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The &tructure of nxn pos 1t1vm operstor-matrices

by T. Constantinescu

I Preliminaries

The purpose of this note isg to degeribe the atructure of
nxn positive operator matrices. In the first part of the paper,

we shall expresc the entries of a positive operator-matrix:

j.: $ Slg’SlB’OOOSln

812, I 9&)2390005
S1n900. , I
as functions ‘depending on a aﬂlly{r% ¢~ of free parameters.(

( Sij ere operators acting on a h¢lbort Mpace H «)

The result can be used to solve the similar problem for
contractive operator-matrices.( A first attempt is given in {41
where the parametrization with arbitrary contractions is)prevdd,
but no explicit formulas appear.

In the second part, we shall deduce an explicit Eonstruction
of the Kolmogorov decomposition of a positive-definite kernel On.b
- N. One more step -is done in order to obtain a dilation result: :
tnere exists a family of unitary operators W(n);ﬁ“@ﬁﬁi@%m?QSO that

sijzrpii W) aBG-AR in

e remark that all these facts are obtained by a slight
modification of the proofs in {Zl and \;flg The notations we
will use, follow those of Yll Kzl QB} but, far the esgke of
completenebs, we indicate here the necessary changes.

First of all, let us mention tanat , in our situation, the

parameters consist of the contractions ﬁé ool gy il &0

that fof J=i+l, i>1 ’YZA acts on pd and otherwise, V% acts
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where, for an arbltrary contraction T~§Q-—w%§& ;
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and I d'aotesifhe idenfity on the correspondirg spacé. 1t is Kknown
tnat j{T) is unitery, conseguently d i3 are unitary tpoo These
operators appear in the coatraotlve intert 1ng gilations theory
{11 . Ve also define the operatdrs:
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Pinally, let us define some operatorq congidered in {2X and
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(utﬁ standing for matrix transpose) Aasgroved in K}X 13 and
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.. 8 contractions.'moreover, we mention tune followlng identity
i ;

from KQX
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11 nxn positive operator-uatrices

In this section we shall obtain a one-to-~ -one correspondenc

o0
befuoen the get of sequences of positive operators 1D1n3

l 9 Sl ’bl:j’ ¢ 6 olJln
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and the set of parameters T% introduced in. 1,

' This result will be derived by the use of the well~knoﬁn
structure of a 2x2 positive Opérator, tﬂ?ong the same line as iu
the proof et Theorem 1.2 in.[Z] . So , we shall consider the

operators: U;, = I, i> 1 and

~ 25
:véiﬁa §3rc C) @D«Q} %S (:)JB % oo

BU 2 gb‘@) L+l®"'® @rcé' 3.

(Ul-'-l J @ li)r’?r) ‘ :
and Fiiﬁl 1) 1% _ . : o o
o~

e v Bl
Pa 081 Jl,amlfla

0 ,’m\“cg“"bﬂ'yhi

We need some preparations about the structure of the operators
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PROOF By a direct computation:
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PROOF For every fixed i, we prove the equality by induction. The
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main step is as follows:
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where we used the inductive hypothesis and Lemma 2.1, W8
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FROOF Again, by a dlrecr ceomputation, using Lemma 2.2:
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Given the above lemmas we shall prove the main resuli of #fhis
section,

2.4 .THECRElM There exists a one-to-one correéspondence between the

set of the sequences of positive operators  B- and the set cof

in
parameters ‘g& s Eiven by the formulas:
S 3= Fiia s 25 L
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fROQE We only sketch the main parfs of the proof. The first step

i8 well-known:

B12= A 2 O if-and only if 312:— e is a
Sl?_i L ; S U

contraction on j( . Further, we suppose for every nzxn matrix to
be true the following sentences( but we write then only for the

matrix I :
trix Bln)'
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and we shall prove the same facts for B .
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there exists a contraction Kz(Kﬁsangﬂ+2) so that

Fo ng 1’Uwgn+1X2,n+2 \X
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where El(n%l, is & wontraction vnigquely dat ermined by Sl e
‘ 9 % <

The essentiel part of the Theorem is proved. @&

Pie ") REMAREK

We can use Theorem 2.4 in order to find the gtruecture of

mxn contractive operator-matrix

Af:\.lly:"ilg, e ¢ o gAln

.A 2, ! g @ 8 @
A= oL U
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We know that A is a contraction if and only 1@ [ ot Yoids
: ; Aisy ok

pdsitive and now we use the algoritum obtained in Theorem 2.4.

In [4} s the same problem wéﬁ solveaq, ﬁroviding a factorize-
tion of -the given contraction A into contractions of simple specia.
Teri, But, ffom this facborizatibn is not so easy to obtain
explicite relations between Aij and the parameters,_ag is done by

the algoritiam in Theorem 2.4. B .

LII Positive=definite kernels on I

In this section we shall use Theorem 2.4 in order tQ cbtain
a concrote MatrchaL construction for the. mlnlm&l Aolmoéorov
dcvomp081t¢on of a posmtlvemdefinite kernel on [N. At this end we
first recall some of the standard definitions( see for example{ﬁl),

We call a positiverdefinite kernel on I , a wmap

bﬁ ( j“?_) v . | % ; A T R

¢

Kl X N ~

with -fie property that for each ne (I and each choice of vectors
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hl’°°"hn in;ﬂi and PpscsesPy in N, tne fcllgwing inequality
holds
Z (B(pyspy)hysny) 2

L‘\w\ ‘
Without the loss of generallty, we can suppose K(p,p)=I for

pe M, and in this case it is easy vo see that K is positive-defini-

te if and only if the matrices BLn are posgitive for ne M , where
S;’?{_lz"h(iga e
gl 2

A- RLoimogorov decomposition of 'K will be & map
Vil — LR KV
where j{W’ ae-a Hilberl gpace, so that
| RACTEIRE r Tl e,
4

andy dr &wg:\thﬂ?Q tnen the decomp051tlon ig saild to be minimal,

o

1t is wellmknown that two minimal Kolmogorov decomposition$
are equivalent in a common sense.
Using Tueorcin 2.4, we assoclate parameters Tté to every

positive-~definite xernel on i, We define
J¢

: e
j{,\_ = j{@?‘ ® ’y’ﬁ,{l

W, S . Kﬁ 2
: . Do A & e A7 .
and we look at the spaces %JﬁQQD Ciw ‘a8 being embeded in }4*..A

Regarding the minimal Kolmogorov decomposzition we obtain:
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3.1 THEORFwm  Let K be a positive~definite kernel on & and L3
R

the associated parameters.Then

Vil ——> icﬁey i{‘i\‘\
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V(n)=

T Dagm |

1o thebmihimal holmogoruv decomposgiticn of K.
PROOF From the definitions:
""‘(V(-L).av<2) 5 00@ ,V(Il))

and using (3) fron the proof ol Theoren 2.4 1t results
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For the minimality we have to prove that
TS
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80, succesgively, n =0, nle S and

We next show that the map V-has a simple multiplicative

e\ v de , nea.,
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structure. For thisaim, we follow {31 in order to define the

operators:
el Tt
(n)w{ (“'\"ﬂ*‘r\.g(‘ N2 B¢ \) &)@D \ﬁr—H , B
e 2 L G"\ GD Ci’ RC
Hoe ‘this, let us aenote for k2 1
Welm) =V k(I @ Tanma)
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J.2 THECOREW ~ For m2 1,
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& ot SR
PROOF First, we argue as in Lemma 2, /{'?X that
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Now, let us denote
the unitary extensivns of the iscmetries W+(n), e obtain the
following dilation result:

» of contractions on a

5
a3

%.J

Let §b J\ S
1

95

(50

Hilbert space 3% so tioat bjn O for every n€ll, .Then, there

existe a segquence of unitary operators w(h)éﬁﬂ(ﬂmMVﬁkﬁ) with:

g » - J,’) 3 . .
S;L‘ja:}f"'m 'k‘iv(“l,"oo.,".‘.l(,)m.l.)/ C{){ : ,l >’193\7.L
Y o

and en appropriate minimality condition.

PROOF It 1s snoimpediat» consequence of Theorem 3.1 and Theoren
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