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ON THE GEOMETRY OF THE FINSLERIAN G-STRUCTURES

ON D I  FFERENT IABI-E MAi{  I  FOLDS

by

Sorin Dragomir l '1,  "  ' ; ; - : .

" It is knowrr that every fi.rst grder geometric structure can ,ri:.:

be regarded as a rct luction of the bundle of al l  l inear frames on

t l i e  g i ven  d . i f f e ren t i ab le  man i fo ld .  See  /2 / ,  / 29 / .  '  :

Let t4 be a n-dirnensional C* - d, i f ferentiable manifol, l .

Then a O (n) -structure on'r&l. is exactly a Rj-emannian strugluTe{?&. M ?

- , , ;  L f  G is  the L ie subgroup of  GL(n,  R)  consis t j -ng of  a l l  l inear  t rans-" ' , . . .

format ions "of ' t  Rn which leave Rk j -nvar iant ,  k  5  n,  t l .en"a G--s t ruc*

'  
ture on 1,1 is  a  k- .d i f ferent ia l  system on M ;  i f  n  is  even t " ,A = 2m,

. ' t€ f r 'gn a GL(m, C)  -  sLructure on M is  exact ly  an a lmost 'complex

s t ruc tu re  o r l  M '  e t c .

Ofi tfre other hancl, in the framevrork of 'Finsler gieometry.T.

there h.ave been introduced and stucried several geometric sf--ructures

dependi-:-:g on di 'rectional argiuments, as the metrical Fins-l.er struc-

t : : i : .  tures,  /26t ,  the syrnplect ic  and hami l ton ian f ins ler ian s t ructur€s" i ' ' . i .

/ 2 0 / ,  / 2 7 / ,  t h e  c o t : f o r m a l  ! - i n s l e r  s t r u c t u r e s ,  / L g / ,  / 2 8 i ,  t h e

-  
f l ns le r i an  a lmos t  comp lex  s t ruc tu res ,  / L5 / ,  / 23 / ,  t he  f i ns le r i an

dis t r - ibut ions ,  /7  / .  A hatura l  quest ion ar ises here :  does i t  ex is t

an uni tary  t reatment  of  thr€ f ins ler ian geometr ic  s t ructures ' '  in

the m"anner  of  the c t rass ica l  theory of  G -  s t ructures ?

For i the present  paperr  a  f ins ler ian G-st ructure on M is  a

G-p r j -nc fpa ! . f s .ubbund leo f the1 'G f , ( r r . 1 . . . f l ) - p r i nc ipa lF ins le rbund le

r-1 r (M) .
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Severa l  examples of  geometr ic  s t ructures g iven by f ins ler ian

tensor  f ie lds on tv t  are 'shown to obey th is  def in i t ion.  I f  M carr j -es

a regular connectj-on in t i ie j-nduced Finsler vector bundle, tr,u'o

Ri l -varued.  d i f ferent iab le l - fcrms oh and ,OJ are def ined,  each

giving a genera' l ization cf €he canonicaj . l ' - , foriTr of a G-structure,

none of  which 'hav ing t r iv* lC1 kernels . 'Th j -s  obst ruct ion is  . r r . r i , l r rd

by taking the f ibred prod.uct of 
.gh 

and o'v ; the resdtt ing l i f t ing

Lechnics leads to t l ,e construction of the f irst-ordet structure

funetipn of the f j-nslerian G-structure. The dependence on the choice

of  t l .  regular  connect ion is  facto:ed,  out  ,= 'u .  resul t  o f  the fact

that g.d-ven a horizontal distr ihution' ln the' principa.r E;"nsler bundle,

the rema*ning horizontal distr ibutions are pafametrised by elernents
. ) n -  

. i : f .  

. .  

r  
. ,  .

' . ,  :-r, , . .  Th€ f irst-,.order-structure function of the. f insleriair"Glstrr jc- '  :  r: '

*gre, isl; 'p6fsaa1ly related to- the two torsions of the given regrl; l=r.r -,-! t- . i :+

cor .nect ion.

1 .  I N T R O D U C T I O N  :

Vle need a,  survey of  the basic  construct ions concern ing th :

F lns ler  bundles and the reguj lar  c t lnnec. t j -cr :s .  For  a l l  these we in-

d icate / t /  as main reference.  , . , .

t . a l -  r t  1 ^ ^  l i - ^ -  6

. .  :  1 , : . .  seu . ' '  be a n-d imensional  c*-d i f  ferent iab le mani_fo ld i is  ,

before.  Let  then

. . l r t r  :  T (M)  .M

denote the tangent bund.le over M and :
rf

tu
1 1 :  M -  M

i t ' s  subbundre  cons ls t lng  o f  a l l  non-zero  langent  vec tors  on  M.  t rgg , . rs41 . , : : -

p :  ?T-t  t * -  f r
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be the'reciprocal  image of  T(Mi '  by n.  that  is ,  the fo l lowing

dlagram is commutative :

TM

lt

M

I
I
I
l n
I,1,

M

p
n- 

I tl4

a

T l

w l r e r e  t  
o " ,  .  

.  
4 r  

"

P :  M x T ( M ) +  M

a f u

? T  ; . !  M  x  T ( M )  -  T ( M )
t f u

stand for the natural pro jection's of th prod'uct, manj-fold l i x t (u) '

: "- 'elearly , '-1 TM is a 4ifferenti-able real vector burr'1le over

.  - . ' , ' t  4 ,  -  - n  ^ ! ^ e r - , ^ t  
' ' . "

M ,  hav ing GL(nr ' ,R)  as s t " r .Lrc ture group ani , , ,Rt r .  as s tandard f j -bre.  ' r '  - i , '

Throughout the papet GL (krr&R) den6teg"the general l inear grcu5r 'of

- l'  ,  order n. Then ' lT-r '  TM' is cal leci  - the Finsler vecto ' '  1 i : .

. .  , . . . j - : ' j  . , : : j ' ; - . . j : 'A nOn-ZefO tangent VeCtOr ' ' 'o.  On M iS Cal l -ed'  a tanqent - ' : ; :

\ '  t  - - -  i "  derroted uY n l , l  tu '
direc-t ion gnJ. The f lbre over x in n - TM 

x

Let  FfMl-*  M* '  be the Gl( r . r r  R)  -  pr ind ipal  bundle of  a l l  l inear  , " '

frames on M. Lret then 3

r-1 F (M) i l
J.

b e  t h e  r e c i p r o c a l  i m a g e  o f  F ( M )  b y  1 T .  T h e  r e s t r i c t i o n s  t o  n ' F ( M )
ir

of the nat--rlral pro jections of the product ma'r"i ' fpld r' x F (M) give

the commutative diagram bellow : iv: '  r ' : '



. - t

1 r  
' F ( M )

I
.  l r- t

I
I
t -
v

r'(M) -------->

.  - 1

The GL (n, R) - bundle n ' F (M) over

tiiiu as the pri'ncrpal Finsle,r bu:'rdk'

' " . .  * 
rn the sequel, w€ use a more

the principat 
'Fins1er bunclle; which

l4atsumoto' s one "
f u , \ /

'e{F 
Let x € M be a f ixed tangent direction

the space of  a l l  izomorphi :sms, : -1 . -  . ,  ' r : ]

' j  
n - t

[ : R u n , T M
x

tu

Let P t-ttt: ' ' !hs aiSjoint .union of all the spaces P*, for all . x

. t u x
L ,e t  n  !  P  -  '  M be  the  na tura l  f i "o jec t ion ,  th r t r t  i s  n - ( i ) '

D P{
i f  [  €  P 4 , .  i

x
It is well known that t

t

P ( M  |  7 r  ,  G L ( n ,  R ) )
p

/ L } l  . '  The re

mani fb ld '  P

M

I
I
t
I
I
I
f

M ' l . i - *

n .

td is :lveli knbwn in the litera-

S e e  a l s o  / 2 5 / .

Fins l -er  -  l ike. ,def i -n i t ion of

is shqwn to be equivalent to

on ivl. '  Le'u -P i
x

Q u .
= x r

".+;:.

be

is a principal '  bundle

action of Ct (n;- R) on

then :

W  =  ' P  x
' '

be the factor sPade'i lr{e

f u h

W (  M ,  R . . r

over Mi;r"Sgte*

the product

i s

x

natural ly induced

.  S e e  / 2 4 / .  L e t

n

F". /GL (n,  R)

ob.t*l 'n the associated bund.le

cL  (n ,  R )  )



o f the pr inc iPal  bundle P.

Let us denote bY :

f,

, " "  a l so  / I ;

P xL  :  c l , ( n r  R ) -

( [ ,  g )

x Rn

$ )  . o f

of the

the,fundamental map defj-n"ed sy the" a'ciion of GL(n, .R) on P

n
h*ere u € p i inu E € d '  -  Then the image 

" , [ , r ,  
(GL(n'

- orbit
the fundamental map't - j-5 exactly the GL(n' R)

( u r  E )
rir,r: pair (G, 

"E). 
suppose 'i"il;i ' 

1 
€ tl Th9" the map

]
W -  T - r  T M

given ,bY :

L (GL(n, R) ) # [,tS I Q tr-r ru
( u r  E )

ls wel1l.deflned and gives an obvioi is bundls' izomorphisrt of "W orl-tQ.: ' ' r '  ' : l :Lr

n - 1 T M . H e n c e t h e F i n s 1 e E ' v e c t Q r i b , u r r d l e e a n . r : ' b e . r e g a r d e d a s t l l . ' n

associatei l 'bundie of the GL (n, R) - principat 'bundle P '  having R

as sf-anclard f ibre. r""

A cross-sect ion :  ' r ' '  Lr

t u - 1
t  :  M  ' . r - "  T M

in 'the

on- M.

Fins ler  ve i tor  bundle is  ca l led a f ins ler igr vector f leld

u c .

tu
Let

. Then ;

u

Pfu
x

f u  - - ! l ^ -  M

€ M be a f lxed t 'angent direction on M' and

can be regaroed as the synthetic object :

f u L -

=  (  x  ,  t  l l  , . . . ,  I '  i  )  t

where :

I i  =  i (e r )  , i  =  L r 2 2 r . ' 1  n



6 -

a n d  { e ,  r . . . ,  e - i  i s  t h e  n a t u r a l  l i n e a r  b a s i s  o f  R n .-  l '  n -

Obviousl t r r  {  Xrr . r . ,  Xr . }  are independent  and hence g ive a l inear
_ . 1

basis  of  the f ibre 16* 'TM of  the F i r ' : ,s ler  vector .bundle.  .
x tu

fhen.. . , !  is  cal led a f insler- ian-frgnre at  thg oirect ion_=T ' : , t . ,

A h  n f(JI I  I1 .

, , , .  , '  I t  i s  eas i l y  seen  tha t  t he  GL(n , ' :R ) , . p r i nc ipa l  bund les

- t u  - r  i* l

. n  '  F (M)  and  P  a ; re  ac tua l l y  i zomorph ic .  rndeed ,  re t  ( x ,  u1Q r - r r {u1  F ; ,1

be f ixed ; .  .  , '  .

'  T'hen :. 
' '  r"

u  =  ( x ,  { x r r . . . ,  x * }  )  
'  '

I I I

where :
*1 , .

; t

t
i . l  .  . ! .  =  - f . l t  1 .  C  q  l M \  . i  -  If l  1 4 '  ,  A ,  I  l t v t t  -  |  . €  l  -  -  _  nx  =  ? t ' ( x ) ,  X f  €  T x ( M )  ,  r -  q . .  L 1 . . . 1  n

T h e n  t h e  m a p  :  j . ,  ^

- t
E  

-  
F ( M ) - _ = - +  P

glves an obvious izomorphj -sm of  n- l  F(M) on- to p.  Hence no d is-

t inction wil l  be made between the bundles n-l r( irr) and. p from now on.

We deflne th'e bundle morphism :
.  , d  r .

L : T.'(M) -------* ?r ' 
TM

h r r

-?"!ffi=
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. f u n , f u

L *  x  =  ( * ,  ( d * n )  x  )

f u t . t J n ,
where x ? l.{- x € iF

\  t . ,

x' 
Clearly IJ is a'rl epj-morphism. . j

?u€t X : M - f  (M) be- a tangent vector f ield "pJ'" t{_

f t 's  natur4 l i f t  is  the f ins ler ian vector  f ie ld  3.  . , :

n J  - l
i (  :  M  r  

- T M

deflned by :
4 $

4 r f u ^ / f u ^ J

x ( x )  =  ( x r  X ( n  x )  ) ,  x  €  * t  .

E h U s L i s e x a c t 1 y t ' h e n a t u r a r . 1 i f t . o f . . d . n .
f u f e

A tangent vector field x on M is saj-"& tqln&.-e* ve.r.ffr@al if :

tu
( C n )  X  =  0

"'ii- Let rfiv-* il dencte the subbundle of ttfil -------- il consisting ,"4i:
tu

of  a l t  ver t ica l  tancrent  vectors on M.  Obviously  :  _

Ker (L) = TM'

€: - '"r 
The fr:nCamental vector f ield is -the f inslerian vector f ield :_ + r r 9 1 9 ! + q l l  v g !

4 J  _ I

-  n  :  M . +  T .  T M  .

def ined by :

;rb 
'= 

rl, lr l .e fi
ii . ; , ' "  Lgt . '  (  U ' ,  x* )  be a local  coord inate neighborhood on M.  Let ,  SSen.-  -Lr

- l  i  i
( ' - ' ( U ) . * * , , u ' ) d e n o t e t h e n a t u r a 1 1 y i n d u c e d 1 o c a l c o o r d ' i l d h e s

tu
on M'i ,'it see-t/2T/. It is easily seen,, that Iocally ; is exa€H{IE";



I

r -  0 "
* r l = u

.  Ar r -. Y n

: i  . ,

on  M.
- 1

Let V-be €r ' ; . .connect ion in the Finsl .er vector bund' le I  
-  

TM

^s . , ,J- 'aatt  7\  *rr  f i  is said to ,r ; iiii tne sense of ,,'/'"L"8/. A tangent vec'i:or field X on

be hqfi-Z-g4tal qith rdspect' to V if ':
--.._-..J

V : - I i  = 0
x . f

-  t  F / i ; \  -  r t  "  i a 4 - i n a

Lot TM" -:* M dertote the subbundle of 
'' 

T (fi) D! r'' 'nconsisting
n

of  a l l  hor izonLal  tangent-  vectors on M'

- - 
The 

'Conndbtion V is ,said to be regular i f  we have the fol-

lowing dj-rect sum decomposit ion ' :  ' .  ' ,", ' ,

; " '  T (M)  =  T  ! I , ^  S  r ; { - -  '  \ " ' i l
N V

I
' Let. V be a given reguiar conlxpQ!''io4r ir' =;$ -^: TM -1" hence

t ltfi, is an izornorPtri sm I,et . '
l l

- 1
;  , . , r  8  :  n  

' T I r i  T ( M )
h

d<-inot€ i trs'  invers'ei;, iThen- B is cal led the h.9: ' i izontal l i f t- 'w+th

respec t  t o  V .

We deflne the bundle morphism : ^1,,. ,

Y ,  n- l  TM -  '1  (M)

l t r t
u l

d c , ^ \y  x  = - 3 9 ( 0 )  . " _ f , r

where : i{* ,ij r:

_ l  , . . r
x  €  r n -  T M  ,  x  =  ( x ,  X ) ,  , k - e  M  ,

x

and 3

- \ -

\ .
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r 1
C  : " 1  0 ,  I l  -  M ,  C ( t )  =  x + t X ,

a - J

r -  
- 1  

r -  d c , ^ i  r  r ! ^ ^+  t -  t n  1 1  l-  . *  1 , ,  -J  .  Here  H(0)  denotes  the  tange: r t  vec tor  o f  C  a t  C(0) .

C lear ly  !  " - ,

ConsequentlY :

- l
y  :  r  

-  
T M -

'V in r-1 TM defines locaIly a Finsler connection ,* ir  t lo, --#

on M. Al ,so the f ive tors ions, ' :  "  1 '

' i t i ' i

.  T . ,  3  F  l l- j k  ' j k  - j k  
_ , ,

i i
oj*  1  t j *

t , 6*l u*i
j-R3k = 

;f- T;
i i' L

P . .  =  0  . , -  N .  -  t t' j k  
, r <  I  

' k j

i i i
F +  f -  r ;o j t  ' j k  -  

" k j

are easl ly seen to be ( local ly)  f ragnents of  the' tors icn tensors 3

T ( X ,  Y )  =  V -  L  Y  -  V -  L  X  -  L  X ' Y
X Y

T ; ( X ,  Y )  F  V -  G  Y  -  V -  G  X  -  G  X ' Y
' : r  x  Y '

. T M
v

ls a vector bundle izomohphistn which is cal led the vert icel 1if t .  "-

I t  has been severa l  t imes emphasized that  any regular .connest ion

where :



i s  def ined bY !

1 0

G X  =  T - x ,, . v

I

where K denotes the vert lcal part O.i. , '  , I  " ! . t t t+th respect to lhe
" v

u e g u l a r b o n n e c t i o n v . S e e , l , 2 L / '  .  : - .  .  
' ,  j

I

Let G be br r, ie subgroup of GL (n, R) . A G=principal sub-

bundLe '  r

B^ (M) M(.'

oi the;pri-n'cipal Finsler bundle is said t$"b6 a f ins.l ,erian G-struc: '  .

ture on M. The following theorem gives sufficient con.dit*i'rq"4s ,nf-o'r:"a

, l iutrrn:Sni fo ld of  the total  .Fp^+ce of  the pr incipal  Finsler bundi le to, ,  . : r i " . , :

,';;1:;i !€' a f inslerian G-structure on ['1.

,  T h e o r e m  2 . L .  r ,

Let G be a Lie subgroup of."1-GE(nr R)i i

L e t  B  b e  a  s u b m a n i f o l d '  o f  r - 1  F ( M ) ' . . .

I f  the fol l-owing condit ions are satj-sf ied i

i )  The rest r . ic t ion of  the pro ject j -on :  f ,

- 1

.. : 
'--

maps B on-to M' that is :
:

'  
-  t n \r n  ( B )  =

' ,

f i ) . L e t  n € B  a n 6  a € c 1 , ( n r R ) . T h e n i a € B  i f  a n d o n l y l f , , , .

a e G
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i i i )  For every tangent direct ion x on I{  there is a neighbourhood' '

6  o f  ;  i n  i l  a n d a c r o s s - s e c t i - o n :  ,  
'

<  _ . 1i I  -

Tc  
-  

r (M)- 'O  
:  U  1 I  I  l r v l ,

;
ln the prlncipal Fin'sl"er bundle so that '  :  :

- / r r \  -  R. q ! v /  =

then B i-s a f inslerian '  Gjstructure;, gn M.

P.roof

- 1

We fol low the l ine .,of /2/ .  LeE u € n-'  F. (M) , trp (f i)  "= x. 'There is

a neighbourhood d of ;  and a cross-section o in the F*SSJ"er

br:ndle, '+Such "tr 'qat o(U) < B. ' ' ; 'Henc€ t i  and o (x) l ie in the same

G L ( n ,  R ) - o r b i t .  L e t  a  € , C t  ( n r  R ) ' & e  d e f i n e d  b y  :

=  o ( x ) .  a

The map :

u

n  
-  

1 g ; . -
P

U  X  G L ( N ,  * R )

defined bY 
:

l .

O . E .  D .

w$Sroceed bY

with a Finrslffiqme"tric

t  - \

L l  -  - ( X r  a ,

ls  a dl f feomorphism and i t 's  restr ict ion to
l -

B  I l  n  
t ( U )  

m a P S
P

giving some examples. Suppose M is endowed

tensor, that is, a symmetric non-degeneratd

e f l  n l l  t6 l  one-to-one and on-to U x C. as G is 'a Lie subgroup of

GL (n, R) , B n "!1 
ti l  ad.mits . .oot4inate system so that the res-'

- 1 , : .  .  , f  .

t r ic t ioq of  $-  o1;, : . , .8 f } ' *n l  t i l  is  st i l l  a d1ffeomorphism'
U

Then g is 'a G-PrinciPal  bundle '



L 2

( 0 , 2 )  t e n s o r  :

, g  €  n - l  r * t t  @  n - l  T *  M
l

Here :
- r  *  -

r , , ^  T  l 1  = - *  M

,e"denotes 
the rec ipr :ocal  : inege of  the cotangent  bunCl .e"  T*(M).by n.  ,  

;  *

The Finsler metric tensor g gives, natural ly a f ins.iber*a.rr O (n) --.,".
. 9

st ructure anC M, where O(n)  s tands for  the or thogdnal  group

Lndeed.  le t  
"O(r r )  

( * )  consj -s t  p f  a l l  f j -ns ler ian f rames" :  , . : r r - i

o  =  ( x ,  {X l ,  . . , .  * r }  )  on  l , t  wh ich  sa t : s f y  t he  cond i t i on  :

r i '  + \ - a ,
.g-  t * i '  n j ,  =  o i  j  .  q : : :  .  *

. X i .

r t  is  easi ly seeR-, that  Bo(n) (14)* ;  is  a o(n) -  pr tnc*Eyal  .bundle

OV€r'M. A f, inslerian O(rl,);sibructure,-i ls general.J.y known as a metricai -: ,,r::: i . j

, " . ,F, i i rster structure cn M. see, /4/  ,  /S/  : . ._ . :  . .  . , . . ; : . r , , : :

. ,  
' , . i  Suppose is +s evpn l imensionhJ-,  that  is  n =.2m. Let then :  , i

2n 2m
' i : i R ' + R

be the 4gtural eomplex structure on n2T I*e.t CI,(m, C) be the tie

subgrotrp of GL (nr R) consisting of al-l- C - l inear transformations
n

of  R" ,  that  is  :

I  -  T  €  GL(n ,  R)  w i th  TJ  =  JT .,

I t  is  easl ly seen that a f insLer ian GL (m, C) structure B

%iru; #) 
-.* 'M on M gives naturally a' f inslerian almost coinplex -.-;:

struc'ture .on M, that 
' ' is 

a'*bundle morphism 3 -. ,-

- l  _ . 1
: J : . f i - T M - r * T M

w l t h  s  
. '
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_ 2
J  =  -  L ,

where r denoEes the identity morphism. Indeed, Iet x be a

tangent  o i rect ion on M and'L-et  i  be n f ins ler ian f rame at

redt ion x ,  adapted ' to  the GL(m, t i )  :  s t ruc l : l * re ,  thaL is

i l € s t r r \
t r y t , .

GL (m, C)

" 
' We drtfine a linear nrap :

f ixed

bhe, t11,r'

. . : . '  . .

.  J_,  ,  n- i  TM -  n ] l  TM
x x x

as the commutative closer of the diagram beIlow :

" . - 1  "  - 1
It- TM - fi- TM

x - x
, J - l
l x lI I- r  |  |
t l

u l  l u
i l
t l
' t ' t L

2m" 2m
R  R '

. J " i

The deflnit ion of . J- does. 4ot depend upon the choice of the

a4apte"a firrslbri i i .r frdme ag the direction x. Indbed, ' i f '

a r - a E  . - .

t  €. B (M) is any other f inslerian ad.apted frame at x

.. GL (m, C.) ,

then i l  and ;  are GL(m, C)  equiva lent .  Hence there is  a

C l inear maP T with 3

v  ;  u T

,.rri.l'

Eence- :
* i  r

. g

v  ' J  v .

- t
=  [  T ; ( i  r )  =  i l  * . r

- 1  - 1  - 1  - ]
u  = u , J T T  u

s e e  a l s o  / L 5 / .



A mapping D which assigns to each tangent direct ion x on M
- . 1

a real vector s';bspace 0- of . l,.-- TM of constant dimension k,
' x x

" dirn D- - k 4ti";':r :
p x
I \ X

? a - :" for. any x t. M., is said;"-to be a frl.nslefian E:Strinution' 'o ln
L

Le t 'G  be  the  L ie  g roup"o f  '  
GL(n ,  R ) 'wh rbh  . l eaves  R"

- l
invar iant .  Let  BG(M) be the submanj- fo ld  of  r_  -  

.T; (M) ccnsis t ing

of al l  f inslerian frameJ u havj-ng the property : 
*

- l

n - ( o - )  =  R k
x

- i .I t .  is easily seen that B^ (M) - M' is. ia ;. f lnslerian G-structure
v

. a . ! . : . !

o n  M .

We have seen that  the assoc:- raLed bundle of  n- l  F (Mi  (or  .  - :

equ i va len t l y  P )  i s  :  , 1

- - 1  m \ r t  : -  ' * D  ' i 1 ) . '

I  r o  , r ' r \  $ ,  p r ,  R  ,  G I r . ( n ,  R )  )  o
. t ;

We remark,.,that given a fir"t"sler-+an Gristructu:le B^ (M) * M dn Fti
tr

n
.  i t 's  associated bundle wi th  s tandard f ibre R .  is  exact ly  3

. t

- r  n
n - T M ( M , p r  R r G )

Indeedn-::, . let '  us denote by W,. the faetor space :
' : '  ' *  b

n
.  W, ,  =  B^ (M)  x  R  /  G

\ f \ J

A bundle morphism :

9 q !  W n  - +  n - l  T  M
.  t t

i s  def ined by :
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q {  L  ( c )  )  =  u ( 6 )
( u ' E )

.  for  an arb i - t rary  G-orb i t  L  _(G)6r4I^ .  The bundle morphisrn o c le f ined
( i , e )  . '  

" . . rabove is an' izomorphism. of lr i .  on::to .u. ' i , t ,  .TM vi i th the fol lovring
lt7

inverse :

'  
v ,  n - l  t M  r  w ^  r  .

k

' v ( I )  =  L -  - - t  ( G )  ;
( u ,  u  ( x )  )

-  - -  r  - ]
,  for any X t n- '  TM, x € M, and any f j-nslerian frame i l  at ,  the

x
di rect ion 'x  adapted to  the f  i r is , ler ian G-st ructure.  Obviously

the definit lon of v does' 'not db1:end. upon the ch:oi{ lce of such

i l  €  e . ( M ) .

3 .  THE  cA I {oN ICAL  l - r onm o t  A  F t t ' t s l rR tR t ' t  G -s rnuc ruRE  . ' " :  i , . ' : i , .

h

.. r ' ' . :;, i .: '  : We de"fine a R"-valued differentiable l-form on.--a.r,gi, ivet$.: l ix:

f insler ian G-structu:- 'e B^ (Mi as fo l lows :
tr

h n
0- : T_ (ts^ (M) ) ----- - :R , .
u n  o . :

h  _ - l
. , :  o_ = [ o L_ o (a_ r ) ; .  ._r

u x u P

- for any ,n € B,- (M) 1 Tt f i l l  = "; .  Here d- n denotes the oif-\ t P n P . .

ferentj-a1 of nn at u. The fol lovring diagram is commutative : '

^ h0 - n
T- (Bc (M) 1 ------*ll--;. R

u
I- - : l
Iq n l
I

l r ' P I- t
I

I
I

\ltt

T- (M)
x

- 1
u

I

I

L

- l
tc-- TM
x

L-
x
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Let  us put  as usual ly  :

.  V _  =  K e r ( o _  n . )  {. . d f  
"  

^  
- - ' :  

; ' .

. . , r U u P
h

.  Note that  l ier  (0_ )  is  not  t r iv i -a l  .
9 - r

. . , : .  Let V b€ a regular connection in n-'TM and G : 
'T (M) + t- 'TM *r-.-,

' : . r 4 * * ' - "
n  : . i

the corresponding bunclle morphism."' i , fe. define a R"-valued d.i f fe- 
r{

v
0  :  T  ( B ^ ( 1 4 ) ) -
n  [ .  o

v - 1
O = u o G o ( A r ' i i

I  x  A P

for  any  u . t  B^  (14)  ,  n  (u )  =  x
, L : P

Tiren the fol lowing diagratn j  s commutative :

v
v

u

a

d _ n
U P

reirt iable l-form ov on B*{rn) by." :

r rfrl

h v
o _ l = ( o _ z r o _ z )
u u u

R n  r .

- 1

i  i -1 .  
_

I.:

- t
u

x ^ x
x

v
obviously xer(o-)  is  not t r iv ia l .  The 'Rn-valued. di f ferent iable

h u D -
l - forms on and ov g ive r ise to  a R2n-valued d i f ferent iab le l - - form

O on B- (M) , cl.ef ined by :
(J

r r i . , . k { r 2 n : j
'  

O-  :  T -  (Bc  (M)  )  -  R  .1 i . . "
u u

f o i a n y  z e v _  ( B . ( M ) J - ,  i l - € B e ( M ) . .  r . - - { i -
u
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Then O is  sa id to  be t 'he canonica l  l - form of  B^ (M) .
(J

'  Consider the direct sum decomposj-tion :

2n D,r-. n
R  =  R t D f  R

2 n n
. . - r , - ' ] '  Le t  

" j , ,  
, , .R , ' * , -  -+  R  ,  j = \ " , 2e ' ' be  the  na tu ra l  pFo jec t i ons  o f

'  the d i rect  sum deconrposi t j -on.  .

order n (and. consequently of G) in R , defined' by : ,

*  j  g  f  =  ( g ' P r  E ) O  G P z  r l
2n

fo r  any  g  €  GL(n ,  R) ,  E  € .  R

.  T h e o r e m  3 . 1 .

Let O be the caHoirical l*form (wit,h respect' to the regular /

conneet ion V)  of  the f ins ler ie in  G-st ructure .8" . (M) .  Then :  ,  .  -  i -

- 1
( o R ^ ) o = g  o

Y

f o r  any  g  L  G .  r i

Proof

Ler L A r- tBc (M) ) , ii 6= an Cr"r) . t'
u

Then

( O  R ^ ) o  I  =  o  (  d -  R ^ )  z  =-  e  n  R_(u)  n  s
9

h v
= (  o (a-  R-)  z '  o . -  (a-  R. , )  z)

R - ( [ )  u  s  R ^ ( u )  [  Y
g -  s

Note t.hat :

- 1  - 1  - t

1 )  ( R - ( u ) )  =  g  u
9

2l np is constant on the f ibres :Lt'F" (M) '

ConsequentlY :

b"t'd 1e o ti 'r
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- L
o (a_  R^)  z  =  (R^( i l ) )  o

R - ( u )  u  Y  Y
Y t

o  . *  ( d _ . R _ )  z  -  g  o _  z
R - ( u )  u  Y  ug -

{ ,
bV s-irnitar " computation. Finally :

'  v . - 1 .  v

- t h - t v
( O  R o )  0 ' _  Z  =  ( g  o _  Z ,  g  O _  Z l  =  r : :

- u u u

- 1  - 1
n    o r l T \ r - -

" r  
0 - .  z ) t f l ( g '  Pz  0_  Z )  =  g  o_  z  .- U - . , t l u U

L. t*  H be the connect j -on -  d is t f ibut ion in  B"(M) vrh ich is

na tu ra l l y  assoc iabed  to  v ,  acco rd ing  to  / . 8 / ,  we  reca l l  i t r s  con -

s t ruc t i on .

A tangent  vec. tor :  z ,  €  . r_(B^(M) 
)  is  sa id to  be hor j_zonta l

u
is  there is  a  d i f ferent iab le curve :

t €  ( - e ,  e )  .  w h e r e  :

so that :

c(r) ".* nnJd{.r) ) ,



-  R  3  B ^ ( M )  B ^ ( M )
g  

L i -  \ '

l s  the r ight  t rans lat ion wi th  g 6 C. ' t  : :

We shall restrict O_ to H- in orde-r--to obtain an Lzo-
u  - u

-t morphlsm. FirstlY, we show that :

Ker (  o -  )  -  v -
u u

j  1 9

r )  d ( o )  =  u  ,  # ( o )  =  z
q L

c

2 )  V a C , X r = o ,  i = L r 2 r . . . ,  n T a l o n g  ^ . ;

dt

The curve :  " ' : ,

C  :  ( -e ,  e )  - -a .  M  '  { " - ' '

'Ee€ thbn H_ denote the '  space of  a l l  hor izont ,a l  vectors Z which
" u
are bangent to 8,. (M) at i ,; As shown in 18 / , the distribution :

(t

H , i  ____-_4 H C T (B^(M))

, 

-_n ': 
u G'

.  on BG (M) , gives a conneq&-ion in lbe'r.principai bundle BG (M) , that is :

l )  r - ( B c ( M ) )  =  H - O v -
u - u l i

2 ' )  ( a -  R  )  H -  =  H  -  i r .
u  g  u  R g ( u )

fbr anlz , i  € BG (M) , I  € G' where :

Let us deriote the restr ict ion of d- n h,^ to H-rl :by* :
I P

- . 1
t_ : H -:--4 T- M, t- =,'i 

Jd--- n_ ) | _- | -, .: \ .
u  u  x  u  u  P l * U



2 0

[ ( a a ( m ) ,  n " ( i l ) =  x .

Clearly t_ gives an izom.orphism of H- on-to T- M.
, t u

Let us denote ;

h - 1
O  = '  f  (  T  M  ) ".  L_ \  r_ , " , .  ,  l  :  : .

u ' '  u  x  h

v -'L
C  =  t _  ( T _ M  )

:u . .  .
' f o r  

[ , €  s ^ ( M j  1  T t ' ( i l )  i =  ;  .  ,
\ , P

:F,i ; ,  As V 1s regularr w€ obtain easily the direct sum'decompo-.: ; . .

s i t i on  :  '

h v
H  =  3  H Q _-- \]-/

u ' t l  u t l

for any 'fr € e" (rvr) .

T h e o r e m  3 . 2 .

h v
1 )  K e r ( o -  )  =  O - G  v -

u  u *  u
' v h
2 l  K e r ( o -  )  =  O - O v -

Y  u -  . u

3 )  K e r  ( 0 - )  = '  V ;  ,
u u

for any ; € Bc (M) .

Proof

A s :

h
Ker( o- I  e r-

u u

, " , . j .1? . ; i  +

u u



2 L

h
for any given Z € Ker ( o- ) we obtain :

u
il

z  -  . z ' + z

where 3

l - - t l'  z , €  n ; ,  z €  u t

It is enou.gh to prove that E -r,

, - v
1 7 ( - n
u \ _ ! z

u' *

we have 3

T f  a n n a
l l g l l v g  .  ! ! 9 "

h -r.
o  =  g , :%  =  n  o  L -  o  ( a -  n  )  l  -

u "  x  u  P

- I t - l ,
= ' i 1  o  I r -  o  ( a -  n ) Z  =  l f  , o ; - .  L * .  o  L - . , _ 2 "  .

' x u x u

L . - o  t  z '  = Q

T ;

where from :

- f

t - z  €  K e r ( r , - ) =  T - M
u x x v

Thus :

h v
x e r ( o - ) =  O -  +  V - :

u u u

Also .

v
A_ n V_ q H- n V- = (o) :." i'r..

U U U U ' i '

hence the sum is direct .  Final ly , :  ' r i i

h v
K e r (  o -  )

u u u u

a s 3
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v
n o-  = (o)

u

, ^ i E l n
l J . U . . J a

. Y

ConsequentlY the restr ict ion :

2n
. 0 - : H - R

.  u  l l i '

cancnica, l  l - form is  an izq>morphism of

: ' r : : o r '  
4 . ' T H E  F I R S T  S T R U C T U R E  F U N C T I 0 N  0 F  A

' h

0-
. u

6f .:ffi€

Hence :

Thus

0 ( z ) _
u

e l r

T C

,
=  o  ( 2 . )

2 n
H_ on-to R

u :

F I  NSLERI.AN. G-ST.RLICTURE

€ i i . .1 ' l

rl tttl, .

:  ' suppose  V  and  V ' i . r e  two  regu la r  connec t i ons  i n  r  -  TM '

Let  H_ ,  H:  be the corresponding hor izonta l  subspaceg "af
u r 2n

T  ( B ^ ( M ) ) .  L e t ^  g  € - n  b e ' f f x e d .  T h e r e r , 1 s  a n  u n i q u e  p a i r  2  ' "

u . '

I

lz , -  ,  z_)  €-  H_
u u u

so thaL :

I

x H _
u

: =  E
u

there is

so that :

. *  t ,

r (8 . ) -  7  ,7 ,
,:

Here t  (G)  denoted fhe ' t  ie  a lgebra

vector  f ie lds on G.  Afdo i f  A €

t,angent vector f ield on G, then :

€
I

7"
'  .  .  . ' . u ' .

unique

Hom {

::1 -j: l

of al i .  Ief t - ' invar iant  tangent

L (c) is a given left invariant
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*
A  :  B ^ ( M )  :  >  r ( B ^ ( M ) )

.  ( j '  l . : t

i s  the fundanentaL tangent  vector  f ie ld  associat9d to  A,  that  is  :

*
A _  =  ( d ^ f , _ ) A
n  e ;  e

where e € G is the identity matrix and i

l,- : G --+ B,. (M) l
IJ

u

is the fundamental map , 
n 

i

U Y l- 
('l' r'

u  € B ^ ( M ) t  g €  G .
G '

We Conc lude  tha l r  ds  i ve l i l  as  i n  t he  c lass i ca l  case r  / 2 / ,  i .

a  hor izonta l  o f  T-  (e^ (U)  )  ,  the remain ing
r u u

horizontal subspaces H- can be parametrized byl.,glements lof-
2 n u

H o m  (  R  ,  L ( G ) ) .
- 1

! .  Let v be a reglular connection in t- '  TM. Let H ' ' .  be t; ;=

corresponding connect io i i  d . is t r ibu l iqn in  Bc(M).  Let  E,  n  € R

be f ixed. Then t irere is an unique pair :  '  '  j ' '

( z _ ,  w - )  €  H -  x  H -
u u u u a  , -

so that 3

O ( Z ) -  =  E  ,  0 ( W ) -  =  n
. U  U

We define a function :

2 n  2 n  2 n  7 :
C  :  B ^ ( M )  H o m (  R  A  R  '  R  )

H \ t .

l trvJ
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c  t [ l  ( E  A  n )  =  d o ( 2 ,  w ) -
n u

2 n
F o r  a n y  A €  L ( G ) ,  E  e  R  : ,  w e  p u t  :

A t  = ( e e r € ) o ( a e r i ) , ' : :

' '  :  We c ief  ing a lso the oPerator  ' i  
.

i '  
-;

n r '  2 n  2 n  2 n  2 n

d  :  H o m  i  R  ,  L t G ) )  
T *  

H o m {  R  n  R  '  R  )  r

b y :
i 7 r '

{ * 1 a * t

i a r )  ( 6 / i n )  =  r ( E ) n  -  r ( n ) E

2n 2ir

f o r  any  T  €  t t om(  R  ,  L (C . l )  and  anY  E ,n  €  R

We shaiL :prove trte r6rrowing !. r: '

T h e o r e m  4 .  l .

Let BG (M) -- M 6st 'g,;:didsletian' G-structure on M and

V,  Vt  two,  regular  conneci ions in  the F ins ler  vector  bundle '  I f )

t  .  t  i !  -

H, t ,  H '  r . , 3 rg . the ;cOr r€spond . ing  connec t i "On-d i s t r i bu t i ons  i n  B " (M) ,

then i

n

c ,  ( , 1 )  c t i l  =  - + ( a r )  , .
H H

for any f insl.erian frame I adapted to the f insleri-an Ggqb6e"ucture"'

P roo f

2 n
Let  E,  n  € R be f ixed.  Then t i rere ex is t  :

? :-: J:{

and :

z _  , ' w _  e  H _
u u

f r ,

7,_ ,  W_ € H_
u u u

so that :

"# 
:l;
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.  : .  I
A t . 7 \ .  . :  a l " r .  1  =  f\ J t , a l -  

. v \ 4  l _  t r  '

u u

then :

' c  ' t i l l  ( 6  n  n ) ' -  c  ( u - )  ( E  n  n )  = "
HI{ '

f  r  -  
' i - .

.  =  d o  ( z  -  z ,  w ' ) -  +  d 0 - ( 2 ,  w i  -  w ) -  =
u u

:  A a  l n  f r \  
*  

, o ' ' t  +  a a  ( v , .  T  ( n l  * ' l
u v \ r \ 9 /  r  U Y  l -  T  L r \ J \ 1 r y  I \ l l ,  l -' u u

r * r *
r  !  r n l c . \  / c r / h 7 t \ \  -  '  T ( . ) _  ( O ( Z ) )

2  
r \ 9 ' _ -  \ v u r  l l  2  

r v r

r r u

We need to prove the following 3 ' -..',,1:i

2n, *  .  ;
' ; b r  z _ €  n _  s o  t h a t  o t z ) _  =  E  ,  [  (  e " ( M ) ,  E . 6  R  o
!

U  U  U  r I

For ani le1ft invariant tangent vector f ield A € L (G) we have :

Iremma

*
A _  ( 0 ( z ) )  =  A  E

u

PfOOf :!rrTL1 "

j F o r a r i y  g €  G  w e h a v e :  '

" :  = . 0 _  e _  )  =  o _  ( ( d _  R  )  z -  )  =
. .  u  g i  u  g  u-g .u  g  u
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=  ( 6 R ' t  o  f i  =  g  0 ( z ) -  =  g  E  ,
- q u u ' u

by  the  theo rem 3 . I r  *  "  ,

C,.rnsider the function i """ ,  ' : ' { i ' :

2 n  - 1

a  i  G  - - - - - - +  B  ' .  ' i - ( g )  =  9 ,  E  t -
F. E .  e  .

fo r  any  g  €  G.  Then :  ' i . '  '

*
A ' ( o ( z ) ) - .  =  A  ( o ( z )  o L . - )  =  a  ( v U )  '  ' i

il
r r  d  *  '

.L

L e t . t g . t h e a s y s t e m o f l o c a l c c o r d i i i a t e s o n G L ( n , R ) . S i n c e
-t
J

loca l lv  A^ € T^ G is  g iven bY :  .  ; r ' " '
J  e -  g

we obtain :

_  *  i  d  9 ,
' n  

l ^ l jr t  r . , r Z ) )  =  A

[ j 's  "  3 9 .
l

Let us Put :

F ,  =  P  E  ,  k  =  L , 2
k k

Thus :

- I- 1

m A
A = A

e  - k  ^  
m

o9k e

A |  = (A qr)  O (A Er)  = (o ' , -  r i  . r l  @ tar ,  E;  u j )  = 
.

I  i  i  I  i  u  . i
' =  ( a  E  , . " . r - A *  E l  ,  A  E  , e - . t  A ' g  )  =

i l  i 1 i 2 i 2

j t i n i f i R i
'  =  A  ( 6  E  , . . . ,  6  E  '  6  E  r " . . r  6 .  E  )  =

. i  j  r  j  r  j  2  i 2
j i

- A  ( 6

f

{ i f

= A -  ( g  e  l S t e  e  )  ,
i l j v 2 i
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h

R I t  i sw h e r e  [ € ,  r . . . ,  e -  ]  i s  t h e  n a t u r a l  l i u e a r  b a s i s  o f'  r '  n  -

also straightforward' that '!;

a  q -  i  i

* t ' l
aq.  .? '. J

which completes the proof .  .

The  p roo f  o f ' t he  theo rem 4 . I  i s  how ob ta ined as follorqs :

c ( u )  ( 6 A n ) ' -

t t , T ( n ) E  -  r ( { ) n  } ( a r )  ( t A n )

Q . E . D .

. . : - .The  i rnage

coboundary. oPerator
2n 2n 2rL *

I {om(  R  A  R  '  R  ) .  Le t  us  deno te  bY  :

TI,

I= 2 . I=
2

2n
OIIom( R ,  L(G)) of  the op.erator 0 (which is the . . . ; . : .

in a .Jx:rtat&**,c:ohonrQ1o..gry'.) :i"s a subspace of

' - - -  F  f r r ( c ) )
2n

,2Ix,.
O H o m (  R  '  L ( G ) )

the fact ,or  space.

We def ine a funct ion :

c :  B ^ ( M )  - - - +  r - I L ( G ) )
b 2 n

as fol lows ;  for  any [  € ea (U) vre def ine C ( [ )  to be the coset

"1,of  C. , ( [ )  moCulo 6Hom( Rzn,  L(G) )  for  an 4gpgl rary  regular  con-
fl

nect ion v  in  r -1  TM. Accord ing td : the thLe:qem 4.L,  the def in i t ion

of C does not depend upon the choicei ipf the regular connectigg'

simply because the dependence i;as,,3p34$rLored out - The f,uncLi.o.r.l' C'. i-s

said to be ths f irst.-order structure:j&grc.Ltl>n* of the f inslerian

G-st ructure B.  (M) .
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Let

We denote by

M

H

x '

N

T (M) be a tangent  
'vector  

f ie td on M'

i t t . "  "H-hor izo i l ta . I  l i f t ,

i  BG (M) r"(Bc (r'1) )----+

t h a t ' i s  :

? \

where

t t' n

f  r !
L ) ] t c . r r - , .  r l  €  BG(M)

= L
r t

)-
v L - M

, i \ -

i  € ea t l r )  recal l

.v
/T\ n
\]7 \r_

u

3 .  I t  g i v e s

. H

. J i

: t

rt rr
--.r1

(d_' r ) x-
u P u

-  1 I  ( t - . )  = d x

P

For every the direct  sum decomposit ion :*. ' , :

h
= 0 _

? 1

H
l:

i r-* from paragraph
(
\

Jl ^r{,
x  =  ( x ) + ( x )

li

where :

l+ "
( x )  c

h

T{
( x )

V i s

€ o
v

regularOn the other hand,

x  =  *n '

where :

€ r f r
h

A S

( i )
h

we have fhe decompos i t ion . :

+ x
v

X
h

X ( TMv\r

H

t-
r I

Clearl1z' :

^T
( x )

s. s{tflEt'Il-
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J i - H
( x )  =  ( x )

V . V

and hence we write simPlY :

H ."H -H
X = X + X
. h v

For  any f ins le : : ian vector  f ie ld  :

- l
V  :  M - +  n * T Ma\ . t-'

on" M we have a well known eguivalent fogmulation- :

n
f  :  B^ (M)  - )  R  ,

X \ : X

x i l

- - ' p - l M l
tor any u g lJG (rvr,, .

n
Theorem 4 .?

h H
1)  o  (e  x )  =  f -

x
v H

2 )  o  ( Y t )  =  f -
x

for any f j-nslerian vector f ield X on M'*

P roo f

h H - I H
o _ ( B r ) - )  =  u  9  L -  o ( a - 1 - ) ( B x ) -  =
. u u x u P u
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v H - 1  H
o _ ( ( y X ) _ )  =  [  o  G - o ( d _  n )  ( r X ) -  =

. u u x u P u

_ - 1  _ - r  ' 1 _
=  u  o  G ^ ( y . x ) ^ -  =  u  " ( _  ( y  x ) _  =

V ; x ) :

- 1
I "

. = u X = f " ( u )
r x x

Q . E . D .  i - :

" , ,1  We . recal l  the fo l lov, ' ing resul t '  see /8 /  :

.Theo: rem 4 .3  ' i  {
:-*.-a:

For dny f insler ian f rame [  (at  the direct ion ; )  which

is a{apted to t } re f insler ian G-structure v le have :  ' *  .  ' : : ' : " '
: '

^JI
( v - X )  ( i )  =  [ t t d - f . - ) Y - )

. Y u x u

where n is a tangent vector f* i l td on i ' f r , ,and, 'X'  a' f insler ian

vec to r  f i e l d  on  M.  '  - :

' i . , : .  The formula in  the theorem 4.3.  may be a lso wr i t ten

(mak ing  the  necessa ry  i den t i f i ca t i ons )  :

H
,  1 '  ,  F  t  1( v - x )  ( x )  =  u ( Y _ ( f _ ) )  :

Y U X

T h e o r e m  4 . 4 .  :  '

t )  r ( x , v l  t " t  =  2 i  { d o ( R ' , V ) _  }
u

v ^Jt ^sl
2 ' ,  T ( X r Y )  ( x )  =  2 i  { d 0 ( X , Y  )  }

for any tangent vector f lelds" i, i  on* i{, "*.i. ' : '*" ' '
l | :

i ? . f r ,  [ € B c ( r t )  ,  r c  ( U )  =  ; .  t ] , ,
\ J n

E

u
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Proof

W e d e n c t e  F =  L T . , T =  X . i , , ; - T h e n :

- l  t -  H  H l  i
l , r y l

u  L _  ( d _ n o ) l X t Y  l _ ]  =  , l:-.r ' ;  
, ' [  

r  L j [  ] :

H  h  H  H  h  h  h [ . - H  H l
=  U ' { f _ ( o  f  )  Y _ ( o  V ,  )  - o _ l X , T  l - t  =

u ..u lr L -!fr

- H v
B Y  =  Y  a n d  Y  €  O  .  H e n c e :

h v

l -  - r
T ( X , Y )  ( x ) =  ( V _ Y - V ; X - L  l x ' Y l )  =

X  
y  L  J ' V

' H  H  r .  " ' t'= ' [(f i_ ( 'r_) ) - ut '?_ (r_) ) - r._ I r, gl_ =
"  L t .  Y  u  X  J { '  " x

H h H H h H
- - 4=  u  t . x  ( 0  ( e  Y )  )  _ : -  Y  . ( o  ( e  x )  )  -

[ [

- ] T H H I
u  L _  l t a n , )  i ,  ( d n o )  ?  l - l  =  ,

x  L  Y  r  J x

I , H h H H h H

= , u { X _ ( o  Y , . )  Y - - ( o  X  r )
u r r u h

h H H
=  2 i  { d o  ( X , T  )  }  i

I

0 . E .  D -

ihere is an unigi i6 i ' tangent vector f ie ld 
'  

H(q) on e"(M)
2 n

r dssociated wlth a given E € R so that :

. \ z
t , '

2 )  o ( H ( E ) ) _  =  E
u

Then clear lY :
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are constant  funct ions oo,r "  Br-  (M) .
\t

'  I t ' i s  eas- j . lY '  seen that  :
i } .

h v
o  (  H ( E ) )  ,  " '  0  ( H ( 6 ) )

..-----a-ce a,Iso constant functions on BG (M) r that is :

' q  
h "
l l

' .  0  ( H ( 6 ) )  =  P  - 6  '
u l i

v
o  ( H ( E ) ) _  = .  P _  . E, 2

, u

Then : .

h l h
d o  ( H ( E ) ,  H i n ) ) _  =  -  

i  0  (  H ( g ) ,  H ( n ,  , o  ' - u r i r * .  ' - i { , ! , i 1 i i " * i  
, -

t l
l t v l v

d o r  ( H ( E ) ,  H ( n ) ) -  -  -  *  o  (  H ( E ) . , ' , H ( n )  ) -  
+ * i

u z I

where from vre obtain the fol lowing : - i- : :  ,

T h e o r e m  4 . 5 .

2 n'  F o r  a n y  E ,  n  € ' R  a n d  a n Y

; ! $

[ € e ^ ( ] ' I ) ,  n - ( [ )  =  x  r  w €  h a v e  :
( J E

c ( E )  ( € A n )  =
H

a s :

. q

4

- , t

* * r r r , Y i r r *

r  _ - f  -  - 1  +
=  ( [  r t t a o " i  H ( g ) ,  ( d n p ) H ( n ) ) - ,  u  F r t t a n n ) H ( t ) , ( d n p ) H ( n ) ) - )  . ) i r r
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c H ( [ )  ( E  A  n )
'l

= - ) o ( H ( 6 ) , H ( n )  ) _  =
u

i  =  ( d n , - )  H ( E ) ,  E  =  ( d n - ) . + I ( n )  .'  
E '  Y

We have also nad.e use of :

-H Jl
x  =  H ( E ) ,  Y  =  H ( a ) , ,  t i ' t

t t : . ! '  ' j  
i  r -  "  . , . '  t : '

Q . E .  D .
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