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ANATYTIC O}ERATORS AND SPECTRAI, DECOMPOSITIONS

F . - H . V a s l 1 e s c u  :  . '  '

1. INTRODUCTIOi{

Let- .K b*: a conpact subset of 0o and let us conslder the
/

Frdchet  space A ' (K)  o f  a l l  ana ly t i c  func t iona ls  car r ieg , ;by  K .

( s e e r f o n , l n s t a n c e ,  [ 9 ] , C t * p t . I X ) . I t  i s  r r o t  n e c e s s a r l ] y  t r u . e  t h a t

u  €  A ' ( K r ) n  A '  ( K 2 ) i np l les  u63A '  ( f rn  Kr )  . I loweVer ,  i f  one ,  takes

only compact subse,: t ,g of  Rn (canonical ty enbedded in 0t) , their

such an  lnp l i ca t ion  is  a lways  t rue . l , lo reover , l f  K l l  .  .  .  lK*  
?

arb i t ra ry  conpa i t  subsets  o f  '  ,An  and.  i  K= K lv  . . .  rKn  , then the

folloving d.econposition hold.g t;,r.::,,.

A t  ( K )  =  R ' ( K i ) +  . . .  + A ' ( K * )  , , , " , , .  
:  , . , - i(  1 . 1 )

Thte . i " r ryor tan t  resu l t rwh iGh ' is  a  subs t i tu te  fo r  the  ex ls tence c f  .  ' ;

partlt irras of unity ia the theo4r of hyperfuncttons.rrhas'.r -gen". ' ,,-:!-;,. i :: :

proved by Mart ineau [rol  (see also he J ,  [g]  )  .

Equat lon (1.1) suggests the.  fo l }o ' . , r ing quest lon I  Is the

d e c o m p o s l t l o n  ( 1 . 1 )  a  s p e c t r a ]  d . e c o m p o s i t l o n  ?  I n  o t h e r , w o r d s ,

i f  Kcmn is a f ixecl  eonpact seU'r is t t rere any decomposable,

systen of , ,  'c .onnut in6 l inear i 'operators on At ( I ( )  whose spectral

deconpos i t lons  are  descr ibed by  (1 .1 )  ?  (We use.  the  te ru lno logy

f ron  [eO] ,Uut  fu l l  de ta i l s  w i l " l  be  g iven in  the  nex t  6ec t ions . )

To  g lve  an  answer  to  th is  ques t ionran  obv ious  cand ida te  l s  the

sys ten  o f  opera tors  assoc ia ' :ed : rv i th  the  nu l t ip l l ca t lons  by  the : , ' irriiil

i . ic o o r d l n a t e  f u n c t i o n s  ( s e e  T h e o r e m  5 . 3 ) .

Let us note f ron the very beginning that the general ' * , theory

of epectral  deconposi t ions of  conmuting systens of  l inqan)*op9rators

bn-Frdchet spacesras developed. for  instance ln IeO] rcannoi&,tbe".



.  d i rec tLy  app l ied . Indeedr l f  K l  ,  K?  .a f .e ' ' cb rope.c t  se ts  
. ,  

K l  CKZ I

t h e n  6 ' ( K t 1 c . 6 l ( K 2 )  a n d  t h e  i n c l u s i o n  i s  c o n t i n u o u s . N e v e r t h e -

1 e s o , ! h e s p a , c ' R ' ( K t ) i s n o t , i n g e n e . f & 1 1 a . c 1 9 s o d ' s t r b s p a c e

of  A , (KZ)  .Th is  l ' o , t ' l -ows,  rough ly  speak ing ,  in  the  fo l ' l ow ing  way.

I i '  a r  (K f  )  were  a  c losed.  subspace o f .  Ar  ( t<n) . . , ,  then ,by  dua l i t y ,

" the ' ' res t r tc t i cn  napp ing  f rom the  a lgehra  o f  .gerns .o f  * r ta lyc ic  : '

funct ions in neighbourhoods of  KZ in ' to the algebra of  germs

of  'ana ly t i c  func t icns  in  ne ighbourhood$: .o f  K l  wou ld  be  ,  .

Bur jec t i ve ,and th is  iac t  i s  no ' t  ah , ra l ,s  t rue .S in"u  the  theory  

j ' .

of  speetral  o.econposi t ions usu:e: ! ' ly  re, , lu i res t i :at  the l involvedff  4r

subspaces  be  c losedr the  above renark  shows tha t  i t  i s  necessary

to  make some ad jus tments  !6 r , : the 'genera l " ' theory  1 f  bne wants ' to , '  r ' , , ' : : i ' . .  : . ,

' r include thie lmportant case

: , .  ' fhe  a im o f  th is  paper  i s  to  ena ly re  the .  decompos i t i "on ,

.bheoren' : . for  analyt i :o funot iona, l ,srmore general ly for  analyt lc : : '

opera tors  (see Def in i t ion  ,n2 ,1)  r f rom thq  po in to f ;w iew o f  the

,  theory"of  spectral  decourposi t ions of  comnut ing, :sys, tems of

l inear  opera . t 'o r ' s .To  th is  endrwe need a  few abs t rac . t  resu l ts

concerning certaln cornurut ing systenos of  l " inear operators ln . .  '  :1. . :

/
Frechet  spacesrwh ich  r igh t  be  o f  in te rep* , i fo r  the l r  own sake.

$peci f lcal lyrwe work v i i th iepe0tral  capa.ci t ies Elore"general

th"an the current one$rand therefore wi th a more general  concept

o f  deconposab i l i t y  (  see  Def in i  t ions  4 .  f  and 4  . ,2 )  .We show tha t

deconposab le  sys tens ,o f  , , l * inear  opera tors  ( in  th is  sense)  s t i J ' t '

have sone ,of  t 'he standard{ propert ies ( for  instancerthe single

valued" extension property)  .

.  the sp&ce."of  a lL analyt ic operators that  are carr ied.  by a
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real  compact set  K provid.es a universs, l  extension,,(  see Def in i -

t ion  7 .4 )  w i th  "good"  spec t ra l  p roper t . ies  fo r  a l l  commut ing '

sys tems o f  l " inear  opera tors  ( in . la ,  f , i xed  FrJchet " ,space)  whose,  ; , .

Jo ln t  spec t rum is  conta ined in  , ,1 , (  . .One o f  the  consequences  o f

th is  fac t  w i l l  be  presented  in ; : the  las t  sec t ion .  :

, 2. ANA],YTIC OPERATO RS : I .

Le t  X  be  an  arb i t ra ry  (conp lex)  f rJc f re t  spacerwhose topo log l i

i s  d e f i n e d  b y  t h e  f a r r i i l ; ,  o f  s e m i n o r m s  { t t * t t  }  
* -  

-  v F Y  r r
t t l  ̂ l l  

, J 6 = f  
t  A * . r \  r r r

Y i s a n o t h e r r r d c r r e t s p a c e n w e d e n o t e b y X G , v t h e B p a c e
f

al l  l inear and cont lnuous opefators f rom X into Y .( tne symbol

&(XrV) rd1l have the $8&@'me*rTllng for arbitrary topological

v e c t o r  s p a c e s ; $ e  w r i t e  H $ l  f o r  H $ r X ) , - )  . , : i ) , . . .

: '  * , r :  '  : ,  I ,et  -  A=A(0t)  be the space of  a l l , ,ent i re arralyt ic,r fune t i i i - i t rs. , . ,
. l | . t  / /

o n 0 o . e n d o w e d w i t h i t s n a t u r a 1 F r d c h e t s p a c e s t r u c t u r e . T h e . . . ,
I

. a I a 1 o g y w i t h t i i e c a s e o f ' a n 6 1 u t r i " f u n c t 1 o n a 1 s 1 e a , d s t o t h e

f c l l c w i n g . :

2 . I .  D E F I N I T I 0 N ,  T h e  e l e m e n t s  o f  f i ( U X )  r w i , l 1 , b e  c a ] l e d

a n a l y t i c  o p e r a t o r s . I f  K c  0 n  i s , , e , c o m l > a e t "  s e t r a n  a n a l y t i c  . , r l

opera tor  u  i s  sa id  to be qa4rqel l  by K i f  for  every neighbou.r-

- :; P. -". ...:,:;

h o o d  Y  o f  K  a n d  e a c h  i n t e g e r  m ) l  t h e r e  e x i s t s  a  e o n s t a n t

C* .,, ) 0 such that
u t Y

(2 . r )  l l u ( r ) l l  *  ( c rn ,v  l l r i l v  ,  r€A  ,

where l l f  l lv- :  sop{ l r t  r l  |  ;  zev }  . } Ie denote by #*(a,x)  the eet , r : , iJ

of  a l l  ana ly t i c  opera tors  uebt (ArX)  tha t  &re  car r ied ,=*by f i :K  i

th ls  i s  a  Frdchet  space whose topo logy  is  ind^uced by  the ,eo l lec t ion

of  seminorms



( 2.2) l lr l l*,v - sup {l l . t  r) l l* ; f  €tr r i l  rf ir.<r } ,

where  m -1  ,2 r3 ,  " ' . .  rand V runs  a  (cou i i tab lp , ) . , f ,undamenta l  sys te ,n . . .  - , .  ,  ,

.  
"  of  .neighbourhoods of  K (  see [ f  e.J for  a s l lght ly less general  ' : ' ] '  :  " '  ; : ,

concept rwhen res t r i c ted  to  Frdchet  spaces  )  .  ' . . ' :  -

t e t  u s  n o t e  t h a t  i f  x . =  0  ,  t h e n  H n { l r x )  =  t '  ( x )  .  r  r  r t  a n d  ,

K Z  a r e  c o m f a c t  s u b s e t s  o f  '  
S n  ,  K l c K ' t h e n  Y v  ( ' A r X ) c { v ^ ( A , X )

t  ^ 1  ^ 2
' , , , , a n d  t h o . i " n c L i i s l o n  i s  c o n t i n u o u s " . I . r . '  K c A r l  ( m o r e  g e n e r a l l y r i i  i ;  , : r :

, . i ^  - ^ l 1 " * ^ ^ i ^ ' l t - ,  \  + 1 " , ^ *  u 1  l r ,  v  . . r r ^ ^. . xs  por -y ; ronra1 ly  convex) ,  t l i en  : {O{ArX i  i s  equa- l  to ' * i re  space i r :

, { , (  p , ( K ) r } : )  , w h e r e  A ( K )  i s  t h e  a l g e b r a  o f  g e r i n s  o f  a n a . l - y t i c

func t ions  in  ne ighbourhoods o f  K  ,vh ich  is  an  j "nduc t ive  i in i . t .  ' . :  
' r '

o f  F rdchet  spaces .Th is  fo l l -ovs  f rom the  dens i ty  o f  A  in  A(K)  r : r . - . ,

( s e e r f o r  l n s t a n c e ,  I g ]  e P r o p . 9 . 1 . 2 )  :

In "  th is  se  c t lon 'ue  sha l l  show tha t  fc r  each ana ly t i c ; :op?r f ,  to r

:"  that ,  ls  ca.r l : ied'  by a real . .conpact set  one can deftne an appropr iate i ' " , '  .

conce i i t  o f  suppor t . l t lo recver ,  a  deconpos i t ion  s ln i l  a r  to  (  1 ,1 )  s t i1 l
'ho l ,de .By  

us ihg  the  a l reac iy  known scaLar  
"boe 

(as  exp , runded fp  [9 ]  ) ,

combined",  wi th gone tensor produet techniquesrour '  task ni l le,  not  ! ' ,

b e  r o o  d i f f i c u l t .

'  
For  a .  f i xed  compact  se t  Kc [ ,?n  n le t  us  denote  by  A X the

open set  an+l  \  (KX t0 ]  )  . le t  7 t . (a- )  be, ' the space of  .a t -1- K

harrnonic  funct ions on & n ,endowed wi th  i ts  natura l  l r rJchet

srpa,ce s t rueture. I  f  s '  =  (  e ,  sn+l )  le  the var iab le  of  the space

u n + 1  , w h e r e  , = ( u l  r . e . e s r r )  i s  t h e  v a r i a b l e  o f  n n  , t h e n  w e

define the subirpace 7e l@tfr)' as the set of those functions

h€W (OX) such that

( 2 , 3 )  h ( s , - s n + l ) = - t ( u , F n + i )  , ,

P la in l y rWt ( f r * l * , , i s  a  cLosed  subspace  o f  7 t (ox ) . l r ' e  a l so
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defi ie the subspace t{O(Afi  as the fe*ni ly of . those funct ions

h€w., (1I, ,)  such that . :  ,
t "  J \ -

( 2 . 4 )  1 i m .  h ( s ' ) : o ' e  : ' 1  :
l ls ' [ l -*oo

where i ls ' l l  
2= 

l6 t  12 + . .  .  *  l * , .J t .The 'sptc :  f f  , tn-o)  ha$1,4 '

FrJChet space structure ( tho uniform convergence cn bornpac!,,
'  t  _ 1 i & 1  1

subsets  o f  -n -  K  and on  the  se t , ,s  o ' f  the .  fo rm l - * 'en" ' -  ;  l l .e ' i l ) t ' J

f o r  l a r g e  r )  0 ) .

Le t  us  cons ider  the  func t ion

\ 2 . 5 )  p ( s ' )  =  sn+ t  
" *1 . ,  i l u i l - n - l  ,  s7a  0  ,

w h e r . e c n + I i s t h e a r e a o f t h e u n i t s p h e r e i , , . l R n * i * '

Z,Z.  Ti iEOREl, l  t '91 ,  There-;gxists a 11near and cont inuouq-

'  r  
""  rna' i 'p lng A'  (K) = u-*hoej{O@f }  -g1ven by the equa, l" i !y

( 2 . 6 )  h o ( s ' ) ' =  u r ( t ( s ' - ( z r " o ) )  i '  s ' € J ) " , 4 . i . '  i  , i  .

i : , . ' "  ' " r  '  "  lcoi iverseLy, to .eve.ry he1{L(Of )  i : lere correspo"ds A

r4l--qui  uc A'  (K,  such that i
t a  . .

( 2 . 7 )  u (  ( z e / ? r , , * . , ) l *  - : n ) =  - '  \  h ( s n ) a ( 0 g ) ( s ' )  d , s '  '
.  . '  

\  \  v  o r '  - l I + I ' l  
S n + I =  U  J

where e *c;" (nn+l) , o'= I in a neighlg'qleeg-g j KX{0}:n,.,€ i.s- ' i

any harmonic function in nt*t and I is the laplac1-g3gS!:31'

The functign h - hu.,,.i,s- harmqn:.Lc*in *n*I gt :l-5gi9!9!

ident ica l ly  i f  and 9,n1v i f  hGH,. ( .ClK)

Deta i ls  concern ing the proof  o f  th is  s ta tenent  can be found

"  [9 ]  ;P rg ros i  t i ons  9 .1 '  ]  and  9  '  1 '  5 ;  :

2;7; nEIuARK. The spaces l ' (K) ,  t(oU\K) ,  fr  t( f lx) and

. *1  .

7( @Xf. ir  are nuclear.Indeed., the fact that A, '  (K) and tt  (9X)

are',nudI6,ar is wel l  known-r(oee tf  e 1 and resp. [ f f ]  )  .Tbe space

.* .' '' .-;

Ttrtn;i ' .  is nuclear as a closed subspace of l t(ni l  [11]
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$ ince  (2 ,6 )  i s  a  Frdchet  space isomorph ismoth*  space A( .  o {a* )
is  a lso  nuc lear . in ' 'par t i cu la r r i f  f  l s "a r t ry  o f  the  above sp&ces,

then the eomplet ic ln of  the aigebraic tensor prod.ue' . t  g-&X.:  wi t t r

.  respec t  to  e i ther :  the  inJec t rve  to ,po logy  6r  v r i th  the  pro . jec t i ve

o n e  i s  t h e  s & n e r a n d  i " o ,  t r i l l  b e  d e n o t e d  b y  " { 6  X  .

Let '#(no,x) 
be t tre rrdhet space, of al i  X-.valued

harnonic funct ions in -(2* .We denote by f i tO{n;1X) (Zf 
t | . {}o,X):) i

the subspace of tr iose fundt, io.ns ne'F{(frrKrx) lh#t sat isfy (2.3) ,

a n d  ( 2 . 4 )  ( r e s p . ( 2 . J ) ) .  : l

2.4.  LAI{HA. He hate the fo l rowing,,  j .dent j f lcat ions :

;  " .  , i ' ra -  ' ,  , "  Proo f .  Accord ing  to  [? ] r t f reorem I I  . ' J . !5 t i t ' .9  (S) l i : :31 , ,  a  ,  , , ;_ ,1 , * ; " "_3 . . :  
' 1 . , . . , ' '

.  nuclear Frdchet space of  'scal-ar funct lons def ined on the sef S ,  ,

whose . topology is strgngs'p,rgfuq,11,. , f r ler , lo int i r ise cgnvergence, then.. ,

we have the ident l f icat lon

( 2 . g )  f i s l d x = { r , s * ; . x ;  x , . f € { ( i l ,  x , e x . }  -  o : . i

rchere x t  ie  the. 's t ' rong dual  o f  i  .The eque, l i t ies  t r ( rL  1rx)=
= ' t t (n * )dx  and  T t r?>* ,x )=  Wr tnn )6x  a re  s imp le  consequenees  ,  i  , :  ; "

o f  ( 2 . 9 )

Let  us prove the equal i ty

(  z .a )

f fo@K,x)  =W t@-*)d x  .  From

tt otn *)6 x ztto(or,x ) . conversely, we
e o n s i d e r t h e 1 o c a 1 1 y c o m p a c t s p a c e s = f I K w { * 3 , w i t h i t s i ' , . ' / ,

natural topology (the neighbourhoods of oo are the sets { l t" ' l t  > u}, .

for  large r )  0) . r f  c (srx)  is  the space of  a lL  x-varued , :  , *

' ' , ' : ,d&o9,) , ,  i t  fo l lows that

:r '  cont inuous funct ions on S , then we have j .* , , . ,_ i . ,  : : , / ,
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# o(n*)G x -  c  (  s ,  o)  6r  x  =:c(  s ,x)

(see Ie ] ,sect ion 1. ] )  rwi rere 9 '  des lgna, tes the i r r jec t lve ter* ,o : r

product.In part icular,  the funct ions from af Oi*Z*)d X ha:re a'  .  ; : ,

l i d i t  a t  in f in i t y , r r 'h ich  nus t  be  nu l l -  by  (  2 '9 )  .  , ; , i : : :

Le t  us  ob ta in  the  las t  equa l i t y  f ro rn  (  ? .8 )  .  The space,  A ' (1 t )

i e  p r e c i s e l y  t h e  d u a l  o f  A ( K )  t r A - l  . T h e r e f o : : e ,  A ' ( K )  c a n  b e

r e g a r d e d  a s  a  s p a c e  o f  f r r n c t i o n s  o n  t h e  s e t  S  = A ( K ) r i a n d , i t s

: o logy  i  s  s i ; i  cng le r  t han  the  po in  bw i  se  conv " -e l ' gence  .  F rou  {?  ,9 )  ,  ,

t , I e t h e n d . e d u c e t } r a t A ' ( K i 6 x = f , ( A ( I { ) , X ) , C o n v e r s e 1 y , i f u

be longs  to  A ' (K)  6X,  then we f i x  a  seminorm l l * l l ,  cn  ,  X ,  and a ; -

nelghbourhood V of  K . I f  X* is the norned spa-ce t i iat ,  is

assoc ia ted  w j . t i :  the  sen inorm l l  * l l ,  and  j * lX*X,  i s  the

c a n o n i c a l , m a p p i n 8 l W € d e r i v e f r o m ( 2 . 9 ) t h a t ' ' 1 . ' . '

s u p  t l r ' .  j r " . u ( f ) l  ;  f € A  ,  l l f l l v ( r )  <  o o  r .

f o r  e a c h  x ' € X $ .  . 3 y  t h e  u n l f o r m .  b o u n d e d n e s s  p r i n c i p l e ' ( a p p l i e d  , .

on  thb  l lanach space X; )  r  t t re re  ex is ts  a '  cons tan t  t * r '  )O such

t h a t  (  2 . 1 )  i s  f u l f i l l e d .  H e n c e  v e  * (  A ( X )  ,  X )  "

l le  can now g ive  the  vec tor  vers lon  o f  Theoren 2 .2 .  ' . r i ' " . . .

2.5,  TI iE0.REi '1.  There exj .sts a l inear and cont inuous mapplng

Hta tK) ,x )=u t *  h . r *  Wo( t t * , x )  @ (2 .6 )

Converoe ly ,  t "o  every  h€W$LKrX) t he re  co r respond .s  a

un ioue ue{ , (a (N) ,X)  such tha t  (2 "7)  ho lds .The { r l r lgEg l -  } r  *  h*

is  harnon ic  in  on+ l  and i t  van ishes  ident ica l l y  i f  an .d" ,  on ly  i f

h€.tto$LK,X)

prgo.f , .  Theoren 2.2 provldes*. the exact sequence of  nuclear



where  f  ;  i s  the  res t r l c t ion  and I  i s  th i  napp lng  (2 .7 ) rwhtch  , ' i , "  ' . . , .  ' i

i s  c o n t j , n u o u s  ( s e e  t h e  p r o o f  o f  ? r o p o s i t i o n  9 " 1 . 5  f r o n  [ g ] ) .

I n  v : i r t u e  o f  ( 2 . 8 )  a n d .  [ 2 ] , S e c t i o f  l . J r t i r €  s e o u e n c e

0 -.f f  t(nn+t,x) lql* 'J(rut*, x) jAL f,(  rr(K),x)- --->0

l s  a lso  exa .c t .Le t '  X  be  the  napp ing . ( ,2 ;6 ) ,  in  the  sca la r  case.

:' ..1.

Then X" is an ieomorphisms of  A'( i { . )  onto d{ O1SZ*) ,by Theorerr ,"  i

2 . 2 . H e n c e  t h e  n n a p p i n g  X  6 t  i s  a n  i s o n o , r p h i s n r  o f  d ( l ( x - )  r X )

onto,  , * t  
o(J 'Lx ,x) ,by (a"s)  and tz ]  .  s ince x l#o i<ax )  j  q- ! . t

i nverse  o f  ' / ,  
,and  X6 l "  ,  2 "  6 r  a re  t l :e  vec tor  vc rs ions  o f

( 2 . 6 )  a n d  t 2 . 7  )  r o u r  a u s e r t i o n s  h o l d .

Fro .n  th i .s '  techn i .ca l  resu l t rwe ob ta in  (as  in  [9 ]  )  the  ex-

istence of  the support  fcn.anal"yt ic op-e.rators that  are earr ied t ; '

real  compact sets (et :e I f  Z]  fqn.d; ' :d i f fer . .ent  rapproac-h,) .

2.6. THEOREPI. Le t. * *-,( A,'X) .Ue t!e,-gqt.qJjQ-anglylig
IIII'

opera to . rs  tha t  a re  car r ied  b ,y , ' conpact  se ts  in  nn  .For  every

u4 X^- (e rX)  there  ex is ts  a  smal . l ,es t  eonpact  se t  o - (u )c  p1n ;
u.t*-

s u c h  t h a t  u € g c ( u ) ( A r X )  . O n e  l r , e r s ,  o - i u ) = f  i f  a n d  o n l y  i f  u = 0 .

The se t  . r (u )  w i } l  bc  ca l led  the  suppor t  o f .  u  ,  , , : . . .

T h e  p r o o f  i s  s j n l l a r  t o  t h a t  o f  . T h e o r e a  9 . 1 . 6  f r o m . , ' [ 9 ]  , s o

tha t  w 'e  omi t  1 t " (The on ly  d i f fe rence is  tha t  one uses  iheor ,en  ? ;5"

i n s t e a d  o f  T h e o r e n  2 . 2 . )  l ' i e  J u s t  n o t e  t h a t  i f  a - ( u )  = l  , t h e n  h *

i s  h a r n o n i c  i n  * n + 1  a n d  b o u , n d e d . T h e r e f o r e  h o = 0  r $ e  t h a t  u = 0 .

In  o ther  wordsr 'c rne  has  {o ( l rX)  =O fo r  ever l r  F rdchet  
' space 

X .
Y'

Ffom this theoren ve also der ive the equ.*Li ty : , , i { } . '

( 2 . 1 0 )  f l * { u x ) = t " u # u r ( A , x ) ; . _ - e 1 u ) c x } ,

fo r  each KcRn .

2 ,7 .  T I {EOREM.  Le t  K l r . . .  rK f i t  be ' '&Cbt t ra . ry  c -ompact  subsetg
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i n  nn  and le t  K  be  the l r  un ion"Then we have the  deconpos i t ion

( 2 .11 . t  &K{AeX)  =  f l * r (A , , x ' )+  . .  . +  r  * ^ rA , x )  .

I roo f  ,  I t  i s  su f f i c ie r r t  to  p rove  the  assen" t ion  fo r  m= 2

The  genera l  case  then  fn l l o r , i s  b1 r  i . nduc i : i on . i ' Jo te  tha t  t he  rnapp ing

n ' ( K t )  @  n '  ( K z )  = u r @  * 2  * u l ' +  u 2 €  A '  ( K )

i s  s u r j e c t i v e o b y  ( 1 . 1 ) . U s 5 - n g  ( 2 , 8 ) , r i e  o b t a i n  t h n t  t h e  m a p p i * e . ;

{ ,  ( R , x ) @  g k  ( R , x ) B  u . , @ r r " - - +  u r  *  * 2  u  8 r r ( / r , x )' -  
K 1 ' - - '  

- - K . '  L  z  L

i s  a l : o  n u '  j e c t i v c  [ 2 i  ,  a r * C  t h c  p r o o f  i s  c o r n p ' L i  i e  '

T h e o r e n s  2 . 6  a n C  2 . 7  p r c v i d e  a  w r . d c r  r a n g e  o f  e x a m p l e s  f o r

, . ' ,1  our  spec t ra l  theory .Xn add i t ionn .$ l iey  v . r i .11  e f fec t i ve ly  be  used

i n  c o i r n e c t i o n  w i t h  o t h e r  a s p e c t s  o f  c u r  v o r k .  ' , , '  , . , . : ' "  ; '

' ' ) : '  
F ina l l y r le t  us  renark  tha t  fo r  a 'su i tab ly  <re f i r red  ' concep i  . , ' , -  , '

o f  vec tor -va lued hypcr func t ion  (ae . .an  e lement  o f  tb rg . ,g1 lo ' - t , ien t , , ; ' , . , ' ,

{ ,O la rx )  /KUu(arx )  uu 'here  Uc. : lRn is  a  bounded open.  se t )  one cn" r t : :

der ive  f rom Theorens  2 .6  s . r rd  2 .7  .o ther  nore  spec i f i c  conse-

oruence s ,  as  in  [  9 ]  r  c t t *p te r  IX  .  "  '  
"  i

3. ANALYTTC I'IJNCTi0l$At cAl,cur,us

Ve need sone fac ts  concern ing  t .he  an* ]y t i c  func t iona l

a 1 c u l u s  f c l r  c o r n l r u t i n g  s y s t e n s ' o f  ] i n e a r  o p e  r a - t o i s  o n  p r 6 n c t

s p a c e s  [ z o j  ( s e e  a l s o  [ 1 ? j ,  [ r a ] ' ,  [ r g ] ,  i l l l  '  [ i A ]  )

.  l , e t  c r -  ( f l l r ' " .  r o  n )  
b e  a  s y s t e r c .  o f  l n d e t e r n i n a t ^ e s ' f  f  t

'1,*- ,"  '  
is  a l inear spacerkre denote by , r f [u-r l ]  the space of  a l l  .  

' j  
,

holnogeneous L-va lued exter ior  forms of  degree p in  '  a : r '

f ] r . . . 1  < : - r ,  ( 0 - <  p  (  n ) . I f  o (  =  ( o ( l r  " ' r ( n )  i s  a  e y s t e n  o f  
. r c " o m n n u t i n g

gl lgtorphlsms of  L r then we can consider the Koszul-  cqntplex

no. -..r 59 5l-l . ,rrlr.- ., 1 -\ n
tc( l , ,ot )  :  0--> /9t t  r t r ]  &.  ' .  b*  ' "  

N[* , l l  + 0 rp
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where [ jV= (* l t  ol* . . .  + orr@o-rr)rr3 fora]- l  "  {-Apt"-,r , ]=

= I ,  6 lpk,q;  ]  , 'The cohomology sipaces'of .  the K.o,szul  complex

K(I , r"c)  r . l i l l  be der icted by UP(t , ro)  (  O (  pK rr)  .  :

The oy,stem of endomorphisrns o( is said to be L%S:lSgai ", i:,t ' ,.

(or  t in8ulgf  )  on L i f  the cohor io log),  of  the c 'omplex K ( i , ,o<)

ie  t r i v ia l  (o r  no i r - t r i v ia l  )  .

N.ow" }e I  X be a FrJchet ,space.b/e shal l  work r+i  th ret , ,a la;

.gc_rngut j . lng_*1l19_lgg5. of  o i ;erators .a = (  ot_o .  . , , rn)  c"  f i { { , ) ,  i ,  c .

comf f ru t in i l  n* tup l -es  o f  cpera tc r ,g  v ihose spec t run  o ' - (a r ;X)  ( fn  the

s e n s e  o f  I Z Z T )  : . s  a  c o n p a c b  s u b s e t  o f  0  f o r  a l l  j = t r . ' . . . : 1  "

T h * @ o f t h e r e 6 u 1 a r c o m r g u t 1 n g s y s t e m ' . i i

.  a =  ( a 1 , . , .  r & r r )  c  
" c ( x )  i s  t h e  c o a r p l e m e n t  l n  0 t  o f  t h e  s e t  o f

those pc . rn ts  w€$n fo r  wh lch  there  ex ie ts  an  open po l f  iL isc r

D,e'vr .  such thai ;  the systen d.  ̂  ls  nonsingular on A(D'X) ,wirorea

, . i . i - l ' . '  o t * ( z )  =  ( " l - r t , o  . . , z o - a r r )  r  z = ( 2 1 ,  . ,  . . " o ) € 0 t

and A(U. 'X)  is  the space of  a l l  X" .va lued anal"y t lc  funct lor rs

l n  t h e ' o p e n  , e e t  . U C f n  . ! . ' e  n o t e  t h a t  t h i e  d e f i n i t i o n  o f  t h e  j o i n t

epec t rum in  F rJche t  spaces  i s  egu iva len t  t o  t ha t  f ron  [ZO] (o r  [ ] j , i ) i , :

v i a  some shea f  t huo rS '  a ig l r c ren* . s ' ( see  the  p roo f  o f  Theorem I .2

f r o n  t 4 l ) .

For  ever , . r l r  regu la r  con i rnu t ing  sys tern  a= (a l ,  .  .  . ,  B .n  )  c  # (X)

there  ex isbs  a  un i ta l  a lgebra  homonorph ism

( 3 . 1 )  A ( - ( a , X ) ) F f - - - : " f ( a )  e  Y , ( X )

such tha t  y r (a ) ,x  * j  ,whese / i (z )=z j  a re  the  coord lna . te

func t ions  and o- {a rX)  i s  the  jo in i ;  spec t . rum o f  the  sys ten  a  o

In addi t ion,  for  ,every integer n )  1-  and each m-tuple i

1 = ( f t  f * ) c . a ( o _ ( a , X ) )  o n e  h a s
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(  3 ; 2 )  . r (  f ( a )  , X )  =  f  ( c - ( a , x )  )

w h e r e  f ( a )  =  ( f r ( a ) , . . . , f * ( a )  )

T h e  m a . p p i n g  ( 3 . t )  i s  c o n t i n u o u g

The b i l inear  ma.pp lng

in the following ssn.s,e;;

( c ) A ( c r ( a , X )  ) X  X  = (  f , x )  - +  f ( a ) x e X

i s  c o n t i n u o u s l i n  o t h e r  w o r d s , f o r  q v e r y  i n t e g e r  m l t  a n d  e a c h

ne lg i rbourhood V o f  s - (u , rX)  ihere  arer  a  cons tan t  C *  Cr , t rV>0 : " ; ,

and  an  i n t eg :e ; .  n ' )  I  such  t ha t  l l r l a ; x11 , . '  (  c  i l r l l v  l l ; i 1 l o , ,

(  t n ;  s  p r o p c : : ' t y '  a f  c o n t i n u i  t y  f  c ] - L o w s ,  f  r o m  i n s t a r . c c : ,  f  i " o n  I Z C -  ,

P r o p o s r t i o n  1 : l I . B .  1 1 ,  )

T h e  h o m o m o r p h i s n  (  l . t )  w i t h  i h e  p r o p e r t i e s  ( 3 . 2 )  ( , t ' h e i

'nspec_[ratr  napping theoreu' t )  and (C) is cal led the p4a]-yt j "c

f u n c t , i o n a l  c ? l o u l u s  o f  t h e  r e g u i a . r  c o m n c u t i n g  s y s t e r n  , a = ( & 1 r " . - r a n )

l {o r .eove r r the  ana ly 'o ic  funcL iona l  ca lcu lus  is  un ique ly  de termined. .

by  these"proper t ies rae  shown in  [ fg ] .  (There  are  a t  leas t  two

ways, . . to ,cons t ruc t  the  ana ly t i c  f i rnc t iona l '  ca icu lusror ig ina . t ing

in [ fe l  ?trd [ f9 l  ,Uut they, lead to the sene honoinoJ:phism [r l ] l  . )

-The se t  e - (a rX)  i s  no t  necessar i l y  the  min ina l  ca : * r . ie r  o f  , .  .

i l re  ana ly t i c  func t iona l  ca lcu lus" I t  fo l - lows f ron  L+)  and I i :  tha t

there exist  a Banach spece X aRd a cornnut ing oysten.

a = ( & 1  e . . . r a * ) c . d ( X )  ( n ) 7 2 )  s u c k r  t h a t  t h e  a n a l y t i c  f u n c t i c r r a . l'  t _ '  n '

eafcu lus  na tura l l y  ex tends  to  a  cc ln t inuous  homomorph ism o f  A(K)

i n + , t - r  i l t X l  , w h e r e  K  i s  a  p r o p e r  s u b s c t  o f  , r ( a r X )

0t

5" I . .  PROBLBSI ' . , " le t  f l  
' be  

a  fami ly  o f  compact  subsets  o f

andr - ' Ie t  f x . , ] . .  - "cK have the  fo l low ing  proper ty :  For  every,  J_ J€. j

j  e . r  
! ,here ex ls ts  a  un i  tp1 a lgebra homomorphism u,  :A(r ,  )  - - l (X)

s a t j . s f , y , i n g  ( C )  ( w r i t t e n  f o r  u r )  s u c h  t h a t  t j , ( f ) = u r " ( f ) _ _

for  a l } : , i  f  c .A and.  j ' ,  j  "  €J .F ind cond. i t ions on g(  which



' j ' ; .1 lnsure the existence of an algebra homomorphlen u:A(K).+9{(X) :r 's1r]-,; ' .:

sa t i s f y ing  ( c )  (w r i t t en  fo r  u )  6uch  tha t  u l l (K . ) :u *  fo r  + '
r  - '  

J ,  J

a lL  j€  J  ,  v rhere  K is  the  in  Lersec t ion  -o f  the  ,  fan i l y  { * i }  je '  
' i  ,  , -  .

for  every such a fan i ly  {X,1 ,  - -  ln  g<
j  j  j= ,1 r r r

I f  t  is  the fani ly af  a l l  conpact subsets of  0n , ther.  "16' : '

t {e  de f ine  tbb . ' : , charac ter  u ( f ) -  f (O)

nakes sense by canonical  extensiort)

I rave u.€A'(Krn K2) . ; i

the anslrer to Problen J.1 i 's  negat iveras'shosn by an exampie due

to.M..Put inar (u ' i th whom th.e,  author hacl  nany ci iscussions r :n t i l t -  ,  ' : :

. 2
sub jec t  )  .Namely ,  conr : ider  the  conpact  se  ts  in  f  

'

K r = { ( z t , z z )  ;  t / z q i m a x { l  u r l , l z r l } < u } ,  ,

x r *  { t  z y z 2 )  ;  z ! =  z z ,  l r t J  <  1  }

on bo th  A(K l )  (where  i i ;

anq  -A{K2)  ,bu t .ve  .d .o  no t

'

tJe tlithk that an ' exhaugtive' trs"afuuent: ,of,.:Pno}l em 3.1 ( o"

rather,a" version of i t )  snt i+t ' f+ take into considerat ion compact

subsets in Stein nani f ( , lds, .

7';Zt PROPOSITI0N. ?he 1"axily % of all conpact"'subset€ :,

of  nn providee a sr . i lut i<;n to Prtrbtem 3.1.  j .

P r o o f .  S i n c e  K { X )  i s  n o t r l ' n  g e n e r a l , a  f r J c h e t  $ p a c e ,

the ' "as 'ser t ion  j "s  no t  a  d i rec t  consequence o f  Theoren 2 .6 . . .  , . , : , ,  : ' i ' '

W e  s h a l L  c o n s t a n t l y  u s e  t h e  d e n s i t y  o f  A  i n  A ( K )  r & s

r "e l , l  as  the  fac t  tha t  the  vec for "vers ion  o f  {2 .6 )  i s  an  isonoprh isn

( T h e o r e m  2 . 5 ) ,

'  For every x€X l te def ine the rnapplng -  urg€f}= ur( f )x ,

f  eA .From the assuned cont lnui ty of  ur : ts- ; i$. ' foLlows that 
. :

o j " =  { ( l ( K j ) r X )  f o r  e a c h  x  . S i n c e , * !  s ' n e m b e r s  o f  t h e . f a n i l y  " .

f  u . 1  .  a s r e e  o n  A  , t h e r e  e x i s t s  u * e " f ; | A ( X )  r x )  w h i c h  e x t e n d s  '-  J ' J
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every  o j *  ,on  account  o f  Theorem '2 .6 , ,Moreover ,  u i ( t )  makes

sense for every f  €A(K) and " the" mapp{.ng f  -*u*(  f )  is , , . , , , ,  : ,  . . ;  .

cont inusus on A( l ( )  for  each x€x .}{e want to shor*;  that .*" t i re. ,  "

napp ing  u( f )x=u* ( f )  (xex)  i s  l inear  and cont inuous  fn r . , .each

f €A(K) ,  and bhat the assignnent (  f  ,x) . . . -*  u(  f  )x of  A(. t ( , )  X X

in to  X  is  cont inuous .

( f r x ) - - + u * ( f ) x
J

of  sone in tegers

Let n j*= V( rG>*.."x) , h*. tr ot:r l .*,x) be t ire funct, ions

g i v e n  b y  ( 2 . 6 )  f o r  o j * .  a n d  * *  , r e s p e c t i v e l y . T h e n  l r e  l i a v e

h " (  s '  )  =  h r * (  s '  )  i ^ , ' h e n e v e r  s ' - J } * ,  . 1 n  p a r t i c u l a r ,  t h e  m a p p i r r g

**h*  l s  l inear rso  tha t  t i re  rapp ing  x  - -+ux  is  l inear .

L,et us deal with the continuity of the napping (f ;uel i : . i=>u(f)x.

&€ t  r , ; be  a  conpac t  suh ' s "e t  o f  9 * .There fo re  l , n ( r x {o } )=6  ,

,,and we,c.a4 f,ind a finite fami'1y So= Kj X{OJ (p';.ti -,.. rr) s.uch
r /  up

t h a t  i , n s l n  . " . .  n S r , = 0 .  . I t  f o l l o w s  e a s i l y  t h a t  w e  h a ; \ r e  a  - . l . , : .

deconpos i t ion  l=  L rv  . . .u I , t  such  tha t  each lp -  i s  conpact

a n *  r r r , n  n s n =  6  . r f  
" t €  

L p  i , t h e n '  h * ( s '  )  =  h j , p * (  s ,  )  . c o n s e q u e n t l y

":g; 
l l  r '*t" ') l l* <ri;:,

fo r  every  in teg* r  m) ' t  .Us ing  th j -s  es t i -na te  and the  isomorph lsm

(2 ,6) rwe ded.uce tha t  , f ,o r  every  in teger  n2 I  and each ne ighbour -

hood" . ,  v  o f  K  there  are  in tegers  nn)z  1  ,ne ighbourhoods un

o f  * r n  ( p =  t , . . .  r ? )  a n d  a  c o n s t a n t  Q ) . A  s u c h  t h a t

l l " * l l * . v ( c - m a x  l l "  l i
:  

^  u t  Y  l - .p<>)  l l  * jnx i l tp rVp '

From thg:,  Sssuned cont inui ty of  thg assignnents

fron 4",(K* )X X into X :itr€r:. l irf-on, the existence
a,

m: > 1 'and constants  C^> O such that  i f  f  €A
Y I J

,  then
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Fron this calculat ion .we deduce that u(f )  : -€.  ! (X) for  each ' r  -

f  €A(K)  and tha t  the  mapp ing l  , , (  f  , x )  - - . ru (  f  )x  i s , ; ;gsng inuous.

F ina . l l y r t ,he  fae t  tha t  u  i s  an  a lgebra  honbarorph ism . ,  , .  i

"  .  , f ,p l lows f ron  the  cor respond ing  proper ty  o f  u  res t r i c ted  to . . .  A  r  
' . '  r i

t h e  a b o v e  c o n t r " n u i t y  a n d  t h e  d e n s i t y  c f , , .  {  i n  A ( K )

l t re shal l  present another connect ion, ,"  etween thb- 'analyt ic

f i .uct iqnal  calcul-us and analyt ic oper:ators.Let us note that . r , . ,  ' j : : : , : . . r ,

the space # i i (n ,X;  (X.$t  a  coepact .  set )  is  both an { (X) -nodu l  e i '  ' ,

and an A-n;dulerin a'natural way,In.^pa4ti .cular; tho sls ' 'uen. of :  - : .  ;  ,1 :

the coord. inate funct ions /=Vrr , .  .  r /n)  induees in  'Nk(arx)  1  : i  . : , : . ; -  : ,

a  ' (commut i r , : ,g , )  sy$ten 6f  mul  t ip l icat ion operator .e i ra leo denote,d, :  i

by  . f  =  ( f r , .  - . , f n )  : ' '  '  . i '  .  -  ,

3.3.  PROP0$ITION, Let  K c  0n ber ,a . .  compact  suhse t  .  Ther :

o t a r | ) c X  l h e  s p a c e  X  c a n  b e  . i d e n t i f i e d  w i t h  a  c l o s e d  s u b s p a c e

Xo o f  #n(ArX)  ,  wh ich  has  a  na tura l_a  g  { * (ArX)  ,  wh ich  h_as  a  na tura l_  
'A-nodu le  

s t ruc tu re .
%

l , t o r e o v e r , i n  t h i s  i d e n t i f i c a t i o n ,  t h e  c o m n u t i n g  s y s t e n  ( a y 1 , .  . , r r )

i s  the  re .s t r i c t ion  o f  the  co :dnut lng  sys t_em /  =  ( . l t_ ,  1 . . . .1 , .n )  to
- J  - . /  L  / /  t L '

the space X .

Pro€ .  ' r fe  d .e f ine  x*={u*  ;  xex}  ,where  u* ( f )=  f (a )x  .+ r * . }  :

f o r  a l l  f € . A  a n d  x € X  . S i n c e  - ( a r X ) C K  , i t  i s  c l e a r  t h a t  , y

o*€ f lx (ArX)  and tha t  x -+  u*  i s  l inear ,  in jec t i ve  (because o f  * ,  i i , , ,

for-3very regular commuting systen a=  (&1 r . .  .  r uo )  c  f l x ) r:i"$h

"  the  equa l i t y  u* (1 ) :  x )  and cont inuous .  The equa l i t y  u* {  1 )  =  *  . . r ie . ,  i r
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also impl ies that  the napping x: i+ux has closed range.Hence

X and ' ' 'X* are isondrphic as Fr/el i€t : ;spac€s.. t ret  us show, tha, t i

xt has an .a-flodule structure .rrrdeed, if ggA ,the:l su;('f)-.,= ,r,

= d * ( g f ) = ( s r ) ( a ) x = e { a ) f ( a ) * = * g ( * ) x ( f )  :  f o r  a l l  f e A  } e - o  t h a t

X*  i , s : .an  A-nodu le . In  par t i cu la r ,  
/ " ju . ( f )=  r juy (  f )  fb r . "every

f  € A  , a n d  h e n c e  t h e  c o n n u t i n g  s y s t e m  , * = V l r . .  .  y ' ^ n )  e x t e n d s -  . :

the commuting systen a ='(  u._,  .  . .  ,  Bn) ,  when act ing on l {"  ,  . i , i ' : : "

7 . q .  D E I I I { I T I O N .  ' T h e  p a i r  ( H n ( A , X ) , y ) '  i s  c a 1 l e d
} i /

+ L ^
u l l t -

u n i v e r s a l  e x b e n s i o n  o f  t h e  r e g r : 1 a r  c o n n u l i n g  s y s t e m s

^ - t ^  ^ ) c f l G )  w i r h a ( q , X ) c f  .  , .  .d , - \ * l r . . . t a ' , .  "  \ 4 r A l s \  .

Ae one night expectr the universal  extension has' 'soi l rc, ,  . , . .

in te . re ,s t ing .  p roper t ies  fo r  compact  se ts  Kc lRn ,and there fore

for  con inu t ing .  sys tens  o f  opera tors ,w i th  rea l  jo in t . ; spec t rum l

( s e e  t h e  f i f t h  s e c t i o n ) . .

In . the  remainder  o f  th is  sec t j -on  we.  sha l l  g ive  some techn iea l

resul ts concerning the analyt i -c funct lonal  cal-culusr l rh ich are , : : i

n e e d e d ' 1 n  t h e  n e x t  s e c t i o n s

Let  X  be  a  f i xed 'FrJchet  space and; ' le t  Yo(X)  be ; : . the

fani ly of  a l l  s , tbspaces YcX such that Y has a t r ' rJcnet sper.ce

s t ruc ture  o f  i t s  own and the  inc lus ion  YcX ls  cont i .nuous .

' " ' . L e t  
" =  

( a l  ,  r . .  r * n )  -  { ( x )  b e  a  r e g u l a r  c o r n u i u t i n g  s y s t e r n .

l r le  denote  by  la t (a )  the  fan i l y  o f  those ,subspaces  te  ?o tx )

that are , . i ,nvar i  ant  under the act ion of  
"1,  

.  .  .  r  &i l  ,  such,, . , that

t h e  r e s t , r i c t i o n  ' a y  ( a r l Y r . . .  r a n l Y )  i s  a l s o  r e g u l a r .

"  
I f  * t I€ ta t (  a )  and

natu'ratrty, in the quottent

of endofiiorphlsms of Y/Z

Ze.Lat,(uy) , then the system

'Y/ 'T  .we denote  by  ^y /Z

that 1s lnduced by a . ! fe

a  a c t s

the systen

also set--  - - -
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a ( a i Y r  Z )  =  o { * , Y ) v c ( a 1 Z )

We shaL l  he  in te r :es ted  to  g ive  sone resu l ts  concer t r ing  the  ' j

t tspectral  theorvf fof  systems -of  endomorphis 'ms'  induced by regular

coxnnut ing  sys tems o f  oper ra to rs  in  quot len ts  o f  the  p l 'ev i -cus  type ,

w h e n  n o  t c p o l o g y  i s  i n " ' c l v e d . ( T h g ' i m p o r t a n c e  o f  s u c h  q u o t i e n t s

is  po in ted  ou t ,  fo r  ins ta r :ce ,  in  [z : ]  .  ) : . ,

l . l .  L E I , I F I A .  L e t  a  =  ( 3 r  '  r :  r & - ) ' c g ( X )
)-  I t

be a regula:

co lnnut ing  sys ten , le t  Y  e l .a t (  a)  and l -e t Z aT,at"( ar) Then

the quotient v/z !g!__?_13!31gl a(cn(aiY,z) )-e9$lg_lj-ryJ3rg.

Proof  .  i : :e t ,  c  t  Z -+Y be the  i .nc lus ionrwh iehr  i s  con t inuous .

r f  b r = a , l Y  a n d  
" j = * j l z ' ' ( j = f r ' . ' r n ) , t h e n  

t " j = o j t  f o r

,a11 j  .Therefore ?f (c)  =  f (b) t r  by: rv i r tue,  o f  Coro l lary  ' I . I I .9 .  f l

-nodule structureure that is de.*l, ined 1n the -'follow1ng way i

t ( u r / r ) ( y +  z )  =  r ( a r ) y + 2 . ,  f € a ( a ( a ; Y , Z ) )  r  Y € {  ;

f 'or '^ the next 'proof we need soq..e, , -detai ls concerning the

construet ion of  the anatyt- ic funct ional  ealculus by r , teane..of  the

cauchy-wei1 integral  I t  e l  ,  [11]  ,  [zo]  , let  a _-( ,a.-  ,  a .  . ,  arr) ,  F,aI{x)

be  a  regu la r  comnut ing  sys tem. t re t  U=o- (arX)  be  an  ope,4  ge t  i : ' ,

i n  0 t  n  l e t  f € A ( U )  ( = a ( U r 0 ) )  a n c i  l e t  x € X  . i { e  c o n s i d e r  t h e r

e x t e r i o r  f o r m  1 ( z )  
= f t z , ) x  o - r A  . . .  A %  , w h i c h  s a t i s f i e s  t h e

r {
e q u a t i o n  1 5 o * +  ) ) 1  =  O  i n  U  ( f o r  t h e  n o t a t i o 4 . , s e e  t h e  b e g i n n i n g

o f  ' t h i s  s e c t i o n ) . I f  V = U \ r ( a r X )  ,  t h e n  t , h e r e  e x i q $ s  a n  e x t e r i o r

rorrn 7.tt- l ; to-,f) ,c*(v,x)l  such urat* f$;-+T )9=\ in v ,* a 1

where  (  i s  the  sys ten  o f  d i f fe ren t ia ls . *  ( t17 t r . . .  rdZn)  .Shen
/

consider  a  funct ion 4eC *(U)  such thab; f -  =  0  in  a  ne ighbour-

de.f:,ined the -following

a ;  Y , 3 )((s-

ay

A (

lt8

f r o n  l z a ! , r w h e r e  f  € l ( o ( a ; Y r Z ) ' )  , .  b =  ( b r r . ' - : r b n )  r  c = ( c 1 r . , ' , * r ) .

In  par t i curar ,  f (a . r ) (zyc ,7  rso  tha t  ! /2 .  .  ! r ,as ,4n ) -

( 5 . 3 )
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hood of  q(a"X)  and the suppor t  o f  1  -  Y is  conpact . I f  po.  is

the ma.ppjng,trhat anni.hi lates eveny:inonomlal that contarns^ one cf

o1r .  . ; [  and.  leaves the ot ,her . terms invar iant r then we have .

( 3 . 4 )  f ( a ) x =  e '  j  f T * n \ l r , " ) A d z , , 1 : :

w h e r e  d z  = d z r A  .  . .  A  o z .  a n d  q n ' =  ( - r ) t + l ( e . i r i ) - n  . T h e  i n * c g r a l

( l .q )  does  no t  depend on  the  par t i ' cu la r , .cho ice  o f  , l  . .and  
' l )  

. ,

a n d  d e l . i ' n e s  t h e  h o r n o n o r p h i s m  ( l . t )  v r i ' , h .  t h e  p r o p e r t i e  s ' ( i . . 2 )

a n d  ( C )  ( d e b a i l s  c a n  b e  f o u n d  i n  I Z O J  , C h a n t e r  I I ] ) .  n  : ,

'  
) .6.  PROPOsrr lON .  I ,e!_ ,a,=.(  

"1,  
.  .  .  ,  

" r )  
c,{(x i  be a ref- Iutar.

connut ing systen and , let  .0. f" ;  Zr,Ul€ 'Lat(  a)  b"e ."such that X = y *  Z

0 : lf --> Z,/ (Y nZ) such that

. i 7 , " 5 )  g  r ( a w ) :  f (  a z / ( y r , z ) )  0  i , ,

f o r  eve ry  f  €A( . r (a rW)  ) v r (a ;  Z ry ,nZ ) ) , , ' . .  , ! ? : i 1 , . '  ! q  ' ; r . . 5 i  - '  ; l i  : '

Proof  r  Every  x€X has  a  decompos i t ion  o f  t i i e  . fo rm

X = X o . * X . , r w i t h  X . , € T  a n d  x . e Z . I f  x = x l , * x l  i s ' a n o t h e r
I  T ,  I  A  . .  

-  
Y  L

-  d e c o n p o s i t i o n  o f  t h e  s a n e  t y p a r . t h e n  x y  -  x i = x i  -  * Z * \ r \ Z  ,

so that the mapping

( 3 . 5 7  X E  x  - - - - - > x o *  y  n Z € Z / ( y n Z )
tr

1 s  c o r r e c t l y  d e f i n e d . L e t  0  b e  t h e  r e s t r i c t i o n  o f  f i . A )  t o  t h e  .  :

s p a c e  1 . I  . N o t i c e  t h a t  t h e  e q u a t i o n  ( Z . S )  i s  n o t  a ' d i r e c t

c o n s e q u e n c e o f C ' o r o 1 } a r y I I I . 9 . 1 1 f r o n i [ 2 o J , s i n c e t h e q u o l i e n t

/r  '  " '  "  Z/(y nZ) is not,  in general ,  a Freichet space. Therefore we neeo.,  ' : : , * . t , . i

a direct  argument.  i .

:  : - .  i  l , .e t .  UDc(arW)Uc(a ;  ZrYnZ)  be  an  open se t r le t  .  fF 'A( iU)

tld_ lgt xel,I be fixed, x = xo.f x, as above. Then the f*m,

l (z)= f (  z )x  r ln  .  .  .  A-o sat is f ies  the equat ior r  (  f , " . " *  )P1= o



YnZ,e"I,atlar)A1,at {nZ) ,we: deduce that 
'the 

se.euence of I 'r/ehgif, .:: i .
SpaCeS '  j

g _ + , y ( \ a  t o y $ Z  t ,  
X _ _ _ _ > 0  . * i i - .

i s '  e x a c t r w h e ' r e  u ( x ) *  x @ ( - x )  a n d  r ' ( x @ y ) =  x f y  . S i n c ! .  C * ( n 1 1 i 1 , ,

1 s  n u c l e a r ,  t h e  s e q u e n c e

r  A . -
; t ' , , '  0  -+  c€ ( v l , ynz )  - *99 - *  c  * (  v r , y )@c* ( v ' z )  - - *  l

I  6 , ,
a

i s  a l s o exac t  I  z ]  . In  par t  j . cu1a l , , , the  napp ing

;Y-tt  F,T),c*(v'y)l  s l f- l l ro,f l  ,c*(virz)l  *

ln I I  .Then we can f i .nd a

that  t5*  +T )5 =1 in v*a

given .by. g 16 f Z-'-*,5t *,#^

i .s a direc.i sum o,f, the last

deconpose 3=3"+j, ,  r.rhere
' 3 1

and the  coef f i c ien ts  o f  32

form 3 -yt'- ' [,(o,F ,.c*( vt,tt i) ] , such

, = U \ c ( a . r W ) . S i n c e _  X = y t Z  a n d

l{ovr,cousider the forno

I  - ,  t f -  +11Y2- r l r4,  -
xe rf*+Tlf,

r + h e r e  \ Z = f " z  - t A  . .  .  A q  a n d  t i y = f l y  
f - i A  . . .  A 6 ;  . N o t e  t h a t

t h e  c o e f f i c i e n t s  o f  t h e  f o . r ' r h  I  h a v e  v a l u e s  i n  y n Z  . T n r i e e d ,

t h e  s p a c - q  c * ( v l ' Y ) n  c * ( v r r z )  i s  ( a l g e b r a i c a l l y )  i s o n o r p h i c

t p  t h e  k e r n e l  o f  1 6 v  n a n d  t h e  l a t t e r  i s  i s o m o r r , h i c  t o

c * ( v ] ' Y / a z )  ' M o r e c v e r , , ' { E o ; + } 1 t r = o -  i n  v l  . ? h e n  t h e r e  e x i o t s

a forur f  
=ZY-l[F-,t) ,c*.tvr ly^z)] such *r"t  t f*^+ ))y = l ,  ln

V r = U \ ( r t ( a r l l ) v - , g . ( a , Y n T  ) ) . T a k e  a  f u n c t i o n  , {  e C - ( U )  s u c h  t h a t

{  = 0 '  in a neigt i- 'bourhood of r(  a, w )u c(.a; r ,ry n z) and the support

1

-----------rD if-] [ t-,i), c -( vl, i()],+ 0

' i  s  sur jec t i ve  (  the  la t te r  sesubnce

sspaces of  the forne; ' ) .Thus we can

the coeff:cients of 6,,, are ,, y.-vatr.ued

are Z--valued

o f -  (  i s  c o n p a c t . ' T h e n r b y  ( 3 . d )  * e  h a v e
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0r i r *1 "  =  f (au ) , *z *y . . z  = ,  f , {  ez / ( tnz , ; ) ,0  x  s ,  ,  , ,  :

and the proof is conplete.  ; '  . * , r .* . -  , t ; : :  r , ; :1, .  .  ,  - ' . , '  : ,

We need a lso  a  vers ion  o f  l ,emna TV.2 .2  f ron  [aO] .

3 . 7 .  l E l i l . { . A .  I e t  a =  ( a l r .  r . . , a n )  c  # ( x l  b o  a  r e g u l a r

co ;nmut ing  sys tem, l .e t  YeLat (a )  and le t  Dc0t  be  an ' , ,open

po lyd i sc  such  tha t  D=a(a ;X rY)  ,Then  we  have

H P ( A ( D , x ) / a { n , y ) ,  o c r )  = 0 ,  
.  o  ( p ( " - 1

: - i ' '  i : ' i .  Proof  .  We apply  J ,en ins I .2 .6  f rom Izo l  . t , " t  <o(z)= 
"p 

-  *o

( p = 1 , . . . , n )  a n d  1 e t  C  = A ( D , X ) / g ( U , y )  . A 1 s o  s e t  1 . , = O  . r n *
U

k e r n e l  o f  o p  ( p )  r )  i n  C / i d l c + . . .  t e r n - 1 C )  i s  n u 1 l  l f f  f r o m

i  . . : . 1 ,  
; : . ,  .  e v € r y  r e l a t i o n  o f  t h e  f o r n  o p % = * l F l *  . . . + x n - t F p - t  , w i t h  r -  r r .

: , .  .  F t r . . . . r t p = t  , w e  d e d u c e  t h a t  F p = " ( 1 C 1 + . . . f d p _ t G p _ t  , w h € : : s

G ] r . ' . ; G n - 1 € C  . L e t  f j = f j  ( i  = f  r . . . r n ) . T h e n  1 r e  h a v e  ' . :

*p fp=  d t f t *  . . .  +op_t fp_ f  *  hp  ,where  hp€A(D 'Y)  .We no,w, ,p roceed.

-ei t - ih- the proof of  lemna IV.2.2 f ron [aO]. .Namelyrwe get.4i ' * r : ; r ,  . ' . . - , . ,

f ( a r ) x  =  en  J , ; .Pp -T ) ( z )  
ndz  = .:

f =
( 3 . ' t 1  =  n n J ( a f  r . ' ( 3 2 : t ) ) ( z ) t t a z *

f =
*  en  J i7  *  Po(Sy*  f  )  )  (z )  Adz

N o t i c e  t h a t  \ r . = ( L  +  ; 1 t 5 ,  * , . (  )  i n  v  2 , a n d  h e n c e
r I r  da " t  , .

f -
( a r ) x r =  e n  I  t a r p o - ( t , . - f  J ) ( z )  n . d z ,  .

J " , )

b Y  ( 3 , + 1  . ! { e  e r s o  n o t e  t h a t
( t -

L r  ^

J f  a + r , , . ( f r + f  ) ) ( " )  n a z e v

I n  t h i s  w a y  ( ] . ? )  i s  a  d e c o ; r p ' o s i f i o n  c i  t h e  e l e m e n t  f ( q . , ) x
il

i n to  a  sun f ron  Z+y  ranc  the ; i f * t : rs t  te r r  o f  th is  sun is

t ( a r ) x ,  . C o n s e g u e n t l y n a c c o r d i n g  t o  ( 3 . 3 ) ,  . . ' ! :  : r : .
, : i ::



represente. t ion

, , : i  ( 2 { , i

8 i Q

,:r l

r,'n{ z) =

f ,

=  ( z t ' i  ) - 1  \  t * o - " o ) - 1 ( r - - u  ^ ) - l  h ^ (
,  

l -n 
t /  v ' *p-up' l  'n\ 'z f  

"  "  '  ' *p "  "  'zn) dtp '  '

H e r e  f p  i s  a  s m o o t h  c o n t o u r  t h a t  s u r r o u n d s  , 6 _ ( a * r X ) v o - ( a n r Y )

i n  L h e  c o r r e s p o n d i n g  p r o j e c t i o n  o f  D  . P l a i n l y , t h e  f u n c t i o h s  : ,

83,  and tp can be extended to the r+rhoie D .Moreov.er:rs inee ,  .  . . ' ,

,  . - 1  t  ,  . - l
( " p - t p )  - y = ( w n - a n l Y )  * V  f o r ' s 1 1  w n € J ] . .  a n d  y € Y  r w €  d e d u c e ' " ' '

t h b t ; t v , O € A t D r T )  . T h e r e f o r e r i f  v e  p u t  , G j =  g j  + A ( D r Y )  , t h e n

rn= c<1cr i  . . .*o{n_1cp- l  .* tccording to l ,e i rna I* :2"6,  f ron TzaJ r ' .  "

we thon have Hp(Crc(a) = 0: :  -  for '  0 (p (  n-1, ,  ,

'  Lenlaa 3.7 €ij.ves no i.nforrnation abou.t the las.t. cohonology

spaco. I t " -happens tha t  th is  space a lso  has  a  r ro tabL,e .proper t l ' - .

T o  s t a t e  i t , 1 e t  u s  r e m a r k  t h a t  t h e  i n t e g r a l  ( 3 . 4 )  n a k e s  s e n s e

for e ' rer}  f  eA(UrX')  .By abuse of  notat ion,  the synbrr l  f (a) ."  . ;  - , - i

w i l l  des ignate  the  va lu :  o f  the  in tegra l  .13"4)  fo r .  such a

f u n c t i o n  t  r w h i c h  i s  a  v e c - t o ? : o f  X  .  ' '

'  
] .8 ,  LEMI4A.  Le t a  =  (  * 1 r  .  .  .  , 0 n )  c  g (  x ) be a regular

connt ' , t i ' ng  sys tern . le t  Y<L,a t (a )  , le t  D : :o - (a ;XrY)  be  an  open

po lyd isc  and le t  f€A(D,&)  .  he  fo rn 1 . = ( r + A ( D r y ) )  6 - l A  A %

-).7f [r, A( D, x) / l( D,Y )]

ie ln the range of the opb.rator

,f

. 4

5 : , , . f i - l [ o , A ( D ,  x )  / t ( D , Y ) ]- o a

i f  a n d  o n l y  i f  f ( a ) e , f  .

$ ince  th is  reeu l . t  i s  no t  needed.  fo r fur ther development,
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we on l t  i t s  p roo f  ( see  [e l , f f , "o rem 1 . j . 3  fo r  a  pa r t i cu la r  case ) .

4, S}ACTRA], CAPACITIES

,/
of  a l l  Frdchet  spaces ycx for ; .which the inc lus ion is , , .

cont inuous.

Let  -CI-  be a topologica l  6pPce an&, : le t  .  C(( tL)  be the

fan i l 1 ,  c f  a l l  c l osed  subse ts  o f  t L  .  ' . ,

4 , 1 .  D U F I N 1 T I O N .  A  m a p p i n g c( ( {L )  = r  - - - - ' - x (F)€  fo tx )  i * ,
sa j .d  to  be  a  Wl ra l_ jg .pac1ty , i , f  i t  has  the  proper t ies :

( 1 )  x ( l ) = o  y  x ( ( L ) - y  ;  :

x ( r ) = 6 { x ( r r )  ;  j > 1 }  a n d  x ( F ) e . f n ( x ( F i ) ' )  : f o r  a l l  j  ; . .
(5) For each f initr: open covering {ouii l=, of -e **e

Def ln i t ion 4.1 extend"s the usuat conc.ept  (see [ r ] ,  [e j ,  [zo]

etc.)  to the case when the ual"ues of  the mapping are no.t

neces-sar l ly  c losed subspaces of  the gtven space .Besid.es the

cuetol lary examples [ZO], i t . , is  easi ty seen that the napplng ' i !

et (K)=r ,  *  { r (A ,x )€  fo t *u (  l , x )  )

and, in part icular,  the rnapping

c l (K)  3F - - - - -+  A ,  (  F )  €  f  o {  n '  (K  )  )  i

a re  spec t ra l  capac i t i .ee  in  the  sense o f  Def i -n l t ion  { .1 ,where  K

.  j '  r : , , :  i s  a  f i xed  conpact  se t  in  IRn rby  v i r tue  o f  the  deconpos i t ions  { i

'  ( 2 . L 1 )  a n d "  ( 1 . 1 )  r X e s p e c t i v e l y .  : ,

Using Def in i t ion 4.1 ve can introduce a corresponding::r :

concept of  decomposabi l i ty  (  see also l t l ,16),  [eO] etc.  )  . , ,  , . , , " . i  r :

4.2.  DEFINITION. A regular conmutir{g syetem a= ( \ : r . .  .  .  r " r )  a

As in  the  prev ious  sec t ion ,we denote  by  fo {x )  the  fami ly

cg /X)  i s  sa id  to  be  decomposab lq  i f  there  ex is ts  a  spec t ra l
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capac i t y  c t (a t .a rx )  )= l ' =+x (F )€  /n t x )  : ' s r t ch - - tha t  x ( r )€  ta t (a )

a n d  r ( a r x ( f )  ) c f  f o r  a l l  c l o s o d  s e t s  f c c ( a r X )  .  ' - ' ' 1 :  I  :

i I . ,e t  us  nent icn  t i ra t  spec t ra l  , lecompcs* t lohs  w i th  respe*1 ;  uc ' . : , - ' '  :  r ,  ' '  ' r .

subspaces that are ranges of  operatore'have been propcsed nany ' . j : i?: .

year : )  ago by  C.Fo ias  ( fo r  s ing le  opera tors  in  Banach spaces)  l ru t , . ,

the lack o, f '  s igr i i f icant exanples has p; 'evented: the .development

o f  such a  theory .We sha1 l  see  in  the  nex t  sec i , ion  the t  thc  s ; ' s t r : , s  '  
- ,

,  o f  m u l t i p l i c a b i o n  o p c r a t o r  
"  f = ( f  r ,  .  .  .  

f )  
i c  ' d e c o n p o s a h l e

o n  t h c  s p a c e  * * t l r x )  ( l l  c o n p a c t  i n  a l t ) , i n  t h e  s e n s e  o f

D e f i n i t i o n  4 " 2 "

'  
4 . 1 . I , E i i l M A .  I , e t  a = ( r 1 , . . . , r r )  c g ( x )  b e  a  d e c o m p o s a b l - e - , ; . i

s y s t e m  a n L * !  . { € = l a t ( a )  . I f  F i = c ( a , Y ) A c ( a , X )  ,  t h e n  Y c X ( F y ) '

r e r h e r e  f  - + ' X ( f )  i s  a  s p e c t r a l  c a p a c i t y  o f  t h e  e y s t e m . . & ; . . : " :

I  Prool.  i . .ct  Gl ,  G2 be op€rr setsin 0n such that Glpl 'y ,  * ' ' ' '

GZ,*Fy= d and :Ga*- . r  Gr?o-(  a ,X)  . I f  U;  =Ej6 o- (  a ,X)  ,  then

X - X l + x 2  , v . , h e ; e  x r - x ( r r )  ( j = 1 , 2 )  , b y  t h e  d e c o m p o s a b i l i t y  o f

ihe systen a .Let  e  be the ' l ra tura l  napping, ' f ron 'Y in to ,  , , t :

x .a /x ' , a r  E i " , r cn  by  ? ropos i t i on  ] . 6 ,w i th  X t2=x1r rX2=X(F1nr 'Z )  !  , . : : . : ,

'  Let us r6'r larx that

a ( a , y l n o ' l a ; x 2 , x r z ) c < r ( a , y ) n  ( F e u ' ( F r n  r r )  ) = . 0 , .

s o  t h a t  t h e r e  . e x i s t c  a  f u n c t i o n  f  c  A ( < r (  a ,  Y ) w , c (  a ;  X 2 ,  X f  e )  )  s u c i r

t h a t  f * l  i n  a  n e i g h b o u r h o o d  o f  c - ( a r Y )  a n d  f = 0  i . n  a

ne ighbourhood o f  d (  a ;  X2rXI . , )  .  fhen  f {  ax  t r -  ,  )  =  0  by  (3 ,3 )  ,nzl nrz

a n d h e n c e 0 r ( a , ) = $ e } , = . . o r . " ( , w i t h 1 y t h e 1 d e n t 1 t y o n Y ) , i n

v i r tue  o f  ( l :S) l : , f ronn the  de f in i t ion  o f  the  napp ing  e  rve  then

d e r i v e  t h a t  I c X l = x ( F l )  .

Now,we can: l :onsider a sequence { f i rUl  L such that every

s e t  F l r k  h a s  t h e  p r o p e r t i e s  o f  F l  a n d  A { F r - r , ,  ;  k )  r } -  r y  .
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Thenrby  De f in i t t on  4 .1 ,

y c n x ( F : . , k ) = x ( r y ) ,
k=1

and the  proo f  o f  the  lemna is  conp le te .

'As  , , in  ihe  usua l  case (  r :ee  Theorem IV .  1 .9  f  rom t20 ]  )  ,  the

prev ious  le rnma leads  eas i l y . to  the  fo l low ing  un iqueness  resu l t ,  .

.  4  1 4 .  f H E 0 R E I , I .  l , q j  a =  { " 1 1 . .  , , r " )  c  8 $ )  b e  a  d e c o n p o s r . b l e

s) ' s ten .Ther r  there  ex j -s ts  on ly .one specL, ra l  capac i ty  cor re  spond. i i :g ,

t o  t h i s ,  s y s t e n .

' : fheoren i  4 "4  insures  the  un iqueness  o f  the  spaces  tna t  fo rm

the spac t ra l  capae i ' t y  bu t  i t  doesn ' t  say  any th ing  about  the i r

topologies.A natura]  queet. i .on whose an$wer is nqt knownlrpy the

author of  th is text  is  the fo l lowing :  Are the iopct logie,s of  the

spaces  thabr fo rn  the 'spec t ra l  capac i ty :  o f  a  g i .ven  decomposab le ' , ' .  , "

systenr uniquely deternlned? :  .

Anyway, ' ; ' " ; ;  
" ; ; ;  "0"- ,  ;  * fu" t ' . r  capaci tv,dssoci* t "a . :

. - ,  . . . . , w l t h  a  d e c o n p c s a b l e  s y s t e n  a = ( & l _ , . , . r * r )  c * ( x )  , w h i c h . v i 1 i  , , ^ i : . .

b e  d e n o t e d  b y  X " ( F )  f o r  e a c h  c l o s e d  F q o - ( a r X )  .  . .

An  inpor tan t  consequence o f  the  deconposab i l i t y  o f  a  sys teun

of  opera tors  i s  the  so-ca l led  s ing le  va lued ex tens ion  proBer ty

( s e e , f o r  i n s t a n c e ,  I e O ]  p C h a p t . I V , S e c t , i o n  a ) . W e  s t i 1 l  h a v e .  t h i s

proper ty  w i th  our  more  genera l  cond i t ions .

W e  r e c a l l  t h a t  a  r e g u l a r  c o m n u t i n g  s y s t e n  a = ( & 1 r . . . r & n ) c '

CX,G) is said,  to have the single val ,Uejd,-ex$pnsion proPerty

i f  fo r  every  po in t  w€0n thgre , -$ l ! ! j ,  an 'open po lyd isc  D3w

such that Hp(A( D,X) ro<r)  = 0 fo.r , r ,  0 (p (n-1 .

4 .5 .  THEoREM,  r f  a=  (a1" i ; f  - . , "o )  c  g (x )  i s  a  de-qqsposab le

sys tenr then i t  has  the  s in511e vq lued ex tens ion  proper ty .
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8{o0 f .  Le t  DO D be 'open po lyd isco  such tha t

D.cD 'cD .From t i re  decomposab i l i t y  o f  the i ,sys ten  a  we in fe r

t i re  
'ex is t r :nss  

o .3  two c losed s : ts  l .1 rF ,  . in  . r ia rX)  such lha t

. F l - D  ,  T Z T I D O = /  a n d  X = X l + X Z  r w h e r e " r , X j  X * ( F r )  ( J = 1 r 2 )

In part icularothe sequence of  Frr lchet sp.aces , i ; , . :

g -;' |-., A X ̂  J.r X1€)X2 --3 > X -> 0' . i) ';

i s  e x a c t , w h e r e  u ( x ) =  x @ ( : x )  a n d  v ( x 1 @ x r )  =  x i +  x ,  "  S i n c e  i

, . ' :  A(D)  i s  nuc lear r the  tensot . r : 'mu1t : i "p l i ca t ion  o f  the  above sequence

w i t h  A ( D )  l e a d s  t o  t h e  e x a c t  ' e e q u e n c e

0 =+ A ( D, xt n x 2 ) 
lgjl* A ( D, xt ) @ a ( Drnx 2 ) 

------*
( 4 ' 1 )  

t 6  v . ,  A ( D , x ) - + g

Consequent ly; . there exists a natural :napping , , , , i

e :  A(  D,x)  - -+  A(  D,x l ) /A(  D"xrn xr )  " . . " * ,

"  g i ven  by  0 f  -  f r *  A (Dr f .anXr )  , rohe re  f  =  f l  *  tZ  rw i th . r , f r , €A(D , ) { r )

(which cor i 'esponcls  to  ( '5 .6 i  )  ,because the kernel  o f  , .L  6  v  is  , i ; ' . r

i a o n o r p h i c  t o  A ( D r X l n X ? ) .  . l i , : ; :  , . i

Nop, le t  
1*N[ - ,4 ( t ,x ) ]  ,where  oK,p  * (n - i ,  ,  p  f i xed ,be

sueh. tha t  Eout=O in  .F rom (4 : .1 )  we c ieduce tha t  t l=  r l  
t+  vLZ |  { :

w i t h ,  l i j  * npF ,A (D ,x j ) ]  . Le t  us  obse rve  t ha t  o  =  0  8 , , " 1=
= 5or*CI t  = f ,**O 1,  r  .  s ince n(  a,  xr)  c  Flc D and a(  an xrn xr)  c

aF1/ \F2CD ,accord ing  to  lemna ] "?  t l ie re  ex is ts  a  fo rn

f  * N-t[o, x( D, x1) /a( n, xi^xz)] .

r :eu:ch"" that  0 t l f=Eo^f  .Hence ' l r :5" . * j rn l i ,where 5r -  : -  , , , , , . , r

=6n-t [ . ' - ,A(D,xt) ]  and l i ,u7f[o-,n(; ,xrn x2) l  . rn thls.woy, * i

1= lr.* 1ln= 6 *pro rl ' ,  ,with l i=lf X;a/Y[o,A(D,x2)] . r."r," j i , ,
Since [  2 lZ=A and FZ^DO=d ,by ] ropos i t ion I I I .8 .5  f ron - : . , !1-- - - - o ( a  u 1  - z - ' - 0  r  '
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[ZO] we infer that

Thus  the 'equat ion

€./Y-r [a,  A( D0,X )  ]

( 4 .  z 1

+ ' Q  €, ? 2

: .  " r - :  .  .

. i ;

7"(x)-  nfracd(a(a, x)  )  ; ) 'x€x*( n) J ,

" l ; : to* 3, nwhere 5a */V . l tr ,A(Do,x2) ]  .

f , , *5=? hgs a so lu t lon 3=8,

for  every po lyd isc OOcSOcn .

.  F inal lyrr ' , 'e ei ther proceed as in the last  part  of  th.er iproof

o f  Propos i t ion  TV.2 .5  f rom [eO]  to  ge t  a  g loba l  so lu t i ,opro l i

app ly  Theorem 1 .2  f ron  [+ t  .Bo th  ways  inap ly  tha i  the  sys tem a

hae the  s ing le  va lued ex tens ion , ,p roper ty .  ,1 , , ,

The an_alyt ic local  spectr i rn, .  of  a regular commuting systel i  ' r ' f r f

a ' =  ( a r r . . . , * r r )  o  H { x )  a t  t h e  p o i n t  x € x  1 s  t h e  c o m p l e n e n i  i n

0 t  o f  the  se t  o f  those po in ts  w€Qt  fo r  v rh lch  there ; ,ex is t

an  open se t  U= w and func t ions  *1 ,  .  ,  .  ,un  in  A(U,  X) : - :  such

that (r l -* t )ur(z)+ . . .  *  (  zrr-arrgorr(  z)  = x for  a l l  z€, .TJ (  see [eO] ,

C h a p t e r  t r V r g e c t i o n  2  f o r  o t h e r ' , d e t a 1 l s ) . I f  a =  ( " 1 r , . . .  r & r ) C , { ( X )

is  a  decomposab le  sys tem and f r ( * )  
' , t s r  the  ana ly t i c  loca l  . . , j . "q " ,

spectrun,of  the systen a at  x, : :  r ' then we have the equal i ty

Indeed, i f  c r (x )  i s  the  r igh t  hand s ide  o f  (4 . ,a9r .Shen : i . : r ,

xe X*(c*(x)  )  ,and. hence y*(x)ccr*(x)  .The converse lne' l l rg ipn : :

fo' l lorse from an argument that is si$,i l"ar to the proof of ?roposi-

t i o n  3 . 6 r s o  t h a t  w e  o n l y  o u t , l i n e n . i t . L e t  { C a r C 2 }  b e  a n  o p e n  '

c o v e r i n g  o f  o - ( a , X )  s u c h  t h a t  G t f ; * ( x )  a n d  d e n y * ( x ) = 0  .

L e t  t i =  % n a ( a , x )  
( i = 1 , 2 ) ,  a n d  s e t  Y =  x r ( F 1 )  ,  z = X a ( F 2 )  .

Thus X= Y-FZ ,Le t  a lso  U l  ,  tZ  be  open se ts  such tha t  f " (x )c

c U l  ,  T Z a U Z  ' & r ' I d , ' U ' A U Z = 6 . W e  n o w  p r o c e e d  a e  i n  t h e  p r o o f

o f  Prop . .s i t ion  J .6 rw i th  U=Urv  U,  ,  f  €A(U)  equa l  to  one in  U l

and , eqlra'l. to zero in U2 , and a( a, W ) replaced by 7"( x) . The

other : j :bo ta t ion  is  s i rn i la r .  We observe  tha t  i f  
! (z )  

=  f  (z ) *  u :1_ :  
:  

.Ag
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then tnere i .s a forro 5. lY-1 Lt- f) ,c*( i 'x) l  such rhat

(t"J-}  l3 =' l  in vl= u \  i , r (x) ,where 5 lur is given by Lemma

IV .2 . .?  f r< . im  teO]  and  E IUZ=O by  hypo thes is . l . l i t h ' t l . e  symbo l  s  as

ln  the  p roo f  o f  P ropos j - t i on  J .6 ,equa t ion  (3 .7 )  has  i ; he  fo rm

* - e n l , t u P . , E ) ( s ) A d z  =

o , ,  ! t T  q P J S , -  ! ) ) ( z ) r ' r z  *
f - T

+  o n  J ( ) ' ? r o ( $ v  +  I ) ) ( z )  h ( , 1

(  s e e  a l s o  L e n n a  I V .  ? " $ ,  e s p e c . i a l l y  f o r n r u l a  ( 2 . 5 )  , l ' r o r o  I a O ]  )

S i n c e  \ Z = ( t * .  + D ) ( 1 2  -  
t  )  i s  e q u a l  t c . ,  z e r o  i n  a  n e i g h b o u r h o o d .

o f  6 ( a ,  Z ) c F Z  , i t  f o l l u ' w s  t h a t

b y  ( 3 , + )

r -
x  =  n n  )  

( 7  +  r , ( $ r + l ) ) ( z ) . A , d z € y , = x a ( F t )  .

Fina l l y ,wc  have F l=  d - r ro - ( ,a ,  X)36u(x . ) ' ' r r , ,here  G1 1s  arb i t ra . ry .

There fo : re  x€Xu(+6a 
, (x )  )  , i ;€ .  the  dss i red  conc l -us ion .  ' : \ '

The las t  resu l t  o f  th i .e  sec t ion  is  a  vers ionrva l id . . ' , f r r r
/

Frejchet spaces, of Pi 'oposit ion rv. 2.11 fron Iaa] (  i io.e.:  .af ss'  [er1 I

4 , 6 ,  T I i E O R H l v l .  l * !  a = ( a r r . . . r a r r ) C  t t r y )  "  b e  a . ' i e f , u l a r

corinul, int!  system with the single valued extension property.

Proof .  We f i rs t  p rove

' . 1  
" . , - ,  

I  ' -

r -
) ( 1 *  v - ( 3 2 -  S ) ) ( z ) ^ d z  =  o ,

( s i n c e  f ( a r ) = 0  )  . T h e r e f o r e

se'condeIi s o f tb s e(,(

Yl

q

I

rr

\r

!
r

+
t,

go

I
E

o

+

h

a

I
c . 

{"*t ; tra(x)= r{ u, x)}+

the fo1 lowing:'-statemeRitc+, :
-.-..--4*f

potydi  sc such,. that  Dnor(  arK) *  6L e t  D C 0 n  b e  a n  o p e n
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Then t i re  :subset  (o1A(  Drx) *  ;  .  .  *o<r rA(  Drx)  )  n  x  i s  o f  the  f i rs t

c a t e g o r y  i n  X  , w h e r e  x r ( z ) =  r j - r j  ( i =  1 r . . .  r n ) .

Incleedr let  us consid.er the. ;eont inuous and - l . inear mappi,ng, , r

n n n

j = l  o  j = l  ,  j = t  J J

Since X can be  qegardet l  as  a  c losed.  subspace c f  A( 'D ,X) , r then
-1yu:  TJ ' (x)  is  a  c lo .sed subspace ,o f  A(Dn.x)O .  .  .  Sa(  u ,x)

i ,et Su= TrlY* .Then we have

i .  : . .  : .  .

.Assune non tha t  Sr (Y* )  fs  a  se t  o f  the  second ca tegory
/

in  X .S ince Y* and X are Frephet  spsc€ts , r then S* is

sur ject ive 'Thus t :  *unnt* -  

u ,  t \  , *
ya i9A(D)  - - * -_+  xEA(D)  =  A (D ,x )

is  a lso surJect ive.Since Yu,  i ' s  a  c losed "subspace.q, f  . , ,  . t  '

A (D ,X)e  .  .  .  4BA( l ,X )  and  A(D)  i s  nuc lea r ,  t hen  v *6n (u )  . ' ,

can be  id .en t i f ied  v r i th  a  c l -osed sdbspace o f  the  spacg
n / \ n

( O  A ( D , x ) ) E A ( D ) =  @  A ( D x D , x ) ' : : r : ;  , \
j=1 j=1

f , lo reover r the  mapp ing  Srd f  i s  the  res t r l c t ion  to  the  prev ious

subspace of  the rnapping ( 'wi t ,h values in l (  O x D, X )  )

( 1 1 6 1 ) ( 6 .  r i ) ( z , w ) - = i x r ( z ) r r ( z , w )  ,  z , w € D  . : :  , :
j= l  ,  j= l  r

S ince  Sudf  i  s  sur  j  ec  t i ve  r  every  e le rnent  f  €  A(  D,  X)  can be

w r i t t e n  a s

f ( w )  =  < t ( r ) g r ( z r w ) +  . .  . + < r r (  z ) 8 r r ( z ' v )  t  z t . ' { € , D .  1  , . u ' ' , i ;

w i t h  g i r . . . r g n  i n  A ( D X D T X )  . T h l s  s h o w s r f o r  v I E z  r t h a ' t ' , t h e

napping T" is sur ject ive.Hor*everrsuch a conclusion 1s' i ra

- c o n t r a d i c t i o n . I n d . e e d r i n  t h i s  c a s e  I { n ( A ( Q r X ) r o { " ) =  0 , w h e ; € a s r '  . . .



autonat ica l l y ,  Hp(A(DrX)  ro<r )=  0  fo r  0 - {p , ( - ,n -1- .  (s ince  t :nu

sys teru  a  has  the  s ing le  va l r :ed  ex tens ion  proper ty ) .Then

Dno- (  a rX) :$  , r *h ich  cont ra .d lc ts  our  assu inp t ion . , ' '  . :

Now,l*J {"n lnT,  be e dense subsct  of  e(arX) .Let
f -. r €
tDkn lq=f  be  a  fami ly  o f  open po lyd l ;ns  such tha t  the  ceqter  ; ' .  1 i , ; :

of  ,  OOn *k and uhe polyradiu-a of  .Onn tends to zero ,

as e ---+ oo n for elach . Thon the s,e t 
' '

o€
x0 = 

, -V]  
( ' { rA( i ) i<q 'x) .+  .  .  '  +c . jA(  ouqn*)  )nx

K ,  Q = l

i s  o . f  t h e  f l r s t  c a t e g o : - y  i n  X  o b y  t h e  s t a t e m e n t  a t  t h e  b e g i n n i n g

o f  t h j . s  p r o o f  . L e t  x . # X ^  a n d  a s s u m e  t h a t  a ( a r X ) t . ' f a (  x | # 6  :
U '  U

By the  dens i ty  o f  the  se t ;  { * f r } t  in  o - (a r  X)  ,  the  fac t  iha t "  the .  , ' " . i : .

po.Ly:aa61ug.of , , , . .Dke tends to zero as q--+ao and the def in i t ion

.  o f  T r ( *O) ,w:e  can f ind  a  pa . i r  (k ,Q)  such tha t  ,  !  :

* 0  = . r l r r ( z ) u r ( z ) +  " . . + c r r r ( z ) u r r ( z ) ,  z e D k q ,

.  n ) : e r e  r j - A ( D k c r X )  f o r  , , . i = 1 e * . . 1 , r r  , T h e n  
" 0 * X 0  

; w h i c h  i s

a  cont raa ic t i ;n  
j : - " " "n"en t1y  f * ( *o )=  

o . ' (a ,X)  ,  s ; r ; ,  thag  thq  se t , .

{ x e X  ;  ? ^ r ( x ) = e r ( - , X ) }  
: )  X \ X 0

.  i s  o f  the  seccnd ca tegory  in  X  rand the  proo f  i s  comple te :

'  I t  is  beyett6 our Bcope to recapture "here al l  of  the

proper t ies  tha t ,  a re  known fo r  decomposab le  sys ten is ,a .s  ln  IZO] ,

Chapt " IV" lJe  on ly  ment ion  tha t  one mi .gh t  cons ider  spec t ra l

capac i t les  on  psouCor in5 ls  o f  c losed ee ts  and ge t ,  the  cor respond ing

a s s e r t i o n s  f o r  t h e n r  i .  :

5. CONSEQUEI{CES FoR THE UNMR$AL UXTEI{SI0N

In th is ee.ct ion we shal l  dertve ,ssl*e? consequenceg of  the ,

prevlous resul ts; . in the ca6e of .  the unlversal  extensions (see
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D e f i n i t i o n  5 . 4 ) .

Le t 'X  be  a  p r /cne t  space and le t  Sc ,Rn be  a  f i xed . , . ,  . , . : : : i

c o n p a c t  s e t . F o r  t h e  s a k e  o f  s i n p r i c i t y r t h e  s p a c e  # u ( a r x )  w i i l

be denot 'er l  by XA( S) ,We shal l  show that the systen of  mu}t ip l i *

c a t i o n  b p e r a t o r s  t = f f  , . . ,  , / r r ) .  l s  d c ; c o m p o s a b l e  o n  X A ( S )  , r :

5"1.  LEI ' I I - IA,  I ,e t  Kc. ( i i ' "  be a compact  set  and le t  ,

. c -  |  q  rr  - ' \ - - r ,  o  o , o r , . . ) c A ( K )  . T h e n  f o r  e v e r y  r + , . € E n \ f ( K )
] t r r V

t h s r e  a r e  o F c n

ne ighbourhoods  L I  F t /0  i n  ( , 1 r  cnd  V  )  K  i l  0 t

8 1 , .  "  . , 8 i n  i n  A ( U X  V )  S . r c h  t l a t

,  a.nC func I  i  l r t is

( 5 . t ;

Proof  .  Le t  U= wO be .an  open po lyd isc  such tha t  6n  f  (K)=  d .

Since KcRn ,by a rrel l  known theor:en of  Grauert  the set '  K has

a fundamental . ,system of nel l ihbourhoods which aro Stein uani fotd,s;

Therefore we can choose a neighbourhood V of  K 
.  

V a.  Stein

roan i fo l '1 ]such tha t  f (V) f r  U 'c  f  .The ex is ience o f  the , . " func t ions  , , i

, g j r . . , r g r u  t h e n  f o i l o w s  f r o n  T h e c r e n  B  o f  C a r t e * . n  ( s e e  [ a ]  f o r  . , :

d e t a i l e ) .

5"2.  THEOREI' I .  The a.n"*, lyt ic . funct ional  calculus of  the

on xA(  s )  j . s  g iven  by

( f ( l ) u ) ( g )  * u ( f g ) A

,  f ' € A ( $ )  r  E € A  ,  u € X ^ ( S )  .
n

I { o r e o v e r ,  n  
9 "  r X ' (  S ) )  =  S

? r o o f  .  T h e  r i g h t  s i d . e  o f  ( f  , a 1  i n a k e s  s c n s e  f o r  f  € A ( $ )  ,

s i n c e  e v e r y  u e x A ( S )  c a n  b e  e x t e n d e d ' b y  c o n . t ' i n u i t y  t o  A ( S )

( b e c a u s e  o f  t h e  d . e n s i t y  o f  A  * $ '  . I " t  i s  p l a i n  t h a t  ( 5 . a )

is a uni ta l  a lgebra honnonorphisn: . :sat isfy ing the condi t lon (C)

fron the thl rd sect ion.Thereforo5;t t  ls  the funct ional  oa}.oulus

conrrut ing sy$ten . / , r=  
( /^ t r .  .  ,  , f .n)

v t t  I  " '

( 5 . 2 7

of  /n  prov ided that  (3 .2)  is  fu l , f i l led.



Le t  ue  p ro ' ve , tha t  c r ( f ! , . ) ,XA{S) )= f (S )  fo r  a l1  n - tupLos

f  = ( f t r . .  r , f * )  * A ( S )  . I n d e e d r i f  n ' d t t $ ) , . o i l t  v i r t u e  o f  L e m n a  5 ' ' l ' .  , ' -  l

ther6*are  open.ne ts  l JFw6 r  n :U and" . f .B ,nc , t l ,ons  81r ' ' ' ' ' ' o86  in  *

A ( U X V )  s u c h  t h a t  ( f  . f  1  h o l - d s " I f  '  u e a ( U , X ^ { S )  )  , t h e n  w e  c a n  ,

't*d."fin6 
the continuous endomorflrlsr,r *fU, . '"of A{lIrXA(S)) ty ::

the cquat ions

' ' ;  ( F r " i ( w ) ) { h )  * ' u ( w ) r ( a r ( v ' z ) h ( . 2 ) )  '  t I € 1 I  '  h € A

fo , r  a1J j :1 ,  .  .  .  , i0  ;$ in iJ .ar1.y ,  i f  .v re def i r , re  t -ne i ,+nc ior iorphisms .1

(  (u r r r  )  (w )  )  (h )  :  
" j * (w )  

(h )  =  r r ( v )  (  i i h )  '

t hen  { f  . f  1  shows  th ; t  d f  
f  f+ , . . }L t * f  *=  t  . t ' he re fd re rby  v i r t ua

,rlrr*of T,c.iqna I.2.5 forn [20] , the' oys,!.em- p.q; endonorphisms o f(].) 
(w) =

^  
' ' / '

t  ^  f  . ,=  ( w t - r t l f )  r . r . ? w * - f * f ) )  i s ' n o n s i n 6 l r l a r  o n  A { D r X " ( S ) )  r $ o  t h 3 t

ordn(rY),xA(s)  )  .Hence -(Tru) ,x l (s)  )c f (s i  - , ,
' , ; . rq ; , , , .  . :  Assune nor , r  tha t  f (S) \o - ( f (7a) ,XA(  S) ) l f i  .Then we ean. f ind .  , . ; , , , : . . , , i  , , " , ; : ' r i :

,/

, , , ;  a  co rnpae t  nonempty  subse t  KcS,  such  the r t  f (K )A- ( f ' , f ) , xA(s ) ) '= '  . , ,

= $ ,By the f i rst part of the proof ,we have s'( f  (rr ' t  txA(X) )c f  ( f i )

( *here "  XA(K )= gx(A,X)  )  ,and hehce '  v( t  
f l ,XA(r )  

)  does , r+o j  . " :  . : :  :

interseict s-( f  F) ,XA( S) ) , ! Ie shal l  appl.y* fropnsi-t ior i  '  7.6 with

x . - = . 2 = x A ( s )  ,  i = o  a n d  t * = x A ( K ) . . T h e n  0  i s ; u s t  t h e  i n ; l u s i o n

XA(K;cxA(S)* ' - .1 f  the  f *nc t ion '  f ron  ( ' l .S )  i s  supposed to  be  erua l -
. A

to  I  ln  a  ne ig ;hbourhood.  o f  6 " ( t ( f ) ,XA(K) )  and-  equa l  to  0

i n  a  n e i g h b o u r h o o d .  o f  n ( t f ) , X A ( S )  )  ,  t h e n  ( 3 . 5 )  s h o w s  t h a t

X A ( K ) =  A ' ( f  ) d  X =  0  , w h i c h  i s  a  c o n t r a d t c t i o n  . w h e n  X # 0  ( w h i c h

j  , . i r ' i s  the  case tha t  in te res ts  us)  .Consequent ly ,  r r (  f f )  ,XA(  S)  )=  f (  $ ) , , : , , .  . - '  ! j : : {

, In  par t icu lar r i f  f  is  jus t  the n- tup le  of  the coord" inate,o-

funcf, ione;.t ,he above result  shows thAt ofrxA(S))= S .We have .: ! ; i : ,"

* shor^m-in this way that (5,2) holdsran<l the proof is cor 'rpIete. -r ,+- i : .- , .
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5,3.  THE0REII{ .  The comaut ing systpmf=V t r . ' , . r / n )  i e
A

decosrpo,sabfe  on  X^(S)  and i t s ,spec t ra l  capac i ty  i s  g iven :  by

c / ( , s )31 ' - -+xA( l ' )  =  & t (A ,x )= {uexA(s )  ;  o - (u )c r  }  ,

Proof.  As we have already not j .ceci  i .n the previous sect ion,

the  .mapp ing  : l  - 'XA( f  )  (neCC(  S)  )  i s  a  spec t ra l  capac i ty ,

l i loreover ,  o lL l ' rxA( l ' )  )  = n r&$ foLl .ows fr ,om the preceding theorem.

Hence the  sys tem ,A  is  deconposab le  ( in  the  sense o f  Dc f in j " l , j .o r r

4 "  2 ) . T i r e  l a s t  e  q u a l i t y  o f  t h c  s i , a t e n e n t  f o l . . l - o i ; $  f  r o ; r  ( 2 " 1 0 ) .

5 .4 . .  REHiAI IK .  The con;nu t ing  syr ; ten  , / r=V. r r " . .  r / " )  on

X A ( S )  i s  a  1 i t t l e  b i t  m o r e  t h a n  d e c o m p o s a b l e . l l a r n e l y r i t , h a e  t h c .

p roper ty  tha t  i t s  res t r i c t ion  to  eaeh subspace X l (S)  ;$ , f  +F lcS)

is  s . t i l l  decomposab le .There forerwe can say  tha t  the  sys tem

is stronct ly decomposab& on xA(S) ,extend. ing natural ly the

cor respond ing  one-d inens iona l  concept  I t ]  .

5 .5 .  0OROL] ,ARY.  Tor  every  ueXA(  S)

P r o o f .  I n d e e d ,

one  has  c r (u )= Yr(u)

. r " 1  A
c - ( u ) =  n i . F G R "  ;  u e x A ( F ) ]  ?

and the  ec iua l l t y  fo l lo rvs  v ia  Theorems 4 .5 ,  5 .3

( 4 " 2 ) .

5 . 6 ,  C O R 0 L 1 A R Y " .  T h e  s e t - ' o f  t h o s9  u  e K r t A , x ) such bha.t

o - ( u ) =  5  i s  o f  t h e  s e c o n d  c a t e g o r y  i n #r (n ,x )  .

proo f  .  we  have  u  
V rxA(s ) )=  s  ,by  Theorem

the set  ' [ , "e  xA(  s)  ;  c (u)= sJ '  is  o f  the second

vi r tue of  Thooreru 4.6 and Coro l lary  5 .5,

5;! . , ,  THEORBI'{ .  I- ,et a= (&1r. . .  rarr):  #fX>

conmutihg system such thaf. .  cr(arX)cnn .Then th le  sys tern  is  the

and the  equa l i r ; "

5 , 2 , T h e r e f o r e

category ,  in

be a regular

res t r i c t ion  o f  a  (s t rong ly )  deconposabfe  sys ten .
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} ' roo f  .  fndeedr the  un iverea l  ox ten-q ion  o f  the systen a

sys [en ,  Dy( s e e  D e f i n i t i o n  3 . 4 )  i s  a  ( " s t r o n g l y )  d e c o r n p o s a b l e

f i r t u e  o f  T h e o r e n  5 " 3  { a . n C  R e m a r k  j " 4 ) .  i

we c lose  th is  sec t ion  w i . th  an  app l lca t ion  o f  lheorem 5 , "1  .

5 . f ] .  T H f l O I ? S I - { .  
l * t  

a * - ( * } , . . . r * n ) c g { x }  b e  a  r e g u l a r

ggnryutine systen such t,hat .-(rrX)<:,Utt .Then the sys ten  a  has

the s lng le ' ' rah ied extension prope: : ty .

P r o o f ,  l e t  $ = , : - ' { a r X )  . B y  } r o p o s i t i o n  3 . 1 ,  the  space

can be  i 'oen t i f ied  w j . ih  a  c losec l  subspace Xu.  o f

lve have tne exact sec,uence of  FrJchet s i ,aces

xA(  s )  ,Then

0 ---.*^X*--------+, iA( S) .+ XA( S) /Xo--- 0 ,

f ron r+hich we der lve the exactness of  the " l .ong cohoraology

geQuence

-1i lp( A{ D, 
]u) 

,or) --* I ip(A( D, xA( s) }

po lyd isc  Dc0n (  see  [aO]  ,  Ih r ,o renr  J .2 .  - - t - )

the  s ing le  va lued ex tens ion  proper ty r l re

I I P ( A ( o , x A ( s ) ) , 7 ) =  o ,  0 ( p  ( n - I  .

Wo shal1 show L,y induct ion that

H p ( A ( D , X ) , o a * ) =  o  ,

w h e n e v e r  n ( a r x ) c n n  ( f o r  a r b l t r a r y  X  a n d  a  ) .  
'

T h e  p r o p e r t y  ( I 0 )  i e  a n  e e , s y  c c , r s € q t r e r r c €  o f  ( 5 . 3 ) . f  f  w e

admi t  tha t  ( ro )  ho lqs  fo r  a  cer ta in  p (n- I  , then ! i ' b ' ib , l6 .o  have

up(a(n,xA(s)/xa) , !)= o . ,  
' t i  ' '  _*_*.

N^) -----*
( 5  " 3 )

fo r  every  onen

sssten it+ has

.  S ince  the

have

( 5 . 4 )

(  r p )

(  5 . 5 )

rndeed,  xA(s) /xa
. /

is a Frechet space *anri",.

- 
f, xA( s) /x*) c '-f ,xA( s) 1 v *(f ixu) +.s c Rll
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( s e e  l t e r n a r " l t  I v . t . ?  f r o n  [ a O ] ) . T h e n  ( j , j )  h o t c l s  b y  ( I p ) . F r o r n

( 5 . 3 }  ,  (  5 " 4 )  a n d  ( 5 . 5 )  r , r e  t h e n  o b t a i n  t h a t  g P + 1 ( a ( n , x o )  , c < * ) =  0  ,

'  so  tha t  the  sys ten t  has  the  s in -g le ' r , ra lued ex tens ion  proper ty .  '

The proo f  o f  the  theorern  3 .s  comple te .
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