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On posi t ive Hankei  foms

by T. ConstantLnescu

Preliminaries

In a previous paper (L21) we were concerned. with th.e structure

of tbe positive Toepli.tz forms. Although this subject can ?fi,e,r,'viewed.

( via tne classical connection between Cu.rath6od.ory-3ej6r problern

and. trigonornetric ntotnent problern) as a restatelrent of the

coatract iy{,}  intertwj.ning di l-at ions theory t [ f l l ,  in t tZ]) we rr,  ,

approachdd it vla an elementary anC well-known result about the t')

Zx2 posit ive matr ices.,&iore precisely, i f  ArBrC are bound.ed operatort

on a Hil-bert 
"ptr" 

& and A is positj.ve and. lnvertible, {iren

I  t  B \
r =  I  l >  0

\ l *  c  J
if and only Lf c1sla-lg . .!

One continue as foi lowsl

consequent lyt

T=

Ls ob ta ined.

=Q. z*(:;.: ,?,,)(T :;:.{

c) r*l-Is =tg"a-*l ts*r-*f

there exists a

-t
!*

ZzRanC? -+

of a bound.ed. operator) r 'so that

g=g*7g* -

&loreo1.rerr the factorization

contract ion

RanAz (Ran d,enotes tne range

t

z)'
, ) =
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In this note we j.ntend. to use the same result for the positi 're

Hankel forns, Sut & short analysis of tbe il d.ependence 9n Feranetersrl

shows ihat we eannot pursue the saine li i ie as in the foeplitz case.

B.- Iiere, lnsteac1, the s,ituatj-on is more si.mpi.e: L.et us d"efine

-t"

,  O  \ /  A "  )
\  \ l

,  X ' / \ o  )

nt u\
t \

X)'  j

factorization 
I

/  A '
l = [  '

\  d A '

x=c - sfii-ll , x7, o

c=s,rli1B + x
fl

emd the

i-s obtaj.neo. ConsequentJy, tne sequence of free pararaeters is n"oic

I stleu€rrc€ of contractions ( trie choiee sequence i-n tne contract:ive

^ * - _ r . . , - . : L . - a .  ^  r ^ . . L , a  C -  a , 7 ( > q . , . ,intertwining drlat ions theory); 'but a d.ouble sequence t \rYol . , '=,

with' , I* "selfaejoint operartors end. Y- posit ive( rnvetible) operators,
I i  I 1 -

, vi,e aiso mention the fact t irat the algorltfurr we clescrlbe, here

J.s har i . ly  as-exphci t  e ie ' : tne one in the toepr i tz case.

2 The algor i thq

In tl i j .s-'so,etion we sharl give the proof of the nain result of

, and

the paper. a sequence of se.t . fad.;oint operato"" [ tol : , ,  Snc{-t ] t)  fer, , ;

rsil ich tire operators

Hot

I \.,,.,

ere positrve for every n{g, wi l l  be carled a posit ive I{ankel form.

&oreover, j.n thi.s note we suppose that i{- ere invertible

operators and SoaI,..' lYe will ce,lJ srcll"rs ftankel fo:ro, a strictS.y

positive HankeJ. form.

@&,, -* &qJ-.e\t(
vrvJ

,S, . - .  ,  l *  \
S.-.,. . )r.n \

\' I

,\"" s;* I
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Now, we oan etate anct prove tne nesult about sorictJy-uBo'gitive

Hankel fonns.

-to-one correspond.ence between the

forms end the set of d.ouoLe sequence$

Yo posit ive ,  invert ible operaiorsr{- nrr,-r" , r"1: , kar,-I€&Q ""a
given by the fonnulae:

S r = K l r t

sa',-, = (Sr.-r,..- , Sr-",-r)F/;:t(J,",'-"rSt--J* 
Pz"-t' =

= (St,-., , .. , So*-ri u;1. ( S "'-"'' "'st*-$ " 
uJ--'

5r.. = (s" ?.-. ) Sr.'.-") rrtlt (S '^'-'" '' s"-'f + ui-.vi' Rz"-t + Y'

SBugp iet I rJT.o" a strictly posi-tive Hanke] fortn.

Ht7 0 means SZ7 ,i

sl=Kl

sr=Kf+I, , YG a.

l fe also obtain the factori 'zatiort ", ' ,
/ -L 

, or\/ 3 [t\
f lr = ( on Y^' J\ o 

"l )

a"u.d. we ciefine 3o=I t

t a
T r =  L o

and. it results 
'that

if ano only if Y, is

2..1 $HE0il$jli There exists a one

set of  str ict ly Posi t ive Hankel

(3)* H"'=TJ r^

r  so ,  let  us d.ef ine

s j.riveti-ble if and. oniy if $t is inverti 'bLe

ertible. \{e wil l f ind the opergtors

Itr \
Y,t )
u {
,,l. L

inv

/  a*,
= \  o ,

wh.ere i

t* Ct*.,....,So*J
l-

Y:T,,^
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= si* ulvi^ eg +Y,-:!,
eonsequently,

and II, ls invertible if ana only i-f yA j s invertible, so , the first

step is proved.,

suppose tnat we obtained. [ .nrn-rrtnl l , ;  lue can ebntinue as-at

the f i rst stepr

f t_,1.** \_ ts.,...,se^,u\+i*I,/t l ,t l"\ _ f k' '  h" \
Ls*r ' ,s l^* '  J= \s^, . , . ,s* r ' rn- t \51-,  

,s"*]*  
\u i^.  ,  \dr^"r .  )

'where ( kl, h'^r 
\ t O .tr'rom this reLatibn we, obtain:\  *  \ ,  l n  

-  
i- tra**. lVon*:- I . .r

Se.',,= (Sr. ,...rSr*-)u*, CS'"," s.^*)t.l ["*
t )

Qn., ($r- )... ) Sr,*-r) H* CS'^*,:--',-t*;t'* [",". =

= ($,.* )...) se-.) l3 Cs^..,"S''.-f" uf*
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i ' irst of all, from (3)n it results KAo=Yo end

Kzo*r=KelorYllKao+1+Yn+1 r Yrr*r)' 0 r

n+i '  :

4 ) ^ * 1 r  \ ' . ' r
t

/ ? ('.^r.^-)
(.  '  r ' t^ 

" '  
'  '  - '4 

l \  *a

,  Sr-.^) , (Sr.* , '-  ,  S-')T*"*

V/  \ 4 n

and. we use ( l)o*f end. (2)

In order to obtain (

- r . *  / T : T ^ .
*.".."t tnor = t

\  ( ( , . * . ,  - .

and we use ( f )n+J.  '

So this. enC , remark that Yn+I ls tn,Vertible if and only if

dn+l is invert ible. Sor the theolem is proved. B '

agz ItEl'$qF !'rom the formula for Sto-1 it results'that Kr;' t has an

imposed. i-uraginary part r $c r lf we wrj-te

KZo-l=Xrr*i ImK,2o_1r

*(sr.*,, ,st')tj

la.!fwill be

I t  resuLts

:h., Sequance of real free pare^nret€rg. .&,i i

t irat there exiets a one-to-one comespondenffi

of strictly positive HankeJ. forns and the*rut of
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d.ouble sequences 1Xoryoi:,,  
\  selfadjoint operators and. yo

posit ive ,  i .nvert ible operators. m

2'3 l''.Ei'dialtK Asi, ia the Toeplltz case , y{e can obtain a foruula for :
computing the d,eterminants of the matrices Ho:

. 8 ,

if,: $k &re rxr nratrices, re iN and k=J I r r c.n.; then

detHo=
-i1-i.

u',.-i detYq
i

{.
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