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X'IT[J.OI]UCTI ON

'1  In  th is  paper  vre s tudy the f low of  an i -ncompress lb le  f lu id

through a non: 'homogeneous dam" i  t : / . ! ' r i

The probl.em" f.br:, . th€ holl0greneous, rectangular dam was f irst

t

ccnsl iered by Baiocchi  I I . : i " ' rand extended to-t | ie non-homog.gneous c&s€;

in  wh ich  the  permeab i l l t y  cee f f l c ien . i ;  haS.  the  f 'o rm k(x rY)=k l (x ) .
F I a I

; k ,  ( y )  by  Benc i  I  Z  J  and  by  Ba iouch i ,  F r i edman  I  3  J .  Thc  ex i s tence  an i

regularity of a solution fc.f" . the, '-non-homogeneous rectangular dam 'rre-

rC:proved by Baiocchi  [4 .1, i , , ,  1n,a11 of  them the so ia ' l led "Baiocc] i r -

t ransfo lnat j -or . "  *as used

The homogeneous dam problem was a lso s tur l iec i .  us ing another

formulat ion by" ' 'Brez is ,  K inder leh;er ,  Stampacchia IS J  t f tu t  have pro-

ved the ex is tence and regular i ty  o f  a  so l . r r t ion.  In  the same set t ing

the  un lqueness  was  s tud ied . ,by  Car : r i 11o ,  Ch ipo t  IO  i .

Fo r  t he  genera l  f o rm o f  k (x ry )  r , ve  emp loy  non - l i nea r  va r ie  -

t ional  inequal i t ies us ing some ideas 
" f  

[ .S,J i  
"  

. ; - i

In the second paragraph we-rBSgL.at:. 'variat ional fornula-

t i on  o f  t he  phys i ca l  p rob lem.  :

The next two paragraphs c'os,i . taln the proof of the existence

ancl uniqueness of the soLution usdr-i& i ' ' the addit ionaL assumption t"hat
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*> r0  ( i f  t h i s  cc - rnd l t l on  i s  no t  f u l f i l ec l  some o the r

occur  e  .g .  A I t  [ ?  l )  .

In the f i f th paragraph vre extend the resul_ts

homogeneous and anj-sctropj-c dam.

In the last  paragraph we consids: r  a  layered
'thot 

the free bo'undary is a subgraph in e:ach c,f the

the condi t ion + r0 is  sat is f iec l  j i r  e1/e l .y  layer  and
o J

le dam.

i ' r

P h y s l c a l  P r o b l e m  ( p . P )

d i v ( k 7 p ) = -  * ,  p ) 0  i n f ) ,av
p = H r - y  o n  S e i  i  p = 0  o n  5 3 ,

O(ff i  + nr)=O en sI
* r

p=01  o (3H +  n r )=0  on  y=y (x ) ,

f low models  can

to the non-

danr. vle prove

Iaye;'s even if

not in the:-r,;who-

I, THI PHYSITAL PROBL[i1

l ve dencte by D the cross sect lor i  o f  the dam, by egD the

wet  reg lon and by y=Y (x)  the , ; r f ree boundary.

4 
{ . - ! , ; !  The boundary 

.o f  
D is  formed by, t : f .e lur  d is  jo in t  par ts ,  51

the impervious partrsr. the parts in contact with"&he,rq,g.ervoir,sl i .

s t  , , t he  we t  pa r t  and  sa  the  pa r t  i i r  con rac t  w i th  the  a i r .  , , . , .  :

'  . i r  we suppcse that  the pro ject ion of  D on the x* .ax is  ig ,got r r .

t a lned  i n  the  p ro jec t l on .o f  S r .  . - -  , '
r t

*  Let  p 'be the pressure of  the f lu td arrd k(xry)  the per im€ai -

bi l i t 'y coeff icient, which is assucft€d to be a functj.on hrounded from

below hy a posl tJ-ve constant  oC.  ,  .  j , . :

PY Darcyts  law,  the cont inu i ty  equat ion and the boundary

condi t lons,  we obta ln the fo l lowing prob. lem: ; . ,

( 1 " 1 )

Y:_":j::_r_.septs 
the water-Ievet j.n rhe 1-reservoj-r and n (n*;ny):

the exter ior  uni tary,  .normal.

Other boundary conditlon on 53 1eads t.o another
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variat,lonaf

t

3 -

fo rmt i la t ion  (e .9 .  IsJ ,  Ig r ,J ) .
.

5a

,  , * .  i
*, I'r;. :ri-f

--&-' . 7

Le t :

( . , = ) D _ S 1  r

and  f  :  I ' * 'R "de f i i :

[ui-  Y

f=l
Io

I {e  assunie

( -
k€ IJ* ,.L-') f l

r : r ' | i  i "  ' I Je  
ex tenc l

func t ion  by  p  a ls

Let  H be

[ ' r
l *  ,

H r * ) = { c

l : fe define

(= [ve i i t  tn

! e t ' s  c o n

2 , VAR IAT i OIIAL FO NI/IUI.AT I ()IJ

(  2 . 1 )

.  A  l - . . r .
E u  v j

o n  S ^ ,
ZL

.  . : ' i  ( 2 , 2 )  :  ,
n l r  c '  l l cv r r  " 3 u  " 4 '

lhat , :

L * { i } ) a n a $ ? a o n D .  ( 2 . 3 )  , r ,

p by zero ln i - i2 and v;e dehot.e the extended

v a

t he  Heav is i c le  f r . rnc t i on i  ' :  r  . .  ' 1 i

i f  x ) 0  :

{ 2  . 4 }  
' '  "

i f  x ( 0 .

. t he ' , ' f o l l ov . r i ng  . convex ,  c losec l  subse t  o f  H t  (n ) :

.  ,  n l
)  / v = f  o n  l '  J  (  ? . 5 ,

s iCer the fo l lo ' . . r ing v. l r iat j -ona1 formulat j .on:

I -Y(x)

( 2 . 6 '

V v 6 K .

Var ia t i ona l  P rbb lem (V .P )

f  l ' l ad  p€Kr
t -
1 r  f  s
I  Jk fp.  V (v-p)  c ixdy + j tc t i  te)  S(r ' -pHx<ly20,

D D d l



4 -

THEOREM' , 'Z . I .  I 4  p  l s  a  so lu t l on  o f  (V .e1  then  p  i s  a  weak  . ,

s o l u t i o n  o f  . P . P )  a n d  p e c o ( D ) .

Proof  .  By observ ing that  p+e x an.c l  by :nak ing . r=p*  ln  (2 .6)

we  ob ta in  Fp -=U and  nence  p -=0  & .€ .  l n  D ,  t hus  p7O E .€ .  i n  D .

r f  we choose Vtg(n)  we can obta ln  a lso that  :

div(kPp1+ f r *n  (n lJ ,  =  o  tn  f r ' (D) . r ,  {2 ,7 ,

and by regularit;* l"Esults, [g ] rr" decluce that p€CoID). ].: :.

We define the followincr Set: .

f r  -  I  r . .  - . r -  n  / -  r - .  - - r  ^  IJ . - 1 r x 2 f ) € D / p ( x r r ) > o J .  i  ( 2 . 8 )

r t  f e  f i  + n ,  b y  t a k i n g  v = p  t  f  i n  ( 2 . 6 1  w e  o b t a i n  ( 1 .  t ) ,  i n

the weak $.ense e

T E  \ P  I  ^
r r  ,  € .  H r ( D )  n  Y = 0  a n e .  i n  D - n  ,  Y = 0  o n l ? - s '  b y  r n a k i n g

I

V = p f  Y  i n  ( 2 . 6 1  w e  g e t  i h . l )  
"  

i n  g 1 / 2  1 . c ,  r. t  ' t r /  '

Let  t i re  f ree houndar ]  be < ief lned bys , :

Y ( x ) = s u 1 , I y ] t x r y ) € c j n D .  , : , . :  ( 2 . 9 J

Cons ider ing  fe "9  lO)  and v : l : t  f  in  (2 .61 ,  {1 .1 )  4  resr r l t s . .

Fl t rar i . ly ' . takLng j . r to account the def in i . , t ion (2.8) of  lL we concl t rde

th i rL  p=g on  y=Y (x )  .  1 i  !

3, il{ISTII'ICE {JF A SOLUTI' II

he ex ls tence o f  a  sc lu t i "on"  o f " the  var ia t iona l  :

emplolr ' *he same method as in f  sJ:  vre

ence of  var iat ional .  lnequaLi t ies wi th unlque

approxlmate the solutiorr o,f 'r:,(r1r;;g) "1, ;,

for each 6 we define *la.e funct'i,on
-.-_-_-.*t

{ i , ,  
i f  x > {

I

/ 5 ,  i f  o . < x { € ,  , ' .  i  ( 3 . r )
l c
I

[ 0 ,  L f  x ( 0 .  :

For proving t

formuLati.on r.re sha1l

shal l  consi<ler a sequ

so lu t ions ,  tha t  w l l l ,

L e t  € > 0  a n d

II ,  (x)  =



One can observe that

l l r i * . u ) - H r ( v )  f l  ?  <  l t t . o - "r , ' ( o )  e

.  , ' , " . ' .  ! : !

i s  L lpsch l tz :

, )  "  f o r  a l l  u r v e  1 , 2 1 o 1
r -  (D)

He

,l

We conslder the fol lowing approximate problem:

PenalLzed Var la t iona-r .  Frcb, t rem (P.Vt  )

f F i n d  p , € K t  , .
{  _  ( 3 . 3 )

I  J  u7p,  'v (v-p6 )dxdv+ Jr ' " ,  tp ,  )#1v-pe)dxcvz0 rveK,
D D

( 3 . 2 )

of {P d"%,} and

t ha t  f o r  a l l  qeKr

fol low.' lng variat io*

-,THEORE$I 3..f". There exist.g pa a Selutlon

P e  7 0  E . € .  j ; r  D .

Proof .  I ' le def ine an operator T:K *K so

f (q)=pe where p. is the unique solut.i.,rn of the

nal  inequal i ty l  r - iu i . , .

i t  i . * ,

I  r rnd  p€€K,  ,  (3 . , .4 ]  ,  . .

: 
I J -vp. . 9(v-Fs ) d1,3v * Jr.*r, {ulf r,r-p, ) dxdv70, vve x. l
t  

L  D  
v r

'  fhe prevtous var iat j -onal  lnequal i ty has.a unt i re, ,gg, l$f ; . i .e l r r :

due tc i t tandard existence: dnd uniqueness resul ts for  var iat ional  . .

inequa l i t ies  o f  the  f i rs t  t ype .

" r  Le t  q*  tQ2eK ana p ]=1(C1) ,  n3=,  @) .  By  ac lc l lng  the  cor res-

ponding inequallt ies wlth v=pi ":nd, .v=r,l respeetively ar:i l  using

(3,2),  t .he Fr iedr ichs' inequal l ty and the def{ni t , j .on of  i ,  we get:

r r t
i l  p€ -  p? | l  ,  . -  .< F l l  qr -q2l l -2 .- .  '  -  (E. s)'  H *  ( D )  L -  ( D )

and hence T ls  cont inuous in  the weak topology of  l t1  (p)  .  K is  a

closed, convex set and irence compact i-n the weak topology. Thus by

Schauder ts  theorem T has a f ixed ' "pol ,n t  which,  1"  a  so lut lon of  (3 , i3r l .s

For  prov ing that  p5)0 a.e.  we use the same method,*eF in  , : . ! j : r :

t h e  f i r s t  p a r t  o f  T h e o r e m  2 . 1 .

(P.Ve )  has a unique solut ion.THEOREM 3 .2 .



Proof.  Let  us denote bv:

Ko=[ ve Hl ( n) / v=o 
"" 

;.

I f  poe K and F=p-po l t  resul ts t h a t  F e X ^ . ' F r o m  ( 3 . 3 )  w e  g e t :- O

H v e K o .  { 3 . ? }
-  t -  t ' l *

(3 .7 )  l : y  J tgJ '€  K-  r  w€ have

'  m e s  ( p )  ,  (  3 . 8 1

f o l l o w s  . . . .

*ek (o")  ,  (  3.9 )

I . Ihen J tenas to zet 'o we cbtain

is bounderL
. 1

i n  I I -  (D )  .

sub-

' : l ' : '

I  F tnno
I
i  I tVp, .Vvdxcty
\ 6
i e t  p l ,  p 2  b "

I{.enee:

f  a t ,  r  -  
( 3 ' 5 )

n 
I  o I i r  (p€ *p")$r*ar= fo[p""Zvdxdy,vveKo
D  

J 7 Y  . , "

t ;uo  so lu t io ry ;o f  (3 .3 )  and q=p1-p2=! ,1  -p2 .

ll r-n ft o tql]-i 11 .,

the con*,stelnt being i"nclepend.ent of

q( G &. €. j : fr ,  1)1 and he.nce ,p.l ."p? .

Lnln.tA 3. 3. The sequence I p, J,

l f  |  ^  r

I  Jk 
y 'q.Tvdxdylc 

F J I  q l l r ' , ' l  d-<dy
b  * D

If  for  f ,>O we ssbst i tute v ln
' 2

f 1vu f r. .ts;{r-j Itu*ur< c-
D ' V

By Fr*,edr ichs'  inequal i ty i t

cv
f , .

P r o o f .  F r o m  ( 3 . 3 )  w e  g e t :

') ..
l l  p r f l  ' r  < l i  i c i i  _

H *  ( D )  i ,o, Iu n' l l n  l l  v ! !  ' '  + m e s ( D ) ( i l v l l  
"  

+
H *  { D )  H ' { D }  H ' ( D }

+ l f p , i l n  ) l r  V v e x-  
H . ( D )  '

and the conclus ion ls easely obtaj-ned

There exr 'sts a solut ion of  the var iat , ionalTI IBORBMT 3.4.

p rob lem (V .P )  
"

Proof. -she..sequence 
f p, j, be*ng bounded, there exists a

$equence,  denoted .a lso  by  {p r i ,  weak ly  convergent  to  peK.

b
. ,.!f,gt 1



The seQuen6'e [H, tn, ) ]. ls

ex is ts .  f r .12  (o )  so  tha t :

He (p ,  ) *  11

and rnoreover E=l  when p>0.

l r le def lne:

.,
a l s o  b o u n d e d  l n  L ' ( D )

)
w e a k i y  i n  L -  ( D )  .

7P'
l ) - :dxdv  =  0 .-  

^  I t

d . J

and therefo$re there

( 3 . 1 0 )

( 3 .  r 2 )

which ls  an

ln theorem

when t

1 lm
ria

tends to

0 e =  {  ( x , y ) e t l v s ( x , y 1 . t J ,  ( 3 . r 1 )  
' :  

'

open set sLnce rnre use a slmllar regularity result,  as r

2 , r .  :

In order ' to pass to the lnfer lor  l . iml t  in {3.3) when €

tends to zeror w€ must compute the fol lowing term:

f  . P ;  - . 2 P r  -  l r  I  a , ,  2 ,  a , .  2  ^ '
J o,? -  l ) i ;oxoy= ) tTE N(Kpel-  ay\KpE ) -  # # *n,  SJ**utnr 

="i- |e,,oa, .  J *(po - $,u*u,. j
?9, t '  r  frr" '

We obt;t ln: '

r P "
J  k ( *  =
nt
z e r o :Thus

; l :
J
D

By

kVp.V(v-p)dxdy *  J r . f i  
#, , " - t ) r lxdy70 

yv€K.

D

tak ing  v=p:Y ,  w i th  Ye &to l  in  (3 .12)  we ob ta in

d i v ( h g p ) +  t l * i i ) . ,  = 0  i n  S ' ( D )  r  ( 3 . 1 3 )

f o r  v = p t m i n ( p , t Y ) ,  w h e r e  f e  & ( D ) ,  f  ) , 0 r ' . 5 > 6 t
r 4 f I f -lt.

j  k7p.TYdxdy + f J t< ([p)'oxciy- J +i Yaxay
P>s { }  { n - . : v3  f n ' ev1  

s r

1 [ .lf.-  ? J ff iPdxdy F u.
t  

{ o . p - < t v j  
/ Y  

;

S ince the second term is  s t+ lc t ly  pos i t lve and the last

tends to  zero when € tends t .  , ; ; ;e  get :

J  oyn .? faxay - .  f  * . ' f  d xdy , r  ; fYe$  (o  |  ,Y r . 0  ( 3 .14 )
D  ;  a v  - ,

ancl

one



I

F r o m  ( 3 ; 1 3 )  a n d  ( 3 . 1 4 )  w e  o b t a l n

*  f  r c r f i * r i l " 0  i n & ;  ( D ) .  -  ( 3 . r s ) .
4 J

We have to prove next  that  H=0 when p=0.

L , E M M A  3 . 5 .  t e t  p  b e  a  s o l " u t i o n  o f  ( 3 . 1 2 i .  T h e n :

I .  p ( x o r y o ) > O  i i n p l l e s  t h a t  p ( x o , y ) 2 0  f o r  a l l  y < y o ,  ( : x o . , y )  6  D r

2 .  p  ( x o r y o )  = 0  f m p l i e s  t h a t  p  ( x c r i  )  = 0  f  o r :  a l l  y z l  
o ,  

( x o r y ) 6 D .

P r o o f .  r f  p ( x o a y " ) ) O ,  s i n c e  f t o m  ( 3 . 1 3 )  p  i s  c o n t l n u o u s  o n

D,  the re  ex i s i : s ' an  open  ba l l  B r ' ce i l t , e red  i n  ( xo ryo )  i n  wh ich  p  i s
P

str t rc,biy posi t ive anr l  henge H=l d.Bo

Fronn (  3 . "15)  t  t f r - r  )  i s  d  decreas ing  d is t r ibu t lon  o f  y  "
Because rct f i - r )  1s negar lve in D and zerc in B i t  resul t ,s that

f c t f i - f  )  i s  z e r o , ; t . n  t h e  s e t  $ = [ ( * r t  ) e o l ( x r y o ) € g ,  y * y o  ]  a n d  t h u s  b y

( 3 . r 3 ) :

d i v ( k V p , = ' - # . 0  i * S '  ( s )  .  ( 3 . r e 1

I f ,  we supl iose that,  p(xn^v)=0'$o,tr . rsome V.yo, (xory)e p,  by

the  min imum,pr inc ip lc ,  ( [BJ ]  we ob ta in  p=Q on S,  bu t  th is  cont rad ic ts

t h e  f a c t  t h a t  n c / p ' O  ) .

The second statement of the' '- lemnr,a is a slmple consequence of
' '  , thb f  1f  st .  one.

Tt can be provecl  as fn fOj  that  the f ree boun,t lary def iner l  .

by  (2 .g )  i s  lov rer  sern icont inuous  and hence measurabre .  .

L E M M A  3 . 6 .  . I f  p  i s  a  s o l " u f l o n  o f  ( 3 . 1 2 )  t h e n  f r = I ( { p r 0 J ) .

Proo f  . ,  Le t  (xor lo )e  D- {p  t  O i .  Th ls  y ie lds  jha t  thc re  ex is ts

a square

s. =f k,y)/ I x-xol. f , I y-yol r'eJ-c(D-Vp ;6-Jil

in which p=0. By using the previous lentna ivre get that p=6 in

'-_1lgsc



f , r : - - -P,  =  
t ( x r y ) /  f  x - xo l<€ ,  y ( x )1y<yo+e  J .  ( n - f n  r  0J )  .

We denote by Yt a smooth funct,Lon depending on x only

wh ich  sa t is f ies  :

f ,  t*) =1 for x efxo-t + J, xo+f -J-i

Yy (x) =0 for: x(1rxo- €, xo+ e j;

o ' Y r ( x ) < 1 1

and by':

o, = 
f (x n v) eol tx-xol< f ,  v.vo+ri-Pa .

Hcnce pr , t (PrUno)  
1 . (yo* f -y l  

i s  a  tes t  func t ion  fo r  (V"p)

ahd i t  fo l lovrs:

0= I kyp. VIfr rvo+r-vr] 'o J k * [grvo*l-r11 " J ofr# [ urb;*z-y,)],

The stm or tne ,r.r"a tvro *r,ir"- n*rrrg zero r" 
"firr""

f rii r" =o

Maklng J --*0 we n*a r%

I k f i  =  o '
P P , :

and therefore I1=0 on P, and hence on St .

we have proved that ?=0 in a neighbourhood of erverl,  point,

o f  D  - f  n r O J  a n c t  r h u s  H = 0  i n  D  - f p r 0 j  ,  { F . 9 n  t g l l  .  : 1

4, tJl,liOUEI,iISS OF THE SOLUTiON

For provlng the uniqueness we sha.' l- l use cr result sinr.i lar

t o  l e m m a  5 . 1  o f  f 6 ] t

LB.f t { I4A 4.1.  I f  pt  and p2 are * two solut ions of  (V.p) then

Jr t fv , tnr -po)  . r l I * (Hi -Ho)JrJa*av. .  J  k(x ,Y,  (x)  ) ,J  (x ,Y,  (x)  )dx (4 .  r )
D D d

, l _

f o r  a l l  " [ e  u '  ( p )  n  c  ( 5 )  ,  J  2 0 ,  a n d  ! . = L  , 2  ,  w h e r e
J



po=mln  (p1rp2)  ,  Ho=mln  (H1f i21  t  t1=nt  (e1)  ,  H2=H (n2)  ,

Y ^ = m J - n  ( Y 1 r Y 2 )  r  a o = [ p o > 0 ] ,  o .  =  
{ t , / " r ( x } < y ,  

( x ) }( )  I '  z  .  o  ( - o

P r o o f  .  t e t  f  z 0  a n d  T = m l n ( p i - p o ,  t J l  ,  t h e n  p r  f  r s  a  t e $ t

funct,ion for {\1"P) anC tirus

+Jr* tH, -Ho) [mrn(p i -po, rJ)Jr=o i
D

egra l  i s  p<- is i t l ve  and by  { .? .3 )  i t  fo l lows tha t .  r

r'. V(n1-p.,) .zT o I r. tH, -H.)T., (- I 3fo tr-}t n 
J' ' r  ^ o '  

J  )  r  o ' J y  r 1 ) y l " y  t ,
D f  Yo k)s  Y<v (x) ,

0  . , 3  ob ta in  (  4  "  1 )  .

T I . IEOREM 4 .2 .  The re  e l : l s t s , , on .Ly ' ' q1nu  so lu t l on  p  o f '  ( v ,p )  so

tha t  t he  bounuary  o f  e : ch  co r :nec t .e4  conponen t  o f  {o ,  o  }  i s  i n

co t ' I t ac t  r . r i t h  a t  Leas t  a  rese rvo i f  n  1 . , i  .  : - .  , : :  . : "

F roo f .  Le t  p ,  ; nd  p r_  be  two  so lu t i onso f  (V .p )  and  Ao  de t i -

nec l  .as in  th .e prev j -ous lemma. I {e  ccmeider  (xoryo)  be longinE to - i i

eonnected component  A of  Ao and (xr ;v i l i : , ;on the pa: : t  o f  s? in  con-

tac t  w i th  th j - s "componer t "  The re  ex i s t s  a  pc l l r gon ia l  l i ne  L  tha t

connects the two poin'Ls considered. tr^tre denote by p an open set.

t ha t  con ta ins  the  po - i "n t  ( xo ryo )  and  sa t i s f i es  LcpcA .  i

Nex t ,  cons i c le r  a  func t i on  Oe  H t (P )n  c (T )  t h -a t  i s  a  so lu t i on

o f  d i v ( k V 0 - 1 = 9  i n  p  ,  ( = L  o n  A 0 ) p  ,  0 a 6 < l  o n  A A n l p ,  d +  f  ( 4 . 2 , )

and  ex tend  i t  by  1  i n  f ,  t ,  t he  func t i on  obLa ined ,  deno ted  a l so  by  6  ,

b e l o n g s  t o  t t 1  ( D ) n c  ( D )  .  , " .  , ,

rn tegrat ing by par ts  for  !=r t2  andr tak i_nn i .n to aecount .

that  91=go=1 in  P we get :  :

t  a a  | t -  . :  ' r
-J  .  k (p r -po)#  =  J  n lv  (p r -po t .vc+ ts r -s f  l f v ] .  (4 .3 )

) ( D n P )  
D  

&  t J  
r r

I r ( [(ni-no]) 2n 
.€ J - . -*.0 Y(nr-no) 'ry *

I  ni-no<i]1 fpi-Fc 
rry j  *

The f i rs t  in t

(
t

J

{  n i -noo eTj

By making f *



1 1

we. "deno te  by  ( * r .  , y f  ,  )= [ ' t " , v ) / y *v ,  ( x l ] n rn  fo r  L=L ,2 ,  by. i  * i  (  '  r  t

Sc)D t ,he  sb t  o f  po in ts  be tv , reen (x+  ,ys  )  and ( *o  ty+  i  and by
r  |  , .  

- 1  ' 1  . )  - 2  . 2
s e = t ( x , y ) € D f d  ( ( * , t 1 ,  ( x g r v g )  ) <  €  o  G g , y 9 ) . s J .

I ie t ,  Y€  be  a  smooth  func t icn ,  03  Yr< t rYn=1 in  A .US. . , ,  Y t  =0

outside the f  -nelghboirrhood of  A U$, .

F r ' ;n  (  3  "  13)  wr l t ten  fo r  F ,  ,  i - l r  2  we .  ge t r

[,.Vp, . v|"( 1- E )oJ
J - L

D r o P r
=  

J o ( d  +  H i n
1 D

Since  i n  D  e l t he r

+ (krr l )  f  , t - , f ,  I  d,  =

y) (1* S ifl, is = o.; 
l ',, '

I ro=o or: t- t '=o l t  fol lows t"hat

J r {nno. trft r- f, P'i *no [ (1- 't , 4,]=. o
D

- Sub tracting (4. 5 ) f rom ( 4;u.4,) *>

j r  f r rnr -no)  .70 '+  { t t r - l io l fv ]= j  k ly (p i -p  o ' t  .V
D a(Hi_r ro)  r la io l

. .
and rlgLir l i  Lemma 4. I we obtain :

f r

J " to(nr-no)  
.v(+(nr- i io  l l 'Js f  r .  t * ,y ,  (x)  )  ,e,

Dd

f i  ( x  rY ,  ( x )  ) c1x

When , * 0 the rigtrt rnemi:er of the above i.nequallty va*

n i s h e s  a n d  t h e r e f o r e  b y  ( 4 . 3 ) :

r rfi"
J  r .  (p i -po) f r  Asso fo r  1=1,  2  (4 . ' r l

e ( D n P )  
-  a t '

'  From the rnaximum pr inclple { t 'U on Dn)p and t l rus
J N

Pi=Po .  on  D f i )P  fo r  !=L rZ .

T 'h is  y ie lds that  p l=p2 in  P and hence in  (xoryo) .  , ; . } r ,

The equali ty of p1 and p2 in A.o and Lemma 3.5 iqg!X6,;,that.

I t f :9J=JPZ'0) ancl therefore the uniqueness of the solut lo*r, ,-1Bf (v.p)

has  been  p roved .  -

( 4 . 5 )

(Y,  cr1 +

( x , Y ,  i p  )  )

( 1 . 5 t

:



R E M A R K  4 , 3 .  I f

use the same arguments

R E M & R K  4 . 4  O  I f

connected eornponent of

servo i rs  the  (V"p)  nay

I 2

k€co"(D) the proof of  the unigueness can

as  in  Theorem 5  .z [e ] .

we do not J"mpose the ccnditlon t,hat ea.ch,.

the wei , , 'set  is  in contar: t  wl th water re-

h a v e  m o r e  s o l u t , i o n s  1 [ a J , f r o j l .

I f  the porous sredium ls also'ahigotropic l  Darcr"s j .aw is

wrl . t , ten by means of  a per,rneabi l i t ,y  tensor k i3 (x"rxr)  which is sym-

met r ic  and pos i t i ve ly  de f ined l  i

f hus  the  phys jea l  p rob lem i s :

(  5 . 1 )
l i .

r  ) l r r - n \  
( 5 ' 2 )

J  H ( p ) k z z ' = Y ; 4 ,  o  u v e  K ,
o ' 2

4 -
*,  j t  I I '  (D) {")  l , *1n) ,  for ,  i r ,  } f l  ,2 .

THEOR}TM 5.1,  .

o f  ( 5 . 2 ) .

There  ex is ts  a  un ighe-*so l { l fon  p€H1(D)n  c (D) .

e k n ,  D  k " "
dlv(krp) =- (TE n 

6, 
,  p>0

p * I l r - x ,  o n  S e i  r  p * 0  o n r S ,  . ,

or:k" ,  = -k i2t t  on s1
l J ^

ln=o* 
ki, 

ff"t 
='"ki2ti lon'rxr=.r,(x1),

wh;re we have used the surnrnation convent:ion fo:: repeated lndices

and we have denoted. xry by * j - ,*z

I f  (x ,  rx - , )  *a re  t l re  p r inc ipa l  f . i rec t lons  o f  k  rhen

ktr=krt=0 anc hence the var iat ior .a l  fo: :mulaLion of  the problem

( 4  . . 1 )  i s

5, IF{[ CASE OF THE'Ai{ISOTROPiC i l I [ ] ] IUI, l

i n  O ,

I  
r ind p€K,

t lo , ,4 ry
j .n which we siuppose that

The proof uses simllar argument#ri-rdith those of paragraphs
? k " "

3  anc l  4  i f  we suppose tha t  #  ,  O.  j i .
. ( t  n2

*-- .. --. -
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A NNN.HOi{OGEIIE,]US IAI'I  DiSCOIITIIIOUSLY STI]ATIFI[I)U  I  t I U I I - l  l U l  l U ' . J L I l L U U J  L i t l i  :  J J l .  J L U i l  I  I  i

'Ln t ir is paragraph we consider a r lam forrned by two laye::s

DL?"D  2  w i th  pe rmeab i  l i t y  coe f  f  i c i en t , s  k l=k '  ( x ,  y )  ,  k .=k2 (x , y )

respect lve ly ,  v . 'here:

q , q
k 1 € H r  ( D t l n  L * ( D l ) ,  , r . r € H L  C p 2 ) n t * ( D 2 ) ,

.  D  kq  )k .>
k t  1kr?a '70  d .€7  - f ;  ro ,  f r  

> /0

There fore  1 f  we denote  byr

J k ,  ( x r f  )  n  i f  ( x , y ) ;  o ,

k  ( x , Y )  = f  
r

I k ,  ( x , y )  ,  i f  ( x , y ) e  D ,

vre observe that the assurrpt i -or ,"of  the f i rst ,
tl

k € l l *  ( D )  i s  n o t  f u l f r l e d .

1-  
F inc l  p€K,  Enr ,* (n)  ,  o* . f i< I  ,

I
I  J rcrn.  ?rv-p;+ [ r . f i$ (v-p)20,  /ve i< .
1 5  L  J v

F r o m  ( 6 . 3 )  w e  g e t :

( 6 . 1 )

' - : :  tr 'The variat ional forrnulation of the mechani.cal r:roblem is

g i v e n  b y  ( 2 . 6 )  a 1 s o .

Follovr:',.ng the fi-5-s3 part of the proof of Ttreorem 3.3 we obt-ai-n the exist€DCq,,
of a solution of a weaker Rroblem: .; , :

6 i 1 ' ( k 1 P p ) + ( k t f i ) y  =  c

d i .v  (k r [p )+  (k r i i ) y=c

( 6  , 2 )

four paragraphs that

( 6  . 4 t

( 6 . 5 )

in. ,$ '  (D.,  ;

in  8  t : {DZ)

Using the same argurnents as in Len,ma 3.5t vre obtain tir:a.t

p ( x o r y o ) > 0 ,  ( x o r y o ) e n ,  i m p l i e s  p ( x o r y ) > 0  f o r  a l t  y . * V o ,  ( x r y ) e n r .

Thus t"| ie free boun<lary is a suhgraph i-n each of t.he trv6

r '  layers  D1rD2 and hence a  f ree  bounc la ry  conf igura t ion  as  the  o i ie . . 'u i , .

obtained by Cominciol i  in [ :  J is not theoret ical ly just l f ip;d. .

"The 
resul ts can be extended to the case of  more , , , l .ayers.
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