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in view of the work concerning the corresponding question

v

for cfossed produc ts of commutative C*»algebranﬁé},E@ﬂ],
[26],[271) . Cur approach uses the fact that such an
embedding of the crossed product{can be adnstructed in
cagse the automorphism o generating the action of Z has
an increasing sequence_of almost invariant finite-~
dimensional C® —gubalgevras converzing to A (such autowoﬁ
phigms will be called ‘alx 05t inductive linit). Ve prove
the ‘existence of an embedding of A >ﬁx2? into an AF-
algebra . in cagse &K ~ig ;p;roxiWGfely inner for some nzl
and :Q«S A le ultrasimplicial in the sense of [&1.
It is not known whaether fthe ultragimpliciality assumption
is actually a restriction (C@]),in any case this assumption
"is satisfied if K (4) hae finite rapk ([E]).In_partioular

if A is an UHF- algebra,then any crossed product A xwéz

« R O 3o AR T g b
can be exbedded into an AF-algebra.

§ 1 deals with preliminaries.
§ 2 congiders almost inductive limit automorphisms

There is an- obvious analogy with Halmos'quasitriangularity [7].
--¥e- ghow that almost inductive limit automorphisms are
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approximeble Ly inductive linmit automorphisns zand use Lh
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Throughout this pa

with unit.By a nest of finite-diumensional C*;&ubalgebrae of

A,we shall mean an lncreasing sequence
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of finite-dimensional C ~gubalgebras sucih that As (/! A

&3

¥ 3 . - napn 3
All C'~algebras coneidered will be geparable and

{n o a 3 e TR - S ~ s E: s 4
the unit of the Bigger algebra.The set of all finite-dimtn-—
¥
Jestry STk cop ) A 37 z g
gional C ~subalgebrae of 4 will be dsnoie by & (4).

The % -homcmorphisms will be assumed to be unis=

pregerving and for a- % -homomorphism WiB —s C we ghall
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enote by - WYWiK (B) —>K.(C) the corresponding homomor—

** %o 0 , ,
“phism between %the KomgroupsiFor a unitary u in g C*;algebra,
Ad w  will denote the corresponding inner automorphisn.
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} is defined by the
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a(Cy 40z c
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standard approxi=

if C;,0, are s of C,C, is finite~dimen-
sional and € > 0 then there is &> 0 dependinz only on
anG the dimspsicn of Cy gucn thab
S
Gy < C, =>du € C ualbury such that
Ad u (Cp) € C, and || v-lil<E y
There 1ls also a xuch stronger approximation result du

ke

y B.Christensen (Thum.6.4 in (1] ,for

results ge¢ c[_l“] ) which we ghall
R e ‘ s T e
i e ,(J n 86 C =sub 2eblras ol

also needs

€ [}

We also recall that an auftomorphiem o of A is called
approxipately inpner if it is &-poipnt-porm limit.of- inner
autonorphisneg Ad u and (A being AF) this is wuivalent to
the requirement & =1id segeg [5])-

%R0
a0

rohisi o« of 4 is called an

cnorpnism 1f there exigts

a

gebrag

[N
c-b
m

i
5
F
K
]_)-
<
e
T_‘
¢

i
in
(sot
@
{0
| —

n

negt

£ A anctk
-2_,0 J ll,:ﬂhcd

¢



that

2 «An autiomorphism « of A ig called an
ioductive gutomerphism if there exists a nest of Ffinite
A ) 50 £ A,such thas

o 18 apn almogh--inductivewlimit antomorphisw if for

e S

Lo a- AN . . oe ¢ A
every B € J (4) and € >»0,we can find G & F (4) such that

£
B C and 4= (C),0)<E

It ie also eazsy %o ces that B (A Yewr 2ig aopés
g Yot i 4 ( n‘an(‘ Jals aapegd

‘ % ” [ . g
of finite-dimensional CT-gubalgebras then d(4id u(Ahv
and hence:

o 18 an slmogt-indetive-linit aubtomorphism if and

n

only if Ad we ¢  1g an almogt-inductive Limit automorvaisn.

ez =3 @ e AL o 1D “ S i i — " K] R HITTO o e s
2ed.Proposition.If o« 19 an almost ipductive limik

automorpnigm of A and €>0,then there iz a unitarv uea

such that Ad u.° &% ig an inductive linit automorphism and
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hall congfruct recureently C*«Subalgem
hras'ﬂn,automorpnisms CK_and U'Jvirles u( for n>»0,s¢ that:

Ve Nt =l

= C 1,u,=1, %,

o X = & o 1 f[Cesp=imd

A
C:“ N+ 1 o nel? U pey

[’)

AL
P | -
53 = Aq%4 and °<n+1(Ag):Aj for 0< j< n+l.

sAd u
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Clearly,having congtructed An,up,o<n the proof of the
. 3 . i

i

theorem will be concluded since u=linm um.«.uc ig ther well

g0
. > } B - St 3 PO R ] & o nai g
defined, Jlu-if < € and the nest &Az)nst is invarlant

(&

degired propertiss for 0« J<% and let ug show that we

;suj with the

can find A_
=

5.
+

(RO
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L

7
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3 %

and assunme € £ 16 which ig.no losg of geusrality.

Since &, is an almost inductive, limlt sutomorphism,we can
s (et )=t
” A 1 5 X 1 J o 7
find A e € "G (4) suck that 4%, D4 ,4 ., ==’ B, for
1+ 04 ) 165 S J

: L i) oo ' ) .
ntting ’Y}:Lg(m+ﬁ)i Yooyt we shall £ind recurrently

AG - V. i oAdv_o ot ) (A J=A a4
(A Vgt : : L n'<'n+1~3 fi-2om

N

and vyl < Ty

Indeed ,asgsune we have found v, for j<k,then

(AR 7 5 A o ) Ji : ‘f &
(Ad L R ‘fd E06-<X'n)<“’n~&>“n-~}-t —
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( d~{A )i 1s an innér automorphism of 4 .7
. &l r automorphism of ﬂn.Then we can find
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19 81me
ASSUHE U., o, have bheen structed f i i
: j* 3 Ve been constructed for O j<n and leg
us ghow how one constr
show | . construchs u 9 '
; A a1t #
n+l? pel® WHHGESL g4 2
and li 1 Giffer by an imner a i
Aypq Giller by an inner autoworphisw of 4 ,.
ve |} that ( Lh)x“ ot o
we have tha o | A ML i £
ol A 5) =Ad v for some v € A
. LS

of & . and
19 oy il %
P (T i Zn+ﬂ“1 ol
N L& 8 o5 - ¥ 3 ~ s Lo s 2
gt n (2" J=1 sincs an (V) =4dv(v) =v,

It 19 easily - Seap dbhzt wa we TR '
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For & ,=Ad u_ ,006 we have
N+ 041 g
! VL) =(Ad u o X HY{(4.)=
o qdl (m \) Ad Lm"}"i“’i (& nj \»-JJ)

=Ad & 1 (A4 ,)=A

--( AA ,._]""/il \ Yoo ("."1 - i A )» 4
i .ri(,-_ \/ 5;:{‘1J HLU Yy i s .-‘ ol o jl

f=xy
T
(43}

Thig concludes the proof of the sxlgtence of fne
(0, o) £67 211 0. & #F

Now u=linm u,e..uy 1lg well-defined and has the desired

3

propertles.

Q.E.D.
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autonorzy hi and

€>'O_then tbe;e ig-a unitary u such

that Ad u o X ig limit periodic and Ju-1l <€ -

We_pass now to eubedding the crossed product of
A by the sotdlon of 2 generated by o into an AF-
alge uTJ.:b shall denote

thig croesuu product oy AR, &, b

24 7 ggigggg If ® is an almogt in@uCtivq,limit auto-
morphisn of A,bhen. A Xz Z

_can be embedded into A @B,
an UHF-algebra, '

The theoren

follows in view of Corpllary 2.6 from
‘the f LlO/lP lenna,

: a limit periodic automorphigm
o and (a '~ & sequence of periods for
2o haeg (40 - g g peri <
that lim d = so .Then 4 X, Z  can be embedded into
g =Des - ;
~ A6 B ghere B

such

. d
ig the UE*IE%‘-‘-al;gebrauliéa b il S

- Proof.Replacing the nest (An)n>-0 with regpect to
which o« dig limi

g limit periodic by a subnest we Hay assume
_ = A '
that 2. d

: d
Consider in B =L C

-(E(D’LMOQ < i, <d

bagis (cha =

N2 peq ot € and consider -the unitary
n

) %the watrix units

corresponding %o the caponical

n:e(n;1,2)+,..+e(n;dn~1,dn)+e(n;d A)

We define injective ¥ ~homomorphism

_, e SN )
by
;rj(x)z ‘;E:~ fo)éb efn Jd)
» .igjé;dn

so that

S e e



g
£ (% () =(4ald B 5 ))(E, (x))

Next, we congtruct some gpecial embeddings

dptdy BBy — 4 @ BBt B8 5 Eht
3 xR =5® k. (b)
0 9}
and k ()= =2 W bW,
n Dsd Dy
1ej<m
= S | a a

i 13+

) a / T : » Vit /‘I ' "-—‘>C I
Whne W =0 & and wn SORETIrLES W .
Wleres Ln Mﬂ+1/én and the isometries ,Q,J

are gilven by the formulae

(n) - v L)
e - 27 a ';:> 27 ik
" jgs = exp( umw“ju) gxp( ””QL_> S’“d p
1S F 13 0< <1 \ - R AN
1 4y k< 1 “n n
It is easily seen that the W, 3'3 (L<€;i<€m ) have pairwise
i , tosd

v orthogonal ranges and 1t 1ls easw-fto-check that
fas]

S

W, o= o2l

’J n 1«1 !’l,J
dn+l
gso that
/S ,
(= =g A:Q*mm %7 2T i T N'%
ey Gap e a s P e Bl T, W
o a
n+ 1
This implies
~ N
1‘1, ((3 ) “ < 21
Spel a
n

and hencs

Fa(i@a Jdles ol < 25

Since “~1An has order d_ it is easy to check that the dia-
gram

A ®B Fn_ o A4 @ B .

fn fm-’i

0 - An%@

is CON”utdthC.
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Consjfcf D the inductive limit of the (An<® Bp,j )

: i 0
p 2] o :
and Pn B — P V1 -_;.D the corresponding in-
Jjective * *hamomorphisms go thatv the diagranm

wa.dhep p=lim Y (1B g ) is weli~b 3 fined srd
n n Py

5 - : el o . ’
Since the C -algebra generated by fn(gr) and 1 ® ¢
: / t o

/ 3
4 >  there is an automorphism

‘ o | )
- 572 g é%g(g)(i & ,;3{3): Z1e Sn}.Hence if g =1

v . . ] l\
for gomecn, then there is an aubomorphism ﬁ5(§,j of the
% : o : w
C"~algebra generated by £ (&) and u such. thas ﬁg[ﬁ)c>f b
3 " , -
and  [>(Z )(uv)= L u.Since d '—> 2 passing to the limit
we see that ﬁ }

nat the covariant representation ( f(A),u

£
4 U

arbitrary < with

=

Xist

¢ D

o

)

N —
%

[l

< :

[

(65}

i

5]

émbedding of 4 XGLZ? into D,

KR

that D is isomorphic to A®B .,

U}

It is alsgso obviou

ruction of the approximate 1rt€;'

the preceding

Have

O

to.a construction in [12] .We could

.

congtruction in Cl}] s but the corresponding formulae would .

have been cunbersone.



We shall prove in this section that certain automorphis
of A¥.alzebrags are alumost inductive limits.In view of .
Theoren 2.8 this will yield results about eabteddinge of
) A% ~ > 4 (5™

crossed products into Al-a2lgebras.
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mengion group of A (see [ 4 1) . and in tsrms of

gZroups dition we are interested in,is equivalent

to thes reQuirewment that the dln:n“ion group K. (A) . be
by o7

ultraginplicial innthe sense of ([6]).This neans X _(4)

n(z a(®» -

Z > K P N Y

where the P.'s in addition to being positive are slso

injective,the groups Z "™/ being endowed with the gimpli-
N o <o { e = - b Y =D o | { 2 3

CuL 3.1 QY L»' “ad ..4:/,,-», \:.’\:L’n ¢ e 3*‘.{n (1{>) >/‘ \)4—'->.'Li_; >/ O _LC l‘é ;!5 n(k);
The class Oi ultrasimplicial dimension groups hag

been stuiied by C.A.L1liot (I6)), N.Riedel ((24],[19))

and D,Handelmn (Lh

A 18 approxipately iDﬂEP.AJSQT@

moreover that the dirension zroup X, (4) is ultT&Si:hqidﬁ -

O

Theh,given D €& (4) and u e_ﬁV such that n\ 1, There

ErEBS € T ) g 5<n) such that

S

L x‘ .LAud
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Proof.Given . & > 0,we can find B,Ce GI'(A) and unitaries

!
gl

uozﬁ,uls...,uﬁ,u € A 50 the
o 044 el ™
{4d uy o o D
fl uj-’l | <€ for 0£ i<

and

(Ad u o ™™ (YD ¢
hu-1) <€ .

T N s W A Ty oo 3 TR 1 i N I S ey P e “ R s
lioreover X _(4) bsing ultragimplicial we may assun

ey A ' £ 1 ' . o T %, 1y 3 . » .o 16 ol =
BYsuch that 1y K (B)—»K_(A) is injective,whers

0 ¢ 3
A R e Bl R B e - e 2 A o e
1tB —> 4"ig fHhe inclusion.3ince « is approximetely

there ie & unifary Wy such thab

C. Wg have
4 e ] [4)
L0k mle S Pu

and iy being injective,this implies

Wy X Vi ;wf*x Wy for x-€ C,
" Then for W=w, W, we have
J
2y i - -5y o
Ad w(B)=Ad W,L<.f;1> =(Ad u o el 7 EH)

and
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Al W | 0 =1d
A4

or equivalently we. G Ag

53

Choos

£

ing a unitary ve C'n A such that
i v —w =€ and ‘i \"mﬁ)l < 27 /u
we define
BJ::(.Ad B0 o o Ad v‘])(i}),fc‘.‘:ﬁ? ‘Oéjéz‘:}.
#€ have
al < (By),B, 4
.

Zd((ﬁo’- D((J) B ot

-
e

A A : . AR d+l
o- A3 v9)(8) . (4d u.j‘F'lO 5

€ 4e +a(( x I o ag vIy(m), (o L ohd vty

s

=he +4(B,Ad v(B)) £ 4g +4T /i

7

o o o Ad YN(BY,B) L
£ 2¢ 4d(( = "oud v7)(8),B) <
£ 4e +a(( =P e 4d w)(B),NH)<

=4€ +d((x L A Ad u 0 & ‘t-"r_v'!‘) (B),B)

[¢] (_'
=(ad uje «9)(C) 2 1
hf

.

- lo m

Thus ,taking &< .

B e SRR P

degired propertiss.

¢ Ad

B) )=

po oo Yy oy &
JL)]_, ¥ e s e ’"E)"“ 'v\l‘ll, € 8 le‘\]e v

Q&.E.D.

he
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For the next lemma it will be convenient to consider

3 \ " s e ] o ;
for an automorphism the condition VO (1!) 0 =pgeudoorbits).

F ook K F B
d( 3 J~d> 9-&—3"‘,‘1/‘

Consider also ?/{

U =B X

k241

and the “‘sutomorphise o = @ Ad s, where g, 14 fhe cyclic

it i
SN <X

Al . Ry k
perautation of the canonical basis of €=

Ze2elenma If « gatisfieg q) O then L 80 ig an almost

Proof.Let (e(k;i,3))y <3 1.« be the canonical maprix

7‘?“
ubite in of( d.”. £y,so that

( 5B e o1,
/’4] i cg..-

= k
Note also that an & -pseudoorvit: of length m,ylelds

& —~pseudoorbits of lengths md for every d zl,so that there

ig no logss of generalify in conditio ’WO to require that

the length m of the vseudoorbit Lc greater than a given numover.

\<

Thus there i1s. a nest ©f C —wumlueoms(i) )J 1 of A
and there‘&revlntegcrs l<i;nl<i 32<1 eeo. such tha% thawc are

with B &)'391 .Let then

. )
1/k—paeudoorolt N ) )
L/k~pseudo lJJ >J-5 Jé’*“}: J



vt ] e

TN

: TN . . 8
X = E B_:K) ® E(mk;j,j) e T tiell)

;\‘—L

If x € X, 12 € 1, then x= 2 x. @ E(m3d,3) end
4%

there are y. € B. such that

| g =Sl il A0, o o, y,m&wl K (3;12_:“) I £, 17k
e K

Thus for y= _~ Vowes LD ﬁ(fﬁi;{;j,j) we have

s s N o ; e
This shows that (<X ® 0 )Cx{k) e ;{k.:\'otfe that U . for

n<m_ls in the comsutant of X _.Thus for a SeQUENCE N-€0-Se0e
%_\ ' i

suchatnatsilim pe= 20 1 << m, . dim U < kK77 we have that

T J a8 & '.’]k
¥ l}."‘l/,j
A
(o ez Wy e W
: 0, k 0,
K e
haa s = O B
= k “k

/ s
since %, U, € F (@YU ) this inplies af wer) (X, U ),

rl17 E o n-;w
248 4
J{(U,,) ) —> 0O and the fact that £ ® 0" jg almost inductive

Qo E.Ds

‘

mark.It 1lg easily seen that in the precedin

7" 73 T o
& -‘/‘;' i3

lemma,if instead of padsing from = fto < @05 ,we would have
required that o gatisfy some Rohlin-type condition,like the
one in Lloj’ »then by a glight adaptation the samne kind of

proof would:bave shown that <« ig an almost inductive limit
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autororphisn, This 4pplies also to Proposition

For the next proposition 1% will be necessary to
keep in wmind "‘mﬁ = (A ®U) is isomormhio as. 8 dimension.

(cee [b 3

group to k

%5 on.lf o lsg LEner Top:

ﬁigg'KqQﬁf@ G... is vl¥rasimplicial,then x ® o

inductivs

narking that ( 2[,o~

{ 1[@21, o ®06 ), the proposition follow

and Lemme 3.2 applied to (4 @ﬂ 5 o @O‘).

- . R A . .. R b 5. P ~ A P
n27 and it Ah(&)® Q\ 48 ultragimplicial then A x, &
ot

e e R T e e 3T . (I Z P i gy

which in turn because of Proposition 3.4 dbd of Theorexm 2.7
< . (s

can be into A®1U,

hat ftnere exist AP-algebra-for ehich
K (4) is not ultrasimplicial (£6j3Il4j) but as pointed out

io[ﬁj it is en open question whether all divisible dimension

answer to this question is the result contained in T8, tha
finite rank divieible dimension groups argrultrasinplicial,

This has as a consequence the follewing gorollary.

2 :
/‘CZQL@?/,Z o S
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