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SOUE APPLICATIONS CR THT fJ :RTCAL IJLQ”TgﬂS IN THS

LIRATICH THRORY
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ADRIAN CARABINRA

In thig paper we solve some problems 4in the filtration theo-
ry using the theory of the spherical functions.

Thege

‘J

blems are 4in fact boundary-velue problmms cf the po-
tential theory, considered for diverse canonical demains.
Depending on the dsmwin in which we consider the filtration
motion, we shall choose a convenient system of orthogonal curvi-
- 1inear coordinates. Thie choice will permit us %o solve the pro-

blems with the help of the method of separation of variables.

1, Ths Filtration Motion determined by a Three Dimensionsal

Source in the Presance cf & Spherical Inhomogere ity.

Let us consider a sphere B whose radius is equal to R, We do=
note by O the center of the sphere 3 snd let Cxyz be & cafﬁéSian
‘reforence gystem. Wo shall consider-that the three-dimensional.
source ig situnated within the sphere S, on the Oz &xis and we de-
note bg*vf the distance batwaen the souree and the centre c¢f %(fig 1)

We suppose that the porous medium is characterfized by the fil-
tration coefficient kl in the interior of the sphers 8 and by'ﬁhe
Piltration coefficient k, in the exterior of this sphere.

We dencte by %)1 the veloeity potentisl in the interior of the
gsphere, by %92 %h@lvelociﬁy potential in the exterior of the sphere
end by %>Q the velocity petential in the absenee of the inhomo-

e -t
RSN,

geneity. Let ug introduce the notat ciong ¢

(1) ‘.f)';; = ‘Fl iz \FO
e
‘(2} (f% i 'LFZ 53 700

The conditions that we impose on %he spherical surface S are
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Becsuse of the gpheri cal iphomogenelty, 1% is convenient to
1;;%06.11{’:'{; the systen of spherical ©0Y rdinates r,@ Cf’ given by
the reletions ¢

{5) == r sinb cosP, vy =" ain@ sin®, 2 = T cos @

ks shown 1in [13, pag 376, when the medium 16 homogoneous the
poﬁential is ¢

. ‘ _
(6) & (r, 8 @ e —  {Q is the r&-
' ~9Cf9 4TV % + j}m - fofqas@

te of flow of the HOUTCE ) o
c ""?@ : 2 (‘Q% i % - : o
{3’1 and™™ o ara harmonic fynetiones therafors in the systen of
2 L

gpherical coordinates they will have the foliowing expressions

([?E ,}9&{{'0294‘:} .
co% 3 o [EY :
Tl ﬁ“n( R) E‘n(c‘ma}

(8) P = e B'(g)m«i

Te™ mso mR Ta o9
(?ﬁ, ne I:%f gre he poi@m@mia‘ln of ‘fi;@@*mza,re)‘

Using the expression of the generating function( 2 pagy?ﬁ)
of the po”iynsmialg of Legendre , W6 ahell expand ‘tzhe fu:’ﬂc"c:mn fﬂ

into & seari@s of pﬁﬁ'i;mcsmialq of Legmn&re on ﬁhﬁ‘ gurface S &
O 3 ;
]

c{)Q l : L—s{ijy (GGS‘;{?)

&JL g D=0 UH
Raplacing 4n the m‘mtién {3) snd (4) the expressions (7),(8)
and (9) of Clp.f, iﬁ: and C()O and id@n‘tiiﬁfing the coefficients af
}?n(cms@), n €Y, wae obtain 3

(lo) o &, == (n + 1) By
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(11) kphy = X9By = (e kl? Mo §) P nEN

40 R
{1o) snd (11) may be considered as & system of linesr alge=-

brajic equations. Solving this system we get the unknowns Anan& Bn:

(ko = ¥y )(n + 1) A n
e e e e (i}
kyn + ky(n + 1) S40R R
(ky = X,)n ol 2
(13) B = e, 3 (:.?;) ,
B xn 4+ Xk,(n + 1) 47CR ‘R

From (12),(13), ’7) (8),(6) ,(a) and (1) we establish the expro-
gsions of the potentials Cfl and Cfgga |

The Iafluence of the Inhomogeneity on the Rate of Flow,

We shall denocte by Q" the possibis veristion of the rate of
?low of the thres-dimensional gsource due %o the spherical inho=
mogenalty.

In order to calculate Q¥ , wa shall integrate the normal deri-

vative of Cfl on the s;}her*ic 51 su?fam 8.,

(r,0, %) o .
Taking into account that afﬁ e - ;;301(:69 G, ?l- .

Enl ' | 9 T
for = Rand 4T = Rgin@dcfa@ wa got from (7) and (12) ¢
: o -
3 (8,0,9)
(14) % = Sg mw” jj @11 CF sinGaYal=
P ot _
I S -
oo - 5
& (ko = k. )n(n+l) | s T
F c L ‘:3;-) Pn{c@sé) sinf a B

2 Y Tz0 . Kyn * k,(n *+ 1)
é";
ot O B
The series which appears in (14} 1g uniformly convergent and

tharsafore we can commute the operations. of summation and in‘teﬁrra—~

—— st
S

+ion. Taking into scount the relation ([?]gwg 82) :
i

(15)jﬁn(ccs9) sinfa@ = Pn(-x)&x = o

© &
wa obtain from (14) @
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Consaquently the existence of the spherical inhcmsgena&tynéaes

not influence the rate of £low,

-

1ipsoidsl Yell.

. 2. The Semi-W1

We congider s wall in which the water reisss up %o the level H.

(Fig.2). Lot : i
B S
(17) By P * o8 =/ 1 x:(o

be the equation of the surfsce.of supply.
We suppose that the supface @

e = :g;-u o ,&,,:, e 1> o
(18) 8% = 2, g2 = p?
b

is tight.
The water from the well psrcolates & porous domain D, :
- R I 5
{19 Dyt x (o~ ® e “37 .
&z 'bz
'1;‘ q . 5 e "
We denota by Cf the potential of the £114ration veloeity. On-
#hs surface of supply Sy, Cf:is constant ([y],gag.éé) :
(20) © = %f + FPa } on 84.
P = e+ Ba ) on 5
A §
In (20) k represents the filtration coefiicient, pg the 81mo g
! ' =
pheric pressure and ]{ the specific weight of the water. We deno-
te by Cfa the value of Cf on 8q and by gﬁ%,%he value of CP 8t in=
finity,ieea ' | |

{(21) (L;O = T C?(xpy,ﬁ}

Tn order to study the motion within the domain Dy me_shail'find

ot first the expression of C?_&n& then we shall calculate the rate

of flow,

The Txpression of the Velocity Potential.

The surface 32 is tight. Therefore the normal component of the

velocity on this surface vanishesi



w5

e ki
(22} wém{:m = ':4’&(/) x2

. Seibe Ty o on S
ol ‘9x i

o . ¥ : : :
('oas;(;aqu.sﬁ:n‘tiy we can extend the domain of definition of Cf to 3

(28) Df : x2 + 42 = 52

timicralliess W S 7’1

8% b=
through the mgency of the relstion :

} ‘
{24) Cz[(x,y,z) = Q{)(mx,y,’z}

If we consider that & (‘b, wa deducs that 84, the boundary of ;Di

is an elongamd rotation ellipsoid. ¥For this reason we ghall in- '
troduce the system of the degenerated ellipsoidal eoordinstes
(e s@ ,bf}_by the relations ({?{},p&gomﬁl :
‘2 (25) x = ¢ sinhd s:in(} cos ¥ .
(251) ¥y = ¢ sinhd sin/.i siny
(25") 2z = ¢ coshd oos/‘} ,
(25"''") 0\{@1 (/00 5 0\<ﬂ\<7€' ’ "‘j":\(b"gj‘?

Let us consider the notations :
(e6) e =NDp~ - a
&
oat TN e
(26%) sinhd .

2 B = : '
“rom (23), L5l (26"}, (25") (25" "),(26) ana (26') we obtain
the equation of S‘i in degenerated ellipsoidal ccordinates :
(a7} ok = o
0 .
From the above considerstions we deduce that we have %o solve

the following Dirichlet problem : to Find s harmoniec funetion
cio(ezL ,./3,. ,75), in the domain :

(28) D] & d (005 ol BUTT ¢ =Wy
taking into consideration the following conditions imposed on the:

—~boundsry andi-at infini Y &

(29) Cf"(%,p,wmcﬁo = e
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(30) 1im P Bagte P o
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In degenerated ellipso oidal coordinates, ths expression of the

nermonic functions which vani sh at-dnfinity and do not depsnd on

4

the variable Y 18 {[2],08g. Bo4) ¢
o0
C]é { o ,(S ’E) = i%:& N, Q, (cosn o ) }?n(ecs;(@ y *P‘?Qo
) 4 - # : ) 3

P gnd 0. are ths sphericsl functions of Pirst respective second

n o
kind end Ny, n ¥ 6,152, iasi IS confficiecnts which must be calculated .
From (29),(30) and (oL) we get @ ‘
Q e WN i\l v 3 ’ s
(32) f’c_: Cffw %:4.. N, Q,fcos he ) ‘,n(coa(g)
It 15 known (;{:2]9@@@70263) that ¢
' *
{41) (zf—}" 1n &= 1
‘ o z = 1
fi‘rom (32) and (33) we obtain b¥ 4aantifieation of the coeffi-
cients of P cc&,(g, ST H DL B e ®
(38) M, = s
in cu‘arrgﬂ
(34'}) N4 = o forn= Lol ins
Prom (31),(34) exg (34') we £4pd %the exp ression of cf’
)
cp In coth 3
% { ~ e
(35) T (dofo,y) = (F = o) - @Q&a
: in coth 7
2
The Csloulstion cof the Rate of Flow. : : :
In.el'li':;}sam&"l coordinates, the equation of the ‘sur;fac:é of supply
By e e ’
(36) & =d ) 0\<}§ \<JL

/ i 2 8
The pamm@tere of Leme are (sz,pag.ﬁcm

‘on

{(37) Ry H(S = o g mh o + gin [5 1“"»

(37') H_= ¢ siphd stm(?)
T

SRS RSS (S



e
Tha normel compenant of +%a Tiltration velceity, on the surfsce
a ]
of supply & = o 4g :

a¥ 1 °F
Linl sisiea e Ry
1 B o ehetun Tl Redin®y ) el

On Sl the surfscn slement is

=2

i (>
(39) a0 = ¢ sinnd einf \J/E,?izilhmg{a + sizﬁ/ﬁ, affay

h

Therefores the 4%6 of f”awﬂig -

e ¢ ‘
(40) g = 5 Zoidpiosg —— ainhidl sinfl d d
J o CRpA
o

From (35) it follows :

oY oo = Yo

(41) s 0 st o
o sinh 'n%o+h 5 );~* o= d‘o
From (41),(40},(34) snd (34') we get the final e sston of

the rate of flow ¢
oI £ 2 2
il Cé:sﬁ‘"" % g/ ¥b~ -~ 8

{42y = p—— -~
tay & S {0
1 B R D - ne)1/2
a

3.The Problem of the Wsll 4n the Shape of a Spherical Caloties.

Lat us congédar a well in which the water raises up to the
level H.Wa supposr that the bottom of the well (which ig & sur-
face of supply) 18 a sphericel celottes

(43} 8, ¢ 2B + 3% 0 fp ~m conf3 o) = 549 o,

The water from the well percolstes the porous domatn(fig.3) :

; 5. B : ! Bn aath
(44) Qi by Holn el casfgo) >i§3; Z {ba
The boundary of Dl is composed from the surfeces 31 ang

) f) E L) 3 e
(45) 95 8 2Pty B sina[ggy 0} z = o,
We considex that S? is tight and we search on for the expression

of the velocity potential and the xate of flow .

The Wxpression of the Valocity Potential 4n the Yeneral Case. .

-

fn 8o the normal component of the velccity vanishes. “ence :
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EL - W ( € 18 ths velocity potential)

[
o3

Prom (44) snd (46) wo deduce that we csn cxtend the domain of
definition of L 4o the domain : e

(47) D2z 2 +y°> * (z - R GWS{36)2:w32
by meens Sf the relistion :

(%8) Cf(x,y,z) = CF(xgy,wﬂi

Ferther, we shall introduce th@ syatem of téroidal coordina-
tyn (O, {3; by means of the relm%iams{fzz, pag.dll) @ < » g

o sinhd cos ¥
coghd, = 003{5

(49) x =

fas "1 o \Nw@ , = 3T x/’ax(f' =5 \<b\<,}f
I we assign to ¢ the veluse
(&) ¢ = R sin/BD
the domein D is defined in toroidal coordinates by the relations :

(811 D3 mﬁo \(f»\((ﬁ@

snd the equetion of its boundary 1.5

(52) WS\#F

The equation of S5y is @
(53) 8, {3 = 0

Sl 15 8 sarface of sugply. Hence

(50) ;3. e - T d, /sg,fén = tfg 2 -x( NL.\

From (49),(49%) and (49") wa deduce that &=

32

(55) um (z2 + 3% + 28)= o°
._.73

Puva

We denote by C~OQ the value of the velceity potential at in-
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- finity. Therefore @

(66) g (o r\,}n = %;9 = const.
In *ow*chl cocrdinares, the solutiens of Llaplace's equation;
indapendent of ‘Z)/" can be obtmined by summation of functlons of

the following shape & [:jg nag.319).

(57) u = {2 coshd = ?cc‘i‘/ 1”:2{1.«%63}1?/3 + qufn“m ‘:») P_lge

%

(8
In the sbove relation Mg and Ng- are raalk nm:f:i.c:mn is and

o

&y
P Jeqp- ave sphericel functions of the first ‘::%",M.
The following formula, knewn from the theory of integwral re-

prasentation of the gspherical functions ([23,’39@ Boe)

&

~1/2

-

(58) (2 coshd, - Am /30'

P »'?"“'éx:"l't'( coghel )

L BEd

_} cach ,;,;fe‘:‘

as well the formulas (54),(66) en® (567) suggests us the expres-

ep

sion of the velccity potential

& & ‘ -

(59) § = (¢,= %) (2 comnd = poq 3)M/*
® ' ‘

GS}'L'L(?ZT«/;@ o) :m:zht[ﬁ ;

P igqr bedsndd 4T + Yoo

osh Tl t’:ffSh’@"[S o
0 . ¥

The Txsreesion of the Valoeity Fotential and of the Rate of

low 4n & Particular Case

Tat ue consider that in the common points of S'i and 532? the &
2 N

g JL’ P ){4
angle between the two surfaces is 3~ (i.e. /&0 %

se

Prom (B9) 1% follows that

b0 :
G s
JWE =
aoBly == coshC //S 3 - ) AT+ ({/9
% : P g (0 ghel ) 4°C ©

0
Successive computations lead us to the following r‘}sprmssﬁ‘janq

fee hd)



we'} (yaw

of the velocelty po’cunu*ml :

(61) sz = ((('?G ««%}%) (2 coghd, = 2 cosz/})i/g..

- g
{2cosh “= w 1) coshT/5
2 . /
J

P_i ic,(cos:nc\) aC+*

e

0

(62} Qf!) = f({”ﬂ‘m %‘Zﬁ) (2 e h{}\« 2 ecs[&)iig

QO : /‘:’a-

ANy
,ﬂw et K o8 N e
cosh (( w[z + coshZ( 5+ /%) = coshT/A -
7 / - i?_,,—zg.,iécﬁshe{} (’i '*'({/tac"
o cosh T .
¢ 1/2
(63) ﬂ[", = (%’:}f} Q{:’iﬁ} {2 coghd - 2 ces/3) i<
BT (e 2R Y]+ cosn T ol f“, = 3) }ecosnT(R=(X-A))
cosh T(iT= ¢ 5 _(ﬂi cosh T /3 C A Pk o
z : cosh 0T T
o ® fe gf')a&

From (58) and (62) we obtain :

\V(ﬂwn L S rNW“/j /_; shd «gos fa)

{ Comh L+ min cosh ol - jm/&

(64 C= (¢,-¢ |

e \

-\ jCCfhd - cos/f ol
Tn ordsr to compute the rate of flow, we have %o integrate the
normal component of the veloeity on the surface of supsly. Taking
, : 4
inte acount the expression of the parame ters of Leme *
(65) Hy =E =
7 g %5 bt a3 = %
o\ [> coshd~ cosp
Lo n s geatah ol
) cosh o e c:msa/ﬁ:

we get ¢ e
t\h § : 00 ;%(]p ) J(.«
b))y =G0 cos S Sq (1.0. /s m‘z)

n 5 ] ?}/}

From (64) and (66) 1% follows :
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7 ,
SeL V& .B8/2
(67) " :m'w?mﬁéfi = deosh W%;; /

h: &/ﬁ

(coshd -+

A ; o L e " :
On the -gurfesces [3 = conat, the eloment of aroeg is @

(68) aq = ¢® ginh o dd as
2 i {cosh e;iwce/?‘g J

Prom (67) nd (68) wa obtain :
o

= .
: 5 ; VE,3/2
i b e B L .
(69) g = > ) 1 ey ginh o 2y
‘ ¢ {mmh&éﬁﬂw% %wﬁd«ﬁf
o 0 o 2
Computing the integral from the right part of (69) end taking into
acount the relation (Be) wa Pind the rate Goof flew :
\ R( e, TSN e
4‘
Pigurss
g X £ -A"2_~ : 5 &)
: ‘ : :
. T.S'.’
é -
‘ )
- _ Pl
Refarences : ; ' e :

1} St.I.Gheorghits - Metode matenntice In hidropazodinamice

s g - - ko) : e i ¢
subteranf. ¥d.Acad., 2.5.2.,Bucuregti 1966

AV
e

B. Ei Lebedev - Punetd4i gpecisle si anlicstiile lor,

%d. Tehnicd ,Bucuregti 1957






