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THE RATIONAL HOMOTOPY CLASSIFICATION OF D!FFERENTIABLE

MANIFOLDS IN SOME INTRINSIC FORMAL CASES

Stefan PAPADIMA

INTRODUCT I ON

Sulllivan’s ‘results Eif] (see also [f]) showed that the problem of
the rational homotopy classification of closed manifolds is of a purely
élgebraic nature. In more detail, the three steps of the .classification
may be described as follows.

Starting with the rational coﬁomology algebra, one must haygﬂfir;p
a way of classifyina Poincaré duality algebras over Q. This step was .
carried out in [?].

The next step is to detect those Poincaré duality algehbras which
come from manifolds. Here one may use the following more general a]gebrqic
test of ""rational surgery', which we shall briefly recall, following [Jil
Let X'be é A-connected Q-local space with the property that H*(X;Q) is a
Poincaré duality algebra (P.d.a.) of formal dimension n. biven
bj

/LL (—;Hn(X;Q)\ EO)I and p=Zpi6@ H' (X;0), one may always-find, if n#0

(mod L) a closed manifold M" and a map f:M —> X with the property:

f induces a rational homology isomorphism and: .

(x)‘-
f*[M]=/L_L e hley

If n=bk” (k#1) then the existence of M and f with the above property .is

equivalent to the following set of "differentiability conditions'':

AT



() a partition of k‘% are the

(D4) the Anumbers < P /(4 >

Pontrjaain numbers of a closed manifold: 3

2k

(D2) the quadratic form HZk(X;Q) QH G0 =0 givén by the

Poincaré duality is a sum of cquares over. § ;.
2k
p3) ¢ {H"" (x; Q,)/Jv)— (L ,m>

° it Y C’J ° 7
(1f O =(0J1,..., QJr), p stands for the monomial p,, , & denotes
(8%

1 . poJr
the signature and Lk is the Hisrzebruch polynomial).

.If H is a P.d.a. one may easily derive necessary and sufficient
conditions for H in order to have: H=H*(M;Q), H a closed manifold, by
appropriately reformulating the conditions (D1)~(D3) (see @ A (e

. At the last step, ithere is a general theory of the algebraic
wescription of the rational homotopy types (not.necessarily manifolids)
with a given (arbitrary) cohomology algebra, in terms of minimal models
R s 1 o vt eneipert (o) and B3 B2l andidal) s e cone
ditions {P1)-(D3) are involving only the coho&o]ogy algebra; every space
whose cohomology algebra comes from manifolds is itself of the rational
homotopy tyﬁé of a manifoid and this, remark completes the solution of the
classification problem stated at.the beainning.

. The aim of this paper is to follow the above program adding some
simplifying hypotheses. In order to avoid the chp]ications arising in ge-
vneralf'ét the third sten, we shall restrict ourselves to the intrinsic

formal cases. A graded alqebra H over Q is said to be lntr|n5|ca11y formal

(see [%}) lf twere is exaut]y ane ‘Q-homotopy type X subh that H X H.= Folr
example, it is shown xn(~5] that a (k-1)-connected P.d.a. of formal
dimension less than or equal to Lk-2 is intrinsically formal.

As far ‘as the first step is concerned, there is a certain case
when the generai-classification of [9i1takes a particularly neat form,

namely the case of homoqeﬁously generated algebras H, defined by the

R
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oroperty that they are generated as algebras by some homogenous component
Hd (see i7\ for a geometric interpretation of this condition).
-

To such a P.d.a. one can associate two more numerical invariants:

the rank r defined by: r=dim Hd and the: cuplength c defined by: H+...H%¢0
e S { S
iy :
1 i L = L ~ h
but 1=ﬂ®< H =0 Denotlng by hd reg(r) those degree c homoq¢nou§ forms q in
c+4

the variables XproeeaXo polynomial for d even and exterior for d odd,

r >
Jq

with rational coefficients, which have the propenty that the forms *viz— 0

- are linearly independent, we constructed for any suchigea=Padia.

i 3%
H having d, r and c as invariants and we showed that every homogenously
generated P.d.a. arises in this way and, moreover, that the algebras Hq]
and Hag, are isomorphic if and only if the forms q1~and q, are Iinearly
equivalent, see {ﬁ].

Given the algebra H , cne may construct -a anouotOpy type. Aq 5
BM

uniquely determined by the oroparty that X is formal and H* Xq Hq L

!
)
-

When speaking of the rational homotopy type of X we shall always asczume

“that X is homologically 1-connected i.e. ﬁi(X;Q)=O for i4&1. We shall also

N

. o)
assume from now on that all graded alagebras H are f-copnected i.e. H=Q

fgand”Hq;O (when H is homogenously generated this is equivalent to g ndl)

With these specifications, it is worth notingthat, starting with q, Xq
may be explicitely described, either by constructing its Sullivan model
(asiin Li]) or its Quillen model (as in [6])

In the hcmogenously generated case it follows immediately from the

- result quoted fromHEB] that any P.d.a. havxno c \3 is intrinsically formai.,

exam|ned

: ; 2 et
The example = (((P1c x P%);@fpzc)x P°C) in LS] , shows that this is

no longer true for c=b4. The first section of the present paper is deyoted

to the proof of the following:



THEOREM 1. _et M be a compact, boundaryless, orfentable, homologically

1-connected differentiable manifold. Suppose that H (M;Q) is homogenous 1y

generated, with cf§3.

1) c=1 ¢ M has the Q-homotopy type.oF a sphere Sd.

o}

1) c=2-: if d=2k+1 then M has the Q-homotopy type of a ~.mererted sum

2k+1 ~2k+1
o :

9

of p copies of §

o Ao,

If d=2k then M has the Q-+cmotopy type f a complex of the form:

d

Eo U e s e 2 , where [f}%.772 1<Sd\/ R R
M e B e SN SN f 2 d= %
r r
+ -—
given by:
r_l; i
= __. ’ d ‘d“_ 5 d d-- v ’
| 7] -i}[si,sij JZ:1 [sJ.,sJ.J, with ‘r_ﬁz,‘r,_;.

Y

The invariants are: the dimension n=kk, the rank = s andEhescTi g o Eule

0’=r+—r_ » subject to a singlé€ restriction: & is a muktiple of a certain

number €Fk, depencing only on k.

I11) c=3 : every M has the Q-homotopy type of scme Xq , where

qu3 Crsk =™ and X,

h s : el S )
d, req qQ, have the same Q-type if and Qn]y it q, and qs'are

2 4
linearly equivalent; if d is odd we must have r=3 or RO

Remark,'The numbers Eﬂ( are computable. PrOpositionﬁzwftqm_égvﬂand/”””” o

the remark FolTow?ng it provide more conciete information.

Using again [SW it comes out that any 1-connected P.d.a.'H’of for-
maf dfmensionrnéé i's Wntrinsically formal, This f&ls to be true for.n=7,
as shown by H=H*((Szx85)ﬁ5(52x55)) (see<§ 2)i5 The second secticn contains

the proof of the following:

THEOREM 2. Let M" be a homologically 1-connected closed manifold, O,

of dimensionr1é6.

,M_LMW~_waf”n=2.or’3 then M has the Q-type of 32 or 33.

®
R



1f n=4 then M has the 0-type of Sl+ or of a connected sum of copies

of PZC, r, of them with the standard orientation and r_vwith the opposite
one. e

[f n=5 then M has the Q-type of 85 or of a connected sum ofrcopies
of SszS. '

if n=6 then M has the Q-type of S6 or of Sp , the connected sum of
3 o

xS3, or of Mq%fs where Mq is a closed manifold whose Q-type,.

i

denoted by Xq , depends on an arbitrary cubic ¢ and is constructed in Lemma 1

of p ‘copies of S

@3? M ﬁ4s and M ﬁ;S have the same Q-type if and only if P1=P; and
P2
»q{ is 1|near1y equ1valent to q,

1. Manifolds with homogenously generated cehomology

Let H be a 1-connected P.d.a. of formal dimension n. We begin by

describing how to recognize those such algebras which come from manifoids..

PROPOSITION 1. If n#0 (mod 4) then there is a closed manifold Mn

such that H(M";Q)=H. If n=bk m<>A) then the necessary and sufficient

condltion fior tHinGonder tto have a representatlon as above is that there

exist: an “orientation' /Al & Hom (H ,Q)\-iO% ard a ""Pontrjagin class'’

. - ik

P=2pi€® H'' with the properties:

(0*1) the numbers {/@ (&k)\iu a partition of k% are the
Pontrjaain numbers of a closed manifold;

: e
(D*Z) the quadratlc form H2k6§ H :

>~ Q given by the Pcincaré

duality is a sum of squares over Q;

03 SO )= ()

where, tf W,—((o .,Cér), pCQ stands for the monomial pﬂu1

denotes the signature and Lk is the.Hirzebruch polynomial.




Proof: JIf n=Lk (k374) then it is plain that‘fhe conditions (D*4)
to (D*3) are rccessary. Conversely, if n#0 (mod 4) or if n=bk 0 chien
all we have to do is toLconsidar the formal 1-cennected Q-local space‘X
with the property that H*(X;Q)=H ard to check the conditions (D1) to (D3)
stated in the introduction. In the remaining case (n=k), if H2=0 then we
may take M=Sh.wlf HZ#O we make the remark that the isomorphism type of H
s determin;d by khe intersection pairihg\Hz‘ég Hz,;§ Q and then, izcalling
(D*Z), we may take M= the connected sum of £ copies of PZC with staﬁdard
orientation and of r_ copieé of P2C with the opposite orientation, thus

compieting the proof.

PROOF OF “THEOREM. 1 (excepting the divisibility conditicn on § ):

The case c=1 is rather:trivial.
I the other two cases, recall first that the ratienal homotopy
classification coincides with the classification ofiithe cohomology algebras

- (due to the intrinsic formality property mentioned in the introduction)..

£ § A
In“the case c=3 the cohomologyaigebra of M is of the form H*M:Hq,

3

i < Chat Mr\ = - <
d,reg(r) , which meaﬁ, that M has the Q-type of Xq (see Intro

for some g& H

ductior)-. Xq1 and qu have the same Q-type if and only if the algebras Hq1

o

and qu‘are isomorphic, which in turn is equivalent to a being Jdinearly

equivalent to q, (see again Introduction). We gave in[:9] necessary.and. .

sufficient conditions in order to have: HS _eq(r)#@.
AR

For c=3 they are nonvacuos onty if d is odd and in this case they

N

take the form: r=3 or r) L, 1t remains to show that any algebra. Hq comes
from a closed manifold, which turns to be very easy in‘th%éggase (using the

conditions (D™)-(p*3)) since the only nontrivial possibility is d=bm

6m='

and in this situation we have H 0.

If M has c=2 then H'M is determined by ithe intersection form

HdMQbFFM-«J?Q. If d=2k+1, then we are dealing withia skew-symmetric

B,

&



nondegenerate form over Q, whose rank must be of the form Zp and whose

normal form is then the one coming from the cohomoloay algebra of & connected

2k+1 2k+1
xS o

sum of p copies of S If d=2k then, by (0*2), the intersection

+

- e 2

form of M may be written as:,iaﬁq - 2. y. , a complete set of invariants
i=1 j=1 ;

being given by the dimension, the rank and the signature. Denote by H the P.d.a.

of formal dimension Lk having Xqaewesk

i o i , &) as an additive

r
+ -

basis for H+, with; dég xi=deg'yj=2k and deg & =hk, whose multiplication is
given by the quadratic form written above. We have to show two more things

in order to complete the proof .of ‘Thecrem 1. The first is.that, denoting

-by X the complex described in the statement of the theorem,‘onc has H X=H

and the second is that H is the cohomology algebra of a closed manifield i
and‘on19 i#'the signature of H is divisible by R We are going to give the
proof of the first assertion, postponing the other one until the next
Proposition. Corresponding to the given cell decomposition of X.ene may °

immediately write down the Quillen minimal model Ly (131], [H]): as a free

r
+

deg aiﬁdeg bj=2k—4 and deg gt sbk-1, and the differentiai D is aiven by:
/ ok /

gracded.Lie algebra, LX is generated by'a1,...,a i 5],...,b¢ ,};L, with:

E I
+ -
e a; ‘
Dai~Dbj—0 and ?/L=?Zﬁ a',a'l- ;%aLPJ’b }

Knowing that,in general; the free Lie algebra qgenerators of LX correspond

(with a dimension shift) to an additive basis of HX(X;Q) and that the

B

quadratic part of the differential gives the coalgebra structure (see LZJ,

‘?1}), the assertion follows.

&

iﬁﬂiﬁﬁ' Using the same arguments as in the above proof (the case
c=3) one'may deduce the following slightly more general result: any'
4-connected homogenously generated P.d.a. with odd cup-length is the

cohomology algebra of a closed manifold.
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Define, for any my4, two positive numbers S, and s® by :

2
(1) s generates the agroup %QY (M

suil

PUDNIIRISIrS IS

Qm\k paiigMi =0 excepting perhaps

e
\

LMizO excepting perhaps

)

5
(2) 5& generates the group § G (M

(Mland p2TMTt
pZmLM]"nd pth%

(where M is a closed manifold, & (@) is a partition of m(2m) and pO([>M

pred

hmw

’
wn

: & }M8m-j denote the corresponding Pontrjagin numbgrs},
For any k1, define a numbeF’GTk by:

K s abor = kiiiedd

« =Sé , for k=2m

PROPGSITION 2. i) The invariantsin=bkk, r and @ in the statement

of Theorem 1 (the case ¢=2, d=2k) may appear.if and enly if T 'is a multi-

ple of GTk.
2 M bt ,\|"’: 2
i) sl=22k 1-v, [(2K) L2k gy

1N

.numerator (Bk/k), for any k‘where i

v2(y) denotes the'qreatest power oFudeivfding yuand'Bk stands for the

k-th Bernoulli number.

~

iii) >, divides both s, and's_ , for any m.

Proof: ii) This was combuted H1[1]: In particular Sk is ‘nonzero
for any k.

i) This is meant to complete the proof of Theorem 4. Rezalling
’V'che-firs£ part of the proof, the assertion is to be‘reformulated as follows:
"}*the P.d.a. H constructed starting from k; I and r_ is the cohomology al-.. i
gebra of a closed manifold if and only if its signature is a multiple of
NELS)

crk{ L H=H O then the divisibility condition on <(H) is an immediage;: .

~~-consequence of the definitions (1)-(3), for any k.
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For tbe converse implication we shall denote by z{o the orientation
of H defined by/ﬁto(éc)=4 and we shall first examine the easy case, when
k ¥s odd 'and thé Pontrjagin class p must have only one component, namely P -
I f C;k divides C?(sz,]$0)= & then, by definitions (1) and (3), ‘3"=<T(th),
where'ML*k is asvin definition (1). We may then take: /l / and p=p, = pk{Ml O
and with this choice it is immediate to see that we have: ( I—p o ]MJ
for any partition& of k, thus‘checking‘conditionA([)xﬂ) from Proposition 1.
The equalities /u,(p°£)=puﬁi;M:} together with the Hirzebruch formula

imply that JL(L, (p))= G ()= (H2K

/) i.e. condition (D*3). Condition
(0*2) being verified by the very construction of H we may conclude by apply-
ing Proposition 4

now

:“Sﬂpposeﬁthat k Is even, say k=2ma.lf sé=52m then we may argue exactly

as before. It is clear, anyway, that»sé divides S?m.’ for any m. If sé#s
then, -choosing Nim as in definition (1) with the property that (‘.)'(Ngm)=52rn
and Mgm as in definition (2) with the property that .G%Mgm)=s; , we deduce
= o ; : e -
( =a. G (! . r L 150,
that ‘)(No) a.(7(4o) for some nonzero integer a and that meﬁoJ%. The
manifold M=N_-a.M_ fulfils the conditions of definition (2) and has the
“additional properties: & (M)=0_and pé[ﬁ]#O. We finally deduce the existence
of a manifold M. as in definition (2) and with the properties: Qf(Mi)=0
2Ty
and p- Ln]]} 0.
If &, divides & then we may write GT=‘STM8m), with M8m as .in

(2). By eventually adding a multiple of the manifold M, previously-construc=

ted we may suppose in addition that pthj‘> 0. We shall then take:
C-Q'ﬁ" t“\ﬁ‘\ )

2 e e
/A = [ﬂl / and P=p Py » Where p =x; and Dors DZmIMjl/p [ﬁ]) (i X0
0 o

is checked by showing: /m. P ﬁ I-MJ fortany partltlon rﬁ of 2m. We
deduce as before that: /L. (p)): M)= *4t JA ) (the ‘last
equality uses pﬁ[ﬁ]'> 0). The use of Proposition 1 flnlshes the proof.

S oy dm e e = :

i) 2l f sm—CT(NO ¥ N, being as in (1), then, by L1§], we also have:

4m), where N has the propertyﬁfhat:wni(N)=0 for i#m, p, being the



2

i-th rational Pontrjagin rlass. We deduce that sm=G?(NAmehm) is amultiple

of sé (the other divisibility assertion in the statement being immediate) .

Remark. One might also try to compute the numbers S bv using

the congruences of [}2} which describe the Pontrjagin numbers oi closed

manifolds together with the Hirzebruch signature formula.

2. Low dimencional nomologically 4-connected manifolds

The present classification reduces, similarly to the one in the
“previous section, to the enummeration of the rational cohomology algebras
ofithe manifolds under discussion, due to the intrinsic formality of the
A-connected P.d.a.’s of formal dimension 1ess“than cr equak‘toké,(sea the -
intrcduction). Here a great simplification arises from the fact that the
' “differentiability' conditions of PrOposition'ﬂ are nontrivial énlyiﬁor

n=b and in tliat case they were already worked out in @} 1. |

#

“LEMMA 1. The rational homotopy ‘classification of homologically

1-connected closed manifolds M of dimension 6, having H3M=0 and dim H2H=r
; e S

coincides with the linear classification of the cubics g in r variables {no

restrictions on g!). More precisely, for any such cubic g'there is a

manifold Mq with all the stated properties, whose Q-type Xo-depehas only

on g, and such that: any M as above has the G-type of some M_ and Mq has
1

the Q-type of Mq if and only if'q& is ]inear]y equivalent to g,
i . 2 = -

-Proof. Following [14] we shall describe a bijection between the :set g,
of isomorphism classes of 41-connected P.d.a.’s H of formal dimension 65
having H3=0 and dim H2=r, and the set of linear isomorphism classes of

“cubics q in r variables. To H we associate the cubic q defined by:

s,



qH(x,y,Z)=/1(x.y,z), for an§ Xey .z EHZ (/1 ?'Hom(H6,Q)\.%0}‘ being ai
orientation). :

Conversely, given a cgbic g in the variables XpseeesX 5 We denote
by G the<Q~vecfor space having ¥{>-eeoX @s a basis, we construct Hq
additively by:Hd=Q@@ G D G*@B 0 (with degrees 0,2,4 and 6) and tnen define
the multiplication of Hq‘by: x.y(z)¥q(x,y,z), for any x,y,z&06 and_x.y*r
=y%.x=y*(x) for any x& G and v¥e 6*. It is not difficult to see that these
constructions induce a bijection be;ween the appropriate sets of equiva-
lence classes, as asserted.

For any cublc q, let us denote by Xq the unique @Q-hcmotopy type
with the property that H*Xq=Hq . Rroposition 1 guarantees:the existence of

a closed manifold MG in the Q-type of Xq, The other assertions of the

Lemma follow- at once from the P.d.aclassification.

PROOF OF THEOREM 2: The cases n=2,3 are trivial.
' ol . . : i 2. b
For n=4, if H"M =0 then obviously M has the Q-type of S'. If H™M #0

then we argue as in the proof of Proposition 1.

Eortn=554lf H2M5=O then M has the @-type of S5 , whereas if '

dim H2M5=p) 0 then H'M is isomorphic to the cohomology algebra of a connec-

3

ted sum of p copies of Ssz :

For n=6, ‘if H2M6 and H3M6 are both zero, then M has the Q—tybe'of 56.

i HeHB=0 byt dim N2 p} 0, then H”“M=H”“sp o Finally 1% dim B2MO=r 0

and dim H%M6=2 p:70 then H'M is the connected sum of the subalgebras

H=H**V®" M and Hl=H*SP. We may apply the Lemma in order to finish the

proof.

e de 2 B RO D 5 '
Example. Writing H=H" ((S"xS Lﬁg{s xS$”)), ‘the Quillen model LH of
the formal Q-homotopy type corresponding to H may be described as. follows,
using the algorithm of'Lél: LH is the.free graded Lie algebra generated by

/

x,y,a,b,/& , with: deq x=deg y=1, ded a=deg b=4 and deg/» =6, with- difife=



rential given by: d.x , dHy . dHa and de‘are zero and dH}L=[§,i1+Lb,x}.

H

One may construct another minimal differentiai graded Lie alqebra(L,d) with

the same gererators and the same quadratic part of the differential, by
et

:y; {_x, y]] and d/=f’q,§ﬁ +Lb,><j :

.(L,d) will then represenf a @~homotopy type with cohomology algebra H

Eo

defihing: dx=dy=0, da= [x,' x,yal ,. db=

([?&, L11j) and it is not difficult to see that (LH,dH) and (L,d) are not
isomorphic, showing H not to be intrinsically formal (acztually the two
minimal models repiesent th: only possible Q-homotopy types having H as

cohomology algebra).
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