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Thie thecry of principal moduies wae developed in cur papefs(9],
'flO], An application of tqlu theory was already vaen in our lecuwce
delivered ot the Pirst Romanian-GDR Seminar on Renach Space Theory held
at BuCbnrest.in 1981 (see [11] ), The purpose of this paper is to pre--
sent some further applizations. Our methods work also in the non- lo-
calty couvex case;this poscibility allows us to derive‘AGROSchepfswr@~

sult on kernel. operators as aceonsequence of principal nodules theory,

1. Principal modules

In this section we recall some basic definitions and results
from [9) and [10].
For a vector lattice E we shall use the standard notaticns:
= 'wﬂk=f‘ KTl o X O} '
[Z.9 = {a 2¢ B, x£z< \7},
B(x) ={y|ye®, (3) a, acRy , |yle ajxi).
A lattice-ordered algebra witi unit.is a vector lsitice A with
a strong unit e endowed with a bilinear rultiplication (a;b) — ab
such that a¢ = ea = a andujabl = lall b] for every a i &4
Let & be a lattice-ordered algebra with unit, By an A-module we
shall mean a vector lattice D whicii is an.algebraic module over A such
that & B C:F s =Ror-R &TCQl“leun the- deflnltlon implies that |ax| =
= lall x| for C“‘“J a€a, ¥¢E, By a submodule o S:we shall mean an al
gebraic g uuoaale. 4 setMCE, will be calleg & -<taa e if A MCIl.
Let 4,B DB~A“Cul”“Glaﬂ lattice-ordered dléeoras with unitsel,e2
and let & @ 3 beithe tensor product in the'sense of D.H.Fremlin Ol
There .is on unigue structure of lattice-ordered algebra with . unitiion

A ® B sueh- that "(al xR bl) \d? @ 02) = alaa \8 b102 for every 31,82 R



tounit is eq ® e,. Suppose that E is an Archimedian Awmgduh
1e0 a Be-module, Then..we can give an.unique structure of & & B-
on E such that (a ® bix = a(bx) for every acd, beB, xe¢E,
A principel &-module is an A-module E endowed with a leccally so-
copology such that. {ax| qé»A} is dense in the principal order ideal’
generated by x for every x:- E, :
Let © be an A-module 2nd let T be a B-modulz2, Suppose that & and
c¢re principal, that F iz order complilete andi itz topology is oxrder
tinuous, Denoie by L (ByF) the vector lattice of gll continuﬁﬂﬁ/ﬁﬁi///ﬂgrilﬂf

o AF U

-

* bounded linear meps from E to i, Define stxuctur «0f A-module and
o .

~zodule on I_,l’;(}ﬂ,ﬁ[") by , %

(all)L{x)

(bU) (x)

Hou
o o
(: —~~
—~ O
BT
S e

n L(E,F) becomes antd & B-module, The solid strong topology on
"{E¢03 Las as a basis of neighborhoods of O the sets {U]UggL; s B
b (x)e VE for every x €E, and every neighborhoéd V of O in F,.
Theoren 1,1 ([10]). With respect to the 'solid strong. topology,
{B,F) is a principal & ) B-module, :
v For +he appiications we shall meed the following lemmas,
lemng 1,1 Let E be & principal A-module and 2et F be a closed
‘smodule, Then F is an order ideal, _ ’
Lemma 1,2 Let E be a principal A-module and let MCE "be A - | it
cable and closed, If x €M™ then [0,x]C M.
Lemma 1.3 Suppose that Eds en A-module and a B-module =ndowed
Lh é'locally solid topology and let F be a closed A-subuaodule and B-
biodule, Then F ois an A@bLBwsubmodule
Lemma 1.4 Under the same hypothesis as inflemma 1,35 let M @E
closed A, -stable and»8¥wutable cubset such thqt MM E N Thern M
(L ® B) . -stable, : | i

2, Kernel operators

Fis Qrincipal'and'its topology is separated and Fatou (see [5], eh.'2

for de efinition), Let U : E —> F be an order continuous positive A-li- 7.

rzar map. Then U([0,x]) = [O,U(xﬁ' for every x<5E+ : b,
Proof. Let & be a family of Fatou pséudonorms defining the to- =

wkogy @-of F; We introduce the topology in B by the pseudonorms-«: %

L O(U(Vx])) for every ge:ﬁi Ti is Fatou and U is continuous for



Lef XéiE; and y€[0,U(x)). 4s Ffiﬁfprincipal there is a not
L that agé e and ng(x) y Tor T, The sequence a_x is
as T is Archimedian we have

)< J(\ag = l'z) = lagna | U(x) = [a U(x)~a ,U(x)].

fy ond
@9@53; suct
Ti,de»{y- indeead
LR
it™¥cllows: by Naekano's theorem ([5], ch.2). that there is
As U is continuous. and T is se-

2 DG
g ‘\& X&

8% 4
ﬁ (VEO )Q.} QuCIl ‘Lpdl 15 e }l for ’Ulc
pw,,;wq we have y = Ulx). , e
- : < o application we prove A.R,.Schépls result from [71, Let
dgv el BlR = 3
X = (515 07 4

L
b the product I
qu{v&[eﬁcg clacses of measurable functions on S; and let E; be an or-

der idecd in LO'Xj)» e denote by I( ,“2) the oruff ideal of those
f{;Lv(x x‘x ) such that the class of Lne function _ _
t-pm%. ﬁﬁfﬁ“’ t)h(s)|dp (s s belorgs to E, for every hel,. Bvery f¢
é#{u4jtz) defines a kernel operator K(I) € e (% lsuz) (the vecior lat-
.tice of a'l order bounded. linear mars £rbm dl to L2). In this way we
have defined an order continuous positive linear map X : I(ul,E ) —

s Pl i=1,2 be 0’'-finite measure spaces and let XlXJf2,
negsure 9pace, let LO(A ) be. the vector latltice " of .a-

o L-{. (54 ;fwz}

Let A(X ) OO the lattice-ordered algebra with unit of .21l si
ple fUMcifuns in- L (X )o Let A& be the vector subspace of-Lo(Xl>< X5)

&
&8Hcrated by the Lh racteristic funetions of the sets Mlx by with
Mié S: ;+ e have A(: )é@ A(\2) = A(A ) ® A(£2) znd there is a cano-

nical i:o:arnhlsm-g : A(A ) & A(X5) —> A, By using the wsual -point~
wise product we define OTTUCLHPCS of A(X )~module on Ei and of L-modu-

le-ondr L ‘; by using the 1)omorphlsmcx I\HL,JZ) becomes also an
7 ) s, BAY oy
A(nl)" o 2)—nouule The construction deseribed in section 1 shows

b

that L ( J,ug) is an &(4;) @ A( A2)~nogu70, it is easily seen thst. K

is A()\ :1.(1\2) 1lnpdl" : B
- Dg_waé the order continuous topuvlogy on F2 by the pscodql ms
T ke f [.ﬂ/\L d/12 , Med ,/12(I=,I)."<w ;
e . .

define g topology on k) by the pseuuonorms g
& »-~>~j UUEA X d,u y Me ) 5, Hy(M)<eo , Uel (BB, -

In this way Ey and E, become prlﬂClDal modules-and L(E,E,)= =L, (Ey,E5).
~Hence L p(£1,85) is a principal 4(%) @ a(X;)-module in the stron6 SO~
dia toyow &Y. By tekimg in theorem 2.1 E = I(E),E,), F = L.(E),By)j
U= K we obtain the following reshlt which is the principal step o
P'oving that the kernel operators form a band in Lr(El’EZ)‘ e

Theorem 2 gar RO, Tl = [O,K(f)] for every fe}I(El,Ez). ¢;5 




5. Principal modules of linecar operators

on Banach lattices

For an order complete voctor lattice E 1eﬁp4(ﬁ) be the wvector
jubspace © USP) gonerated by the projections n bands; ¢ (B) is a
eatticcwordered algebra with unit and the nap (Fﬁx)sm~% A(x). defines

cipticturs of 4 (E)-module on B, This module is principal for every

5 -
5 L.Ul\./v e T

ocally solid topology on B, If E,F are order complete vector lattices

non A@)BAT) AT QA ). » | : _
Let &, F be Benach latiices such that I hes order continuous . :
orm, Let £ be the order ideal genecrated by E in B", We define a struc-
Lure cfvﬁ(ﬁ\}ﬁuf(‘ module on L (B, 7y in theFfolloniny ways if 2
1 AR A (F) end U €L, (E,F) lut aU be the restriction o E of the

nap al”,

‘
k) S

The *)I‘OOfS of the Tollo owi nsz theorems follow from thaoren 1.1.

Theoren 3,1 If E,F are order complete Banach lattiees: ‘and ' ¥
order contirtou& norin then L (B 1) s ﬁﬂag(“)éaf/(f>“pflnCTDdL MO— i

»r)r
g L

3
dule in the solid strong LODO]O“VO 32
Theorem %42, If F has order continuous norm:then L (E; F) is en
r(P Y@ A (F)-principal module in the solid strong. topology. ; : Lag
Let E,F be Banach lattices such that FriS;ord@r,cbmplotoﬁ e
solid umfornm topology on IT(E,F)“iS“given by the norm.Uw—> WIULY .
A subset M of E is called I~bounded if for.every £>0 there is yela;\
such that . H(\x\wy)+ﬂ$£, fer ‘every xe:M. |
Let E,Fbe Banach lattices, We ‘denote.by LW(E,F) the .set of
those linear mapsU *E-—> F such thai the.image of the unit bell in
B by U is L-bounded; if F is order complete we defiote by I, (B ) the-e
order ideal of thosc UeiLr\w,*) such that lU\e'LU(E,E)Q; The solid L- S
\u/

bounded topology on L (E,F ) is given by the semihorms U+> uplUUi\Y,<
for every L-bounded uet KCE, . G B
Theorem 3.5 Suppose that Evrand F have ofder continuous rorms,
that E is a principal A-module and that F is & principal B-module,
Then LWf(E,F) is an & ® B-principal module in.the solid uniform topo-
108y . 58
. Theoren 5°4 Suppose that F has order comtinuousshorm, that E
a principal A-module and that F is. a principsl B=module.Then LéE;F)
s an A ® B-principal module in the solid L-boumded topology. L
“ Theorem %,5 Suppose that E' and F havemorder continuous norms.
Then. L¥.(E,F) is an A(B) @ A (#)-principal modile dn the solid uniform
topology.




Theorem 7"6\ Suppose that F has order continuous norm, Then-: -
f' £, F) is lejg JYQA(F) - principal module in the solid L-bounded
411‘ e ¥ ¥

topologye. : .
These theorems are derived from theorem 1.1, theorem 3.2 and
the following lommas:

4

Lemma 3.1 Suppose that E' end F have order continuous norms,

et

Lot JeLi (M,P) o Then the solid strong topology and the solid uni-
form Lopoln Ny OOiﬂpldc on =14, Ul. »

Lemma 3.2 Lel E, F be Banach lattices such that F is order
complete and 101,1I(!J(E,F‘+ - Then the solid strong topology and ihe
: n0lid I~-bounded topology coincide on [-U, U1,

- 78

—fhearem 3,7 ILet E be a Banach lattice having order continuous
norm, let Y be au algebraic two-sided closed ideal in the algebra of
all contirnuous linear maps from E to F and let UCQU\L (ByE),Ve L.(E,E)
and We LW(E,E) be such that e | Ul. Then Vwe 2 .

' Proofy- By theorems 3,1 and 3.4 there is i net a CV4 ) @S E)

sueh that ay U === fLor the=s0lid Iwbovnupd topology Au Qlis a .two-
3idcd-ide;l we have (agU}WEJ/ o 48 We LW{(EyE) it IOllOWS that
(a_U)¥W == VW in the uniform topology; hence Vie QL. - i

: Taking U to be ideal of' compact operators and V = W we find s

-result of C.L, Aliprantis and 0,Burkinshaw ([11).

TRl SN 4, The approximation of linear operators by

f1n1L0~ranh cperators

Let I, be Banach spaces, We dcnote by (E,F) the set of al:
continuous finite-rank operators from I to ool linegr map U.i /B~ F
18 called approximsblé if it belongs 4o the closure A(E,F) of ﬂz,*:),
in the wniform tupolobj° :
Theorem 4,1 Tet E,F be Banach lattices such’ that’ E',F have or-
der continuous norms, Then Lw A B, F)F\A(E,F) is a band in LJ (BT
Proof, Tt is easily seen that. L” AE,F)0 A(E,F F) is dnu%(h)®u?(“)
. =submodule of 1w (E,r) theorem 3.5 and lemma 1,1 it -is an order
1dval by lemma j Inde g band B ' ‘
If E,F are normed vector lattices let P(F F) be the set of all

linear.maps U : E—~—»F such that there are‘fj,,,.,I eEE' and yl’°°°
_ o

-...,ynéiF; such that U(x) = i (x)y tLor every x€ E., A linear - map
;2;

Ui B~ P is called positively QpprOhimable if 1t belongs to the uni-
form closure of P(EGES . ~

PN



as ' ' = o
Theovem 42 Let E,F be Banach ! lattices,such that E', F have .¢g
‘der continuous norms, Then the set of those UeiLV (B,F) uUCh thatlUX
, positively approximable is a band in Lﬁr\‘ B 5
Proof. Same proof as for theorem 4,1 using Lhﬁorem 3 5, lemma
2 and lemma 5.1, S
Let’E;F be normed vector spaces. The conpact topology on the
L(EyF) of all linear continuous maps from E to I' 18 given by the
wrinorms U = sup |U(x))| for every precompact set K. We ~denote by

e K : e
the clospre™al %(&,F) with respect to the compact topology.The !

CA(E,F)
wemple of u,u“f“uowstl (see [61? ch.,lg) shows toal there is & vefle-
iwve Hanach lattice E such that 1}@(3!&(}2,}3)o Let ¥,F be normed veector
lattices, We danote by CA+(E;F) the closure of P(E,F) with resnest L0
ie compact topology. E '
» Theorem 4.% 'Let EB,F be Banach lattices such that F has order
uOﬂtlﬂUOUb nesm . The following are crue:
i) Cf E.T)K\L B,F) is a bend in L, (E,F;.
id) ﬁuluefir(B,L),, Ul € CA'{_(E,P)IJ.‘J band in L, (E, F).
~Proof,
st Tt sufTices to prove that” A(g, )AL, PRy dsilan® order- fde-
bvvcuuo an application.,of lemna )02 will show that it is a band.
- T this purpose it ‘sutfices to prove that CA(S(X),T )/}L_(E(X),F)
‘5 an order ideal” £Or every X(:h . This will follow irom theorem Bl
end 1ﬂ“* 1.1 if we construct a 1ubflpﬁ ordered al"ﬁura & witn unit

such that E(») is a principal A-uodule And "EERX)F¥ 1s-an Af%,fo\v//-/“*"

"J

submodule, As E(x) lb isomorpaic to a space C(X) we mayrtoke A= LX)
Ca(E(x),7) is an A-submodule and an AF)-submodule 1t 1s an
A © A(F)~submodule by lemma 1,3, =

ii) Sane proof as for i) using lemmas 1.2 and 1.4,

Let E,F be Banach lattices such tnat Bais order compléte°We de-
note by SLA(E,F) (respectively by SSA(E,T) )Ythie closure 0tf¥7 sy the
$0lid L-bounded topology (respectiv ely the solid strong topology). We
denote by SLA, (E,F) (respectively by SS4 (E,F)) the closure of P(E,F)
in the “0736 Lmbounded iopoloay (rcspectlve]y the solid strorg topolo-
ol

“‘.1

, 'Lemma 45 Let E;F be Banach latiices such that has order -con-
tinuous norm, Let I U, V€L, (Esd ?)_be such that 04U&V and VESLA_(E,F
Then U€ SLA, (B, T,
Proof, Apply theorem 3,6 and lemma Jogis =3
We denote:by J(E,F) the band generatnd'by'gYE)Fﬁ in Fe, (EyB)Y
Theorem 4, 4“<Let E,F be Banach lattices such that F has orderr

contlnuouu norm and:let U(ELP(E,j o Phe follo¢lng are equivalent:



1y Uedlm Py,
1.2 IJeEﬂA(L,F)a
20T ARE SSE (el ),

iv) Ul € 550 (E,F).
v) U, U Bk (B, e
Proof,
ii) =» iv) It suffices to prove that U,, U_€ SL& (E;F) for e-
: n_ ,
very Ued (E,F). We have U(x) = E:;'fi(x)yi hence (Ul V where ¥(x) =
n : 1=1 - .

= >T ;j ](&)‘x . By lemma 4,1 the result follows,

11L)~;{¢) Let.P be the projection on the band orthogonal to
J(E,F) end let U&-SSA(E,F), From the relation \P(U)l = P(lU=V| ) <lu=-v|
~wirich is true for every Ve%(B,F) it follows that P(U) = 0; hence Ug

i) = 4. From lemma 4.1 and the eguivalence ii)<s iv) it fol-
vas that SLA(E,F) is an order ideal; by lemma %.2 it is a band. Aas
E,F)C SLA(E,F) the result follows, g, 5
Let E,F be“Banach lattices such that P is order'complefceo We
lenote by RA(E,F) the closure of ¥(E,F) in the solid~unéform. tepdlogy
and by R&, (E,F) the closure of P(E;F) in the solid uniform topclogy.,
Lemma 4.2 Lel E,F be Banach lattices such that L' and F have
erder continuous morms, Let U'V%EI,(B F) be such that0.£U <V endr¥e
€RA_(B,F). Thon UERA (B,T).
— = Proofy Same proof @efor lemma 4,2 using theorem 3,5 and lerma

ji (TS _
Theorem 4.5 -Let E,F be Banach lattices such that E. and F have

rder continuous norms and let U{gL (E,F)..The following are eguiva-

lent:
i IRe T (1) and |U| is compact.,

1i) UERA(E,F). Py
M e Ll .
Proof, '
i1)=r4ii) Similar to the proof of 11) =1iv) in theorem 4, 4,
using lemma 4,3,
_1*)~7>1) Obviously \U\ is compact and UE_SSA(E,F); by theorem
$.4 BT H, | |
1)@11) Let 13 viver, (m,: ), \VI A U] € Rra, (“’”3 :
By lemmg 4,2 les an order ideal; by lemmsa 3.1 it is 1 band;
From lemraa4'2 we have that 97&,r)c17’ nenceéY(,,r)Cl}' In particular.
Iul €RA (E,F); 8850, , U SN 5 TolTons from lomms 4,2 that UeRALE,F).

Theorems 4.4 and disD 1mpﬂovg the following results of U,

5



schiotterbeck u(L_LST)
If ¥ has order continuous norm -and U<;](L F) then Ue CA(E, p)
I7 B, are reflexive, U is compact positive and Ue JE, ) then
UerA, (E,F).

5¢ M—ten

162

or. produats

_ Let E,F be. Bamech lattices having-order continuous norms,We de-
note by L VY the Banech lattlee ef thesetlinesy mape U : Bf ==
gu¢h that tue image of the unit ball by U is O“dGP bounded, - The nonm
| P it e on ~ - Tl

on L, (B¥, PP Esgiven "] "= fstp {U(E) e B 3” 2 ]A?ng;(L )
be the subspace oiﬂgﬁE‘jF}:ﬁen@rs ed ‘by &hc uuﬂu = T{)y with xeh,

o e an7‘/»\ S = A =5
yel amd Eet -1 (EY, F) De “the closure of F (£, Py “n Lm(E'!F) with res-

N

pect to the norm |} | . It:is kriown that M (E',F) is a sublattice of

.F) isometiier and order isomorphic to the M-tensor product FE%

Theorem 5,1 M, (E',F) is an order ideal in L,(E',F).
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