g  s o r u l t i o n  a r c s  o f  ( f  )  a u  j u m p  p o i n t s  o f  w ( t )  ( s e e  t t l  t .  i , ; i ' 1

tT .he  so lu t i on  x ( t )  i s  a  co t : t i nuous  p rocess  w i th  p r ,o -bab i l i t y  t .  ' i

F U r t h e S y $ t , e m ( r ) w e d ' e f i n e t h e o p e r a t o r U a s f o I I d w s

- \ - -  
r h  a l . '  S

( u v )  l E t x r i ) + + ( t , x , i ) + f * ( . , * , i ) { . f ,  ( t r , x , t ) * * ' v ( t , x , j ) Q i j ,  r  f , , , . ;

E)0 ,  x€Rn ,  i €D

I
whes.e '  .v  ( t r$ , . . ; *11 'at re rbar  funct ions of  c lass c  

'  
in  ( t rx)  for  each

'  i € D .

rt ' '  *s known tr] - fgl that a6. fr; l lowj-ng relation holcis;

i]

2 .  I n la in  resu l t s

d x l ! )  = 1  ( t , , x  ( t )  , w ( t )  )

r\i s

:  ( 2 )  n f v  ( t , x  ( t ,  t  , x )  , w ( i )  )  l w  ( t o )  = i J  - v  ( L o r  x ,  i )  =

,  i€D,  x6RD 
" ;

obc

wi

' ' i - . q - I

=EL  J  t un l  ( u , x (u , t o rX . ) " rw tu l au , lw ( t o )= i J  ,  ED t
o

where  x  ( t r t o rx )  ,  c l t o7  0 ,  xeRn  i s  t he  so lu t i - on  o f  ( I )

1 1 .

+'1-r

L€t iis"oonsider the contro."I,. slzstem



( 3 ) " { . r  / +  \
l * J * '  = a  ( w  ( c )  ) x  ( t )  + B  ( w  ( t )  )  u  ( t )

where a ( j . )  are nx n matr ices,  B ( i )  a" re l lxm-matr ices '

u ( t )  i s  t h e  c o n t r o l  v e c t o r

r  ( i ) ,r , e c f  b e  t . h e  s p a c e  o f  a r i  L = ( L ( I i  n , ' ' , L ( s )  )  w h e r e

a re  mxn  ma t r i - ces .

r f  Letr  an. l  xe Rn by x l ( t rx)  we denote the soiucion 1! , : ' ,

of  the sys cem (3 )  corresponding to u ( t )  =1'  (w ( t )  )  x ( t )  at td '

x "  ( 0 r X )  = x  
r

F o r  L e f  ,  x e  R D ,  i 4  n  a n c l  O ( T ( e -  w e  c l e f  i n e

i €  D  a t t d

g.t-

(4)  Vr(x,r , , i )=nI  f r .1, . , * ,  (M(w(t)  )+r ,x(w(t) )N(w(t) )L(w(t)  )  )x"( t ,x){ tJry(0)=r]

w h e r e  M ( i ) >  0  a n d  N ( i ) )  0 ,  i €  o  a r e  g j - v e r t  m a t r j - c e s .

t e f i n i c i o n  1 .  L € J i s  admiss ib le (wi th  resPect  to  the con-

n

f a r  a l l  x e  R "  a n d  i e  D -t r o r  p l o i , i e m  ( 3 ) - ( 4 ) )  i f .  V *  ( x , L , i ) 4 e

Def  in ic i -o ,n 2.  q

ex is ts  L€t r  such t .hat  the t r iv ia l  so lut j -on o- !  (3)  fo f  u  ( t )=

=L (w (c) ) x (c) is-.-elponen-!i-qrrlr .stjt l*1- l: . $e3n- square' :;:

L  s t a b r l . a z e s

lE-JY:re$ (3 ) '
:i: i

v 8 . -  - / r : / r \  - - l + / s
l { owr .  re t#  be  tne  space  o f  a i t  H=  (H  (1 . )  ,  "  "H  

( s ) )  where

H( f  )  r .  i €  D  a re  symmecr i c  nxn  ma t r i ces

, \dt

I f r .He& we say t .nat  H is  'pos i t ' ive def  in i te  (H )  0)  i f

H ( i - )>  O t t f ' 8 r  a r r  i e  D ;  H ) r  O" i ' f  'H " ( i ) ) z  0  fo r  a r r  i €  D '  we  sha r r

sav  cha t ' ' uhe  pa i r  (A ,H)  i s  con t ro l l ab le  i f  f o r  eve ry  i €  D t  ' - * - - - -_ . - *

(A  ( i )  ,H  ( i )  )  j - s  con t ro i l ab le  ,  I  ' ,  '

I f  the alcove Proper
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we ttef ine the operators t  ,7 x7t+7{ ,  c :  / I+t '  as

f o l . l ows :

F  ( L , H )  ( i ) =  ( A ( i i  + s  r i l l  t i )  ) x u  ( i ) + H  ( i )  ( A ( i ) + B  ( i ) 1 , ( i )  ) +

S

+  I  H ( j ) q i j * M 1 i ; ' t i * ( r ) n ( i ) L ( i ) ,  i Q '  D r
j = r

c  ( H )  ( i )  = - N - 1  1 i ;  r *  ( i )  H  ( i )  '  & , €  D

Theorem t

( i )  I r ' L e Y  i :  a d m i s s i b l e _ ! 4 g q  F ( L , H ) = 0  w h e r - e  H  i s - { e t i l t s g

b y  x x t t ( i - ) x = V o *  ( x r L r i ) ,  x e  R o ,  i e  D .

" ( i i )  r f  L  i s  a t lm iss ibLe  a t :d  i f  vo .  ( * r l , i )  )  0  f o r  a - t r J -  x l } ,  '

i  €  D then L, ,  s t . rb i l izes the system (3 )  and t l re  eqql t lo_n F (L,  K)  = 'O" - '

t i :  has  a  un j -que. - .so lUr , l -on ;  in  chg_c lass  o f  pos i t i ve  semidef  in i te - .e le -  : : l

ments  o t f€  .

v
L q , {  h a s ' t h e  p r o p e r t y  V * -  ( x , L , i ) )  0  f o r  a l l  x l o ,  i €  D .

( i v )  I f  L  a n d  K ) : 0  v e r i f y  F ( L , K ) ' = O  t h e n  L  i s  a d r n j s s i b l e .
. :

T i reorem I  i ls  provecl  in  f4 ]  (see Lemmas 5 and 3) ' .

F r<>m ( i i )  an* ,  ( i i i )  o f  Theorem I  i t  f o l l ows

1 F  
l l ; r ] - r ' l  a  i h o n  a \ 7 a r \ z  a r l m i q -c95"]j35-v=J. I.f (A",M) 1.=".S-?i*T9'jl3b19 3IS" 9) :-,.. ::.'.*:

v
s.i.bJe_.systeI r,eJ s.tabj l izes the ,.s.y::.ent (3 ) .

Le t  us  cons lde r  t he  fo l l ow ing  R . i cca t i  sys tem

. . i r z  / i - l  Ss A ;  \  L , l  u

( s )  - + ; - : a N  ( i ) K i  ( i i ) + K i  ( c ) A  ( i )  + . t  K _ i  ( r )  e i - i -
j = l  r  ' r

- K i  ( r ) B  ( i ) l l - 1  ( i ) s x ( i ) K i ( t ) + 1 4 ( i ) ,  K i ( 0 ) = 0 ,  i e  o



' ' 5 t . . i

From the . rynamic progranming approach (see [ f  p . f  gZ]  )  i t  fo l lows

that.

( 6 )  O " 6 K i ( r r ) (  K i ( t 2 )  ,  V r ( x , L , 1 ) 2  x x x r ( r ) x  f o r  a r l  f - z > t { ) 0

€ n
a n d  a I I  L 3 4  r  x € R - -  ,  j - d . D ,

o b v i o u s l y ,  i f  K ( t ) =  ( K t  ( t )  )  " . , ,  K s  ( t )  )  d e f  i n e c l  b y  ( 5 )  j - s

boundet l  then ic .  is  convergent  (as t *4.  ;  and i ts  l imi t

K = ( K ( l )  r . . . , f  ( s )  )  v e r i f i e s  t h e  R i c c a t j -  s y s t € m  '

( 7 )  e x ( i ) K ( i ) + K i r ) A ( i ) + {  x ( j ) c i i + M ( i ) -
l

- ' l  ' i

- {  ( i )  B  ( i )  U  
'  ( i )  8 "  ( i )  K  ( i )  = 0 .  ,  i €  D

The system (7 )  can be wr i t ten in  i :he form

( 8 )  F ( G ( K )  , I i ) = O

"From Theorem I  (Asse r t i on  ( i v )  )  i t '  f o l l ows  d i reC t l y  t ha t

t l ie  fo l lowir rg Coro l lary  holc ls

cgrorjSly 2. rf K) 0 *:**_9glg!ie,!--95 {a) lh-9l G(K) is

a c l m i s s i b l e .

The next Proposi- t , ion fo l lows cl i rect ly f rom the inequal i -

t l e s  ( 6 ) .

Brop:sj,t i.o*_r. {f there exllf lq ai} a{missjible system'

L = ( L ( l ) r . . . r L ( s ) )  t h e n ,  ] , "



6 -

, * J  K ( r ) = ( K r  ( c )  t . . . ' K s ( t )  )  o e f i n e d  b y  ( 5 )  j - s  c o n v e r g e n t
\ r J

( a s  t + F  ) .

t {  {  )  The Ri-cgaci . . :qut l j 'on ( ts )I I I

; {
soJ .uL i -on .

T h e o r e m  j i r  I f . x i ! ) = ( K r ( t ) , . . . , K s ( t ) )  d e f i n e d  b y  ( t l  : :  '

convergent (as t$8 )  tLen G(f i )  is  : i< lmissi l }e * ls

'  ' L  ' - '  
, L ) = x x f r ( i - ) x  f o r  a r r  x e R r t ,  i ( s

m i n  V o .  ( x r L r i ) = V . -  ( i r G ( K ) ,
t - ?
JJqtL

wirere K ( i )  =1 im K. t  ( t )  .
t+@

Proof

.  F rom Coro l l a r l r ' !  i t  f oL lows  thB t  G( f r ) * ' l s , . ad rp i ss ib le '  Le t

i=c ti) 
'i 

i: l

-  S i n c e  F , ( i r t ) = 0 ,  r i s i n g  t h e  r e r a t i o n  ( 2 )  f o r  t h e  s y s t e m  ( 3 )

t & d

with u ( t ' )  J ix  ( t '1  and for  v  ( t l ,x ,  i . )=x*( , ( i )x  we get  r i r : '
:-

. : :  E C  * f ; ( T , x ) i t r t r l  ) > < , 1 ( t , x ) l  u  t O ) = {  - * * f t ( - i - ) x = - v r ( x , i , i ) ,  T ) 1 6 ,  x e R n ,  i 4 D  n

But  L iy  (  6  )  v ,  (x  , i ,  i )  ) ,  x lEKi  (T)  x  ,  o  .

Hence

rp  d  tF-

. $  -

ml r r r  c
I  t r $  s

* v"", (x ,T,, i 1 =x*ft 1i; x



Nowr re t ,  Let r  By (6)  we ccncrud,e that  v* ,  (x  ,L , i )  ) r  * * f r ( i )x .

Thus,  Theorem 2 is  proved

From Corol lary  2,  Theorem 2 and Theorem I  {Asser t ion ( j - i )  )

i t  fo l lows chal ;  the next  coro l lary  hold.s

g o r o - t , j g 5 " l : ,  3 .  I . f -  K ( i : ) =  ( K r  ( t ) , . . .  ' K s  ( t )
t<

conyqr.gerl& (as E+(p ) "$ 
ir .  rY:.  r+qi.q K i?-po.si t ive de{iT.*!e

d

t h e n  G ( K )  s t a b i l i z e s  t h e  s y s c e m  ( 3 )  .

Tire next -rei ir: I . t .  fol lows easily from Theorem 2 and Theorem

I  (Asse r t i ons  ( i i l )  a r td  (  j - i )  )  .  i

*

-  (K  r t ' l  -  -  )  -  . x -  ( t )  )  d .e f  i nec l  by  (5 )  i s  conv -e - rgen t  (as  X+@ )  . 9n93- t A l  \ e , t t . . . / r \ s \ - . f  , /  - - i * . . - - -  - ,  \ - ,  - _ ; ' _ _ - _ - _ _ +

* H

its.-r i,l:Y' 3 *: po.p:_t.r,:,n lej ilt!?*ald, c (K) s,!jl,gi* i ?e?-*tiq_-:y::-es

( 3 ) .

Theorem 3. The fotlowing two assertions-ge-Sgglv-?19lt;
"::=*r: -'--*_'

( i )  K ( c ) = ( K l  ( r ) , . . " , K s ( t ) )  t q r r i * " *  ! x  ( s )  i s  c o r t v s r s e n t

(as :+i ,  )  ancl  i ts_! lm1! x is posj i : ive dej in i ig.

)  de f :ne . l  by  (5 )  i s

.sir!t

! , r .  
.  : r . . ,  : . 'SuPPose that

Let,  Kt) , .  0;  K27 0 be

i ;  - r ,^ l ' - ^z '

i te  c lenote  L ,  =G (K,  )  ,  L r=G (K" )  .  By  Theorem- I  ' -  ' - - - L  '  z  4 '

Z * x f i ( i ) x  )  0 '  x * 0 ,  i 6  D .  H e n c e  f r o m  c o r o r l a r yI .. . ...., t.-

ZrVrn (x o[.i:rn;i) ]

2 and Theo'r,Q$[t, ]-irr,.;*

(ii) rlp egqa:ion (a ) lls *-f?,-?i:]y.e-,9.9Iul!9 :o*gt:gltrg

th is  so luc ion is  un igue in  t :he c lass o i  pos i l i r4e semidef i l i ,Fg

- * o
e lemencs  o f  { t

p roo f

( i )  h o l d s .  H e n c "  i >  0  i s  a  s o l u t i o n  o f  ( 8 )  .  ' t r i , i , i r

t 'wo so lut ions of  (B) .  We shal l  prove th*51F r r r l



I

(Asse ru j .on  ( i i ) )  i t  f o l i ows  tha t  L I  s tab i l i zes  the  sys - tem (3 ) .

S im i l a rLy ,  LZ  s tab i l i zes  the  sys te r i  ( 3 ) ' . .

n ;  ' 'As i r r  the proof  o f  Theorem 2 we can Prove that

' , , , U s l n g  t h e  a b o v e  e q u a i  ' t y l t h e  r e l a t i o n s  r  ( L f  r K 1 ) = 0 ,  F ( L 2 ' K 2 ) = 0 . ,

, , , ' anc t  [ : i : e  re la t i on  (2 )  f o r  t he  sys tem (3 , )  l r i t h  u ( t )=L ,  (w ( t )  ) x  ( t )

l t t d  
f o r  v  ( c rx ,  i )  =xxK2  ( i ) x ,  by  d i rec t  compu ta t i ons  we  ge t '

n [ " f  ( r , x ) K r  ( w ( r )  ) x i , _  ( ' t , x ) l w ( 0 ) = i ]  - * x x ,  ( i ) x -
,  - t r  t l

t. ,q

: \ .

'  (K ,  (w  ( ; )  )  -Ke  (w  (s )  j  )  . * r ,_  ( s , x )  c rs  f  w  (  0 )  = i J
" l

" '  ' 1  , ' . ,  -  tn [x f r  ( r ,x )  Kr  (w ( r )  )x " ,  ( t , x ) t  w  (0 )  = i ]  - *x r r  ( i )x )  =

.  Hence

r & - ! f 1 1.  x = ( K 2 ( i ) - K r ( i ) ) x 6 n [ " i r ( t , x )  ( K 2 ( w ( t ) ) - K r r w ' ( t ) , , x l r l . , " , l w ( 0 ) = l t , Q  0  ;

B u E  L I  s t a b i l j - z e s  t h e  s y s t e m  ( 3 )  .  H e n c e  
l t *  

u l x " .  ( T , x ) l  2 = 0 .  i

T+ "1
There fc re

Thus K2( .1K1 .  S i rn i lar ly '  we can prove that  Kf6 KZ.  Hence

( i )  = +  ( i i )  .



The  asse r t i on  ( i i )  =+  ( i )  f o l l ows  c l i r ec t l y  f rom Coro l l a ry

2,  and Pt :oposi t ion I  .  Thus Theorem 3 ls  proved

Theorem 4,  The system

the for iowing RJ-ccat i  sYs, tem

( e )
a:

n ' " / i \ o / j \  r a / i l l l i \ +
l {  ( r / D \ r / - r D  \ r , , n \ * , / '

h a s  a  s o j u t i o n  S  ( i ) ) '  0 ,  i €  D .

L e r  l . - =  ( L ^  ( I  )  ,
\ J V

t he  re la t i ons

( 3  )  i s  s t a b i l  i z a b l e  i f  a n d  o n I Y  i f

( r - -  i s  t he .  i den t i t y' - n matr ix  in  nn)

S
q.
I
i . - I

Proof

Ustr tg  Proposi t ior r  I  corresponCing to  the case M=fr ,  r '  N=I*

we can conclude tha 'E i f  the system (3)  is  s tab i l i .zabi 'e  f rhen the

s y s L e n ( 9 ) h a s a - p o s i t i v e s e m r c l e f i n i t e q o } u t . i - o i r

Apply ing Coro l lary  3 and goro l lary  I  in , . thg cas.e,M; l In ,  r  , , ' r

N=I*  we obta j -n  ea; iJ .y  that  i f  the syst .em (9)  has a so lut ' ion

s  ( i )  >  0 ,  i e  o  t h e n  t h e  s y s t e r n  ( 3  )  i s  s t a b i l i z a b l e .  . ,  '

Thecrem 5

p.g1r3g:g*:I3! K (t)  = (Kr (t) ,  .  .  . ,Ks {t ' )  )  def ins9 .bv (s) :9
r

. ' 'eelvgfggn! (as c*<' 'o )  and, i r : : l i$ i t  r  i :  ! -o.s i - t ive Slgf in i ts '

. . . ,l,o (s) ) rg-3n- q*dm+F:i-.Ple "svF!-em-'-T n9n

( r  0 )

de f ine

P (Lnr  Kn)  =0 ,  Lp+r=c  (Kp)  ,  9  7  o . ) rr:

uniquely  the sequenceq 1 ^  a n d  K ^ )  0 ,  P )  0 .
v

., I 
'-t+.,1'



1 0

L_ arrJ K* rJef ined by (10) have the fol lowing propert ies:-p - P -*.-:*

,  
( i )  

"p  
s tab i l i zes  the  sys tem (3 )  f o r  each  PZr  0

( i i )  K p ) ,  K p + r )  0 '  P )  0 .

( i j - i )  \ ' * ,  ( x . r L n r i ) = x * K p ( i ) x ,  p )  O .  x €  R D ,  i 6  D .

-  s  ( iv )  r  im K. . . ,  ( i l= f r  ( i )  .  ' *
P-)or 

!'

proof

1  ,  B y  ( 5 )  w e  h a v e  V . , - ,  ( x r l o r i ) )  f  ( , i ) >  0 ,  x t } ,  i 6  D .  H e n c e '

f rom rhe a-ser t ion ( i i )  o f  Theorern I  - i - t  fo l lows t ,hat  to  s ta lb i -

I i zes  the  syscem (3 )  and .  t he  re la t i on  p  (Lo ,Ko)=0  de f i neq  u :g ique ly

. the element no*Y with Ko) O.edJsing again Theorem I (Assereion,i i , ,(d{)r):

we.asoiae^LUde.. t l tbi. t  **"o ( i) x=V-.}a (x, Lo, j .) .  Hence Ko) 0. Consider now

L t=G(Ko)  -  We  sha l l  p rove  t l e ' a t  L f  s tab l i i zes  the  syS tem (3 )  .

I r ideed,  at  is  ,easy so Pro\ le

min {  x*n ( i )  x+u*n ( i )  u+zxxA* ( i )  Ko( i )x+2, ' ,*Bx ( i )  Ko ( i )  x}  =

) r  t n i  n= x - " F  ( L l , I f , )  ( i ) x - x ^ { r * o  ( J ) e t r x .  '  x € R " ,  i €  D .

l

1 ' "  F rop  the  above  egua l i t y ,  f o r  u=Lo  ( i ) x  we  ge t

S S

** 'F  { r ,o , 'Ko-)  l iyx-xx i r t  o  (J  )  t i ix }  ** r  (Lr ,K9)  ( i )x -xxf r*o (  j  )  v rSx

Hence , i l , : i ,- :  

'

r  (Lt, . .Ko) 6. o

Uslng ch is  inegr le i . I i ty  and the re la t ion (2)  for  the system (3 )

-*5w1ffitr"
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w i t h  u  ( c )  = L l  ( w  ( t )  )  x  ( t )  a n d  f o r  v  ( t , x ,  i )  = ; x 6 o  ( i )  x  w e  o b t a i n

( 1 r ) v r ( x r L l , i ) $  x x x o { i - ) x

Then  L l  i s  admrss ib le .  Us ing  the  same reason ing  as  i n  t he  c .ase

o f  Lo  we  obca in  tha t  L ,  s tab i l i zes  the  sy ' s tem (3 )  u  the  re l . r t i on

r (Lr , Kl_ ) =0 clef ines uniguelv Kr ) 0, ancl ***, ( i)  x=V*.- (x r I1", i)  ;

hence ,  by  ( f 1 )  K t ( ,Ko"  Repea t  t he  above  reason ing  to  conc lude

t h a c  ( j - )  -  ( i i i )  h o l d .  N o w ,  t e r  x = I i n  K ^ .  F r o m  ( r 0 )  w e  g e r  F  ( c ( f t )  , f t ) = i ,

By Theo'em 3t we get 3=;.  The 
"n5"t#*tr= 

provecl  .

The resul ts  in  th is  paper , j . ,extend The, : r :em 6.1 in  [ fJ  .
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