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ApFA0XIiviAtIOtii fH$OREi,,rf, FOn |tHli LOCAL tIti]t

OF /, I'rARKOV lBOCSil$

hy Vlad tsAIrLY

l.  Introduction

'.Se conslder a standard proc€irrs'.;-r;.X. rrui"f:ri'"Localy

"":. : '  cornpact with deaonibrabl,e "base state space (f , 'e), a regular i

r'f ig. :' point a € S and the local time L in a norrseA.i,shhed' s$s,h. .

that

( 1 , 1 )

(notations wll l be 'bho.se in Blumen'bha1 anci Getoclr ,/ l /.;;:,.

" : i ' , .  O u r  m a i n  r e s u l t  i s  T h e o r e m  2 , 4 .  w h i c h  g l v e s  n e c e r i . -

,.:F!' ' :,r '  eary and sufficient c.onditions in order that. a sequeu.ce

n I 1  
a

A--, n €N lor a famity A-, €-+0) of increa:sing, adap*

ted, r ight co&tinuaus with left  hand l imits,.( in shorb 'cadlagl

processes conver6es to L, this ccinvergence is an urr i fol tnr, :  . .  .
4

Lc convergence. To be nore exact lve introdrrce the fol*lowrng;.r

(possibly inf in i te)  d j .stance bet lveen i :wo rneasu.rable 'proces*

ses b, t  and Nl

n"c ile d rs) , l.9a

da(I{, N) s s;e f (sup(l*, - Nr)a) f '1 ,".-

n nd f,r v, l1I lrra Aa f i r,'rcr



2

* s  "  . n
e  c . A ^

i:i

Theore f i i  2 . /1 .  $ ives  ne+essary  and su f f i c ien t  con-

di t ion i r i  orde::  that

Flr fld2(a", r,) *:-+ o

, \ ' le mention tha-; 'Uhe above eonversence implies

l i m  a  f  r S  r . \* & ! s ,  u 2 \ a  , - /  t  O  ( s e e  ( 2 " 1 4 ) ) .
n 4' i '  

Condi t ions on An wi l l  be expresscd i -n terms of

some parameters lvhich contro 'Le the di f ference between nn in-

c reas ing  "p roc€ss  and the  locar  t i rne ;  t i re  f i rs t  one,  F  (see

(2*6) )  re fe r . ,  to  the  add i t i . v i t y  p . roper ty ;  the  second or rd ,  K  ,

(see  (2 .11)  )  re fe rs  to  d iscant inu l t  j .es  and the  two o t ,hers ,

r  and '  ' c  (see  t2 ,L5)  and (2"  t6 )  )  a re  abou i  the  ' rsur lporb ' r .

tsefore deal ingS with the problem of the convergence

io  the  loca l  t l rner  w€ g ive  a- .  genera i  theorem (Theorem z ,zq

which is interesi ; ing b;-r  i tsel f )  of  converEence (under de)

of  a se( iusn.ce of  increasins processes to an incfeasina pto-

sess .  Th is  theo, rem is  a  consequence o f  Theorem 96,  p . l?6  in

Delrac.l"re:r'ie and i!,ieyer /z/ which erlglr-Jres thal; if Ar and tr7

are two opt ional  increasing prCIcesses such that the tef t  po-

tent j -a}  of  Al  Az in dominaied, u.nder rnocl l r le.by a, f i ,uni form*

ly' integrable nrartingale i i i , t iren

(L.2) n((Al** nil') ( e D(l,fur ir,rfn fr + uot;ufil
.  By ( l .e)  and l lool : rs maximal iner;ual*}3r, ' .we- get

the inequal i - ty (2 
"14) fqr  ,1.  (^1,  , \2)  (vrh ' icL_Jields Theorem

2"2) *  ' ,116 nren' i ; ion that  the sanre two inequal i t ies are used by

Getoor tn fa/  in order to $et a convebgpnce theorem for down-

crossins processes to the local  t ime fs.5 ' , .  prooesses with homo*

genouri i-nd.epenclent j.ncreme ntso

\ :
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rJiie 'bheoberri of convet' iSenoe to tire local- (Tlieorem

2. t | )  ru i l l  ap l iear  ac  a  par t j "cu . -L ; l r  c&se o f  T  i reoren  ?o l  (a i :o . - 'o '

me;t'bi-oneii.)" ffu 'Lhi*r enrl vle heve to evaluate the tj j ,ffe.renci.

het.,veen the potenti.at of en inereasir:.g i:rocess ancr. 'bhe po*

?er ib ia l  of  t t re i -o*al- 'c ln:e ,  l i l t r is  is  done by lemnra.?*5,  and

ffheo::srrr 2ot.tn follows irulediai;eiy" As a corollar-J" lvs give *u:f*

fici ln'b (bu.t not neces$ur.ry) eo:rdit icns fcr. almo,st .$iure cotl.,:

verdence { :c the }ccal  'b i r l , , '  ( t } r ie coro} iary fo l lo lv* f rom , i lheo*

rem ? .4 ,  by  i r ,  i l o re l -  Car rbe l t i  a r i lu rnent ) .

k, scctlons ri, 9, 6' eind ' l we a.re dcatj^:1g witlr

f ioii le 1:a::*i*ular approxiniatj-on n:o<leisu rn section 4 v;e epnsj.*

tlen a ncnlr+?'rlne of can'hi-$uous additive fu-g"ci; ionali i which arev \ / r . L  L v  r i v . v  r . r !

norurel l ieed srr-ei :  t l rat  ( l " l )  ,huldu fox,  theni  and pro?c thdb i f

the i r  $u l iporbs  are  c l "ose t l  to  a ,  th is  ssquence o f  func t iona ls

converge,s  to  'bhe  loca i  t in :e  i , .  T i re  occupa ' l ion 'L i iue ,  the  r !a . Iea '

and the "residu-al-  a.rea" (nee '$ect iore r{ .c)  are exemtr>}-es of

this lclnrS. fa se cticn 5 l{!e gi,ve a general rnodei *f ' ' td.own*

ern.cs- i  r tp 's ' r  nr td sect ion 6 gives sc[ ]e infoLnl- i t lons about 'bhg
v & v v t - '

HaunC,orff  * Besicovich m$ss'nre of the sei { t  ;  } i ,  : :  
"}  

( i t

is a &sneral isat ion of 2".5, in : to and irrc l ieen l ' r l )"  $ec' i ; ion

7 deale with th.e excursion model whiclr  lvas introducecl ' ' ;by

Fristed ancl [tay]Lar /1/o '.: 'I€ pro\re by our nrefhorls the rnair] re*

sults i:r this rvork (in a slightty sfironger form) enql also

sorns variants of therrr

Sxcept for r,iecticn 6 (in v,ihj"ch only i;he assurnp*

tion ttrat the point o, is j-nstantaneous .is requiered) lve have

to as$urne that

o t ; ; ' : ( t  { * t l r l f u , ( a ) ) e o  
:  i

n1

: :  ny1****; .  , ' , ie ' ,mention that thls con(i l t ion isf "c"l
where
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true for proc€ssee with hoinoge.nor:.s lndependent increments

for wirlch the l-ocal tirre exi.sts a,n<l whi.ch have instanta-

neous ntates (see Getoor and Ker","ext />l  ) ,  :' : .

2. [t.aiJ} tggg!"t g

e . i{t:*aj ig:},$ -riII4 .pqr*rlfl!?gFq
'ffe 

,cnhsl"der a u'*andard process X * (,f&, tr', [t,

Xt,  S*, px) withr state space (-$, & ) :  Fo'r .a funct ion f  € s, t

i ls i l  f .*  #f#)Tlz and [ i r [ t  ,  *  snpt l f  l f  f "  For two measu*;

rnble proce $se s A lnd l3 we define r

a/

alCa, B) *  #(s:p (A,c Br) t )  and( . '  
t *  

'  i r

da (A ,  B )  =  sup  a ) (4 ,  B ) '  /
x

, 
.,. '  1,{e shatl use the convention from Dellachesie and

f l , ieyey 12i  r  when,speaking about an " incre'asi ,ng proeesstn A

ii .. we shall also assusle withcut sther mention that--'*h*s prrues,e

j .s cadle,B, At € Ft,  Ar, * 0 and A *.= Tp \,  For suph a

proceris \rye define

Y  f  - sT r = 5  e - s d A o
[o,"iJ

(witlr the eonver"rtion that dA 
' 

i-s concentrated on ['f : &(*]

All the informations about A will bo expreesed
l.

J,n terms of An Y'Ie define u,, (ute write u :if no scnfusion' A

,  is possible) to bo the I  * potent**I  of Al t ;  . , .  _ i

r^  a  \  u(x)  =  g#( I ' * l  =  u"C (** -*  dA*)  : " '\ C c X l -  \ 'O  J

;. i ,: i  r,,,.,-., S'or the preeesses we sha}l cleal wlth the follo*.."1.' i , i ; i . ' .

3qi$S-additiona.l condition wi}l also always be assrunedr r ,,1,;,,,.
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t / ^  / \ \  - -  1 - - \  - f  ^ ^  o -  - -  -  s
\ c ' : l  u \X)  {  t ta  fo r  eVeI 'Y  X e .E

',,1,1e, start noril 'iro define tl:e edditivi.tiy para"inete.r
\

F T  l - . -  -  / , .  r \ \  t v r -  . ^ - f , - ^  r j - - * . !  J - ! - . - . r .  r . - - . - -  / , ;  - , \  T -  . t

F (see  (2 "6 ) ) .  r , ' i *  no te  f i r s t  t ha t  by  t2 ,2 ) ,  A r ro  <64  R*so

?ttd 
$o \';s may dsfin.* r

t 2 , 1 ) ft * T* fu, * e*t ? ** 9*.

.qJe also def ine for  every x.  € H:

( 2 . 4 )  Y f r = l , r f  - ; b  a n d

Yt  = f  4 ( xo=x )  Y f

* t  
u ( \ )

Yt * 7'*

n x ( P r t f o ) =  f ' t { .  F x * . s "

rrle ars now able to define the additivity paramo*

= sup (n*(sup ( f i i2ry/2
.&.

l L u

tI{e }iet".now son}e slmp}e i:requalities whish 6tve

an,. ldea about the way in vrh.ich F vrorksn fhe first one witl
*

be usefull through appt5.cations in orrier to evaluate I " t

( - \  r ' r \  
|  t - r  J  ' /  

. ^  + i * ^  r 1 ' r\ 2 . ' / )  I f  l l ' f  l  6  K  a n s n  f o r  e v e r y  s t o p p i n s  t l m e  t
f r r v'  t h e n  l ' \ r \

'r. U,le return novl to (2.1) and. wrtte it in the form

T "T '  - r l =  -  n  r t( t . B ) .  A e o =  E  +  e * ' '  A o o "  e  T  +  [ ' g

(th*€,eelual i ty nrakes sense because T *,o" # t  
-  

e,s;

where l'*i ir{ is the carllag version of p"([-, I f*l

,/. a- t

f'r Ir t

t ime f

( 2  
" 5 )

m
t e r l t

:r=r 't J's
( 2 . 6 )  I ' =  d a (  [ a ' , 0 ) * t '

",{e aote fihat for every x #, F arrd ,every stopi.ring

fo r  eve ry  s topp ing  t ime  T  . ( see  (2 .2 ) ) )  "
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U*ing the strong ltiarkrv properby \4,'e $et an ana*

logue of Dynkir.r! s flormula I

(a-9) u(x) * .q*(4:) * sxr's*lt 
"(fu)) 

+ ffx( Fr)

and note that' for t ire er.ror r,vh.ieh appears in the rtght side

of {,2-9) tsre have ti"re inequaj.it;r
* D

(a,1CI) lu"t  f - l  l< I"  ror overy x €n and every
ntopping t"Lme 'Io

ffe go on an,J Cefine the ".dj.scontinuity paraneter'l
n

a 8
(e,  i r  i A

A r *  & 8 3 r t - I b *

^ d{ A, o)1/2 = sup(n*(sup A ?l )r/2
x t

ive note bhat n*t A EI)< n for every x € S
and stopping time [i"

b " M
'

i !): let AJ' and AA be two insreasing processus

a n d  c = 6 n r , . l * * [ l  z + n T L i i  z ) V d  " T o s e t a n i c e f o n n
fof lreinrno, 2"1. we F*ss'dme tirat

li *r ,r2 tl + da( fi, T-j) + d2( A' A a) ( rlz

rie*m..+* +
(z,ra) da([], i€ ><r.Cr( [l u, * %il + da( fi, f d) +

+ *, ( A1, A a) ) *4 c C z da ([r, T2).,,, ,,. ,

If 1r and ffi are previsible p.rocessus than

4 e Cz da (fir, Te)
f P

with L r and t. ,  universal constants. u
t (

-  : - - -  . * -

n
6A



' F : r ' - - ' - -

* t ;

Ltemark. If At end. Az

of a ]{unh proceas, t}rey

a.nd s0 (e,I i )  becom*.s

ere "na$ural additi-ve

ere prev is ib leu f i  x

func*i'onets

f"l :a O' c

da(ffr, En)€ c c* li u, - uali d * aa sa(F, Ta)

I-iefnqflt, f'he followS ng

ti"on betp;'een f si,nd

inequal j"t ies

A un*er the

( 2 " 1 4 )

rhe foiJ.owi*.g t -heorem is

of Sremrira 2,3"* and w* shall Oynite the

Aq.q,oJgkj"-e; I,et ' Ann n

*,*p ux(sup *-(2* e )t ,4
-/.r

) *up #(uop u*zt(4
J - u

-6- t/

*rake olear the corulec*

metrj"c dA r for everry € )C

n2r2 r  \  r  , i l l  TZ r  \ -,u,hi J a qe\"r , rr ) {/

12 .2  t*  t \ b )  J

an immediate conseciuenc$.

proof :  '  . ,  , .

€ 1{ and A be inereasinr

Tire abov* inequalit ies easily follow by using

an integra'i; ion l iy parts"

prbcesses with sup i fA*o,*f f  a, ! [a u*tf  2 
(o* " In: order that

l.im dr(Tn, T) 8 CIo it ,is o***u"*"" uou sufficj"snt that
n

r im l l  *n  *  
"  l l  *  l im d, (  f  ; ,  | t  ' )  =  l im dz(Ai r ,  A )  =  0"

n n n
If An and A are previsible rve nay drop out ttre conclition

l i m d " ( A ^ , 4 ) = 0 ,
n u *

c r Qq,&y9-rse$cp , tq.*,' tlg..i.qqsl"J,iryg

f,et a 4! E be the regular point fixed in the be*

ginning of the paper and L the local tj-me i"n a satiefyi.n6,

( ] .  r )  .
For an increaoing'pg:=f -.4 we define two para*..

metere s and c vrhish gi"v$,,'ran idea about the "supporb"

of hl  for a nearly Bore1 set ,  B g S
lr

(4.  15) r(B) = sl lp r"(&:)  .= sup f  C 5 e-s d As)
x 

*B x r^ \
L(J, , rB )



I

wit l r  fB *  i t t ' ' i t  > 0 ,  Xr€ i3 i ,

i'l'e t10ue t'hao if

t,}r.en r(B) = 0 if':,l suP

tYe also define

(2 .16)  c  (B)  : :  uoP {  . : "

f i i th cf *(y) 4 ux1*-a* ),
l ^

I ,Ql i l f i ' l€t  
'1"1. I f

@ff -

and, u(a) = 1-

point a,,  then
I

( 2  " l 7 )  I  u ( x t

f o r  e v e r Y  x € $ "
'  

l lheorem 2.4 '  Le i  An

ivil,h *o. ( * 
-:od 

te(*)_ =

( i )  I f  r im l^  = l im A,^
n r l I . t l t

f ind a nearlY lrorel set B

c (Be ) ( e and 1** ro(Bg )
1]

( i i )  r f  l |n  dZ( in , : l )  -  o
tt

=  l i m l f l " ( { " } )  =  0 '
n

A i.s an

and. B is

i l  i s  a  C . A . " F .  a n d  B

A C B .

i c  c l o s e d .

?*(*) f*(a) I  : :  €E-!
T*  =  t [ * i  f o r  x ,Y  €  E .

j-ne.reasing Prucess sueh l;hat u

a nearlY -Bore1 set contai nlng tl:c

= o { :hen l im d2( in ,T)  = 0.
n i <

F { A
ther-r i j .rn f 

'*" 
= i l* 4'" =

n r l n r t

cn'ro1Lar)' 2"5-, Let An' n € N tl.e

i;hat *{r(* and uo(a) = ln If

and for every n € l{ vre maY find

oontaining the Point 'a. such tlrat

as

increa sing proce F-su.h

a nearly Borel set Bo

I* * (Brr) ( oo and ;.!

n f" < '- , :r, Ao(*x

Z o r , r ( s o ) ( " - b l r e n

1, Brc,s{E
Proof  o f  t rernma 2.1"

l im
n

s$e lTil - I- n ^ A
=  V  ( a o i l r

ino qualit ie s in the

F . :
c f * ( x ) l q  e  l ' +  A +  r ( B )  + '

l *

+ ( 2 F + c ( r s ) ) / ( r - c ( B )
': .'-

n €N be increasing Pro'ces.$es

I .

:, 0 anrJ' for eve'lY C > O vie maY

a containing the Point.a such that
a

-,*--***Let- us Prove at firs'b the



r ight  s ide of  (2 .1e)  anc l  ( .Z ,L i f  ,  I t  is  easy ' to  see t ;hat .  ,

l l"r * %li (erGl, f i  and "da( A' Aa) < e da(fl, Ta),
!11e note 'hhrt

da( ry,  r i )  < z(sup f  f  *"p(  Yf tu)  *  Yf f t ) )e)  +

+ *p :l* ( sgu(z* (t ) r,a(t ) ) 2 )

The seccnd tefp-r' in the .right side of the above

inequatit ies:is bouncled by. l lor * ua{l {aa(f l ,  a2)* For

- 9 -

+ sup
.t-
Lt

apply Doobt s

the flrsb one we write ' i

' s l p ( Y f t t l  
Y l i t l l 2

T

1 i .

x r  - ]  ; l  r *  r 2

" t

rr.1 l€ 12 t
\ 1 L - f r J j

t t

maximal inequal.itJ.es for

- Az)a)<

,r,,

* - ! . ^
\,, JITi

submartrnga}e f tfir - 1€ tnr)Z a"nd 6et

E*(syp #c[1,-  E2 l r* ) t )  < 4 b*x((Al
&
lJ

inequalit ies in the right side

the ineq'ral iby. , inthe lef t  e ide

, ?I : i lr rTL -2l
\ f l ' - -  

\ , /  
t  \ f ! " rc r -  l {6 /

:-t- * rT2 :.2.,
|\1; - .t i t = lrrsn \J

which yields

T* - Tt * vfictl - yf ct) +.'#r[f- rf f r*l ]x *"s.
As abover w€ use.Joegte*-r0axj-mal inequality for

n"CTl-- TL I tr*lt and set 
'.,.

<4 d.2(1,1 , x2)

which ende the procf 'of  th,e

o f  (2 .12 )  ; rnd  (Z ,L r ) ,

Let 3rs now prove

o f  (2 .14 ) ,  We wr i to

(7,D dI(,Tl, ;2t ( a d}(,"$f , VI) + I -"SiL- fifu,?t



(7,a) df( Vf, YX) < ai \\u, * urt l  "r ,r{q ri,  ir 'n))

IO

j : y  V* ( t )  =  l ' , ( t )  +  ? " ,  ( i : )  i  *  l r 2  Fx  * " " ,* i  ' i  i

and aftz., , zz) ( l{ u, % tl !',re 6et

' In boun<l 'uhe se:, ,cnC term i .n l . the r ight  s i"de of

l ' | "L)  we sira1l  use theorem 9b. p"176 in Del lacher ie et  l ! ie*

yer  /2 /  , -o r  ;he  p i 'ocess  T ]  -K  (c  {w thus  th is  F , r 'ocess

has i r" 'Segrable var i i r ' t j -on),  I ts lef t t  potent i r r l  is  ; l

$.1) E)c rr1 - ;a [rt) (It- - If-)

which u-::der rnodule i"s oominnted by the martingale,'

Ht = n'"(s lri) vrith

1 !  i r  -  s tp  lA t  A f  t  +  
Te  lY ' f r t i  y  l ( t ) l

By the above nnentioned theorem vle get : ' ] I ! '

( r  "4 )  u* (  r [1  -  T2  )2 )
f t ,  *  )  i

X X ^ X X

Bur #c#) ( z(,rf(yf, y i) + alc nr, &2)),,.
thus ' . (1 .L) ,  (3 .2)  and (3, t+)  imply  ' l ihe f i . r :s t  ineaual i ty

i n  ( 2 . 1 e )  ,  
)

ff A1 and Az are previsible we may apply

theorem 96 (above mentioned) for previsible processes and.

so lve have to consider the potenti-a} of 11 - 14" lvhich is

#CTl - Aa I :rt) (;it - itl" rn 'bhis case . ]{ = s}p I Yf fti -

- Y !ft> 1 and the parameter A oiuuppears" 
'

Proof  o f  l ,€mme 1 ,3 ,

s i n c e X ( T e ) a a a n d X ( ' I X ) * X 8 a $ . r b y a p p 1 y i n g '

t l v ise  (2 .9 )  v re  Sot



i "  1 r *

u(a) = n"(f; i  ) + na( l l" ) ;  f_.(a)t#tQ ) + s"( q-,) +' x  ' x  l x  a  t a

+  q  ( x )  u (a )
t a  

- ' ! - /

and since u(a) * I  we get

' t -  p  ( x )  q  ( a )  =  $ o ' ( E . , ,  )  + H * ( f ;  )  +  Q - . G )  n x ( F , . . 1  +
l a  l x  

* x  * x  [ o  * a

+ f--(a) n"t [} I
l x  t e

and since ^-
X

n" (&  )  < (aF  +  ( r  f ( x )  q  (a ) ) ) /  p  (a )
&  

-  I a  l x  l x

which  by  t i re  de f in i t ion  o f  c (B)  y ie lc ls

( ' " i l  s r . p  i * ( E n  )  { ( e  I a +  c ( l l ) ) l ( l " *  c ( B ) )  . ,
x q 6  * a

',lle put lil=$g " Be o,ause [ ( fa, [* is strong

i ; e r m i n . e d  a n < l  f *  o  S t ' =  C , , ' : , .  o , s r . , .  : ; , :
r{t

( 1 . 6 ) [l* r 'J] * T.. I 't

tiie aiso note that

(3.?,) r fC&,) * f(&-) r  s*( Ar) {r(B) * K

f,Ie are norlrr able to prove i?.1?')'*.,-i ly {2.9)

(F"B) u(x) = n"CI* l  *  Ex( F*) + s*(u- ' r ' r . (x*) )

By applyi&g (2" 9) to the last tern j^n the right

of (1"8) l,re may vryr'be it in the form

(3,g) #(u-r *&cfu*l) + s"(*-r#:I('i*s ),). +

+ n*(**t **uG+'u(*) ) )

Sinco u(a) ;  t ,  , ( '3.b) impl ies that 'bhe, fa.bt

ternr in ( i .9) is f*(x) a,r:d: iso we rnay wri te (3,8) in 'uire
t *

form



l e -

I  15  rn  \  " . - i 7a ' .  t . . ,X r  f * t  \  -X r ^ - f t  , . xTa  n  \ \ .(2 . ru , r  u(x)  -  9 . . (x)  =  .u j  t&nl  +  d ' " (  t  : , . )  +  f f " (e  E - (  I  ; , ,  ) )+
l a . -  

'  L  ' T  , a

A T
rL"r

a. RXf 
'-'l' I rT- . )T  u  q €  

-  
e  

- ( A T  
) )

. r  * &

grio eonsid{ir (3.1il) uaCer rtodu.le and domi-nats the

t e n n s i n i t s r 1 g } i t g : i d e i n t h e f o I - t o w i n s w a y l t h e f j r s t o n ' e
/ ' \ \  1  a  a  !  - ,  , -

b y  
' r ( t s )  

+  A  ( s e e  1 , 7 ) ,  t h e  t w o  f o l l o w i n g  o n e s  b y  2  t '

( s e e 2 " 1 0 ) a n d b e c i r t r s e \ . € E & o $ c t h e 1 a g t - ' 0 n e i s d o m 1 n a , -

T n  / . . \  '  ,  / r  / . . \  \  /t e d  b y  ( 2  l ' r  c ( B ) i / ( r  c ( B ) )  ( s e e  { 3 , 5 ) ) -  ,

P roo f  o f  t heo rem 2 .4  ( f )

ji ie shatl fl"rst prove thatu-for suffj.ciently large n

(,.rr) Il r"* li 2
To this end. we consicler B s'uch that c(B) d t tZ

"and by l-emna 2,r, we set !1 polid I ; e Tio .* Ir. n t#B) + 2

which fcr sufficiently lar6e n is less than 4. We' wri-te

now ..  ,

(1"L2) .nxc clLl2l = z E*( f T-"(r:- ;nr ,, '^I l \
'  J o  o o  I  A $ / g  A s /  +

. &

+ d"( \ **u AI; d A:)
J p

v.. : ,  The f i rst term in the r ight side of (3,LA) :"s

e qr;a} t o

5 z df ( y*,0)r/2 (T?t 
z

which by (3,2) is dominatecl by

e.( l{ unt[, + Fo) ilALU < {o l{?n'-[

z #c Io**s Y|  a a l r  < 2 * , .Tn Y3"AX)<

c

-*(rbi--F; ( rl .



t 4  -* t

l i l 'e dominate the sece+rcl terrn irt the right slcle

of (1,L2) b;r Ao" !ia"**ttr < [[fL ttz ( A,*< 1) ancl sc
-  r i  " * " !  . , ?  . . - ] ' l  . . . ,  r  \-^+ u ,  * .  I t  c.  , r  . r  r  " i l=, .  ,  l [  , . .v ] , ich y ie lc is ( ] "  I t )  ,w q 1  6 ( ' \ ,  t l  . : ' C r c t l  2  { i  . r . l ' ' l l , ' *  " .  2

&

(rv:lth u* associa'L;ed to .!rw ancl u. assoclated t,o I, by
* r--fl ?.

(2 "1) ) ,  and then Theorern  2 ,2 ,  to  ge t  l - i -n r  dA(A ' " ,  i r )  n  0 .
n

fhe po j -n t  ( t f )  o f  Theorem 2"4,  is  immediate"

P r o o f  o f  C o r o l l a r y  2 " 5 , '

By (a " la) an, l  (2 - 17) ,

'  r T i l  T r  - /  r r l  F  .  X  ^ / - r  \  .  / ' r : t ' , \d r ( A " ,  f )  4  I ( (  I ' o  n  A o  *  c ( B o )  +  r  ( B o ) )

' wi{a'liu K is an universal constant. Thg.so by our agsumptions

x*da( in,  1, )  (  o-

{hebys}revrs inequaiity anci a Borei Cantel"L.i elrgurn+nt yie}ds
r * Y l  =  |  ^

I i m s u p l A ; - J , { - . [  =  O  L o s c
n !

4 -  Aunroxinrebi-on b: '  cont inuo'rs actdi t i .ve fu"nct ionals

&. 4--ffig+9-rg*-*rsHgtl
! ' le ar'e in ti:e context ciefined in seetion ?i,4, and

assune that

( 4 " 1 )  I i m  ( r
b *-*a

l e l :  us  cons ider  &  fa rn i l y  ( *€  ,  €  - - *  O)  o f  C.A.F '  s

o  .  f  #  -g  
"  "€  \  -  - 1  - -  / - , \  ^ - I  , . i { zT€  r

a , d  =  E * ( \ * e * s  d  r t f  )  a n c l  u * ( x )  E  u e  r l  1 . ^ * * / o
e'  Jo i )

' : Th.e following theorem is:,an immedi-ate conserJuence

o f  Theorom 2"4 .  and .  Coro l l a ry ,  2 ,5u  ,

Fheorenr  4"J- .  Assurne that  (+ . i )  r ro ios 'anC t  g ,  (po for  every

,'.l 
",.

( i )  I f  l  im  d (s ' rpp  A€  ,  a )  €  0  then
8"+ 0

t  > 0 .



1 I l
J'-l

t i m  d 2 ( a * T s  , I )  r  o
€ - e 0  s

t ,.( j-i) If we ehoose €.* > 0
u

&
. t €  I  . " "

t , " ,  c(supp A*t ,  , )  {  o"e then

|  * { * f  -  i  -
s l F  l * ' ; ' A f ,  -  l r l r l . r  0  8 1 s r

(/

Lqre consider nar/ a 0.4.F.- A, sr.lcrr- that

a  6  s u p p  A  a n d  p u t  $ . * . { x  :  d ( a , x ) < € : J ,

* g *  s i l p  { 1  ? u { " )  f * ( a )  i  x  € s € } ,  u E , *

=  U " f  { * e - s  |  , . .  \  a .  \  -  . f .  e - l  (  n ,  l v  ,t  Je-  nsr \** ' '  oAs/  and Af  = *  g )o l . t rppA*"
The follor,r,ing colorrary is an imrneoiEEe conse-

quence of  t lheorern 4. I .  !  ,

4ggg*Lsrtr*t*er. Trre assume thatl (at .1l,), bolds and ug 4oo

(i) If 
!To" * then 

:';x 
er,{I"€, 1) ; e,:r,i

\
i i i )  I f  g*c 

€n ( oo phgn I"",i p $rrp ITF - Ir I='  a-*0 t
d .  S o

b .

We a$trune tha* every x in a neighbourhood
-'!a-

of the poin'{: a i"s regiu-La} and denote by lrx the tocar time.*:.

in x with the usual normalisat i"on , , .

. iEr  f  
* -s  

, -x . .
" r i  t  l - e  0 ! ^ , 1  =  I

. r o $

l{qngslg tpU{ "fu Assume that (4 " r )' hoJds.

such that

l i m
g-* ()

x --+a

i : ,r:,, ' '  .Froof. Put a* ='sa( 5:r-- dJ,p s
-d  ?x- , r ; : i r  x  : - t a .  3 y  T h e o r e m  4 n l .  l i m  d r ( a r . . t ^ ,

'  X - & a
Iremma is proved.

Cp (a) .--+ I as
r x

i u ) 3 0  t h u s o u r

It.i;-) .!

' e. Icqlpg{$.gg-t-tsg, grga qe4:rgsrd\iq}. F,rg*.
-'-----------" -]",et us put

:Tllq



1 t r
J- /

I
' ^ F

*
iii r-

L!

'[f s

5. !:eggaLcl"*s*.*ffi

llte ale in

2"&.  and assu-n ie that

ft{r) >/ T,,tu: T "

*s= sa( 53-- dr'ls )

, t
I  I  / a r  \  r

)* o 
s-(^u' 

u
C . t

"  f L
* L  -  \ s A-o

r t
\  < 1 ( ) l " , r a )
t a  i f

s

d (;r

^  z f f i
* c L . /  r  - S

&r, = l$ \  \  e
k J O

" :  
a )  d s *s * u"t II---

t  r - -  \  -tL  * ,  (x^Jds
er- i.}

p

f f , 9
(cleer:Iy Af , it,f, l{tu { e"* for t { t'* and a6,, o,d, *g 4@. )

A is tne ryell]:;novin occupai;ion tirne, [ ' i  is the "Iesidu&]-, area"

(rvhicS was j-rrtrodu;eri. in -rectj.on 9 in F::istdd a.ncl fall lor / i/)

and N is t i ie "area't (t ire intuit ive interpretation of lvi

ancl i! ax'e immcd.iate from e pictule ) .

'A€  
,  h [e  a r td  Ng are  c "A"Frs  v / i th  the  suppor t

irtcl-u'J.ed. in $g a.nd so 1,he followln$ propoeition is an i-rn*

med j -a te  consequence o f  ' Iheqr :em l [ , ] .

I'gopl,q"r-tig*--jt-,/t.g As,sume i;hat (4 
"1) hoIds.

( j .) l iol^ ar(af f e, Tl r 0 ( 'bhe same for i l t  and lV)
e-+0

(ii) rr L c s" (** then rim *Pp I .;f tf t f* 1 = 0
{ r L n n t ' t '

&"so (nhe .*qame for 1,1 and lt l)

the general cor"te>;:b *efrnerl in sectj"cllt

(r{ ,1) holds, By the obvious,. inequa}i ty

(V) we get

( 5 ,  1 )

let us consj-der a e;rsfem' i!I1r a ' * t

closed subsets of il and cle.ao'bc i ' l i = 
V{ 

uti
J * J

N = 
V 

o{i ,  For this systeur qf sets rve define
' 1d

sequence of  stoppi : rg 'b i tne s l  ' ,

l i m  ( 1  q  ( v )  c / - - ( x ) )  *  I
X r X - * a  l ) {  l J

,lJe give now e Sen.efal rnodel Of "d.or,vrrcrg S$ings" '

fttl..

. l l r ,
tiHr 

î5
)

I ' j l* of disjolnt
v
and

the fo,LJ.owing



v
r =  X  t  ( x ^ ) [ n  +  a a , i  ( n  )

. t  ^r  "  i1, r  u I \ . :  .  tg 
t "O/

r=,L rlri r LN

rn Tn and t**r  = l lo + I  
"  9+'  4 0  *  * 1 \  * K + r  

K  - K

ttt i .L
4

&us* n'lpy conclu.d.e that sup. Tk = oo . YJe put :
r [ ' L

( r ,  2 ) h * I g a q u - ' [ u )  :
&

e,nd !!e shall. need i;hat

,  / c .  ? \  0  < b  ( o -\.,/ t -,t,/ 
fn

,  .  $ince b > aale-*x1 fo.r x €it{, by (5.I) b > 0
. . f

'  - ! . F ,  i / T \ T '&* \r \r.r ,  a ) is small enough.

'  . , . : -  , -  m -  - - - t -  l - f -  , t - t -  ,  - ,  J  -;::: ' j i i to geti the other i-nequalrby we write

-T ,  -  -T .  V ' .  -n -
. - n ,  

- l i . u l  
a

E * ( e  
' \ : r 4 )  

=  $ * ( e  ' " 8  t k ( e  "  ) )  <

{ :t"(*

1 6 -

-n*) 
s up g1qu*Tr) . ,
x € N

thus a sufficient, conCition ia order that b ( oo is

( 5 , q )  s u p  f q * r r r )  <  4
x 6,Ii

to Set (5,q) one has to acsume that one of the

foltowing two eondit ions holds"for Nl

(5 ,5)  card N (  oo 
I

( 5 . e ;  l l m  ( 1  - q p - - ( y ) P  ( x ) ) * o  f o r  y , K € N
Y - + x  l x  l Y  :

: t
m-ff,.,

Since A*(e ' )  
< f  for  every xGN, unr ler  (5.5)

c lea r l y  (5 ,4 )  t ro ldso

e t  under  (5 .6 ) ,  (5 . t1 )  ho lds  i t  w i l l  , r ; '

suffice to prove that
-Tnr

( L ;  17 \  r r  '  r r ' i  
, :  ,  -_.*  __\ ) -c  (J- . .  . .  _  s  g  B E^(e * )

x  €ht ,  , - . :  , ,



1 7 *

I f  (5,7 ) is false *J *uy f ind x ^+ x, xn,
L -'I'rtr

x €i l i ,  such that A^r i(e 
-r t i ;  

- --*  I  as o**oro 
" 

, , r ,e 
wri te

-[iu' , .*, -,f -" X-- *Tiii'  (5,e) #(* 
'nt)  

= #1o."**.^ '  rN
. , i  -  . f ! !H

ar!

+ m*(**ri,r,ii, T^.-.i - ."-41

But

' v 
*Tt'

(5 .g)  #( "  
^n Tn > [ - .  )  =

"ti - ^')"!

fn /.c-\ 
"**a.,-TNi 

rD (v \ rn -/ m \ \= \x,' jj \e yn (fuu, ) r ,,N.,
I 

^"tr I ^n -i\i - J- ' n-ryI ''

> cp (x) E* (*-rNi. ,r,, { T l*O 1 
"u 

o *I{i \* **r,'

us ing  (5"8) ,  (5 .g )  and l i .m sxn  . (u -u to , )  a  I
-Trtt.  n

we get f f(e "r ' ;  =.I  whl,ch is contraoictory.

We go on and" present our consir lrct ion;.

n t  =  k  o n  f f ( t  ( T n o f  a n d

A* = b-t B-" E  - E  
k

. I lYe note that Ar- = b:'1 n *-*t odl T / * -/ rtr
" ' r ; -  

: _ o  k \ ' \ * k +

lli?e shall noror st*dy the pararnei:ers of A. It is

c lear that

n
L J  \  

* f V

to Set 'hhe same inequality for , i t  wil l  s,r., . , .

f ice that I fu I < l /b for every stopping t ime s (
. . .

(2.7)) .  To prove this we cons: l "der th€ fo l ]o lv ing two po** i . i : " ' i . *

lities 
--*--*1'

( a )  T r .  (  S  < T { , , , .  a n d  X ( T k )  €  \ l i
V t  l i

(b) relui, ( $ (lsx*r and X(Tk) 6 mi

&td



'  * Spo S rl

In

d l B

the f i rst case S + [o o Fu = S anC

{f ,.,.},. for p ) }, anrl ;i0
lr* i1'

f ^ 1  , - l  .  - * ' JI ' q  =  b  - t  
L  4 . "  * p

U '  p > t i

-  (S+T^e,9o)
e  

' - $ ' )  
z  L f t  e - s

g*
{-*.n
n- - .4

'  l.n the $jecond cas* $ + Too @ s = Tp+k+r fo*

p ? 0 end sa FS * 0. So we tnay co,nclude that

F< L lb
$ i -nce  X(?k)  G iV &cs*  r ( I i )  d  0 .  fn  o rder  to

*valuato X anc F ou* shal.l r. ieed an evalua'bion of l lb"

For th. ls l  purpCIse le 'h us consider 'x6ir i*r  
}6 l i l ,  and d.e; f tne

s  =  T*  *  ty "  s r *

I i o = T y ;  a n r l  S k + I * $ k o S . g $ , _  f o r  k > I  : :
Il-

, CIi:vi"eucly Si, ) tf and so

I ,et us consider now for every
- - n  '  n

$ j-s"bern irlf , . , . , iliii for un j-ch (.) " 5) or* i l

As the  asoc ia ted  inereas ing  p locesses6

:t}S-gggg*p*Is Asswne rhar (4,l) hqlde

( i )  I f  l im d(iqr,  a) F 0 then t im dr(Hn i)  = 0
JI.

0

( i i)  I f  To*(Nrr) ( oo rlr.en t i"m slp lTf * T*l tr 0 &,sr
n t u

fgggf l ,  By (5 '10)  and (5;1) ,  l im d(Nn,a)  = 0 impr ies that
bq p l1'

l im Ar=  I tn r  tn=  t j . , , r  c ( i \o )  =  0  f ,hus  ( i )  i sa  sonsequence
n . { n t t n

of  Theorem,8.4"  ( i ) "  For  suf f ic ient ly  large n,  t /bn (  Ac(Nrr )

t trus (f i )  is,  a consequence of Corol lary 2.$.

f" (r) f .,(x) )
t l w

a, S 1r[,"r ,a finite

(5,O7 holds and



1 A  -

$SSSIE" Lro:: the system of scl,

we Set a genera, l i i ;abion of  ( I

s y s t e m  (  € , ) . e  ) ,  ( * h e ,  *  e

ted in r';he same v;ork in 'bile I

oor$rCIr$eiice) o I 'orb}:e sys"bern

:Ln Fris"bed and llay]cr /7f "

where

y*l 
.wj-th 

&*, Y-* --+ 8,

'Uoor /Ll/, ancl r'or {;ire

hl ie I imrt j , l : i . :oren sca-

f p-3 (only i :he 12

i 1ve get Cor: 'ol lar"y 6u5-

^  ( - -  3  r= t " ',,1$71

.9) ir: i Ge

) v;e iiet

0$r parb o
| s q f

) )r"-!,  b a
(  d l J  I

Rena,fk" Ano'bher mod.el of dorvncvossirge may be 'bhe fol"lowirlgl

consj-der the sys-bem cf  sets l ' i i1r  oee, *p and as$unu 'bhat H

insreases rv i th ore af ter  X has vis i ted l i l r  f r . ,  ooar } l in

|n this precise 6rde.r, t ltre evalua'bion of b changes i;r

b

xi & trii, ar$ fixed

d: i rnen 's i -on of  A t (  r - r )  *  
{  

*  t  \ (c" l )  *  
" }  

as 2.5,  : i "n  r to

and. ltic lieerr /?/ " Tfe do nn'b*consider hhe saine model as threre

beeause ar.L eiralua'bion of f-l rq;ould be vely diff,icult.

6 * llhe .iiausilorff Re Eiico vJ-tci;-d.:!m9p-gf !-n

r,Ts a:re in the ge"rreral cautext deflned in sec.tiEn

2.'f l.; and. l, ie eSSUme that the point a iS instanballeousi* t: ' ' iS

shal1 give a theorern r:f coliv.er'$ence 1;o l;he local t irne lvtrich

yields 'bhe sarne inequal i ty for  t l re l . f .ausdorf f  } ]es*covi tch

For a fixed € ? 0  w e  d e f i n e

"r("r)  Y "r(*r)  
ee 6 

f*u*r(xn))
porinle. Proofs g;o l i.ke abolren

t'*t sg

= tf; + 'J'*o€ n . d  f o r  k > 0
t(

s imp le  ca lcu la i ion

n , €  ** . *
o

: .  .
' . : l

shows that

fn af1 ' f l  *  g +

6
0 an<l T'l '..

rl'rr

_ f ^
$ince X(q)  = 8 .  $ .  A

E k l$a(e

(P
f n q
. L t -

r \ \
) *

\t le define nowi

(r n* (e 
ot) 

)-t



* E -
l J * = K

U ( t < * , 1 i

g (x ) ,  *

u * ( a )

a0

on r;

and

appenclix a't

a i.s an'
,t

L i  m
g*P 0

a n d  o g ( e , a  *

s a lso 'c lear  that

b - x  I
L

i i

( i )

( i ' )

. (?a(#€ ))

#crll

: *  0* f,

* 1

U Isi1 ? '1r . f t
'  i  i n& .

^  t F

n  t -
.l}- r( i- and., e  Y  e

culat ion in the

T]:.e orern 5. 1," If,

tl io end of this sec-biun,

instaneous point ,  then

cia (Tiu, i) F o

Li  I  sup [ f ' * -  -  I1 i '=  o &.s.
t-"r0 i  u

f "  
i s  t ; e x c e s s J " v e ,  g * ? * ( x * ) " i s

right uontj.mrous on the brajecto.rj.es thus

l i m  b . "  : : 0
, f,*+ 0 L

and so fheoreni  2.4o impl ies ( i ) .  . , . . . . . " .

", So'plove (it) yre shall f irst pt:ove tirat C *+ b*,'  " t r
i"s continuous. lfhe rigiit conuinui'ty follolvs from the a.bove

mentioaed argumenb and to provs the left continuity it wirl

suff ice to show that r . ;*. , .s i .11 p 'r* * f '  *  .  The.inequal i ty
€ < f  L  E s-  ' " o

**o is ininediate and i t  j "s also clear that t  2.€ o,
[  ) t o ,  by the  ques i * l e f t * con t lnu idy  x r '  =  l im  I i , . ,  *  a

so r > tftr . rr r = .fl o the same *r*l,ur* 
*Jft.-?n**

.  w a  -  r J  - ' : . -

a .'bhus, since. a is regular, f1€- * € o +. [;€a 
: €-

the p roo f  i s  comp le teo

liow we mey shoose €.r) 0 
, n €N such tha-b

7 /n? .  P ,y  Coro l l a ry  4 . j "

Froof,  *Qince

airiost " ffiu'e

n ' 6
T-6r
.Ll.

end

" g *
and

b ^  *
Lrl

afr * or. *f
I t  is clear thab

s  e .  & . s . ,  I ( [ " 1 )L

for r'l
, g

- / - .
{  1 b X $ee bhe determinist ie cal-
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' \.---
t * i t n  E .  I  ^(6 , J )  r im  sup  [ rL - - * '  -  L *  I  =  0  & .$c

n  t -  
3 c

For 8**r { e,

o %*, -f, < ou o*u{ o*,* 4%*t

thue,  n ince l im b,  /b*  f  1 ,  (6 . t )  : .mpt ies ( i1)  "  , ,n snrJ *n

gqfqlle$X. .9..-es If from Etc,me [; u

r i r n  s u p  € I / 6  / e  e - € u " ( q ^ ( x e ) ) )  E  * ( *
S.**o la

then the Hau-sd"orff Besisovitch dimension of

A t(c*) i  = { t  r  \ (co)  = 
"}  

is  atr ,msst  sure ; , ;qeater

gqp-o{. Consider \ rlefir:ed by *u1 ( t < rf*r
* t  \  * t - o

t I f w G{ -1
L"-J k ( u* [-nff, *f o eJ is a closed covemne or &*

with interva.ls of length, €, .

l i m  u , r p  f  u  
( r n t C -  o ,  \  r n e r I / J

E-+o 
. - *< ,a t  \ \ *6  +  e  ' r  *  t l t  )  =

z rim sup *ut{ uf ( c tim sup b snt* = t* { o"r
€*8 {)

AppendiT 
ffi

In ord.er to prove that tA r< 3 be (used irr

the proof of fheorem 6,])wa.tf f l  give a deterrninist ic caLcu*

tat ion which clearly impi ies bhe above inequal i ty (see

L ,en tma  6 ,3 )  r  .

Consider A GI! wlJ.ch-is gssumed to be }eft

closed (xr,  {  x, *o € A + x:,€ A). .For a f ixed S Xo vre

I
€ --P r>

t l Q

def ine

D r  *  t * [ u ] t  r  A  n ( ! ,  u )  #  F j
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The :flarlowing sirnple proprierties of D wtil

be usefu l l  r
' o

(r) *.d t  *? o* =dl ir ,  ( i i )  t  4l  D'
f '( i . l i )  t { a  a n d  a S . r l  i n r p L i e s  D t d u '

( i v )  D- "  6  A .\ * . 1

l4le also define
. \

T^ = 0 and Tr . - r  r  D, , . . * . .e  for  k? 0
o  K + - L  r i - ,  -*

(we mention 'bhat T,F ln the definition of Bc are equal

.  to Tn clef ined ori t fr  respect to { * ,  ,  X, = u} ) ,

rirre consi.der .nour a fixe,i. t 6 ttp, rpalJ ani de-

$o *  t  *nd  $hn l  *  OUU*U ' r , . , fo r  
.L (F0 t :

(r ie r l r ; l l t ion that t  + Uf," # t  = ik).

:{e pil.t

f

ko * inr {rr  s Tk+p.rr  }  Trop * z€f. , :
I

* pro if th.e above set is r"oid.

I t  i -s easy to chesk that

i -  \  r l r  t( a )  t k o + p + r ) i f t n * p + ? - €  f o r  k o ( c e

/h\ sr ^c[- m {r l  T( h) iik € l- rp+tr' *p+k+1J for' every 6 € 1$'

. , , .  , (c ) '  I f  uno = TF+ko+1,  than $k * . | [p+k+I  for  h  b .ko

f ine

I(s) rf ono d Tp+.tco+l then $k * fp*k for 6 ) ko and

uu$ f fp*r.;, Tp*kn *6J

}lYe el.re novt able to state our lentma: ' { ""'r:i.j.i". *',}
*f 

I, r,$6
I ,q$AA$* : - "  I f  ja=  Ee 

rL  and f i=  fe  
a '  then

/  - --  - :
rn

E  e * t ' * p [ ( 3
i <  S p

( 6 "  2 ) ty
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r
tc 6p*t

-$i.o 
I .,
[ \

( fo:r :  srnal l  8 ) ,
r.i 

If k* (eto and Tp+ko+l = **o a'n' analogue

a.rgUnrent r,vofics, and, if trto * sd the argurnent holcls rvith

the suf i ls  over l i  l i I I  &rd,  :

7 " F-<qiig.-:;.ggE

through,*his sect ion we shal l  study a model of

increasing proce,$$es *on*tructed in terr.ns of excurslons from

the"poi;1t &,o This model was coJlceived. in Fristet l  and taylor

lTlr Although the language is those of excursions r,';e aye not

. e s s e n t i a t y r e l a t e d w i t h r e s r r l i ) s i n t h e t h e o r J o f F o i s s o n

po,r,Ft prOoesses' .$o in sect ions & and b we do not use

bhem.r(:bu'b to gei a nicer form j lor ou-r theorems, in sect ions c

rqe uge suclr resul*s (prese$ted in l to /?/ and Fr ' iste"l  a'nd

Tayl,a:r /\i l. In eec'tion d ,1,$fs deal with coun'ti.ng construc* 
..

tions.'.r',rhtroh may be regarded as a pi*rticular fortn of ' l|he ex-

1 o . 2  ) I-e-
Proof '"  Clea::}y (6.e) foI1o",r",-s frnia (6'3) " l jJo plovo (6.1)

we no"*e first 1;]iat Tk, SU b UA ancl s0 ure nray chan#e

i;he orCer in i;he above stlms. Consider firrit tha'h koC,*o

ancl Tl.,*t, .r-J # sr. o ,Ihen, hy (d) the term in {;he left side
1Jt ruO-I- J- ,tO

o f  ( 6 , ) )  i s

-T ' .  I
e  -  *  y [  {  2

x
! r { k
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c*rs ien model  (o ther  poss ib i -e  €"ppl icat*ons of  th is .moder

are presenteci in Fristed and f'ay]rar /3/ bufr we have already

" a * ^  J . - l - . , ^  ^ J * 1 ^ - -  - . ^ - t - J ^ - ^ -  - 3  - - \prs$err ' tecl  thern in the other ,$qct ions of  our paper) .  . r  . : l

& n Cor is l ; ruct ion

i l.,Ie are in ti:e glcrleral context defined, i-n seoti-on

2*&o an*, essure that i;he ]:r,int ar ts i"nstantaneous. $ince -3

f ,he ,met A Cqr)  * .  [ r  )  o ,  xr ( tu)  * .J  is  c tosed ,  CZ-
is a coun'bable union of open intervars (x r.a: )r & (qJ)),

, I
\,,':,,'FoF such an iutervaf v;e define the excursion \X/ ty

n

rritlr olf . d( and '!f, * 
1L

JIIe'  sha}l  j"g: lore the f ' i rst ' intetval ,(c/-r 'y l)  
o ( i f

. . 1

such a.n ' inberval  exists)  and so l rye maJrassume that v;- \  rn
"  d  * e ,

Iror a posibive and rrieasura'ble fhnctio.n f. ; D fC, *) -+ R\

we define | ,

clt (as) ': [' *- 
* *

I

yt(cd) = .*.* e-x*t' r(-*)

Tr(o,)  - , r*  *-** r( f r)

f* ( qr) - 
*€- 

-- 1* r(TI)

and note tha'i;

(z"t)  e 'qct  
fo(S*cr"r) l  

*  
f* ,c*)  

, , taaL.

s'- (t 
Tro 

( 0* ta-r.l ) 
: y* c * l ;" e- "cY't' r(fi)

f u t E

wi-th lV" the excursion deflned by F,d t.< ftr

I

' . ' j  
:  1 9 :  /
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Itre d,enote

b *  s* (  y " ( {d } )
i t Je  s , ssums tha t  0<b{o*

'l **

Bt = o** 
*k, 

f (',r,i)

'JIe note thai;

, t -
Tt i i 

\, u"u dB* = b

u : rd  c  *  Ea (  q ;o (q r ) )
I

and 0 {c { eo anC define

and c+ = c*I X f(yi)-t 
,rrf .r r-
i|J \ r/

txl-
r : * ' ?  + l t i r \v & \ iv //

,i-
v . .

I
" tf'

4 L* t
Cf :? 

) t+
U

e*s  dC ;  c * l
ir l  r

r r * i t  + 1 i j i \v  r \ i \ l '

r'r<

.T','I* .<

-1

o u

t 'e shall $ow stridy .bhe pararneters of i lo,i:,
a\J a 6 lrl-

Clear lyo  ur (a )  =  1  anc l  i f  b  =  Ea(sup e-z  l v  fz ( lq ) )D '  +

then

Au{t rua( ' / , 2 )

To Set

\ / . 2 1

we write

f*r tt +

lv

with TI

we use

follorois

/ n  r r \

i{e

fo r  B ,  u r (a )

(7 ,9 ) & ,

C 
y .  c la

11^' l J -{ ro Ttuz

: f (n*r 
1to trtl 

* n*I 
f t s-t us(x1) *

: b-l f(*s f(f) I e*)- n-l *S rtT) ptra"so

such that T'* ( t  <- ' io (to get the lost equal i ty

E o  i :  p t  +  ? n  a n d  ( Z . t ) ,  f l h e  i n e q u a l i t y  ( T , I )
I  I  t r  . : -

by DoobI's rnaxin'ral lne qualit l .

Since f ) t* ive get

1 f " " ( { u } l = E & G , ' - ) = oi ) ( J a

e,re now dealing; rryith the parameters of Co As

= 1  a n d

A
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wi t l r  T  -  $a(nup e*  2  \V*  r2( ' : l ) ) .
' l f

f i j - n c e  i l / * € F * ,  l l o ( * - * V * l F r r ) E  V t  a n d b y
, T  

' n '  
i  u r

( 7 " i . )

f s  Bs  s ,

rr t .-x, *1" *' r
t 
't 'x if (c-' '" 

f 
" I r*l

-T - i t l t  #.
s  c - r  e * ' t  f  ( { )

. ir. le" conslude that
4

f . " 1  ] ^ " t '  ( -

I  g  (  c . ' c

rlhe-n l i nt
€ "{"S

*rtTe, T) * o

3,{q.of " I"b is an immediate consequence of Theorem 2.4. and

t ' t t  - \  | ' n  D '
\ ' / " c )  *  \ ' / * / ) *

l '

Tgqg+nern" Z_.4-j"
f  i )  I f  O (  be (  o,o for  ever)r '  € )  0,  then\ .

n T eo/oul implies

t * %**' 
%n I 

ur* *  T l - l  z  0  B . s r
L ' b

( 7 . 8 )

( i i )  I f  o {  *e {  *  for , .q-YerY €> o,  then

* f ^ /*2n implies that (7,i  trolds for c€t, n-'p N.
* '  €g *r ,

- t J  \

e Q ':r(A*- ,/ =
v v

l ' t ') A. \

Sinally, ninee ';f ), t*

Y;t f" l  I  *, I4a(6-) .= o
v t ) - a

b. General l  reeul t$

Let  us cons ider  , f lor  ever ; r '  g  >0 a pes i t ive

Fo 
" d'a ) ---P R and B€, C€ancl uteasr:rable funcl;ion f g ! .llL.'t G'"? ,t ' *L

the  inc reas ing  processes  assoc-Late<r  'Lo  fg  o

'Jh+orem 7 ,3" *

( i )  ' ' , l l e  assume tha t  0  <b*  (c 'o  fo r  every  €  >0 '

' then I i  rn ar(Tq, T) = 0 if f  l i  rn Trnl = 0 c
e*ec  -  €* tp

r t " i \  $ I n  p q s u m e  i ; h a t  0  < c *  { o c  f o r  e v e r y  g > 0
\ + r /  i r v  -  \  - €  - ' .

if$ Li * T*/e! = on
S-+ o



' / '/

lggj" I t  is an *rnin*diaue consdques?ce of Corol}ary 2..5,

a n d  ( 7 . 4 )  *  ( 7 , 7 ) ,

gs:q"UsgL:,51 rl:

then

: for some i" )  0, f  * (  i i  for ever.y e > 0

/ . \( i )  1 i  t t t -  bs = *d,  j "mpl j .es

d*+ ]

( i i .)  i  i  m it* si €Fo impliee;
€*P {i 

a

.  . d €I i m . .  d ? ( E * ,  . L ) ;  C t
si-s u

l i m  d " ( f g  f , )  *  o
€-+ 0

th"at a ***, b A 
j"s 

. co nt i-

0 such tha'r; nq, = 
.tto

( *a  (7 "9 )  l : o lCs  fo r

3-gA"g_{, It is an iminediate conseqr-leitce of i lheor+m ?*"!-*

Corot l "ar-y 7 .4 *

ancl f-  K K
L \

/ t  \
\ r . /

\ l " Y )

/ . , \
I }',l-J

(  C? € *nc),
.Froaf"  Let  11$

.nuous s

,Slnce
S^

(p .  n '
t

eonsider at f i rst

Jf € *+ t* incyeases when €. decreases

f o r  e v e r ; '  € > 0  ( i { € R * )  ' h h e n

1 i rn b* = 4><e irnpli.es
€*t* 0 c'

r  q , $ -  F k  i

1 1 T ,  u y j p  l 3 r - *  I t [  =  0  . & " { o
€*J? i  

u  L r

hL% 
*e * ^* impJ'ie s i;l:a'b (7-9) hol-tls f'or

Thet: r ' le may chc.,ose €r. )

X o T* rrr! ,< X n i;fnz
i3 *rl en

n 4 i  N)  "

r f  t**r(  e {  c,n then

1.*1*€*' 

1j!

thr is,  s ince

T I

guurent of p,8B

( 7  " g )  .

t t**r("I) >b;' t'.ff*
x
v a l !

l r u
rt

e.

j.n

fa (',1J)>

> b:t X- f^ (r',r)a -€n+I ' . ' f  
< t 

*€o*It" ' '

I  l th.*/&r; , t ,  1i l_-? l roi , r is ror (B{ €-u o) "

*bA is :r*t  conti .nuou,s, the analysis &r*

Fris'i led an$,:'IayLor /!f worlcs and. we get



Sggglfggy"*i*I* .Assurne th.eit S * fg declea.ges when

\ '
i n c r e a e e s  a r : c  f e q i i i  f d r  e v e r y  e > 0  ( K C R - ) "  [ ] r e n

/ . 1  \  
. , . . c ,  

A  . . - L i ; ^ - - - i r  i  1  " i  m  } f  - M  
;

.  ( i )  I f  g  - -7  b^ is  oo l ib inuous and 1 i  m b- ,  =ao

l , h e n  ( ? . 9 )  t r o l d s  f o r  ( 3 1  € ' - + ' o ) .  
€ + 0  

a

(r i)  I f  s --+,cs is conbirruous a:rd'  L1:"c*; i  Pe .(

t a  a \  !  I  !  -  - 6 ,  - ^  t n €  
e - + w

t h e n  ( ? , 9 )  h . o l d s  f o r  ( C * '  €  - - + s ) .  .

Frcof .  , Ihe a.-gument:  are s i r i r i t lar ,  of  those rn Corol lary ?.4.  !*

; 2 8

flre sslce proof vroll is "for (i i)-

but  the,analysis argument *n Fr isteC and faylor /1/  no longer ' . i  i

vrork$ in th is caser. thus v, ie h* l .ve io preserve the condl t ion

cn t i re coni inui ty of  f  *Fbt (  g * ,*  *o) "

c o ljrp cengf-c$lgq ,$ftb*[he ^qtg?g*.stgg**$;E*-ge-sFlif 9.

iast us clenote b;r lJ r;h'* ci:aracteri-sbi:c meaffu.re" '

of  the e:r .cq:s ion .Poisson point  process (see l to /6/)  and

:,,. assume for a positive bnd, ine asurable function f I Dfor€r9)^., . , r;;- i i tr..:
b l

n *-* H ihal
f t .

( 7 . t o )  \ r  d r , '  { P " r

I ry J- ,ernma 2"4,  p6.81l  in Fr isted and Taylo:  /3r l

(  ? , L J / , r . * (  \ T - * *  d  F  f i , i ) )  =  r . (  s ) ( r C * l  d 1 , l ( t ? )'  
Jo i ' t-y' +. J

. . j i s u

l lc incr ( ' / . I i . )  for  bhe func'biorr  .  g = *-Cfr(6]  ( i?)  =v  p * + a t )  \  r  e  G . 6 ,  * :  ( r  

a  /

*rr* * \
= d{ * lY J v.re 8;et

: ,t'

^s€  s  ?  _ . i _
/ r ,  1 r )  H a ( \  * - P *  )  ' p l r : r \ )  =  h ( 5 l ) \ e - u f  d 1 2
\ a n J . a , l  1 4  \  , ;  \ ?  ? - -  

l \ i / / . , '  =  r j ' \ E - z l  
) o  

' l .  u  ' /-  l o  i i + q t  /  ^
- t i

:,-r,:r : wi'bh i l(S ) a constant j"ndepentSeni; of f and . :-ifr;si

&
{ i r. t f reorem 7 .  6 ,  t

} l m  a r C F t , T l  =  o  i f #  - . l ' i
€ *p 0 

' *  
.  i i  . . . : , '

i
f n f " )- : -  

l i *  \ € u v / ( \ r r o u ) ' = o
& ' - + o  4
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Slqo-f,  The impl icat ion from iefb to r ieht is a consequence

of fheorem 7.5, p"89 ln Frj-ste.d and Uay-l"oy /3/ (see also
fJrenma 2"2, p9.79 in'*he same,,v/o.rk arrd the rerna,rk afber

lemma 2, 'L  in  our  work) ,

,  .r  [o get the other impl lcat ion we use (2.] I)  and

v/rite
r

b a = h ( { ) J f s d . : r  a n d ,  . l

T, = u&-(s*pu-Zfr r!rr:o) < s"( I*-2"1. rlcwll * I,

t ^ t
= h(2) \  f r ,  d,- J a

, Thue..the implication frorn ri6ht to left fotlovrs

a

f i : o m  f h e o r e m  7 , L .  ( i ) .

41lro n v"om 17 r)
* r ^ v v ! v ! . r  I  a  I  a

I i n t
€.+ o

*" 
*3* f u-ac d a p /( f*-ak dy)a * o rmprres :

ar{B€, T; = o

Proof . By (7,X21

: '  * e * h ( { )  * - € } * a U  a n d  i , , r

1 ( paq a**2rir+ €cul) = h(21 S"- 'oru u,

thus our a$sertion is an imrnediate,;'e'o:rrssqLrerlce of fheorem

n  1  / i i \
(  a J . ]  \ J s l  G  !

d, Qpr+p.tl:rslJi.gnptruijF,ioqg
fi r, Tr [-e *-1

. l ,et  us consider *  - fuazurable ,set  Og k t )  t*- t* l

such that )J ( tu) ( o- and qg{i15 ','n'

N r 
(t) = card [tu r rI'/ 6 €u, ',li- 

< t ] ,,

.Cgl,ol, laly*?,.9... I f  t_im..v,( '_$n) * 0 the"n
t-+ 0

llt 
d2( v ( €F)-t F8. ' r)



"to

-
I f  C- increases as e <lecreases

L

r i T. *yp l2 ( €J-t 4,rr1 - T;Ctl [ = o
e-+O t

P::ogf " I t  . is parbicular case of Coroj1ary 7 .3, and 7,t l  .

J-,et us now tatce e*= l ' , l l  ;  , f  * ' I l l  > e]

We *enote by 'n the J-revy measure of the subordlnator i

A  r T - ' l  ^ ^ _ _ r  C ^  y ' ,  A .  r , C l, b * ! ' r ' a n d .  N ; ^ r l X F _ = c a r d . [ " ( r ,  A * " ) € 1  
" ;LL ' r  rJ  r  C t

We have I

)  ( Q l  *  u a ( i v -  -  , - )  =  n ( (  e  r F  ) ) ,  a --  -E  
[0 , ] l xc t

, l

'  (eee  l tu  /61) .  
' '

iTe define

i \ , i € ( t )  = , c e x d { * n . ,  , v *  -  * r ' > t . ,  I ' I - ( " t }  
s i  j i ' - ' j , ' ! , , .

and get a generalisation of , i5i p€,.!,+'1,, in lto ancl l ic deen../?/t

,i.i-t.rl:, -ASgg-UggX-L-?* If the polnb a i-s in.sl,antaneous and , r, ';,&rrffir,:,

m c =  n (  € r ' o - )  t h e n
4

'  
I i m  a r ( m ! f i r , T )  =  0
€-a 0

l i  nr  s1, . ,  f  * - r  i l  r r - )  -  fCt l l  -  O Bo$r
t - p '  i o  t " ' g  " " *  \ u l  -  - * - ' [  v  ( a c i i r

'  {gg.p*q. ,$ince the point a;q,_J-ns'bantaneous, 1i  m^ HF-=
f - + o  a

' i  s  l i m  n ( ( f r *  )  -  o 6  + n d  C o r o l " } a r y  ? . 9 ,  i e  a  p a r b g . c u l a r  
I ' r '

;8 -+  0  , : r1  , " ,  '

case  o f  Coro l l a ry  7 "8 .

(] r E).o

q
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