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structure of n) in posit ive operr: tor-matr ic.es

i r ] t  T.  Cor:stant inescu

to d"e.scr ibe 'bne structnre of

In t l : .e f i rst  part  of '  tne paper,

a posi t : i "ve opez'atcr-metr j "x l
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The purpose o f  th is  no te  i s

nxn pos l t i ve  opera tor  mat r ices ,

we shal l  expreec the entr ies of

-  O t  O r n ^ *  - r . O  (
y k 6 ! E s 4 v v v { v o \
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*

a '  T  cu 1  ? ,  r  t P 2 ? . ,  '  '
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:
r t ..F

U - l  h ,  6  o  o
L g

as itunctions <repending on a ra,n:.rylf%]:, or' {'
6 > L

( Si  - r  are operators act ing en & Hi lber: t  epace

The resui t  can be used. to soive the s iu l l .ar  probl"ern for

cont rac t rve  o i ;e ra to r -mat r j -ces . (  r \  f i r s t  a t teu l r t  i s  g rven in  [+ ]

where the,parzunetr izat ion v+i i i r  arbi- t rary oontract ions; : -*s i i I731sEe+e

but 
'no 

expl ic i t  foniulas appear" )  
'

In t t re second partr  we shal l  deduce an expl lc i t  construct ion

of  fhe  Ko} rno€;orov  c .econpos i t ion  o f  a  pcs i t i ve-oe f in i te  kerne l  on

[N. One rrore step j -s done ia orcler to obtaj-n a di lat ion resu,] t :

trLere exists a family of unitary operators Vi (n) ,\vt"tel@*,{1so that

s . . = p t l  ! , / ( i ) . o . w ( j - I  ) / t L  n i )  j .  
' '

" i i - '  d t _  
r t \ & / '  o ' r f \ t J - + / t

#e remark that al i  tnese facts &re sbtainei l  by a sl igir t

mocl l f icat; i ;on of the proofs in t21 strd. L:1 " Tne notat ions we

w i l l -  u s e ,  f o l l o w  t i r o s e  o f  [ i J ,  t t J ,  f : ] ,  b u t ,  f o r  t i r e  u a k e  o f

corttp] etenessr w€ ind. icate ]rere t i ie necessary changes.

I ' i rst  of  a l l ,  let  us r ient ion tnat ,  in our s i tuat ionr the

p_arameters consist  of  t t re contract ions r"  e \  a l'  t i  ,  I ) .1 ,  i ) t  i " - r " l ,  so

tha t  fo r  j= i -+ l  ,  i>L  , f ; i  ac ts  oo  J t -  and o t i ie rw ise ,  fL ;  ac ts
o
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from "?i,. .  
.  into ?rrt-, '  Associated Yith a f ixed' set of

' L + 4 . r  ' 4 4 ' r

paramet*rr l  rve consio.er t l ie opertr tors:  for  i )  1 and i ) ,  i+1'

*4 *"6 Sr, , rooCI b!* i* t . ,1+b6.. .  6S r ;or , i

. t i i - J ( f " , c o ,  ) O r  i

a,-.t

X * , a r e c o n t t ' a c t i < l n s . l i i Q r e o v e r ' w e r a e u t i o n t l i e f o l i o l v i r r g i d e r r t i t y
.Lcl

c ' 1

fnoro 12 \ 3

f o r  j - I : r  k>  I '
-  

. . , .F. ,  fe oSoro' , i tz6" ' rs $t ' * ' , i **o$rf ;*u '  @"'  OSft+r ' [  -
" i j

&g 
.*r,',",.+a, 

@ "'€) 'S rl' 'o*oCI$';' '** o "'6 S''^'ti

t f j * t Q J ( f i , i * n ) @ I  ,  
o ^  ) . ,

wnere, for an arbitrary contraction' tt  I{-+R '
' 
i(u) t f*Q St* ---*-+ flo $r

J ( r ) = ( | r ,  ; q  
n  D r = ( r * d T ) 2 ,  s  r = D r K '

and i  clenotes l tre iaeoti ty on tne correspond' ing spece' I t  is knolrrn

inat 
. t t t )  is unit&ry, cor}:r€Qoentl f  Jf ,  6lre lrni tary t?o' Ti iese

operators ep.peer in the co: i tract ive intertwining dri lai ions t i ieory

t ]l " Y'ie also d.efirre tl ie operators;

v i r ,  S L O S f u n " , i * * 6 & r ; t ' r . i . + 3 6  ' - ' @ $ r ; * ' , i  @  $ t {  *

i," i.t'*',? 
' G)*,,5:*16 &i-;;

u i ; J = " i j  " i j  
n " " i j

3, ina11y, let  i is  dref ine soroe operators eon's idered in [Zl  ana

L3j :

Xi j=  ( fc , in r  1 -br f ; * , f i . r * .  ) ' " )n r l ; ' r " 'b '3 ,6 - ' f t , )  "  L
(= c, -.  \ i - : . i  ) . . .rr i i ) ,  {<*--+f i .O &q}",d-, 6 *rSttt .
xij=\j '  r;:: "-:-l 

,;:: ' ," . Dr5-,*)-Ti;= (f5-r,i , ri-r,lTt-",i ) - -.) rio*br;"r,1'

(rr '6rr stand.ing for uratrix transpose). AL-prgJ.ud.i" I: l  '  
"rj 

u*o
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-  I  i , i + r l  i , i + e ,  2

)  T f . )  i + r  )

V* *=
I..J
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\
E

I
I
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I i
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I

. . 3 - * -, , ,f,_l

where

and.

-b 
r.-'l

t t
, U . :  : -r d

. --* - ..ts. _...-D,* ,4,S,-;|_;)r{ ,
Y i j = (  t - ; , ; t r  D f  

l , i + r  - d
,r;.)q , r"[ f*.

,ti

IJ nxg:-!gsi.b;Lv-e jperatgry,;.aj,X:Lqgg

fn this .sect i  on 'we shal l  obtain a one-to-one correspondence

betrveen t ire set of sequences of posit i .ve operators l .UrrrJI" ,

31o=

I  n  S 1 2 t S I 3 r . .  o f J l , ,

- . *
S l _ Z r  I  

, r S Z s r  " . . $ 2 ;

i  ' - .
e *D j O r . n . "  r  I

and the set of parar*eters l*ii introd.ueeg in I"o

t lr is result vri l l  be derived. by the use of tbe well-knovtrn

strueture of a 2x2 positive operator, *loog the same l-lne as j"r. i

tbe proof of  fh.eorem L.2 in I  Z]  .  So r  wo shal l  consld.er the

j : t

I
j

I t
i '

o

:

ture of  the operators

operatorst  Ui i  = I r  i ) ,  I  and

orj:.&qD Srfj*,o --- o $ t;t*6 *q

_--+ f,(.O $r;,i*, o ---o Sr{

u i i=v i i (u io1, i  O tgrL)

and. 3i i=I ,  i )z 11

/ *  r * '  \
I  

u r , j - l  ,  u i , j - t x i j  \
F ; i =  I  I*d 

\  o  -n . . ' ,  " 'Tr ,  I
\  t  " t  t - - -  \  t " ' \  /

' lVe r ieed. some preparat ions aL;out the struc

,, fli, L* I

^
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P&t€ eY a d.irect compr:tation:

T1
J . :  - : !r J

: -
2.I  LE&' i I ' lA j ior i ) ,  I ,  i ) t  i '+1 ,

. - ( ! ( X i , j - } U i * 1 , ; - F : i + r , ; i } , j ; , - . . } f f t . . ' . P t - ' , i } t . ' \ .
Ui .;-'r x-i = | I
"rrJ- 'L 
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where we used the inductlve hypothesis

2J. fElii{A }'or i)z 1r j>z i+1, 
-

/ ..-fk \

|  " i j  
'  t r ' i * l ' i  

\
t r ' i  - i -  Vr . l  .  \* ' \  rr l  . ) . .& .  o !

\  " i i  r c r l ,+ t  ?  v  
I

lB0_aq Again, hy & d.i.rert eomputatr.on, u

/ x I . . F . "  i .  / ,  \ - *
I  

* i i  '  ' i+ }o j \  
l ' - tU  "Fc , i * '1 "V *  * l  I  = l*ub- r  r

r , . " } - - b t , i u , o  / \ o * ;  
- 1 -

/*ri"I; *rf,-.*{.-}rfc*,x
= l

l *
\ ot;*ii -Yifr.f ' 'Dtl., i D

and. Leuuna, 2.1. ' f f i

sing ierruoe, 2.22
^  \  /  r -  \)tf\/ 

"il ' Fi*r,;\
f i l

ii /\-{;"}t"'1*, 'o J
\

i l i ' i + l ,  j  \
l =

T n t
i j ' ' i + I ,  j  I

resu"L i of *hi.s

= f  
,  ,  ) : i j F i * r - , j \  

= F i i . .  @
\ c  ,  D i jF i * ] , j  ' ]

Given th.e above lernmag we sherll prove the main

sec t ion "

2"**-Ui&4Iil$ 'Ihere exists a one-to-ore correspondence bqtween the

set of the sequences of posit ive operators 3lo and. 'bhe set of

parane'bers ,ii , given by tire fornugas:

S .  .  - =  I - . : . .  - " i > 1''i 
, i+1- 'l r',-u*r ' r- '/ L

$;r *r- rT q --h- *- -T.t- T.,-bc... , --^\ I-r-r. i- r ; i - ^ j , i - f " i + l , i - 1 ^ i + 1 , i  * t 1 - r . ? o , ' - ' " r t , i - t  r i i  * t ; * l , i ,  t F ' l
U

, i ) i ,  j ) . i + l "  :

f300F t{e only sketch tne main parts of the proof" lhe first step

ie , ' re] l-known! j

t:
i ;
F"
:
I

ii

i"
t ,

i
:

contraoti.on on k .

be true the following

inatr ix Bfrr) :

/ t  ' t r r \  !
812= 

{  ^* . .  -  \> 
0 i f , 'and.  onl l  i f  s12= f  r -  is  a

\ o n t '  
*  I

.blurther'r '  w@ Buppose for every nE?, uratrix

sentences( 
' i lut 

we write them onl;r for the

":i

E
,rl
i' l

I

i

t o
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\ - r a l
. . . S1rr,l =^lno 

2n
.r- *' n'

i : l  \  k=11*'  .  U. . . -  ,  X.'  o  o  - n * 1 ,  n /  
* ' 1 ,  

n - l - ] ,  r r  - r ' - 1 I 1

( 1  ) ?

(  ? ) n

(  3 ) n

( 4 ) n

\ o l z t

/ c
\  - l n t

' $ , -  *$ r . *  so
t.l 

,}19l 
t'l 

tat

. ---D Ir *.,.+L

. .  . . . * . i  . . r r  n  ^ ^ n *  
f  \  -  - : b  c

there exj"#ts a unique contractiurr \1,rvr"*t*'**

S] , n*l=XInU z'Jiz, n+l *}r;l -.} qln,'+r bi-o..,"n*

and. we shall prove the se"gie facts for Brrn+l'

- \  r  n t . -  \ *
1 r  \  / C  q '  \  = / -  1 , ,  v  r i  ' i '  - \  { -
( I ) * * l  ( "L2 r  i  o  G  rS l rn+ l J  = ( i t 1o l ' 2o r , i l r r uZnJ ' z rn+ l+ } , [ l - "  

"1 ,h * t  
"o tn ,n+ t  J -

- "1 ,  
n+1*  2 ,  n i  l '

\ \
t

\
t .
I

3i[,  Tql .,{ zr,

r C$lrllCL

/ x ,
I , I
[ .,.1
\  

r . 2

xl,

"_}.

L

I

/ < l  ' . S n , n + 1\  "J - ,  n+ l '  '

(  3)n+1 l 'v 'e can vtr i te:

I
I'  5 1 r n + 1  =  [

&
FloFlo

Gt- TTo1,  n+1"

: - , . . *  . .  - . . :.r iuT, ugt-nB

-{r
t : l '  t lx ' t  

"U ' ]  
=

r u  r I l

consequeni ly,

{*
n . r 5 1  

, n + Z ) ( s t z '

I
= l

\

en

2 "

( 4 ) n+lrf Bl 
, rr* r?Otrt

- . ,-- .--  --P 27n+z>t 
($r

, , *  , ,t ln=o'rn'ln

f ,,rnrrn Pqf .]r^T \ ,\,
o l  ' \ ' X f r n + I

\ 4 *u r * '  o  )
2 " 3  n i t  r e s u l t s :

2nuan

+ + l Y
\  u  r - . t ' -  T T  v
I  = o L n ' l n ^ l , n + l '

)tr .*
, "u'Inlllnll

*

Lnlnln t r

that

q  \  ^ ^
r r r t D l  

, n + 2 /  
D U
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there exists 
'a 

contract1611 6=(1: . ,
4

,  .  .  oI{*+2) so th*t

' tr ' /e can" use Tneorem 2. { in orcler to find the structure of a

il lxl contractive operator-riatrj.x

/ : .  L  
'  

o  \

{ ; 1 1 ' * l - A r " " " r n l n \
[ =  {  

o l t ' " : "  \
l : l

\ ^ u ' ' " " '  / " ' *  
)\  * - /

I , T \
it/e know tl,at :\ is'a contr.action i l '  and only if ( 

-.s. ' 
) is'

A , ' ,  I

( s ra ,  e  .  "  us l rn+a) * ( r i t  e  "  a  6Kn+-a ,  (  
" . n " i - Jou2 'n *Lx2 ' r t+ ,

\  o  ,TQ.oo* ' )  (L t , ,o"*L

I
I
b
T
I

'  
l te obtain ( l i1r  

"  ,  "  , I ln+l  )  =XL, 
n+l  and.

q -Y  T I  . . ;  *  n r  &  r . -  i \ .  \ - --1, n-r2'"x1, u+luz r ri+1.trz n n..rz * * t-4a- f, 'qh l;*'$r*r,ro* "-bln*r.*u i
where tl,*r*^, ts a 'asntr*ct-Lcn u,niquery d.eterr,rj"necr by slon+"2:

Th.e essentiel  pa.rt-  of t . fre Theorelr:  ls prove<i. .  W

? " 5 R.Eur-Alil(

pcsi t ive anel  novr tve use the aigor i t i t *  obbained. in i theorern 2.4.
; '  . 1

fn L4J o the $o"me problein was sol vss, provi.d.ing s, factoriaa.*

t ion of  the gj-ven con'Lract ion A into cont: :act ior is of  s iu ip ie specj- ; ; .^

foyrr i '  3ut ,  f ron t i r ls  factor izat ion is not so ea.sy to otr . i ,n in

expl ic i te relat ions between A* ano the parzuueters,  as is done i r )"
& < )

the alg;rit.hra in Theorern 2.4" m

_I{I -}e,qr b }y e-: Sqr+q} t-9 "&erqg}€_*en_A
In th is sect ion we snal l  use Theorern 2"4.  j -n.  ord.er to obtai-n

a concrete na,tricial construction for the minj.rual ito}nogorov

decorcposi 'b j .on of  a pcsl t rve*cierf in i te xer 'nel  on fN' ,  At  t i r is  end..we

f i rst  recal l  some of ,"  tne stanaard d.e; in i t ions( see for exar lp i" [S1:

l l i  e call a pos*tive.,nd.efinite ]rernel o:: S{ , a ti}&p

I(:fiilX ftr{ **----.:r dt$t)

erty that  for  each rre Ul  and. u*"*  choice of  vectorswith tl ie irroperty that for each. rre Ul and each choic
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; - . 1
a r r u  Y l t  o  3  '  t P i I in t it ls t;"re following inequalityh r ,  " . .  r i l r ,  i n  k

ho ld .s :
ta

Y'
/-)
i r ia r

vf i thout the

p€ n'19 and j,n this

te i f  and orr ly i f

( K ( p i , p _ ;  ) h , , h 1 ) > z  0 o
4 . ) d

l oss  o f ,  genera l i t y ,

c[r,38 it is e&.sy r;o

tire ruatriees Bio
x<

t * j = n ( i r i ) . c

A' i ;o imogorclv decol iposi t ion of  K i r j " l l  be a i r tap

wtr.ere /tV

V;ii\i- -*+ d.1C{,&.y}

is a t i i fbert  spacer so i i ra{ ;

K ( i , i ) * Y t i f v ( j ) , , ,  i " j c  [ , i ,
' 6 ^ e l $ s

and. o if Alr.VlJt*f?( tnen tne clecomposition is saecl to be nj.nirlal.
\A ar

I t  is v*el i , -k4own that
. -

are equivaient j.n a cornmon

Us ing  Tr ie t r i ' ; ;n  2 . ,4 ,  we

pcsr t i ve-de f in l t *  r (e rneL on

two sriniiaal i(olrnogorov decorupositions

we c&n su l i lose  i j , (p ,p )= I  fo r

$ee tna t  I i  i s  pos i t i ve-de f in i -

are posi t ive for 'n€ { I"{  ,  w}rere

t+ = fteB &)n",
^ 

\tt (\

and r,ve look at the epaces I'tS 
S;sf^* as be:-ng

Regarcling the miniiaai Kcl;nogorov d.ecornpo,,it ion

J'lJrlip-qi!-lri l,et K be a positive-defini'be kerr:ei on N and. f",
c-\

l . .he assoc*ated para. i l ieters.  ?hen

sense {

trssociate perrarnetci.s 1-ra

&'i, i le defir:e

to every

embecl.ed. in 
'{

Y/e o btain I

{ r

v r{t{ } {-cf{, J{+)

V  ( n ) =

is t}:.e min'rua1 fi.olu;ogor,v clecourposii icn of K.

mS"Ag" From the definitio:,rs:

F l r r = ( v ( 1 I , v (  Z )  , , . .  r V ( n )  )

arrd.  using (3)n f roui  t r re proof  of  fneoren z,Q, i t  resul ts

T T ? \
"1 ,n *1 "1n  \

I
b.*"r..) r*.r.. j
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* ) k + r
3 1 r . = ( V ( 1 ) '  

" .  "  r v ( n ) '  )  
u ( v ( r )  

r  . . . v ( n )  )

consequent ly ,
*

S i j = V ( i )  V (  j )  ,  i ,  j €  f l l i

.u'or *iie ,nlniuurlity we have to prCIve tirat

. [ i ,=Vr r ( * ] . ! t  6
" - *  

- .  
t ^ ; " "

L e t f * ( o o , h 1 , . . . ) € k +  ,  f I V ( n ) f { .  , r r € r N . } u t

V (n )n . (  y "  ? *  ) r r r ^ . l l i *_ r ,_ .L  ,0 r0 r , , . )  f o , r ,  b ,€ .& t
oa

$or succesivefy, ho=O, hl=g ,  o. o ai1d Jl- .* =V Vf*l '$d. " f f i
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