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J \ T T T I / I A 1 I ] T a r  A  T  A  T ) n r ) n \ r r n t r ^  m ? , \ i ?ITUIIIIJTIIUAJJ ATIROXII,{4[.I01{ OF AN I,NCOI,TPRESSISIE

SIPHASTC FIOW I}T A POROUS I{EDTUM

by

lvli.oara liiELrcEScu-REcEANU. and Anca RAtesl..,ovEscu

Abp,,Ilact. Thi-s paper p"r:esents the nuneriea&.-'appfoii, i ia-.,
t i -on of  an one-dimensional  parabol ic d.egenerated. non-Linedr,  ,
d i f fuc ion- t ra 'spor t  equat ion ,  wh ich  mpd.ers  the  non-s ta t ionary
f low of  twc'  imiscible,  incompressible f l -u i -ds thrge.gh p6toug,, , i , , ,
h o m o 6 e n e o d s  m e d l a .  r n  o r d e * t o  o b t a i n  t h e  d i s c r e t e  s o l u t i - o n
of  the  prob lem,  f in i te  d i f fe rences  i .n  t i r : re  and f in i te  e lener i ts
i n  s p a c e  a r e  b e i n 6  u s e d l

1. TT,ITRODUCTTO].I

r : r i , ; , i - .  rn the general  f ramework of  the . roechanics o!  o l r  recove-

T y ,  t h e  p r o b l e m  t o  d . i s l o c a t e  o i l  b y  w a t e r  f r o m  a . d , e p o s i t  h a s

k n o w n  v a r i o u s  a p p r o a c h e s .  o n e i i o f  t h e s e ,  d u e  t o  G . c h a v e n t ,  h a s

b e e n  . t o  c o n s l d e r  t h g  g l o b a l  p r e s s u r e  a n d . t h e  m o b i l i t y  o f  e a c h

f lu id  s ta r t ing  f rom the  hypotheses  o f  re la t i ve  per rneab i l i t y  and
n n n ' i  I ' l  o r i  * r r  jL/ay-Lr rd .J -  r  LJ  p ressure ,  wh ich  leads  to  a  parabo l lc  d" i f f  us ion_ )  , : ,

t rangpor t  .equat ion  in  o rder  to  descr ibe  the  phenomenon f  1 ] . . r . . * ,

; J  : . . . ; 1

I ' ' lumerical ly,  the problem vias approached lzr l l  by meangr

r,$
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of d. lscont jnuous approxr-mat ions for t i re saturat j -on.  The r 'eason

of  such a  cho ice  was tha t  fo r  h ia ;h  water  in jec t . ion  ra te  the

parabo l^ ic  d i f fus ion- t : , :anspor t  equat ion  behaves  , l i - ke  a  f i rs t  . ,  :

o rd .e r  hyperbo l i c  equeb ion ,  wh ich  can be  so lved fo l low ing  the

i d e a s c f L e s a i n t [ 4 ] . T h e w a y f o r s o 1 v j - n g t h e d . i r ; c r e t e p r o b 1 e m

o b t a i n e d  b y  t h e  d i s c o n t i n u o u s  f i n i t e  e l e m e n t s ,  w a s  t o  u s e

mj-xed.formulat ion as in the paper of  Raviart  e ind.  T-hornasLSl .  "

"  '  , In our.  paper we ernploy a r .umeri .cal  apprcximat ion methrd.

. . fo r  f i r s t  o rder  parabot ic  degenera ted"  non- l inear '  d i f fus ion

t ranspor t  e ,quat ion  w i th  un i l -a te ra l -  boundary  cond i t ion .  In  o r -

d e r  t o  o b t a i n  t h e  d i s c r e t e  s o l u t i o n  o f  t h e  p r o b l e m  w e  r n a k e  u s e

o f  ' , ' f i n i t e  d i f f e r e n c e s  i n  t i m e  a n d  f i n i t e  e l e m e n t s  i n  s p a c e .  , : .

,  I r  the  second sec t ion  o f  the  p&par  w€ g ive  the  na the-

n ia t i ce$ I  'mOdei  o f  the  f  low o f  tv ro  i rn lsc : -b le ,  incompress i ro le

f lu i< is  th rough porous  hornogeneous med ia i :  , ,

'  , , " , : " , " . ,The thi : :d sect ion detai ls the nuner icaL app:roximat ion

o f  t h e  p r o b l e r n .  F i r s t ,  w e  c o n s t r u c t  a  s e n i i - d i s c r e t e  G a l e r k i n

n n n r n ; ' i m n t i  o n  n f  t h p  n r o b l  e m  b v  u s i n " :  t h e  s h a n e  f u r t c t l o n s  a sa P  y !  v / . I l i l a  v  r v l l  v r  u 1 1 u  } J r  ! '  v r v l l r

n qr rs tonr  o f  te ,s t  . func t ions .  Then we d iscuss  a  nun iber  o f  p ro-

b lens  connected  w i t ,h  the  numer ica l  'uechn iques  ernp loyed,  such 
' r l

as  the  type  o f  f ln i te  e l -ements" 'and.  the  nur ie r ica l  in tegra t io r :

schenre .  t r 'o r  b ime d isc re t tza t i .on  we use^semi - imp l ic i t  scheme,

w h l c h  i s  d e s c r i b e d  a t  t h e  e n d "  o f  t h e  s e c t i o n  t o g e t h e r  w i t h

R. ichardsonrs  scheme fo r  au tomat ic  mon i to r i  ng  o f  the  t i - i ; re  s tep .

.  The .1as t  sec t ion  is  concerned.  w i th  nun ie r lca l -  resr r l t s

which are compared to exge: i i r i rental  data avai labLe in the

"1 i t  e ra t  u re  .
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2. T}IE }IIYSICAI PROB],EM

Let ' rus  cons ider  a  core  sample  o f  n -omogeneous porous

mater ia l ,  w i th  po{os i ty0  ,  permeab i . l i t y  ,K  , . leng th  L  and sgg- ;  
:

t ion  S,  wh ich  r re  suppose to  be  in i t ia l l y  f i l l ed  w i th  o i l .  .Y /€

iq jec t  a  Q( t )  f l -ov r  o f  water  th rough i t s  l .e f t -hand s ide  an$"we

observe' ' thdl f low of  o i l  ernd- water recovered through the r ight
. ,  

.

hand 'S ide  o f  the  sample .  The la te ra l  wa l . l$  a re  supposed.  wat " r . , l , r ,

p r o o f .

 (
k { \

v.rat er
o i l

o i l  + '  vsater

F i e .  I
, ..." 1

" .  t . . Grav l ty  e f fec ts  a rc  :gnor 'ed .  The ax is  o f  the  sample  is

chosen as i -axis,  whi le the var iat io,ng,, , ,9f  the saturat ion per-r . ,* i ; ,

pend: leur l""ar. ]pr  to '  th is axi3 are neglected.

'  D e n o t e  b y  u ( x , t )  t h e  r v a t e r  s a t u r a t i o n  a t  a  p o i n t . x e C ) =

i . a : f 1l n  r  | - +  * i m a  t € L O r T I ,  w h e r e  T  i s  t h e  r n a x i m u m  t i m e  l a p s e  d . u -
L W t I J J  d t l  L ' I l l l g  U - L V t a : L ,  v v l l v l e  !  I u  v r r e

r r n g  r ' / n l c n ' r n e  f l o w  i s  b e i ' n g  s t u d i e d .  L e t  q ( t ) = Q ( t ) / ( 2 6 )  b e .

the  ar i thmet ic  rnean o f  th ,e  seepa6e ve loc i t ies  o f  the  two. f , l -q id - . .  ' ,

The C lsp lacement  'o f  t rvo  im isc ib le  f lu ids  th rough the

porous  med iurn  is  6overne9 bV Darcyrs  law,  wh lch  leads ,  bJ '

c o n s i d e r i n g  l h o  h r r n n t h o e o q  o f  r e l a t i v e  p e r m e a b i l i t i e s  a n dv  v l - L p  r u v r  r r l t >

i .  t - ' l
c a p p i l l a r i t y  p r e s s u r e  a n d  t h e  c o n t i n u i t y  e c l u a t i o n  L f J ,  t o  i h e

f n " l  : ' 1  n r r r i  n  r -  a / r  l r  o  #  i  n n  .
f  u l J U v v J l ] 6  E 9 u a . ,  u r v l r

aau
'  d L

- $ , n " i " l $ ) + q P I t  t  ,
v  l l l  - 9 a

-- '.; -:I Ie r€ ,  the  two reer l -  func t lgns  o f  sa tura t ion  a
' : , 1 ' ' '

d u e  t o  t h 6 ' r e t a t i v e  n i o b i l i t y  o f  e a c h  f l u i d .  a n d  t h e

and b are

capi1laf1-ty



(are) . 
1*(;1

TV".*p"" imental lY d et  ermined'

By  de f in i t ion  the  sa tura 'L ion  sa t is f ies  the  inequa l l t y :

o  4  u ( / ' , t )  ( . r V x e) , L and t e  [ , 0 , T ] .

Moreover,  exper imental  :d 'a ' ta shotr  that  , th9, ' "saturat ion femainsi  i ' :

as long as the d" i -splac,ement phenonenon is.  consj 'd 'ered, between

two values u* and br 
u* being the residual  satur?. t lon in

water  ( fo r .o4  * r , ,  there  }F  so  l i t t le  r t la te r  tha t  ; !$  i s  t ' t rapped ' t '

,w i th in  the  pores  and i t  canno 'b  be  d . l sp laced) ,  wh1 le  1 -5 ,  i s  the

resi-dual  'satu.rat ion in-  r : i l -  ' .  I {ence' :

u(x, t )  < , f f i ,

:  j ,  At  t t re  r idht -hand s ide e,nd ' rp . , f ,  the sanip. ]e-  the wat9,p d-oes : :1 : ' - : , : .

- | + r \

. . , . ; , r rn . i : .  Annep .?  ( t twe lL  e f fec t l l )  as  l ong  as  u (L r t )  <  } i l j  
The  f i r s t  .  i 1 . .  r  i i .  ' : : : " r l ' , t l

' , . . , . .  l 4 v

t ime t *  fo r  u rh j -ch  u(L , t )=5  is  i .n te rpre ted  as  the  wq6r  j

o  b rea l i - th rou ;h  t ime.

L e t ? b e t h e S e e p a g e v e } q g i i t y o f l v ' g . t e r , w h i c h m a y . b e

e x p r e s s e d  [ 3 J  a s :

'  \ , ,

Y ( x , . t )  =  ( r + b ( u ) ) q  -  i (  a ( u )  #  .  . . - ' i

. ,  , i , . { i th t fuese prel i rn isery notat ions the in i t ia l  and'

boundary  cond i t ions  are  : .

*rri (" ! V*oC ' f l .nd  te [0 ,P3 .

V  x e J a  ;

V t e  ( o , T J  i

V t - €  ( o , t * )  I

v t  €  [ t * , r l  .

{t:': '

ii.i"i.

t

( 2 )
P ( r , t )

u ( L , t )

.  '  

" 8

l ' t s ' - : ;  '

*. .i '..r i

u ( ,o , t )  =  b , [
0

olL

,(
I
I
I.t
J,I
I
I

t
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The 'mathemat ica l  inves t iga t ion  o f  the  in i t ia l  and

boundary-va lue  prob lem (1) ,  (2 )  rvas  mad-e  by  Chavent  f  13 ,  who

has proved"  an  ex j -s tence theorem fo r  so l -u t ion  o f  (1 )  in  the

- ) = O )  w i t h  h o n r o g e n e o u s  D i r i c h l e td e g e n e r a t e d  c a s e  ( a ( O ) = a ( L ,  ' ,  " ^ - : '  - . -

boundary cond' i t ions and an unigueness theorem fo: :  the one

d. lmensionatr ,  degeLerated case. lA! ' ,9,{  on he has glven [  5 ]  an

existence theoren for the -colut ion of  (1)  for  bot] . '  the de.gene-

- xafied and ?o*:-de,gener.ate.0 .case",

" 
'  

. ' :  .0ne j:oi the approache.s .u,sed:i.n'th.e.."Jiterati:re to {rpne-

r ical ly solve t t ls  probl 'em fol lorvs ' the ideas of  Ravir t  and

Thomas [ .5 ]  concern i r ig  f i rs ' t  o rder  parabo l lc ,  degenera ted  lLon -

l inear equat ions,  the prob. lern beiug solved numerical ly L2 13)

by means of, a"mj-xed formulaf,iQn-l ' ecif icallyr a nev/ unknorvn

f , u n c t i o n ' i s ' ,  i n t r o c l . u c e d " r  u h j - l e  e q u a t i o n  ( ] )  _ b e c o m e s | , , i .

- /  t t  \

, , { \  C/u
Y J -' d T

/ \-  K  a ( u J

. l  t  \

i ; r (u r  +

u v

T ' r ,
'r -.:.i

i

I

I

i , "
I

I
{

, , t { ,ext- ,J}re-app:soxi t rat ion' is. , rea1ized ,se'parat ly for  
lhese, ' I Io . ,  . . . ,

equat ions .  ,Then,  by  us ing .a ,J ,esa in t -Bav ia r : -h .  scherne L4 ] r '  t t re  - i .

sattu:adion.-u' is approximated !y dispontiuuous . f,d-4rte, e,Jenresf"s "

: Thi.s:.app.r'oaCh 
'.lead.s':to 

,a non:linerirr: system bo*tr'.ara;the i.nrylici-'b

' " '  '  
d i f fusion case r lne ' . ln ' tne 

expl ic i t  one. Obviousl-y,  to sol-ve

'  r r€Utl : f1-, ,a f lo&-J1neaf:  S;rStem, Of, l€:m*St make.Use:Of an i terat iye

method and. th is scens to be the rnain dlsadvanta-e of  th is

* , , ,  _ .qpproach.  
That  i s 'why  we sha l l -  adopt  in  the  fo l l -ow ing  a  d i -

r;'t'... ', r:'.-fferent solvi-n; r:ietl:od; vrhrc*l *v,itt'-tersh$rarn"*o.;h'a:ue' def!4ittq

' -' .--i.'.:aAyaSr*aSes- v,lith respect to, 'this"approaclr. i'{ili,,

._ . . . . t ' ; _ l

. . 1
* i , , 1

I

I
{

L o W = o



). iful,{ERrcA], ANALYSIS OF :t'HE p*.Rj(aortc ntuelroN

3 . 1 Semi-"0iS9.rcl3_ Galerkln approximat,L-c!,..

, ,  f n  t h i s  s e c t j c n  w e  w i l l  o b t a i n  a n  a p p r o x i m a t i o n  o f  
:

/ r  \equa t ion  ( l )  by  us ing  f i l r l t e  e le rnen ts  i n  space  and  f i n i t e

d i f f e reuno .q  i n  t - i r no  t r l i r s t  We  cons t ruc t  a  semi -d . i sc re tc  1.  r  u t , uu  u  d ,  seml - ro ] - sc r .e t c

semi - i rnn l - i c i t  schene  fo r  t he  t ime  d i sc re t t za t i on .  Th i s  app roac i t .  
'  .  :

i , .

l - ead -s  to  a  sys te tn  o f  ] i nea r  a i * .eb r  r ' t k+n*  o r  r , r r " , ^  
i

I  I  
" " . : 1 . -

est lmate  the  pos i t ion  o f  t l i e  sa tura t ion  f ron t  and to  de termi -ne

1  a .  .  I. i ' . : ' :  The f in i te  e lement  d isc re t i za t ion  in  te rms o f  space ? ; ' ,  . ,

e l .ements  o f  p robrem ( r )  suppb 'bb , , . the  d i r ,cg ton  o f  the  in te rva l

i  
i n  i , f  i i n i t e  e l e m e n t s ' a n d  t o  s e e k  t i r e  s a t u r a t i o n  u ( x , t )  i _ n  t h . e
f  o r rn :

N
f ? )  , , l o  + \  \ i -' . t /  q \ ^ r u l  

)  
l u n ( t )  w * . ( x )  ,. ) J'  t  j = .

i  lvhere ] i  is  the nur.r .ber of  g lobal  nod-es in f in i te elernent mesh.
i  T .h .o  f r r nn f  '
!  , - , , =  r t ' r L ;  ' lO i lS  V /1 r .  , , .  r i v1 . I  f o rm a  s l r s ten t  o f  j i  l l nea r l y  i ndepend .en t
I '

I  shape I 'unc t  ions ,  ha.v lng . ;he propre ty :

I  where  x j€ ( )  i ' s  i l i e  e rbsc issa  o f  the  s roba l .  node j .  ,Te  suppose

* 1 r . . . .  r ! " r 1 ,  o f .  c l a s s  c o  i n  O .  T h e  p a r t i c u l - a r  c h o i c e  o f  t h e s e
f unc t ions 

. r ry i ]1 
t ,e disc uslsrM , , in^ 3 .Z .

' '  
S i n c e  a  E o n t i n u o u s  c l e p e n d e n c e  o n  t -  i s  s t i l l  a s s u i i i e d ,  n

;  r ( x , t )  i s  r e f e r r e Q  t o  a s  a  s e m i - d i s c r e t e  G a l e r k i n  e . r , p p r o x i m a t i o n .

N o t e  t h a t  t h e  c o e f f i c i e n t s  u i  i n  ( 3 )  a r e , . . f u n c t i o n s  o f  t i m e  t .
U

T h e y  a r e  t h e  n o d a l  v a r u e s  o f  t h e  s a t u r a t i o n .

/  \  ( \ .
* i ( * j , ,  = O i j  ,  i , i = l , . . . , l i  ,



L '  t  L ,

t  6 * ' * ,  dx  \  +cK .a (  u l * ;  c  ^
J 

.  o t r  ] -  J  i?(K,a(u) f f )v r '  dx  + 
J  

q  a? l ( ' r r ) .w,  d .x  = 0
o o o

,  f rom wi i i ch ,  in te ; ra t ing  by  par ts ,  we ob ta in

(#,ru,,* ( Ka(u,t # *.- ( q rrufi"5 '*a*
\
J l u r /  r  J  J  e t ^

' o o o

-7 -

Vfe  w i l l  use  the  Ga]erk in  mq, t t :od  L71,  employ ing  the

s h a p e  f u n c t i o n s  v / 1 r . . .  r w 1 .  & s  a  s y s t e r n  o f  t e s t  f u n c t i o n s .  T h u s ,
t t , r  r \

m u l - t i p l y i n g '  ( 1 )  b y  r , v '  f o r  i = 2 r . . . .  r P ,  r , v h e . r e  P = N  i f  t  €  L 0 r t . ' i

a n d  P = l i - l  i f  t e  I  t l  , f ] ,  a n d  i n t e g r a t i n g  o v e r 0 ,  w e  f i n d r  - ,  , , ,  ' , y . 1 , , ,

( 4 )

] t iow,  ' "  in t roduc in6  (  3  )  in to  (  4  )  and,  tak in6  in to  a iccount  the

i n i t i a l  c o n d i t i o n  ( 2 ) r ,  v / e  o b t a i n i  .  .

/ q ) i 1i f

u -

* I (O)=un4 ,  * j (O)=um for  3= f f i  .

w h e r e  r i r ( t )  d e n o t e s  t h e " - . * i m e  d e r i v a t i v e  o f  t h e  n o d a l  s a t u r a t i o n

-  u .  a t  t ime t  and
a -
u

I
( A \  m  r  \
\ v /  . . . i - i = S \  u n i w - . d x  ,

'  * * |  : ' .  r J  
:

a

I )wr 
")u'. 

-,
( 7 )  s r . , ( t ) = \ , t n - ( u ) ; : . 6 ; * a * ' ' '  r

. -*'r I
P .  L  a " r .  N

/ R \  r , i n  ( t ) =  (  q  b ( u ) F  o * - [ ( r  u ( u ) - K a ( ' ) I u . , ( t # , " J\ v /  , .  
' , " i

J  
P r r > o  

L  f {  
d  u n  

f x = L
d - r

I t  shouldr ; ,bb ' i l i i l ,so not lced that  a  and b d.epend on x and t  throulh ' - -
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the  sa tura t ion .

Assume now that the nddal satui'r 'ation are known at t irne

: lmete  the i r  va lues  t i  t ime t+At  when
t  a n d  t h a t  w e  w a n t  t o ' e s t i m a t e  t h e i r  t

- '  '  t a n d t + A t
A t  i s  r t  s m a L l  t j . r t r ' e  S t e p .  W e  a s s u m e ' a l s o ' t h a t  b o t h

. "be} .cng to  the  se lne  in te rva l  LO, t * l  o r  t t *  ,T ]  and tha t  the

'r f ,unct i -ons a,  b j  bnn q preserve'  t l iAirr 'va1ueS at  t ime t  d 'ur ing

th3 whole t ime intbrval  [ t  ,  t+At )  " .  Consequent ly,  the func i ; ions

s r , ( t )  a n d  c t t i l  h a v e  1 1 r g : s a m e  p r o p r e t y '  I
. .;.

1. ' .  FOr the determini t t ion of  the nodal  satur iat ions at '  t ime

t + A t , f r o m  s y s t e m  ( 5 ) ,  w e  m a y  u s e  v a r i o u s  s c h e m e s ' 9 f - ,  t i n e

in tegra . t ion .  I f ' -we chose an  exp l i c i t  scheme:

u*  (  t+A t  )=u+  ( t  )+ r i . .  (  t  )  A t
.J J 'cj

' t  
t - -  ' l  ^ ^ ^  f  q  l r

step .requi::ed. for ther:lxLuneri.oa.L 'stabil ity {seo L tJ)

Vefy smaf1. fherefof€;'$r€ wilL use the sen{--irapJiclt

tne t ].me

would be
..: r:'.- 

'

seheme:

/ a \ ' i , , ( t+  Sa t )
J

=  j ; t u r ( t+a t ) -u j ( t ) )

and. we choose +.'[ ' ]rr] ior assuri-ng an nnconditi-onal n4merlca'l '

f  - ' l  r - r - i - ^ -  n  ] '

stab1l i . ty,  ,As'  shown j -n L7 J,  taking 4=i ,  whj-ch eorresp"g$ 10

the Gz"ank-Nicolson sel ieme, lead.s to thc highest accuracy of

the  so lu t ion ,  bu t  can  resu l t  in  some spur lous  osc i l la to ry

e f f e c t s .  o n  t h e  o t h e r  s i d e ,  t " t i " g  g = 1 ,  w h i c h  c o r r e s p o n s  t o

the  fu l l y  imp l ie i t  schene, '  requ i res ' the  use  o f  smal - le r  t ine

*  s teps and hence incres.ses the cornput ing t ime.  Copfgruept ly '
1

w e  w i l l  c h o o s e  € .  ( i '  r  )  .

the  approx i r : ta t ion  (B)  and

r l l

u* (  t+ .  +At  )  =  (  l -O)  u-  (  t  )  +0u. ,  (  t+at ' )  ,
J -  ' J  ' )

.-__J*{

at  t ime t+9At , r ,  tak ing  in to  account

usin6 thc l inear*aPProxinat ion:



-9 -

^ ' n { - n  i  r  .
v v \ i  \ J  L - r  u G l r r  r

nr

( 9 )  )  e i i ( ' t , A t )  u r ( t + A b )  =  f i ( t , a t )  '  i = 2 r P  )
/  t  J - J  d

'J=2 * ':. l

w h e r e :

f r ; - r  . .  ? * i . - . 0
( 1 0 )  u i j ( t , A t ) = #  + 0 s r r ( t )  - K O a ( u r ( t ) )  A f ( t )  d i u  , '

r
/ - , ' , \  €  ( +  A t ; =  ) -  u , , ( t ) f " r . ( t , A t ) - s i ; ( f l f l * " . , ( t ) - ., \ r r /  r i \ . t / r ' v ) -  

h  

' L - l J  " i i ' ] ' J  - i ' - '

r tp  i { - r - )un '

i  .?u' ;  cF  / + \ -  
\  t  l ( u )  7 ; :  a x  + . , 9 , 9  i j . {.  v i \ v r  
J  

_ i  
' . ; ] . - t _ - l . i

o,

fhus ,  e t  each t ime t  we have to  so l -ve  a  sys te i r r  o f  l j -near .

a l g e o l a i c  e q u a i i o n s  ( 9 ) .  T h e  i n i t i a l  c o n d . i t i o n s ' a t  t i m e  t = 0  a r e :

:  3 r2  Qe{a i l s .  o f  the  numer ica l  tec i rn iques . .enp lg .ved

We use ia ig ran ; ian  th ree-noder l  f in i te  e le tnents .  Denot in6 '  ' ' '

l r r r  6  ;  -T l :?  -  the  f i  n i  te  e l  ements  in to  r ,vh ich  the  i 'n te rva lV J  c - i ,  < J - r l - . '  t  u r r v  r 4 r i r u v

.)
f ^ - 1
L U , . 1 ,  J  l s  o i v i d . e d .  a n d  b y  l , i  ,  i = l ,  2  1 3 ,  t 4 e  I  o c a l  n o c l e s  o f  b i r c

, : .  :  
e l - e m e u t  e '  w e  c a n  w r i t e :  ' , ;

. l

J -
x , - *  . ) , - :  =  k *  ,  i = l 1 2 1 3 ,  i = I r l ' l  ,

a l ' c - ' r L  r
' , j ,  ! 1

[* '^ ! : : : : . - ' - ' '  where x, . r  k=TlEff  are the global  nodes of  the f in i te e]emgf i . , r .
K '

m e s h .



L e t  f  =  [ . - t , t ]  u e  t h e  c a n o n i c a l

in te rva l  I . ,  occr - rp ied  by  the  e lement  e i
J -  ' J

, ' n 3 =

where h=L/ (  H.-1 )  .

' i ve ' -choose the  loca l -  shape func t ions .  on , thg  cenon ica l

in te rva l  I  as  Lagrang ian  in te rpo la t ion  po lynomia ls  o f  second

ord .er  C.e f  ined .  on  I :  n

?i ($)= |  3(3- r )  ,  ?z*)=1-32 , %$l =| iof*r I .

then ,  the  loca l  shape func t ions  w!  assoc ia ted .  w i th  the  loca l i r . 1 .

n o d e s m t )  i i be r , , l r i t ten:

1n terva l .  Thenr  the
: , . .

i  a  P o n Y t r r  q e n t  o d  .  l ' r v  :
I  l - D  f  g } J !  U D v f l  u v u  '  v J  '

t 2 j  '  ' f . I  ,  f . I j ,

ernd the  g luba i  shape func t ions  wk assoc ia ted  rv i th  the  g loba l

r rod .es  x . .  a re :  .  -  ' :

f- f.

ki

, " , J r v rv v i \ -  
"

i o r r l  =  F i (

, . ,  r  4-Y \
I v a :  . )  j  \ J  /

/  l - a +  |

2 Y  2
f r . r  

- h \ f r'v i -'l 
.i_':;

A . ; : )  4 u r  r - r r l t ) ,  J = I t l t t  ,
.J  .<-

X e I - r  ,

v' ihere

and

I
n \
1 \ )

- 1

k = 2 J - 2 - t l

x 2 i * 1
e * d  

' *
\
Ĵ

? i - l

.  C o n s e q u e q ! l Y . ;  w e  h a v e :

1 l . -

( A  I  Y

l i \
I

? ' ( f  )  d t

a= 6 2 -  2
E J ' E

which  v re  ob ta in :frotir

x 2 j )  ,  j - = 1  , 2 , 3 ,  i = I F ,  J t T j ,



* 1 1 -

fz; +r

I  
* i i - z * i ( r )  d Y  =

X ^ .
/ / ' l - l

x ^ .
f  z . i +  L
l "

I
I

U
X . .  l

a  t -  |* d

- ' a ^ 1 .
r  1 = I r 2 r ) ,  j = - l - r I ' 1  ,

i r k = 1  , 2 r 3 ,

Y i ( 3 ) r [ ( 3 ) d 3 ,  i = T E  .

enp loyed  fo r

'1
f,

\  p ; t f  )  d s
J

- 1

_  : . '  1
w l .  ^  l ' Y ) u r r  / - r \ . t ' r - ? ("  2 3 - 2 + t \  J  /  ' Y  

2 - S - 2 + k \  J  /  \ ' t r  - E  
J

- 1

r F  l - i= * l  5 f  (  - \ l #
t L  \ )

1
I

c
l r r l

r/- 1

The re lat ions r ; ient joned above r ry i } l  .be

h e  m a t i _ q e s  * i j ,  , i j  a 4 d  c i .

i f e  sha l l  a l so  use  the  Gauss_Tregendre  numer i ca l  i n te6 raL i - cn j - .

f o rmu l -a  fo r  t he  canon icu l  i nLe rva l  r  =  [  - - r , r J  e  name l ; r ;

) o J )+6f(o)+ir(f i  !

vuhere  f  i s  one o f  the  func t ions  y t ryZ  or  yz .

App l ing  the  Gauss-Legend. re  scheme in  (7 )  in

cal 'cul-ate s,  ,  (  t  )  ,  ure need. the ncr ia l  values of  ther - J '

a . (u ) , -a t  t 'he .  in iegra t ion  po in ts .  un for tunnte ly ,  y /e

t i r e  l i t e r a t u r u  [ 3 J ,  o n ] y  s o r n e  i a b u ] a t e d  v a l u - e s  o f

c [ ( u )  a n o .  b ( u ) ,  v r h e r e  C ( u ) = a ( u ) "  F o r  t h j . s  r e a s o n

of the fo l lor ,v lng foz 'nula 
'of  

nuiner ical*  der ivat ion:

( 1 3 ) a ( u ) =
nr

)
1 _ j

I - l

( d  x ; n - r

/  - ' r  \  n - i - ,
\  + /  J i

(  i - l )  !  ( n - i ) ,  L n (u-uu)

ruo bf  the sq,turat ion,  whi le Ax=ui-ur- ,  for  i=f i t  .

T h e , v a l u e s  o f  t h e  f u n c t i o n s  b  a n d  a  a t  t h e  i n t e g r a t i o n

ara. . : ; -e,btained. by l inear interpolat ion f rom their  g iven

1 fes-pec t ive ly  f ro in  the i r  , v& lues  computed by  (13)  fo r

t L l - .

---------==-

v " h e 1 e  r i = { ( u j . ) ,  i = f f i  ;  a ( * l ) , . . . , & ( u n )  a : . e  t } r e  k n o w n  d i s c r e t e

va l : i i : s  rJ i . '  the  func t ion  cC(u)  fo r  some equa l ly  spaced va lues

order  . to

f u-nc t ion

know from

the fu rnc t ions

$/e raake use

i  - ' l  1 /  _ - r
c :  

- r  A - J _

j l i  k # i , j

u 1  t  ' . .

p o i n t  s

val-ues

u 1  l  ' .  ' n
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3.3  R ichardsontg  ex t rapg l? t  j -on

:  , Ihe sysbem of '  the l j -nea:"  a lgebraic equa.t ions (9) al lows
. i 4

the  d-e termina t ion  o f  t i re 'noda 'J ' i sa tu ra t : -on  a i  t ime t+At  f rom

theis.  values at  t i rne t .  I t  is  e; ;$ent j .a l -  that  at  any given t ime

, , , the  in tegra t ion  er ro rs  do*  no t  exceed 'Q, ,  p r . ,€S€t  i i rn i t '  The

opt i rnum choice of  the t i rne steps is ian i rnportant

they  are  too  1 .a rge  the  rbeu l ts ,secome er roneous because < , f  the

th e t  i ;ne ste-o are t  oo sma1I ,  then thci n ted fa t iOn e1 .1 .g1 .s  a1d i f  u r . r .E  ur r , ru  uv-p  a1 .e  tOO SmaI I t  tnen t rnC

cornput ing  t in ie  b€comes too  laqge.  t r 'o r  th is  reason an  au tonated

t ime s tep  inor i i to r ing  i "s  h igh ly  des i rab l -e .  The i t i chardsonts

sc t r ieme,  wh ich  lve  w i l l  desc f fbe  in  the  fo l low ing ,  a l lo lvs  to
' r ! , n

automat ica l l y  choose t l ie  op 'u imum t ] lpe  s tep '  A t  in  fu lc t i ' gn-o f  i ' - "

t h e ' a d m i s s i b l e  e r r o r  p e r  s t e p  ( s e e  e . g ' [ 8 ] .  o r  t - 9 1 ) c  '  i  '

I t '  j s  knorvn  tha t  the  semi - i rnp l i c i t  t ime in te5ra t ion  :
r A

scheme (B)  g ives  an  er ro r  o f i ig rder  ( 'A* )5  p -er . .s tqp .  te t  u ( t+At )  ! ' .

b e  t h e  e x a c i  s o l . u t i o n  o f ' s y s t e m  ( 5 )  a t  t i m e  t + A t  e n d  d e ; : c t ' b
' r )

by . r r . f  ( t+At  )  .  and , r '7 t+At )  the  cs t in is i t ions  ob ta ined-  by  i rs ing  (9 )

fo: :  u( t+Ai;)  proceecl ing f rom t  to t '+4t . . . , , . iJ l  one step of  magnitude

At  and. ,  respec t lve ly  ,  in  two s teps ,  each c f ' .  ma; r r i tude  At ' /  2 .  -  '
a i , -

L e t  ( A t ) l A i  , , i e  t h e  c o m p u t a t i o n  e r r o r  o f  u r ( t + A t ) - ,  i = l , 1 i !  . .

in  pass ing  f ro in  t  to  t+At  in  one s tep .  V{e  assume tha l ,A i  
i

varies slo',vly r,vith tirne and is'nearly ind"epencj.ent of At v,i 'nfp.- ------="-
' I

At  i s  su f f j . c ien t ly  s ina l1 .  Then v ' rd  can l f r i te  approx i - i ie te ly :

afi: i f

( 1 4 )
, .  / + ,  A - F \
tt 

i 
\ rJ 1- L.\ rr ,Jf

, .  / + ,  A . F \L { i \  u - r c i u , ,

o l t t *n t )  *

" l t t *nt  )  +

(at  ) ,40.  ,
^ / q v \ 4  A
L \ a  / ,  - r { - 1 .

L . L

L l U r 4  A
. / , -.t-t.*--t

l .  - r  
' '

f r o m  w h i c h  i t  f o l l o w s  t h a t :



/ r t r \

[ ' i 
, t+At ) -"1 ( t+at l] .ai=

,  
j {  

\ i
I f \.-..- n2','
t T ;  I  A ; l
\ r r  t  I  t l
\  i - ' l  I

( a t ) 2

- t  ? -

t  l l  u ( t ) l l

i  i i

The advancement of  the sol t r t ion"from t  to t+At is. , ,  . , . , ,  ,

cons , idered .  success fu l  i f  the  re la t i ve  e r ro r ,  cor respond ing  to

t h e  s t e p  A t ,  d o e s  n o t  e x c e e d  a  p r e s c r i b e c l  r i r n i t ,  i . e .  - . , , : - ,

( r e 1 l l a l l i a t ) 2  <

where l l '  l t  is

c h o o s e :

a . r i  a . r i e o t : n t e  n . o r m  o n , t i { .Y 4 u v v  r r In our -computat  j -ons v/e

( 1 7 ) l l A l l =

wiii-ctr corl.eSpond s

T h o -  : 1  g : r . r r o c l -

i : - , , !  I f  A t  >  d T  ( t h e

t+A#,-dses r tot  sat isfy

the  es t imat ions  fo r  
"1l-

to a global  caracter i  zat ion

value f f i  of  ' t  sat isfy ing

= 1 e[" . ( l ) { l \ *
\  t t ^ u  I  

'

o f  t h e  e r r o r .

(  1 6  )  , ' i s  i r "

a t

advancement  o f  the  so lu t io r r  f rom t  to

the  er ro r  requ i rement  )  n  then*we repeat
a

^ L
z T r d  l r -  \ ^ r i t h  + -

I TT
des i rab le  to  reduce the .  n . r :unber  o f  ten ta t i ves  by  shor ten ing

[svr  t lme i -n terva l ,  tak ing t= f f i ,  w i th  f  g [0 .6,1]  .

The process s tops when At  < aT or  when a prescr ibed

n u n b e r  o f  t e n t a t i v e s  i s  r e a c h e d .  T h e n ,  t h e  i l i c h a r d s o n r s

e x t r a p o l a t i - o n  f o r  u . ,  i t + A t )  c a n  b e  u p o . a t e  b y  ( 1 4 )  a r n d  ( 1 5 ) .  ? i r u s

u r ( t + A t )  =  r . " ? ( t + A t )  -  
" l t t + A t )

There fore ,  the  t lme in tegra t ion  a lgor i thm can be

descr ibed. as.  fo;Llows: "



.  .  I .  Choose t  ,  O r f  ,  D lnax ,  k* r *  r [T .

A s s e m b l e  t h e  5 i c b a l  m a t r i x  m - .  b y  u s i n g  ( 6 )  a n d  t a k e  t = 0 .
r . J

In i t ia l i ze  the  nod.a l  sa tura t io r rs  s

u l ( t ) =%t  I  u i ( t ) =um ,  i : f f i T  . ,

I J ,  Compute  r l  u (  t  )  i /  by  (  t7  )  .

'  I I I .  A s s e m b l e . " t h e  g l o b a l  r n a t r i x  s . , r - ( t ) n  b y  r l s i - n g  ( 7 )  a n d  ( 1 3 ) .  - ' , _
r J  i

T a k e  , A t = { - A t .

C o n i p u t "  * i j ( t , A t )  a n d  f i ( t , A t ) , , b y  u s i n ;  ( I 0 )  a n d  ( t t ; .

S o l v e  t h e  s y s t e m :

P
.  t .

i  e - , i ( t , A t  )  u i ( t + A t )  =  f { ( t , A t )  ,  i = Z l F .!  i J  r '  t _ '  , . '
i ^
t = /

compute  .d , i ,  ( t ,A t /?_ )  e rnd  f i ( t  , L t y  2 ) .  a l so  by .  ( t o )  a ld  . i  . , ,

( f t ) ,  a n d  s o l v e  t h e  s y s t e r o . ! i  . - -  . , . i  '

P' 
ft 

-r

)  e . i  i (  t , L t / z )  u i  ( t + L t / 2 )  = . f <  ( t , & t / z )  ' ,  i = S F  .
/ , rd J- j- ;,.4
j = 2

-  C o m p u t e  s i  , ( t + A t / Z )  ,  
" i  i  

(  t + g t _ / Z r A t / Z )  a n d  f o  ( t + A t l Z  r L t / Z )
. )  1 d  r

f r o m  u ' ( t + A t , / e ) ,  b y  u s i n g  ( 7 ) , ( f O ) , . . o n d  ( l I ) .  S o l v e  t h e , s y s t e m :

tcompute  l l  A l l  by :  :

N
^  |  t  -  -  ^ l -

i lA l l  =  +  l+  ) -  (u?ct+At l - , r1( t+At  >14=( A t ) ' L " H  r  r  -  
J

. L
-  -  r  . . . - 1 2

a n d  t a k e  A t  = l € l l u ( t ) l l l i l A t U  . '
L-

IV.  " i tepeat step I f I  unt i l  At-< A-f  orq*he number of  tentat j -ves
'reaches 

k***

v .  Take ur ( t+At )  =zo l ( t+a t ) - "1 ( t+At ) , i i1 l i$o I f f ,  ,  and  t= t+At .
I f  uo , (  t  )  =uv  then take  t *  = t  I  , "

rY J{g



u, " i . . ,  "

- t  q -

v I .  R e p e a t  s t e p s  I I  t o  v  u n t i l - t ) ,  I  o r  t h e  n u m b e r  o ' f  t i m e

steps  reacnes  i lmax.  .

. 4. NUMERICAI RESULTS

. ' 'The numdr ica l  method.  has  been app l ied  us ing  the

fo ] l -owing"va lues  o f  . the  parameters '  L=24 c f i I r  T=2400 s t  . i

- A . . , - L
9=O .15b  ,  K= l  .  I  l -O -o ,  S=18  c f f I z  ,  q= {  ' 629  lO-+cm/  s  '  : ' J

T h e s e d a t a a r e t h p S a . m e a s t h o S e u s e $ . b y C h a v e n t a n d

1  ,  , - .  l -  
a

cohen L ' t  J  and, j r ,o r tes  L  3 - l  and.  cor respond to  the  ra ther  h igh

?  ^ ^  - - r ,

; ; ; " ;  ; ;ec t ion  ra te  o f  I  cm) /mL, . ,  and a  s t i f f  *o* " t . ,qp ; . tu ra t1on

f r o n t  i s  e x p e c t e d '  , . i i  { :
:  3 saturat i -onT h r . e m i n i m u m a n d - , t h e m a x i g r i a n i v a l u e s o f t h (

o Y r c .  r ' !  = C  ' 6 3 .d lY t  * * - J .15  and  u ld -O

Y{e take in to account  for  c(  and, , rb  Jhe est imat io 'J ls  ;s ' ; ' i ) '  ' . .

- , . ' .  . s . i ven  i i ' f , ' a l  + : ^ , .  1L  o r :b i t ra ry  va -Lues  o f  sa tu ra t i - on  be tween '
' t 5 J Y E l r  L L L  L  )  J  r v !  4 T  - - - - d  ' -

0 " 1 5  a n d  A . $ .  I n  o r d e r . t o  o b t a i n  t h e  v a - t r u . e s  o f  a ( u )  w e  h a v e

a p p l i e d  t h e  a p p r o x j - m a t i o n  ( 1 1 ) '

U s i n g a p p r o x i m a t i o n s b y p o l y n o m i a ] . s o f s e c o n d o r d . e r
, - 1

the  c l i sc re t ,e  so lu t ion  leaves  the  in te rva l  L -umr* l&Jr  so  tha t ,

e  t1  e .  func t ions  a  anQ b  ou ts ide; t

:
i t  was .  neccesarJ  to  ex t raPo la t

o f  t h i s  i n t e r v a l .  \ t e  t a k e :

[ -i i f u..( trm
b ( u ) =  

t  r  *  i r  u ? u N L

I

For  u  r (  um,  a (u)=g and.  fo r  u  )  uy :  a (u)  was  l inear ly  ex t rapo la ted '

F ig .2  shbwe, : l succes ive  pos i t j -ons  o f  the  sa tura t+on

f ron t .  Thb two curves  a t  t ime t= l -682 s  and.  t= l -8BO s  cor respond

: .  , - - 1 ,

respec t i$e ly  to  the  water  b reak- th rough t ime and to  the  las t

c u r v e  p l o t t e d  b e f o r e  t h a t  t i m e ' ' r '  '

'  1 ^ ^ ^  ^  ^ l - + a i  r , r r

Ttre break-t i r rough t ime t  =l-BB2 s lvas obtained for



t h e  f o l l o w i n g  c l r o i e e  o f  t h e  p a r a n e t e r s :  €  =  4 ,  f  =  O . B ,  €  =  l O - 2 .  :

i l h e  l l s e  o f  I t i c h a r d s o n r s . e x t r a p o l _ a t i o - n  a s s u r e s  t o .  ,  .  .

ob ta in  the  break- th rou . ; . ;h  t ime by  a  r .e la t i_ve Iy  smal l  number

o f  s teps ,  the  cor , rpu t i r ig  e r ro r  per  s tep  be ing  s :na l le r  than t . .

A nurne:: i -cel l  anei lysis of  the , resulLs oblained shornis also

thai  esbimat ion o ' i : 'Laj .necl  for  thz break-th.rough t i rne is

approx imat ive l -y  independent  o f  the  cho ice  o f  #  and f r ,  un l i ke

t h e  e s t i r r i a t l o n  o b t e r , i n e d -  b y  r l i s c o n t i n u o u s  f i n i t e  e l - e i n e n t l -  L Z J ,  i

t x r h r ' n L  A ^ ^ , \ - . 1 - '  + L ^  l - - i * , svvr r ru r l  L r -spE j r \ . r "L  o r t  the  t ine . ,  S tep . , ,T ,ab le  1  6 ives  the  number  o f

j  t e r e r t i o n s  ( r r )  a n d  t i l e  e s t i r n a t e < i  b : r e a k - t h r o u g h  t i n e  ( g r ) ,

c o r r e s p o n d i n g  t o  v a r i o u s  s e l e c t i o n s  o f  6 .  ,  Q  t _ , r , , i  { - ,

I s .,v
6 IT 3T

,  ' * 1
1'O / t t h 0 . 8 I 2 2 a l  Q . p n :

"i ^i
u . o

v . c l_88C

n t l , 4  l ? r882

J v ' t 1.882

I ' 1 t  n 1 8 8 2

. ?
1 0

n o A 1 e i 8 8 l

n o n a +7'o 1 8 3 1

- 1
T O 0 . 6

l _uo I  P q r

't
.L 9 4 194!+

T a b l e  1 .

I t  comes out that  for  €=l-O-z the ninj-munr nurnber of

j - t e r a t i - o n s  ,  I ' I = ) 2 [ ,  i s  o b t a l n e d  f c : 0  = 0 . 6  a n d  J " = 1 .  T t r a t  s e e n s
* n  ] r n  + l ^ ^  ^ . - . i - - i , . , . . , .  ^ ^ - 1 ^ ^ . ] - : -  n  .uv us  r ,1 rs  , - r , r ,u i l ; iL t i l l  se lec t ion  fo r  $  ana f ,  as  fa r  as ' - the  conputa t ion

t i m e  i s  c o n c e r " n e c L .  , .  . - ,  . ,
_ -*-Gl

The nur r .g r ica l  resu l - ts  a rg  in  good-e l .g ree i r ren t  w i th  those

obta ined by  C l i i r ven t  and Cchen [  ?  ]  a "o  i lo r .des  [  : J .  These



-,-. ^P'.- .. :21+-

. . . , . '

j  -  ' -  r ' ' j : : : "

euthorB }i&v€ ghown' that by usins,ig, dj-scontinuous finite element

^ , . - r  +^  + rnv  } r raE  Lme  and -
r n c t i i o e l o n e , o b t a i n s g o o d r e s L i l t s f o r b r e a k - t h r o u g h t j

f r o r r t o f s a t t r r a t i o n , b u t o n l y f o l . t h e ! . l a n s P o r t e q u a t i o n . . ' F o r
'  anr lc l *  i  nx  howc t lude tha t  the  j - r : rp f  i c i t

thQ. eornpiete equatisn however theJ' Qon( '  : : , ,

a p p r o x i m a t i o n f o r t h e d l f f u s i o r i i l , q r a c t i c a l l y u n a p - p 1 i " ? s + :

beoausg of  'bhe.  great  oomputat ion t ime (18 min '  for  a  t l$e, :  '

, t

etcp :1  30  G6Or  )  and an  exp l i c i t  app- r 'ox imat iqn  requ i res  to  . " ' . .  ;

€hooe€.a very snrai l  t ime step in orae" to assur 'e the,nunrer ical

s tab i i i t y .  ;  , .  -

[ h e a n a } y s i € ' o f o u r r e s u l t s s } : o w s t h a t t h e d . r a v ' r b a c k s

of ,  the  d isoont in i rous  f in i te  e lc ,nent  o r  f in l te  d l f fe rences
r . i l i r

nrethe<i in thc oolrpletc equation (dif fusion+t '{anspaft) qre

f,€noVed bts"t is ing thc'  present met3.,9d'
' ' , . . . : x n " u u , . u } u r s i o i r i t e a n b e - s a i d . t } i a t b y u s i n g t h e s e m i

, ' e x c o r e t e G a 1 c ? k i h r r € t k r O d - t o g e t h e r w i t h t h e u n i i a , U 3 { a 1

eon&it ion at t i ie f iSht-hand- sicle of the sample' givr--s a good-

j . ' , ; ; ; tJx i * , * t ion of  t l ' Ic  satur rat ion fpont  and of  the water

b?€]'&lc-thr. OUgh tin'O '

&cjnp^ieiciL€-IrLsr

i
I
.t
l l n :
t - -

:!
+ {
r l :

" " , , , . ' I

for Birggestrng{tnts 1to[\em 
and ' for 'his interest and" heln t t  

, , ,
i , i _ :

r€a l+zo  i t . '  i - ' '  ' ' : r

iYe a3€ Aieo aeopr;i  grati0fu;1*,jo Dr'E'SOOS ancl Dr'c'

EEODOSIU

. B u g g € g t i o n s w e r e € X t l e m e l y h e l p f u l i n p r e p a r i n g t h e

f inal- vefeion a! this 
F\u*'
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