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STEADY CONVECT I ON i N POROUS MED IA. I

T h e  S o l u t i o r r s  a n d  t h e i r  R e o u l a r i t v

D a n  P o l t { r v s r l  , ,

l N c R E S l ,  
? " o " r t r n e n t  

. t  * i : f f i ; ? : ' . r ,  B d . P F e i i , 2 2 a ,  7 9 6 2 2  B u c h a r e s t ,

A b s , t . r g _ c t  -  T h i s  w o r k  d e a l s  w i t h  b a s i c  a s D e c t s

s t e a d y  c o n v e c t i o n  i n  f l u i d  s a t u r a t e d  5 ; o n o , r s  m e d i a .  I n

t h e  e x i s t d r , r ' c e  o f  t h e  w e a k  s o i u t i o n s ,  v i a  a  t h e o r e m  o f

g i v c  s o m e  r e q u l a r i t y  p r o p e r t  i e s ,  i n t e r  a l  i a  a  n a t u r a i l

o f  t h e  s t u d y  o f  t h e

I  t s  r r  r s t  D a r t  v J e  D r o v e

G o s s e z ' s  ! y n e ,  a n d  w e

iimax:i [n{Jm pfi,i:,1'lg i p I e .

I NTRODUCT I ON

l '

T h e  d e s c r i p t i o n  o f  t h e  m o t i o n  w h i c h  a p D e a r  i n  a  p o r o u s  m e d i u m ,  c a u s e d

b y  g r a v i t a t i o n a l  f o r c e s  a l a r d  w h r ' i c h  a . r i ' s e s  f  r o m  d e n s i t y  d i f  f e r e n c e s  r i . u e  t o  t e m -

p e r a t u r e  g r a d i e n t s  w i t h i n  a  v i s c o u s  f  l u i d  p a s s i n q  t h r o u a h  a  p o . r : o u s ;  r i q i d  b o d y ,

h a v e  a i w a y s  c o m e  u p  a q a l n s t  s e r i o u s  d i f f l c u l t i e s .  S u n o o s i n g  t h a t  t h e  s k g , , ! ' , e t o r r

i s  f  i x e d ,  w e ' a c . e p t  t h a t  t h e  v e l o c i t y  o f  t h e r f  i . u i d  i s  f a r  s m a l  l e r  t h a n  t f i e

" i r ' ' . r r : \ r " i t c o u s t ! c  v e l o c i t y  a n d  t h u s  t h e  r n o t i o n  . i  n d u c e s  I  i t t l e  c h a n g e s  o f  t h e  p r e s s u r e .

T h a t  i s  w h y  w e  w i l l  n e g l e c t  t h e  v a r i a t i o n s  o f  t h e  t h e r m o d y n a m i c  q u , a n t i t i e s

.  o w i n g  t o  p r e s s u r e  c h a n g e s . .  l 4 o r e o v e r ,  w e  a s s u m e  t h a t  t h e  t e r . r p e r a t u r e  d i f  f  e r e n -

. . " - .  a r e  s m a l  I  e n o u c t h ;  p e r m i t t i n g  t o  t a k e  a d v a n t a q e  o f  t h e  B o u s s i n e s c  a D p r o x i . ; ! r - . - ,

r n a t i o n ,  t h a t  i s  t h e  d e n s i t y  o f  t h e  m a s s i c  c t r a v i t a t i o n a l  f o r c e  i s  v a r y i i l g . lli(.,

a f  f  i n e l  y  w i  t h  t h e  t e m p e r a t u r e .  S o  w e  a d o o t  t h e  m o d e l  p r o p o s e a  i n  f f  ]  e l r f  a  
" U -

, - - I
' t a i n e d  b y  a  h o m o g e n e i z a t i o n  p r o c e s s  f o r  w h i c h  w e  h a v e  p r o v e d  t h e  a g n v d l l i s g n c e  [ 2 J .

!q ' t  0  be  an  open connected  bounded se t  in  lRn (n=2 or  3 )  locqd1&,$ '  loca ted

o n  o n e  s i d e  o f  t h e  b o u n d a r y  ? O  - a  m a n i f o l d  o f  c l " r ,  C 2 , - c o m p o s e d  o f * d . f  i n i t e



n u m b e r  o f  c o n n e x  c J m p o n e n t s .  l f  [ ,  
p  a n d  T  s t a t r d ,

D a r c y ' s  v e l o c i t y , i  t h e  p r e s s u r e  a n d  t h e  t e m n e r e t u i ' e

i n  s o m e  w a y  t h e  f c ' l l o w i r l q  s Y s t e m :

d i v i n  -?

r e s p e c t  i  v e l  y ,  f o r  t h e

.  t h e n  t h e y  h a v e  t o  s a t i s f Y

u = 0 !

. n
I n -rJ.-

l n  ; J -

( r . t  )

( 1 . 2 )

( 1  . 3 )

( 1  .  4 )

( 1  .  5 )

B u r -  V P = ( t -  x ( r - f  ) ) q
r v l l  O '  ;

-d  i v  (n  V  r )+u  V  T=0

w i  t h  t h e  b o u n d a r y  c o n d  i  t  i o n s :

u 'Y  = o on ? iL

l =  ( o

- 1  |
'  |  ^  r ' , .  ̂ - l t  !  , r ,  -  ! r : . . ^  & - t ^  ^ ^ ^ ^ + ^ ^ +  + ^ ^ . ^ F  ^ f  ^ a r m a r l ' l l i f i rr ^ /ne re  g  \5=R,  

l ; , , i . s  
t he  pos i t i ve  symmet i?c  cons tan t  t enso r  o f  ' pe ' rmeab l ' l ' i t i '  ,

( >  0  i s  t h e  V b l u n e t r i c .  c o e f f  i c i e n t  e f  r t h e r n r a l  e x p a n , s i o n ,  g  G X i ( J ) )  i s  t h e

: , . ,  p u t e n t i a l .  t y o e  g r a v i t a t i o n a l  a c c e i e r a t i o n ,  A  i s , , t h e  D o s t i v e  i * Q J ) . $ t a n t ' r t g r . r $ Q ' r " i i : ' r ; ' .  
; , ' i 1 v ' ; 1 ; ' 1  

1 r ' 1

, , : -  o f  t h e r m a l  d i f  f u s i o n ,  Y  i s  t h e  u n i t  o u t w a ' r 1 1  n o r m a l  o n  b J } -  , 6  G  U 3 / 2 (  ) - l l )  '

i s  t h e  n o n - u h i f o r m  t e m p e r a t u r e  o f  t h e  b o u n d a t y  { t h e  c a s e  6  u n i f o r m  i " s " r ' n o i

i n t e r e s t  i n g )  a n d  T ^ )  0  a  u n  i  f o r m  r e f  e r e n c e  t e m p e r a t u r e ,  b y  c o n v e n  i  e r + G e  ' r , , .
o '

, i.lr:

t ^ 4 t  s u n ? +  i n f  6 ) .
" ' x e ? ! .  x € ? 9 -

" )  m  n \  ,  , . 1  r  n t
A s  u s u a l  t ' h e ' s c a l a r  p r o d u c t s  a n d  n o r m s  i n  L t , ( ' l - )  ,  H " ' ( 3 )  a n d  H o ( r t )

.  ,  a r e  r e s p e c t  i  v e l  Y  d e n o t e d  b Y :

Z ((  ( u ,  v ) o )  
*  

= ? u  ) u  r '
T.j'-tT',

l u l  = f t , u ) 1 / 2

l i  " l l  , "=((u,u)) l /2

I
s i

J

i
I
I

t ".I".r-,1t  '  . - .  - : \
'r; ;.;1

l j l ( '

( ( u , v ) ) = ( V ' u , V v )

-.and,-Lhe-norm . i n Lp (lL) G#2) by

t h e  s c a l a r  p r o d u c t s  a n d  n o r m s

I  i  We  aq ree  to'  ' p

i n  L2 (s )= r -2 ( . .0 - )n  ,

u s e  t h e  s a m e  n o t a t  i o n s  f  o r ' f 1 "
{

Hm ( fI) , jJj t.0) and !P 1-0.);- ,
n ,  N L / -

l l u  l l =  (  ( u ,  u ) )  1 /2



Now,

f o r  a n y  h ) 0

l n

. ) t l

o i ' de r .  t o  pass  to  homoqenecus

.  . . 2 ,
e l e m e n t  w n €  H ' ( - 0 - )  w i t h  t h e

on 
""CI-

r l  ! r  
' !

ll s li (Y) s e H; (fr)

t h i s  w e  u s e  a  s t a n d a r d  m e t h o d :

f  
( x ) = a  ( x ,  ) . 0 -  ) = t h e  d  i  s  t a n c e  f  r o m  x t o  ? O .  F o r  a n y  

' f , 2  
0  l , e t ' s

.bounda ry  cond i  t  i  on s

n r ^ n o r f  i  a c
t "  ' ! ' "

w e  i n t r o d u c e

. . .  1 i  i : i

( r . 6 )

\ t .  I  i

wn=6 -T 
o

ls v'*n[ ( r, '

F c i

L e t

cons  i  de r

and f ;  €r i6r*(- t}  )  - the

["ftlint'.
t l
|  |  -  h a v e n o t

J

L e t  1 ( G
a  t 6

T o e  H t '  ' ( ? l ) ;

t l

l svQr l

-Q.tr

c l  , ' l  i
) l  .  f  ( Y )  V z J s f u ,
rl" / - -_-:--.

rY-+ o)\  u  
, 3 + . 0  a s  | , 1 o )  e

r T
i  t y  L31 , , , ;  ,

- 1  i n  s o m e  n 6 i g h b o u r l r o o d  o f  ? f t  ( r ^ r h i c h  d e n e n d s  o n  Y ' ) " ,

=0 in -i?- r ^2y

\ r  I  y ?To ' V  , , , 1  /  c

,,. 
-(x) 

I ( 
-p*f.f in -L-y (v) i<,1{k(m

" K l J i

t 1
x e 0  I  F ( . ) ( z  e x p  ? t t y l  

1

f ' s  f u n c t i o n  w h i c h  h a s  t h e  f o l  l o w i n q  F r o p e r t i e s :

n u m b e r s  a  r e  c o n c e r n e d  t h e  o r d  i  n a  r y  m o d u  I  u s  a

w i t h  t h e  n o r m  i n  r - 2 ( - L ) .

e l e m e n t  o b ' t a i n e d  b y  " l  i f t i n q  t h e  t r a c e "  o f

= ( l ( 6 '  ) - r o ) r "  ,  f o r  a n y  s € H : ( C )  w e  h a v e :

r
(= t
L

Hoo

1 o -  f y

20 .  f y

3 o l

I n

,
V

, 'E

a l

u p

q
I

l (

r e

ed

be

t h

s - (

*T

v e r

n i x e

o)
w i t

(
I
\ S
J

-Q-

6 t '

m

Whene

to  be

) e n 2 (
: n o t  i  n g

4 t z ) -ro) ' {v ," )2 d*'z Ittf(o' t e )) 2 d.'1 /2

V? S r ,  r

F t ' ' .)l

I
w h e r e  (  , V  r =  |  V t  (

V/ i  th  the

r ( 6 ) - r . L

I
6 ) [ r u ( e r )

Ha rdy  i  neoua

YV"

H2 {g)...g.rat.g)
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i 1,, r.zr . 11s ll
' s  f  i n a l  l y

(v) se Hf t-a.l

i  t  f o l  l o w

l s v ro l  <  c ( r , . 0 . ) ' u " i r , f u , J  U r l l  t r ) seH l r . i z l  .

t

s f  y i .ncr

to cir

ecomes

(,1r;'B)

i t "  : ,

Because for  ever '1 ,  h> 0

. ( 6 , J 1 - ) . n " *  fL

t,he el  ement Y*.,  has
.  Y h

p u t  i n o  
' s = T -  

( w r .
t l

w a y ,  t h e  p a r a m e t e r  h )

o o s e  l a t e r ,  i n  a  p r o p e r

we  can  choose  Yn>  o  sa t  i

)
Yn, f  (Y )J  (  r , ,

t h e  o r o p e r t i e s  ( 1 . 6 )  a n d  ( t

+ T o )  ,  a n d  k e e p  i n g  t h e  r  i r ; h t

0 ,  t h e  s y s t e m  ( r  .  r  ) -  ( t  , , 5 ) , r b

d  i v  u = 0  i n  - L
J\l

X. j 
=o on ?.-L

s=o ' on ).0-
dh,

B e c a u s e  o f  p r a c t i c a l  r e a s o n s  w e  p u t  t h e  s y s t e r r n i  ( 1  . B )  - ( 1 . 1 2 )  i n  a  n , : n -

j '  - c I  i m e n s  i o n a  I  f o r m ,  b y  d e f  i  n  i  n g  :



w h e r e  L  i s  t h e

& =  s u p  6 '  -'  x€?-Q-

e i g e n v a i u e s ' o f

I  e n q t h  o f

i n f  6
xe ).0-
A  a n d  B .
t\/ /v

t h e  ' e d q e  o f

' t= lg 1,.
t h e  n - c u b e

a n d  a ,  .  b .
t l

I n
, n

w h i c h  J L  c a n  b e  i n c l u d e d ,

r e s p e c t i v e l y  t h e  s m a l  t e s t

D e f  i n i n g  i h e  n o r r - d i m e n s i o n a l  n u m b e r  o f  R a y l e i q h  b y

a * = x B u - l i r ] 1 o t
/  r '  |  - '

t h e  s y s t e m  ( 1 . 8 ) - ( f  .  t Z )  ' ; a k e  t h e  f o r m

d i v

Bu+

u=0 ( 1  . 1 3 )

( t .  t t + )

(  t  .  r  r )

( r . t 6 )

( t  . t t )

in .Jt

Yp+a (s+wn) g=0 i n .-A-

f  (s+wn)  ) - r$  7(s+wn)=o in ' ,  2

)^a-

b8-

u . V  = 0

s=0

B.ema,r.l. 1..1.. sup
, xe ?.!^

- d i v ( A

on'

From now on,  in  ondB ' r : ' . to  s i 'mp l  i f ' r y+*he wr i t inq ,  we sha l  l  omi t  cbnven-

t i o n n a l y  t h e  i n d e x  * , .  a s  w e  h a v e  a l r e a d y  d o n e  i n  ( 1 . 1 3 ) - ( f . f 7 ; .

, u  ( * ) d  a n d  i  n f  w n  ( x )  =
r r  a  

xe l .0 .  
' '

1
L

2 .  E X I S T E N C E  T H E O R E M S

T h e  p r o o f  o f  t h e  e x i s t e n c e  o f  t h e  w e a k : s o l u t ' i o n s  o f  t h e  p r o b i . e m  ( f  .

- ( 1 . 1 7 )  w i l l  b e  b a s e d  o n  t h e  f o 4 l o w i n g  t h e o r e m ,  i  s l i q h t  g e n e r a l i s a t i o n  o f

1 3 )  -

I*J
T H e o r e m  2 . 1 .  L e t  Y '  b e  t h e  d u a l  s D a c e  o f i r  Y ; ; u h i c h

convex  spaceJcon t i  nuous l y  imbedded  in  Lhq , , , re f  I  ex i vb r :Banach

m a p p i n g  G : X . - > Y '  i s  w e a k l y  c o n t i n u o u s ,  r E i l ; i s - ; o n t i n u o u s

t o p o l o q i e s ,  a n d  c o e r c i t i v e ,  t h a t  i s  ( ' $ i ) , "  r , } 0  s u c h  t h a t

i s . a  s e p a r a t e d  l o c a l  1 y

s p a c e  X .  l i  t h e

b e t w e e n  t h e  w e a k

, - r : : . " l l . t i , i ,  
i  . : 1 i . r i r i ( " r



( c v , v 7 7 o  ( v ) y € Y  w i t h . l r l  = r  ,

w h e r e  I  I  i s  t h e  n o r r n  i n  X ,

t hen  ( l )  xo€n r " . , [ ^ex  i  l x i < r J  ' such  t ha t  Gxo=o , .

- 6

P r c o f .  F o i -  e v e r y  F € &  ,  t ' , r h e r e

=  
[ t  l  E  f  i ; i t e - d i m e n s i o n a l  s u b s p a c e  

" t  I J

" r g : ' , p u : t '  
j r ; F - + Y  t h e  n a t u . r a l  i n j e c t i o n ,  j i , Y ' * . >  F '  t h e  s u r j e c t i o n  d e f  i n e d  b y

(  j  
i v '  ,  Y ' )  =  ( r '  , r )  ( v )  v ' €  Y '  and  (Y )  Y  €  F  )

a n d  G r : F  : - *  F '  t r h e ' c p n t i n u o u s  o p e r a t o r  q i v e n  b y  G f = j i o  G  o  j F

'  
L e t ' s  s u p p o s e  t h a t  e  , v l o  

( V )  y e F  { 1 8 r , , .  A s  F  i s  c l o s e d  i n .  Y  a n d  t h e

t o p o l o g y  i n d u c e < l  o n  F  i s  t h e  E u c l  i d e a n  o n e ,  t h e  s e t  f f l B r  i s  c o m D a c t  i n  F .

l d e n t i f y i n g  F '  \ ^ / i t h  F ,  w e  d e f  i n e  T : F f )  B . - ' -  F 0 3 , -  b V  T r = - r l n r V l - l C r V  A s

T  i s  con t  i nuous  and  F f \  B ,  i s  convex , ; : , . by  B rouwe , r 'S  f  i x  po in t  t heo rem,  
the re

ex !  s t s  yo€  F f l  B r  - such  tha t  Tyo=vo  I  t  f o l  l ows :  ,  
'  

'

. /  \  / ^ . t  ' ,  \  /  \(  o ro  , vo )  
\u ' - , r - \Yo / , ro )= ( ' r r . - ,  

' oo )=

E?-

l l r

o I = l t t o l = t . '
i s  o b v i o u s

)

v

I t

e.d

d l

. (

rov

s i s ,  s i n c e  y o € Y  a n

B  s u c h  t h a t  S - y - = g
r  i l F

h e o r e m  i s  a l r e a d y  n

the non-empty seF , :

7 --'.-.-'_-. ,
I ,r,. -

)  * i

h o

n
L

!

w h i c h  i s  i n  c o n t r a d i c t i o n  w i t h  t h e

H e n c e ,  f o r  
" n y  

f € W  t h e r e  e x i s t s

t h a t  i f  Y  i s  f  i n i t e - d i m e r r s i o n a ' l ' t h

N o w  w e  c a n  d e f i n e  f o r  e v e r

--r-1 I ,rr. l fr" ,ro)=-,.  I  tru.\ (o

hyoot

y -  € F' r

e n  t h e

rv
y  E € U -

uu=rff i r [ ' rurABrGrYr

a n d  V .  -  t h e  w e a k  c l o s u r e  o f  V "  i n
t E

X .  A s  B r .  i s ' ' w c a k l y  c o m P a c t  i n  X  a n d  t h e



( , . ,  ?
f a m i l V  I V f J E € i ,  q  B . -  h a s  t h e  p r o p e r t y  t h a t  e v e r y  f  i n i t e  i n t e r , , s e c t i o n  o f

f- n.,
i t s  s e t s  i s  n o n - e m p t y ,  i t  f o l t o w s  t h a t  ( 3 )  . " *  

J * J  
V E ' .  ' ,

F o r  a n y  y e ]  Y  w e  c h o o s e  r ( v ) € l F  * i t h  t h e  n r l p " r . y  y , e  E ( y ) .  A s  x o € i r , o l

t h e r e  e x i s t s  a  ( g e n e r a l  i s e d )  s e q u c n c e  l u r L a O  
( w h i c h  d e p e n d s  o n  y )  ,  i n c l u -

d e d  i n  V E ( y )  a n d  w e a k l y  c o n v e r c t i n q  t o , x g  .  , U s i n q  t h e  d e f  i n i t i o n  o f  V E ( y )

r e s u l t s  t h a t  f o r  a n y  f i g A  t h e r e  e x i s t s  
f O  

W  w i t h  t h e  p r , o p e r $ l ' e s  F {  ?  f  ( V )

a n d  G r .  y l  = 0 .  C o n s e q u e n t l y
, d

( r r c , y ) = ( r " i r c  ( v $  ) , i r f

:!

Drvt) =(cFd 
t, ,

a n d  b e c a u s e  G  i s  w e a k l y  c o n t i n u o u s  w e  c . a n  p a s s  t h e  l a s t  r e l a t i c n  t o  t l r e  l i m i t ;

t h u s  :

) ( G * o , y ) = o (v)  y€ Y n

m a n

L

1
(
{

J

+ L ^
L  I  t c

L e

( r . r t ) - ( r .

H
/v

a n d  i  n s t e a d  o f  Y  w e  p u t  t h

p r o d u c t  s p a c e ;  t h e  o D e r . a t o

,  
r '  I  t  \

any ( -v ,  t )e  nxwl  '  /  (g)  by i. N N 1

, / , . \' r  (  G ( u , s ) , ( v , t ) )  = a'  
\  

- ' N ' - "  ' t t ' - ' /

t ' s  m a k e  n o w  t h e  c o r r e s p o n d e n c e  b e t w e e n  t h e  e l e

1 7 )  a n d  t h o s e  o f  T h e o r e m  1 .  D e n o t i n g  i  '

( o l
= \  v €  L r ( g )  l .  d i v  v = 0  i n  C , , v . S = 0  o n  ) 9 -

c- 
/v I /\, /v. ru

then i  n '5tead of  X we put the H i  I  bert  spae e. , f lxHl  tJ.  )  r" i  tn

( g ,  s )  , ( I , . )  ) ^ = ( l , y ) +  ( ( s ,  t )  )

t s , o,f ltre p r,oh I.e{l

s c a l a r  p r o d u c t

a n d  b ( g , r , t ) = ( H , t V s )

f o r m u l a t i o n  o f  t h e  p r o b l e m  ( 1 , " $ A J - ( t . t 7 ) :

e  Banach  space  ̂U - i , l t  
)  (  a )  w i th  t l - re  usua l  no rm cn  a

1 -
r  G  i s  d e f i n e d  h e r e  f o r  a n y  ( u , s ) g  H x H ^ ( . 0 . )  a n d  f o r

/ v N o

2  ,  \  /  ,  2 .  ,  \  / ^' A ( s + w ,  
. t ) + B ( u , v / + a \ s + w , , q . v / + a  

- b ( u , s + w , , t ) , . ( 2 . 1 )  - . : i
h , - ,  - ' r v , r r .  h , r J - r u '  

. . ^ r -  
n -  

" * . ,  

, , n . :

w h e r e  A ( s , t ) = ( A  Y s ,  V  t ) ,  B ( , y , X ) = ( n ? . $ , I )

So, . i fue  have ar r i ved  to  the  weak



B

r o  f  i n d  ( u , s ) e  H x H l ( . t - )  s u c h  t h a r  ( v )  ( y . , t ) .  r , ^ ' i j t )  ( l r )  h o l d s' t u '  
N  O '  N '  N  +

, /  - ,  . \
{  G ( u , s ) ,  ( v , t \ \ - n

\  n ,  [ v  
' / - "

. T h e  ' e q u i v a l e n c e ' r  b e t w e e n  t h e  o r o b l e m s  ( 1 . 1 3 ) - ( 1 . 1 7 )  a n d  ( Z . z )  i s  , r , , i i ,  . *

l e g i t i m a t e t l  b y  t h e  f o l l o r ^ r i n q  t w o  p r o p o s i t i o n s .

l r o . p o , s i , t i g . l  . 2 , : 1 .  l f  ( # , r , 0 )  a r e  s m o o t l - . ' f  u n c t i o ; r s  s a t i s f y i n q  ( 1 . 1 3 ) -

' ' ; : :  - ( : .  f  7 ) ,  t h e n  t a k i n q  t h e  d u a l  p r o d u c t  c - r f  ( t  .  t l + )  a n d '  ( 1  . 1 5 )  w i t h  v €  H  a n d  '
N / W

' '  * t  e  f i , | '  )  t r - l  t h e r e  r e s u  I  t s  o b v  i o u s  l y  t h a t  H , r )  
i s  a  s o l  u t  i o r + r , o f  ' Q ; z )  .

1

? r o . p . o s . i : l i g l - r " . 4 . 2 .  l f  ( u , s ) € H x H ' ( . . L )  s a t i s f y  ( z . z )  t h e n  c h o ' : s i n g  t h e

t e s t  f u n c t i o n s  i n  a  p r o p e r  m a n n e r  w e  g e t  i  i i ,

t  

' . .  

1 4  '

B ( u . v ) + a ( s + w ,  , q . v ) = 0  ( Y )  v €  H  ( 2 . 3 )
' N ' ! v '  

n  
' i  

. v  N  l v

o / r \
A ( s + w n  , t ) + b ( ; , r * r n  , t ) = 0  ( Y )  t € l t 4 ' '  ( 3 . )  Q . t + )  i * : r

'  ' / i ' '  A s  ( B u + a ( s + w ,  )  o ) e .  t z  ( L )  a n d  t h e  o r t h o q o n a l  c o m n l e m e n t  o f  H  i n' ^ r . t  - ' -  
h ' . -g '  n ' r  N

a

L ' ( X )  i  s

lL io,et ' t .ar  ]  ( { )  p€H1

V(,+*n)l lr l .*

u c h  t h a t  w =
lv

r
f e r e d  t o  l 3

i s  s a t i s f i e

. 4 ) ' t h a t  ( t

o f H a n d H
N

s e  a n d  ( t . t

c t i v e l y .

i s  s e o t i o n :

( 2 . 2 )

l a  ^ \

o n i  \ t . 5 j

because  , , i  1 :

/ r  q \
\ L .  )  l

i n  Y

t u a n d

t  r a c e

i : t

t -( f o r  r e l  a t e d  p r o o e r t  i  e s  t h e  r e a d e r

! . !  + t - . r +  / : 1 \  
1 ' ^ '

L t t q  L  \  a ,  , f  p  €  H '  ( 5 l )  s u c h  t h a t  ( 1  .  1

loi, ; ,**n ,.,1 <." l ,s I

"na fff 
1) t.a,ls L* {g) it rol lows r

- f r )  tg l  .  F ina i i :y ,  f  .o*  thu i 'ddf , i r i

s  s a t i s f y  ( 1 . 1 3 )  " i n  t h e  d i s t r i b u t i

s e n s e s  o f  t h e  s p a c e s  H  a n d  H l ( g )  ,t v  o '

(.9-) s

i s  r e

4 )  i t

i t i';S

on

re

o f

(z

o n s

s e n

s p e

t h

n )v p  1

j  I  i t  f o l l o w s  f '
a

d  i n  L ' ( - o ) .  n t r o
 )

. . 1 5 )  i s  s a t i s f i e d

|  ,  J ' ' .

o(J l - )  
resu  I  t s  tha

6 ) - ( r . r Z )  i n  t h e

rl
H e r e  i t . ; i s " t h e  m a i n  r e s u l t



- 9

T h e - c - e m .  j . 3 .  T h e  p r o b l  e n  ( 2 . 2 )  h a s  a t  l e a s t  o n e  s o l u t i c n .

P r o o f  :  l / e  s h a l  I  c h e c k  t h a t  G  t j e f  i n e c j  b y  0 . 1 )  i s :  ( a )  w e a k l y - c o n t i n u o l t s

a n d  ( b )  c o e r c i t i v e ;  t h u s  t h e  r e s u l t  i s  a ' s t r a i q h t  c o n s e q L i e n c e  o f  T h e o r e m  1 .

.  I l . - - J , -  \  1  - . .\ (  '  ( a )  L e t  ( u , - , s , . )  ( k - o -  
L "  ( u , s )  w e a k l y  i n  H . ; < H l  @ ) . O b v i o u s l y ,  w e\ 9 / X k , " r n ' - , ' N o .

h a v e  o n l y  t o  P r o ' r e  t h a t

b ( u .  . s .  . t ) - +  b ( t r , ' s , t ) ,  , ( U ) ' t n f i l t ) ( o )  , r '
h ; k  ' - k  ' - '  - ' ^ ) '  '  '  '  4

a l l  t h e  o t h e r .  c o n v e r g e n c e s  b e i n g  t r i v i a l .

F o r  t h i s  l e t ' s  n o t i c e  t h a t  .

i  : ' " : :

b ! g t , t t , t ) - b ( r , s , t ) = b f u t < , t k . , . 1 , * ! ) - b ( u n - I , t * l ) ,

A6 (sV t )  eJg l  i t  f o l l ows  b ( rg f . , .U , t , s )  - - ;  0 .  Fo r  t he  o the r  Be rFm we  h 'ave

the  es t lma t  i on  : : : ,  , ;  t .

l ,o!*n,sk-s,.rf {rn |.[o.lcl,u-,lu(,,hn l l. l t; ') tsr' [,r,*r-rlu 
! i i$z'o)'

C ) ( 1  i ,
\ t  I

Since  l l l o i  f n  i s  boundeo  f  t  I ,Vo j *  i s  weak ly  converoen t  i n  Hrand" l so -s l , r *01

.es -the imbedding or -u.,li,C,) ln r4{J.) is compactrf rom (2.6) fo*I"lows1i.",

ii1u .sg-s't) _+ n.

o / r )  '  -  '
(b )  'F rom (2 .1 ) ,  fo r  any  (u ,s )€nxv i i "  (g )  v re  t ra ' re :

. ' - e ,

'  
. /  ,  1  !  . ' \  ? - ^ ,  r .  . - . /  i  - 2  

:

i 1 i ' 9 , = . i , { - . , . , " s } . i * a . . 1 1 { 5 5 1 * i j { 3 , g i * u . { + i v t A i F * , ' ) ' i + . } - '

* ?  ? -  ?  r  . 9  1 t  , !  t  t
+a ( t ,1 .  u )+a  (wn,g . l )+u-u  (u , th , ,  )?  " *  l l  

.  l l  . i  g  l -  
- " - l  u  i  v \A  1 /  *n l  I '  l  t  |  

-

: t ' l ' l ,vl-"1'r[tsl-"' lx,l I 'o-nt (2'6) , :.  
- a l s

U s i n g  t h e  p r o p e r t y  ( 1 . 7 )  o f  w n  a n d  t h e  F r i e d r i c h s '  i n e o u a I i t y  : " t



-  1 0

|  |  ,  - 1  ,  : r  ' 1  -

i  s l( za"' l /  r j /  (v) se Hl tot Go)'u w) (z.t)

t h e , r e l a t i o n  ( 2 . 6 )  b e c e i m e s

(,  (^g, u) ,  (S, '> > "z i l  ,  l i  
t . l* i t-  (2aa-1+ha'l l ,gl l l , i f  -

*2.,2a"'toty rAvnnrI i l, l l -"i,rl ini. , .
.  t -  -

r a  ,  \  a  rI  f  h  )  0  i s  s u  F f  i c  i e n t  l y  s m a , i  I  S o  t h a . t  I

,  h  ( 2 a - l a = 1  ( a o - 1 )

I

( 2 . 8 )

Q..e)

:

l l t l l '  ( co(s) '

i : K r . . r *

t3.21

(1 .  r )

we ob ta in  imr , l ed ia te l y  f  r om (e .8 )  t i r e  coe rc i t i ve  p rope r t y  o f  G .  t r

3 . REGULAR ITY PR0PE RT I ES ., ir ,  ,

'  t - e r n * a  ! . 1 .  r f  ( ! l , r ) €  n x H ] ( r 2 )  i b  a  s o r u r i o n  o f  t h e  n : r b b l e n  ( z , z ) ,
A i N C' 1

theh u g H'  (J- )  and '  
, , , " , , , *  ; :  j . i i -

, I N t t

( t .  t1

w h e r e  c ,  
' r ' s  

a r r c o n . c t a n t t  ( d e p e n d s  o n i y  o n  t h e  d a t a ). o

1p , o c r f  .  F r o n i  t h e  p r o p o s i t i o n  t . 2  ( f ) .  p e  H , ( g I  s o  t h a t  ( 1 . 1 q )  i s
?i s a t i s f i e d  i n  ! . - ( r - ) .  T a l i r l r n g  i n  a c c o u n t  ( t . t : )  a n d  ( t . t 6 )  i t  f o l l o w s  t h a t  D  : : , i ,lv

h a s  t o  v e r  i  f y :

-dl v (K? p)=a di v (Xq.(s+w',)) j  n l .L

(X oolf *-" (E -ro) t$g) , on )l-

Le t ' s  no t i ce  tha t  t he .  sys tem ( l .Z ) - ( j . ' i l , . r i s=a* f$g0mann  p rob lem;  as

t h e  c o m p a t i b i l i t y  c o n d i t i o n  i s  o b v i o u s l y  s a t i s f i a d ,  t h e r e  e x i s t s  a  u n i q u e  p

( u p  t o  a n  a d d i t i v e  c o n s t a n t )  w h i c h  v e r i f y  ( 3 . e ) . r ( o . l )  .  i l o r e o v e r ,  a s  . , e r . .



1 t

d i v (Ko (s+wn) )= ( s+wn) * , , *+ i ( o , ' s l , # . u2 ( . L )

( B -ro) 
1lg) . \e r,ttz( a.t ) e.ni iz( )g )

b y  u s u a l

l - i e n c e  ( 1  . 1 i l  i s  a c t u a l  l y  s a t  i s f  i e d  i n  H - 1

( .  (H ,s ) ;  ( ; ,  t l )  =o (v)

Put  i  ng w e  o b t a  i n

'end ef"terwords

i1",fl {.,'rer
" l l i en ,  v ia  (3 .4 )  we f jnd  tha t  p  i s  bounded

c a n . b e  o b t a i n e d  s t r a i o h t l y  f r o m  ( f . f l r ) .

r e g u l a r

ol lnG,

i t y  resu l t s  f o r  t he  Neumann  o rob i " ,  f -S l  we  qe t  pe  H2 . , ( -L )  andL J I

,t tl
J f  s  f f  +c ,  ( c . - " cons tan t ' , )  (1 .  q )

N o w ,  f r o m  ( 1 . 1 4 )  r e s u l t s  u € H l ( e )  a n a  t v u  c a n  i m p r o v e  t h e  i n e q u a l i t y  .

( 2 . i l  i n  t h e  f o l l o w i n g  w a y

I t r . l r ; r

tb(u,s+wn,.)t<lslu. lvr,*"n)l l, 1,,(.u lh ll, lvr,.*nli. l!, il,;r ,,,
, (Y) te Hl f l)

(g )  and there for .e

,  . .  , 1 . -

(J , , )e H'Hl t f r )

i i16.

(1 .  s )

I i1, 
''

t"': ,,,'
' i ,

( 3 . 6 )

i*"5"1i- l{

, ,{ i.I}

. 9 . - *
t f  ( jZ ) .  

'Thus 
the reiar ion ' i i -- i  

i

i n  t h e

t n

T h "  t t r t t o " i " g '  w e a k l ' m a x i m u m  p ' r i n c i p l e  i s  f o r m u l a t e d  i n  t e r m s  o f  i n e q u a -
1

I  i t y  i n ' t h e i ' s ' e n s e  o f  H " ( - o )  .  T h a t ' s  w h y  w e  s t a r t  b y  r e c a r  I  i n g  t h i s  n o t i o n

a n d  s o m e  p r o p o s i t i o n s ,  f o l t o w i n g  l 5 J .
' l i ' € i t . . u€  H ]  ( JZ )  and  E€ I .  ,  * "  say  tha t  u  i s  nonnec ra r i ve  on  E

s e n s e  o f  H t ( s - ) ;  o r  b r i e f  r y ,  u )  0  o n  r  i n  H l ( o ) ,  i f  t h e r e  e x i s t s  a sequence



lr.*'nl-,(:t

P roof

C h o o s i n g .  i n  ( 3 , 6 )  v = o  w e

4 (s+w;1'  ; t )=P (g '  t  ,  s+wn)

the Remark' :1 ' ,d. ,n":we have f  rom

f r o m  P r o p o s i t i o n  3 - 3

f o r  x €  E  a n d

I

i n  H ^ ( ! . )  i f

(v) t eHx(!-)

Propos i  t i - on '1 .2  R=ma*  
{ r * *n -

unl* u i r" i  n l  (g)  .  Let  v € Hl  ( .9-)  ;

v - u ' ) . c ' . q n , E  i n  H l ( g ) .  A s  v  m a y

- 1 2

1 r  \
une wi' ' (-c) such

n a t u r a l  l y ,  w e  s a y

be  a  cons tan t ,  we
{

r h a t  u n  G ) )  o

i h a t  u ( v  o n  E

d e f i n e  *

s;p u=int [ 'er t u ( m  o n  E  i n  H l  ( s ) J

/ r \
L e t  u  € t . l : ' '  ( O )  $ )  t )  ;  t h e n

"p
o f  d : i s t r i  b - u t  i o n s :

u ) o  o n f  ' ( i "  H 1  t o l I/ L J . . t

,  ^  a  1  . ' )
u (  o  o n  \ ' (  i n  H ' ( g )  i  .

Proj_os iqigL 3. 1 .

P r o o o s i t i o n  3 . 2 . l f

P Lop.os iJ io_n_3. 3.

and.  we have '  ' i  s  the 'senst

t ' 1 t

U|0  on  E ,  i n  H ' {3  ) : , , , t h ;en  uZ  6  (a .  
" .  

)  on  E .

s u p  u  ( . r  t h e n  f o r  a n y  M ) s r p  u  w e  h a v e :
bg ' aJ-

.na '"*[u-*,oJ ) o on-0- in HI (-O).

ii,

f  )  1 , .maxlu-n,oje Ho(e)
;

rl.l

C  v u  i '  t ^ e  e i
\ r '

Yv= {̂
. t'  ' ' | .  

o  i '  [ . . 9 [
t

, $ ; ' ;

We Can , ,pOSS DOWto our i lnax.tmUm prlncipl€. , ,-,

(u, s)€ fixH:iSl splutlsn nf"the probtam 'f2;2i f  
i { , . .]rh.gs%1J.'lr

.rhm s-€ Ld (&) -ana

i s a

(

gcrt

{3-89

( 3 .  e )

V i a

and

*,oJ.H:(e)



1 3

t , -

I  V(r*rn) when Rlo
I

vR= { 
.,r ,.

I

L 0 when R=0

P u t  i n g .  t = R  i  n  ( 3 . 9 )  w e  o b t a  i r ' r  :

- ,  
t

' :  " ,  \  i l  n  l l 2 (  a ( n , R ) = A ( s + w . , R ) = b ( u , R , s + w , ) = b ( u , , R ; R ) = g  f  l , t . o )rt fr .\ n' tv' n A/

n  H 1 ( - U ) ,  t h a t  i r l r + * ) 6 1  o r . 0 .  i n  i l l  ( O ) .  A c c o r d i n s  t o  P r o p o -
O  \  n t - t

s i t i o n  3 . 1 ,

9 -  ( 3 . 1 ' )

.: I

g e t

. t L  1 i !  ( 1 .  r z )

. 1

t h e  v r h o l e  T h e o r e m  b e c a u s e  w ,  € H ' ( t )  g
n

',|=eTma. 3.?. lf {u,s)egLta) is a soiution of 'tire n'r-ob{enr -(O.*,€,),

t h e n f o r a n y s u b d o m a i n - Q . | g e * o - w e h a v e . s € H ? ( p . , ) a n d . '

. e )  o n

t ' )
* ; 0  (  w e
/ _ ' J

( a .  e ) '  o n

r !  t a n t  l y

( a

+ii
h

I
T:z

,**n( *

* i ,r '  R=ri" 
Ir*, i

'  r+wn) - .

proved and con

A n a l o g o u s l y , ,

.  - i  l .  - .  / a  ^ \  

'

I n u s  \ J . o J  l s

G. L-  (s-) .

l l  ' l{ ,rr;:("( )" {" 
( .L')-',*nstant" :) { , r .1:}

' 2  
t  ^ , , t"Troof . 'a,et ne €jl r,vith dre prope'!'ry .?"'jg'g;G*Ei€ o*,al'd-"i-€i r.r- r ;

f o r  any  E€  iR  and  i ' , .  l ( i ( n ,  we  de f  i ne  : * ;

' :

- - l  /  \  |  -  \- 6 - . t \ x )  = t  ( x +  t e t )  ,- e l

w h e r e  s i , ;  i  s l  t h e  v e r s o r  o f  t h e  0 x .  - a x i  s . '  L e t ' s  n o t  i  c e  t h a t
l l



F i n a l  l y  w e  d e s i g n

;i.

w e  o b t a i n  t h e  e s t

l l i l '

l l4'l l (

q End 'f i^na I l'v

ar . { ta j  t - t )

L e t  n o w C  b c  w i t h 1 6 l < d ( I - " , ? . 2 ) . ' ' b h o n r i n g  s u c c e s s i v e l y  i , r  ( z . z )

t h e  r e s t  f u n c t i o n s  ( o , t )  a n d . ( 0 , . 3 i . .  t ) ,  w i t h  t  e  u 1 ( a - " )  ,  w e  o b t a i n :' w '  ' ^ '  -  - E  O

A ( s , t ) + b ( , $ , r , t ) = ( a r u ( 4 7 * n ) , t ) - b ( u , w n , t )  ( 3 . 1 4 )

t i t .

A (E;= ,  L ' }+b  t  aJX ,  E i r ,  t )=  ( i i v  (SV *n)  ,  6 - i t ) -b  (u ,wh,  a - j t l  ( r .  r  s )

S u b t r a c t i n ' E  ( ' 3 . q ' 4 i } i : f r o m  ( l . t l )  a n d  d i v i d i n g  w i t h  6  ,  i t  r e s u l t . s

A( 4Js, t )+b{  *o ] ,U, 'a l r , t )  : -b(  AJ l , r ,  t )= ia ;v(nVwn) ,  4J t )  *b(u,wh,  4 i .  r l  (3o161 '

rr
l ^ / i t h  f  g 9 t 9 " ) ,  f = 1  o n . 5 . t  w e  c e f i n e  F * f s , .  P u t , i n o  i n . f 3 . t 6 )  t * A j F  a n d  t a k i n q

i  n  accoun t  t l i a  L  ( see  
I  ZJ )  ,

,  14:.frr,o,,  ( . ,  l l  . l l

l larrl l  <,{r i lsl i ,  I ,L.[ai,rxv*n)! . l i ,sl i , : l l , ,nl l  iJ,.,,,r. (r,r7;

t  i o n
_  t : /  : 1

' l  t  r  I  I  r  ,  r

" l l ' l  * . ' ( l a i u ( n y w , ) l * 1 , 1 , ' I v ,  ] , )  " ,  "n l  l " l 4  ' " 1  '  
l "  

'  '  
: ;  '  , ' h ' l  t ^ r  t 4 .  r  '  " h l  4 '

: ̂ .^-
I  i l t d

l .
l r l
ILL.

{ {

t sAccord ing to  ( : . r )  and ' (3 .8)  ,  i t  fo l  lows that  t ,he-sequef i . "  
IOJt lu

bounded in  t t l (g" )  and hence we can ext ract :  q1,s , t i ,b ,suqu"n."  (s t i  I  I  denp, t -ed.  € ' , , , )

s u c h  t h a t
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. t
w e a K  t y  I  n  H '  ( 9 - , ' )

{

B u t  a s

for  any

d

-t

.  i -
&  h  conve rEe

o

i  ,  1 ( i ( n .

\ t

{ }=nCHr ( - l L ' )o ^ i

! 
"r.

j r J n
c

? st o  
7 ^ ,

tl

i n  4 l ( - ? ' ) , i  t  r esu  I  t s  t ha t

, . . ; i  s 'a so. l :ut  i  on of the p rob I  em ( 'z  .Z), The-o.!e.m 3. 2 . I f (u , s) € HxH; (J- )

4

t h e n  s g H ' ( 4 - )  a n d

? ,
l , [oreover ,  u  €H' (g)

N f v

ii' [ ,(c, (-4.)

a n d

Xx,ll ,Grt.u-l

( 3 .  1  8 )
: .

( ,3 .  1g)

u ' '  P ioo f  :  l J i ' th  Lemrna 3 .2  we have been made sur :e  o f  the  regu i  a r  i t y  ins  lde

. 1 h g . t i ( g m e i i n , , ' , S o  w d , , : h a . v e  t o  p r o v e  o n l y  t h e  r e g u l a r i t y  o n  t h e  b o u r t d a r v '  F o r  t h i s '

w i t h  t h e , l o c a l .  c h a r t s  a n d  t h e  p a r t i t i o n  o f  u n i t v  w e  c a n  c o n f i i ' n e  o l l ' r ' ' $ e l v e s '

.  s ' t .  r r - t : - i - ^ l ^ ,

b y " a . n  u $ ' u a l  s t e D  ( r " u  l Z ] ) ,  t o  t h e  c a s e  o f  a  n - p a r a l  l e l i p i p e d o n '  Y  w i t h

s r l , up  Y€Y 'U-E ,  ( i n  r i n - r - , ,  E ;  [ "e>vJ  t *=oJ ) ' ' " i  t he  teehn igue  used  in
r ? 4

Lemma j.2 one prove that + .- e- Lz(y) if at least $ne the fndS*eg,;i ':3':'j '.#
D * i d  * j

'no* ( l  '  15i;,+tesrrl  
" 

)19* t3t2 {v\ ' 'and hence ' ' ' '
i s  d i f ferent  o f  n .  Af terwards f  rom ( l '15 i ; '+ tes ' '1"  

\  a

,ew{}} tv l .  ccnsequent ly V tayt ' / ) r (v le t?(v)  and as f  rorn Lemma 3'1 , l :  " .1- i {vt  
e

t l L
e v ; -

, '1,r6{y.}- ir  fol lows {uy"s]€ri{v} :arru.recalt: ing {f i l$},ue f.: i 'nal4yget 
\ef=

J\,r \ r '  4 Y . n
' 4

€ r- '(v) .

.The  es t ima t . i on ' , c ( :3 . ' 1 ' 7 )  reduces  i ns ide  the  doma i r '  t o  (3 '13 )  '  0n  the

i  . - ^ - -  : ' -  . . .  
' - - .  

l a '
b o u n d a r y  t h € u e s t t m a t t o n ' o r  - - - J - -  v 1 1 6  ( i , j ) l ( n , n )  c a n  b e  m a d e  a n a l o o o u s l y ;
,  o n i o ^ j

*2
then ,  . rhe " ,es r ima t ion  . f  

-  
f o - l l , o r ^5s - ta iqh t l y  f  r om (1  .15 ) .

o ̂ n.

.T l . l8sg6cond par t  o f  the  theorem can be  oroved w i th  the  techn ique o f
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L e m m a  3 . . 1 ;  t h e  p r e s s u r e  D ,  s o l u t i o n  o f  t h e  | J e u m a n n  p r o b l e m  ( l . Z ) - ( 1 . 3 ) ,  h a s

t h e  p r o p e r t y  p " . P 3  ( g )  ,  b e c a u s e ,  t h i s  t i m e ,  i n  c o n c o . . r a n c e  w i t h  ( 3 . 1 8 )  ,  w e . ' i : ,
. ' )

h a v e  ( s + w " )  g  Q l : ' ( A )  .
I l  rV {\, f l  , i f

.':

R E F E R E N C E S
T _ R - }

r ----r
f  1 - J  H . E N E  a n d  E .  S A N C H E Z - p A L E N C  i A ,  I n t . . t . F n g n q . S c i .  ,  N ,  6 2 3  ( 1 9 8 2 )
t- -I

L n  J  D . P O L f S E V s K l  ,  C o n t r i u i l t i o n s  t o  t h e  S t u d v  o f  T h e i . m a l  p r o b l e m s  i n  p o r o u s

4  . ' M e d i a ,  C h a p . 1 ,  D o c t o r a l  T h e s i s  ( i n  R o n : r i i a n )  ,  C e n t r a l  I n s t i t u . t d  o f

M a t h e m a t i c s ,  B u c h a r e s t  ( 1 9 8 3 )

I  l l  B f  IEMAI , I , ,  ,N ,v ie r -S tokes  Ec rua t  i ons ,  Chap .2 ,  Chap .  1  ,  No r th :Ho l  l and  ,

r  A m s t e r d a m  ( l g l l )
a ,  

' \

I u ]  J - . p . c o s s E Z , '  B u l i . c t . S c i . A c a d . R o y . B e l c i c ! u € , , 9 ,  1 a 7 3  O g G 6 ) .
,\,

I S ]  J ,  L . l - l , O N S  a n d  E . M A G E N E S ,  P r o b l B r n e s  3 u ] l  i i m i t e s " n o n  h o m o g l b n e s  e t

a p o l  i c a t i o n s ,  V o l  . 1  ,  C h a p . 2 ,  D u n o d ,  p a r i y  ( 1 , 9 5 8 )  .  
'

r -
I 6 J  D . K I N D E R L E H R E R .  a n d  G . s T A M P A c c H l H , ' A n  . ! n r r o d u c t i o n  t o  V a r i a t i o 6 a l i , ,  

'  i

- . ; "  * n g q . G t a l  i t i e s  a n d  T h e i  r  A p o l  i c a t i o n s , ' ' C h a p . 2 ,  A o p e n d i x  B ;  A c a d e m i c  ; . . i 1  ,

p r e s s  ( t g 8 o ) .
'  

r  - i  

:  
d '  f ,  rB'  

L  7  J  
' J  NECAS,  L rs  md thoc les ;d i  rec tes  en !  l h6c r ie  d€ i s  6c 'ua t i ons  ,e l l  i o t i ques  ,

" T h a o 4 . - E d . A c a d -  
-  P r a n r r e  { 1 q 6 7 }  r t r

_._ ,,-s 4
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" '  '  
S f ig f iby  CONVEcTI0N tN PoRoUS MEDIA- l l .  ' tLoW RAYLEIGH NUMBERT' -CASE

' r  '  AND AsYMPTor lc  EXPANSIoNS

Dan PoL t  SrvExt  L

l l l t lREST, Ddf i , r tment of  Mathema$ics,  Bd.PSci  i  220, 79622 Bucha;est ,

Koman i a

: , ' - . :  A b s t ! ' a c l .  i n  t h i s  n a r t  o f  t h e  p a o e r  w e  D r o v e , , t h a t  f o r  s u f f i c i e n t l v
' r  

l ow ,  Ray l i e i : i i  numUers  un iaueness  ho lds ;  moreove r ,  t h i s .gn )y  so lu t i on  i s  ana lv -
' .  ' - t " -  -  

,
t i c  and  requ la r  w i th  respec t  t o  t : h€ 'Ray l .e " iBh  number .  . l n  conngc t i on  w , in f f i  t hese

genera l  resul  ts ,  we studj i  bv, ; ;n .nu ,Ual . t 'u ibat jon met i rod the case cf  the-*domain

:  : : ' ' con, i i lned between two concentr i :<1"  snher .es.  l , rh ich ar1,e ma- ipcained at  d i f  ferent
! -' r i i ) ' ' *  

u n i f o F r i r  t e * p e r i t t f S s .  u s i n g  t h e , f i : ' s t : h r e e  t e r r n €  o f ' t h e  a s y m p t c t i c  e x p a n s i o n s '

two specia i  
'va lues of  the i rReyJeiqh"- f tumbs#,are, -poi r l ted out ;  they sena(ate

d i f f e r e n t t y p e 3 c f f 1 o b J 3 . - w i t h o n e , t W o o r t h r e e . ' c e l l s

4.  I 'Low RAYLEIGH NUMBER" -  uAsE

Reuau i ' l  i ng  the  F r ied r i chs '  i neoua l  i t ' y  (2 .7 )  we  can  spec i f v  wha t  we

mean t  p rev rous ry  bV  su f f i c i en t ' l y  l ow  Ray le ioh  numbers :  , i ; ' , r i ; ; ' .

a l a\ o

T h e r e l a t i o n ( 4 . 1 ) w i l l b e t h e f r a m e w o r k o f t h i s s e c t i o n ' f i r s t o f a l l b e c a u s e

of  the fo l  I  owi  ng resu I  t .

4e9l '?T 
4'1'  16 (4'1) holds t f t{ :  

lu;t ' lpsr 
of the problem (z '2) 

-  " , ,

i s  u n i q u e .

P roo.f .  Let (g1 ,r ' |  )  and (gz , tz)l$g' sol ut ions of Q '2); denqt' i 'ng wi th

* = H t - . V ,  ,  , = r , i s ,  a n d  s u b t r a c t i n S '  t h i 9 6 r i e s p o n d i n c r  r e l a t i o n s  o f  ( 2 ' 3 ) - ( 2  4 l  '



- 2

we qet

( 4 . 2 )B (u , y )=a i s , s . J )  ( v )  XeL
"l

A ( s , t ) + b i n l , r 2 * * h , t ) + b ( r $ t  I t , t ) = 0  ,  ( Y ) ; , J € H ; ( " 9 )  ( t t ' 3 )  !

T a k i n g  i n  ( 4 . 2 )  v = u  a n d  i n  ( 4 . 3 )  t = s  o . n e " ; c a n  e a s i  l y  o b t a i , r  t h e  f o l  l o w -

i n g  e s t , i m a t i o n s * :

( 4 . i )

( 4 . 5 )

F r o m  ( 4 . 4 ) - ( 4 . 5 ) ,  w i t h  ( 2 . 7 ) ,  i ' t : ' f o l  l e w s

( 4  . 6 )

t t i i t  i s , ,  because  ; f  (4 ,  t ) ,  l l  . l l  =0 ;  f  i na i l y  (4 .4 )  w i t t r r  ,Q .7 )  imp l  i es  l g l=o '

A n o t h e ; -  i r i p o r t a n t  t h i n q  i s  t h a t  i n  t h e  p r e s e n c e  o f  ( 4 . ' t ; )  w e  c a n  f  i x

r  
'  

u u ,  € H 2 ( g )  ( w h i c h  s a r i s f y  t h e  p r o n e r t i e s  ( 1 . 6 ) - ( 1 . 7 ) )  b e c a u s e  i n  t h i s  c a s e , . : ,
n

t r ^ = Z a l 2 ( , i ^ - t )  v e r i f y  t h e  c o n d i t i o n  ( 2 . $ -  f o r  a n y  a  € ( 0 , " o ) .  D e n o t i : r g  w i t h
o o o

w = w L  a n d  ( g . ( a ) , s ( a ) ) € E o  ' , . ; r . ' i ' '

" n o r v ; 1 . . .

e^=(H'H](s- )  )  n  ( [ '  ( -sL)x i :2  (Jr ) ) ,  i ' J io . '

t h e  u n l q u e  s o l u t i o n  o f  ( 2 . 2 ) ,  t h e n  t h e  s y s t e m ' ( 2 . 3 ) - ( 2 . 4 )  t a k e  t h e  f o r m :  -

l ,$l  (" I ' l

t ' l t  <*l$l

(r - it ll 'll (o
o

E ,

i 1



P r o o f .  F r o m  ( 4 . 7 )  -  ( 4 . B )

Rema.il,<.. 4r-l-. T he ex fi st en ce' in d :ur,,!.,t'i6 uen is s of

can  be  p roved  I  i  ke  as  the 'Theorems .  -2  .2  and  4 .  I  ,  wh  i

f o l l ows  w i th  the  me thoc l s  o f  I  g .

ru(ul (a) l {)=a (s'  (a) ,g.X)* (s (a)+w",g,5) (v) ,XjF.#,

A ( s ' ( a )  ,  t ) + b ( u ' ( " )  .  s  ( a ) + v r ,  t ) + b  ( u ( a )  ; s ' ( " )  ,  t ) = 0  ( v )

a n d  t = s ( a + h ) - r ( " ) ,  w e - h a v e

(4 .  e )
rxtr/ ,: I t

t  €  Hl (0)  (4 .  1o)

wi th  v=u  t " . i l - u  (a )
ry tv ,\,

t l  t .

s (a+h)  -s  (a)  l l  .  ;

:.

l*("*r';-s(")l<{"-tt

[l s (u+n)-, (")lt ( *l,t(".h) a(")l
a n d  t h e  p r o p o s i t i o n  f o l l o w  i m m e d i a t e l y .

. f o r . '  a n y  a  S { ! ; a o )  a n d  ; a n y  h l O  w l t h  t h e  n r o p e r t y  ( a + h )  €  ( 0 , a o )  w e

d e f i n e  o n g ( a ) = r , - 1  ( p ( " * r r ) - p ( a ) )  a n d  D n s ( a ) = h - 1  ( s ( a , + h ) - s ( a ) )  .

t n  o r d e r  t o  e x a m i n e  t h e  a n a l y t i c  n a t u r e  o f  ( 5 ( a )  , s ( a ) )  w e  d i f f e r e n -

t i a t e  f ' o f t a l  l y  ( 4 . 2 ) - ( 4 . 8 )  w i t h  r e s p e c t  t o  a ,  d e f  i n i n g  ( y ' ( a ) , s ' ( a ) ) €  r o  b y ,

(g ' (a )

l e  t h e

, s ' ( a ) )  i n

r e g u l a . r i t y

nxHl (c )

p rope r  ty

P r ' c o c i s i t i o n  4 . 2 .

P roof .

(nn$ (a )  ,D , . " t s  (a ) )  -= : " ' ( u '  ( a )  ,  s '  ( a )  )  s t ronq  l y  i  n

sx*:(.-g-), as h -.> o.

F r o m  ( 4 . 7 ) - ( 4 . 8 )  f o r - a n y  k , . ) € [ x H ] ( 4 )  
i t  f o l l o w s

S u b t r a c t i n g  ( 4 . 1 1 ) ,  ( 4 .  r z )  " r - e ! p $ q t ' i v e l y  f  r o m  ( 4 . 9 )  r



- 4

s ( o r S ( " ) - g '  ( a ) , v ) = a ( D n s ( a ) - s '  ( a ) , g " X ) * ( s ( a + h ) - s ( o ) , n 9  ( 4 . 1 3 )

( 4 .  1 4 )  r .

- n

1  T a k i  n q  i  n  ( 4 .  1 3 )  v = D , ^ u  ( a )  - u '  ( a )  a n d  i n  ( 4 .  1 , 1 { , )  \ t = D k s  ( a )  - s  t  ( a l ;  w e  g e t  j,
/\, hp' lw n

t h e  e s t i m : t i o n s :  r , . i  ; , : .

( 4 . 1 5 )  ,  j . :

EF

* ( * { a ) , s ' ( a ) )  w e  d e f  i n e  r e c u r s i v e l y  f o r  a n y ' m ) z  ( u ( * ) - ( " ) , r ( t )  ( a ) )  G E ^  b y i  : :

F o ] l o W f  n g , t ' h e ' t j b y ' o f  t h e  P r o o o s i t i o n  4 . 1  a n d  4 . 2 ,  o n e  c a n  D r o v e  b y  c o m p l e t e

i  nduc t  i on  the  p ropos  i  t  i ons :
.  n t -  

' t

p r  ( n )  r ( u ( t - 1 )  1 " + r ' ) , r ( m - 1 )  ( " * r , ) )  ' l h - - r 0 ) +  ( r ( ' - t )  ( u ) , r ( t - 1 )  ( o ) )

' ' ' ' , . ' * *  s t r o n q l y  i n  H x H l  ( g ) .  , * l  i .

/ t r  4i i  
:  , .

'  4  
|  e \

P 2 ( n ) , ( o r . , x , ( ' . 1 ) ( " ) , D h , ' ) ( " ) ) m ( * ( ' ) ( " ) , s ( * ) ( " ) ) * . ,
' t l

s t r o n g l y  i n  H x H j ( g ) .  " : o n r r ; . . '

I
.  ( a )  

[ 4 .  
( 4 .  t  6 )

oroof is comn'l-e'ted.

t  )  ( " )  , ,  
( t l ( * ! , )=  ,

lon1t")-* '  (") l  <t i lDh,(n")-, '  (")[ +ls("+n)-,,"] l
a " i

\lon, r"r .,,",11 (*l,ng") -g (a,i -[*' t"rl,-1, r"*r,r'-
l [  t t

l f  w e  u s e - ' ' b e s i d e s  1 4 . 1 5 ) - ( 4 . 1 6 )  t h e  P r b p o s i t i o n  4 . 1 ,  t h e

. ,  r  D e n o t i n q  w i t h  ( S r o ) ( a ) , s ( o ) ( . 1 ) = . ( , . r ( a ) , s ( a ) ) ,  ( {

'.&



Thus we have

: : .
P'r-o,ll.qs i J i gI,. 4. : . The soi ut i on of

w i t h  r e s p e c t  t o  a n v  a 6 ( O , a o ) .

l ; l e  r e c o n s i d e r  n o w  ( 4 . 1 7 ) - ( 4 ; 1 8 )

i  t  f o l  l o w s

. t h e  p r o b l e m  ( Z . Z )

.  ( n )
b v  p u t i n g  v = u t " ' ( a )

i s  o f  c l a s s  C €

" n d  
t = r ( n )  ( u ) ,

lr'.'(")l<t tt't') t")ll . +
ll ,t'r (")ll< *[*',,' ,",1 . #

- 1 t + . z o )  w e  h a v e

,il <t11 ,t*rr"rll . tli,(m-1)o

(i l ) i l,(u)t"r\l t |1,t.-rr,;i1

|l,!*',,",11 ( 4 .  1 e )

( 4 . 2 0 )to' ,",1 n( [ ) u 
(m-k)  

1"1ul,

f r o m  ( 4 . 1 9 )

ll'(d r" (.)l l.

li , ,'-o-t , ,", ll >

of ,  (4.  22), ,r{g:  ar.e '  conducted t o  t h e  f o l  l o w -

#ll 't*)r")1l

m - 1o^=", A

/ . . \  \  .( v ,  m l 1 : r ) \ , !
a  , \ "r*

= l l , ' t . l l l

( q . r ; )

AkArn-k (Y) n)tL, ' . ,  *.A,

P a s s i n g . t \ t i f o u g h  t h e  N e u m a n n  p r o b l e m  o f  t h e  p r e s s u r e '  e q u i v a l e n t  t o  ( 4 ' t Z ) ,

I  i k e  i n  L e m m a  1 . 1  w e  g e t  , i  L

Thus

m-1
+ c '  E'  k=l

Af te r  some easY  reduc t i ons

i n g  e s t i m a t i o n  , i i ,

( 0 ,

w h e r e  A ,  i s  t h e  s e q u e n c e  d e f i n e d  b Y

+  (m-k )

nvr ( 4 ; 2 1  )
t i .

r;1..,

( \ . ? 2 )

:,i..'

( 4 .  2 4 )
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( e v e r v w h e r e  c . \ 0  a r e  c e r t a i n  c o n s t a n t s ) .  A s  A -  c a n  b e  C e t e r m i n e d  f r o m  ( 4 ' 2 4 ) :- i /  m

(4 .zs i

a n d  f  r o m  ( 4 . 9 ) - ( 4 . t 0 )  w i t h ' t h e  s t a n d a r d  e s t i m a t i . o n , m e t i i o d  o n e  c a n  o b t a i n ' : ' .

o, .+ (T : i ) . f ' i l , ' ( " ) [ ' ,  (v ) . ,mf r r i "  t r  i

.'|. ,. i ;L

( 4.,28)

(4 .26)

' -  +

i t  f o l  l o w s

W i t h  t h e , . o f i p " r i s o n  t e s t  w e  h a v e  f i n a l l y  n

Propogi.t !o. i) .4. 
l+. t tre Taylor's .sefi  i9.s

i s  we l l  de f ined in  H0n ' lg l ^H l lQ- t ; " ' i ? i6 ' ieover  i t s  rad ius  o f  converge$c fuLs

a t  l e a s t  e q u a l  t o  c 3 ( " o - u )
l j -

. . .  r ; ,  i ; , r " Q s r  n e x t  o b j e c t i v e  i s  t o  s h o w  t h a t  ( g ( a )  , s ( a ) )  i s  r e g u l a r .  T h i s  w I l I

b e  c o m p l e t e d  b y  t h e  f o l  l o w i n g  p r o p o s i t i o n :

y  h €  n  w i t r r  l n \  ( c r ( a o - a ) .

.  , :  P r g o f .  D e f i n i n q  t h e - p a r t i a l  s u m s  ' i , r

a n d  u s i n g  ( 4 . 7 ) ,  ( 4 . 9 )  a n d  ( 4 . 1 7 )  w e  g e t



- 7

a+h) +w,g.X) - $, r (') (") ,g,x) (v) X€ L (4 ' 31 )

P a s s i n g '  ( l { ' 3 1 )  t o  t h e  l i m i t '  u s i n g  P r o n o s i t i o n  4 ' 4  a n d  t h e  r : e l a t i o n

( 4 . 2 8 ) ,  i t  f o ) l o w s

s (u (a ,h ) , v )= (a+h)  ( s (a+h)+w 'g 'Y )  (Y )  'XeL  (4 '32 )

n ,  " " t "  
\ -  x t v

the same th i  no wi th the se. iond equat ion of , . , the system; l , ' l  i  th . t j ! r . t .  :

( 4 . 8 ) , , : : ' 1 , " " 0 ( 4 . 1 8 )  w e q e t  1  :

R  t S n ,  ( a ,  h ) ,  t )  + b H J a ,  h )  "  S *  ( a ,  h ) + w ,  t )  =  ( d  i  v  ( A y  w ) '  t )  + ' ' ' ' '

-  r * 'H r ,#gtn+k)1" ; ,$ ' " tm-k)1a) ' t )  
(Y)  t€H:(b)  (4 ' i3 )

and  as  tha  l as t  t e rm o r  (4 '33 )  i s  bounded  bv \ ! - r l  !  ?  , '

,* 
H t.."1 l i  ' l l  with some f € (o; ' t) ( 4 ;  i 4 )  -  ,

p a s s i n g  ( 4 . 3 3 )  t o  t h e  l i m i t '  w e  o b t a i n

A ( s ( a , h ) , t ) + u ( u ( a ' h ) ' s ( a ' h ) + w ' t ) i $ a i v ( A f w ) ' t ) '  
( v )  o ' € t l ( . , ' )  ( ' r + 1 5 )

S i n c e . t h e  s y s t e m  $ 3 2 ) ,  ( 4 . 3 5 )  i s  i d e n t i c a l  w i t h  t h e  s y s t e m  ( 4 ' Z ) - ( 4 ' B )  w h i c h

n
. h a s  a  u n i q u e  s o l u t i o n  ( T h e o r e m  4 ' t )  t h e  p r o o f  i s  c o m p l e t e d '  u

w i t h  
' t h e  

P r o D o s i  t  i o n  \ . 3  |  
\ . 4  a n d  4 * f .  w e  h a v e

* : *  t , t  i s  abv ious  tha

p roved  i n  fac t

t t r l o r e m  b . z .  t 6 e  s o l u t i o n  o f  t h 6  p r o b l e m  ( z ' z )  i s  a n a l y t i c  a n d  r e q u l a r

'  ^ l ^  \

w i t h  r e s P 3 c t  t o  a n y  a  e \ u ' a o /  '
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5.  ASYMPTOT I  C EXPANS IOI . IS

! - .
r ' 1T h i s  s e c t i o n  h a . r e  t o  b e  c o n s i d e r e C  a s  a  c o m p i e t i o n  o f  t h e  w o r t ,  [ 4 1

r l
a n d  l 5 l ,  i n  v t r h " i c l $ , r t . h e  p r o b l e m  o f  t h e  n a t u r a l  c o n v e c t i o n  i n  a  f  l ' u i d - s a t u r a t e dL  J -

p o r o u s  n l e d i a ,  p l € c e d  b e t w e e n  t w o  w a t e i - - p r o o f , - c o n c e n t r i c  s o h e r e s ,  w a s  s t u d i e d

b y  s t r i g j h r . f o r w a r d  e x n a n s i o i r s  i n  t e r m s . , o f  t . h e  R a y l e i q h  n u m b e r .  F o r  a l l  t h a t

w e  s t a r . t  w i t h  r e c a l  I  i n g r  t h i s  n r q b l e m .  ,  i j . . .

L e t  b e  t h e  r a d i i  R l  , R 2  ( R . ,  ( R r )  a n d  l e r  b e  t h e  c e n t e  r  o f  t h e  s p h e r e s

t;-

: ! T

,.1'.r;1

' 0 ,  t h e  o r i g i n  o f  ' t h e  c o - o r d i n a t e  s v s t e m  0 * 1 * 2 * 3  ,  s o  t h a - t  0 { 3  i s  a n t i p a r a l  l e l

fo rm o f  chet o  t he  g r .av i t y  (g .= -gg3  ,  g  >0 ) .  We  adoo t

f t s t e m  ( l  l ) - ( 1 . 3 )  ( i n  f a c t  r h e ,  c l a s s i c a l

,}
d i v u = O  ,  r  ( S . t )

It
{ - . U + V p =  ( t - a ' ( r - r ^ ) ) g  :  ' ,  $ . 2 ).;?,e t o' ' i.t

i

? t . , y  V r = t A r  : .  . . * : . ;  ( 5 . 3 )
, ,  V N  r / i a , .

-  \ l  2  ?  ?
f o r  a n v  r =  !  x l + x i + x i  € ( n , , R " ) ;  w h e r e  d , L . : ; , . , i t l  a n d  f  s t a n d  r e s p e c t i v e l y  i o r'  |  |  ' / -  

_ { - .  1 ' Z ' ,  v  1  
- - - )

t h e  c o e f f ; i i e i e n t  o f  t h e r m a l  e x p a n s i o n , , i . t h g , s p e c i f  i c  h e a t  ( a t  c o n s t a n E " v o l u m e ) ' ,
. t  ^

t h e  v i s c o s i t y  a i i ' c l  , t h e ,  d e n s i t y  o f  ,  t h e , s a t u r a t " i o n  f  t r i i a ,  w h i l e  t h e  o e f m e a b i . l i t v

} 0 a n d  t h e  t h e r m a l  c o n d u c t i v i t y  k  a r e  s p e c i , f l c  f e a t u r e s  o f  t h e  n o r o u s  m e d i u m .

A s s u m i n o  t h a t  h e a t i n g  o r  c o o l  i n g  i s  u n i f o r m l y  a p p l  i e d  a l o n q  t h e  . : , r , i

b o u n d a r i e s ,  t h e  s y s t e m  ( 5 . 1 ) - ( 5 . 3 )  h a v e  t o  b e  _ s o l v e d  s u b i j e e t  t . h e  f o l l o w i n o

c o n d i t i o n s :  '

h e r e  a  p a r t  i c u  I  a r

ro ' * f  r ] )  '

u.Y=0 f o r

fo r

fo r

r '=R1 and t=Rz

t=1t

t=R2

r"

r  ?:1..  _.

- -- \ir

t 5 .4 )

( 5 .  5 )

( 5 . 5 )

T=Tl

T=T2



We suppose  f  , i T ,  '

- d i m e n s i o n a l  f o r m

9 -

b e c a u s e  t h e  c a s e

b y  d e f i n i n g

qx=Ri1nr ) t

i s  t r i v i a l .  N o w  w e  P a s st o a non-T 1 = T 2

^x=R]1*  ;
r r ' r l n

Tx=(T1 -rz)-1 tr-rr)
x

:  u =  t ,
a

R . k  
' u

V I  N

as

b e c o m e s :

r=q

' c

A 2
c i n  H  r r  l *  - (  r u ^  ) = 0J " ' v  " &  d < P '  Y

-  ' 1 1  \

f o r  r g . \ l , q /

nu= ftu-1 f 
c/,((n+ f s(r + ](ro-rr))*r)

.*= 
f 

'o-' 
f 'ruR1& o{(rr -rz)

F e T a . r k . , 5 . 1 .  T h e  R a y l e i g h .  n u m b e r  a

w e l  I  a s  t h e  c a s e ' T t ( T z  ( w i t h  
" * { o ) .

0 m i  t i n g  c o n v e n t i o n a l  l y  t h e  i n d e x

d i v  u = 0
A,

u+ [h=aT c
n' ti3

u  V t=A t
A)

u.Y =o
f\/ (\t

r=l

T=0

Refe r ing  now

p r o b l e m  ( S . l ) - $ . 1 2 )

*c '*nd u, .)+ 
St,

u,.  *  
*aTcosf

1 ? h  a
u 0  *  i t f - - " r s r n { /

t ( ,  w e  o b t a  i  n

f o r  r  € ( 1  , c )

f o r  r  € ( 1 , q )

f o r  i -  € ( 1 , q )

for  r=1 and

fpr  r=1.:

for  r=Q

t o  t h e  s p h e r i c a l  p o l a r  c o - o r d i n a t e  s y s t e m  f t  ' 0  ' ? )  t h e

o  
"ou " r ,  

t he  case  T t )  Tz (v r i t h  
"N2  

o )

$ . t t

( 5 . 8 )

( s .  g )

"15.  r  o)

( l . t t )

$ . 1 2 )

f o r  r € ( 1 , q )  ( 5 . 1 3 )

( 5 .  1  4 )

( 5 . 1 5 )
f o r  r  € ( 1 , q )
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.  I  ? r r  ^  - t .  \, g  +  r - s 6 d  f f o  
f o r  r € ( l , q )  " ( S . t e )

t : l

1  , - ? r , 2  . n  ? T t

T,;0 
, ; ; rr  srnv;/"  

Tp-,srnu ;6-tW \;Tng- 
W,,=

/ '

& * - *

) r  u B l T - " .  u e  
_ ) r  ( s . l i l  i=urfi .u -r 

# 
-t 

, ;1;-0- W 
for r €(t ,q)

:
 . .u  - u  r o r  r = l

r

i  . l

u  =u  To r  r=qr '

T = 1  ' f o r  r = 1

h !

1  t  - :
I

T=0 for '  r=g

( 1 .  t  s )

( 5 .  1  e )

$ .201

, (5,21) , ,  , ,

P r o p c : i t i o n  1 .  F o r  a n y  a # 0  a n ' o  q ) t  , t f r e  t o t " q i c f r e a t  t r a n s f e r  i s  d i f -

i1  fe ren t  f rom the  heat  t rans fer  wh ich  occurs  by  pure  conduct ion . ig " f .pg lg .  , f .  ; i : :  -  ' ' . " {
t )

p t c g i .  S u p p o s e  t l r a t  t h e r e  e x i s t s  a l O  a n d  q  ) 1  f o r  w h i c h  u  V T = Q ;

t h e n  f r o m - e q u a t i o n  ( S . f  Z )  t o g e t h e r  w i t ' l i  t h e  b o u n d a r y  c o n d i t i o n s  ( 5 , Z O } ; { 5 , ? t )

, "  t i n d

\

i l ;+#= njr+,-  1)s inf l

$ . 2 2 )r= J_rtf - r)
i  " r

F +  t  C o m i n q  b a c k  t o  u V t = 0 ,  w e  s e e  t h a t  i t  r e d u c e s  t o  u - = 0 ,  a n d  t h u sJ .  - -  
i .  

- - - ,  - r  -  t  r  c r - -

f r o m  ( 5 . 1 3 ) - ( S . Z t ;  r e m a i n  t o  v e r i f y



1  ? , $ : , p'rg +ffi?-Ee

for  any r€{1"q)-  r r rxn {5 '24)  
' ress i ts

t * fr{ k ln r-r)cos 0 *o\{ f '9 } )

*F"25)

, d
' !

{5-rl) , i
1 . \

I  * , : .

. :

$ti"a# w

' .m
1 3 .

mrfr'f

:*here f=t,{t-,? };,,vie t*re'elirnination of ,uU 
;irrd uO' $etnedn' {fii-?3}"''"{6'75)

aad {5.J6}, fia,ve :to ueri{Y

-2-
*  o l :  

{ - l + i n ' r l s i n 2 f
. 1 t

r&r ' ich ' is  crbv ious ly  i rynrss ' ib l 'e ' ' F, . . ,

ilou if we trook' Tor :asYnxptDt! c so'l rA i e65'p$.1fi*1g;'1fu3xt . ;' : r t-'r T :':

where the a-independen't functi 'ons; $*rhm'Tiln) '  
are suPPosed to l+!{sfy the 

,,

s e t o f € q u ' q t i o n s o b t a l h e o b y . m { a t i n g t u h e c g e f f i c i e n t s a . f t h e d $ f f e r e n t

:pgwefs of 
"aly*rich 

occur in the 15;.pgl expansiotr of the'Oystern {5t,13}."d5-Zt) " 1

then it  can be eas' i1y verif jed that t€.?9') are Taytt)r i 's€r' i ,et in the i

res'ults of .$ '* '  Thus we know that the suc- '

cess jVe  p rob ' l e ins  o f  t he  expans ions .h "ye  un ique  so lu t i ons ;  t ha t ' s  why  i -n  t ! ' e

p r e s e n t  c a s e  t h e y  a r e  i n d e p e n d e n t  o f  ? .  T h i s  f a c t '  t o g e t h e r  w i t h  ( 5 . 1 3 )  ,

a l l o w u s t o i n t r o d u c e a 5 t r e a m f u n c t i o n V g i v e n b y

t5.zBJ

{9,29)

si"  (5.  r0)r_ 
i

i i

. l * ,

T h u s ,  a l s o  e l  i m i n a t l n g h ,  t h e  s y s t e m  ( 5 . 1 3 ) - ( 5 ' 2 1 )  b e c o m e s :



l 2

1 ?Jzv---'F ---=
s l n u  

7  r _

.  . " ' V ' r 's r n u ; ( r

,i^efr)-, .1-' 2
r

2-?.rr*
' ) r ' ' ? t . r ) T '

) g  
* s , n L t  

# )

' I

f c r  r=1

= .?r
.  Vr

>v
)0

f o r , ,  r  €  ( l , q )

( s,. 3.t )

$ . tz )

( s .  33 )

(E .  t t { )

( 5 .  3 5 )
; .

) r
w >v

T

T=1

T=0

a n d

a n d

V=q

V=o

(9 , r )=  I
n ) 0

for  r=g

- ! l ' a -unde^ l i l  i  ne  the  f  ac t  t i ra t  the  i  n t  roduc t  ion  o f  the  s t  r .eam.  f ,unc t  i  on  was

done under ' ' tJ, i* , ' ,hy,pothesis that the unknows have the form (6*29).  14e don,t
+ i l

k n o w  i f  ( u , h , T )  a r e ' f  - i n d e p e n d e n t  i n l g r + e r r i a l .

Tak ing  (  Y l , f  )  unde r  the  fo r .m

|  \Y  r  \ ^ f l
\  ,  h r  r - , l c l

l t  i l l

- -

then (V;, T*) caff:fs def i  ned recu r s !.ve,ly, .  for any n), 1 , by

+  s i n 9

Y*=o for

T = 0m

#r=,.2,inlg
,  ;  ? t r -1
\costr 

T-

f o r  r € ( t , s ) ,

- .,*4t,'=l)?,  r  1 . -
v 0 ' s i n f t

r = l  a n d r=Q

$.sa)

$ . 3 7 )

7_, " r )5 )  -  ?  ? - :^o  ] rmr -_+, ) \n .n  )Vusinf F('.H) ; 
#isins 'B-t = 

Fb#4#
?t*-** )%,,
1F-T- '

(5. 3'8)

f o r  r=1  and
1.

t=t $ . tg )
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w h e r e  t h e  f i  r s t  t e r m s  a r e '

I  =o  and  r ^  =  + ( {  -  r l  15 'ao )
t 1 ;  -  - o  

q - l  r

T h e  e x p r € s s i o n s  o f  ( 9 ' , r , )  a n c  ( Y , t r ) '  a s  w e  a l r e a d y  m e n t i o n e d '  c a n  b e

+ F ' ' ' '  Y  r  I S I  w i t h  v a r i o u s  d i s c u s s i o n s  ( c o n f  i g u r a t i o n s  o f  t h e
found i r i ' t  4J 

"n.  .  . ,

s t r e a m l ' i h e s  a n d  i s o t h e r m a l ' 1 i n e s , . - , t h e ,  N u s s l e t  n u m b e r  a n d  s o  o n )  '  N o w  w e

wan t  t o  emphas ize  two  fac ts .  F i6s t ,  t ha t  i f  we  mak 'e  x  
4  &  then  gve  f  i n ' j ' ' "

P 1

I  Z ]  
" ,  

a  I  im i t  . case  o f  t he  p rese i l t  r p rob l  em,  tha t  i  s  t he  na tu ra l  convec -

t i on  abou t  a  hea ted  sphere  w i th  the  boundary  cond i t i ons  ?=0 ,  T= ' !  as  r=1  : , ,

l i

a n d l u l - > 0 , T + 0 a s r + 0 o . . s e c o n d , t h a t a . r n u l t i c e l l u l a r f l o w c a n
l \ l

b e o b t a i n e v e n w i t h t h e f o l l o w i n g a p p r o x i m a t i o n

' Vr ^.' 
" \'' 

* u'V, ' !
1 5 . a 1 )

u T r y i n g  w i t h  ( S . r + f  )  t o  q e t ' t h e  s t r e a r n l . i n e s  . ' n  w h i o $ '  V  = O '  w e  g e t  b e s i d e s

, : o  ,  F = 1  ,  ' 0 = o  a n d  0 = T

t h e  G , t ) - P o i n t s  w h i c h  v e r i f Y

where

tt ( r, q ) = r-' t( q+ 1 ) ( q2+q+ t ) - t'-1 cr ( lq4+3 o3+2 q2+ Jg+ ! ) +

( 1 .  4 z )

J E ;

-.* (q2*.1*1 ) 
- 1 ( 1q+ 1 ) (4q5+5q4* 7 {+692*t+t *,n(t'r$fi5 -.3'g\ -'o3 -3q2 -5q+ t ) )

L e t ' s  d e n o t e



t 4

12(o5 -1 )  (q+2 )

"r 
= *jfi-6i ) o a n d " r={ f f i r ) " r

( fOr  i ns tance  when  g=2 , !  ,  
, u l  

t 1 -7  and  a rE l t ' Z ) ;  t hus  i n  t he  case  T ' , )  I ,

w e  h a v e  t h e  f o l  i o w i n g  d  i  s c u s s  i o n :

)  e  ' t ;  a  € ( b , a r )  -  ( 1 . 4 3 ) , h a s  n o  s o l u t i o r L  a n d  w e  f i n d  t h e  u s u a l  u n i -

c e l l u l a r  f  l o w ;

2 )  a e ( a , , a r )  '

f r om.  the  bo t tom o f  t he

j )  a  € ( a r , " o )

s p h e r e  ( r i g .  5 . 2 ) .

,  l f  T r ( T . ,  ,  t h e  6 i . " g s 5 : i i d ' n ,  i s  s o m e w h q t r s i m i l a r ,  t h e  c o n f  i g u r a t i o r l s l " - r s
l -  / .  :  ,. i  ,

b e i n , g  u p s i c l e  d d w n  i n  c o m p s r i s o n  w i t h  t h e  n r e v i o u s  c a s e s .

r r r ' : : r r ' g n ' u ; i m e n t a l  v r o r k s  L U j  
h a v e  m e n t . . i o n e d  t h e , s m a l  l ,  c e l  I  w h i c h ' ; a p D e a r s

a t  t h e ' ' t o : p  o f i : , t h e  i n n e : r  s p h e r e , ' "  b u . t  n o  d i s t i n c t  m o t i o n  h a v e . b e e n  o b s e r v e d

op the  bo t  tom o t  the  er ic  losu  re  '  ye t  .

i n  t h e  r e l a t i ' r e l y  s t a g n a n t  a n d  s t a b l e  c o l d  r e g i o n

e n c l o s . u r e  a p p e a r s  a  s e c o n d  c e l  t  ( r i g .  5 ' 1 ) '

a  t h i r d  s m a l l ' c e l l  d p p e a r s  a t  t h e  t o p  o f  t ' h e  i n n ' - g f



',:!,,, 
" ̂ :

patitern,for a G ( al r ^Z)

g
lv

Flg. 5.L - Streamllnes



wT,

r !  f
i

\ : 1

. ' :  i .  .  s

".

! ]

u j ,

v
b
({

Flg. 5.2 - Strearnllnes patterrr for a)a,
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79622 Bucha r 'es t  ,  .  Roman i  a

, ' . . ' . . A b s t . r . a g t . T h e p r e s e n t f i n a l p a r t o f t h i s w o r k d e a l s w i t h s o m e g e | ' t e -

" ' ' ' r a l  a n d  g e n e r i c  p r o p e r . t i e s  o f  t h e  s e t  o f  s o l u t i o n s '  a n a l o g o u s  t o  t h a t

",uf r3,i l{5biloor. the Nav i er:-stokes eouat !onq, (see 1r]- [aJt' 
Thus ' i  n t[e.

f  i r s t  s e c t i o n  w e  s u c c e e d  i n  p r " ' o v i q q . t l ' * a t  t h e  s e t  o f  s o l u t i o n s  i s  h o m e o -

m o r p h i c  t o  a  c o m p a c t  s e i  o f  f f m  ( m  s u f f  i c i ' e n t l V  l a r g e )  '  e m D h a s i z o i n g '  t h e

: ' l e a d i n g  p a r t  o f  t h e  t e m p e f a t u r e  f o r  t h i s  p r o h r l e m '  r l n  t i r e  s e c o n $  s e c t i o n

* u  l h o *  t h a t  f o r  , r a l m o s t  a l  l i r o * i a t a r , , t - h q . . g , e t , g f  s g l u t - l ' a n s  i ' s  f  i n i t e '  w h i  l e

t h e  c o n t i n u u m  o f  t h e  d , r i i , i , t o n s  ( w i t h _ r , r * e s p e c r  t o  t h e  R a y t " l : n . n u m b e r . ) , i s

a n  o n e - d i m e n s i o n a l  m a n i f o l d  o f  c l a s s  C ' '

GENERAL PROPERT I  ES

a !  2  a . .

i  n t  roduce Aot  U (JL)  * *  L '  ( j l )  g  i ven  by

A o ( r ) = - d i v ( n V r ) = - A i j  1 { } ;  
i ; : : " 1 ; i

t h i s o p e r a t o r i s p o s i t i v e d e f i n e d a n d s e l f . a d j o i n t i n t h e s e n s e o f

-  i - :  !  ^  I  € - a d  i - n  i . n t  
l Y

L a g r a n g e .  c o n s e q u e n t l y ,  i t  a d m ! t s  a  s e l f - a d . j q l r F F . t e x t e n s i o n  A o ' q i t h  t h e

6 .

We

proper t  i  es  :

a )  t he  doma in  o f  i

b )  t he  ranoe  
" t  E

c) tf"tsl ,s) > l\t l i '
D(q)s €(,u)



n ,  t - ^1 , t -2 ( -L )  - - -+  ;21 -0 . )  i s  a  se l f -ad . i c i n t .  ooe ra to r ,
o

a ) ,  v i a  R e l i i c h , s  l e m m a  i t  f o l l o w s  t h a a  f r ; t  i s  c o m r r a c t , t o o .

c  )  - r y -1
e x i s t s  a  s e q u e n c .  I r f  J t  o f  o i t h c n o r m a l  e i c l e n v e c t o l ' s  o f  A o ' .

o r t l ' r o n o r r i r a l ' b a s r i s - i n  L 2 ( i I )  ;  a l s o ,  i f  w e  d e n o t e  ) ; t > 0  t h e

.rv- 1
A o ' ,  t h e y  h a v e  t h e  o ' r o P e r t Y

f r om p rope r t y

H e n c e , .  t h e i S

w h i c h  f o r m  a n

e i  qenva I  ues of ,

O  
a r e  t h e

a

i  & - t' ' 5 l n c e  A  r , =
O K

e i o e n v a l  u e s

r  - 1

A O ' r O  i t  i s  e q u i v a l e n t  w i t h

/ v , f l

o ' t '  A o  ,  c o r r E s p o n d i n g  t o  : h e

A  r . =
O K

same

\o'u ' lxJ
e  i  g e n v e c t o r s  .

f

.  ?. lT r=j, . \  ' .'):*..' I ' k"
V L J

-o-

f
\ A i

*

( r n ; A

v " i * ' o ' ,

o{ t )  )= tn f  t ro ) , r )

f;=o: i* rnit 1 H; tu I

A(ro,T)= t rn t io , r )

,  ( 6 .1 )  becomes ' :
i ' i l

t e f r @ )(v)

I  t c l  i s  dense in  H l ( .g ) ,

Lsn$e'6.2 lqrl (, tr;l{'

the or thogona I  pro. j  ect  ion

t h e  r e l a t i o n  f o l  l o w s  b Y c o n t i n u i t y "

whc re  Q*= l -P*

tr

llq'li ,
on to  the '*gj::ne4;',by rr,. . ., rm .

Q S =
i l l

- "Q'. 
, .

i ) m + l  
I  I

re.qfrg$.t.  A(ro,r)= lo(r*r) ,  (v) re u]tOl

t / \

re:.  for any T€X (-L) we have

A  ( r O , T )  =

Because

a n d  a s

? r r ? r ,
? *,i

wi  th *  P ,

P r o o f .  L e t ;  i t  fE l l e rws



o n t h e o t h e . r h a n d , e v i d e n t l y A ( Q ' S , a m s ) < c } | o ' s [ 2

From ihe

a n d  w i  t h

ti
. i l

ll

.,la,
r e g u l a r i  t y  r e s u l  t  f o r

m
Z u l ' ,
i = l  

|  |

c l a s s i c a

m l
Z  f r  I . ' . 1  1
i = r  |  |  ' l \

( 6 . 3 )  w e  q e t :

r lm t l
(Z r ,  r , ) l=c r I

l = t  ,  I

[ ' l i ,1,, I\r'rI
t h e  s a m e  S  a s  i  n

.

m  l l  ,  l ^
z '=rnr '1  l l  , ( " loo

*  , -  -  |  1 / \  ( 6 . 3 )
r L  U .  r .  l
! = 1  

'  t l

r 1
t h e  D i  r i c h l e t  P r o b l e m  [ - 5  ]

tv
(Y)  seo(no)  (61$)

l n t r o d u c ; i n g  ( 5 . 5 )  i n  ( 6 . 3 )  i t  f o l l o w s . : .

L e m m a  6 . 3 .  ) - )  c  ( 9 ) ^ 2 / l  : '

P r o o f .  T h i s  c a n  b e  e a s i l y  o b t a i n e d  u s i n q  a n  e s t i m a ! i o n  w h i c h  c a n '

b e  f o u n d  i " [ 4 J :

iut . l l  4c,  l l  r l [  1/r l  t l t ru a.e. i  on .o ,  (y)  se H2'( ] )  .  r ,  ,$."2)

L e t  [ , e n , i € [ 1 , 2 , . . . , t J  a n d  l e t s , . , = * f i r ' ( x )  i i t  ( 6 ' z ) ;

i t  f o l l o w s

( 6 . 5 )



- 4

t  m  I  " , r , \  
m

lU  o - , , . ( * ) l i c . t r : ' * l  >  r , r , l  =c , )  { r *v \1 /2
l i = f  

I  i  )  r r r  t i = 1  
'  ' l  )  " '  i = l

T h u s  w e  o b t a i n  t h e  r e l a t i o n

:r-

*  l ' ' ( . ) \  
' ( 'u \ t* ' '

.  I  I  . ' . , \  .  r - r
w h i c h  b y  i n t e g r a t i o n ,  v i s  t h e  f a c t  t h a t  l t r l . = t  ( Y )  i ' , '  c o m p l e t e s  t h e  p r o o f  '  l - l

. I | l

l n  t h i s  s e c t i o n  w e  d e n o t e  w i t h  f  t h e  s e t  o f  t h e  s o l u t i o n s  o f  t h e

p r o b l e m . ( 2 . 2 f  a n O  w i t h  F - , f  - +  L 2 ( . . 9 )  t h e  o p e r a t o r  F * ( u , s ) = P * s  ,  w h i c h

i s  obv ious l y  con t ' i nuous  i i  f  i " ' s  endowed  w i th  the  tooo logy  o f  .S .  t : ( € ' ) '

- f : n . g J { .  F * i s  i n j e t t i v e  i f  n  i s  s u f f i c i e n t l y  l a r g e '

1
.  A i c , t ) + t l ( l , r r * w , , t ) + u i N t , s , t ) = 0  ( v )  t €  H ; ( L ) ( 6 . 7 )

C h o o s i n g  t = \ s  i n  ( 6 , i l  a n d  u s i n g  T h e o r e m  3 . 2 ,  w e  o b t a i h  . . , 1 o  - ,  . r ' t  , i i l  - r

t h e  r e l a t i o h  ( 6 . 8 )  b e c o m e s

( 6 . 8 )  '

lq'll < *l*1.l*L i '-,'l( * h["'u i',.'l
A s  f  r o m  ( 5 . 6 )  w i t h  v = u  w e  h a v e  '  I ' r e  f , 5 r . , .  +  :

*"-

. " 1 ! r

l l , , ^ l - '  r '  I  i  I  : ) . ' - - _ - - - .  ( 6 . 9 )

lx l ( "  1 ' l ( "1t" [*u \%' l  ' ' ' l



l\*.'\| < ilq'l'. q+ c4) 1 r,n'l ( 5 .  1 o )

( 6 . t t )

( e . r z )

\\

U s i n g  L e m m a  5 . 2  f r o m  ( 5 . 1 0 )  i t  f o l i o w s

(r f ;\;l{'r ll q,'ll < (i + c4)nr'I

ly  , |a rge m t h e  r e l a t i o n
From Lemma 6 .3 w e  f  i  n d  t h a t  f o r  s u f f  i  c i  e n t

t r  -  f t . l { ' l>o

r t
h o l d s .  H e n c e ,  i f  

l P * s l = 0  
f r o r n

i i

Lemma 5 .2  i  t  fo l  lows 
I  Q*= l=O:

$ . t t  )  r e s u

and f in:q.l  lY

t '  I
f rcnt

arr l  =oi

(6 Je)

once moreu s l n o

r l
l u l = 0 .
l ^ r l

.  , , ,Theorem 5 .1 .  Yq t  x  n r l ( ' - )  i s  homeomorph ic  to  a  co t i pac t  se t ' o f

I F ' n ,  *  s u f f i c i e n t l y  l a r g e  s o  t n a t  ( 6 ' l Z )  i : $ e F F t i s f i e d '

Pro9. f  .  FrPm Theorem 3 '2 and

a r \

i t  r e s u l  t s  t h a : t  Y  i s  c o m p a c t  i n  S
- 1

F* (Y)  i  s  comPac t  i n  i f " '  and '  F r '  i s

f r o m  ( 5 . 9 ) ,  ( 6 . t t )  a n d

l l ,,", l i 
'(o(P*s,r*s) ( \1t.,' l '

T h e o r e m  6 . 2 .  V  t ,  c o m P a c t  i n  E o

Le t  ( r$ i  , r i )  be  a  sequun .e  o f  e lemen ts  o r  {Qe  o '  
As ' 

. -tlr&*,.'

b o u n d e d  i n  E o  ( s e e  T h e o  r e n  3 . 2 )  i t  c o n t a i n s  a  s u b s q q l u e n c e  
" - " i

i )  w h i c h  i s  w e a k l y  t o n u u ' q " ' n t  i n  E o  a n d  s t r o n q l y  c " q n ' v ' e r g e n t

H1 (. .q) to some el  ernent (No, 'o)€ Eo Put i  ng ( ;r" tqpt1 r '1; '
' o '

,  t h e  r e l a t i o n  ( 5 . 7 )  b e c o m e s  ;

t

f  r om -sob t r l qv ' : ;  embedd ing  theo rems

*  t t l  ( . o ) .  l F  m  s a t i s f Y  ( 6 , 1 2 ) ,  t h e n
- '  i  o '

c o n t  i n u o u s  o n  t h i s  s e t ;  ' t h i ' s -  f o l  l o w s

' ' , , 1

I

r

;

b : . J

PLog.
r )

t  ( S i  ' ' i ) J  i  i s

( s t i l l  d e n o t e d

i  , i n " H / ' l  H '  ( . . t 2 ) x
A' 'Y

t - ^ \
-----  -={X, i  :uo'  t  i  

-  to '



|i.,,,,1 (", ll"y, ll , ii,,**nlt ,.hf ll.;ll

Ue can see ' tnow

in aceount 
' t 'he

t o  v e r i f y .  i s

t h a t  f r o m  ( 5 .

c o r r e s p o n d i  n q

1 4 ) ,  v i a  ( 5 . ' 4 ) ,

p r e s s u r e s ,  t h e

, i : r  r esu i r s  l l r , i l  , +0 .  r ak i ns

equa t  i  on that  q  
i=p i  

-po 'have .  .u ,

( 6 . 1 3 )

( 6 , .  t 4 )

( 6 .  1  5 )

(6 , .  17)

H2 ( .L))

( 5 .  t  s )

( 5 .  1  9 )

, t ir l

5 -

S,r
A

o
( t ,  )+v V (s .+w1",)  +f loV t  i  

=o l n L2(lr)

F r c m  ( 6 . t 1 )  w e  r : b t a i n

-  d i v  ( l {  V q , ) = a  d i " ! { g r i )

( x V q ' ) ' V = o  o n  ) ! -
, \ ,  ' t

F r o m  t h e  a l  r e a d y  u s e d  r e g u l a r i t Y

(t.e IsJ) 
' ,re s:t

n l t t t t l l ,

l l  c l l l  l ( . z l l  "  d i v ( K s t , )  l l r ( . 1

m  s a t i s f y  ( 6 . 1 2 ) ,  t h e n

T e n* (Hl (&) n H2 (:r) )

w h i c h  v e r i f y

where  P, ,  i s  the  pro jec t ion  o f  t ' te l

Lemma 6, , { r ,s teJ low u5 ' to  def  ine for  any.

c h e  o n l y  e l e m e n t  ( * (  
5 ) , 0 - ( \ ) ) e  l x q m ( H : ( g ) n

g ) + a ( 5 + f ( $ ) + w n ) s ) = o

(6'  t  91,

p : rope r t  i es  o f the Neuma,rF o,r ,oblem

l l . r i l, ' * 0

Now,  the  fa t&r . , tha t  l l  l ,  l l  Z - '+  0  fo l lows s t ra iqh t ly  f  ronr  (1 .14) .

R e m a r k  6 . 1 .  ( n n  i m p l  i c i t  r e p r e s e n t a t ! o y r  9 f  t h e  s o l u t i o n s ) .  . J f

P , ,  ( B U  (
n n A,

-o iv( r lVa(  S )  )+q(g(  S)  V(  !+  $- (  5) {wh)  )=d iv(AV($+\wn)  )

o n  H .

in -Q-



s
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I

o b v i o u s l y ,  ( g ( g ) , S * F ( S ) )  ! s  a  s o l u t i o n  o f  o u r  p r o b l e m ,  i f ,

a n d  3 n l y  l r ,
\,

-d iv (AV$ )+n* ( ,g (S)  V(  5*q- (  S)+wn) )=d iv (1Vn*wn)  
(6 'zc )

7 .  G E N E R l C  P R o P E J . T I E S

T h e  r e s u l  t s  o f  t h i  s  s e c t i o n  a r e  b a s e d ,  o n -  S m a l e ' s  d e n s i  t y  t h e o r e m

f  O l  i n  t f r u  i m p r o v e d  f o r m  o f  
| t l  

l ' h a t ' s  w h y  w e  s t a r t  b y  r e c a l  l i n q  t h i s

t h e o r e m .

r : ' ' '  '  
" i  r {o ! i :Le t  E ,  F  be  Banach sDaces and ,L , :E  ' - ' : -  f  a  J t in .ear  cont inuous ,

o p e r a t o r ;  t h e n  L  i s  a  F r e d h o l r n i l P p e " r a t o r  i f  :

'  
1 o .  T h e  k e r n e l  o f  L  i  s  f  i n  i  t e  d ' i m e n s ' i  o n a ' I "

:  
2 0 .  T h e  i m a g e  o i '  L  i s  c l o s e d  a n d  h p , " g . ,  f  i h i t , e  c o d i m e n s i o n .

T h e  i n d e x  o f  a  F r e d h o l m  o p e r a t o r  i s  d e f i n e d  b y

i n d  L = d i m ( k e r  L ) - d i m ( r Z n ( l )  )

, : . . t r ; ;  f  : E  * - > F  ! s  a  C 1  r i l d p ,  t h e n  f u  i s  a  F r e d h o l m  m a p  i f  f o r  e v e r y

x € . E ,  O r  ( X )  :  i s  
"  

F r e d h o l m  o D e i ' a t o r .  F c r  s u c h  a n  o p e r a t o r  a n  i n d e x . .

can  be  de f  ined  by  ind  f= ind  Of  (x )  ,  because ind  Df  (X) ,  l ,S  i 'nde 'pendent  o f

x (r""  l -81) .  ,  1,

.  A  p o i n t  x e E  i s  a  r e g u l a r  p o i n t  o f  f  i f  D f ( x )  i s  s u r j e c t i v e ;

o t h e r w i s e ,  x  i s  a  c r i t i c a l  p o i n t  o f  f .  T h e  i m a g e  o f  t ' h e  c r i t i c a l  p o i n t s

u n d e r  f  i s  t h e  s e t  o f  c r i t i c a l  v a l u e s  o f f S , n d  i 4 s  c o m p l e m e n t  i s  t h e  s e t

o f  r e g u l a r  v a l u e s  o f  f  .  l , ; - - -  '  {

N o w  r v e  c i r n  s t a t e  t h e  S m a l e  t h e o r e m '



B -

T h e o r e m  7 . 1 .  l f  E ,  F  a r e  B a n a c h  s p a c e s  a n d  f  ' E  - 9 F  a  F r e d h o l m

m a p  o f  c l a s s  C g ,  w i  l h  q ) r u *  { 0 ,  
i n d  f l ,  r - h e n  t h e  s e t  o f  r e q u l a r  v a l u e s

o f  f  i s  r e s i d u a l  ( t h e  c o u n t a b l e  i n t e r s e c t i o l r ' o f  o p e i - r  d e n s e  s e t s )  i n  F .  M o r e -

o v e r ,  i f  y  i s  a  r e g u l a r , , a l u e  o f  f ,  t h e n  f  
t . ( y J ,  

i s  e i t h e r  e m p t y  o r  a

m a n i f o l d  o f  d i m e n s i o n  i n d  f  ( i f  i n c i  f = 0  t i r e n , . f - 1  ( y )  i s  d i s c r e t e ) . '

. . tgggt-ZJ. By Ba i re's Cateqory theorer,n i t  resu,l ts , ' that the set ' .of
' :

r e g u l a r  v a l u e s  u f  f  i s  d e n s e  i n  F

i : .  N o w  w e  r e c o n s i d e r  t h e  s y s t e m  ( 1 . 1 3 ) - ( t .  t 7 ) ,  d e f  i n i n g  , Y  
=  

*  X , . ,
n

T = S + w , + T _  a r r d  i n t r o d u c i n g  a n  a r : b i t r a r y  a m o l J n t  o f  h e a t  Q e L ' ( - g - )  i n  / t . t 4 ) ;

h o

, , ,  t h e  c o r r e s p o n d i n l t  s y s t e m  t h a t  w o ,  a r e , i t n t e r g . s t e d  i n ,  i s  t h e  f o l l o w i n g :

d iv  v=0r  i n  -A -

P, (-Bv-Ts)=g, i  n 52 te )
l - l ' , - vw / - '  lw

- d i v ( A Y T ) + a v I T = q  i n  - 0 -

J.J =o 
"S-

t=6  on  E  A-

i :  ( . 7 '  1  )

0 . 2 )

i ; .  ( 7 . 3 )

( : t  , \ )

0 . s )

: : : i ! : : ' ' 1  L e t , s  d e n o t e  w i t h  9 ( " , Q . , 4 )  t h e  s e t  o f  t h e  w e a k  s o l u t i o n s  ( X ' a )

o f . ' t h e  p r o b l ' e r n  ( Z . r )  - ( l  . i l ;  i t  c a n  b e  p r o v e d  t r , a t  f  ( a , Q , 3  )  i s  a  n o n -

-empty  compac t  subse t  o f  l l .A  f ' ( rU )xH2(g )  ;  one  can  use  the  same tu .nn iques
'^t Ar

a s  i n  t h e  p r e v i o u s  s e c t i o n s  a n d  e v e r y t h i n g  h o l d s  i d e n t i c a i l y  e x c e p t  t h e

w e a k  m a x i m u m  p r i n c i p l e  ( T h e o r e m  i . 1 )  w h i c h  t a k e  t h e . f o l l o w i n q  f o r m :

'  T . l e o r e n l  7 , 2 .  t f  ( ; , r ) e  H  x  H 1  ( . [ )  i s  a  s o l u t i o n  o f  ( 7 . 1 ) ' ( l  . i l ,  .  ,  ' :

then T€ LoQ (-Q-)  and j '

0 . 6 )  .I 'k  < +.  c(s-) l  a
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. P r " o o f  .  P a s s i n q  t h r o u q h  t h e  N e u m a n n  p r o b l e m  o f  t h e  p r e s s u r e  I  i k e

i n  Lemma 1 .1 ,  , ve  ge t  p€1 I  tO l ;  t hus  -we  c "an  .make  the  dua l i t y  p ro rJuc t

o f  ( 1 . i l  w i  t h  a n y  s € -  H : ( l L ) :

0 . t )

we see  tha t  VS f=  f  r  on  Ao  and  VSt=0  e l sewhere .  Choos ing  S=SO in  O- .7 )

t:.',, i-lwe have

t h a t  i s  '

I  r  . /  1 1 / 3  l o \  i . , . ( 7 . S )l s u l  . e , -  . ( C z ( m e a s  A o )  l q l
L  (Ak /

As fo r  
"ny  

h )  k

- -  
w i t h  ( 7 . 8 )  i t  f o l ' } o w s

f . 1 )
s o = s c n ( r )  t " n  )  l r l  -  

;  
-  o , o J  ;  a c c o ' d i n e

and denot i  ng w i  th ' ' .1r, ! ' :

' ?* J

A ( T ,  S ) + a b  ( v , T ,  S ) =  ( q ,  S )

F o r  a n y  k ) 0  w e  d e f i n e

to p r :opos i  t  ion 3.2 ,  Ske H:  ( .9- )

C l loo= tx€ e- I  l t l )  Z .

, , , l ro l '^  (  .  l l to l l  
t<n(so,so)=R(so,so)+u( j , ro,so)+ ' . ,

,  . t " ( A t )  
l

-A( r ,so)+b[ , r ,so)={o ,s r )  ( ln  \  l * " " ,  ou)  " ' l to \  r , (oo)

(n-r.) (meas ol, '"( 
Iro \ u, (nr)< I t- I ,6 {no)

.  : rTroBS nn (  r l  
S 

(meas oo) t  (7 '9)

B e c a u s e ' . r f r e a s  A O  i s  a  n o n i n c r e a s i n g  f u n c t i o n  ( a f  t e r  k ) ,  i t  r e s u l t s  f  r o m  a
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f  a r  
I  t l

c l a s s i c a l  L e m m a  ( s e e  [ 9 J )  t h a t  m e a s  A O = 0  f o r  d = C 4 ( m e a s  O o )  
' ' o .

D e f  i n i n g  n o w  t h e  B a n a c h  s . p a c e s

ql

(7 -  1 :0 )

( 2 .  t r t  )

)  0  . t z )

t h e - s e n s e  o f  t h e ' P r o p o s i t i o n s  2 . 1

( 7 .  1 3 )

( 7 .  1  o )  "  ( 7  . 1 2 ) i s  a  F r e d h o l i n

r,=[{-lt) €Xn&b n'(e-)l ,H(.ir,,rg)=g J

F=12 (J- ) ,, u3/2 ( )g )

t : E ' +  
F  b v

, r )= ( -d i v (4V r )+ayV , t ,  T  / ?n -

( 7 . , t ) . ( 7 . 5 )  i s  e q u i v a l e n t ,  i n

t h

a n d  t h e  m a p

f.it{he 5y5tem

,  a n d  2 . 2 ,  w i

l(,v

l (X, r l=  
(Q,7o

Lryeg:"1!-g_L1. f 1'E1*F?s'"'F def ined

m a p  w i t h  i n d  f . = 0  1 : ' ;  l- . r  - -  
{

L  ( u , s ) = ( - d i v  ( n  V s ) , s / ? - Q _  )
N N '

an  i  somorph  i  sm f  rom E . ,  on to  F  ,  and

by

P r o o f .  T h e  F r d c h e t  d i f f e r e n t i a l of  
' f  

, ,  ,  e iven by

( r t ,  ( X , t ) ,  ( l , s ) > = ( - d i v ( A V s ) + a , g f r + a p V s , s / z - q .  ) ' ' :

h a s  t h e  f  o r m  ( t - + K )  ,  w i t h

( 2 .  t  4 )

K ( u , S ) = a ( u  V T + y  V S ,  o / z n -  )
N' f\t ^'

a  c o m p a c t  o p e r a t o r  f r o m  E . ,  w i t h  v a l u e s  i n  F ,  i b r c c a u s e  f o r  a n y  ( ; ' T ) €

.) ,,
€  H  n H ' ( g )  x  H ' ( 9 )  ,  t h e  o p e r a t o r  

' r "  "  "  ,{v tv
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(u, s)l-* ' .  ru 7r+17s)

f  r o r {  H  n  H1  ( -g )  ^  H1  (g )  w i th  va lues
.a, /w

c p e r a t o r  a n d

i n d  D f  . ,  ( v , T ) = i n 6 ( t + r ) = i n d  L = 0

in L2 ( i - )  .  Hence

' q ' | J  ! : ; j :

of the Sma I e '  s theo' tr ' "em "

) t ,

1 7 .  t  4 )

l 1  r  c \
.  \ t  . ' ) ,

a.E ' " red-
Lir'"

( v . i )
l s

l s

con t  i  nuous

a  F r e d h o l m

.3

t/)

J leo Iem -7 - .2 .  Fo r  eve ry  a )  O  tne re  ex i s t s - j ' a ' dense  open  s '+ t  v1  In

( D ,

F ,  s u " h  t h " t  f o r  a n y  ( q . , 2  ) €  a ,  t h e  s e t  V G ' Q . G  )  i s  f  i n i t e '  M o r e o v e r '

t l l  ,  t ^  * \ ,  / f )

i f  q  i s  a n  c o n n e c t e d  c o m p o n e n t  o f  A  1 ,  
t h e n  f o r  a n y  ( Q ' 6 , )  €

r i

t he  number  o f  e lemen ts  o f  ?G,Q ' 'A ' l ;  i s  cons tan t  and  eve ry  e lemen t  o f

! G , Q , E )  i s  a  c €  f  u n c t i o n  o f  t h e  p a i , r  ( q , 6  ) '  ' , ; , , '

f r y g ! .  0 b v i o u s l Y . f t  i s  o f

F i r rd  tha t  we are  in  the  hyootheg, : i ,E

t h e  s e t  o f  r e g u l a r  v a l u e s  o f  f t  ,

compact i n [A 52 ts*l * H2 (-Q-)

e x a c t l y  I  i k e  i n  l - z l .

l . l e  p a s s  n o w  t o  t h e  s e c o n d  a p p l i c a t i o n

T h i s  t i m e  w e  P u t

EZ=EI * B+

a n d  f r z E ,  < >  F  d e f  i n e d  b Y

f ,  ( v , T , a ) =  ( - d i v  ( A ' i T ) + " u  V r ,  T / ? j 3 -  )

Pr-oPosi t i .on-U'  f  Z 'EZ--a^ 
F def  ined

h o l m  m a p  w i t h  i n d  f r = 1  .

class Crc ancl f  rorQ: Prppo.s i1t i 'on' " l '  1 we

o f  Theore , l  7 .1  .  Deno t  i ng  w i  t h  U  1

and having in  minc l  thaa ,Z(E,+r '6  ) ,q , ' i ,s  , ,n

hence  i n  E ,  . ,  eve ry ' t h ihg  can  be  p roveda n d

D

b y  ( 2 . t 4 ) - ( 7 . 1 5 )  i s
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p l g g l . .  T h e  F r d c h e t  d i f f e r e n t i a l  o f  f ,  ,  g i v e n  b y
./
l r t r (X , t , " ) ,  (S i$ , r r ) ) '= ( -o iv (n  Vs)+av  Fs+au f i *n ;Vr ,  s /ac-  )  ( l  . tey

i an  be  pu t  under  the  fo rm ( l+ f ) ,  where

L ( g , S , b ) = ( - a i v ( A  S ) + b v  V T ,  s / v " L  )  ,  ,
] \ ' N

f o r  a n v  b € l R +  i s  a n  i s o n r o r p h i s m  f r o m  E , ,  o n t o  F ,  a n d  , : .  i , ,

1

,}

_1 $.: i,.

K(g,S,U)=a ( ,SVt+u Vs,  o / ) l  )

w h i c h  i s ,  I  i k e  i n  P r o p o s i t i o n  7 . 1 ,  a  c o m p a c t  o p e r a t o r . .  l t  f o l  i o w s  t h a t

D f ,  ( v , T , a )  i s  a  F r e d h o l m  o p e r a t o r  a n d  *  f i r

i i r o  D f r , { v , T , a ) = i  n d  ( L + K ) = i  n d  ( L ) = 1 , D t ' -  : r i ;

Theorem. ,Z .4 .  There  ex iscs  a  dense open , . ,  0 ,  in  F ,  ,such tha t r  i - i , -  . : :  11 , / , : . ,  .

for  ani  R,,4 ) t -  CI.  the set
2  

- - -

Vtq,a )=[t",r,a)e e, I tx,r) €' ' fG,*,n 
f

'  !  i *y. \  , ,

i s  a n  o n e - d i m e n s i o n a l  m a n i f o l d .

P r . q g f .  T h e  m a p  f ,  i s  o f  c l a s s  c € ;  b s  a n  e x e r c i s e  o n e  c a n  c h e c k  . i . . . i

(to" tr, R,a) ) (w,T, c), (I,  s, b)> = (cH,Vs+aw Vs+ug,yr+bg FR+a5VT+

+cy IR ,  o /ZL )  .
. N

t, /1
A s  u s u a l  , , ( 0 ,  i s  t h e  s e t  o f  r e g u l a r  v a l u e s  o f  f o  a n d  a s  ! f  ( q , ' 6 ) =  . , , n o , .

z - z
- 1

= f 2 ' ( Q , E ' ) r . , ( V ) , '  ( 8 , 6 ) € r ,  a l m o s t  e v e r y t h i , n g  f o l l o w s  f r o m  T h e o r e m  7 . 1 ;  - t  1 , , : : .

- . - .we-  have.  on. ly  to  prove that  0  
"  

is  open.
L
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! - e t  ( Q r , 6 n )  e F  \ 0 2

L e t  ( . l l n , , n n , o ) g  f ( q n , 6 n ) ;  a s

c o r r e s p o n d  i  n g  e s t  i m a t  i o n s  o f

boundec t i  iH  H  n  n2  ( -A )  
"  

u2  (  L )
n, .1,

r  H 2  ( ^ L )  f o r  w h ! c h ,  p a s s  i r r g ,

(5 , tn)  -S (g , r )  weakly

c o n v e r g i n e  i n  F  t o  ( Q , 6  ) .

i s  b o u n d e d  i n  F ,  f r o m  t h 9 ,

. .  .  )
r e s u i t s  t h a t  i ( u  r  )  \

L  . - o  t  ' n '  
i  n

exi  s ts  fV, t )  G I  n [2  (JL)  x

t o  a  s e q u e n c e ,  w e  h a v e

be a  seauen,ce

r ?
\ / n  7  \  L
l t q n ' e  r ' J  n

S e c t i o n  3 ,  i t

.  H e n c e ,  t h e r e

j u s t  i n  c a s e ,

t s

+

M o r e o v e r ,  a sL e t ' s  n o t i c e

i  nd f r=1 rwe

, . , .  .d , i  m

t h a t

i n 11/l

o n c e

0 . 1 7 )

( 7 .  1 B )

" . " i 2 .  t g )

0 . 2 0 )

t h a t  i t  f o l l o w s  a t

h a v e

a n d  t h u s ,  t h e r e  e x i s t E l  ! 1 n t s n , d ) ' € r E ,  
p 1 1 6  

l J n , S n ' a ) l f  
s u c h  t h a t

(  ot ,  , l " ,Tn,  o)  ,  (Jn , rn,"D =o ' . , 'n
f l

K e r  D f r ( . V ; , t n , 0 ) = d i m  C o k e r  D f Z ! 3 n , T n , 0 )  A l t

) . ^ .
i n  L - ( { )

l s

rn!$Yn-sng)=o

-d i  v (S Ysn) +an$nVrn=o  in !-

S = 0n
?-L

L e t ' s  n o t i c e  t h a t  a n ; 0  i m p l  i e s  ( , V o , t ; ) = 0  a n d  w e  c a n  s u p p o s e  t h a t  a n = 1  '

( . X n , r n , a n ) -  b e i n g  d e f  i n e d  u p  t o  t h e  m u l t i p l i c a t i p n  i h , Y  ' - a  " c o n s t a n t t  F r o m  t h e

sys tem (2 . r8 ) -  O .20 )  w i th  an=1  i t  , f . o l . l . t iwe l9 l  l  ( J " ,Sn )  J  n  i s  bounded

i n  f  / l  1 2 ( g )  *  H 2 ( J L ) ,  a s  t h e  u g i v e n r ? , * e r t r U n V T n  i s  b o u n d e d  i n  L 2 ( ' n - ) '
n, n,

H e n c e ,  w €  c a n  e x t r a c t  a  n e w  s u b s e q t i e n p g  ( s t i t I  d e n o t e d  n )  s u c h  t h a t
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l yn , i n )  
* k , t )  weak t y  i n (-u) 

" n2(,9)H o H 2 0  . 2 1 )

N o w  p a s s  i  n q

a n d  ( l . Z t )  i n  m i n d ,

l i m i t  t h e  s y s t e n r( 7 .  i  B )  -  ( l  . z o )t o  t h e

we get

w i t h  ( l  . t l )

, L g m p f  k  
" 7 , ? .  F r o m  t h e  t h e o r e m s , * 7 . 3  g 1 { . r 7 . 4  i t  f o t , l o w s  t h a t  ( g e n e -

t ' i c i r l )  t f r e r e  a r ' e r ' n o  b i f u r c a t i o n  p o i n t s  a n d ' t h a t  f l u c t u a t i o n s  c a n  a p p e a r

' o n l y  w h e r e  t h e  p t o j e c r i o n  o f  7 ( q , , 6  )  o n  t h e  R a y l e i q h  n u m b i i - 6 . p i s  , r . ; r  l

r ' r i r " 6 v s E l a p s ;  a l ' s o ,  a s  l o n g  a s  t h e  R a y l e i E h  n u m b e r  r e m a i n s  b o u n d e d ,  ' '

w i t h  ( ; ,  S ,  1 )  €  [ z  ;  e s

p o i n t ,  a n d  h e n c e  ( Q , E

,t

' l . . ; i :  '  
Ac . |<nowlgd.eqmsLt .s .  -  l t

g r a t i t u . d e  t o . D r .  H o r i a  E n e  f o r

a n d  e n c o u r a g i n g  m e  t o  d e v e l o p

v a l u a b l e  d i s c u s s i o n s  w i t h  D r .

1n, , ( ,T, t ,o)  ,  (X,s,  r  ) )  =s

E u g e n  S o 6 s .

( ; , S , 1 ) l g  t h e  e l e m e n t  
9 , t , 0 )

i  s ,  :no t  a  regu la  r

) e F \ 0 2 .

t h e  n u m b e r  o f  o ' r e r l a p s  i s  f i n i t e .

T h e S e  r e s u l t s  a r e  i n  a  c l o s e ' c o n n e c t i o n  w i t h

n a t u r a l  c o n v e c t i o n  b e c a u s e ,  a s  w e  h a v e  s e e r i  i n ' t h e

7 . \ ,  Q  c a n  a p p r o x i m a t e  a s  w e l l  a s  w e  w a n t  t h e  n u l l

the probl 'em of

theorems 7.  3  an-d. , , . . ,

v a l  u e  r . . r . 4 * i , , , , , , , -

t, l
i

i s  w i t h .  g r e a !  o l e a . s _ u r e . t h a t  I  r e c o r c j  m y

s u g ' g e s t i n q  t h i s  p r o b l e m ,  f o r  h e l p i n g

i  t .  A l  s o ,  I  w a n t  t o  a c k n o w l  e d g l e  t h e  m a n y

f."t
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