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PI1INCIPAL Ii'IODULES 0I" l,IiinAR I,{APS

iUiD TliltIR }\PPLI CT\itj-O}.{S

l'an WZA
Thc liationeil Inst,itute fo:: Scientil ';c anC

Technical  Crea'Lion

H l  1 ^  r r D Y r r J c 1 t  L ? . r ? i l a n l i l
u s v a r q f ,  v u  v t  t \ v r

Tlre thecl- .y of  pr i i :c ipal  m()ou.Ics v/as c lcveloped in cur.  pai)ers [9] ,
l - ^  |

l :1"0.J,  / rn appl- i .cat ion of  th is-bhecry vras already CiVen in our leei , r r . . ,e

delive::cci. of the Ii irs'b i iotiran:ian-GDR Seuinnr on ]lenach Slirce Theory held
at tsucirrr ' ,s t  in tgBI (see t l i l  ) "  The purpose of  th is pc.rDer is to p] .e-
seut Sol l l r - ,  fLr . r th. : r  appi i :at ions" Our, ine' t ] 'oCs ivor] l  a lso in thc non- l -o-
c . . r i : i y  co l r \zc : .  ca ie ; th is  posc j -b r l i t y  a l lov rs  us  to  der ive  A"R.scne i l : l s , , re -
: ' j i ,r. l-t on kc.r..ncl. oire:etors es a corisequence.of principal noclules tircor:y.

l-. Prirrci.pul moclules

fn  th i .s  sec t ion  we
r  . n ' 1  -  f t O l
" 

j" c'll Ly I eti-to L__ _ r .

Io{  a vector lat t ice tJ we shel-L use the stanclard nctat i .cns:
.E+  = f  * l xe  n ,  x77oJ ,  :
[ * , y ]  = 1 r l  , e r , x ( r < J J ,  |  . , , ,
E ( : ; )  =  t y i y e  l ,  ( J )  a ,  a 6 i . i +  ,  i y l g  a l x l )

A 1a-bt ice-or.c iered algebra wi t i r  uni t" . is  a vector Lai ; t i .ce A with.
a -6trong uni-c e enclotved with a bil- inear. i"ult iplicabio.n (arb) n-> ar.:
s u c i r  t h . a t  i i c  =  e a  =  a  e i ' d -  l a b l  =  l a l t b l  f o r  e v e r y  o r b  6  L ;

Lct  A be a l -at t ice-orderecr al-gehra wi t l :  r - rn i t .  t ry an A*nodule t ie
shral l  n le. ; ln a ve ctor lat t ice I  lv i r ic i i  is  an.algebraic nodule ovc1 A sucir
+ 1 a . 1 +  t  1 . r  t ' T 1  h ^ - -  ntntr t  A1-H*C! i+ .  For E Archj-nedian ihe def in i t ion rnpl ies that  laxl  =
=  la l l x [  { 'o r  e , :e iy  A€. i . ,  . :e  6 iE .  By  a  subnod"u le  o* .  i  - * ru  sha l i  neen an  a ] -
gebraic Sui:i i iooule, A s,ei;,: l f;.CE* wil l be cal.lecl A*. stabl_e if Ani;l 6-i, i .

Let  ArB ba Arcl i i r i ieoian lat , i ice-oroeled. algebras wi th uni ts ulr"2
and le t  r , .  S , :  ue , l ine  tensor  p roouc t  in  the  sense o f  D.H.Fren l in  (  [4J ) .
There. is an uni-que str .uct i - re of  lat i ; icej-oirde:,ed. algebra iv i th ,  uni t"  on

reca l l -  sone bas ic  dor l in i .  t ions and resul--t,s

A E ts such l , i ret ' : (€1,8 b')  (  a28 o) = uLa2 E UrO, for every a1,"2 € ,A,



,-rl.r:{l a '}*nioCule. Tl.lcn::,wo catr gilre a;r-unique struc.ture o:f A ef, il-

o r ,  , , i '  such  'L i ra t  (a  f ;9  h )x  =  a (b> l )  fo r  every  a  ( :A ,  b  €8 ,  x€E6

i\ ; l: incipal- A-'mociu.le is an A*module E en,dov,red vrith a lccal.1y so-

iop-, i , - ro, ly r :uch 'Lhat 
[or , Iae A] i -s dense i r '  the pr incipal  orc ier  i t leal '  '  ' :

Se1' :cr . 'a1,eci  i ;y :< f 'or  crrc: :J xcE"

LcL 5 b.e an A-modu.l-e er.nd let tr' be a B-.$oclule. Supi;ose that ri and ,
. ' , , :e pr i l lc ipal ,  t ; rat  f  i r  orrder cor lp:ete 'and' i tc topol .ogy i -s crLler

-
i j .nuous* l ienoLe by L;(:ir: i; the veci:y latt, ic,e of all cg4ti=i::n*=arq--

:' bou.no.ed. lincar. nrrps f r"otrl ,J! "to il. .Def ine s-b.r uctttyes., of A-rnod,ule and
,"  ;odul ,C ot ;  L; . ( l l r I t )  by

( ai.,) (x) = IJ( ax) r
( b U )  ( x )  =  n U ( x ) .

r, l i :Lr l,;fE,F) L)ecorles ar A @ B-nodule" The sol-i.cl strong topo.Logy cn
" { j leF)  1 , ,3s  as  a  bas is  c f  r ie ighborhooc is  o f  0  bhe se ts  lu l  Ue I , '1  ( l l ,  F ) ,
' 1 ' l  / . - \  z  r r l  . J r ^ -  - -  .  n  ^ *  l  . ^  ^ :  . - l ^ L  ^ - - . r - . ^  :  - a  i ', . , i i  r , i . /c  v J . rur  c\rery 1€E1- anci  every nei .ghbor:hood V of  O in F.

' Iheore:n f . "1 '  ( [101) 
"  \Ti th respeci  to the 

'sbl id 
s"brong topol .ogy, 

' , : '

{-11,11) is a p::incipr.rl A fl ir g-'oodul-e . . '  ,r

Igr  i .he a.ppr icat ions y/e s l ia l i  nesd, ' . the fo l lovr ing leulaso , ' . , , '  ,  '

Lei'.nuia 1.1 tet ] i be ri principal A-uiooule and .1Ert I '  be a closecj
, , r , r ' l ioduleo Thet:  F i .s an orcter ideal-o i  :  '  , : .  j1. : ' ,

Lerrna 1.2 Lct E be a principal- A-mod.ule ar:d let l,rC'ul '* be A* ::

.1 i r ) -e end closccl .  : t f  x € I I  t l :en [C, *J C ]ni .
Lenn,c 1.) Suppose tira'c E'., is en A-modul-c' end a B-rnodule endovre.d.

',,.,t}I a iocal.ly solid topo.lo6;y and let I '  be a cl-osed A-s'rrbnodule' ajrd Br*
r,, l,r; ' ' iociu1e. 'I iren F i-s u::r AQ7 e-suUrnodulen :, j .:: ..

L'eiruna -'1""4 Urrd.er the $ane hypo'Lhesis es in' leuuna i.3 let i,l C E*
'. {l r".}osed A*-*stable &nd.B11stabl-e subsdt such that.-l, i  r LiC}J" Therr l i l
*  / n  E  o \  . . + . - 1 . - r, : i  (A f t }  B)+ -stablco

Az. Kernei- operaiors

[ ' -h.eoren 2.f  Let E,F be A-nociules such t i rat E is ordel coraplete, ;  i :
; l  is 'Rr inc ipa l  and i ts  topology is  secara ied and Fatou (see [ : ] ,  

"n . ' ,  
, , . r .  .  . : . . ,

. f 'or oef ini i ion). L.et U,: E -> F be an oroe.r conti i :uous posit ive 6-1i-. ; : : ,
r " *&r  nap"  Then u( [o ,x j  )  [o ,u(x) ]  for  eve iy  x€E+ .  , : ; . : ,  , .

Proof .  Let R.A".a fani ly of Fatou poeuoenorns definirg the - fe-. :  - , .
: : t i } .ogy ( of F;-!Ve' introduce t i ie topoio,, ;y f i i ,  on E by the pseuclonotrs., ." . , , , , .  , , . . ; . . . .
. ' : ' i - ->9 (U( l x l ) )  f o r  cve ry  ge? , .  r t  i s  i r a t Ju  and  U  i s  con t inuous  fo r  :



q : i .  j  (c  Let  x .6  F*  and ) '€  [o 'u(x) ] ,  As I r  ' i .s  pr inc ipa l  ' there is  a  r r ; t

ig'pcnn :;uch.thab "r. 
u_.Ti 

3:j:] :--o 
forT. rhe sequence 

"E* 
is

ti-cetrcryl indeecl: n:-.1 t" Arci:ineclian rve have

Ugss; : *ar ,X ) (  u(  l t -au, l  x )  =  lar -ar r l  t I (x )  =  larU(x) -u*u(x)1 .

As OtA*x i : t  i t " fc , l iovrs  by i {a}<ano 's  theorem ( [5J,  ch.2) .  that  t t rere is

X. €tOri] sucir ttrat l ltx -+ >1, for 6t. As. :U is co4tinuoue and *. is se:

pir*tud rvs irave J = u1:rr) '

AS 3ir  appl icr t ion we prc ' ;e A*F.nSci . : ieprs resul t  f ron [7] .  Let

\  = (S; ,  )*  i  ,  la) ,  i= i r2 be c/* f in i tc i leasure spaces ancl  Le'u XlX X2.

bg tk p-nr i , ic i ,  nca$u:r 'e tpace" Let r ,o( j { i )  be the r , 'ectorr  }a 'Lt ice" cf  .e-

qUivaf e'nt)e clrrs,i-;cr; of ,aeasureible functions on 51 and Ic,t E, i-re an or-

d 'e" id*. . f - , . i "n Lo( i i j . ) .  I r ' ; ie deno'be'by f  (x1,r I . ) ' the o" i""  idea. l -  Jf  those
'3eL^[{ ,X Xr)  sucir  that  the c lass of  t } re funct iut , :

t  d  _ f l f  Cr ,  t )1 : (5 ; l c1 . ru r (s ) :  be l -o r 'gs  to  E ,  fo r  every  h  €  n t .  Every  f  6
€ I (4  F . t )  r ie f ines  a  kerne l  opsra ' to r  i ; ( f  )  €  L r (E l ,E2)  ( the  vecror  la t -

,t ice ci crtL- or(ier bounclcd l ihear nars f::on E, to EZ). Irr this way \re
i1 - -avg . l , : t ' i ; , r cd  an  order  cont innous  n , :s i t i . r ,e  t i iear .n lp  i l :  I (E1 IE2)  ->
*-+ +(E,,E ).

W At- i ,  ) " r  be the l -at t ice-ordereci  a lgebra rv i ih uni t  of  .a l - l  s i ,&-
pl-c funct l  - , ls  In-Lo(; ' , i ) .  Le' t  A be the vector subspace of ,  L ( , i1 X XZ)
gai^icr, '1.c..1 i..y the. char'acterist. ic { 'urrc.tions of t}ie sets i,.I}x l;, 

- l ' , ' i th*

LT1{ f i .  , ' , '* ,rurr" A(,;r) & aq.lr l  = a(xi) & A(rz) and -bhc,,re is a caao-
n icar  i :o : . : c lnh ism { :  A(x r )  g  A( { )  - ->  1 r . .  By  us ing  thd , .usua l  po in t_ - .
l " t isc l ) r ' r ;11i ;s1 l ' ;e def ine struc' tures of  A(]{ i ) -nodule on Ei  ancl  of  A-rcodu-
le  on  f  ( . ; r ,  i ; " ) i  by  us ing  the  isonorph isn  e l  r f  r .  ' : r  \  becones : r  s ;  anL r - -  j "  - J  t _ . ^ - u . a - v \ . ,  r \ * : 1  r  u 2 , /  v s v v c t ; o  c i ; ! ) v

.,1(xil) 8-' u'.(,ir)-raodule . 'rhe ccnst:,uction cleseribecl in secti on 1 sholvs
that  L* , ( - '1- ,se)  is  an a( : { l )  @ l t ( , iz ) - inoc1u1e;  i t  is  eas i ly  seen t i :a i :  K
r"s 6 ( Xi ) 5p .:, (,i, ) _tinear. :

I

'"i_'jl:

(-l

t>

the order continuous icoulogy on E, by the p-rscudcricrirs

Ihln frrur, ivte L z , F2(iir)'(s,r ;

topology on i i, by the pseudonorns -
t-t 

{o 
u( let )A /,s2df2, i',i€ f 2 , t'12(i,i)< oo , u € Lr (El. ,Ez) *

octain the follor,ving resi:l 'u ',virich is the principal step

t
J t ,

IVL

provlng that the kernel  operators forn a band in L*(E1rn2).

lh:.f i-ne

h r--+

define

fn this .r ' ;a.r 'xf and I^, becone principal nodules-and L;(Er rLr)=L"(xlrx2).

] i--- '"] t t  
:Lr.{ i j f  ,}12) is a principar A(:{t) 6l e(;(r)-nodute i, ,  in.*str in! 'so-

: t ' : , : * : to : " . .Bv  lak ieg  in  theo 'em 2 .1  p  =  r ( ryE2) ,  F  -  L r ( r l1 r r } , r i
x

r-il n

/;* ,

_. . :_ .__ tuo_" :n  laZ K( fO, f l )  =  LCl , f  t f ) l  for  every f  €  f  ( i i_  - ! t^ )  , , , :# ,. . " 1  ' " 2 / .  :  7 . . , -



3 Dn ine ina l  modu l ,es  o f  l inear  opera tors
. / C  I * 4 r ' v - I J " *

on ilanaci: ldttices

. '  .  For an o: :der colnpl .e 'bc vector lat t ice E Ie+,,}(T) be the vector

(T t " l l )  sCr je r i l t  jec 'b ions  on  'bands ;  "4$)  
i s  aiubspace of Lr(Tirl l) gcl:r 'er:afed by the p:o

ir : i : .1- lcc-,orc lerei1 : r tgeb; 'n rv i i : l r  uni- t ,  l r r rc l  'Lhe i rep { i ,x)  p-+ A(X.) .  c lef ines

I E'l;.r:uc'bu?e o'f '1'(I ' ])-:::c.r ',1u1e cn E" This mciLt-Lc i-s pr"incipal for every

i .ocni-J-y so]- i< l  t6pology <-r1 l l "  I f  E,F are orue.r 'conplete vecl . :or  lat t ices

, r':'i: /fuj t r& 4 tt') =-,'4 $t) 6 d (F ) .
Let l l , I. be Ban:rcir la' i: 'r,- 'r-ces such that I has crCer continuous

/\
lorm6 Let i i  l te ' i : i ' :c 'order i -Ccal  l iencra. l ,ecr by l l  in E". ' rTe def ine a struc-

Lurc c; t  1( i i lAu{ ( , : , ) . . iaoc*1e c ' .Jrn(E,F) in the fc l lor , i ind way: i f
/\

r \(ee-t lm /tQt) anci U€1,.,"( l l rr l ' )  let ai l  be the restr ic ' [ron' ' t9 E of the

j la IJ  a lJ t t ,
'  

The p.r:gof's of the fc-:--l.crvir1; theorerns follow fron i,heoler: ' i . l .

Thcoren 5, i  I f  l l ,F al :e oprtrer con".c lcte Banaci ,  iat t ices and . t '

haE; ol,dcr contir:uorru' 'r 'r 'ori ir thcn Lr(8,,1,'). is sn t{$),e,t{ (p)*p'rrincipai rlo- ,.,-.

r iu lc j . r r  thc solrd stron,3 'bopologyo

Tireorein 7;2,o I f  t r ' i ras order c.rnt inuou.s norui , then l r (FrF) is e:r}  " '
/ A

,{(. 'n)eA (l l)-priricl-i al modute. in tire so-Licl s'L,r':ng lopolo;;y.

Let I t rF i re Banach lat t i ,ccs such that ,Fr,- is,  order.conplcLc" The -- ;

sol id.  urr j - forn tcpolOgy on l , " (E,F)- : i :s ' ;g iven by the norn,U r '*> l l  lu i l l  :
A subset i , , i  of '  E is cal led L-bcuncied i f  for .  every r> O there l -s y € E+ '

suc]-r t iraL, , ! l  ( lr i l  - ' ;/)*11 <e fcr every x €l '{.

Let r,-,Ir ' ' 'be Banach fait ices. r ', 'c 'denot'a. by L\tl(E,F) ti:e . sct of
' [ , i ro"qe. l - inear 'L:ap' ;U :  E *+ f ' ; t ic ] r ' ; i rab t , ; :e ;nage of  the uni t  bal . l  in

n by U is L-bcr:ncedl  i . f  F is orcler conpiete lvs r lenote by i ,S,"(ErF) t l . .e "

crc ]er  j "deal  o f  thoec IJ€ Lr . ( i l ,F)  such that  tU le L, l f  (E,F)  " ,
boundecl topoi.o;;y un L(E,l l )  is given by thc serai i lor i ls U

lor everJr L-boun.-ted set KCIr* .

The solid L-
s-y sup lllul i4]+
' x€*'--=---

Theoren 3.5 Suppose that  , I t 'and F have order  c .ont i ru .ous no lms,

that lI j-s a princi"pal. A-nioclule an<l that, F is a princip::.l" 3-module,

T'hen .|,Ji,"(Itrts) is sn A 6 n-principal nroclul-e in.th.e soiid uniforn topo-
' c;$y.

Thcorcn i"4 Suppose that F has order csntin'uou$, ' ' r lorn, that E

principal- ir-noouLe anC t,hat F is a principa1i-Bqnoeule.Then LJE,I)

A 6 S-pr.incipal nodule in tl:e sol-id L-bo'sncied topology. 
' 

-,-

Theorem l.5 Suppose i , i rat E' and F halre'mrder continuous nonns.
. n . 1

Thea f', 'L (I,F) - is an,4(E) I 4 g) -principal mocluae, "in the solid unifor:n
, l p o l o g y .

'  . 1  A

. .$  an

--rkTi:



Theoreiu'7i '6t, suppose that F hae or.f,er continuous normn Then,,i".,
t , r (E,F) is 

" t . / f t )  
Algl  -  pr ineipal  moc1ul .e in the sol ic l  L-boun<ied

topo loryu  -

Tl iete theo::ens are der i . red f rom theorem 1"1r theoren 5,2 ancl
t l rc f  c l lovr ing lcnmac:

Lenula ]o'f Su1:pose that l l t anrl I, '  have o::clcr continuous nornss
J, i : l  ; t  (1,1{( l i , r ) . -  o T}re; : .  the soi id str .ong topoto6y ancl  t l re sol id ppi-

. i ' ( ' r "n 'bopo. l .o.1y ccincic ie on L-- t t ,  U],

Let i r ; rn 712'  Le' i ;  E,  F bei  Btrr focl :  l . r : t t , i .ces s l rch'bhat F is order
cc ; r lpJ -e t ,e  e rnd  le t  U€I1(E,F)* .  Then t i re  so l id  s -Lrong topo logy  and the
nctl. j .d L*bor:t:cled ' l ;opo1ory coi.ncide on [-U, U]. :

ji+eoleu 5"7 Let l:- be a Barraci: .l-iai;-L,ice herring order continucus
rro:.:], J-ei; Ql.Ue arr algebra,r-c tv;o-sj-rlecl cl-osed idca; in the algebra of
c i . l i  con'Lir . iuor:s l incer maps fron.I l  to E and le i ;  ue0Jnl , r (Ern),v€ Lr( l j rE)

,an i1  
i j€L i ' r t (E ,E)  be  suc i r  tha t  l v i - {  iL r l ,  T l jen  VIV€? l . .

, .  
n l 'oot : ' 'St  t l l * : i 'cns ] "1 s.nd 3.4 t l :e: :e is  r r .  n€t  are 4(E) 6r l (E)

srrc i rbhat o6u *r , \ r  f 'or  the.so. l id r-borrncled topologr, . ,A,s t is  a t lvo*
r . ; i r ic ;d ' jdeal-  r ,ve. t r : r :  iar i j l l t  (U. *  r is  i ' i  (  L.T(E,.8) i . t  fo l ror : rs thai  .  . , ,
(nrU) l ' i  -*> vr ' i  in the uni for i r  topologyl  hence vr ' /€ l l .  ,  . r . . .

Takir.g Ql 1e be icleal of cornpilct operato::s and V = !l/ v;e fincl a
resu]-b of '  c. I ; "  . t l iprant is and 0"8:r i i inshar.r  ( [1]  ) . ,

!: The app:,oxii iration of l- inear oper.ators by
finj. te-rank cperat o::s

Let n,F be-,.r3anach space$c ,t . /e {gnx.;s ay FIB,F) the set of.al}
coutinuous f irite-renk opera-bors fron jr to F. A rinear map u : q -+ I,
i 's cal ied epproxi,oable i f  i 'b belorgs to the c.r-o*cu.; .e A(n,Fj of {(zrr),.i.n the uniforn tcpoloayo

Theorenr  4 ,1 Let  BrF be i3ar :ach la-bt ices,such. .Lhat
der  cont inuous rorms.  Then t%(E, t r ' )n  A(E 'F)  is  a  band in

Proof"  I -b  is  cas i ly  seen that  L%(E,F)n r \ (E,F)  is
.-subnodul-e of t \(E, ir ; ,  By theorem J.) lnO feirma 1.1 i t
idcal; by leiana 3.f is a bandn ,r l,:;^,;;1

E ' r F  h a v e  o r -
T r r r  / n  - \
J-.r'iYr" (. L t!' ) .' ,^.
an,,{(E)@..((!)

is an orcler

r I f  n,F are nornecl vector l -att ices let p(E,F)..be the set of al l -
Linear 'maps U :  E - - -*  F such that  there sr6- j - : - : - . * - .  f *€El  a ld  .y_.

.  .  n  
aF"e  r l tT . .  n tn€  E i  *6  Y l1 r  c  o

' . . .1 ] r - ,€  f *  such that  U(x)  = 
I= . " -  f i (x )V1.r for ,  every x€8.  A- lL inear  _nap
] .=1

-Ll--i---!-::Z-f io called positively approxiuairle if it, belongs to the,,uni-
fo rm c l ,osu re  o f  p (E r l . ) .  '  

i . i ,



' i  
I

j ;

Theoreni 4"2- l;et EoI b.e Banach "La'Li,. j.ce9'., isuch that E', F have .i;.; i . l i- i

r , r ler  con.bj .nuous rror i rs,  Tl . reLr the set of  those u€Ltt( i l ;F)  such ' that  lu l  i

. : p o s j . . b i v c 1 y a p p : : o x i m a b 1 e i s a b a i r d i n I " V " ( : D ' r ) . . . . . . '

P roo f "  sane proo f  as  fo r  t i r corem 4 . l  us ing- i ;heo lem T '5 '  lemina

2 ancl lentma o) oTo

Let ,E ,F  be  nornet i  r lec to r  Spaces"  T t le  conpact , t ,opo logy  on  the  . i ' . ] . - . . " ' .  ] , '  | r

I

j . , l . : : i c e I . , ( L l , I , l o f a t 1 1 i n e a : : c o n t i n u c u c m a p $ f r o m B t o I l r s g i v e n b y t h e .
,:: i- j.nc.,i i i t i  U t*r! sun l lr-if"). ' | \ -f 'ot every precc:c;,act set J(' iVe deriote by'

' c . K  
" '  - - v  r -  '

: . f r ( . i l r ! ' )  ' i ;h.e * f  o*r , l ' ]  '11 'Cf1t . , rT) r ,v i -bh r 'especi  to th 'e conpact topr ' " l  ogyof i rc ' l

.;,:etnpl-e cf .A"Si;l:. i i iotvsli i  (sce lO], ch"1-g) strol ';s t ' 'at t1e::e :-s tr i '€fle- 
t

, j . , ;e rRenach J -a-L .L1ce E su .ch  -uha i ;1 , 'dCA(E 'E) ,  Le t  l l . ,F  i - re  ncr rned vceLor '  
- r  

' '
,  

l "  
h  r \ ' T . 1  i \  - . ; + ' h  i ^ . \ r - t -

r , ; . -b t iceso \ ' /e  d:nor ;e i 'by CA+(I f  iF)  t l ie  c losure qf  P iH,F)  vr l th  Try ' r ' \a" ra ' - * " - r  ' '

l ' . i : , l :  conPac'1, toPoJ.ogYo "

T } i e o r e r o 4 " ) ] , e . b E , F b e B e i l i a c l r ] - a t t i c e s s u c h t h a t F h a l o r d . e r

: jr, lnt inuous nQj'In " Tire f ol l ' lvi ing are L'rue:

i )  c A ( E r i r ) n r ' r ( E , I ' )  j ' s a b a n c l t l L r ( E , F ) '  I  '

i : L )  l u l u e  i , " { n ] r ) ,  l U l  e  c A + ( l l , n ) } , i s  a  b a n c i  i n  L " ( E ' F ) .  : .

Proo fo
'  * :  . . ' i  ) : , :  : [ t  s i i - i . ' f i :ces to prove tha'c CA(E,F)nLr(3rF) is an o: 'd 'cr  i 'de-

becau.se i ln app). icat j .on' ,of  lernl ta 1"2 v, ' i11 i ;holv thai  i t  is 'a bi?r id '

, lo  th i  s  purpog€ '  i t  su f f i ces  to  i r rove  t i ' ra t  :CA{ i l (x ) ,F)  f iL r , (D(x ) ,F)
1 ' - '- / '4 ' m"'i s t l" i- l ' l '  follovi f 'qci"n tncc:'crrr ]"4.1-:r an orcle:: i-clea-L'-'fbr erterY x € i+ " tlils

i : : i , l  lc i r in* ' : r*1 i f  we cor is 'c i : l rct  a la i t ice-ordered algebra A lvr ' tn u ' r j ' t

n i ;Lch-Lhat l l (>:)  l 's  a pruncroal  A- i icc luJe gnd CA(B(x), i i )  js  an- iE*4: l :

lu.bnodulc" / r$ i i ( : i )  is  is<-,r ,1oi :p: . l ie to e space C(r:)  vrQ'  mAyrdake AI C(X) i

i * i  CA(E(x) oF) is an 0:-subnoclule anct an t{ tp l -subnodule i t  is  an

L 6 4Oi ) *suDinociu.l-e by lcr,ma I*7 .
'  r i )  Ser lc  p i 'oo f  as  fo r  j - )  us ing :emnas IoZ and f .4 .  r i

Let  I l rF be ;anacir  la i i ; ices such tna-b F,  is order complete ' l , i ie de-

note b] ,  Sl--A"(E,F) (respec.[ ive]y b;1 $SA(E'F) ] t t te c losure a!  f r lnrF) jn the

so. l . ic l  L*boun4recl  topology (rcspect, ively ' the sol^ id strong topology).  lYe

c ienote  by  SLA. - (U, t r )  ( respec i i ve ly  oy  SSA*(n ,F)  )  the  c losure  o f  P(ErF)

in the sol j -^cl  L-bouncled. topology (respect ive1y the sol id strong topolo-
\

{ l Y ) .  i , , : ,- - ; ,  
" .  Leruna 4*L Let  E, I 'be,Eaneleh lac ' ; ices such that  F has order  'con-

t inuous nornr  Let  U;V €Lr(E;T)  .be such that  O < U(  y  and V € S]1\+(E ' rF) .

thqn  U€SI ,A+(E , I I ) .  (

Proof .  hpply theorcm J.6 and lemna 1.2. -r"

'

'v/e denotelby,"J$,F) tne band generated by {@rt) in L"(E, 'F)"r '

Tlreorem 4.{ i ' ' r :1g1 X,F be Banach l .at t ices such that F has oroer-r

continuous norn and ' i i -et U€Lr"(n,I?).  The fo} lov. ' ing are equivalent:



ir cr Yr\I

Y--*\
&.ry

t * l

I )  u d  7 ( n , r f  ) .
i i )  u  €  sLA(n , l ' ) .

i i i )  u€ , i j sA( r , t r ' ; .
iv) U+, U-_€ SLA+ (8, tr  )  .
v )  un ,  u *€ssa+( l i ,F ) ,

'  Pt:oof .

i i )  =) iv) r t  suff j -ces to provc 'b,hat u-"r u € slh*(Erlr ' )  for e-

u€E'(lt,F). 'oTe have LI(x) = * f.; (x)I. i. n"n.* lutr , *."- v(x) =
.  i = l

l f  i l  ( x )  i J l l  ,  R ) '  i enna  4 , "1  the  resu l t  f o l f cv i s .

i i i )=> i )  l - ,et  F be the 1:roject-Lon on i l re L 'a:d orthogonal- , tc

J ( I 'F )  a r :c1  . l .e t  i Je  s i jA( i l , r ) "  F ron  L ,hc  re l -a t io r :  lp (U) l  =  p (  lU-V l  )< iu -V l
, - ' , ' . ; i r lc i r  is ' l , rue for .  every vdFl(r , r )  i .L,  fo l l -o lvs tha, .L F(u) .  0;  hence ue

e 

"J 

(8,'I ') .

i )  =r  i t )  Fron lernrna 4'"1 and i ;ho equivalcnce i i )<- l  iv)  i t  fo l -
lov rs ' l , i r t ' i ;  SL ,A( I ,F )  j -s  e i : r  o l ' c le r  idea l ; .by  l .en ima g .2  i t  i s  a  banc io  As
* la rF)  c  s ru i (11 ,1 ' )  the  resu l t  : fo r lov rs"  t .  . l

. 
J,o'[; Erir be'r.]3anqch ]ait ices sucir that, I '  is orcler co;nple.te" y/c

rl '*no-l;e bi ' PA(E,i ') ' i tre elosu:. 'e otTQ;rr) in the sorid r-r:riforra -i;opoJ-cgy
' '  

ancl  by I tA.{-( l t rF) l " . i re c iosure of  P{1, , t : )  in the sor i , l  uni fo: :1r  fopc1o6y,
Lenr ia 4o2 Let,  ErF be i3anach l -a, t t ices sr ;ch that . l r ' t  an6 F heve

oi 'der con.t inu"ous norns e -Let UrV € Lr"  (Er l ' )  be such tha,c O"< U< V.er id,  .V.€ :
€  R A + ( n , I t )  

"  T h c i i  U 6  R A + ( I r F ) .
' - -Froof"  S: tne proof f is  for  le i iuna 4"2 usi l :g theorcm S,5 an, l .  } ; l l ta

'l /'r

Theoren 1 t " )  Le t  E ,F  be  Banach la t t j -ces  such tha t  Er .an , j  i  nau t

; : f f :  
con'Linuous nor ins a: : :d t -ct  U€Lr(E,r ' ) ,  The fo, l towing are ei1, . iva*

€ J 1l,F) and lU I is coiupact.
11A (l i  ,  f ' /  ":
,  u. -  c  RA+ (E,F) 

"

i i ) +  i i i - )  s i - rn iLa r  t c  the  p roo f  o f  i i )  + i v )  i n  theo ren  \ .Q ,
us j"rg leuuea 4.7 n

i i )  =+ i )  onv ious ly  lu \  is  co i lpa i - . t  and u€ ssa(E,F) ;  by theorem
4 " 4 t  , U  € 7 ( 8 , 1 . ) ,

i ) + i i )  r . l f .  l v l v € \ ( x , F ) ,  l r r l a l u l e  l l A + ( E , o ) ] ,  i . ; r : . .
qy lenua 4"2 Yis an orcer ideal;  by lemina )"I  i t  iu a ban6;;

From lernra 4;2 we have that Ftnrr)cf; hence JG:rr)ct. f, pu"t:-cu..L,a:.

L1]_-5_11il|l"),i -es.u1r u- ( lul it follorvs from len:raa 4,2 tirat u€Ra{s,F).
Theorems 4.4 and 4.5 improve t i :e fo l lo lv ing resu- l ts of  U. r i r  , - . . ; ;

i ) u
i . i )  u€

j  i i )  u ,'r
P r . n n f



t " r l  r

Sct rL .o t tc rbec lc  (sec  L8- l  )  :

If I i las ordei' con'Linuou,e norm ancl

I i  ETlr  ar 'c r?i l lexive,  U is iornpi ,ct
t r  /  \ A  / ' n  1 1  \
t J  L  , \ r \ - l  \ r : '  r x  /  t

uc,Y' . \ : :  , : .1

/ Y ' - -  - \  . .  ,  , 6  h \  ' :

t t /  t t t r  L ' I  a - r , a n  I l a ^ . A f T l  T i ] \r l  ? J  \ g t r  /  u I I s l I  u  ( c :  v t r \ ! t I  /  o

n o s i  f l  v p  n n c l  t l  r  ? ( l : ^  l ' )  t h p n
I , / V u r u + v L .  

q r r u  
" c r J  

\ r / t . L  /

I i . ,  Springer

, ,  l J * tonscr  Dr .cdu ' r ts

Le'b n,F bc Bal ' i .aclr  l "at t i .ces heving order cont, : inuous nol 'ms.1' /e Ce-

lct :  by l+( . f i ' ,  ' )  the . I - l : r i iach l -a 'b l , ree 'of  t . i :ose l inea.r  maps U :  Er -+ l '

s";l*.1 :1,::f i ; t i ie. j.n.14;e o:f ' ;he ur:j ' i ;  ball by U is,l: 'Cer bo..rrded, 'fhe nor' 'n

, \ ,  . i .  f - i ; ' . T r )  . i  s r  , : r i v e n  l i i l l l  =  l ! . : i r n  t t r t f \ i - i . 6  , r , ,  l l . l l i  <  f J l l  .  L e t  T * f t , , t )0 ) . i .  . i . i , . r \ , :  t t ' l  I \ )  t i L v u r j  t t  t / l i . , T . '  1 l  r u ' P  
t V \ 4 /

I re  . - l :e  su l l spece c i  F$ '1 -F)  ' .gcnc l :n t ,cd  t - /  ' i : ,e  i laps  - i ' i  - ' )  : i . r l r r  v r j , th  x€ l -L ' ,

] .6 i1 r i r ru l -et  I ' i . ,n( l l t ,F)  bc t ; re c.Lor;r-r . i 'e *- l  Tr.( ,1 ' rF) i . r r  L.o{E'rF) rv i t } r  res-

p' ;c i  to ' 'c i re nor] l  l i  l lm. . l . t , is  k i ro ' . ' , ' . r  that  l ,T.r( IJ '1F) j -s a subl-abt ice of
' i .  r  t  l r )  - :5 ' ,11. ' ; , ,3 ' i  ; - ' : -c errrc. ' l -  oroer ie;o:rcrpir ic to t ; re I i - tensor product n &.1, , 1 i , - ,  i J :  I  "  "  

* i r l -

\  l / . )  )  e

Ttrcol 'c : ; r  5"1 i .1. . (J i r  ,F) i r ;  an orcro:r .  j . ( t . ;a l  in L"(nt  , i r ; ,
Ti: 'c p.i 'oi i: i  gocs aloi6 tirc $ane ]in.es as f or the previolrs res'; lr is "

i{m'ilF,n}ic-ES

I, C.-l,r i l ,fPii.r i, 'rTIS, 0."l1ll i i l . ,INsl' iAi 'J, Pbsitive coil l.Dact oocrstcrs oil Beu:ach

] - a . l ; t i c c $ l l , j a . t , i i ' Z " i 7 1 , ( 1 9 g O ) ' 2 B 9 ^ 2 9 B '
l l n ..I",{J11.[l iJ-J]1.,. ?a:rech ]a Lt:-ces o.l '  conpact i lsos, ], iath. 2,I29 Q..972) , ]-"19,.
'7.

) ,  i r . l } j i iDS, l ) " I I .Fl?; j , : i , I l I ,  Ccnpact o-pera-r ,o. t . 's ,  in Banach lat , t  j . r :es,  fsracl

J " io ,a tho  o) ! , ,  4  i19 ' i9 ) ,  '2 -87-72A,

4,  D, i {* i r lL: , ' i , l1,r l l ,  Tensor prodl lcts of  archi : i icd. ian v-ector la i tJ.ers,  Ame-
r j -car t  j  

" i : ' [a th ,  94  
. l }TZ)  

,  
' l 7T-7gTa 

;
) ' D.l l.I i i i l 'Ji,; l ,J-i i", Topolo3i-ca] i i iesz spaces and li ieasure Theor:y'

'1 
.

, )
. J ?

Cerl , rbr id5e, the Unj .versi 'cy Press (197,1) 
"

o. J "Lfi i lEf i: jT;.iAUSS, L.TZAiTRIRI, Classica], ianacjr Sltacei
(Lg7g)  .

A.Rosci lEP,  Kernel  o i rer 'a tors ,  rndag-" l . ia th .  4 .1 . ,  l .  (L975)  ,  79- . rs1.
U.SCIIOTTr-IIiDECK, Tensorprcdukte von Banachvei.ianC,ain,.un4 posii,ive

C)peratoren,  Habi l i ta t ion,  T i ib ingcn (Lg77) ,  -  :  : j
9. D.VUZA, si ;r 'c.rrr ; ly 1a L i ; ice-or,cier.ed i i ioclule" ovE:i l i r" i ion ai6ebras,. .

P r ' e p r i n t J e r i e s l , i a t h . I } I C R n S T , B u c L i n e g t i , 6 2 ( 1 9 8 O ) "
l A-Ur D"VUZ/i ,  i ! : r tension thcorcurs for  strongly 'Lbt t ice-or, iered nodul-es

--*-Er id 
appl i -ca'biotrs io l i t :eal  operut ,o.rrsrFrrepr int  Ser ies Lla-th.  '

n ' lc l l i jsT,  B. . rcurcr l t i ,  100 (1981).  " : :
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