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INTRCIDIICTTC$
.  T i  - - f + S .  *Let  XaCPA' "be  s  * l i : s6 ! t l i  conn:ec t ,ed ,  nandegenera te ,  cor rp lex .

p ro jec t i . ve  ver ie ty  o f  c l inens ion  r  and < , {egr .ee  d .  Har tshorne (see

[nn t l )  and Ba i ' th  and 'v*n  de  ven (see 
[u - i )  p roved rha t  i f  d  i s  

' , '

" s m a l J . " .  w i t h  ] . ' e s p e c t  .  i o  r i ' : x  m u s t  b e  I  c o r u p l e t e  i n t e r s e c t i o n .

The raa in  resu l t  o f  th is  no te  g i i res  a  (s t ia rp )  bounc l  such tha t .  + t

d  i s 'osmaI1"  v . ' ' i . t ;h  res i ;ec t  to  e r r : t .ho th  the  h t l s t rac t  and t .he l  e rabedded

stfuctur"e of ,  x eould be determined" ldore'pr"eeiseJ,y we crhal l  Frove

the  fo l low ing :

TIg-gjSm. I" Agsu{g xSCpl*" re_sg above
L i o

yith rv?; let: r{ deiio*

!e l ig qg*qrql'- lvpq:pls*e secliorr.

- rf d(2s+iI x 1! _qlg*q{_.t}r.p._{q:rrgr*u,li.
a )  A  ( b i r a t i o n a l - 1 . . r )  r u l e c i  s u r " f ' a c e :

b)  4-sq{p l f  (see (o" t ) )  r rhose bq;s-e is  A,  c l r rve cr r  €r (b i ra t i  onsL*

ly)  ru led surfar:e

c) A hyeefqri idl ic f!Pff.! i^?g (see (o.z1i t
d ) 

"A 
vg-r ' iet) '  wj th ,J11",4 CHl"-1" thuu* &l.e co*nie'relv classif ied

i i * r . r - * - * #

(see [t*l , [rzl ,,L r: l ) u
e)  p r r  H€18 ' f r ; l  ,  g r  Qr  ( the  i ryperque,c r " ie ) ,  H€1#( r ) \  i .
f  )  Thgre .  iq  q_ fq tqSS+on (X, ,Hu)  (see (1 ,1 )  )  suqh tha t_  X ,sF] ,

H ' € l 0 ( f  l l  ,  o l  x o * Q } ,  n , e  t $ l e ; 1 ,  g g  x , * i p 4 ,  H . 6 l r 1 ( z l l ,  o r  x q i ' b " g

n' : 
bundLe ovei. n sggl+ ctryg-_:.ge l]_t!raq fr*u {lt,} iry1ugg.g:#gzl

o n  e a c h  f i b r e :



2
! .

-  I f  d-2e+2 FB( X is Io-1, as*a,bpye, _thqn .el"thgq:

g)  X i :  a  K5 sur face,  op

h) r75, x eg!i::":-.tu tu;L0r{ul'-2.

S o m e  a d d j  t i c , n a l .  i n f c r m n t i . o n  i n  c a s e  f  )  i $  e o i - r t a i n e d  i r r  ( ] " 6  ) ,

t  ) " .The axdmpie  c f  hyper -sur faees  t f  ieg t 'ee  5  shcws thau the  bo , :nd  i r ,

f he oreru T i $ shsrT:r o

,  The above renuLt  "exp l& ins ' ,  the  pnss$,b i l i t y

t j -em o f  sna l .L  degree"  i t r  [ f :o ]  
t ve  have t rea ter l  in

cases  vshen d(7 . ,  . r  i .  : : ,

:  The proof c i f  fheorem T requires t i re study of

rnapping (see ts i l  ,  fvav] ,  [ ro]  ) ,  whosir  roots ere

fo l lov l - ing  r :sn l r i t ; r  wh ich  j  s  o f  in te r .es t  in  i t se l f  ,

s, tep.  in the pr.oof of  Theor. i :m I :

Theorem Tr" Let X be .3 ggqq*LF_,*ff!Lq:19fu_.:9gr:]gx-3lgJi"gt:i:g

!!1g-9*{9j$--gne I{ L-s.m9gt_I*y:s:*?ru]g_g.ty3s-q 9IL_LL:__t!g*, r{,is .J
'"(birat"iona).]-y) 

i3-Lgq_ ig1{.gggrilrjifL.gg}X.*ij x. j-s*of.. on,g- of tlrq

f ol1owj.gg_jruSei :  r ' . i i :

t  )  A  scro l l l  ( see  (O"  L ;  ;  over  a  c l l rve  o j *  .over  s (b j . ra t ionaJ" ly )

: :u led su:: fa*e

1',"i

of  l is t ing var ie*

g r e a t  d e t a j " l  t h e ,

' the ad j r :nct icn

c l a s s i c a l .  T h e

is  an i .mnor : tant

these s . re  c lsss i - f ied  in r - +  1

L ls I

b ) 4_]:ymrs,.ug9rx.-sAre}_i-q3 (see (o "a ; I t
e) e-$Ui:g*g-o-,iq-$-!g e,.: []*0r, tu] 2;

d )  p .5 ,  n41# i : . l l  g t  a3 ,Hc l {9 ( r . }1 ; "
^  / 1  ' r  \ \  - - - ^ l -  r " l n ; * ,  - . . ^ , , * 5e) Tt ie: :e i t_q : :q4gc_!tqn- (X' l f io)  (see (1."1-)  )  p lch , theq X' j r  lp ,

H'€l jc:l l qt xu*e7,lr? €ltlrz; I , ol x, ig-g rp2*!sL{fe--oygl e--esqqn
.g*{ye- gggh_]!g! S,, (u') fn.{U.gSr fffz: s$_q31_q! fibreg

i . . '

The6rsn  1" r  can  be  v iev , 'ed  as  a  re f inement ,  i * .ca"se  H is  a  leery

ample  d iv isor '  o f  a  resu l t  p roved d i f fe ren t * ly  by  Somnese (see

\
lF l l  Th .  (2 .4 i )  in  ea$e o f  amt r / le  c i i ' v i sors"  se :o  Remark  (1 .5 )  f  o r  a

nore precise dis.cussj .on of  the rel-at ion. ' " t te, t ,we€n Sommesets sre,g11.] ,N' : , , . ,

and Ther:rem 5 above. B€e, ic les the r i r ie of  the:  adjumct ion mappingr
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CIur proof of Th.eoren II depencls o.n ihe results about, thrqe,,,'f eii-ds

vuhose canonica l  t iundles &re not  numer ica l ly  e f fect ive due to  S. l . {or i

(see [_ l , ro l ) ,  anc l  or r  a  theei rem due to  T, .Bt lc lescu (see [n i l ,Fr l ,  [ud l
which describes aLl s,noc'th proje,ct ive three'*fofcls support ing a

g€:ometr ica l i ly  ru led sur face as an ample d iv isor"  , i l  '

I  am indebt ,ec l  to  L"BSde.seLr  for  some hel r r fuL conversat i ,on,

$4. In this sect ion we f ix our notat ion and terrninolns. nnd

recal l  $orne usefu] .  resu l ts"

fhe nota+. i , :n (XrrU) aJ.ways ne&nf$ that X is a smoothrcCInl lee1*ad,

complex projeet ive algetrra: ic var iet ; r  6g dir- :ension r)? and I{  is  i }

s.mooth very amp)"e c l iv iscl"  on i t , ,  l {e ment ion a few stsndard notat ior :

we snai"r  emprcy:

. i , r . i . j*K-, crr' 4)*. * *areonicr*L divisor qrr s*reaf
X L

I F-,

-q { 'X) =h*{x,  Lt , }* i r re-g-nlar i ty

-pg(X ) *ha{*r% i *geometric ger}l3rs

*g{tr)-gerrus r:f a curve C

*pefx)=ho(x,,ufl  r m'?1 * m*th plurigenus

-{* rX-+A.Lb (X} *afnar}"e.ee meippinEg
;

$ Qi '*smooth r*cl i rnensional.  h.yperquadrie u

l l {e  use  [Har l  " "0  [C*H l  es  genera l  re fe renees"  ' r . , , . :

(0.1) f f  (X',H) i ,$ ae above we caJ"J. sueh a pai-r:  a gc*19$ i f  thene

ie a nprphiern f :X.--*Y onto & $f i lso{:h t*dinensicrral variety Yr, with

1( t ( r -1 ,  such that  aL l  f ib : 'es  of  f  are l inear  ( r - t . i ^d imensionai  va-

r ie t ies v ie  the . rest r ic+ ' ion o1&*{H)  t5  n  [ ro l  t ] rese were ca l led

"l" i i r .ear f ibrrst i .or i .s 'r '  the term o' 'ser$}l* bej-ng reserved for the csse

t = 1 )  "

(0 .2 ;  4  p4; r  (Xrr i l )  as above is  ce l led a hypgrquadr ic  f ibrs l igp

if ther:e,,.j is; a rnorphisnr f:X*""+C o.nto' a smooth eurve suc.h that the

(e losed) : ;# ibres of  f  are hyperquadr ics  v io  &"(H)"  fn  t ,h is  ease. -Jhe

s' ingular ' . f lbres of f  &r 'e ordinary cones, see [f  *]  ,  Lemma (0"6] "



*1u-fol l"owing-' theoren plsys, an impa;ttant rol .e in thie paper: ' ,

$^T) tf (xr,u] ieig e!gf**-.-U5*l-f-geeJ:S;stgm I ti+ (r-r )H I !-q
Y!

bgs_e_:pglglq ffg1-llji5|-.ElX _i{ (xt, H) U:-.tgl-g"+e . € the-gs1}ow}!$:

p*,  Helf f (r) l  ,  59 Q",H*lS'( l ) i  ,  gI  F2, Helr f tz l l  ,  -qI . . .a pqroi :L*gt ieJ a

curliq"x

Iror a prcof i .n the car ie of  surfacers i (v,rhieh is the mgi^n onei  n
;

see [VAV]  Th. I -T  c . *  f  S" ]  p* ,op6( ] "5 ] .  [ ' he  resu l t  f c l lows by .  indr ]c -

t i o n  o n  r r  s t a r . t i n g  w i t h  r = 2  n  r e e  [ f  o J  f h .  ( i " 4 ] ,  i

T i r e  n s n b * Q '  .  - r - . ,  "  w h e n  d e f i - n e c l .  i s r ' r y e l, 1 ,  I  l l - r . + " f p * ] t u 1  w h e n  d e f i - n e d u  i s l . r : a l I e d  ! I e . a g i q 1 l l . i o n'  ,  
l i r ,  \ r  * 4 t i 1  

I

sgpllgs"
fhe fo l , l "owing resul t  is  not  d i f f icut t  (see for  inet .ance I foJL

Prpp* { } ; f  f  }  i  see a lso f  S* f  Th.  (1"2 )  a : :d  f i r , .  { l - .7)  for  genera l i  za-  ''  L -  ) )

t i o n s ) .

'  [ : 0 ' 4 )  L e t  ( X *  , H ]  b i :  a s  a h r o v e .  T f '  t h e  m a p  q  * Y , , *  i  c  A c f i n r a d .
1r'+ (r-1)H | *:;-Y-:'-:ll:-*t

y_9*J3I_t""glg_g{ the {g llor,'i-r-r$ :
:  

- t  ! ^  , - - -  . .  - - ' i  f V  w . - ' !a) aiq (fl (x)**, gI_9q!1]:{gf.9g!-lx, {di** u*${}'-'; :
. .  , " -h \ *ig ? (x ) *i ; itl-!lu.s-g s-qg (x- , H) Ly*g hmgrg[qggs--tig::q:IJI  |J

t i q * ;  i  :  )

) r79, j1ij] I (x] =a ; t*_]4i q_ffSg {xr, H} r,::_.*qf g$_oygr_l:

si"rr f  ace:

'{ \ A"i t" (0 lrr t -"rr\.r / Lr r ur I LA ,1. =r1-

luel (o"ro] or [r*] (o"?) ] "

;
' f e c t i v e  d i v i s o r  t  , ' ' , * : : i j(o- ;9"1 I . :_ f  :X---*Pn is a.rnqr.phism Ui D cX qn ample ef

we, ' 'ha,ve f  (D)*f  i .v ; )  or  d in f : (D)=.dim D"

The fo l lowing lemma was not iced b; r  Sonrnese (see 
LUr l  (2 .5"g)) : ; -

. L

'  Since the argunent is sirnple, vre include it for conveniencg!{lx:.,
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a

(0'6 ) t,e.L,(x',H) !g-g!--guglg. lsqgTe .t,hg-nap T = Y I r+l$ i rs-Sgngry-'  . t n v n l

c,aL}f^.{}litg " T}p.ir,' ?Ig ,q[g*ci!]z*qigna]_gon{gc!sl gompons],u9 ,ff ,.gf,
a  ( n  1 n . : c r r l  \  f i  [ r . p  O f  t p

\ v 4 v u v \ r , pet lsf lg i i :  ( i t "  c  )  *1,  (c")  *  (g,  r )  s- l ,

Rr.qo[* lsfe msy renlace E b}r  i ts  Stein faetor izat ign* LCIt  ] :

be an i , r feduei l : Ie c lne-dimenrsional  corupo,nent of  a f ibre of  Y ogiven

the recluced str .ucture.  $ lc have i
.)

0e{H+i{"Ei  o ss ( t r : "  j t r ) (* : l " r  :srd f  H')  +(n ' lC}}-2 by genrrrs formirL*r*
) * ' )

Si r *ce  (n ' ido  (sec  Imo j  ]  i t  fo l lows (n ' )  *  ( I { .  K)  * - l  and  (H"  H ]  *1"

As:sume there v",oir ld be anotherr  eompcnent ' rT. 's {wi th reduced structu-

r e )  m e e  t i . n g  E "  r t  f r : i l o w s s  O ) ( E + n *  ) 2 = - 2 + 2 ( s - i { i ; } o  -  &  e o n t r a d i e *

t ion ,  S ince  f  fec to rs  th : : r - ;ugh the  eont rac+. ; . ion  o f  Eu i t  fo l lows

that the f ibre ie l  a-Ls,o redueecl  an.d we &re c lone"

The followilxg lresu.l-t j-s a ve::eion of thq classi.cal t!,sw'e.eping-

n r 1 1 * , t  m e t h n . {  f n  c & s e  r * 7  i r  a p p e a r s  i n  [ f  s l  n . r - ' o n .  C f  . l ] ;  s e e  a l s c )v r i  L ,  l i v  v r r v Y  a

lszl  rh, ( ]-  .2, "

( '0"?) -  lg l ' (x r , t r )  , rV3,  !g_g:?elborre anr l  1et  f  :X--+Y be e.  gener ical : ;

}y f iq i te norphisrn" Let l :  c l l  be I  conneetecl  comnonent of  .  a f ib: .e

the  res t , r . i c t ion  f  L ,  and essu i r€ .  t i ra t  g . r1pr*z .  8 , . {E}*&( - . f  ;  " .I  i 1  '  E -
nf f  ho r.n cr i  ni  r"* i  . ' -

!  \ '  v  +  v ' 1

{, eX:etr"*ff{i}. trtqr,-u***g_*g*{*qllr.lsst F f. X'suc}r .thgt }" n }r*fu
A * A

( s o  t h a t  F s t P r * l ,S;er l  *&i-r r ,QcH)f tOu-v0ft l ,  r ( r )*sn )"
We sketeh  the  proo f  fo r  reader !s  con" . ren i -enee.

Froof"  The normal bunCle of  E i .n X is given by an extensicn:

c* &s (.1)* * u/"-* % ,t ) 
---+ o, i

_-.€- 
+r*t

l  A ,  1 . A r  ' l

since tr6{Ir(-1) i=i i r i f t i r )  )=o, we; get Hr(tqr"]=0 and po(Nn/*)=r-1.
&

Therefore,  the conrreeted eomponen l ' lbf i  th,e I I j . lbert  scheme of X con-
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te in ing  E has  d imens icn  r -L .  Le t  I ' ,C  X be  the  un ion  o f  e l l  de fon-  .

m&tions o,q F in x;  \ore have r#x s inee dim f(x i*r .  An ea.sy dinen- '

s ion qQunt shorvs thst  thror,rgh a 61eneral  poi .nt  c, f .  F there passes

& (r*2 )-  d inensj-ons].  f . imi fy of  l i . r :ear var.r iet , ies of  d imension r .*? '  ,

con t ,q ined in  F"  i t  f c i lows eas j - ) .3 r  t i i a t  F ,  Fr - l  and the  i "es t  i s

c J.e8r.  c .

We wiLl meed Lhe fot l .owing resr-r l t  oi :  B'S.de.,ee$, see [nr l  fh"5; , '

[*Zl Th"Li ar,* 9h"9,. ond [u:j ,

f0*81" r{ x }s*e*trg:li*ggBg}e}*"urg-H*iJ-s*il.:ee*geH.-fispaeftitg 'i ,',,,;
a geontet r ica l ) .y  ru"Led s i l . .1 i . f !6 is13 D &r$ an amt. r l le  d iu i$orr  then:  e i ther"*-:**^*--- 

a 
**

x .1-s- a tr t--qqg,:;e ovei" a smooth cur"Lve ane O*(ni induces & Cri  on

, :  , : l r t ' i t  f i  l - r n r . l  n  n  i  -  ^ r l ( r o .  T \ l  

" i  " i

:"llx1:**jjl:l*:rlr- - }3*g€i.q"e n *Jrp-' x lP*, !l:grl-gr:-q Wo IiI]'lU*i.geEiLl33

3i ! : i .9q:  x* j$?7,  le  I0{z l i  rp  x*  e}u nEi&(r i  i "

' , r  i ,  I  $ L ,  L e t  ( X " r t , t , )  h e . a s  i n  $ 0 "  A r u  e f l f e c t i r r e  c l i v i s o r  E C X  ! s  c a l -
'r:ed 

.g.$gg*!ig.r*3 irf r:rs;i'*)" , ffrCepft*r) e,nfi &x{r{}@q!rry(l). Note

t ,hai ,  th 'e set  of  e:r : ,eept ionsr l  c i iv isor{ i  eont"ained i r r  X i .s f in i te snt1o

in ease x}r je ETiy [y6 except ionel-  d i r r iso] :s are dis jo ' int"  i l

(1 "1)  I 'o l i "ow jnr , i  Son imese (eee f  S* l i  we sha l l  ee ]1  &  pa i r
z )

(x' uHu ) 3hg*lgggg!}-q3_g{ (x:"rr{) ,, r } }, j.f r,he::e is E morphisi.i

SrX * - * ,X t  wh ich  is  the  cont rnc t i i .on  e i f  a l .L  cxeept iona l  d iv i ,Ecrs

81r . .n181,  eonta ined j .n  X  and Ht  ie  the  (un ique)  C i i r i sor  an  Xt  sueh
* t

tha t  H*G] ( l t ' ) *u r * , * * *Hp;  in  th is  ease I { '  io  ggp*g  on  x r ,  see  fo r

instaneu I f l l  r  Leuma ( : . i "?) .

':.j,

(1"2) r lemql: Ig3 (x",t j) bg-.qg-. i* $0. Ageri$e t,ha!. t l ie map

9*Ylf+an I is Se.?pr4eall".rf fijti,!e . Tbgn+ .t,Fe .,:"ecluctjron {X "rF',}, g

(xr i l )  h-gs. thL_ptoLerLl thq!  T '=g lK.+AH, l  !T a f in i r .e mqTphisqr

(here K' stends for KXr), l lgglyur, Eugpr_-lg. thu ,rr
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(1,1) u {g*4gl:g q I 9'o6 .

Proo f " Assume there is some excepti 'onal ct iv isor containecl : . ix

(o therw i -se ,  le t  (Xo ' rH,  ) * (Xr l t )  ) ' "  Le t  tJ  :X* - rX ,  be  the  e .on t rac t ion

t ion formula t , i tB1

There f  o re ,  rn re  ge t

1 - J e  V ( x l  "  T f  H *,L,4
i s  ample  on

:
I

ii

of , '  a l l  s :uc l :  except iona l  d iv isors  E ] " r . .  o  eEp.  r t  fo l lews Lry  'ac l june*

9 ecntraets to a point  eny except ional  :d, i r isr l r :o

a  conrnuta t ive  e1 iagram;  .  -  i , ' ,
:f(

i s  s r i ch  the t . jU . - '  t  (U t  ) -Un i -e  e  o*Eko i t  f  o l - lows ?r i -

e i L y  t h a t  t h e  m a p  t { r  i d e n t i f i e s  t o  ' q ' * $ 1 n o + z } i n  
1  

( r v h e - .

r e  I . t  d e n o t e *  K y , u ) . ' I { o r e o v e r r a . s  w e  r e m a r k e d " i n  ( 1 ^ 1 ) r , H t

X{*  We on.Ly  have to  p rove t -ha t  t f  t  j - s  f in i . te "  Assuming

the contrary,  t i rere is soine integral  curve C on Xt sueh f"hat

f 2 i { 6  + K o " e  } = o -  r f l  p a r = t i . c u l a : "  ( H ' * t } ( 0 ,  R e  p } a c r r r g  q '  b y  i . t s  S t e i n

fac tor : i za t i ,onr  w€ m&y &pp1y 
[ * "J  Cor*  (3 . .5 i  and fh .  (9 . ] ]  t c ,  ded-uce

tha t .  there  is .sone in tegra l .  d iv isor  E  on  Xs  cont , i "ac ted  by  ( f  o .  Sup-

pose tha t  f  
,  (U)  i s  &  curve"  E ly  [ l , tu l  Th .  (5 "7)  i t  fo l lows t ] ra t  a  f i -- L )

l re,p of . ,  { }*  eontaineci  in E.\rrot* ld b.e i .souurpb. ic to t i r l^ ,  wi th norrna}

b u n d i e  o f  d e g r e e  - L u  B u t  t h e  r e l a t i o n  ( Z H t + K ' .  F ) * 0  i m p l i e s  t h a t  t h e

degree o f  th re  no t "mAl "  bunc l le  o f  F  rnu ;L  be  even.  Th is  eont rad j .c t ion

s.hows , that  E is eontraeted to a Breirrr t , "  Let  E n" the'proper t rans-

fo r rn  o f  E  v ie  S  .  The fe ,s t r ie t ion  o f  I  to  H,  l ch ich  is  eesent ia i l rv ,

the  ad junc t , io i l  raepp ing  o f , ,H ,  con t rac ts ,  f f { - \ } t  to  a  po in t "  There f  o ree

i t  f c l L o w s  b : r  ( 0 . 5 )  a n d  ( 0 , 6 )  t h s t ' S  i s  & n  e x . c e p t i o n a l  d i v i e o r "

T h i s  i s  a b s u r : d *  t h u s  V ,  i s  f i n i t e  a n d  ( 1 " 2 )  i s  p r o v e d "

{1  z \  1 ramcn , t r r  The  abo r rs  Lenma shou}C  be  compared  w i th  [S " l  ,  f h "  ( i . 4\  a  o  - /  , ,  r (Euc l  a  o
L  t ) '

U n d e r " h y p o t h e s e s s i r n i } a r t o t h a t o f ( 1 . 2 } l S o m m e s e p r o v E d t h a t

the  res t r i c t ' i on  o f  the  ad jo in t  sys tem o f  X t  to  &  gener ic  member  o f

i t s e l f  i s . ' , ; a m p l e "  T h a n k s  t o  t h e  p o w e r f u l  r e s u l t s  d u e  t o  M o r i r ' w €

were able ' to deduce the ampleness of  the adioint  system u. * ]_._ 
. - ,_-_._i

T h i s  w i l l , a l L o , w  u s  t o  u s e  B H d e s c u r $  t h e o r e m  q u o t e d  i n  ( o . g ) .



q

{ 1.4 } kIqg. !g! (x' ,u) b_e_gs \p $0. Aseg{b tl lg map $ =ylf+eg 
l

ig r i rniJ,e" r f  le l i r2Hl r  rye fraje q(D)=q(x).  Mgreover,  i !  D is
qLqgthr , it--f ollo.ru I

' ) t

a) (atfi)*aX6Crrr) i{ p.,(H)=0
u ; .  L t  ( J

b ) po, (D ) =o rf p2 (Fl) **0"
6

qqpqq- '  
"$ incei ,  D is ample on Xr w€ have q(D)*q(X) by Lefsehetsrs 

' t

theorem.  A$surne tha t  j )  i . " i  smooth  (hence i r redue ib le )  cnd  p^(H)*0 .- 6

I t  foLLows by  ad junc t io re  tha t ' rwe have:

(t) f ir"tH.f *p.
q. f,\,

u *Bs. ' 'dual i tv,  H2(0;(-FI) )*t tCI6CI*ff i+tU').*0u Together with'Kodaira ;  ,  : ' ,

. , ran ieh ing th is  g ivds:  : .

(2 ) K t{ C-u; ) *x(.gx (ic+i11 }=0.
fhe s,xact ,  sequencer

0t 0 ? ry* (*HI*p &.. *+ &* * o' L (  - X  
1 1 .

and (2,  inply;

( 4i .x rfr,y*x(4.) .. r t t .  *  
, \  f l -

.  Now,  use the sxect  sequence. :

o---:) &xT %,or ** q (D)6 %* o.

I t  f o ] l o w s :

i  - ' -  -(5)xt{rn8$l*"(q(D)}-xeQr .

r ' ; . 1

\.*_ "d



. : '

\

.Sy nieltlann*Roch theor"em on n, we get,?

Next ,  the exelct  $equence o ,

,(\- .4. {1. d{\. -*
0->T (r+iii * -x (D) + o..*" (H)€D out$

toge ther  w i th  (2 )  imp ly r

--a
r!

:
I

1 i

(61 x r $ in i& SD ) -* c e* ( D Is &n' fi cu )al qe *;t I *x (% ) "

(il ***
ti
t a .

O e

(f ) xtSCn) )=?L(q(;{)&%eeo*t.

Riemarin*Roeh

r a l

Put t i ng  i oge the r  (5 ) ,  (? )  u  (B l  nnd  (4 )  i t  f b l l ows :

(e )xf 8"(nlmqi "* r% {u)8$u6%' %rul&Oi} .

Thi.n equal i ty cupi.ed with gl"ve,s-i

1ro! r{eH:e%ei, - $enraSru eq..gi.,'$c*rreQr?|s

since ,$/e have b;r aci junction frH*ft f *l.urcSn nnd d r=% (en+zr)8&o ,
t ) A

the  re la t ion  l fO)  tu r .ns  ou t  to  be  equ iva len t  to  (d ln ) ' '=B lL(Cb) ,wh ieh
u

i s  a ) .

n2(11)*o. It  fol lows that I zr**znl*Sr*"s:o' we

(11) H7e 4 
(*D ) *xo {{ (2K+2H} } *0.

Assume novr that

get  by dual i ty3

t i reorem on H g ivens

(H)s%{e *n} ** e $ r H r* s;@ r';. $; c n rm Qi I "r- { qii,* (q

( 6 )

, &  r *  n
q u z * t r J i .J*)

lJ

/ \ ,
i=2K(uu)



ldloreoverr we h.ave:l

ee  (7 j  anC Koda j  r "a

t a\r
g.*p."(t t)*R- (Ur,) "  This equal i ty,

$ rl.

vanishing givel

n  n .
(1.2 ) ul 1LT,1*E, "45

f ina} ly r  wp l lse t l :e exact sequenec :

a-o #x {*p }** S;^-* &o* o,

. , 4

i 'u f  o] lows by ( i l1 ernrl  ( : t ,?) t l rr : t  we herre: 0*I id (4",)*pntD) " fhi-sv .

prOlrs:s b,) and vle &r"e dtine6

Ttr- r, n l r r-{P Sh rr a\}rg) rn f I"
; L r \ r r . ' . i  t r . -  . I . r l t v J U r u  J 4

I t  i . s  e a * y  t , n : s e e  t h a t ,  i n  o n r : h  o f  t h e  $ j - t u a t i o n s  d e s c r : i b e d  j - n

ca'se$ a) to e]  of  t i :e theor"(rr l ,  l {  is  s i*ulec1 srtr : i 'Erce.,  Co.nverseJ..y,

a* 'cord ing  t *  (o .5 , )  s1 i r .1  (0 -4) ,  1ve  o l r . )y  have to  p rove tha t  i " f  t . t ie

mnp f  *9 , - r r .o : ru .u ,  i s  gene: r i c r :J . ip r  f in iLe .  thc  pa i r  t : , l r l t )  rnus t  be  as  in'  
l i \ "1 - - . t "1  I

c & $ e  € ) .  \ { o  d i v i d e  t h e  r e r i t  o f  t h e  p r c o f  : i n t o  f i v e  s t e p s .

' " ' $ !gp , .1 -  Assu rn*  tha t f  ' = tg ip *J I { !  j *  gener ieaL ly

f lg .qg (X, l t )  b l ,  i ts  : :ec l i re t ic 'n  (X,  r I : { ' } ;  i t  fo- t lours

ad joint t;:s'len i;:"+Zil ' l is e:rrp"l-e" lrfe $iiri l.t tc nrorie

pg"rypgf I€lIi+zH I i s a .fjq.oqglfig*]1g-_fgle-g surfRee *

the exact s0trrJs,xl*

f i.iri'uc and L_g-'

b y  ( 1 " 2 )  t t r a t  t h e

t,hut €i g3l3lg]

R* {H}*n2 (lt} =C and

Yte  l .e t  q :  *q  (D)  =q  (X)  ,  There*

proye thaf. , 'D.  i r i  b_irat io j r l * l l r

snd the i r regular case 6
- -_--.!ra*l

i t  fo l - -S_!g!*I{""_ Since I{  is ruled, ye have

lows by (, " 4 ) that (alrr) 2*B (l*q) , -,rrhere

fo re ,  t o  p rove  , s tep  I ,  i t  i s  enough  to

Iq.l-.ed. \{e t,reat separ:ately the re6lu}air

Q!ep_{ l t ;  Assuning that  e=Qr we'shs. [ l  see thst  p2$)=0"  The-

refore D i .s :  ra t ional  b3r  Cast ,e lnuovo!s  cr i , ter . i  on.  We use f i rs t  the

". -.;,F1q!IP.!{



.l .t
I l -

i  exaet sreqtlence:

s ince 'p4 ( I1 ) *o ,  i t ,  f c l l ows  |  + ( t< * *n i l * fd ,  so r '  t o  p rove  tha t

n2(n)=0,  i t  wculd r :e  eruongh to  know that  Ht tQmg+zl i ) ) *Oo or  equi -

valeat 3y;.

2 a t(13 ) H* (uv (-*2t::-2H> ) *c"

N e x t ,  l o o k  a t  t h *  e x a c t  s e q n e n c e l

o- S*f,.*zr-5ri ) *) #, {*zr*?H) --+ ai[2 -+ o,,

!

' '  *2 '  ' i "  (13)  i t  wou lc l  beWe have i :y c lual j . ty n*(q;)  =pT(U)*Cr. ,  sG,ts Drove

'  su f f i c ien t  to  p roves

' t  n .
(I4 i H' (ff..," (*?K-7]r) ) =o "

Hle  a fso .  heve the  exas t  sequenee:

B y  ( . 0 . 7 )  a p p l i e c i  t o  t h e  p a i r  f l .  # * f g ' ' + '  &  \  " ' -r a r r '  t U r  - x t r ; w  t z o J  I  w 8  n a y  S s s u m e

*  
tha t  t i re  l inear  sJ"s t r * lq ( l : )@&o€&Jo[ ] ,as  nCI  bese-po in ts  (o therwrse

D  i e  r a t i o n a L ! } .  S i n c e  n a t { C f + H } ) x S  L r y , K o t t s i , r s  v a n i s h i n g  a n d  D  i s

: 8np1e, tl:e sequenee (15) shows thst.:,! 2K+}i{, i l  }ras only finitely mar\y.

base-points.  u ie sha1l  see below t l rst-- id- ;x)3>0, Therefore' ,  the re-

'  la t ion  (14)  i s  a  consequenee o1 ' '1 [n ] ' ,  Th .5 .  Suppose nou,  tha t

( '2K+]H)7=0.  I t  foLLows l i ra t  l2 r+) f f i : J ldq  base-po in ts  f ree .  Bx  (0"4)

we mav assua'e that cf teHle&es%t2>o (orherwise D is rat ioner t  ) ,



fhe:nef o're , dim. T 1 Zf+,H; (Xi*z "
of a general f ibre CIf q 

|  2K+Xti  i

I f  l"

r w 0

deno:l ieg

h q r r o .

0(

,
I
I, ,
I

r { l- ( . '  I.+ {  |, a  I

i
I
I

c4 I'fr I

" l

i {  : is  ru lcd. ,  c j i rn l .mdi{*}*  i ly  ( r }"5i  ur , 'and v r}re eiscr j -somorp}r iBms" Ae

i  t  ,  j -$ wel l* lcnr, , ;n,  the f ibrrs:s of  s(  
H and * 

r ,  
(herree also of  dx) are

connectec l .  i ,e t  i r  b ,e  &  genera l  (hen*e  sucr , th ,  i r r reduc ib te )  c - l -osed

f l ib re  e f  d r " *  g in .ce  H is  ru le ,d r  g ( I {  n  } . i r f i ;  Then,  by  a  e lnss icaL
J L  

-  
t  Q  \ ' r '  '  '  :

resu l t  (see for  ins t&I ice f i t t j ) ,  F  must  be a ra t ional  sur fe iee sat ie-
fv'i mcr"

^.
( f 6 )  ( 6 l p ) - * 9  o r  B "

By' ad junction f orra.l..La we get r

&*"0; (ai<+)r:{}t 0;r:ar$6,ff* C:m$ff, 6

TherefCIre F is a rat j .r inral" eurver so deg,i lpFa-r snt l  4*3.eegffx(I I)Srq'

whi.ch ie ai . rsurdo Thu.rs:  D is r .e l t ional  i : t -  f i :?Oo

Step J ' f  ,  Assur te-

+ h n+ { l}r.* (.^,r,nu . . . . u v  q . i r v  1 r " v r I - 3 I O { i t J r )

na;I  curves "  Corrs ider

q>0" We shr.rLl

f ib res  o f  the

tire ,,fo1}c,win69

pr$lre that ,  D j .s ruled

Albsnes'e manpi-ng: of l i

s t  enciar 'o c ornmut at ive

;)

showing ;

&re  ra i io -

cIl er8ram:

j { ,  [ - . ,  1(+- I -* - )D

Inr;iu **-try)(o4-- t..'ft,

nefi*i r':qlqb,iriuqdsrAe( in)

L,c f  scheta f  s  t$eore f t i  A l .b  ( i  )  nnd A lb  {  j }  a re  i *omorp i r i sm$"  $ j -nee

a conneeted eomponenfl., l ,

, 
";:ffiT'

(l"T ) *z* (S rnlo,$r. 01cu)gq"Or,is) "



Since oC-  hes  eonneetec i" t )

L.5

f i  h v ' o s  .  {  . s  r ' . l . ^4 v  *  . r l lov /s :

oS s(n n r) "*C{. enl& q.' e} fnW;e;m$} +:,* 6{CaHKS0rea5,Q t*}ofiup$i..

Together  v ; i th  ( l? l  t , ] r is  g i .ves6,

( 1 9  )  g ( n  n  F )  = o 6

/issume this. wo,r-lt-cl be I'srse. rt foi-T,ows by (i8) thet f {f.Htet?*l?<. t .'  < {o+ i  " ' *5 ;  i , h i s  i ne rqua f t t y  eup}ed  w i th  ( l 6 }  i r r rp l i es  tha t  e i the r :

ftu!,}2*g, ee I- r*'pa anci #, (Hl$q,sftl )., or^

({.d}"}2*Er e S* e ;1rcfr,: ?*a r so r'* tl',lx rF3 o,.,1 ,fr. 1'nrc;t$*6r*.r , I ) .

1r: the fir.nr, c&ss lrve get 0rir+2H:lgi*:p#e*:.) anrt ira the sec*nd
n ,case 0f fr*zi l i '&{:b*df, '  Bot?r possibi l i t ies &re absurd sj. nce &, ftt*zHi

i s '  ample"  The. re fCI re  the  re ra t ion  ( lg , }  i s  t rue  and n  is  ru led ;

st .ep we heve a .geomet,r icalJ-Jr  ru led surfa-

arap)-q div isor on K.t .  We m*y apply (O"Sy

& s  s t a t e d  i n  c a s e  e ) .  T h e  p r o o f  o f  f h e o *

( l,s. ) o(s {u c\ r } * leru I J:. (:

.

Vie want to pror*€) that :

m$r2-v "

S!g"P 'f.:- BY the fir-'s+"

ee n nC !K'+?p u i  whi ch ie an

tn  deduce  tha t  (Xu  rF iu  )  i s

rem I I  i s  comp le te .

(1.5)  nqgql$"

to, T.heO,r€DI II,e,

glgnr  a t_ least

Somruese (see [ * f ]  ,  fh .  (2 .4)  )

assruning only the empleness

in c&se of lpZ*bundles over

proved a r .esu1t. l  re l .ated

of IJ. i lolvever, l i is coneli

a eurve and hyp8 quarlr. j.c

f ibrat j .ons,  ie {erccording,to t } rs r :o int  of  v ievr Ln 
[Sr. ] ]  onfy of  ,
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birational typ,a trur'*r int 'enest in proving the ebove fsrm of l theorea

T I  w a s  u o t i v g t e d  b y  i t s  r o l e  i n ' . t h e  p r : o f  o f ,  t h e o r e m  I . 0 n  t h e

other s ic le,  s inee Thec;: i :m (2^4.)  in fS* l  \e i i i f l  rot  the main pl l rpose
t ).j

of  the t  paper  *n r3 ' i . t s  n r "oo f  i . s  raLher  in r ro l -ved ,  v re  took  the  oppor*

tunl ty t ,o gire what, tu+e t l t in iE i* l :  a l :aturcl"  &rgulr is i t t ,  in the version

f  o rn ; : ia ted  above.6 \

Frottf clf Thesi'erii :i

I t  is ] .cncrio..n: (nee ft.r: :  i l ist i i l rce [*"] i  +;]rat a(nondegcnei 'ateo

2 c\.r.?
smooi ' l : rcoi ' Inoc'ued) sr . r r i lHt :o f ; { : ' fC'" '  wi th c1(2s+] is ruled and i f  :

d*eZs.r.f i j .t j"s either^ r"u.led or. H'5* \l le offc'r below ri sinnple argument

fpr the r , r .ske ci l '  cc lop- l -s+,-s i1€es$. Let e e p,s ' r l  be & (snocth" e cnl lected,

nor:idergene::ate) ourve of clegl'ee d sncl genus e: sueh. that d{2s+2, Com-

hining Rj.emann*.Roch anel  C- l j - f fardts , t ,hec,r 'e$i  j - t  fo l low.s that  e i ther*

&Vrlgg or S ig,, ,a canLonienl curve

' ,7 " ' *s+2 ' i . '  I  nur faee er *  abov*  w i th  C(2s+1 and I {  denotes  i t s  gene- '' * d * r c  ' L i )  c :

r ,a l  hyperplane seet i -q:nr,  ?r*  h;Eve:d)2g.{ ' }J} . r  ,Ad. juncLion formu}s y ie le ls

{ f { r l ; } (n.  l i rus pxn{X}=0 fo:"  arr i f  mi.L qn,J }1" j .s r :u led by l lnr iq l ies! 'cr i -

t t : r i , , sn , ,L f  c1 , * is+2 anC H ie  eurbedt led  &s  a  r ranon ics l  eurveo i t  fo l r

L* ivs  v ia  Noet l ie r ts - r  the  orern  fsee  [ *nJ  , , ; t "2 ' )Y)  the t  q (X)=* ,  n t  fd r (H]  ] *

* f l  ln.c l  X io i in*r i r . } } ,  ruo'r inaI"  H-\  adjunet i"on f ; t ,K)*O and H?t#r(H))=

=n:o f &(K*I{i } *c since {i;i' 0*,  We get by Riemann*. toch theoren:

^ f,L^ f\,,
e+)* tu" i ( [1 i11  i * r - (C[ (H]  )=s+2{pg(X)  u  so  pg(x ) *1 ;

. .  A ,
s inee {H ' ] { ) *g*  wo must  have * * *8* -  Thus  l i  i s  a  KS.sur f *ce .  Case

h\  a f  fheoT-em T fn ' l ' l nus  hr r  induc t iOn cn  l ^ ,  us ing ,ec i junc t ion .  fo rmt l -. . t  v *  l r r v v 4  v . 4  J  4 v r * \ r r r u

La ancl l,efsehetz's theoren* Usii '-rg iO"T') a,n,d'-1T1.1') we get the ca$€:s

b)  to  e ) .  To . f in ish  the  proo f ,  by  (0 . ,1 ) : r , {o . " :5 )  and Theore ,m [ .Le  i t  .

is  enough to '  check the fol lowing: '  r : , .
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'  I f  (X4r t l )  is  a  pa i r  such tha. 'b  the rer luet ion of  H is  one of
thoee l is tec l  in  ce$e e i  o f  Theo: :em : t I ,  the rec luct j .on of  (X4rn)

i . s  xu* iP4o  I ' l ' € i # rz l l  ;  , , r p reo \ re ru  the re  i s  n .  ( snoo t } r r  p ro jec t i ve }

f i i re*foLd r. 'hoee hyperp].nn* seetj .qn i-s x, vr i thr norrnai buncrre f i* f l I I"

$cr, )-et (X4rH)'h* such l i .nt l l  i ies a :red. l lct ioya i , ,y ir ich is ur".n of
Lhose  L j . s ted  in  fheo t -e r t  I I  ?  ea$e  , * i -  f n  pn r " t i cu la r  the  a r i  j unc t i on

mapping {both for  x  and l  , : , : .  H}  i .e"  g*ner ic*11y f in i te"  By {c ,?}  nnd

[ot]o 
-T,ctn: la 

f5" ' l ]  e i t  foi- . l .ovvs thut i l r ]  iv i t ]r  normal i :urrcr* 8'(y) u CIr
q? with nc:*mal bu.;rcl le i) ' fel  roreltr?*. 'bi indle or,rer a sr*ooth,,curvo i*r i t ,h
nortrrgi f  b ' ;nt l le i l i t j i :c ing *tzi  on eech f ' jbreu ir :  a1 smple divisor" on
the reductioru of x" uning Lef: :eh*tqr a t i :eorem r:ne ean prorre {see
for  ins . tence 

[ * "1  T] r ' " I  , l r rd  
Tn"4, [ t .4  

Th.Z anr t  p ,Zgr  Gr  [ r r ] ]  thar ;
th is  is  poseib le  *nsr  for .  q3 u aqre l  the recLr . r .c t ; ion (x , , I in  )  o f  (x ! I I i

nust  be x ' i { 'P4,  H '6 lSfa l l  .  r t  a iso f r - r lJ -c lws t i r * r t ,  fer r  rVr l ; ,  tJ rer" ' *  r i re
no other  prcrs$ i -b i r i t ies  and the proa. f  o f  T i ieors ' i l  r  is  ccrmnJete ,

(3 ' '5 )  Bg* .? l tg .  " )  
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