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TFIE STf;qUCTIJR-E OF' NAET*ARK DILATION

AND GAUssI,A,:'I STA1]OIqA,T{Y PRGCE,SSES

Gr. Arsene and T.Constantine:scu

I. Ii$TRODUC'I"ICN

' The well- lcnown in' ierplay between classical extrapcrlat ion problems, the theory
of Toepli tz operators, and the theory of Gaussian stationary processes stimulate for a
!i . ,ng t i ire t lre "research in al l  these f ields. Tlre rnain object which connects these
subje,cts is the notlon of posit ive Toepli tz form. Ti 'r is can be thcr-:ght as determirr ing the
correlation..operator of a Gaussian stationary process, or as cjete.rmining the Founier
coeff icients of a semispectral measure. .

Tl ' ie study of di lat ibn theory of contractions in l- l i lbert spaces ask*,for a
generalization of the 5chur sequence"which appear jn:Carathciodcry-Fejdr extrapolation
problem; ' ' this is the notion cf '  choice sequeirce which rvas used in irrdexing ai1
contractive intertwining di lat ionsi,a,nd in t lre structure rof posit ive Toepli tz forms. As a
by' 'product, the descript iorr of the structure of Nainrark di lat ion of a given sgrnispectral
measure was obtained. This fact proves norv to be usef ul in str. ldying the; regularit l ,
propert ies of a Caussian stationary process.

Tlre contents of this paper is the fol lovaing. In Section 2 u'e col lect the results
concerning the structure of some matrix contractions, the structure of 'posit ive Toepltz
forms, and the structure of Naimark di lat ion of a semisnectral measure. Section 3
describes the connectlon between the theory of (vectoriel) Gaussian stationar.y
processes and di lat ion theory. Section 4 gives the main teclrnical,result '(Theorem 4.7)

rvhich shows t lrat the parametrization by choice sequences is, useful in computations (in

the general vectorial case) connected with informational regularity of the processes. As

a consequence, we obtain in Section .5 a cri terion (Theorem 5.2) for informational

regularity of rnatricial Caussian stationary processes. More explicite :esults (Theorem

6.i) are obtained for the scalar case in Section 6. Here we: insert also tv;o rernarlcs

concerning the connections of our sett ing rvith': the notion' of entropy for Gaussian

stat ionaryprocesSesandwi t l rSzegt i ,sL imi tTheorem]. - -a*J



2. PRELIEdTN.4RXES 
:: .

In this section we wii l  recall  the structure of Naimark di lat ion of a setnispectrai

rneasure as presentetJ, in [ i3]. For this, i t  is necessary ' fo review some results on the

' stsructure of matrix contractions,(see lz]r l3l,  [11], [12] '  [13]; on choice sequences (see

Ig], [2], lLzJ,l i3l) and on the structure of posit ive T,:epli tz forrns (see,[1?J),.5ome facts

are described here in a more general setr ing (or nasre eonrpletely) than in the quoted

'papers; moreoverrthose papers con.tairl proofs which cAvef the ':'ses cortsidered''jn this:

section. "

2.l.Structure of some matrix contractions

H' b* (corfrplcx) Hilbert sPaces and let T e Lt.dfi') be a contractiotr

usual D- and D- wil l  denote the defect operator (=(t-t"t)z), resp'
l l

(=Dr(H)-) of T. A straigfrtforward comput*tion shoys that the

(T) :  I J@DT**  g 'ODt

i.i .r';:j r'

'  Let  H at rd

(i,.e. l lr l l  S l). As
the defect space

oPerator

N '

(2.r)

is a unitary oPerator.

Suppose

a contraction i f

Q.2) |

a ' r c l f o r e v c r y 2 ( p ( n ,

n
now that  H = @ i I^ ,  where n eN.  Then T =

.  o = l  v

and only i f  (seb l7i,  t l  I) ' -  ,

.  , . i : ; . i ,

(T yT 2r"  .  . ,Tn) e tGl ,H. ' ) , is

t:
I

{
I
L'(T) = r "'1'F' -r.j

l l ' r r  l l  s  I ,

(2.2)p
r  r '

where I l=Tl  and lU eLQlUrDri l_r)  are contract ions for  every

defect spaces of T and T* can be identif ied as follows. First, the

: " . * ?  .  s ( T )  =  o :  D ,  D f  .  O n f ^ @ . .  . @ D r
;  r  ! l  r z  n n

2 ( k ( n .

operator

Moreover, trre*

defined by

t , l .
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r i n r x . . . D I . *  . r n,  r 2  , n _ l

r l D r ;  " ' o r i - r t n

n
" 1

0

4

;

n ' l * n
l . . l ^

t t

D r' 2

0

0

r f D , " x f ,
t  t z  4

n ' r r- , 2 , 3

t
I

I

i
i

" r

DT'
r .-.

5

:

0

or(T)D, :=(2.3)

is  a unitary operator.  For computing 
" 

T* ,  consider :" ' '  :  i

(

l B ( T ) = $ : D t x * D r x  "  '
|  '  ' n

(2.4 {
I

fotr)nt* := Dri l  ."  ot i  ,
t

: _ t l  j . :  :  : . .which is a unitary operator

' .Thu Cirse H = @. Ho is 'more delichte (see lL3), Sections L'3-1"6)' Let

T = (Te);  
,e L(H,g, ; ,  u ld=t0". , t " r"  for  every n> l ,  H[n] '= -6,"  pc H *nc r fn l  '= t lH[n]  '

P = l  r
f ^ ' l  +  t -  ^  r ^ * + - ^ ^ + i ^ ^  i f  e n , - l  n n l v  i f  

' l ' .  
l S  . '

€ L(Ht,,r,H,). From (2.2)^; 1 it follows that T is a 'Contiaction if an'J only if T, is 'ggr:;

, , , , "J * * i iun ,u to  f -=  D: ; : . .Dr*  ,  rp ,  (p )2) ,  where  f  i  =  T t  anc j  f  ue l , (Hu 'o t t - r )p  , l  , p _ l

are contract ions tkz 2).  For compuring D1, def ine

G r  ' :
, '  . - ' t  ,

Dn(r):= o(t[n])nr[n1 :"[n1 -* 
o{, "ro* o{, 

oro " '

D-^ (T )  :=  s - l im  D^ (T ) :
n * 6  

r l

[ * , , ,  
,

J
le(fln,
\

D r
P

H + o
P = l

(z.i|,n

and

(2.6|

Then the oPerator

Q.7)

is a unitarY oPerator;

F6r cornPuting Dt*

;= D-(T)

*  6  D r
P = l  

-  
P

D T

, consider the oPerators



I+

(2.8)n

and the operator

(2.e)

Then the operator

n(T)  = c^  :  F i ' *  Dr*
n

^  : =  D , . J +  . . .  D p x D p x  1  ( n >  l )
n  I  I ^  r  r

n t l

(
I

l"
\
l c
t

(

lg(T) :  D-* -+ Ran c-(T)-  1l r *tz.ro) {
I r l '>

" lB(T)Dr* := c*(T) ' /  L 
,

\ '
is a unitary operator

Similar results can be ebtained (by transposit ion) for the case of a "column"
' n o i 4

operatoy from F/ into /y' '"= 
p, % 

(or @'il ')"

Finally, consider the case. of a trvo-by-two matrix contraction'T: /{.( = HIO

f r . -  r  I
6I{r)  *  H'{ '= H\@Hi),  t  = 

Lr; ;  
; : : ) ,  

see [31. ' rhen r  is  a contract ion; i f  anc.onry i f

L

j

l l  r r r l l  s r ;I t

(2 .1D1  T , ,  =  Drx  I ,  ,  where  l ,  z  F I "+  D . "x  i s  a r  con t rac t i on ;z  r ,  t  I l  t '  I  L  
i t

( 2 . ! l ) "  T " r = I " D - , w h e r e  l " z D -  r  H t  i s a c o n t r a c t i o n ;)  z r  t  r i l '  t  t l L  i - - - - " - - - - - - - " ,

and

( 2 . 1 1 ]  , ,  T . > , > =  - r r T i , f  
,  +  D p r n r D -  w h e r e  r  :  D ' '  o  D " x i s a c o r , t r a c t i o n .+  z z  L  l L  r  r Z  t I '  

I  
I ' ;  

- -

The defect spaces of T and Tx can be computed using the unitary operators

a

I  o t r l :  D. r  ->  D,  O Dr

I  
' 2

(2 ' t3)  j  
o(r)D-:= |  

o ' ro ' , r  - (Drr t i ' ,  '  .  t l f  *oi ] ]  '
|  
* " ' "T ' -  

|  " ' ' "  I
L  I  o  D I ' D I - - _ - . . |

a n d  L  
I  ' l  I

J
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B(T) :  DT*. r *
* D r i @ '

(2. I 4)

B(T) := a(T*).

2.2. Cho!.ce sequences
',,u 

TfiSLitain object used for the indexing of contractive intertwining dilations ([8], *,

[2]) and'oittposiiive 1'oepliti formri'q121]'is the notion af choi'ce sequence' A sequence of1"'r

contractioii V = {tJ], is called'a ((I{,;Fl ')-),choice sequence 
'f It zH + H' a1d fo1"

every IZZ,' ' I o,.-r|;; lr-*ori-, .tn, simplifying the writ ing of some fqr,l,pufas rvi ',

take  IO: ' f f  +  H ' ,  t "=  0 ,  so  6ro  =  Ip .  ,  D IJ  = lp t  t ' ro  =  H '  Dt ;  =  
" '  

'  F ix  now 3

choice sequence Y . We will attach to it the sPace

n - l
r n ( r ) = K n : = o % r t o '  ( n > l )  i

K*(Y)  =K* i=rg f  t , .

(2. trr ,

and

(7.16')

Ccnsider the t t rowtt  oPerators "  - ' ' : / !

[ * " o l = R n : K - 1 1 1 '  
'  i '  '  '

(2.r7rn 
J i_ 

,', '. '.,

[nn  
'=< t  r ;o r i t  2 , . .  . ,o r i " "Dr ; - , tn '  (n ) l )

ani (denoting by en(v) = Pn the orthogonal projection of K+ onto Kn , n ) 1)

(

[n - (V )  
=  R-  zK  +  H ]

(2. 18) I
[*_ 

,= 
i: l9 

RnPn. i
\ - l ' :1"' 

FndU s i n g t h e n o t a t i o n o f S e c t i o n 2 ' l w e h a v e ' f o r n ) l t R n = - R i

consider the oPerators: :"-cr"":r

(2 .19)n on(V)  = on:= io(Rn)

(2.20)n Bn(v)  = Bn:= B(Rn)

(2.2Dn on(V)  = Dn:= Dn(R-)  D '  i^ ' ' r

(2.21)- D-(Y) = D- := D-(R-) -_----d

' . a

( i

. i

we wil l
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(?.2?)

(2.2rn

(2;23) *

(2,,24)

r 3

clef ined by formulas (?.3), (2:.'4), (2"5)n , (2.6), (.2'7't, (2.8Jn , (2,9), (2' lD)' respectively'

o-(y) - 0-:= o(R-)

Gn(y) = G- :='Gn(R -)

G_Q) = G-(B,D)

B-{./ = g := g(R -) ,

\ .l :  '  
Let us note that for everY k)2, v(k)-,= {rp}i=r is a (Drk_r,'r i l-,)-tnottu

soqu"n.";'ttib upper index (k) will:r-indle.atb the objectsr.aqsociated by Q'L:)p-(Z'Z+) to

.{i}

v(k } ( " .g .K(k )3=Kn. i . * t ( t (k ) ) ,R f t i ; ! :nnn* , {y (n) ) ,andsoon) .

Similar considerations can be made for "col.umn" operators asso€i3ted to y' The

simplest way of,thinking them is to take t l ie adjoint choice sequence V* = {f i}r i=1, to

consider ther,row', 'o'biects associated to y*, and to take their adjoints. We wil l  use the

symbol ttort for denoting these "colitmnqr objects- For example, for n ) l, fi'nt^2 = i'n '

n - l  o  . t  '  '  :
z  H  +  O  D r * ,  f , n . =  ( r l ,  l 2 D r r  r . . .  r  r n D r " _ r . . . D r r ) ' ,  ( t  s t a n d i n g  f o r r  y r a t r i x

P = 0  
' P  - l  

i .  
- n - o

t ranspose).  &-ty)  = &-r  r f l : - :  
pglDr; '&-o. , i * := 

D- 'and;  , : :

in" use of 
'Choice sequences in indexing.cqfrtraciiVe,intefJqining dilaiions ano

positive Toeplitz forms need also the^r;fi$tbwing'hbt'+tion'.,(For' simplicity, we will

conSider here only the case we wil l-use in the sequel, namely H = H'-) For a f ixeC choice'

sequence V= { fn} i1 ,  def ine for  every n )  I  and t  ( ,F!n

Jn,p(y)  = in ,k ,

:  ( H 6 9 D " . @ . . . O D r .  ^ ) O ( D r .  . O D r . * ) @ ( r r , . . , O " ' @ D I , ^ )  
*

e . z r ,  
i l -  -  L k - z  ' k - l  ' k  ' k + l  ^ n

.-. -- rn, k
*  ( H @ D , ,  O . . . @ D ,  ) @ ( D  n *  @ D  r , .  ) g ( o  r .  .  € ) . . . o D ,  )-  I l -  -  t k - Z  . k - l  - k  . k + l  . r r i . . _ t

Jn ,k  !=  I@l ( f k )@l  ,

urhere I stands fcrr the identity operator on anv-spacer and some parantheses in the direct

sums may disappear (nan'ely, the f irst and the third, for k =D = 1"' thg f irst for k = I and

n)2, and the third for k = n).

Finally, consider the unitary oPerators

};:.:t

(2.26)o Y o = I t H  +  H ,



(

l V n f t )  
=  V n  , H @ l r  

t O . . . @ r r n _ t O D r ;  
- *  s @ o r , @ "  ' a o r n

(?.26)^ i

lvn 
'= Jn, lJnrz'  '  '  Jn,n '  (n ) l ) '

t
In [12i, the fol lowing connections were proved'

First of all, for each n ) !;,, w.ittr respect to the elecompositions

G @ D r  O . . . G D '  . ) @ n r *  a n d  H O ( n f  . O "  ' O D l - )  '  t h e  o p e r a t o r  v n  l ' r a s  t h e
- . r l  , n - l  -  r n  . l  - n

matrlx

[n c,*l
(z .znn vn = 

l " :  
n l

L n on]'

where  Rn ,  Gn  and  Dn  a re  de f i ned  by  (2 "  ! 7 )n rQ ,23 ) ; r (2 .2Dn ,  respec t i ve l y ,  wh i l e  An  i s

the operator:

r,
| * n ' o t X  

" , @ " ' n(2.28)^ (\ . ' ! v ' n  
l ^  = - ( f T D . * . . . D ' , * , f l D ' ' * i . * ' r  n r (  n  - * \ t

, ' : - i  
.  I  n  ,  , z  , n  .  r 3  

" X  

" . , l n - l " f l " n ' '

Using these, it follows that definig:

( 2 . 2 i l 1  w r = w r ( v ) = I l ' H  n  H ,  ! ' i ' ,

and 

l  : '  :  

- '  ' ' i "1

(

(2.29)n l 

wntv) = wn : Kn * Kn 
,

I  v -  : =  v ^ , ( 1 6 r l n ) ,  ( n ) 2 ) ,
I  

n  n - I

then the oPerator
(

f  w* (v )  -  w .u ,  K+- '+  K+
(2.til 1

I  W,  :=  s - l im WnPn
L .  

n - > c o  r r  r l

is an isometrY which verif ies

f p  I
(2.3D w* = | 

^'.: 
I

l n  l .
L col

i th the adequate,isometries considered in [9].'  This opera.tor W*.is connected with the adequate't l

In connection with (2'2S);=l ,  we wil l  need the fol lov'r ing remark'

.'li.; i!



s

(2.32)n

I-E&fiMA 2.1. Fcr everY n') L, we have

ker(I-6n6fi) = to].

PROOF. The forrnutas (Z'Za)fi=, imply the recurrence relations

i  n  . ,  - r , o ) t -  n ) ? .( 2 . 3 3 ) n r  f i n = ( A n - t o t X ' - r n t  t " ' - ;

We wil l prove anly (2.3?.)2 ; an induction argument, bagecJ on (Z'?'i l i ' l  l '  settles

the whole rrratter.

,  Thus ,  we  have  to  p rove ' rha - t  D^x  =  u r ,  *Drz  where  n )z  Dr rOo  r r * '  
' . r L

is given by A; = -(DnI f t  , f2). For this, rve wil l  use the analysis of , ' ] lgw operators" as

L 2  L  L

desc r i l : ed  Sec t i< in  2 -1 . ' Leno t i ng  l - " . "  T  = (Tz ,o r l I t )  eL (D12@t r r ' ' ' f ; ) '  ou r  goa l  i s

equ iva len t  w i th  p rov ing  tha t  ke r  D r=  {0 } .  Bu t  ( f ) ,D f f  I ' 1 ) ,  where  T '2=  Tz lD f  
Ze

D - *

e I - ( D -  , D . x )  a n d  f ! =  P n " * t , l D n .  e L ! &  T , ,  ,  D " x )  i s  t h e  c a n o n i c a l  f o r m  o f  T
" - ' - T Z  L ' Z  

- r  ' r L  i 1  r l '  L z

describe{. in (2.2);- i .  l t  is clear from the .defini l . ionl that l<cr Dr' = {0} and

, k*n D -, 
= {O}. From the proof of (2":) (sbe [7],"or t3l) i t  Jbl lows that ker O,r 'r= {0} and

kero: l=  {0}  imply  that  kerD,  = {0}"  Therefore !2 ; '92}r is  proved'  and th is  l in ishes the

proof -ll ,r't* lemm:.

2"3" Fositive T;rePlitz forrs

Fbr a Hit i iert space H, a (I l-) posit ive Toepli tz form is a sequence of operators

r = {Sni;= i , (Sn r r,{a)), such that f or each o }11,, the operator

n+ l
rn fA tl' _ n

l l  t  V
n = l
Y

-+ @ II^ ,
P = 1

s2

" l

I

( u r = n ,  v  p e N ) ,
n+ l

o.34)

T ! :n

t

^ *
I

- *
J * z

q *
" n

J 1
I

I

c l t
J .

:

q l t

n - I

is"posit ive. From u?l, Theorem 1.9, i t  fol lows that . there

correspondence between the set of I i-posit ive Toepli tz forms T =
.'?.:

.  \ i : t

exists

{ s  } - ..  I l , h=  I

a one-to-one

&nd the set of
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(H,H)-choice

(2.3il |

(2.35)n Sn

W e

(2,36)

sequences f = {fn},I1 r Eiven by the formulas

s l = f t

=  Rn_ r ( y )un -1 ( y ) i . n -1 ( y )  +  o r i . . . o r i _ l  t n " rn_1 . . . o  r , ,  
( n  >  2 ) '

wil l  denote the corresponding objectq by T(v) and lr) '

?.4. Naimark dilation

A (g-i 'semispectral measure F on the unit cirqle T is a l inear posit ive map

F:  c(T)  *  L(H) ,

- +r-,o oo+ ir' frnr functions on T. We vtill consider
where C(T) denotes the set 6f (complex) continuous

only the case when F(l) = I;  this is npt an eisential restr ict ion, and it  simplif ies some

unirnportant comPlications. The posit ive Fourier coeff icients of F,

(2.37)n n(F) 
= sn,:= F(x,-r), n) I  '

where u ( . i i )  
" in t ,  

def ine a H-posi t ive Toepl i tz form T(F)= r= {sn}rT=r  '  The c,hoice

,"Ou"n.J df(n)) wil l  be also denoted by,dl ') ,  and in writ ing the objects associated to

{F) by Sectisn 2,2 we wil l  use sometime F instead 9t.-1f). :-
Let ul recall  the structure of the Naimark di l i i t i ,on (see [22j, Sectioir l l f ,  for the

s,n{I) = Prwl(F)Pt

definit ion and the construction) of F, in terms of dF), as it.rry,49 'described' in'[I3-] ' 'Tq'

this end, note that

(2.3S)n

(see [13], Lemma 2.3), sorhavin6 in mind (2.31), ]he structure of the Naimark di lat ion of

F goes as fol lows. (we wil l  f ix F and qrnit the writ ing of F, or dr), in denoting the,pb-

jects of Section 2.2 associated to ' f(F)')

Take

D * : , =  R a n  G -

' K i = . . . @ D . , * @ D * @ K + .

:  K (  =  ( . . . 6 lD* )6 l (o *Ox* ) )  - 'K (= ( " '@n* )g r * )

: =  I@Wred  t

(2.3e)

and

(2.40)

Then def ine

(2.4r)

" . i ,

{t
t''

iri rl
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where  Wred :  D*@K*

!,2.4?) w  , : =rec

It fol lows that W is a

of F. Note that W has

-+ K+ is def ined bY

[ ,  o l  [ o  I l
I  f i t n * r l  I
l o  " j  Ls :  oJ

unitarY opefatior whose qPectral

the matrix

lreasure. ; is the Naiinarl< ci i lat ion

(2.43) w -

I

0

0

0

0 0

I  l )
r - L l L  n
- @  ^ l

'7 'n
- L t  u l 1

t  t l

-z^  0
z

. a

O 0

D - x I -  D r ' * D r . * f 3
t l  L  ' l  ' ? -

- l ( n  n t ( f t- r i r  ?  
- I ' i u t x I 3

D n  r r }  r .
, 2

: :

where"the oPeratcrs

t" lrl.L\
\ & .  I  '  r n

using the oPerators

(2"t:5)n

7n,  tn)  l ) ,  are.def ined bY ,  ' ,

l r , rD ,u  *  D  r
l '  n
)

l 'n '=  
r lHn* l

' t ^  
i  ;  ' :

(
I

! " n ' ?  " *  
" 1 - '  

i  i r r "

(

[ "n  
,=  

"$)* .n- r  
. . .  c r  ,  (n  > 2)

tivliich'are constructed by partial isometries

Q.46\'  ' n
; - .

; ' l ' ; ' " ' l t  
is  easy to  see that ,  for  each n)  l ,  the compress ion of  W

defined uy (z.zl)n, and that the restr ict ion of w to Kn is w* def ined

( _---_-.--

j.",ry-';;cT*'I
[ . ""9 '*  

,= ch*r) tDr; .

to Kn is exactlY

by (2.30) .
1,{'fl:,-

'i'1;:t':':

F
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3. GAUS$AN STATIONAR"Y PROCESSES

The a i rn of  th is  shor t  , " . , ,op is  to  recaf f  i f , "  set t ing of  s tudy ing the regular i ty '

condit ions for Gausslan stationary processes, ([ l '51, 125], l2l l ,  I lr ]) and to poin! out the

connections oi this with the structure of the Naimark di lat ion of semispectra. ' l  ' ,

measures. !
'Let 'pt.,6. a l-{ i lbert space, anil  [  = {entl}]- -- aH-valued Gaussian stationary

process rvith 
:discrete t ime and zero. mean :value (where o varies in a given probabil i t l '  '

space)" Therr I is completely deter:mine.d, by i ts corelation matrix T(E), which is a

H - p o s i t i v e T o e p l i t z f o r m ( s e e f o r b x a r n p l e t 2 l ] ) . W e w i l l a l s o s u p p o s e t h a t t h e ( t , t )
'  '  

"ntry 
of f([) is I ,  which means a no.rmalizqtion of the spectral measure of [ .  Thus; i t  is .  "

possible to apply to T(E) the analysis <jescribed in Section 2. So, the process { is

completely determined by the H-choice sequence f(f(E)) = y(E) (see Scciion Z'3);

moreover, the spectral mesure of { is ' the spectral measure of the unitary operator

W eL(K), where K and W are given by (2.40) ana (2.43). The protess i tself can be

thought  as the sequence of  the compress ions of  wn to H'

Our.i inientionis to study some regularity condit ions on f using the previous

structure lnuoiuing .{oicu sequences. f.qt a filegJ, f , consider lts correlation ,rpa*rix T

and the associated choice sequenqe y ;,we:'wilJ use the notation f rom section 2 f or these
: -  .

objecti .  The paper |.15] introduces,ir, , the analysis of pr,ogesses the fol lowittg oPeraiors

B,- , ( [ )  =  Bn = P-(n)P*P-(n)  eL(K) ,  ;  (n l  i )

P- (n )  =  { - , n ,  ; '  I { - ( n )  =  g  w*nH '  ( n )  l )

The iact that f is a Gaussian stationary Process implies t lrat for each n)2 Bn,'d, i{fers

frorn B, only by a f inite rang oPerator (see for example [21], lg,F], ipn lV'2) '  Therefore'

our analysis wil l  be concentrated on B, = p-P+F- , (where P- = P-(t) is the projection

o f K  o n t o K  = K  r , t ) .

rr,eie 
"J""{uit" 

a lew notions of regularity for stationary processes.[21]; some

of them are equivaleirt in the case of Gaussian Proc.ess.es' We remind only some final

results which use Br: A Gaussian stationary Prc'es:, is.",cqp.p[etely regular i f f  Bt is

compact; and it  is informationally regular i f ' f ' ,q1 is t iace,rtfass ([21], ch' lv) '  In these

cases, the so-called tlie regularity coeffi6i,bnfn-€hrJ 
'the information regularity

(3 .1 )n

where

(3.2)n

and

( i .3)
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(3.5) p  +  ! ( n )  = ,

-  1 ^ \ .
where {^f '}are the eigenvalues of [ ]n'

,ine aijove tactS suggest that a triangular lactorization

choice sequen6e'{{ j) 'of I-d, wii l  be very use+ul in this respect"

next section; the applicatiuns wil l  be considered in sectiorts '-6'

ioefficient I are defined as:

(3.4)

. (4 .4)'  ' n

Now, we can state:

(4.5)n

n + p(n)  = l lBn l l  ,

n; = 
ut?y."u" , n; =.of;

., B.rr" = p;l.p;

B l , n =  P ; P + P ; =  P - B I P ; ,  ( n ) l ) .

Q n = F n P * = t f ; n ,  ( n ) l ) .

(which invoh'es the

This wil l  be done in

-* I tntt - ^11)i, (n ) l),-k  r \

4. MAIN TECi{hIICAL R.ESULT "_1

our analysis of the operator,B, (attached to a f ixeci Gaussian stationary process

', '  
$ wil l  use-.an approximation proceciure suggeSted [y the special stucture of the spqce K'

(.r.he objects from Section 3 which appear rrere are all attached to the choice sequeice,&"

Til .) In' ' this respect'  consider f irst (for every n ) l) ,  
i i  ' a :

.  (4. l)n

and the operatcr

(t:2)n

Then we:have

(+.3)n

This expia ins our  in terest  in  s tudy ing the operators {Bt ,n} t i

useful result 
"" 

i*; i l ,  .  For explaining it ,  ie.. define

PROPOSITION 4.1. F'or everY n ) I'

P -  =  w * n Q  w n .- n  t n

The proof wil l  use the fol lowing result"

LEMMA 4.2. Farevery n ) l, 'ure hcve

s- l im- i f f i  -  QIXI  -  wQnwx)( t  -  Qt ] t  = ' l * 'Qn+l  :
m ->@

(4.6)n

f,



\_,

s- l im
lTl +co

G.7\' n

_ where

o H @

';.

formu

(4.8)'  ' n

l

as

e5

' l
'0 I

, l
I' l

' J
o f K

entri

i:i ^'R

PROOF. Having in mind that for:€v€r! seifadjoint contraction T one has
*111" = Pger(l_T), we wil l  prove f irst ly that.for every rr) I

[ r  o  o  o l
l o  o  o  o l

, 0 - Q r ( l - w Q n w x x r - q r ) = l  o  o  o , , o x  ; l  ;
L p  o  o  r l  ,

th€ 'm' i i t r ix  is  wr i t ten wi th  respect  to  the decomposi t ion of  K as ( . . .G)D*OD*)@

or  .  @. . .oD ,  )o (D .  , )@. . . )  and  $ ,n  i s  de f i ned  i n (2 .27 )n
' l  ' n  ' n + l

The formuta (+.2), is an.immediate computation" . .  , ,r, : . ,

Fix now an arbitrary n ) 2. Using (2.4'J), (4"4)n, and the remark made after tfre

ra(2 '46)n,* " t "n" ' in ;  

o  o  o l
I loo I I
I o wnwi *"1 "n-tl , I l

w e n w * =  |  
' : , . " ,  

[ r " J  I
I  ^  t ^  ? -  ^ l
l o  ( o r . D r ) * ;  D ;  o l
|  

^ n - t  t n  "  l r ,  ' J '

l o  o  o  o i
L J

ii**]' here the riglit drand side is. written with respect to the decomposition of K a$
( . . .  o*@D*)OK.ODr  E l (Dr  .  O. . . ) .  us ing  now (2 .29)n  and (z .z t )n_ l  ,  w€ ob ta i r r

' r  r n  t n + l

0 0 0

* * *

x  D  . D * . + A  . T . . n * A *  A  . r  n -
n - r  n - l  n - l ' " i i ' n " n - l  " n - l ' n " I

n
h  - * a *  nt (  r J F  l n ^ n _ L  " r 2t n  '  

^ n
0 0 0

0

0

n

U

0

from (4.8) that-  ' n

(4.9)n wenw* =

where the right .hand side is writ ten with respect to the decomposit ion

( . . . o D n e j . n * ) o H O ( D r , , ( D . , " . G ) D r  
. ) O D r  o ( D r  o . . . ) ,  a r d  t h e.  , i . I  ' n - l  t n  r n + l -

marked by{tx, l l ,are not important in the subsequent computation.

From (4.9)n i t  fol lows immediately that



I t +

: : :
: f ,  :

( l - Q r x r - w Q ) w x ) ( i - o l )
_t

f ^
I  I  o  o  o  o l
r : '
l o  0  0  o l

( 4 . 1 0 ) ^  = [ 0  0  t - D n - r D i - r - A n - r r n l ; o ; - r  ' A n - i r n D t "  o l
'  t r  

I  

t - '  l l - r

I  r * n . f 6  f * f  0 l
I  o  c  -Dr  t f i ^ ; - t  n  n  I
l n ' l
I  ^  " ,  0  I l
l o  o  r
L

with respect tc the decomposit icin ni 6 considered' in (4'9)o '  '  r i i" :h::" ' ' ; '1i '

The formula (q'"13)i shows that (4.7)n wii l  be implied by the equali ty:

l -  r  -  Dn-rDi-r  An- l rnrXoX-,  -An- l t "otJ :

I( * ' l r ) n  A . A X = l  
- D r ^ r X A X i  '  t : r ^  l ,n n  

J
L

, 
where,tft'$rihatrix in the right hand side is written with'rispeet to' t.he deconi'position of

. 1  :

D r ,  O . . . @  D p  a s  ( n - .  @ . . ' @  l f  . ) O  n f  - '  
i " i t  ' i '  t '

" r l -  , n  . l  - n _ i  n

Frorn Q,3rn, i t  fol lows that j  1 '

f  - ? .  " *  '  n  . . r *  I
i  | A n - r D i ; o ; - t  

- A n - t o t ' t i  
I  

" ' "
( h " 1 2 ) n  A . A I =  

|  |r r  '  
I  - f  ; o r : o ; -  

t i t ^  
JL  

t '  ' n  t i " L

comparing (4"11)n and (4.12)n orre note''that:,'lp;-remains !,p: show that (we qse the '

weli-known fact that, for every contraction T, TDT = DT*T) for every k ) I  \ : i ."

- (4.13)k At.Ail = I - DkDil '

. - l i r

This can be easily done by ir\duction'

S.uppose''noW'that (4.13)k is true for

have that

This is exact iY i  -  Dk*tDt*t

.  n J ( n  ,  ^ 2

For k= I ,  th is  is  the t r iv ia l  e .qual i ty  t  i  
t  

t  
=  l -  D1, '

a  f i xed  l< )  l .  Then ,  us ing  (4 .12 )k+ l  and  (4 '13 )u ,  #e

-^lo'il., til.'l
ril*t rt** t j

i rt*tAil

Ail

r - D k D i l - A r r [ *

- r t * tD r *
-  

k+ i

, if we note that

1 r
I

Ak*tAil*t = I
- ' ' i ' i r l .  '  I

L

H'l

from the definit ion of D,-r(see (2.21)n and



' :

(2.n it follows that

(4 .  i4)m

(4. i  8)n+ I

(4.ie)nl

o n  o f  O r r @

for every n )

f o r  e a c h  m ) 2

I o,.n- I A'r '* tl
D * =  |  I

I  o  D r  I
L  

- m  
r

'writ ten with respect to the decomposit i

t @ D r
m

the proof of (4.7)n ,  n ) ' I .  We have then,

15

" ' O P

I ,  t ha t

0

0

0

I

n d S
I m

l

where the mati'ix is

( D n  @ . . . @ D r'  l  ' m - l

This f in ishes

(4. t 5)n

follovrs that

(4.17)n+ 
I

i

s-l im [(r - q )(r - wenw*)(t :  Qt)] '  =
,  m + @

I
n
v

0

0

n

0
' 0 !

0

0
n

An
n

where  A ; i s  t he  p ro jec t i on  o f  D r .@. " .@Df  
_  

on to  ke r ( l  -  AnA i ) ,  and  the  ma t r i x  i n  t he
; a . . : r j l r  " l  

- n  
. i

right hand sihde is writteh with respect to.,1fre deco-m.position of K indic3led in (4.4)fi,t",.

The proof of the lemma'is now cor'npleted using Lemma 2.1.

PROOF OF PRCjFOSITION 4.1. First, let us rema.r.k that

( q . r 5 ) ^  D K  ' " - ' w * n Q ,  w n  ,  ( n  >  l )'  n  .  
' W * n i ' -  "  Y l "  '  " ' : -

This foi lows from the fact that for each n ) l ,  W*'- ' lH et}t,X) is an isometric operator.
' ' )r l i" ! /e 

wil l  prove (4.5)n , (n) 1), by Ln;du.ction. For n=1, (4.-5)l is exactly (4"i6)l  .

Suppose norv'that (4.5)n is true for an n ) 1. Then, from (4.1)n+i ,  (4.r)n and (4.1,6)n*1. o i t

' r :  . i  j

\ ,
where l ' \ /" stands for the l.u.b. of the two-projections;. Denote in this proof E =

= w*n(l 
j  

Onr*n and F = yx(n+l)( l  - el)wn*! .  Thun, using von Neumann formula (see

for excnrple [18], Problem 122), we have

I -  P : . ,  = s - l i m  ( f ' f f ' ) t . , . , , . :n+ I  m - '6

An immediate computat ion shoWs that r : : , i  , '1 , i ; iv: l

Pl*t  = (w*nQnwnV(w*(n* l )Qrwn' l )  ,

(FEF) '  -  *"(n+l) [ ( r  -  qr)w(I  -  Qn)w"(I  -  Qr) ] t*n+l
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' f o i e v e r y m ) l . F r o m t h i s , L e m m a 4 ' l a n d ( 4 ' l ' B ) n + t i t f o l l o w s t h a t

. .  / , .  , .  |  \  .  \ rv rh*  I

( 4 . 2 0 ) . ^ ,  t - o l n i = w o \ r ' r r / ( l - Q , , * l ) w  : t
' t"l+ l

wnich is (+.:)nnr'  i ' l r is conclucles the proof of the proposlt lon'

W e p a s s n o w t o o u r m a i n g o a l , : r a m : l . v t h e p r o o f o f s o m e t r i a . n g u l a r f a c t o r i z a - .
t : - - +  ^ + + a f f i n r  r r i l i  p e r a t o t s  D ' , * r '  , n ) l ' T h e  o p e r a t o r s

t ibn resuits. Thr: f irst attempt wil l  be done cn xhe o 
*n

w h i c h a r e r e a l l y i n t e r e s t i n g f o r a p p l i c a t i o n s a r e t l r o s e o f t h e r n o r e g e n e r a l f o r r n
)

D . ] * , * m o , n 1 r , l ( m ( n ( t h e p r e l i ? g s c a s e i s , e s s e n . t i a l i y , t | r a r w i r e r e k = n ) . H o w e v e r

,r*",n"ri l"ds useci in the proof cf this part icular case are strong enough to sett le the

I

i

whole matter.

Fix now (for the rest of

(2.2 i ln- lop,  ( t  s  k  < n-1) ,  i t  fo l lows

this section) an n ) l .  From (2'29' in , Q'26)n-, and

that

w l  =  v n - t ( l @  r n ) J n - t , l J n -  L , Z " '  J n - l , n - l 0 O  r n )
.  n  I l - I  I r  r r - r t r

= vn- t (Jn- l , lJn -1 ,2"  '  Jn '1 ,n-zx lo  rn)Jn- ' i ,n- l ( lo  rn) ' '

and therefore

w n  =  v n - t ( J n - t , l J n -  r 1 2 ' . '  J n - l , n - z ) ( J n - l ' i J n -  I : ? ' " ' ' J n - l ' n * 3 )  
' ' '

x ( l@ rn)Jh- l ,n - l ( lo  r^ )Jn- l ,n -2Jn- l ,n - l ( lO f  n )  '  " ' x

x ( t ( + )  r n ) J n - l , l  . . .  J n - t , n - l ( l O  r n )  .

(4 .21)n

( ln .  
l , l  )  *

and the oPerator

The formula &.21)n shows that

(4.22)n

where Ui- ,  is  a uni tary opera" i :or  f rom H@OtX@

Kn act ing between Kn and HO Df "@' " '@ Otl- ,

wl = u'n_tKn

. . o  Dr ;_ ,  on .o

is def ined by. , , '

Kn

Kr,  =  ( lc )  rn)Jn- l ,n- l ( Io  rn)Jn- l ,n-2Jn- t ,n- t ( lo  rn)  '  '  '  x

(4.23)n
x ( t O  r n ) J n - i , t . . .  J n - l , n - l ( I O r n ) -  

" .  : ,  -  r . .

r" t ,r.zl)n - and everywhere in the rest of this sectlon - there;is a delicate point

concern ing the notat ion Jn-1.k ,  lSk!n-1.  Somet imes fh i l f f ibs an operator  which



has only the rr+n-identical part a: in (2.25'tn- ' . l  i  the spaces between it  acts result from

the context. For exam.rle, the last Jn_1,, from the forrnula of Ui-,-t a"cts be ruleen

so on. Tlre

1 7

n ,  whic ! r  a lso

' " i ' \  '  t

to the decomPositfons

( i / O D ' . * @ D n x @ . . " O D " x  )  a n d  ( H O D r  @ D r x O . . . @ D r x  ) ,  a n d

same o'.fot"r ?rir", uboutntnL space on *ttiJr', u.rr2rh* identi;flA iOrsame prfur"* ?rirus orroutntt"'L space on wlriJh acts

results from the context. For keeping reasonable irotation we wil l"disregard this rnatter

- a fact rvhich wil l  make ;ro diff  icul ' t ies")

The "operator Kn has sevcial inter,es't ing propert ies. For describing them,

remember the rneaning of an upper index, as def ined after formula Q.24j; for exampie

r c ( t ) = t <  ,  u n . j  t < ( 2 )  a c t s  l : e t w e e n  D r  O . . . O D r  a n d  D r x @ . . ' O D r - *  L ' y' t n  - ^ ' n t

t2\ (7\ - (?\ 
-JzI=-

( 4 . 2 4 ) n o [ , = ( t 6 l i n ) J l 1 , , n - t ( l @ r n ) J l . j t , n - z J i i ] t , , , - J H
'1 (il 

42) rrli I" )x( t@ f  n)J) , -  r ,2 .  .  .  -n_ t ,n-  t ,^@ 
r  n) .

I t  is  c lear  that  Kh)=f  ^ ,  anC we make the convent ior r  t t " 'o t  rc fo l )  i ,  th"  zero '

-dimensional operator. l"**L;*r .also..t leat" 'r3&-te .synrbol rtot '  refers to the objecls

associated to I 'columnil operators.

LEMMA 4.3. The operutor Kn has the follttwingtr properttes:
1r \

(r)  Kn = (tO K;i ' )wn ;
{ ? ) .

( i i )  K n  =  ( l @  I n ) J n - l , n - l ' . . J n - t , t ( I @ K ; ' ) ;

(i i i) The first eatumnof I(n ts f i.n;

[ o  o l  :  ( )
( i v )  Kn  |  |  =nn ( r i ' 60 ) ,

L I  O ]  I I  I I

where the matrix in the left hand side is writcen wtth respect

( D r  @ . . . O D r  ) O D r  o n d  H @ ( D r .  O . . . O D r  ) .
r l -  , n _ l  -  r n  ^ i  - n _ i

pROOF. The equali t ies in ( i) and (i i)  are simple consequeices--o' i-thelgj init ion. . . . i ; l , : : t : ' : : , ' ' \ : ,i:*--

The third assert ioh fol lows by induction, using that I i .n = (f '1,f i .12)Orr, uni ihat-

i l l  ( a \  ' [ r lo " l ^ '  
[ = ( r @ K f ' ) v n _ , ( t o r n i l n  l =  i ; i  r

(4.2iln Lr"-,J 
ror f r r 

[^_ iJ r- ::i

=  ( r '  o f ' l ^  l  o r , ) '  ,
f"-'l 

' i



1s

' " ! : " . ,

l l ing with two-by-two

f t  (2 .43)  impl ies:
-l

I
I
I
I

,  , t ,-1 . :  
l '

) l l
+m(2) {
r l " n  I '
J I

J

andnn- ,  .

. ; i ,

o l
D  , ln - ,  i

I
o l
An-t  I  '

J

use:l the f irst assert ion, and the strdcture of Wn

or proving (iv), note t lrat r.rsing Q.27)n-1r we have

r .
I R

J n - l , n - l  "  ' '  J n - l , l  =  
|  " :  

t

, . ' ^ " ' - r  "  r ' r  

|  8 *  ,

L  
N . J

f rom (4.1.4)n i t  fo l lows that  
o  

. : - .  -  l

i D ^ ,  0 l
o  I  I  n - t  I
D = ' ' i . , l

n l  I

I  tnon- r  Dr "  l '
L - -  n J

where we

F

(4.26)n_ 
I

similarly,

(4.27)n

cornputations, using (ii)h.,g.2On-, and

l sp2 -  wi l l  imply
K *

n

?
that of D- -  ̂ .  This

w i r 'n
.  ' ' : ' l

(4"27)n. The lemma is now completely prol 'ed.

'  BV vir ' tde of. @.22)n, the factorization of

the reason of the next lemma.

LEMMA 4.4. I f  n)2, then (on Dox)  . [ , r ts ' -  , ' ' '

n

(4.28)n

i r l
i i | " "  "

(Do(3)* or)ilz),- | ," n l

where,:'the rnotrfx'ti'i the right hond sfde is written with respect to the deeonnpositions

H@(D f  *O. . .@D r  *  )ond D p  x@(D . , "  1@.  .  .OD 1x  ) , 'ond  the  opera tor' l  ^ n - l  ' n  ' 2 .  ^ n

r
l"n

Do* = tJ[ 
|

. n  l 0
L

r in (4.28)n

rnd of Sect

I

D -t l

r L c l

e l

n- t

-
I
I
I
I

) l' l

;;;

h e <

T

I I
l

v 2 l

(4.79)n

is o unftory operator.

Uii,  :  D1 x @(D o(3)*@Dr * i  
-* DK*

D ' - n f l [ r
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where the biggeii matrix in the rigirt hand side !s'Written with respect to the decompo-
si t ion o1 I(n as I t@,orra. . .@orn-r) .  From Lemma 4.3 ( i )  and (4.30)n i t  fo l tows that

t .  rr  D**!t) I
k . 3 D  K = i  r i n  In " | *g,[ '  l"- -*g]1, '  

l , .Te!z). olrr Io { or'1.
I n L o " - r l  r r  n L o n - t _ l  . ' n  ' ' l j n - ,  o l  - n l

L  " ]
Now, Lemma 4.3 ( i i i )and ( iv)  impl ies that  (4 .31)n is  in  fact  . : .  i . -

t - r r  D . . n ( 2 )  I
( 4 . 3 2 ) n  i < n = l  r i n  

I
| fr(z)D -fifrr;nf2). 312)rr<f)oolnf) i .
L n  

r r  " ^  
l

This form is quite close to the canonica! forrn described in formulas (2.11). lVe only

have to note that ol') = of)o*rrl una 6i2) r*Qptz)*&l') tr"" Q.zt)nand (2.3)), and to
def.ine the contfaction 

'-n '-n

rn = &fltrclt'a olon(') ,

ori*f;'

. ofi.(?. o no*f)

n. 
W" can use now,,(2.1;l) to obtain (on pO*) that

t- 11
I
l ; t ' ro
L  "  1 1

al form of K

(4.3rn l

then (4.32)n implies

&.34) K =- - n n

i

'which is the canonic

i i j  (4.35)n DK* = g(Kn)*
n

o a;DPt')*

.  ( ) \ x

6(3)*@tt&n- 
'  From

n

_i(2) - *,,{i)
n ' l  n

ofl 
1tl-o. t

The felation (4.33)n

. fo l lows that  D-17;*'  R r '
n

implies that Dn; = &f;)tn

=  g f ) * o r a * . . .  D " x  ,  S o
' n

(2.20)n and (2.4) it . .

l ]  r



2 0

u.36)-  - n

(4.37)n 
,

(4 .38 )n '

I f  n= l  or  n=2,

oo; = orr<,.r*mlz'''e&f;)) 
["t; 

" t\rlo'i

n l o

L
(Dn {l)ootl8l2).

n

! ' t \ *  _  o ( ? \ . ,
u,rr ich f inishes the proof of the le.nma ltaking u' i  = B(Kn)*(9f, '* Oe)i ')  |  Dr *@

n
6 l (Do{ l ) *@Dt  * ) -

"^n 
* 

- 
f l '

REMARKS 4.5.  l ) .  As K,  = I i  ,  we have DOx = D.*  .  ln ' ioreover ,  i t  is  easy to_ l '
" l  +  1

see that the convention made afte.,(t+"24)n ugrees with Len:ma 4.4.lndeed
I

K 2 =  
I
L t r o t r  

- r z t J z

,, *' i '',

so Do *  = Dt*@Dnx ,  the last  matr . ix  jn  (4 .36) ,  be ing^ 2  r ? -  t 2  * . . -

, ,. 2). The proof of Lemma tl.6 shows,a.nicq.r'feature.of formulas
(2.17) and (2.14), namely their usefulness iidieh,taining triiingtularization results.

' 
llWln oclmits the factorizattonPROPOSITION 4.6, The operutor D-- -n = i,.''V

w f r r n n
n

- ' T . '

u'hereFn rs on Lrptr)er triangafar matrix from It@Df. l @..,OD, x . info'  I  ' n - l

DI*O. . .@Drx (n- t f  mes)  wt th the d iagonal  (c f  ' , "1 , " , . . " ,  
" f ) ) ,  

cnd un is ,s  un i rar !  : . -
n n

.operator  f rom D,  x  @. .  .@Df x  (n- t imes)  onto r* : "
n

PROOF. The formula (4.?2)n shows that

I - w n w * n = U  F  F * U *n  n  n n n  n

r, wiwi" = ul.,_*o1*uf_,

Remark 4.5 sett les the matter. I f  n ) 3.

t ,"r r'r'-  f * ' ,  "

-- .+-*l

ar,i,Fpeated use of Lemma 4.4



. . ;  . . ( 1 ,

((n-l)/21-t ime$)" reduces the problem to operators of the form
can be treateci as in.Rernark 4.5. Ther,structure of the diagona.l of
computations rvith upper triangular matrices.

21

K(n-l) o. rf) which
Fn fol lows by simple

THEOREM 4,7. For evew lsrs' ,  the'operator D3,,ur^. -  I  -  p*wTwlrnn .
admits thefactor izat ion wn" 'P*  m n n - I r l

l - P m r $ Y f w i t o , t '  =  u n , * F n , r F n , r n u f , . n , '  r ;(4.3e)r

where on,,  is  on upper t r i .angular motr fx f rom. (HoDr*@.".@o"x f :  )o(Dr o
(m- t imes)  r r , i  -1  , , , .  

'  
m- l  m

O D f  . O . . .  )  f n t o ( p f  
I O . . . O D f  x ) @ L 1 i  @ D r  @ - r . .  v , ) t t h t h e d t a g o n a t , . - ,- m r l  
n  n  m  m + i

(m- tirnes)
a unitary operator f  rom(D ̂ * @. .  .  O D_ _X-D

f - -  f * . "
n n

'n:o'*

PROOF. For an I S m ! n, we have'. ' ' ,  i t ,Jl : ,  I

P  , V m = P  f i  - - - 1  l ( r  1  \  t 1  \ t u ,-  r n . ' ' n  -  ^  m " n - l r l  " '  J n - l r m - t X r n - l r l  . . .  J n - l , m - 2 ) . . - .  ( r n - l r 1 ) x

{ ( ' l n - l , r n  " '  J n - l , n - 1 X 1 6  f ; X r n - l , m - I  ' .  * - , J R - t , n - t X i O f  n )  . . .

where  l J l , - t , . n  =  ( Jn - l , l  " '  Jn -1 , - - rX ln - l , l  . .  . - Jn - l ,m- ; . )  . .  .  ( rn -1 ,1 )  ' i s  , a .  l , r r i t a ry

operatorrand Onr, has the property that . 
,  :

K n  =  ( t o r n ) J n - t , n - t ( I @  r n ) J n - l , n - l J n - l , n - l ( l o  r n )  . . .

"  
.  
( J n - l , r * l  "  ' . J n - t , n - 1 ) ( l @ r n ) K n , *  .

F.r9r (4.41)f it is clear that pn..,K- = p*Kn,rn so (+.+O)ff implies that 
.

(4.42)r o** ln  = u; - l ,m- iP,nKn

The proof can be f inished now as irr proposit ion 4.6.

5. REGULARITY OF GAUSSIAN STATIONARY PROCESSES

In this section we will suppose that H is ffnite dfmerLsionol. In Theor,e.na.r-L2

(4.41)m

j ' i  " !?f l



below we g ive ' 'a

regular  wi th  p( l )  <

to the process.

I-et E be

seguence; we wiLl

aird structure of f
'  Having in

computing d*t ( l  -

22

Criterion for a Gaussian stati :rnary proceTs to be informationally

l;  this cri tr:r icn involves the choice seqience attached (by Section 4)

e Caussian stationary pi'ocesS, and ',r = .f :) its associated choice

use (u,, i thout nrerit icnirrg [) the objects associafcd to 'y in Section 2

as dr:scribed in Sectitn 4-.

mind the forr-nulas (4.3);-.1

B ,  - ) '
I  t l  I

det (I - Pn

{ : : :  ! ,

,  ! , l , ,e rvi l l  f i rst ly give a formula for

e

PRoPo5 tT I )N ; . l .Fo reve r . yn ) l , t ; r e . f oL lo l v , i ng fo rmu laho lc i s ;

n t ^ - ) n

( i . l )n det(r  -  u, ,n)  = 
p1(det  

nr ] ) 'oo=L., (o*t  or ; ,

PROOF. i ' ix  an n) 1;  the formuia (4.2)nand Propcsi t ion 4.1 , imply that

I  -  B l ,n  =  (w* )n{ l  -  QnwnP*w*nQn)wn =

t : ' i ) n  
= ( * " ) " f  

r :  t - l  
v /n i , ,

'  
I - P  w n w * n P  I

L o  n i +  n J
where the rnatrix in (:,2)n is written with rgs-peat::tqr'.the dec,o,rn.Ppsition of K as

(KOI{+)OK* . As W is a unitury operator,,4t follows that

1 n

(J .3)n 
o 

det  ( l  -  B l ,n)  = det  0  -  Pnwlwi" tn)  .

This last determinant can be computed using'={hgorem 4.7 and an aPproximation

argument. From th€i construction of W., (see 2.10), it follows that the Sequence

{nnW[W[nPn][=, has the l imit e"WfW*nPn (the sequcnce and the i imit are f inite rank

operators, so the l inri t  here is the uniform one). Therefore

(5.4)n det (l - et,n) = 
ilT* 

o*t (t - enwflrvilnon)

From Theorem 4,7 i t fo l lows that ,  for  suf f ic ient iy  large k ,

w[w[nen) = (det ,u,n)' = 
o!, 

to"t cf;')iz "

il to., D,,*)2P [ (det n-*)2h*
p = l  ' p  p = n + l  t  p

(r.5)n,P



Thus
n . - k

det(r-Bl .n)  = n.  (c.rDr,*)2P l im--  i i  (detDr, . , , )2n-
p = l  ' p  k  * - p = n * l  r

which concludes the ;rroof of the proposition.
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il r.*Dr*)2p
F = l  

' p ; (detD rr)Zn
P=n+l  

-  
p

Ii (det n \Z''' ' n

p = r  ' ; '  ' "  "

@

d e t ( l  -  B , )  =  I I  ( d e t D " * ) 2 P ,
t '

.  P = l  p

co

I ( l )  =  ( I l 2 )  |  p in (dc t  n?* ) .
p=-l '  r  p '

':;ci.ri'ri:, 
PR"O6F...By [20], chapter Iv, the corrdition of

equivalent wit lr  B, being trace-class. (As usual,.  the ideal
is  denoted by C,(H)=C,  . )  Thus we wi l l  Drove that  (J .6)

o( t )  =  l l  n ,  l l  <  r .  , i
'  

Suppose f irst that B, e Cl and l !  gl  l l  < l .

topology) and B, r Cl, rtre relations (+.3/i, impty

The regularity cri terion is the fol lowing.

THEOREM 5.2. The Gor.rssfcn stotionary process E
Hilbert 'spoce H is informationally reguiar olct, 0(l) < I . tf
choice sequence y(E) verifi es the citndf.tf.on:

, n j , : : . ,

in the fir;ite dfmensfonol

ond only i/' its ossocfoseri
- 

ari j i !,.

informationally regularity is

of trace-class operatols in ,ril

is  equiva lent  to  Bl  .  C- ,  and

As Pn * P- ( in the strong operator

that B,,n * Bl ( irr the topolrrgy.-of

(5.5)

/n this cose, u'e have:

$.7)

ond

(r.8)

Cr).  Tiren

$.e)

n s  l l a , l i
(5.1,0)

Now using

(5.1 I  )n

I i m  d e t ( l  -  B ,  _ )  = d e t ( t  -  g , ) .
k + -  l r D '  -  

I '  
-

( I  and B, ) 0, i t  fol lows that
t -

o

"  det  ( t -B l )  >  o .

Prop,csit ion 5.1, we have lor each n ) I  , . :

n ^ @
det ( l  -  *r ,n) = 

^II ,  
(det or l) 'o t t  ,  (aet or1)tn s f t .  (o*. D1*)2p..  p- l  -  p  p=n+l  . .  

p  p=l  p



The re lat ions (5.1o) and (5.1 l ) ;=,  implv (5.5).

Note that in tir is situation

THEORF,M 6.1. The scalar

regutar ifl tts spectrol densfty f has o

, we infer from, (5.12)[, t t 'at

z4

! { t

rormula (5.8)  fo l lows by the

(5. I 2)n ; (det L, .*)2P < II (det n',*)2n s l.
p = n . r l  t p  p = n + l  ' P

' r  ' o

As (5.6) irnpl ies that l im II (det D n*)2p = I
k  +o  p_n+ l  t  p

@ t ^

( i .13) '  
l lT.,, p=**r(detorx)'" 

= I

ihe i  re la t ions (5.9) ,  ( - t . t ) ;= ,  and (5.1,  imply  (5.7)  The

def  ,n i t ion of  r ( l )  (see (3.5))  and (5.7) .

Let us suppose now that (.: .9) is f ulf  i l led. Take A e fQ<) be an arbitrary operator

such that A is trace class and A S Bt. Then det (Pn(l - A)P;)?-det (P;(l-Bl)P;r - ; '

det ' l  -  B,  ^) .  From Proposi t ion 5.1,  the hypothesis ,  and the computat ions in  ( : . tZ l ' [ t
i r h  @

-and (5.13) i t  fol lows that Jim det ( l  - Bf\^)-= II  (det D.1*)4P>0. Because A is trace ' ' i -
k - '"@- - r 'rr n-l  

).  wer&tain then that det (t - a) >class, we infer that l im_ d;t(P;(I - A)P;) = det(f ' :  R,-

@ 1 t

, I  n .  (de t  D  r , * ) rP )0 .  Thus  B ,  i s  t race  c lass  and  l lB f  i i  
(  i ,  and : the  theo rem i s ' j omp-

P = l  
' P

letely proved. I

- r;j.1h

6. SOME CCNSEQ{JENCES AND REMARKS

A) Tlie con,l l t ion l l .Bf l l  < I in Theorern'" 5.2 might be cons' idered as a ssl isus

restr ict ion. That this is-not the case it  is proved by the.fol iowing. In the classical case

,rf dim f, '=1, the .same obsiructiorr appears in' the study of inforri :at ionally regula.r

proc,esSes.*The thourough analysis presented in. i2l] i  Chapters 4 and 5 (using results

trcm 122) and [19]) gives detal ied information in terms of :the spectral density of the

process (i .e. the Radon-Nikodym ,derivati l . fe of. the spectral measure of the process).

Those resr: l ts lrave also a counterpari in our sett ing

Suppose',that dim FI=l and t irat the process E has the spectral density f(E) = t.

Then rve lrale the fol lowing.

.Gou$ioh stotioncry process E is infor mationally

factori.zation



.1. "1

(5 .  1 )

w h e r e P i s o p o l ' y t o m i a l

verif ies the conditir;n

(6.2)

PP.ObF.

circle, then

(5.3)
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f ( t )  =  lP(e i t ) l  
ze( t )  

,  ; . i i l

with roots on the unii, ctrcle and the choice sequence ̂ y(g)

-L l i l  i  oh( t  -  ly , , (e)12)<-
P= l  

r '

Note f irst that i f  P.is a pclynomial of degree nr with roots on t lre unit

?(u i t ) /p(" i t )  =  . . - imt

r.vhere c is a constanr of modulus one.

Suppose now thar  6 is  in format ional ly  regula i - '  Then l l  B^t f l l l  *
"  n '

(3 .1)*  ,  f  or  the def  in i t ion c f  B-) .  I t  fo l lo ivs that  t i tere ex is ts  an'  ' n = l  n

i i  f -  i l  t .  i .  Then  the  resu l t s  o f  [ 19 ]  imp l i es  tha t  f  i s  rep rescn tab le  as
" f l

o
i +  , ' ): ,  . : . :  ,  f ( t )  = |  p( ' " ) l  'g( t )  

,

where P is a polynomial  of .degree no- l  .wi th roots on 
l t l  ; ; t . , " l lnr(E(e)) l l  

< i ,  a 'nd

lng(t)  is  bounded. Then, wr i t ing i ( t )  = lo(e") l  
'  and g(t)  = lB(e") l  

'  
,  where 9, ,and B are

ourer.functions in i{2 (r"" fc.,r exarnple [2I], Section'l l ;2, Theorern.l), i t f.oliows that

a = P 9

respectively, and using the rerir'ar,lil..r"nade i'ri the,beginning of the proof, we have that,

^  i - m
p l  i r o l r . , ; i _ _ l o p l

f l  r c  n  - i  c o { c r , . t
:  \  \ r \ . -  ! J

n suclr  t i rat

(5.3)
0  ^  l - r n
I  i p l  l B ^ l ' =  I  I

p = - -  t  p = - -

From [22], (see also [21], Section IV.4, Lemma 6) i t fo l lows G(t )  be ing in format ional ly
. 0 - . 0

regu la r )  t ha t  i ' .  l p i  l o - l t  <  @ .  Nou '  (6 .3 )  imp l i es  t t ra t  i  l o l  l g^12  4  * ,  t hen
p = - -  P '  F = - -  

P '

(using the quoted lesult) E(g) is informationally regular and so Bt(E(g)) is trace elass.

Applying Theorem 5"2 to E(g) rve obtain (6.2). ,  , i-  :1i. ' : : '

Conversely ,  suppose that  f  has a fgctor izat ion as in  (6.1) .  Using again Theorern

5 ,2  i t  f c t l on ,s  tha t  B r€ (g ) )  i s  t race  c lass  and  i l  n , (E (g ) ) l l  <  i .  No te  t l r a t  t he  re le i i on

0 ^ 0
( 6 . 3 ) c a n b e e a s i l y r c , . , e r s e d , s , . r  i  t o l  l g ^ 1 2 < *  i m p l i e s  i  l p l  l o ^ 1 2 < - , a n d

p=- -  P  F=- -  
P '

thus f  is  in format ional ly  regular .  j { : r r t : i : '

The theorem is now completelY ProY.ed, .r,i:..- .-
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Let us remark that the presence of choice sequenc_es in this topic is not a .:';t'.":"' :' , ,:

surprise: inl '12)and [21], Section IV.4 some orthogonai polynomials are intesively used

while in [13] i t  is pointcd out tne connections between orthogonal polynomials and

choice sequences (see also [5]).

B) Let us make now two rentarks concerning the conn::t ion of the Present

sett ing with the notion of entropy and v i th Sz.rgd Lirnit Theorem.

, Start ing from ideas of Kolmogorov and GelJarid-Yaglom (s':e [16]) a concept of

entropy for ' : icaiar Gaussian staticnary processes v.,as developed in [16], [10], [ t j ] ,  and

recent ly , ' for  the matr ic ia l  case in  [1 ] .  The presentat ion of  the entropy in  [15]  (see

Sect ions 6.8 anc i  6 . i l )  concludes wf th t l re  s tarement  that  i t  is  someth ing u; rc lear  in  the

' , . . ed l t rmean ing  o f  t h i s  no t i on .  l n  ou r  se t i i ng :  t i r e  i n ie r .p re ta t i on  c i . t he  en f r Jpy  i s ' i l r e

f  o l lowing.

For  a Gaussian s tat ion. r ry  process q ( in  a f in i ' te  d i inensional  Hi lber t  space)  wi th

spmispectral ,rneas',rt 'e F, let def ir,e ihe entropy of I  by

(6 .4 )  ,  h ( [ )  =  ( - I l 4 r ]2 l tHde t (<JF /d tX t )d t . .  ! : u
0

The foi lowing relation was.obtained in [13]:

2Tr . i  .  ̂ z(6.5) C(F) = exp(( l /2n) 'Jtndet(dF/dt)dt) i  = J i  det  Di* . , , ,-0  
P= l  lP

,  f - .  1 @  t ^ t r \wherg y = {I 'J*, is the choice sequence of F. (C(F) is caiJed the geometrical tnean of '

F r ,o f  f r  see  [17 ] .  F rom (5 .1 ) ,  we  i n le r  t ha t  : ' . .

^ @ @

( 6 . 6 )  d e t ( l - B r , ) = ( d e t D . n * ) z  I I  ( d e t D ' * ) l =  [  d e t D f , x .
r t r  t l  p = 2  ' p  p = !  ' p

Comparing G.4), (6.r, and (6.6) we trave that

( 6 . 7 )  h ( F ) = ( - 1 1 2 ) t n o e t ( I - B t , l ) .  { , , ,

. .  Th is  formuia shows that  t l re  ent ropy is  inCeed a sor t  o f  " ' in format icn rater '  (as suggested

in  l l J ] ) ,  bu t  "measur i r rg "  o r r l y  t he  ang le  o f  t he  f  i r s t  s tep  ( see  (4 .2 ) r ) .

I t  is  poss ib le  to  connect  ( in  the matr ic ia l  case)  the determinants of  Br .n wi th

some objects which appears in general izing Szeg6 Limit Theorem:;rr(&$" Szegd Limit

Theorem and its general izations see for example [17], l lqlrI24l, t3J). ' t*sing Proposit ion

1.4 from [12], i t  fol lows that for every n ) I  '  r ; i-  
'  -  . l

i
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(6.S)n

where

(6.9)n

and sc

(6.  I  0)

Tn is

(det rn(F))/cn*l(r') = l/t ?. (det Do*)2P ,,fr , 
(det n r*)2(n*l),p = l  - p  p = n + I .  ' p

def ined in  (2.34)n This  shows (v ia  ( i . l )n)  that

det ( l  - Bt.n) = (cn*l( l ' ))/(c.=t rn(F)) i  , ,)

This formula is a possible interpretation of the nun'be'r l im (det l 'n(F))/(Ct' ' ' '1(f ))
Il +o

r ' , i . i r h  - a h n a : r c  i n  ( 7 9 g g l 5  T h e O f e f n .

Let  us  r ien t ion  tha t  in  [20 ]  tJanke l  opr ra to rs  d ie  in t r :p rs i ;qq iy  used in  s tuc l i i i r l . . ;

Causs ia ; r  s ta t ionary  p rocesses .  Sorne aspec ts  i r - . r rn  the  t l r l i : r y  o f  l l i r r rkc l  opera tors . : r i ' c

connec ted  u ' i th  d i la t ion  theory  and c l - ro ice  s ' rquences ,  a r rC i t  wou i i i  bc  in te rcs t ing  " -o

expl ic i te these at the level of  stat ionary processes.
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