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E X T T I { S  I O N S  O i :  F U N C T  I O N S  O F  O -  1

T O  C O M B I N A T O R I A L

l v a n  S i n q e r

f N C R E S T ,  D e p a r t m e n t  o f  H a t h e m a L i c s ,  B d . P S c i  i  2 2 0 ,  7 9 6 2 2
B U c h a r e s t  a n d  I n s t i t u t e  o f  l 4 : r L h e n i e t i c s ,  S t r . A c : r d e m i e i  1 4 ,

701  09  Bucha  res  t  ,  P ,o r ,an  I  a

ABSTRACT
. ^  . r f l  *  |  \  .  < ^  .  , .  - . ,  - t . - -  r i  - . r . . ) . -  1 1 + l * L rF o r  f : { 0 , 1 } ' * * f t = ( - 1 , + * ) ,  i n  } 2  t v e ' . i n t ' r o d u c e  a l c j  s t u d y r t t i q h t  e x -

t e n s i o n r i '  i "  :  [ 0 , 1 1 n . _ ; R ,  c l e r  i n e d  o r r  e a c h  n - s i n r p ] e x  D .  o f  a  t r i a n -
g i r l a l . i o r i  . $ ' o f  [ 0 , i ] " ,  w i t h  a l i  v e r t i c e s  i n  { 0 , 1 1 " ,  a i  t f r e  u t ' , ! c . ; u e
a f  f  i n e  f u n c t i o n  w h i r . h  i n t e r p o l a t c s  f  a t  t h e  v ' r t i c e s  o f  D . .  I n  !  3
w e  s t u d y  c o n v e x i t y  c , f  t i g h t  e x t r : n s i o n s .  I n  b l i . i v e  s h o l ' r  t h e ' e x i s t e n -
c e  o f  p o l y h e d r a l  c o n v e x  ( g e n * . a l ' ! y ,  n o n - t i g i r t )  e x t e n s i o n s -  A s  a p -
p t  i c a t i o n s ,  i n  $ 5  w e  g i v e  s o n r e ,  c l p a l  i t y  t h e o r e m s  f  o r  r r i i n i r n i z a t i o n
a n c l  m a x i r n i z a t i o n  o f  s i b m c c l u i a r  f u n c t i o n s  a n d  i n  5 6  ( A p p e n d i x )  r v e

o b t a i n  n e ! "  i n s i g h l  i n t o  r h e  " g r e e d y  a o l l ' r t i o n s "  o f  a  c e r t a i n  l i n e a r

n r a x i m i  z a t  !  ) n  D r o b l  c n r .

1 .  I N T R O D U C - i I O N

n -9ggb. j -n " lo rk l  op ! rJ i4 j : t i *on  p lgL lem can be  fo rmula ted  (see

e . g .  [ 2 ] )  a s  t h e  p r o b l e m  o f  m i n i m i z i n g  o r  r T r a x i m i z l n g  a  r e d l - v a l u e d .

f u n c t i o n  f  d e f l n e d  o n  t i r e  f a m i I y  2 { 1  7 " ' | n }  o f  a l l  s u b s e i s  c f  t h e

s e t  { 1  , . . - , n }  ( r v h e r e  n . + * ) ;  i n c l u C i n q  t h e  e m p t y  s e t  0 ,  S i n c e

t h e r e  i s  a  n a t u r a l  o n e - t o - o n e  m a p p i n g

S  - ' ) - e ,  ( 5 g i t ' , . . . , n ] ) ;  i l . 1 )
i€S _ ' -  _  - - -  ' ,



w h e r e  e , = { ! , . . . , j , 1 r 0 , . . . , 0 }  .  ( i = l  , . . . , n )  a n d
I  

- ' ; * ' / - -

i - 1
i  s  t l r e  r r i n , ;  i d e n c e  v e c t o r r t ,  o r  r r c h a r a c i e r  i s t  i  c

J 1  l

5 ) ,  o f  t l i e  s e t  1 - 1 " " ' r r r J  o n t o  t h e  s e t  C -  o f
I t S  ' l  c u b e "  i n  R n .  i  .  e .  ,  o n t o  

'  R  
.

r J n = { 0 ,  l } n = { x =  { \ J  €  R n  |  9 ; = 0  o r  I  (  i = l , .  .  .  , n ) } , :

r  - .  '  . i ; ; , l
,:. , i.,iri,;i,

tr 'et ,. i-, ' ,
0 i 1 e c a i l r c g a r d ( s e u e . g . [ l 0 ] , p . 2 4 8 ) e a c h f t r n c t i o n f , 2 { 1 , ' . , n 3 ? , . .

, *  R=(-oo ,+co )  as a funct ion f  ,Cn *  R (a ! ,pseuUo*.  lUs,n. f .uh i t io j l  
.

i n  t h e  s e n s e  o f  L 9 ] ) ,  d e f  i n i n g  ,  , ' ,  
: , , . - . 1 - - . , , , ,  . , - ,  . . . , , { - . i .  , ] , .  , .  :

'  r ( Ie , )= r (s )  .  ,  (s  s ;  i ; ; . , . ,n ] )  io "  
-  

t r . . l l  l  .i ( s
i n  t h i s . r r a y ,  e a c h  c u r n b i n a t o r i a l  o p t i m i z a t i o n  p r o b l e m . ( i n  t h e  a b o v e : l

i '
! .
t  . i
f "  ;
|  . r .
.l :. ,.
iil 

'

s e n s e )  
' i s  

i d e n t i f  i e d  w i t h  a  " 0 - i  o p t i m i z a t i o n  p r o b , l d m t t i ,  i . e .  , .  6 t

p r o b l e m  o f  m i n i m i z i n g  o r  m a x i m i z i n g  a . .  f u n c t i o n , f  : C - , - ; g .  
|  ' '

n
l n  t he  p resen t  paper  v ;e  sha l  I  ob ta in  some resu l t s  on  ex te r i ' .

s i u n s  o f  f u n i t i o n s  f  : C n - R  t o  i u n c t i o n s  ? : c o  C n * R ,  w h e r e  
" o , C n ,

i s  t h e  c o n v e x  h u l l o f  C n  ,  i ; € . ,  t h e  0 - 1  c u b e  '  
'  

' . .  r . ,
:  -  - n  ,  - .  

' .  :  
r .  ,  : .  ' .  " , , , : f ,

c o  c , " - [ s , l ] " = { x =  i t , }  e  R n  l u *  l i . r  ( i = 1 , . . . , - n ) } ,  ( r  4 )
:  

'  
- '  

j l -  
.  ; . .  

'  - - : :  
.  ,  

i . l . -  
, , . , "  

- , ; 1 , r , ' " , ,

a n d  ' s c  s h a i j  g i v e  s o r r r e  a p p l i c a t i o n s  t o  r n i r i i m i z a t i  r n r a n d  m a x i m i z a -

t i o n  o i  f u n c t i o n s  f : C ^ + R  w h i c h  a d m i t  e x t e n s i o n s  w i t h  c e r r a i n , .n
p r o p s r  r i e s  { i ' r  p a r t i c u l a r ,  o f  s u b m c d u l a r . f u n c t i o r . s ) .  T h u 1 ,  t h e s e

are  ' t non -Bor . i l ean  app roaches" ;  1n  t i r e  s€ r r se  o f  , [ 9J ,  p . lX ,  t o  se f i e i ,

ex tens  i c i ' r  p .  qb  I  ems  and  some comb i  na  to r  i  a  i  op t  im i  za t  i on  p rob l  ems .' :
O u r  r e s u l t s  c a n  b e  a l s o  e x t e n d e d  t o  f u n c t i o n s  w i t h  v a l u e s  i n

F=R Ui  -oo ,+oo] , .  ur i th  the usual  methods,  but  here we shal  I  conside, r .

c n l y  R - v a l u e d  f u n c t i o n s

c o  C n  i n t o  s i r n p l  i c e s  o f  
' ' d i m e n s i o n  

n ,  w i t h  a l l ' v e r ' t ' l l f e s  b s l e n U i n g

t o  C ^  a n d  s l c h  t l a ' ;  t h e  i n t e r s e c t i o n s  D .  f  r  D .  a r e  e i  t h e r  e m p t y ,  o r

u  r u l "  o f  D .  a n c J  D .  i t e x t ,  f o r  e a c h  . i , l p r " r ' 0 ,  o f  $  ,  u ^ t " n l ' r: \' t o  
t h e  u n i q * . ,  a f f i n e  r " u n c t i o n  9 ,  o n  D ,  ,  w h i c h  i n t e r o o l a t e s  t h e

In  !2  ' r e  sha l  i  de f  i nc  an , j  s tudy  ' ! t i gh t  ex tens iond r r  o f ' , ' f  :C ; - *R

w h i c h  c a n  b e  d e s c r i b e d , .  r o u g h l y _ s p e a k ! n g ,  a s  f o l : l o 1 s : , T a k e  a _ r ! v -  
:

- t r i a n g u l a t i o n "  o f  c o  C n  ,  i . e . ,  a  s u b d i v i s i o n  S  = t D t  , . . . , D 0 !  o f  .

;r*.i .

: ' .. ',
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i u a l r " s  o f  f  a I  t h e  n + 1  v e r t i c e s  o f  D .  ,  a r t i  t h e n  r r q l u e  t e E e t h e r "  
'

i  |  ^ -  - T
i t h e s e  p i e c e s  c f  e x t e n s i o n s  t , J  a  f u n c t i o , ' r  i - - i *  : c o  C ^  - +  R ,  w h i c h  w en
l s h a ' l  c a l l  i i i e  t r t i g h t  e x t e n s i o n "  o f  f  a s s o c i ; r t - {  t o  t h e  v - t r i a n e u -
' l a t i o n - { 0 . , . . . . D  

}  c f  c o  C  W e  s h a l l  s h o w  t h a t  e a c h  s u c h  i  i s  c o n -
^ n

, t i n u o u c  a n c J  t h a t ,  f o , '  a  c e r t a i n  e x t e n s i o n  ? : R f l  * F .  o f  a  f u n c t i o n

, t , c - - "  R ,  d e f  i n e d  t y  L o v S s z  1 1 0 ] ,  ? l - ^  h '  c o i r i c i , l e s  w i t h  t h e  
" i q h t,  f l  'c() l"r

e x t e n s  i o n  o f  f  a s s o c l a t e d  t o  t h e  " s t a n d ; r r d "  v - t r  i a t i g u l a t  i o n  o f
: ' :' c c  

C -  i n t o  n !  s i m r : l i c e s ,  g i v e n  i n  [ 1 1 ] .. n
:  t n  3 3 ,  i n  o r d e r  t o  s t u d y  c o n ' / e x  i $ ' :  ,  t o  a n y  t i g h t  e x t e n -

c
: s i o n  F o : c o  C _  * R  o i  f  : C -  * +  R  w e  s h a l  I  a s s o c i a t e  a  p o l y h e d r a i

n  _  . . n
c o n v e x  f u n c t i o n  ? & : h n  *  R  ( n a m e l y ,  t h e  m a x i m u r n ,  a t  e a c h  x  €  R n ,  o f

t h e  u n i q u e  i n t e r p o l a c i n g  a f f i n e  f u n c t i o n s  * .  c c c u r i n g  i n  t h e  C c r -
' ( q q '

f  i n i t i o n  o f  f "  ) . ,  s u c h  t i , o t  F ' <  i d  o n  c o  C ^ .  l / e  s n a l  i  s h o w  t h a t
t $  .  .  -  z , *  " q \  

I l

r  l s  c o n v e > i  r r  a n o  o n l y  r r r o  = T *  o n  c o  C ^  r  o r ,  e q u i v a l e n t , !  y ,
-  ^t . f i .
f = ' l ' o  o u  C , ,  n  o f  ,  e q r :  i v a l e n t l y ,  e c c h  * , . . :  f  o n  C n  F u r t h e r n t o r e ,

i o r  L i r e  i l L o v d s z  e x t e n s  i o n t r  ?  o i  f  ,  m e n ! i o n e d  a b o r r e ,  w e  s h a l  I  s . h o w

- t h a t  t h e s e  p r o p e r t i e s  h o ! d  i f  a n d ' . ; n l y  i f  f  i s  s u b m o d u l a r ;  t h i s

y i e l c l s  a  s i r a r p e n i n g  ( a n d  a  p r . o o f )  o f  a  r e s u l t  s t a t e d  b y  L b v i i s z
- t [ r o ] ; ' p . 2 . 4 9 ] ,  

a c c o r c l i n g  t o  w h i c h  ?  i s  c o n v e x  i f  a r d  o n l y  i t  f  i s

s u b m o d u l a r .  l ' l o r e o v e r ,  v r e  s h a l  I  s h o w  t h a t . t h e  s t a n o a r d  v - t r i a n q u l a -  I

t i c n  c f  c o  l ^  h a s  a  s u b s e t  o f  c a r d i n a l i t y  / " : - ) ,  s u c h  t h a t  i f  f  i s
n  l l r i l ,\lzll

s u b m o d u l a . r ,  i h e n  i t

w h i c h  i n t e r p o l a t e  f

t 5

C , L

t h e  m a x  i m u m  o f  t h c  u n  i q u e  a f  f  i . n e  f  u n c t  i  o n s

t h e  v e r t i c e s  o f  t h e  s i m p l i c e s  b e l o n 3 i r r g  t o "

t h i s  s u l , " e t .  F i n a l l y .  w e  s h a l l  s h o w  t h a t  o t h e r  v - t r i a r r g u l a t i o n s  o f

. c o  C -  a r e  a l s o  o f  i n t e r e s t ,  € . g . ,  w h e n  n = 2 ,  t h e  t i g h t  e x t e n s i c n  ? $
n

o f  f  a s s o c i a t e d  t o  t h e  o n ] ) r ,  n o n - s t a r i c j A r d  v - t r i a n g u l a t i o n  $  v f  c o  C ,

i s  ( p o l y h e t j r - a l )  c o n v e x ' i f  a n d  o n l y  i f ' f  i s  s u p e r m o d u l a r .  F r o m  o u r

i - e s L r l  t s  o n  s u b m o d u l a r  f  u n c t  ! o n s  a n d  c o n v e x  f  u n c t  i o n s  t h e r e  f o l  i o w ,

i l u t a t  i s  m u t a n C  i  s ,  c o r r e s p o n d  i n g  r e s u  I  t s  
' o n  

s u p e r m o d u  I  a r  f  u n c t  i o n s

a n d  o n . c o n c P V e  f t , n c t i o n s ,  a n d  v i c e  v e r s a .  l e  s h a l l  s h o w  t h a t  t h e s e

r e s u l t s  a l s o  t n l o w  ' > r J r , i e  i l o r e  I  i g h t  O n  a n  i n t e r e s t i n g  p h e n o m e n o r r  ,

d e s c r i b e c i  b . v -  L o v S s z  ! r i  { ' , 1 . 0 1 ,  9 , 2 \ 9 ,  i n  t h e  f o l l o w i n g  t e r m s :  " A i ' e



:

s u b m o d u l a r  s e t - f u n c t i o n s  m o r e  l i k e  c o n v r : x  o f  l  i k e  c o n c a v e  f u n c -  . 1

t i o n s ?  i r i  t h i s  s e c t i o n  w e  d i s c u s s  s o m e  p r o p e r t l e s  o f  t h e m  w h i c h

a r e  < l n e l o g o u s ' , o  p r o p " r t i e s  o f ; o n v e x  f r : n c t i r - l n s i  i n  t h e  n e . r t  s e c -  , 1

t i o n  w e  s n a i l  s u r v e y  s o n r e  a s p e c t s  o f  s u b m o d u l a r  i t y  r t r h i c h  r e l a t e  i t  .

t o  c o n c a v i t y .  T h .  r e a d e r  ( i i a y  t h e n  d e c i d e  h o w  h e  c i -  c h e  w o u l d  a n s -  .  : ,

! r , r : f  t h e  q u e s t i o n  a b o v e r  I

I n  $ 4  r v e  s l - , . r i l  s h o l v  t h a t  e v e r y  f u n c t i o n  f  : C -  *  R  a d m i t s  a
n

p o l y h e . d r a l  c o n v c x  e x t g n s i o n  F : c o  C  - *  F .  . ( w h i c h  n e e d  n o t  b e  t i g h t ) .
t :

A c t u a l l y ,  w e ' s h a l l  e x p r e s s  t h i s  e x t e - r ' l s i o n  r e s u l t  i n  t e r r n s  o f  a
t l f i n i t e t | s t r e n q : ' h e n i n g o f t h e c o n c e p t o f ' | c o n V e X i t y o f f w i t h

r e s p e c t  t o  a ' f a m i l y  W  o f  f u n c t i o n s r , l ,  i n  t h e  s e n s e  ' o f , ,  
[ 5 ] ,  n a m e l y ,

i r i  6 r r .  c ; s e ,  t h e  f a m i l - y  W = . r t l n  o f  a l  I  m c d u l a r  f u n c t i o n s  o n  C n

F u r r - h e r r n o r e ,  w e  s h a l  l  s h o r , v  t h a t  e v e r y  l u p e r m o d u l a r  f u n c t i o n  f  : { i  *-3
* +  R  c a : r  l ; c  r e D r e s e r r t e t i  a s  t h e  m a x i m u m  o f  t w o  a f  f  i n e  f u n c t i o n s .' ,  ,

l n  $ 5  w e  s h a l l  q i v e  s o r n e  r e s u . l t s  c n . n t i n i m i z a t i o n  a n d . r n a x i m i -  . , r :  i , . .

z a t i o n  o f  f u n c t i o l ' : - f : C , , " - " F . .  F i r s t l y , ,  w e  s h a l l  s h o w  t h a t ' t h e  m i n i - .

n r u n i  ( m a x i m u m )  o ' i  f  o n  C ^  c c i n c i ; c i e s  w l t h  t h a t  o f  a n y  t i g h t  e x t e n -
- tA  i  n  :  r , , : .  

: i \ .

s i . r . r  T = F -  o n  c o  C - ;  t h i s  u v i l l  m a k e  i t  p o s s i b l e ,  i n  s o m e ' c a s e s ,  
' " '

t o  s t u d y  t l r e  p r o b l e n  o f  m i n i m i z i n g : - ( n r a r i m i z i n g )  t  o n  c - ' w l t h  t h ei . ' | . ' | . . ' . ' ' J . 1 . . ' . - . . n

a ! d  o f  t h e  g r o b l e m  o '  n , i n i n r i z i n g  ( m a x i m i z i n g )  F  o n  t h e  c o n v e x

s e t  c o  C - .  T h u s ,  u : , i n q  t h i s  r e s i . , .  l t , , a n r J : i . r l l  € X t e o s i , , ) , ' i  t h e o r e m  o i  $ 3 r 'n
a n d ' a p p l y i l r g  s o m e  c f  o u r  r - e s u l t s  o f  L 1 6 j - [ 1 S ]  o n  c o n v e x  o p t i n r i z a -

. ^ , ' \
t i o n ,  t o  

' f  * : R "  *  R ,  w e  s h a l i  ' a b ? : a i  n ,  s o r r e  n e w  " d u a l i t y  t h e o r e m s r t

f e r  m i n i m i z a t i o : r  a r r d  m a x i m i z a t i o n  o f  f u n c t i o n s  f  : C n - + R  w h l c h  a d *

r n ! t  e  c o n v ' : ' x .  t i g h t  e x t e n s i o n ,  e . g . :  . o f  .  s r - r b n n o d u l a r  f u n c t i o n s  ( t h e s e

h a v e  t h e  a d d i t i p n a l  i n t e r e s t  t h a t  t h e  p r o i i l e m  o f  n a x i m i z a t i o n  o f

. s u b m o d u ' l a r  f u n c t i o n s  f  , C n  * R  i s  k n o w n  t o  b e  N P - h a r d ) .  . , : ,

F i n a l  l y ,  i n  $ 6  ( A p p e n d i x ) ,  u s i n g  s o m e  o f  t h e  p r e c e d i n g  r e -

s u l t s r "  w e  s h a l I  g i v e  a  n e w  g e o m e t r i c  i n t e r p r € t a t i o n  o f  t h e  " g r e e d y

s c ' l r : t i o n s t ' o f  t h e  l i n e a r  m a x i r n i z a t i o n  p r o b l e m  o n  t h e  p o l y h e d r o n

a s s o c i a t e d  t o  a  f u n c t i o n  f  , C n *  R  w i t h  1 ( 0 ) = 0 ,  s t u d i e d  i h  [ 1 0 ] ,

a n d  a  r e s u  l t  o n  a r e e d y  s o l u t  i o n s  ( w h  i c h  y  i e l d s  :  I  * Q  I  n g ! ' J  p r o o i  o f

t h e i r  o p t i m a  l i t y  i n  t h e  s u b m o d u l a r  c a s e ' ; . t ; w i t h o u t  u s i n g  t h e  d u i l

l - i  n e a i -  r n i  n  i m i z a t  i o n  p r o b l e m i  .



L e t  u s  r e c a i J  n . r w  s o m e  t e r m i n o l o g y n r ta t  i  ons  wh  i  ch  a re

c a l  l e d  a )  s u b m o d u l a r ,' u s e o  i n  t l r i s  p a p . r .  A  f u n c t i c n  f  : C -  - - r R
!

t i f  f o r  a l i  S , T f  { t , . . . , n }  w e  h a v e
I  '  r ( > : : : e , )+ r (Z - j " , ) <  r ( s l * , ) + f  t . ) - e , ) ;  ( l ' ' 5 )
l

b )  - : g $ j l l i . ! l v e ,  i f  f o r  a l l  S , T  q { t , . . . , n }  w i t h  S n T i 0 ,  w e  ' h e , v e  , . .

:  f ( Z * I " , ) < r ( Z - " . ) + r ( 2 - - e , ) ;  ( 1 . 6 ) . ,

- i C S U T  i € S  i 6 T

, i )  s u p e r n , o c l u l a r ,  i f  f o r  a l l  S , T c { t . , . . . 0 n }  w e  h a v e  t l ' , e  o p p o s i t e

! n e q u a l  i  t y
. m o d u l a r  

a n , J  s u p e r i - n o d u l e f  ( i . e . ,  i f  f o r  a n y  S . t  a { t  1 . . . , n }  t h e
: :  n

e q u a l  i t y  h r - r i d s  i n  ( r . S ) ) .  A  f u n c t i o n  g : R n - + r i  ( r e s p e c t i v e l y ,

s - : : R n + R ,  w h e r e  R l = i x =  { 1 , } e p . l  I  ! r , . . . ,  ( n  > c } )  i s  c i r l l e d  a )  l u . b "

" . . i a i t i u . g ,  
i f  f o r  a l l  x , y € R n  ( r e s n e c t i v e l l y ,  a l l  x , y e  n f )  w e  h a v e .

. \  
n  '

b)  pos r  t - r - v , : - l =y - - fg " l regs l seg : ,  i f  f o r  a ]  i  d€  Rn  ( respec t i ve l y ,  x  e  n f )

i n d  \ > 0 ,

; .  r . ,  s ( \ I ) = i s ( l ) : .
g l ' - L t g " . f ,  ! r  i _ o t  a l i  x . , y . R f  t h e  e q u a l i t y  s i g n  h o l d : ,  ! n ' ( t . 7 )  a n d

, i i  * " ' h a , r e  ( 1 : B )  f c r  a l l  x  e  R n  a n d  \ e  R ;  d )  a . f f  i n e ,  i f  g = f  t t :
f  u r c t  i c n s . , , q n  R n ) l  a n d

I  I  c o n s t a n t  f u n c t i o n s 'c € R ,  w h e r e  w e  i d e n t i f y  R  v r i t h  t h e  f a m i l y .  o f  a l l  c o n s t a n t  t u n c

e  a J C i t i o n  o n  R n  i . e . ,  g ( x ) "  4 ( x ) +
. o n  R  a r ' d ' w h p r e  +  n t e a n s  p o i n t w i s

: i c  ( x e n n )  F o r  a n y  f u n c t i o n s . f . r R o - o A  ( i e  t ) ,  t h e  f u n c ' L i Q n , , s , u o  f '

'  
i - "  i e ' l  

I

i i s  c i e f  i n e c i  p o i n t w i s e  o n  R n ' .  i . e . ,  ( : : ?  f  
, )  

( x ) = s u o  ' f  .  ( x )  ( x c  R n )

;|.. :

, t " n O ,  
s i m i i a r , l y  f o r  i n f  ,  m a x .  a n d  . , * i n ,  w h e r e . , m a . x  a n d  m . i  n  d e n o t e  a

.  s u p ,  r e s p e c t i v e l y  i n f  ,  w h i c h  a r e  a t t a i n e d ) .  1 { e  a s s u m e  f a m i  I  i a r i t y

w i t h  t h e  t e r m s  a n d  r e s u l t s  o f  c o n v e x i ' t y  t h e o r y  ( o f  s e t s  a n d  f  u n c -

t i o n s ) ,  w h i c h  r v e  s h a i  l '  e m p l o y  f  r e e l y :

.  w e  s ! - i a l l  d e n c t e  b y  g  l H  t h e  r e s t r i c t i o n  o f  a  f u n c t i o n  g  t o  a

A .  F o r  i , i n y  s e t  A  G  R n ,  c o  A  d e n o t e s  t h e  c c , a v e x  h u l  I  o f  A .  F o '

s e t  S ,  l S l  a n d  S n  d e n o t e ,  r e s p e c t i v e l y ,  t h e  c a r d i n a l  i t y  o f  S

.  - J
c  I  l J

t 5

5 e t

any
. J i

t . '

.  a n d  t h e  c a r t e s i a n  p r o d u c t  l X r .  X l .  A s  u s u a l ,  Z  d e n o t e s  t h e  s e t



o ( .

fi

t-eEers

o , t  E
5 1 '

any o( €

gdriote

. . , n ] .

. .
t '
l o f  a l l  i n
I
l coo  rd  i  na  t

, I

t
j a h d ,  f o r
I
l .

; !

: !v? sna I  I
l -,  ( "
; s e t  1 1 , ,
I ''.{
I

( s , - r  Z n  i _ s ,  t h e . s e t  o f  , a l l  ' . = t ! i l e  n n

. .  - ,  .qn). ,  (  I  )=6+:pp,- ,  whei 'e n!=1

n ,  
' I o ( J  

d e n o t e s  t h e  i n t e g e r  : : a  r t  o f

D y  f i n l t h b  t a m i l y  o f  e r l l  p e r n u t a t i o n s

w i t h  ' i n t e g e r  ' "

. 2 : . .  ( n - r ) n ,

F i n a l l y ,

o f  t he

3'--U-glljxiFl'ts tOrus or ,4_ 0l'l f :C. -.i,R
t1

i  
' L o v d s z  ( t r O i  , ' i  3 )  h _ a s  o b s e r v e d  t h a t ,  a n y  x  e  n i  t t O )  c a n  b e

t '  . - _ .  _ _
i w r : i t T e n  u n i q u e l y  i n  t h e  f o r m

i t - -----
i
i ,  k = l  ^  j 6 . S k  r
i
i w h e , ' e  \ . , , . . . ,  \ ,  ) ' 0  a n d  S t  .  . . .  c  S f  E  i l , . . .  , n ] ,  a n d  h e n c e  h n y

: f u n c t i o n  f  : C  - >  R  w i t h  f  ( O i = g  c a n  b J  e x t e n d e d  t r ,  ? : n l  - R , .  b y
i n : +
; ? ( o ; = 6  

" n o

t \ - -  f

l .  i
|  - - - - . ? -  t  . J -  . .

i '  ? t*l=)]. \or tf* ",) 
(orx=I \* ?= = e. € R:) ; :  Q.z)

i  f : i  * . i € s k ' !  E T  * i € l  ,

i i ' n o u u a , -  ?  i s ' w e l - l  d e f  i n u o  ( a u u  t o  t h ; ; u n i q u u n u r s  o f  ( 2 . 1 ) )  
" h l  ; , . .I

. , i? (Ct "O(x) " ro r i  a l  I  x  €  c^ t  .  t r re  tunc t . ion  ? , , i s  ca l led  IB j  the- l=ovdsz ''...!, .., -: n'  " 1 " ^ t "ns  
i on  o f  f  .  As  has  been  s ta tec l  b i r  Lo r ,6sz  (  [ tO . t ,  p ropos  i , t , i cn

i ^
j4. t ) ,  ? is. ! .gnveL_Lge1g3re)_j lend si lJ_g! f  is  sr-rbmcdular (super-
;

\  ,  l r  r a  
-

,modu la r )  "  As  a  consequence  [1 .0 ] ,  f  i . s_ ]  i nea r  i , f  . ?nd ,o , f t l y  i f  f  i s
i . - , : -. r n o d u l a r : .  C c i l v e r s e l y ,  t h e  r e s t r i c t i o n  o f ,  a  l i n e a r  f u n c t i o n  t b ' C -  i s
i '

i n c d u l a r .  b u t  t h e  r e s t r i c t i o n  o f  a . c o n v e x  f u n c t i o n  t o  C  n e e d  n o tr ' n
l b e  s u b r , d u i a r  I t o ] .

I n  t h e  p r e s e n t  s e c t i o n  w e  s h a l l  d e f  i , n g ' , a n d  s t u d y  p i e c e w i s e

. a f  f  i n e  ' r t i g h t  e x t e n s i o n s "  F : q o  0 ^  - o ' R . ' o f  a  f u n c t i o n  f ' : C ^ * ' R ,  w h i c h
n n

w i l I  e n c o m p a s s  ? 1 . " ;  a s  a  s p e c i a l  c a s e  a n d  w h i c h  w i l I  b e  u s e f u l
; n
1 ,

i i n  t h e  s e q u e l .  T o  t h i s  - e n d ,  w e  s h a l l  u s e  a n o t h e r  a p p r o a c h ' ,  . v i a

, v - t r l a n g u l a t i o n s  o f  c o  C ^  a n d  i n t e r p o l a t i n g  a f f i n e  f u n c t i o - :
: n
i l a l s .  T h i s  w i i  I  a l s o : , . y i . q l d , a  n e w  r e p . r g - s e n t a t i o n  o f  t h e  L o v i i s z  e x '

. ; 1 . . ; 1



'  ' . ' : l * {

",;.Itrz!'jsr:)d

: , .  . ,  .  . - -  .  . , - . . , i  - . . . .  - . -

"  
a t ):  D e f ! n i t i o n  2 ' .  1  A  f  i n i r e  f a m i l y  S =  . l  D , l T _ " . ,  o f  n - s i m p l i c e s

_ . * _ - : -  L  l /  l = l

I

D . c c o  C  i s  c a l l e d| n . . , . ,
:  a )  a  _ t l i a n q g i a t i . o n .  ( s e e  e . g .  [ 1 5 ] )  o f  c o  C "  ,  i f  ( i )  c o  9 n =

' p  '

. = L J  D i  ;  ( i i )  f c r  i # i ,  e i t h e r  D , r - t D r = f r ,  o r  D . A D .  i s  a  f a c e  o f
I J ' J' '  i = 1

b c t h  D .  a n c l  D .  .
l J

r . . - - . * - -b ) -  a :  v=_ t r i - a j rgu la t j g l  o f  - co  Cn  i f  ,  i r ,  add i t i on ,  i t s  ve r t i ce .s

b e i o n g  l o  
c n  t .  i . e . ,  D , = c o  { ^ i  , . . . , * , 1 * t } ,  * i t r '  ( a f  f  i n e l y  i n d e p e n -

\ .  I  I  - - r  l : , t .  
, p ) . .d e n t ,  x 1 ' r . .  .  , x n + l  €  L n  \  t = 1 ,  . .  ;

I n  t h e  s e q u e l  w e  s h a l  I  c o n s i d e r  o n i y  v - t r  i a n g u l a t i o n s  o f

c i :  C - .
n ,
-  T h e ' r s t a n d a r d  v - i r i a n g u l a t i o n " . o f  c o

Lemma 2 -1.  Ttg- fa ln i  U ?3={Bn }n.  n^. r , d v r r r l

the- foi .m

- ' k'B r  =cc '  
{0 ,  E  :? r  ( i ).  - - .  i = 1 .

v- lti_algglslion _g! co

P r o b f  .  \ { e  c l a i r n  t h a t

s o  [ J = { a , r } o  o n n  . r o , t n c i d e s  w i t f ; .  t l r e ' f r s t s n d a r d  t r i a n g u l a t i o n "  o f

c o  C ^  ,  g i v e n  ( w i t f r o u t  p r o o f )  i n  [ 1  l ] .  I n d e e d ,  f o r  e a c h  x € B '  w e -
" n k n n n

have , '=E toE"I (r)=E,E t i )u,n rrr fr  f , , , , t r le.r-(k) ,  where

t r , . . _ . ,  \ n 7 0 ,  Z ! -  \ o ( r ,  w h i c h ' p r o v e s  t h e  i n c l u s i o n  g  i n  ( 2 . 4 ) . '

' c o n v e r s e l y ,  
i r  x = { 1 , }  € R n ,  0 * ! r r ( n )  < . . i  .  < l r r ( r ) ( t , w h e r e

n  e  f 1 n  , . t h e n  f o r  \ o =  t r r ( k ) -  ! n - ( * + r )  
( k = 1  , . . . , n - 1 ) ,  \ n =

9 , n= _  
f  r r ( n )  ,  i v e  h a v e . \ r , . . . ,  \  n 7 2 0 ,  E , t  o =  9 . , . ( r )  < 1  a n d  x =

n n n n K
I

:E l . , , ( r )err (k)=f  t ,E\ , )ur , (o)=E^oEer( i )€B,rr  '  provins (z ' '+)  '

C  i s  q i v e n  i n
n -

qf  t l lg  n  !  s  iqp l . ices g l

l s  a
- : -

l n
J k=l

|.
n

1 r e [ ' ln)

i

i

,.J



I  k  , - L
i ,  

B o ,  A B r r r  = c o  
{ o , E "  r , -  ( i l } r .  .  r = . " , { o , L " r r ,  ( i 1 i r . r n ,  Q . 6 )

i  , .  t = 1 k  k  
-  l = r  "

B -  ,  w h i c h  p ,  o v e s  t i ) .  F ' r r . t h e r " m o i ' e ,  e a c h  B '  e  T 5  c o n t a i n s  t h e
't(

i r f , n a i o  d i a g o n a l r r  o f  c o  C -  ,  i . e . ,
( n
f

i  J r + ^  l n . l \  z . t \ r ai \ E " , l o .  \ . t ]  c  8 ' , , '
i = l  t  : .  '  , '

B ' ,  A  E  $ ,  * 6  f t  #  n ' ) .  A l s o ,  f o r any  T ,  ' r '  e  f - l  -  we  have ,' n

^ n
l i r

i w h e r e  p 1 = i t <  e  { i , . . . , n }  l Z * *  r i t = I , e * r ( i . ) } .  B u t ,  9 i 1 c q  B '  a n d
i  ( ' :  t 7 * ;  l Y ( l /  : t (  \ r ' l '

i  
' i = 1  r r  \ ' /  i = l  "  \ ' /  

.

i B * - ,  o f  ( 2 , )  a r e  s i i r , p i i c e s . ,  A -  i l , ' i s ' 3  f a c e  o f  b o t h  B o  
' a n d  

B r r r
i  r l

i w h i c h  p . r o v e s  ( i i ) .  , , , i ;  
'  ' . ,  

,
, l  R e m a r k  2 . 1 . a )  F o r  a n y  x  o f  t h e  f o r m  ( z . r ) ,  w h e r e  \ ; , . . . ,  i o  t

' I

i t? .  ;,l
>  0 ,  2 . . I ,  {  1  a n d  5 1 c  . . .  c  S f  e  {  1 ,  . . , n }  ,  a n d  a n y  t e  f - l n  s u c h

k= l  
N  '  

I  , .

t h a r  s , . =  { r r ( 1 ) , . . , , * ( l s k l  ) }  , i l . - r , . .  ; { ) ,  w e  h a v e  x e  B r r .  c o n -

L e m m a  2 . 2 .  F o r  a n y  f  : C ^ * R  a 3 d ' a n y  a f f i n e ! , v  i n d e p e n d e n t' € -  n  *
^ n

X l r . . . , X n + 1  e  R "  $ e r e  e x i s t - s .  a  u l i q  { = f  + c : R " * ,

:
I:-+ R (wher-e, 0 e (Rn)*, c c n), sjch th.at i

'
i 1 I €
i
I
: X €

i t t ,na  i

t
I

i
I
I '
I

l--_

l a  r \
\ L . > 1  i( r . e ! l n )  ,

a n d  s  i n c e  { e .  } .  i s  a  b a s  ! ' s  o f

i
i

i a n d  t n u s
i
i uv  (e . r )
! .

* ( x o ) =  0  ( * t ) + c = f  ( x k )

P r _ o o f .  S i n c e  * 1  , . . . , X n + l

I r  r  \( k = l r . . . r n + l  ) , . i  , ,
. -  

l : .

a r e  a f  f  i n e l g -  i n d s P e n d e n t  i n

- {
( 2 . 7 )

. .

R n ,  e a c h

r!t

li  (2 .  I  b )  be  I  o r . r .
I

i  b )  Fo r  i l J  above ,  exp ressed  i ' n  t he  equ i ; ya len t  l anquage  o f  n rax i *
I
I  .  t q

i m a l  c n a r n ' s  r : . 3 5 ) ,  i t  h a s  b e e n  s t a t e d  i n  l B ] . ,  l e m m a  4 o l r , . t h a t  h
I
. i  i r  

"  " q i m p i i c i a i  s u b d i v i s i o n r i  o f  c o  C n  ,  w i t h o u t  a n y  d e f  i n i t i o n  o f

; v e r s e l y ,  f o r  t h e  u n i q u e  r e p i - e g . e n t a t  i o n  . t Z . t )  o f  a n y  x  e  S *  , .  s e e
i

i  (2 .  1  5)  be I  or . r .

ii t f r i s  t e r m .  ,  ,



' x  
€  R n  c a n  h e  w r i t t e n ,  u n i q u e l y  ( s e e  e . g .  :

, n + 1 , . n + . 1
x {  \ u x o  ,  w h e r e  \ '  , .  . t  I  \  

n . n l  e R ,  2 :

coo i ' d ' i na tus .  o f  x , : .  De t i ne  \L :Rn  - ->R by

n.r1 R+l
Y(n)=I \ , ,r(^,.)  (":X '  ^n

k = l  K  K  i ; I  
n k t k u ' t  '

n+ l
f  ) , u=1 )  .
k=1

n+ l  n+ l
\ k c i U  \ r * i  ( * u ) {  x o r ( x o )

K = l  .  K = l

( i = i  , z )  ,

f  r  ^ t  -  \

I r J j ,  P ' / )

\ . t ,

A ,  = l  i t h e
K

,  i n  t he  ' f o rm

' 'ba r,rrcen t r '  i  c

( 2 . 8 )  ,

T f r e n ,  i t  _ i - s _  e a s y  t o  c h e c k  t h a t  9  i s .  a f f  i n e  a n d ,  c l e a r l y ,  I

s a t i s f i e s  ( Z : 7 ) ,  F i n a l l y ,  i f  * , = & i + . i - R n - - * R  ( i - 1 , 2 )  b r e  r r v o  a f -

f i n e - - f u n c i i o n s s a t i s f y i n g ( 2 . 7 ) ( w h e i " 4 i e ( n n ) { , c . € R ) , t h e n

n+1  '  n+ l  '

f o r  any  x= I  \ r ^ r .  e  Rn ,  wher "Z  \ r=1  ,  we  have  ,
k= l  k= l  

h

i'.-: ;

-  nJ,- l  ' -  n+l
r  ; ! C -  r  \v  i t /_  Ikxk /+z_

k=  I  k= l

- r ' i l ;  :

, t \
! '

r v h e i r c e ' 9 ' = * r  r  w h i c h  c o m p l e t e s
. l  / -

, i Isrsrk*l.2. If o. {^k}il:]
a l s o  _ f - ( 0 ) : C - , . _ t h e n  c = 0 ,  3 0  V :  Q

\ -
lH-. lnl : !gl '_ j :1.  al  For any

q u l e t  i o n  $  = { 0 . } ?  o f
l "  l = l

o f  f .  a s s o c  i a t e d  t o  g ,  ,

t h e  p r o o f .

,  i h e n ,  b y  ( 2 . 7 J ,

e  (R t t )o

f unct ion "f, :  C --* R
n

r  f  n \c = f  ( 0 J .  i i e n c e ,  i i
I

a n d  a n y  v - t r ! . a n -
= $e x t e n s  I  o n  fw e  d e i i r r e  t h e  t i c h rc o Cn

by

' ,  
? t ( ^ ) = 9 ,  ( x )  ( i e D , ;

v ,L le re ,  * i=  0 ,1 . ,  (w i t l . r  Q i  €  (n l ) * , . . i

f  u n c t  i o , r  o n  R n  w h  i c h  c o i n c  i d e q  w i t n  f

{ i = l , . . . . , p )  ;  t h a t  i s ,  i f  D . = c o  { * l  , . .

v, t*i)=r (*i) (k=1 , . . . '
s  i n c e  D .  h a s  n + 1  v e r t  i c e s  * i  ,  .  .  .  , * | * t

sl!g!9:"-fl*glr!!r f E Di , or tha. *i
I

; ; .  j X n .  
1  " . .

b )  V e  s h a l l  s a y  t h a t  T : c o  C -  *' n
i ' f  t h e r e  e x i S t s .  a  v - t r i a n g u l a t i o n  S

:  . : .

i = l  , . .  .  r p )  ,  
' "  ( . 2 ' . 9 )

q  R )  i s  t h e  u n i q u e  a f f i n e  ;
a t  t h e  v e r t i c e s  o f  D .  I

l ;
l r. ' * n + l J  '  t h e n  :

, n + i ;  i = l  , . . . , p ) ;  ( Z . t O )

. ,  w e  s h a i l  s a y  t h a t  V ,

i l t e r p o l a . t e . s  r  
" ,  

* i , . 1 .
, :

R  i s  a  t i g h t  g r t e n s i o n  o f  f ,
-  - q l

o f  c o  C n  . ,  s u c h  t h a t  f = f *  .

i i l  - :



f - - - - - - -  n  ' '  i '
|  -  Y  - . - g l  i

i  :  R_e*? . : -3 . -1 . .  a )  S ince  co  C .=L /D .  ,  , t *  i s  we l l  c l e f  i ncd  a r  each
' t  - -  i = l  t ,

i " e . . l  C ^  u r i i i c h  i e i o n g s  t o  o n l y . o n e  o f  t h e  D . ' s .  0 n  t h e  o t h c r  h a n d ,
i - - - n l
a s s , u m e  n o r v  t l i a t  x  e  D . A D .  ,  w h e r , e  i l j .  T h e n ,  b y  ( i i )  o f  .  d c f  i r , i t i o r rr J
, 2 . 1 ,  x  i s  a  c o n v e x  c o m b l n . , ' ; i o n  c r f  t h e  v e r t i c e s  o r .  D -  A D ;  ,  h e n c e
i t . ' J
of  the c . )mmon ver t ices of  D,  and Di  ,  sa ' /  *=f . '  \ t *k  ,  wh*. . r rs

J /k=l " k

[ . \ u= t  
ano  where  each  xO i s  a  comnon

t

|  - " - ( i

. = C O  J X 1 1 .
t _ -  I  I

J

: =  
S i * . i . . ,  * h - e r "  0 i  u  ( * 1 ) n ,  c .  e - R  ( a n d  s i m i l a r l y  f o r  * r ) ,  a n a

u s i n g  T l l o = t ,  w e  o b t a i n
K = l

:

w h ! u h  " p r - o v . e 9 - j ! t r a t  F $  o f  ( 2 . . 9 )  i s  r ^ r e i  I  d e f  i n e d  o n  c o  C  - .  N o t e  t - h a t
t1

'  
t a  i r ^  ^ r  - : S  . . .  .  - .  1
b y  \ 2 . 9 ) ,  F  i r  

"  
p 1 " . * i g 9 _ . f f l n u  f u n c t i o n  o n  c o  C . .  A l s o , '  b y  .

_ 
- 

eh 
-l--: I r-.. -.-i: 

;' ( 2 . 9 )  - ' a n r l  ( 2 ,  t o ) ,  w e  h a v e  T *  1 x ) = f  ( x )  ( x  e  c n )  ,  s c  ? $ .  i " g l i i n d e e d ' r '  i '
.  t l

an  g l t e j : ' o -L  o j l  f  .  F ina l l y ,  l e t  us  obse rve  tha i -  some o f  t he  * ,  ' .  
,

, i n  ( Z : i l  n a ' /  c o i n c i d e  i " . g . ,  w h e n  i $  i s  . a f f  i n e )  .  :  "  
'  '  ' i

, ( i n  R n n l )  o f  
' l $  

i s  o b t a i n e d  a s  f o l ' l o w s . ; , C n  e a c h  . , i m p l e x  D . =  :
r i  f' = - c c -  t ^ l  , . . . . , " n * l ]  o i  t i i e  v - t , - i a n g u l a i i c , n  $  o f  c o  C n  ,  C , " p i  l U  t r .

' , t h e  
p o r t i o i i  o f  t h e  u n i q u e  h y p e r p l a n e  p a s s i n g  t h r o u g t r  { x i  , f  ( x l ) ) , . " ,
,  i  - ,  i  l , '

. . . . , ( x n * ' , f  ( x i * ' ) )  ( w h i c h  i s , .  a c t u a i l y ,  t h e i r  c o n v e x  h u l l ) .  ,
;  S o m e  p r o p e r t  i e s  o f  t  i g h t  e x t e n s i b n s  a r e  g i v e n  i n  

'  :

T h e o r e m  2 . 1 .  a )  f o l  a n y  f  : C n - ' - +  R '  a n {  a n y  v - t l i a n g } l a t i g n  $  =

= , { D i } ? = r  9 t  c o  c , r  , l i y  D . = c o  i i l  ' ; ; i , * l * r } ' ( i = t i : . . , p ) ,  F s
s a t i s - f i e s  { r h e r e  \ 1 . , . . . , \ n n r > t T ,  t :  \ k = 1 ) .  i

It= 1
- ' t

. a n + l . n + l !
r . T s ( ^ ) = f  \ r r ( - x f )  ( " = f  \ , , t , 1  e  D ,  i  i = 1 , . . . , p ) .  ( z . r r 1

: . , .  -  I = i  K  [ =J  i , -

k= i

. :  ,  i

" r , r

' :  
I  i



b) E:ch_l ic lg ext"g! : iot
' \

P r o o r ' .  a )  f o l l o w s  i r o m

" 4 -

f = f *  i s  c o n t i n u o u q  o n  c o  C  .n
( z . g )  a n c  ( 2 .  B )  .

( k = l  , . . . , n ) .

.  . b )  L , c t  x r c o  C -  ,  { x , } c c o  C _  r  X ,  + x . ' i h e n ,  b y  c u  C _ =
p  n  ' K J  n  ; "  n

t '  l ^= \ J D ;  ,  t h e r e  e x i s t s  i 6  p  s u c h  t h a t  D ,  . c e n t a i n s  a n  i n f  i n i t e  s u b -
I

l *  I

s € r . i r l € ; r 1 c e  o f  i x , . | ,  s a y . [ x , ,  ] ;  t h e n  x , .  * ; ' X r  w h e n c e , . s l n c e  D ,  i sr  K ,  L  * * J  K -

c l o s t i d ,  w e  g e t  x  €  D . .  H e n c e ,  b y  ( 2 . 9 )  a n d  s i n c e  e a c h  a f f  i n e  f u n c -
,  ^ n

t i o n  * . ; R " * + R  i s  c o n t i n u o u s ,

?(*r ._  )= 9.  (xk  )  ;  f i  (x )J(x)  ,
m m

Now v,re g ive

I[eqtem 2"..?.

L O V a S Z  e X t e n S  I  O n

2 . 1  .  T h e n
,  ; 1r t' r c o  C

a.nci mo i-eove r ,

a  f l e w  r e p r s 5 s n l a t i o n  o f  t h e  L o v S s z  e x t e n s i c r n .

Let

f  :  R' . '
-i.

; E

n

f : C  * > R  b e  a  f u n c t i o n  w i t h  f ( 0 ) = l  a n d , , r i ' ; h
n

- "R a . ry l_ le t ,  n= IBn] " ren  be  as_ in  le j ; r l , ja
n

(2. rz).
' '

1, !

: i

12 ;13J? ( ^ ) =  Q , , r ( x ) .  ( * € K , , = { \ B o  i  o < x (  } o o } ,  n e f - l  ) .n '
r  i  r ^ f l r f l (

w h e r e  0 - e  ( R " ) " '  i s  t h e  u n i q u c  I  i n e a r  f - r - , r f c t i o n  s u c h  t h a t

k k'Sn,(E", 
(, ; )=r(f"n- ( i ) ) { ' t  t  t r )

\ . - .  I  r /

(2 .  t 51

?  -  ^ ^ + L  i  - ^
l >  r r v L l l l l l 9

' :  ' :  
l ^  { \

:  F r r : c , f  .  B y  \ 2 . 3 )  a n d  r e m a r k  2 . 2 ,  f a t
. t ,' r  

f u n c t i o n  Y -  o c c u r r i n g  i n  t h e  d e f i n i  t i o n
,  t t  -

i t t " ' o n  t i r e  u n i q u e  l i n e a r  f u n c t i o n  O  e  ( n n ) x' 1 r \  \ r ' |  /

l ' b y c l e f i n i t i o n 2 . 2 a ) ,  w e h a v e  . i , '

e a c h  r c l l ^  ,  t h e ' a f f i n e
i r r  l ;

o f  T "  i s  n o t h i n g  e l s e

s a t i s f y i n g  ( 2 . t 4 )  a n c l ,

, ( * . , u f , ,  n e [ 1 n ) .

Now ,  
: t  

T r€nn  and  x  e  ) , 8 , , r = \ co ' t o ,E " r r q i l l l = r  ,  whe re

,  0  a t r  < - r c , o . ,  t h e n  t h e r e  e x i s t  X , , . . . .  t r  n 7  
0  s i : c h  : t h a t

I ,

: n k k

,  % ^ o E " r ( i ) F t o E " t r ( i )
:  

1 - :  

, , '  
X

r ' .  t  \  ^ ' r

_ w f r e r e  t * = { k < n  l X t > 0 } .  T h e n ,  t h e  s e c o n d  p a r t  o f  ( 2 . . | 6 )



.  , s -= 9* \,)
r i  i € l

:  - - . x

v . .  w i t h  l = l l  l a n d
A

( 2  . ? - )  ( f o  r  t h  i  s  c a s e )

n r r ( i ) ) l

f - -
: e l  s e  t h a n  t n e  u n  i  q u e  r e p r e s e n t a t  i o n  ( 2 .  I  t  o f
, s , . = { n ' ( i  ) , .  . ,  n  ( r ' . ) }  ( [ : i , .  . . ,  t ) .  H e i r , : t ,  b y
. K

( 2 . 1 t , , )  a n a  g * r  ( r i n ) x ,  w €  o h t a i n  '
- t

? ( * )= f  x  u r  ( *u  * , ,  i  1  )=X  I ,S * { *e * / i , r  ) =
k g |  

^  
i = l  

r r \ r /  
k e t  k ' l t  i = l  

r r ' r /
X X

w h i  c h  p f o v e s  ( 2 .  1  3 )  .

Renra rk  2 .  4 .  a)  The f  un i  i  or r

|  * -  '

:
s a t r s r t e s

;f-roir  t l re

l v a l e n f ' t o

( 2 .  r 4 )  ( " v e n  w h e n  f  ( o ) l o )

f a c t  t h a t ,  f o r  0 n e  ( t r n ; * ,

J

k - 1
5*,/
l = l

( 2 . 1 7 )

;  i t s  u n i q u e n e s s  f o l l o r l s  a l s o

t h e .  e q u a l  i  t j e s  ( 2 .  1 4 ) '  a r e '  e q u i -

a

h )  B y  ( 2 , . 2 )  ( b r  ( 2 . t 3 ) ) ,  f  i s  p o s i t i - y . e l v .  h o q g g g n e g u : .  M o i - e - - , , ,
^ n' ' l c i , r e r ,  i f  we  use  l emnna  2 .1  to  s .uDdrv rde  K+ ,  rn to  che  cones  K r ,  .

' i d e f  i n e d  i n  ( Z , l l ) ,  t h e n ' o n  e a c f i  . c o n e  K , , r ,  G r a p h  f  i s  o b t a i n e d  b v
' t h e ' r r c o n t i n u a ' t i o n s i l  

o f  t h e  p o r t i o n s  o f  h y p e r p l ; a n e s  o v e ,  B r r  ( w h i c h

- . p a q s  n b w  t t r . o u g h  0 )  ,  d e s c r i b e d  i n  r e m a r k  2 . - 3  b ) .  A I s o ,  f  i - - s  c g r r t i -

n u o u s  o n  R f  ( b y  ( z , l l )  a n d  t h e  p r o o f  p f  t h e o r e m  2 . 1  b ) ) .
T

i  c )  A l t h o u g h  t h e  r ' e s t r i c t i o n  o f  a  c o n v e x  f u n c t i o n  g : R n  - + R  t o

; C ^  n u " A  n o t  b e  s u b m o d u i . a r ,  u n e  c a n  r n a k e  t h e  f o l l o , . v i n g  o b s e , r v a t i o n ,
I n
j l h i c h  i m p l i e s  

_ t h e  
r t o n l y  ' _ f ' _  p a r t  i n  t f  r g  r e s u l ' t  o f  L o v d s z  o n  f  ,  ;

'  
: r " n t i o n J o  a b o v e , ,  i n  t h e  p a r t i c u l a r  c a s e  w h e n  n = 2 :  l f  g : R n  - + R  i s

: c o n v e x  a n d  p o s i t i v e l y  h o m o g e n e o u s ,  ! h e l  g l "  i s  s u b a d d i t i v e  ( a n d



- s (7*l-", ) =a ()T-e. + fls . )= '
i { s u T :  i € s ' i € f

^  r i  r \ - -  \ \: a s \ 7 r 2 - e . + F  ' - e , ) )  <  s  q : = " i ) * s ( 1 . = ' i )
i € S '  i e i  i € S '  i € " f

H o w e v e r ,  f o r  n = J ,  t J l ;  n e e d  n o t  b e  s u b m o d u l a r ,  a s  s h o w n  b y  t h e

: s a m e  c o u n t e r - e x a n r p l e  o f - { 1 0 ] , -  p , ? - 5 0 t  w h i c h  i s  n o t  o n l y  c o n v e x ,  b u t

, a l s o  p o s i t i v e l y  h o r n o g e n e o u s :  g ( x ) = m a x  (  
! , , ,  \ r *  9 E )  

( * = * 9 : . i €
? r  .  / )  '  ! = 1  

' '  I

, e R j ) .  :

i  . d )  T h e o  r " n  2 . 2  p e r m i t s  t o  g i v e  t h e  f o l l c w i n s  p r o o f  o f  t h e

, " o n l y -  i r = r '  p l i i  i n  t h e  r e s u l  t  o f  l o v d s z ,  m e n t i o n e d  a b o v e :  L e t  ? :

; : n f  - . . R  b e  c o n v e x  a n d  l e t  s , T G ' t l  , . . . , n ] .  l f  s n r # f i ,  t h e n  t h e r e

r  t) ]
a n)'

=' t € g

i u i e  e )  a b o v ' e ) .  T h e n  T - * " ,  ,  > : e .  e B n
l . :  : "  - .  i € S n ]  '  . i  € ' S u T  

'  ' '
1 q +

i i s  c o n v e x ,  a t s o  7 ( Z _ - " , + Z - - l e , ) e  B r , ,
,  i e  s n T  i e  s u T

o  s .  ( o n ) x  ( 2 . 1 i l ,  t h e  c o n v e x i  t y  o i ' ?  ' r n d
. . T r * " ,  ,  I  r - .

: o b t a i n

hence,  when n=2-  ,

.= f i ,  then

,  ex i s t s  r r6  f ' l n  such  tha t

:  ,  5 . / \  i . =  J  T \  t i  , . . . ,  i l  \ . 1  J r  I
t:

; i f  S O T = 0 ,  w e  s h a l l  c o n s i d e r

. , hp ids  a .nd  we  sha  I  I  use  tha t '
:

r  

- r  

\ ' -  r

s u b m o d u l a r ) .  l n d e e c i ,  i f  S , T ; , n ]  a n d  S A T =<{1  ,

c  s U r = { r  ( r ) ,  .  .  . ,  n ( l s u r l  ) } ;  Q . z
m  l u c h  t h a t  t h e  s e c o n d  e q r i a i  i t y

0 , = 0  ( o r ,  a l  t e r n a t i v e l y ,  o r i e  ; a n
I

,  vrhence, 
's 

i  nce Br,

us  i ng  (2 . -1 l r )

I t y  t = f  l .  ,  :
- n

n \

.  Hence ,

the  equa l

t .

WE

6 (- 1 r '

. *t? (5-", t*? til", )]+{r (=", )+r tfiu, )} .
i . - -

i  
" )  

T h e  p r e c e d i n g  g e o m e t r i c  o b s e r v a t i o n s  a l s o  s u g g e s t  h o w  t o
I

l r " ' n o u "  t h e  a s s u m p t i o n  f  ( 0 ) = 9 ,  ' 1 . e . ,  h o . w  t . o  d e f  i n e  t h e  L o v d s z  e x -

i t e n s i u r i  o f  a n  a r b i t r a r y  f u n c t i o n  f  : C n - r  R  ( o f  . c o r i [ s p ,  w h e n  ' f  ( 0 ) / 0 '

: t h i s  e x t e n s i o n  w i l  I  n o  l o n g e r  b e  p o s i t i v e l y  h e r m o - g e a b o u s ) :  n a m e l y ,

f  - = f - f  ( 0 )  s a t i s - f  i e s  f ^ ( 0 ) = O  a n d  t h e  L o v . 5 s - z  ' e x t - e * s i o r ; ' F  o f  f  s h o u l c l
; . 9 - '  - -  ' - '  -  i - -  O  

= ' -

l "



i
j be  de f  i ned  by

i  :  
-  
-  . i  (x)-r(o)+fr(x)  -"  (xe nf)  ,t u

;
w h e r e  f  i s  t h e  L o v d s z  e x t e n s i o n  o f  f  ,  T h e n

/  ^  ' n  \( x € b - , T l €  l l _ j ,
. ! t  n

n

( x e C n ) ,

€  R ,  .  i h e  d . i f  f e r e n c e

t h e  s i m o l e x  B  w i t h' f i

( t h  i s  i n t e r . s e c t  i o n

I
i

( z . z t )
i

:
I

(z .zz )

(z .z t )

( 2 . 2 6 )

O  -  O o  i sT r r
t h e  h y p e r *

'may be al  so

s o  i  i ,  i r : c l e e c i  a n  e x t e n s i o n  o f  f  .  F u r t ! r e r m o r e ,  b l ,  t h . e o r e n  2 . 2  f o r

n x O. r -11 r  i l (' w h e r e ,  f o r  e a c h  T f  € - l  l ^  ,  E : ' e  ( R " ) ^  c r . : r r e s p o n d s  t o  f  ̂ = f - f  ( 0 )  a s
:  . n  I l  ,  o

i n  t h e o  r e m  2 . 2 ,  i . e . ,  0 f  i t  t h e  u r r i q u e  I  i n e a i '  f u n c t i o n  s a t i s f y i n g| |  "

i  
fo  ,  we have

? ( * ) = r ( o ) +  Q f  ( " )

I -

! '  
-  ^ . : '

i  +n(x ) -$ f i (x )=r . (o )  ( r r ( r )
I

h e n c e ,  f  o r  e a c h  r r e  I  I n  a n d  e a c h

c o n s t a n t  o n  t h e  i n t e r s e c t i o n  o f
i .

' n n , -

i p l a n e  { " = , 4  l i o i  . T ^  I  i r r ( r ) = . }i .  :  i :  i = 1
I

i  . r p t y  o r  t he  s  i  ng  l  e ton  {01  )  .

I .  k  :  k  i

i ,  
q ; (Eer r  (  i ) )= r  ( f  u r r . f  i )  ) - r  (o )  ( t= r  ,  .  .  .  ,  n )  .  ( z . z t+ )

|  "  i = l  
' r  \ ' /  

i = l  "  \ ' ,l = l  
i

:  t h u s ,  t h e  u n i q u e  a f f  i n e  f u n c t i , o n , , , , , . l l . i . : R n - o R  i n t e r p o i a t i n g  f
TT

i a t  t h e  v e r t i c e s  o f  B r '  i s

i " -  t  i ' " '  \ P  = o c + r ( o )  - - -
i  

- T (  - 1 I

I ' 1 r !
iand f  : rnuta (2 .2 ,  shorvs- tha. t  (Z. tZ) ,  lgmaln l iqg l  id- .  fgr  . ,?ny.  f  :C-- -+

n

i *  ^  ( w i t h  f  ( 0 )  a r . b i t r " r y )  ;  t , e n - c q  ( r ; , . ' r r " r k  2 . 3  b ) )  o , { o I  a n y  i . . . 1

l f  , c n  - " ; i ,  o i r  e a c h  s i m g l e x  8 . , ,  ; '  G r a p h  i  . i s  o b t a i n e , J  6 y  " ; ' '  l ' n n  i n ' 1

l t h e  c r r d i n a t e s  o f  f  C I t  t l " i e  v e r t i c . e s  o f  B * .  b . v  t h c  p o r t i o n  o f  r h e  . , ,
i '
i l n i e u "  

h y p e r p l a n e  p a s s i n g  t l " i r g u g h , t h e m .  L e t  u s  a l s o  n o t e  t h a i ,  b y ,

i t z , t 7 ) ,  t h e  f u n c t i o n s  Q n € ( g n ) x  s a t i s f y i n . o  Q . t ' t + )  ( w h i c h  d o  n . t 1

j t . : "1 : ' , t :n ,  .n"  der* ]nJ t ion of  ?  vrhen 
. f  

(0)10)  anc l  Qoo.n, (Rn)x 
" . "

i r e l a t e d b y  - . '  ' - : .

- - - r J : -
t l ; *
i i



i - - "
tL-gg,UyEI*Lc_U!,AV"il fr qlr LXTFNfLgjU
,  W "  r e c a l l  ( s e e  [ 1 3 ] ,  p . 1 7 2 ) . t h a t  a
i o s Rn, i ̂ , ca I I 

"d .egly-iL*.{ -cgty-gr, i f

i t i o n s  v i , . . . ,  * ' - . R r * o R  ( w h e r e  r  < + o o )
: l
1 ,

{ 'unct  ion g:  D - - -+ R. ,  where

t i t c r ' e  e x i s t  a f f  i r r e  f u n c -

s u c h  r h a t  g ( > < ) =  m ? *  * i ( x )
1 < i < r

( l . r  )

{ x  e  D )  i  c l e a r l y ,  e v e r y  s u c h  f L n c t i c ; r r  a d m i t s  a  n ; r t u r a l  e x t e n s i o n  t o

t i r e p c l y h c d r . r l c o n V r j X f u n c t i o i r $ = - | T 3 j ) ( * 1 : R n - - - * R . A u s e f u l t o o l

w i i l  b e  
1 < i ( r  .

-? .gt jg ! ig ! ,  3 ._1.  For  any f  unct iqn f  tCr ,? i t  and any v- . t r iangu-

la t ion S = iD, l?- . ,  o f  co C^ ,  we def  lne th-e*  p-o ly ledrg l  .co-nv.e-x . func-I  l /  l = l  n

t i o n  ? ' S , R n - * r  n  5 s g c - i q t e d  t e  T $  ( o r ,  t o  f  a n . J  $ ) ,  b y

f  
s ( * ) =  m a x  * .  ( x )  ( x  e  R n )  ,

n
v r h e r e  9 , , " . . ,  V - : R " ' * R  a r e  t h e  a f  f  i n e  f u n c t i o n s  o c c . t r r r i n g  i n  d e -

r P

f  i n i t i o r r ' 2 t 2 ,  a ) .

Theor-em_ 3,1 .
r ^  ' r  D= { U . } ' .  ,  o I  c O  L
I  l . /  l = l  -  n

F o r  a n y  f  : C - - o R  e n d  a n l t  . , v - t r . i a l q u i o t i , : : r ; :  . g b =
n

,  we have , '

- r n  - . c A

? * ( r )  6 ' f  
* ( x )

r (x) < |u ,^,

P r o o f .  B y  ( l . t ) ,  v r e  h e v e

.  I  n e n .
n

.l 
, ,-.,

'  
( x  e : r n ,  i = 1 , . . . , p )  ,  ( 1 .  q l

p
b v  L J D . = c o  C -  ,  t h e i - e  e x i s t s  i  g  p

i = 1  
I  r l  

.

( x e c o  C  ) ,' n

( x e C  ) .' n

\ t . t J

t i  ^  \
\ 5  .  5  )  '

. '

ti,. t"l E f 
st*)

No',,.i lct x e co C

i

r c A
i s u c h  t h a t  x  e  D , .  H e n c e ,  b y  ( 2 . 9 )  a n d  ( 3 . 4 ) ,  w e  o h t a i n  T * . ( . " ) =

, = * ,  
( ^ ) < f l S t * j  ,  w h i c h  p r o v e s  ( l . z ) .  F i n a l l y ,  u y  T s l .  = t  a n d  ( 3 . 2 ) ,

' - n
r^ ie  have (3 .  3 )

' ,  
I n  o r d e r  t o  c h a r a c t e r i z e  t h e  f  u n c t i o n s  f  : C -  - - +  R  f o r  w h i c h  t h e

r n

, " Q u 1 l i t y  
s i g n  h o i d s  i n  ( : . 2 ) ,  ( . 3 . 3 )  ,  w e  s h a l l  u s e

r  L e m m a  3 . 1 .  l f  D = c o t * t , . . . , x n + 1 ] .  R n  ' 9 * 3 n  n - s i m p - l e x  j w i t h

n  a n d  i f  V l : R n - * R  ( i e t )  g l 3  $ ' : R n * R 3 : 1 - q l l i ! e^ 1 " " t ^ n + 1  t t n  |  - - _

f u n c t  i  o n s  s u c h  t h a t

i,1



t . h e n  f o r  e a s h  e  >  0  t h e r e  e x i s t s

. , f t  t  , 1 . t  \
s u P  Y .  \ x / =  Y \ x /
i e l

e x i s t  u n  i q u e l y  d c t e r r n i n e d

n + i
t h a t  x . - r  \ l r ,  L . e r

J T ;  K K

( r i e D )  ,

s u c h  t h a t

( i e  l ) ,

( l , B )

e x i s t s  i ( e ) e  t  s u c h  t h a t

( k = t  r . .  . , n + l )  n

i ( e ) e t

5il
I' l

( 1 ,

. , * ! , r 1 1 ( * ) > 9 ( x ) - E  ( * e c o c ' n ) . '  ( 3 . 5 )
t \ c /

P . o o f .  L e t  u s  f i  r s t  s h o i r  t h a t  f o r  e a c h  e  >  0  t h e r e  e x i s t s

i ( €  )  6  |  : ; u c h  t h a t

* ;  ( s  ) ( ^ k ) >  
Y ( * o ) - e

I n c j e c J , . i f  f o r  s o m e  , 1 7 C

e a c h  i  e  I  t h e r e  e x i s t s  k . e  { t , .

-  L o .  H e n c e ,  t l  { k 1  ,  .  .  .  , o o }  i  s
r P

f o r  x  - J  7  _  x ,  r  D  w e  o b t a i n ,
o p  

" - :  
K .

J = t  - l

f  u n c t  i c r n s  s a t  i  s  l ' y  i n q  ( 3 .  5 )  ,
' 1  P  r  P

9 1 ( x o ) T  = V l ( ^ 0 . ) . ;  7  _  9 ( * 0 . )  6 o =  9 ( x o ) -  e o
J = I  J  J = I  J

v r h i c h  c c r r t r a d i c t s  ( 3 . 5 ) .  T h i s  p r o v e s  $ . 1 ) .

,  N o w  l e t  C , r  1 "
.  n = { * i , ' " , X n + r } U  { x n + 2 ,  "  '  , * ^ n } ' '  T h e n '  s i n c e  X i , , l '

L

.  - n' . . . 1 X - ,  
i  a r e  a f  f  i n e l y  i n d e p e l r d e n t  i n  R t ' ,  f o r  e a c . h  x ,  €  C -  t h e r e ''  n + r  J  n

\ j  , . . . , \ i , . , € R w i t r r f  t j = , ,  s u c h
l '  

-  
n + l  ,  1  N

K = l

,  n + l  .  . .' < *  l \  l t
c ( -=  max  1  l x i . l

-  - . - ^ n  k = ]  
K '

a n d  l e t  € ) 0 .  T h e n ,  b y  t h e  a b o v e ,  t h e r e

V ( x ,  )  > V t ,  t  . \  ( " ; . )  >  * ( x , . ) -  t -
. K  

l \ b /  K  K  c (
_ n
w h e n c e

( k = 1  , . r . , n + t ) .  ( - t . l )

t h e . e  i s  n o  s u c h  i  (  e  o )  ,  t i r e n  f o r

.  . , 1 1 * 1 ]  s u c h  t h a t ,  g i ( x o ,  )  
: .  

9 ( . 0 , ) - i

t h e  s e t  o f  a l  I  d i s t i n c t ,  k i ' . ,  t h e n

u s i i r o  t h a t  V i  a n d  I  a r e  a f f i n e
I

l' l,



;f 
'f-'l:t.i

n+1
.  < - - i ,  : t  I

-< 2- lo,  i  n l<rx I
k= |  

' '  
1r< l<<n+ 1

e c n s e c ; u e n t  l y ,  i  f

P
. . . , P ) ,  ) - _ f ; = 1 ,  t i t e n

!  < ' l
-  -  t = l

w i i i c h  p r o v e s  ( 3 . 6 )  .

c (x) =is(x)

h a v e

t - . \
.  t X { : L n /  .

( x e  C ; ,  i = l  , . . . , p )  .-  n '
h o l d s ,  t h e n ,  b y  t h e o r e m  2 . 1

ure have

_ 
i 

_. 
.: t":.' .'I

t i
f '

-  R e m a * _ 3 _ J .  T h e  a r g u m e n t ,  o f  t h e  f  i r s t  p a r t ,  c o m b i n e d  w i t h  t h e

u n i q u e n b s s  p a r t  o f  l e m r n a  2 . 2 ,  s h . . r u v s  t h e t  i f  D = c o  { x . ,  , . . . , x n , - r } c R n

i i  an  n :s imp lex  an-d  * , ' , . .  . , * l - ,9  :Rn*R a le  a f f  i . tg  f f lSgg5- t " . l
t h a  t

* : 1 - -  

. l t  \  r /  \  /

. T a x  * ,  ( x ) = * ( x )  ( x e  D ) ,  "  I  ( l . g )
'  

1 1 i < 7  1 .

r \  
' o

\ rnoor " '  3 .2 .  Le-=ru ' f  : cn- -+p1,$={D i }?=t  gg  tv i }?= ,  as  i t
i i

d e f  i n i t i o n  3 . 1 ,  t h e  f o l l o w i n q  s t a t e m e n t s  a r e  e q g i * v ; l . q n q :

I
a - 4

2 :  f *  i s  o c l v h e d r a i  c o n ' , e x . :
* , . . . . . . | i

^o ry$
t .  t  r s  a n  e x t e n s i o n  o f  t h e  t i S [ = $ " n : j g !  ? S , . i - . e . ,

( x e c o  C  ) '  ( r 't  t x i = l  \ x i  \ x e c o  \ , f t / .  \ ) '
, O 4:1trt 1  .  t  i s  a n  e x t e n s i o n  o f  f  , ' i , e . , .

l r \
I  t ,

12)( 3 .

[ i 3 1 ,

P .  ( x ) < f  ( x )
t -

Prog . f .  1o=+30 .  l f  l o

p . 1 0 2 ,  t h e o r e m  2 . 1  ,

( r .  t : )
b )  a n d  e . g .

5? vre

r  '  ^ n

s u c h  t h a t

Ts(*)=;:? e, ("]

whe re



i l? o,'(^)=e, (*) ( x c - t i . ,  i = i , . . . , p )
I

( : .  r  s ) '

t h e r e  e x i s t sa n d  h e n c e , .  b y  l e i l r n a  J . 1 , ,  f o r ' e a c h  e > 0  a n c l  1 e { 1  , ' . . . , p }

( x e c o  C ^ )

i , ( e ) e  t  s ' - ; c h  t h e t
- p i  , 1 ( x ) ' * . ( x ) - s'  i  .  ( e  I  J  

-

,  C o i i s e c i u e n r i y ,  b y  ( ] . 1 )  a n d  ( 3 . t 4 ) ,

,  ? $ ( x ) , .  * u *  * ,  { x ) <  m a x  y l  r .  r  ( x ) ; - a g s u p  . ! . : ( x ) + e  = .
. -  l < j < p  r  l < j < p  ' j  * "  i e  |  |

\ J . l t ' i

3 . t t
o b t a  i  n

t h e  i m p l i c a t i o n s  3 o = + 4 o = + 5 o  a r e  o b v i o u s r ' b y

T h e  i m p i i c a t i o n  5 o . + 4 o  i s  a n  i m m e c i i a t e  c c n s e - - , "

:
!

I( x e c o  C - ).  , ,  n
w h e n c e ,  s i n c e  e ; 0  h a s  b e e n  a r b i t r a r y  a n d  u s i n g  ( 3 . 2 ) ,

, ( z  r r )
:  \ ) .  t  t  J  .

i

i  Fu  r t  he  rmore ,
= $ r  t ^  - \
t - - -  l ^  = f  : . t t t d  ( J .  |  )  .

-- - t\,
i n

t

WC

-  / ^  r  \

d u e n c e  o f  ( 3 . I )  a n d  t h e o r e m  3 . 1 .
:  , 4 o = + 3 o .  l f  4 0  h o l d s  a n d  D  r  i  " t - '
:  n  

' = c o  t x l  i " ' r X

x € c o  C ^ = \ ) D ,  a n d  l e t  i c p  b e  s u c h  t h a t . . x € D , ,
, .  . - - .  . - : -  r l  * , ' " {  - -  r  - -  |  

'

:  r - r  
n + l  n ' t  I-  
\ - .  .  \c- ' r  Ij . " , I  

, , * 1 ) r 0  w i t h  1 - \ 1 . = 1 ,  s u c h .  t h a r  y , = )  i ,  * , ' .
:  .  TJ" ' '  E]  K K
j  -Cil' , t y  

o f  i o '  ,  ( 3 .12 )  and .  ( z  .  t  t  )  ,

I  r  t .  r  \

n * r j  
( i = I , . . . , P ) ,  l e t

s o  t h e r e  e x i  s t  ) -  - .  ., r l  r .  . .

..

. l  nen  ,  DY t  ne  con . 'ex  |  "

:  af i , ,  is ,E-J, ,  i . .  Ql .  o* 
* '  -  

n+' l
f  - ' (x) =r-\  /  -^k*k)( 1---^kr 

' (* i)=E tor {" i t+$t*) ,

w h e n c e ,  b ) ,  3 . 2 ) ,  w e  o b t a i r i  ( 1 .  f  l ' )

, :  f  t n a l t y ,  t h e  i m p l i c a t i o n s  3 o + 2 o = + 1 o  a r e  o b v i o u s .
;

Cc : ' o l l a . r y -3 .  1 .  A lg [ . ! i . o . , n .  f  rCn*R 'ad rn i t s  a  c -on -v j : - x  t i ah , ' ' ;  ex -

t e n s i o n  i f  a n d  o n l y  i f  t h e r e  e x i s t g ' e  v - t r i a n g u l a t i o n  S = { D i } ? - f

o f  c o  C - .  s u c h  t h a t  ( l . l l )  t r o t d s ,  w h e S e  * , : R n . - o R . i s  t h e  u n i q u e
l ' 1 . -

?f f  i .ne. funct ional .  wU_g. != igg- fpg l -gg f  a t  the yer t ices of  D.

( i = I , . . . , p )  :

l { e  s f ra l  i  sho rv  the  i n te res t  o f  such  f  unCt i cns  f  t dn*R  f c r

c o m b ' i n a t o r i a l  o p t i m i z a t i o n  i n  $ 5 .

L e t ' u s  c o n s i d e r  n o w  t h e  s t a n d a r d  v - t r : i n g u l a t l o n  D = { B o . } n . n n

. o f  c o  C - ( s e e  l e m m a  2 . 1 ) .  F o r .  a n y  f  : C - - R  w i t h  f  ( 0 ) = 0  w e  h a v e ,  b y' n ' n

J i '



iiil.ar;aili *i .

r e m a r k  2 , 2  a n d  d e f  i n i t i o n  3 .  1 ,

?F(* )=  * i I  Qn (x )
: .  :  . .  f f € [ l -

h *

w h e r e  S n e  ( i i ' ) ^  i s  t h e  u n i q u e  l i n e a r  f u n c t i o n

( a n d  t h u s  ? @  i s  s u b a d d i t i v e  a n c l  o o s i t i v e l y

Ve f  ,  f o r '  any  f  :  C r , *R  we  have ,  by  (2 .  Z5 )  anO

i ' l (^)=r (o)+ mal Oit" l
1 i € l l n

w h e r e  + f e  ( n n ) x  i s  t h e  u n i q u e ' I i n e ; r i '  f u n c t i o n  s a t i s f y i n g  ( 2 . 2 t + ) .

.  e j n a r l . .  3 J .  l r i  g e n e  r ^ 1  ,  i t  i s  n o t  t ' t h e  s m a l l e s t r t  p o l y h e d r a l

c o n v e x  m a . i o r a n t  o f  ?  o n  n f  ,  n o r  t h e  s m a l l e s t  s r : b i n o d u l a r  m a j o r a n t

o f  f  o n . C n ,  a n d  s u c h  ' r s m a l  I e s t J r  m a j o r a n t s  n e e d  n o t  e v e n , g x i s t ,  a s

i h o w n , b y ,  t h e  f o l l o w i n g  e x a m p l e . :  n = ' t - ' ,  f  ( O ) = 0 ,  f  ( e 1 ) = f  ( e r ) = 0 ;  f  ( e r +

+ e , r ) = 1  ( s o  f  : C r - + f t  ; s  n o t  s u b m o d u l a r - ) .  I n d e e d ,  h e r e  F b 1 * ; =
/ L

( . xe  Rn)  ,  ( 3 .  t  B

s a t i s f y i n g  ( 2 .  t 4 )

homoqeneous)  .  f {oreo*

c j e l i n i t i o n  3 . i ,

( x e R n ) ,  ( g . i y

2 2
where ,  e .s .  by  (z . t l ) ,  So(F ,  l i " i )= f r_o  ?_  i , " ,

;  i f ' a  p o . l y h e d r a l  c p n . y e x  m a j o r a n L  i s

s i m i l a r l y  f o r  Q " )  a n d  ' r m i n i m a l "  s r . t b m o :  '' z

'  ' ) '
, e R ' .  k = i , i ) ,  b u t  b o t h  f ,

^ l
a n d  0 "  a r e  " m i n i m a l t ' p o l y h e d r a l  u o n v e x'  / - .

' m a j o r a n t s  o f  ?  o n  R j  ( i . " ,
-f

( Q l  ,  t h e n  i t  i s  = * 0 ,  a n d

d t i l a r  m a ; b r a n t s ' o f  f  o n  C r .  ' , ,  
:  .

N o w  l v e  s h a l l  p r o ) / e  t h e  f o l l o w i n g  s h a r p e n i n g  o f  t h e  t h e o r e m

o f  L o V E s z ,  m e t l t i o n e d  i n  $ 2  ( i . e . , , o f  . t t t e  e q u i v a l e n c e  1 o e t 2 o  b e l o w ) :

T h e - o r e m  3 - . 3 .  F q f  a n y  f  : C n - + R ,  w i t !  L g v d s z  e { g n s i g n  ? : R f - ' R ,

t h e  f o l l . g w i n -  :
. . o
1 ' ; ' f  i s  s u b m o d u l a r .
^o : l---
z ,  t  r s : c o n v e x
^o i'-.--.l''--
3Y f_i_s_pg lJhed ra I ccnvsx
r O . ,r l  .  we nave

?( * )= r (o ) r - .max  o i ( " )
r cn

(xenf) ; ( 1 .  zo  )

i
.  / a  a l . \f u n c t  i o n  . s a t i 9 _ f y i n g  \ 2 . , 2 4 ) ,

i

I

I I

-  O  r , , P r  *
E - €  \ K  /€(R" ) ^  i j  _ the  u .L i . que  l i ne j r r'1r :  '

59 we have

f  f i )= f  (0 )+max  O | ( " )
. -  L  T € J  l n

n

,whe  re
i '

i -  . . '
( 3 .  2 1  )

" . ' . -  . -r . -  ;

{.' 
\

( xeCn)  .



.;*J,l'.J

69 rc-levs
r ' (0 )+  s " - (x )<r  (x )

, y -
'  l l

(xe C.n,nefln)

t f gg " l .  The  imp l i ca t i cn  20=+1 t  f o l  l cws  f  rom

:  ; f i ,  . 6  ( (  - r n * l - ^ R - l l .
c n - r = t " = t l n . ( i ; l ' i = j e n " '  l ! " . ( i ) - 0  o r  1

, , n " ; ,  b y  o u r  i n c J u c t i o n  a s s u m p t i o n ,  w e  h a v e
l d

TICX- r  .  But,  .  any xe C^\Cr-. ,  is  o i -  the f  o: ' rn
. . '

s c { n ( l ) , .  . . , n ' ( n - 1 ) } .  F l e n c e ,  s i n c e

I
I
i

'  (3 '22)

i ' e m a r k  Z .  , +  d )  ,  e )  .

T h e  e q u i v a l e n c e s  2 o < = + . . . € + 6 0  ( a c t u a l l y ,  w e  n e e d  h e r e  o n l y  t h e  i n r -  r . , ,

p l i c a t i o n s  6 o = + . : . * 2 o )  f o l  l o w  f  r o r r r  " u h e o r e m  2 - , 2  a n d  r h e o r e n r  3 . 2

a p p ) i e , d  i : o $ = 7 J  ( u s i n g  g o o f  ( 2 . 2 5 ) ) .  :

1 o " + 6 9 .  A s s u m e  1 o  g n d  a s s u m e  f  i r s r  t h a t  J ' ( 0 ) = 0 , ' s o  O f = g ,  t h e

u n  i q u e  I  i . n e a  r  f  u n c t  i o n  s a t  i s f y  i n g  ( 2 . 1 4 )  i

,  , l f  n * 2  j  t h e n  f o r  r r e f f r w e  f , a v e ;  b y  o u r  a s s u m p t i o n s ,  
;

+ 1 r ( 0 ) = 0 = f ( 0 ) ,  Q n ( " n ( t ) ) = r ( . r r ( , ) )  :  
9 r r ( e , i - e r ) = f ( e . 1 + e r ) ,  

i
.  r ^ l l r *

w h e n c e ,  .  u 5  t  n g  Q n e  t x  /  a n d  t n e  s u b m o d u l  a r i  t y  o f  f ,  
'  

I

0rr( "rr(, ; 
) = Q-( e f . z)* Qr( 0 ) - 4,r( or ( I ) )< r ( e,' +e, ) + f ( 0 ) - I ( etr ( 1 ) 

) <

< r ( e r r 1 r ; ) '  .  . .
' ' :  N o w  l e t . n > 3  b e  a r b i t r a r y  a n d  a s s u m e  t h a t  ! h e  s t a t e m e n t  h a s

b e e n  p r o v e d  f o r  n  r e p l a c e d  b y  n -  |  .  T h u s ,  f o r  a n y  n ' . | - l n ,  i f  
,

( i = . 1 , r . , .  . , n - 1 ) ] ;

.0 r r (x )<r  (x )  fo r
#

x =  )  e .
fall;G)i '

- t  .  \ ' l

, 1 r \ n *  l i J

( 2 .  1 4 )

0 . 2 3 )

a l l  '

1 Lli l l€ l '€ '.

- :

;

- [su{n("}}n{rr ( t  ) ,  .  .  . , r r (n-1 )}=s,{sv1n(nDJut" f  t  ) ,  .  .  .
a n d  s  i i - , c e  ) - s , . C X -  

t  ,  w e  o b t a  i n ,  u s  i n g  ' D n e { R n ) x ,

. .  i € s  I

s u b r n o d u l a r i . i y  9 f  f  ,  t h a t  ^ n - 1
)* Q,r([ ", ) 

- Q*(Z"rrf i I ) <

n  n - l
< f (z

i e S

A s s u m e ,  f  i n a l  l y ,  t h a t  f  ( o ) e  n  i s ,  a r b i t r a r y .  T h e n  f ^ = f - f  ( , ) )  i s
o

'  
/ a \

s u b m o d u l a r  a n d  f o ( 0 ) = 0 , _ w t t e n c e ,  b y  t h e  a b o v e ,  l v e  h a v e
v -

'O f ( * )<ro(x )= f (x ) - r (o )  ( * .cn ,ne [1n)  ,

tr {'



l .  / . ,  a . r \

i  l . e .  r  \ , 5 -  L t )  .

C o r o l l a r v  
- 3  

. ? . .  a )  f v e r y  s u b m o d u l a r  f r t n c t i o n  f  : C
2 l

poiyhed L1L jonve4 t i_gh! g-v-. i*en.s ion, r laj, tq\, { '  l .o C

* + R  a d m i t s  a

:
I  r  \  r r

D )  1 ] ' ,

' a{9i{Ye'

n

s u b m o d u i a r  a n d  f  ( C ) ' = 0 ,  t h e n - - e R  i s  s u b '

P r o o f .  a )  D y  t h e o r e m  2

t i g h t  e x l - e n s i o n  o f  f ,  s o  i t

c a t i o n  1 a = + 3 o .

b )  f c i  l o w s  f r o m .  t h e o r e m  3 . 3 ,  i m p l  i c a t i o n
^ t 'R e m a r k  3 . 3 .  a )  O n e  c a n  d e f i n e ,  f o r  M c R " ,

? q ( r ^ )  o f  a  f u n c t i o n  g : M - + R  a , t  a  p o i n t  x ^ e H ,-  y . - . o  '  o

1 o:*4o.

t h e  s u b d i f f e r e n t i a l

i : L  - + K  l s

. 2  a n d .  r e m a r k  2 . 4  e )

i  s  e .nough to.  app 1y

! s ( x . ) = { Q e ( n * ) x  |  0 ( x ) - Q ( x o ) < s  ( x ) - s ( x . )  ( x e M ) }  ;

a l t

I : i { ,
T

,  i l . o  c n  i s  a

t h e o r c m  3 . 3 ,  i m p i  i "

by

f o r  H = C ^ ,  s u c h  a  c o n c e p t  h a s  b e e n  i n t r o d u c e d  b y  F u j i s h i g e  ( [ 7 ] '
n '

I B ] ) ,  w h o  h a s  u s . e d  f  u n c t i o n s  O .  { ]  , . . . , n } - + R  ( c l e a r l y ;  t h e y  c a n  b e .

i d e n t i f i e d ' w i t h  f u n c t i o n s  0 e ( n n ) * ) '  g y  ( l ' z t + )  a n d  t t r e o r q r n s  2 ' 2 : a r l d

5 . 1 ( a p p ! i " { t o . f - 0 ) , W e . h a v e , f o r a n y f , C n _ . R a n d * o 6 C n . , '

f  ( x o )  -  Q ( x

n
:

\{<

(x^)=i{,e(l l l r l i txo)  - * ( i<o)  =

w h e n c e

. ( x e c o  C n )  .

,  we have

(xe nl )
.f

( 3 . 2 4 )
i

.':

0 .25 )

.

$ . 2 7 )

( f o r  a  s i m i i a r  r e s u l t ,  s e e  t B ]

rnax '  * ( x )=
a e ? f  ( o )

: - :  - - . - : ' -  l

:  r  a  a  - -  .  r ,'  
l l -  T : 1 .  

- ' h

n .

' g a f  
( 0 )  ,  w h e n c e ,

xen f )  and  ( l . i o )

i :  submodu  I  a  r ,  i l r en ,  ! y  $ .ZZ)

3 .26 )

( r o  )
lery Jre I-tfr

b y  3 . z q  ( e x t e n d e d  b y  p o s i ' t i v e  h o m o g e n e i t y  t o .  a l 1

,  w e  o b t a i n

max a(* )<?  (x ) - r  (0 )= 'a*  + l (x )  (xen f )  ,
0e ?f (0 ) tr l- ln

i  f h e o r e m  \ . 2 )  ,

o(x)<? (*)  - r  (o)^ . r n a x
{ e ? f l . o  ,  

( 0 )
n

max Ql(x)-<
Tr€n 'ln

'and  
thus

.  r  , * 7  = 1  ( 0  ) +  m a x  0  ( x )
i  O e a i  ( 0 )

. l

. j .: i



F o r m t i l "  ( 3  . ? 7 )  i * r - . r i . r " ,  a l s o  i m p l i e s  i o  o r  t i r e o r e m  3 . i l  ,  n " ,  
-

b e e n  a b t : ! i i e d ,  u s i n g  t h e  t ' g r e e d y  a l q c r i t h m r t ,  i n  I B ] ,  f o r r n u l a  { 4 . 1 )

a n C ,  a c t u a l l y ,  i n  L o v d s z  ( 1 1 0 J , ' p , 2 4 9 ) ,  i f  w e  t a k e  i n t o  a c c o u n r

t , h a t , '  b y  - ( 3 . 2 4 )  ( c r ,  b y  l l I ,  l e n i m a  l + .  J  ( n )  )  ,  t h e  p o l y h e d r : o n  P ,  o f

[ 1 0 ] ,  p . t t t 6  i s  r r o t i r i n g  e l s e  t h a n
-  c .  , - .  1 ' 1  , . ) { l  < - - .  , ^ \  t - , ^ ( -

t r=1q ,€ i r t  )  I  1 -  _+ (e , )< r ( ^2 " , ) . - r (o )  ( re i i , .  .  . , n j . [ -a i  (o ) ,  3 .zu i ,
_ _ . . r  , . .  j e T  t  j r T  t

. t--. r
w h e r e . 2 - S ( e . ) = 6 .  0 u r  m e t h o c l s ,  u s e d  a b o v e ,  f o r  o b t a i n i n q  f o r m u i a  l

j € f r r :

f i . Z l ) ,  r f e  e n t i r e l y  n o n - a l g o r i i t h m i c  a n d ' ,  m o r e o v e r ,  t h e y  l e a d  t o  a

d e e p e r  u n d e r s t a r r d i n g  o f  t h e  g r e e d y  a l g o r i  t h m  ( s e e  $ 6 )

1 2 )  S i n c e  f o r  e a c h  x e R n  t h e  r u n c t i o n  h , o ( 0 ) = 0 ( x )  ( 0 e ( R n ) x )  i s
i l i . r r e a r  a n d  s i n c e  ? f  ( 0 )  c , f  3 . 2 i l  i s  a  c o n v e x  p o l y h e d r o n  i n  ( R n ) * ,

w e  h a v e

m a x  i ( x ) =  m a x  & ( x )
6e2f  (o)  '  '  *e  * (a . r  (o)  )

where  -T f t t  ( 0 )  )  . deno tes  the  se t  c f  ex t  reme po in . t s  ( ve r t  i c .es , )  o f

, a f  ( 0 )  ,  a n d  . h e n c e  ( l . z l  )  i  s  e q u  i  v a  I  e n t  t o :
I  ' ,  ,  - 5  ( x ) = , r  ( 0 ) +  '  

m a x  F ( x )  ( x c n l )  .  ? , . 2 9 )
;  Q E * ( a r ( . o ) )  

+  
i

' i  
:

.  , , ' 0 n e  . u n  a ! s o  s h o r , v  t h a t  f o r m u l a , ( 3 . z f i  i ' m p l i e s  ( l . Z a ) ,  a n d

, t h u s  t h e y  a f e  e q u i v a l e n t .  I n c J e e d ,  u s  i n g .  ( i . 1 6 )  b e l o w ,  o n e  c a n  
i

w r  i  t e  ( 2 .  1  l l )  ,  ( Z  .  t  9 )  o f  r e m a  r k  2 . \  a ) ,  ! n  t h e  f  o r m  i

. A  
' t  

? r  \
- a n d  h e n c e ,  b y  [ B ] ,  t h e o r e m  3 . 1 ,  t h e  f u n c t i o n s  0 [  ( r e f l n )  o c c u r r i n q

, i n  ( l . Z - O )  a b o v e ,  a r e  p r e c ! s e l y  t h e  e ^ L r e r n e  p o i n t s  o f  t f  { 0 ) .  L e t
:
, u s  n o t e  t h a t ,  i n  t h e  a b o v e  p r o o f  o f  t h e o r e n  3 . 3 ,  w e  h a v e  p b t a i n e d

3 . Z O )  w i t h o u t  u s i n g  e x t r e m e  p o i n t  m e t h o d s .

T h e  r e p r e s e n t a t i o r .  . , ( 3 , 2 1 ) ,  o f  a n  a r b i t r a r y  s u b m o d u l a r  f u n c -

f  : c n - - o R ,  i n v o l u " ,  l i l n l = n l  a f f  i n e  f t i n c t ' i o n s  O f , + f  ( 0 ) .  l l o w  w e

( x e R n ) ,

. - i -p - . - , . . . . -

' t i o n
)
, s h a l  I

;

i r i :prove th  i  s  ,  as fo  I  lows :

T h e o r e m  3 . ! .  - I l u r e  e x i s t s  a  s u b s e t .



a n d  h c n c e
. .  I

r t .f  o r  e a c i r  s u b m o d u  l a  r  f  u n c t  i o n

3 .32 ) "

( 3 . 3 3 )

f  : C ' + R  w e  h a v e

( 3 . 3 4 )

( z  r c \
\ ) .  ) J t

r-lr re l  I  t  he re cor responds

( k = 1 , . . . , n )  ( 3 . 3 6 )

( x e C n ) . .

j  -  L r g l , .  L e t  u s  f  i r s t . o b s e r v e  t h a t  t h e  o e r m u t a t i o n s  r , " e f l ^  a r e
n

o n e - t o - o n e  c o r r e s p o n d e n c e  w i t h  t h e  " m a x i r n a l r r  c h a i n s .

t : .

l : n

s u = { r ( t  ) , . .  . , r r ( t < ) }

a n . c l c o i r v e r s e J y , f o r e a g h c h a i n . . . ( 3 . 3 5 ) w i t n | S i l = i ( i = 1 , . . . , D ) ,

t h e i - e '  i s  a . u n i q u e  p e r m u t a t i o n  n e f 1 , . ,  s u c . l ' l  t h a t  ( 3 . 3 6 )  h o l d s ,  n a m e l y ,

t " r r ( r ) ] = S , , , { r ( t , ) } = s o \ s O - ,  ( k - 2 , , . . , ' n ) .  w e  c l a i m  t h a t  t h e  n r i n i r n u m

,  
.  

s l c s z c . . . c s n = { l ' . . . ' f f } '

w h e r e  l s i l = i  ( i = 1 , . . , , h ) .  l n d e e c l ,  t o  e a c h

t l r e  c h a i n  ( 1 , 3 i l  v r i t h

. &g r v e  a  d r r e c t
a -

a t  t h e  l e v e l

c o n s t  i  t u t e  a n

c l a i m .

t h e o r e m  o f  D i  l r ^ r o r t h  [ 4 ] ,  t h e  a b o v e  m i n  i r i L u m  i s  e q , . , 1 6 l  t o  t h e  m a x i m u m

o f  t h e  c a r d i n a l i t i e s  o f  a r r t i c h a ! n s  i n  Z { 1 " " ' n } ,  a n d  t h e  l a t t e r

is  k r rown to  be  1  
n  \  ,

, r n r l  \ s e e  e . g .  L J J ,  p . ) ) > ,  p a r t  e l ;  o n e  c a n  a l s o

, t ; / ( s e e e . g . [ 3 ] ' p . 3 3 5 , p a r t e ) ; o n e c a n a l

o f  t h e  n u r n b e r  o f  m a x  i m a  I  c i r a  I  n s  ( 3 . 3 5 )  s

b e l o n g i ;  t o . o n e  o f  t h e s e : m a x i m a l  c h a i n s ,
.

proo f ,  by  sho r . r i ng  , t ha t  i n  2 t1  '  '  ' - '  ' n ]  t he  e l  emen  t s

[ l l  ,  i . e . ,  t h e  s u b s e . t s  T G i t , . . . , n ]  w i  t h  I t l = [ ] 1 ,
a n t i c h a i n  o f  m a x i m u m  c a r d i n a l i t y ) .  T h i s ' p r o v e s  t h e

u c h  t h a t  e a c h  S e { 1 , . . . , n } ,
/ n \

i s  
[ , " r ] .  

I n d e e d ,  b y  a
\LZJi

Now Ie t f l nc f l n  Ue  ine  image ,  by  the  above  co r respondence  be t -

w e e n  m a x i m a l  c h a i n s  ( 3 . 3 5 ) .  a n d  p e r m u t a t i o n ,  n u . i l n :  o f  a  m i n i m a l

f a m i l y  o f  n r a x i m a l  c h a i n s  a s  i n  t h e  a b o v e  c l a i m ,  s o  ( 3 . 3 2 )  h o l d s .

T h e n ,  s i ' n . e  e a c h . x e C n \ 1 0 1  i s  o f  t h e  f o r m  a = { 1 1 ,  w h e r e  0 l S s

g { l  , . - . . . , n } ,  
- f o . ,  

e a c h ' s u c h , x  t h e r e  g x i s t - 1  . a .  p E P * u a " . i o n  n ' e J ) n  s u c h



l s l
( - . / a \  

' * / i . l \ 1  
-  - . e t r  \t n a t  s = t r r \  |  )  r . . . .  r r r ' ( l ! l / J ,  w h e n c e  x = , /  c . - , , r ) € ? ( 0 " , J .

i = 1  
l t i l ' '  t r

. , - . ,  J

I n t s . D r o v e s

reQn
( 3 . 2 . r ) ,

a s s o c  i  a t e d  t o

t h e .  s  t a n d a  r d

'-...* ,:

t  4 n n  r '

>-
( 3 . l i )  .  . F i n a l l y ,  U v  t :  . 1 ,  ,  f o r  b a c h  i < e , c ; t 0 J  t h e r e  " e x i s r s

iuch  tha t  i  e  '8 (sTr i  
" \ to - l= f I " " r t  t ) l ;= i  ,  w t ,ence,  by  (2 ,2 \ )  and

w e  o b t a i , r  -  . -  
5 = 1  I ]  \ | / - K  "  

:

. n o

' - - . . . .  l : . . - , * r - C t  { , -  - t . r 1  1 l
T ' , ' €J rn  f i  6 t l n

w h i c t r  y i e l d s  ( 3 . 3 4 ) .  :

g" r .Lk* : -J .  The v-  t  i ' i  angu la t  i  on (?-  ' ,  o f  .  co,  C.  conra i  ns I  !=5
I  .  / :

s i m p l i c e s  R *  a n d ,  b y  t h o e r e m  3 . 4 ,  w e  c a n  r " p r " s e n t  a n y  s u b m o d u l a F , ,.  I I
/ ?  \

f  : C , - + q  i n  t h e  i o r m  ( 3 . 3 , + ) ,  u s i n g  o n l y f  r l r  l = . ,  o f  , t h e s e  s i m p l i c e s ,
t  i l J { /

? \Liy
' s a y  

f ) . = { 8 , , 8 ' B , i ,  s u c h  . t h a  t  c - , = i ) t ( e r )  ;  f o r " e x a m p l e ,  o n e  c a n'  5  ' t '  / . '  t ' -  J  r = l
- ( ^ + r ^ ( . 3 . , -take B 1.=.o tO ,  u . ,  ,e  1+u, , / -u  r l  ,  Br=co tu  ,  u ,  , "2+"3,  .E "OJ 

and Br=

3  
-  

i = f  i = 1
( ^  € -  1  , a i. - c o ' i o r € " r € , * e . ,  f  

" , 1 .  
1

i  L  )  |  . )  + - 1 . - i ) '  i

I  
' '  

' '  

" "  

i = l i

: -
^ l

;  R e n . l t k  3 . 4 .  t o  e a c h  f u n c t i o n  f  : C ^ - - r R  a n d  e a c h  v . - t r i . a i r q u l a t i o n
n' $ = { u ,  

} ?  , o f  
' c o  

C -  o n e  c a n  a s s c c i l t e  a  p o l y h e d r a . l  c o n c a v e  f  u n c t i o n
: d q  \  l - '  l =  |  l " l  :

j T - : C ^ - + R ;  ; ' e p l a c i n g  m a x  b y  m i n  i n  ( ; .  t  ) ,  a n d  o n e  c a n  p , r o v e  f o r  1 i , t  l iI  n  . '
i

, c o r r e s p o n d i n g  r e s u l t s ,  w i t h  t h e  o b v i o u s  c h a n g e s  i r h u s , , : i - i n u  t h e  r e -  .
:  * ( t

s u l t  f o r  T *  c o r r e s p o n d l n g  t o  t h e o r e m  J . 1 ,  t h e  i n e q u a l i t i e s  i i f €  t

t l : e o r e m s  3 .  3 ,  3 .  \ ,  -l r e v e r s e d ,  a n d  i n  t h e  r e s u l t s  c o r r e s p o n d i h g  t o

. s u b m o d u l a r  f  u n c t i o n s  a r e  r e p l a c e d  b y  s u p e , - m o d u i a r  o n e s  * r d - m a x  i ' , s  -

. r e p  
l a c e d  b y  r n  i  n ,  e - t c .  )

.  N o w  w e  s h a  I  I  s h o i l  t h a t  t  i g h t  c o n v e x  e x t e n s  i o n s

v - t r  i ansu laL  l j l ! . Lg l  co  Cn ,  wh ich ja re  d l f f e ren : ._LLc , 'T

g j r e  o l  ( 2 . 3 J ,  a r e  a l s o  o f  i n t e r e s t .  F o r  s i n r p t i c i t y ,  l e t  u s  c o n s i -

d e r  t h e  c a s e  n = 2 .  l n  t h i s  c a s e ,  t h e r e ' i s  o n i y  o n .  " n o n - s t a n d a r d "

v - t r i a n g u l a t i o n  o f  c o  C 2 ,  n a m e l y , f i = I A t , D Z ] ,  w h e r e

D r = c o  { o , u t  , e 2 } ,  D 2 = g o  { " . ,  , * r , e r + e 2 } . 3 .37 )

a  f u n c t i o n  f  : C r -  R  a t  t h e  v e r t i c e s  o f  D . ,  a n d  D ,  r e s p e c t i v ' e l y ,  i . e . , r s :I  ,  f . i J j r ,  , - :

w h i c h  s a t i _ s f y



{/, 1

*1

( e , )= ' f t " , l = i r ( e , )  
-  '  -

(o )= r  (o ) ,  Yz  (e . '+L r )= f  (e i+e r )

2a r e 2 '

(?:" q. e. eR') ,
l = l

a n d

( 3 .  4 0 )

ones

i  t o  f  i c  s r r n e r , i , . r . l r l a r ^  ;i r. f is sup_e_rJi,odg-Llt
: ^ o c 7 i

i  z .  i  he t  ig .ht  extens i .on T*  i  L  ,g l rg^.  . ,  . . . -  . .  . ,  .  
'  

i

i  3o-6o= the s tateqents 1o-4o g l t . | l : " *  3 .2,  re :ps: l i l |e . l j . . . . , "

i , P r o o f . . 1 o = + 6 o . l f 1 o h o l d s , t h e n , b y , ( 3 . 4 0 ) a n d { 3 ; l 3 J ) , t .' :

' ' '
i  .  

. I /  f f
)  

- 2 . J ) = f  ( e . , ) r  f  ( e r )  - f ' ( e , , + e r ) < f  ( O )
- : '  .  .

: w h i c t r ,  t o g e t h e r  w i t h  ( i . i g )  ,  3 . 3 9 ) ,  y i e l d  ( 3 . 1 3 ) .
t '

I  T h e  e q u i v a l e n c e s  2 9 e . . . ( + 6 0  ( a c t u a l l y ,  w e  n e e d  h e r e  o n l y
l ^

i t n u  i m p l  i c a t i o n . s  5 o = + .  , . + 2 o )  ; ' o l 9  b y  t h e o r e n  3 . 2 .

i  2 o " + 1 o .  l f  z o  h o l d s ,  t h e n ,  b , i  ( i . : g )  ,  ( 2 . 9 )  f o r  * $ r r ,  ,
l .  - q
a n d  f  

* l ^  = t ,  w e  o b t a i n' L ^

i  
" 2  

. e - + e -  -  e . + e ^
!  1 .  t - ,  \  t  I  r ?  . , .  t - l ' - 2 .  = S r - l  

- 2 \  
-

r zt '  (e, )+r (er)| =v' t"tr t ' l ;si l#).

<f{rrto)*T$(u,*.r}+tt (0)*i le,+en)} :
i r : ' ; ; ' .  , r  

,  .  B y  r e m a r k  3 . 4 ,  t o  p r o p o s i t i o n  3 . 1  t h e r e  c o r r e s p o n d s  t h e  f o l -
. :'  

l_ towi  ng resu ! t  on submodu la  r  i ty  and concav i  ty  (w-he re 9,  .  ,  * ,  ar -e

( 3 .  4 1  )

N o w  w e  s h a l  I  s h o w  t h a t  t h e  s u p e r m o d u l a r  f  u n ' c , t  i o n s f : C r + X

to convex, c o r r e _ s p o n d  t o  t h e  v - t . r i a n g u l a t i o n  ( l . l l )  o _ f  u o  C ,
' f u n c i i o n s ,  

i n  a  s i m i l a r  m a n n e , [ r , d s  t h e  s u b m o d u ] a r c g r r e s p o n d ,

of ,  co C,  andb y  t h e o r e r n  3 . 3 ,  t o  t h e  s t a n d a r : d  v - t r i a n g u l a t i o n  ( 2 , 3 )

t o  c o n v e x  f u n c t i o n s .  . i

Propos i t i on  3 .1  .  Fo . I l [ g  v - t r ' i angu .Ja t i o t  3 .Z l )  o f  co .  C2  ang

lgfgry.  f  :C. ;R,  the fo l lorv . ing s taternents are eqglv . .e ]sn! :  ' "  ' . ,  
, .  ,

; a r



a s  a b o v e ) :

ff319. Lljgl:a. Under_Jhe'assumpt igir_s. ol-.p.Iepe: 1!.iol 3. i ,

the Fo].l,:t{ ns _:._qi-!:rc$: a'g:Su i va I ent :

t ?  i  i s  s u r , r n o C u l a r .
' ^o :.5 .--_Z .  + ,  "  i s  c o n c a v e .

n ; - f i

3Y f 
* 

5jo_[! e_g5]_*ccl9g€.

4? t le hau. :

T * ( ^ ) = m i n  ( * '  ( x )  , * r ( x ) )  ( x e  c o  C r ) .  ( 3 . t  z , t

r.|
5Y t le  have i

( x e C '  i = 1 , 2 ) . (1 .  t rq )

l n d e e d ,  f z C r - + R  i s  a  s u b m o d u l a r  f u n c t i o n  i f  a n d  o n l y  i f  - f :  '

. t -  |  ?  f  r l  'z C r - +  R  i s  s u p e r m o d u l a r  a n d ,  s i n c e  - 9 r ,  - 9 2  a n d  - f  s a t ; i r s f y  t h e :  ' '
e q u a l i  t i e s  . c o r r e s p o n d i n g  t o  ( 1 . : A )  ,  0 . t g j  ( i . e .  ,  - V l  ( e , ) = - f  ( u i ) ,  

.  
:

e t c .  )  ,  . f o r m u l a  ( 3 . 1 ,  f o r  . f  m e a n s  t h a t  * * ,  ( x ) < " r  ( x )  ( x e C "  , i = 1  , 2 . )

r r f r i c h  i s  e q u i v a l e n t  t o  ( 3 . 4 ! ) .  S i m i l a r l y ,  t L ,  ? a  o f , . r e m a  r k ' 3 . u ,  ,. . .

( x e C r )  ( 3 .  t i 3 )

w e  h a v e . I  I ' i ) t .

1a lr q'\
\ / .  ' . / '  \

. i
?s=* i  n . (9 ' , * r )= -max .  ( - * t , -V2 )  = -  C- r ) s ,

s o  - f = G Y ) ' 1  h o l d s  i f  a n d  o n l y  i f  r = T f i ' ,

R e m a r k  3 . 4 .  a )  G e o m e t r ! c a l  l y ,  w e  s € e  t h a t  e a c h  f : C r - .  R ,  h a s

exac t  l y  t r r ro  t  i gh t  ex tens  i ons ,  TB=?  I  ̂ ^  
"  

a , , d  T { : . o  C r - . i ,  and
l c o  L 2

t h e i r  g r a p h s  a r e  d y h e d r a l  s u r f a c e s .  i n  n 3 ,  c o n s i s t i n g  o f  t v r o  t r i a n -

q l e s ;  n a m e l y ,  f t s ( T s )  i n t e r p o l a t e s  f  a t  t h e  v e r t i c e s  o f  t h e  t r i a n -  i , i

g l e s  B r ,  B ,  ( r e s p e c t i v e l y ,  D . l  ,  D 2 ) ,  s o  t h e  t v / o  t r i a n g l e s  o f  G r a p h

? R d

T o ' ( c r a p t r  T s )  h a v e  t h e  s i d e  [ ( o , r ( o ) ) ,  ( e . , + e r ,  f  ( e . , + e r ) ) ]  ( r e s p e c t i -

v e l y ,  [  ( " , , , r ( e . , ) ) ,  ( e , f  ( e r ) ) ]  )  i n  c o m m o n .  l f  t  i s  s u b m o d u l a r ,

t h e n  T B  ( : - e s p e c t i v e l y l  T $ )  i s  c o n v e x  ( r r , s p e c t i v e l y ,  c o n c a v e )  a n d ,

b y  ( l . z o )  ( r e s p e c t i v e l y ,  ( 3 . \ 2 ) ) ,  T E G $ )  e x t e n d s  t i g h t l v  f  " f  r o n

b e l O w "  ( r e s p e c t i v e l y ,  " f  r o m  a b o v e " ) ,  a n c l  t h e  c o n v e r s e  s t a t e r n e n t s

a r e  a l s o  v a l i d '  T h i s  e x p l a i n s '  i n  p a r t '  v s i - r r s - t b " n o c i u l a r  f u n c t i o n s



t " h a V e  s o m c  a s p e c t s  s i m i l a t  t o r r  ( o r ,  I ' b e l r . : v e  l i l < e " )  c o n v e x  f u n c -

t i o n s  a n d  t o  c o n c a v e  f u n c t i o n s -  ( s e e  a  l s o  $ 4 )  .

' v - t F i a n g u l a t i o n  
S = { L , } ? - . ,  o F  c o  C . ,  t h e r e  e x i s t s  a  s u p e r m o d u l a r

L  l r  l - l  r  a

f u n c t i c n  f  : C r - + R ,  s u c h  t h a t  
1 t  

* ,  : R " - - - + R  i s  t h e  u n i q u e  a f f  i n e  f u r t c -

t i o n  r ^ r h i c h  e x t e n d s  t i g h t l y  f  t c ,  D .  ( i = 1 , . . .  r p )  ,  t h e n .  w e  d o  n o t  h a v e
' f  ( x ) = , 1 1 x  * ,  ( x )  ( x e C r ) ;  o r ,  e q u i v a l e n t l y ,  t h e ; ' e  e x i s t  i o < p  a n d  x o e
.  1 (  i < p

t .C3 
r ! "h  .  t l ra  t  f  (xo)< 9.  

^  
(xo)  . T h i s . i b  i n d e e d  t r u e  e . g .  f o r  t h e  s t a n -

' .
c o  C r ,  f o r  t h e  " m i n i m a l r r v - t r i a n g u l a -

5  s i n r p l i c e s ,  q i v e n  i n  [ 1 1 ] ,  n a m e l y ,

- * -  e -  . e . + e - + e - 1  a n d  D ' ^ . O l  . o ' - = g c ,  l e . . .' " 2 , " ' , * 1 . " 2 . - T  3 , - 4 ,  
- 5  - "  t " i ,

_ 3
, Z " u ]  ( i , j = 1 , 2 , 3 i  i * j ) , ,  a n l l , . f o i '  t h e  v - t r i a n g u l a t i o n
k = 1

o f  c o  C - ,  q i v e n  i n  r e m a k  4 . 3  a )  b e l o w .
5 ':  : .

P O i - Y F I E D R A L  C O N V T X  ( C O N C A V E )  E X T E N S  I O N S
-  - L e t  

u s  r e c a . l  I  t h a t  i f  E  i s  a  s e t  a n d  W  i s  a  f a m i l y  . o f  f u n c -

t ! o n s  r v : E - * R ,  a  f u n c t i o n  f : E - . R  i s  s a i d . t o  b e  \ . { - u o n v e x  [ 1 5 . ] ,  i f

t he re  ex i s t s  a  sub fami l l ,  \ , / *  o f  I . /  such  tha . t

f = S U p  w  r
w e  W .r

e q u i v a l e n t l y  ( s e e  e . g .  I t g ] ,  p r o p o s i t i o n  i . 3 )  ,  i f

:  -  f = s u p w .
weW

( 4 . r )

( 4 . 2 )

D e f i n i t i o n  4 . t .  F o r  E  a n d  t J  a s  a b o v e ,  w e  s h a l i  s a y  t H a t  a

.
L

d a r d  v - t r i a n g u  l a t i o n  ( 2 . 3 )
i .

, t i o n  o f  9 o , C . ,  c o n s i s t i n g
. )A t  ( a  

e ^ 1 .  D ' ^ = c o
. u l = c o  l v t e l ' e 2 '  5 '  L:

o f

o f

t n
L l

e .
, J

i{D

I'17 
.

-
a + a' " i : - j

1 o
i r  i = 1

.or  i

:'

. f unc t i on  f  :E *R  i s  l i l i l g ] y .  \ ^ / * conve1 , ,  o r ,  b r i e f  l y ,

t h e r e  e x i s t s  a  f  i n . i t e _  s u b f a m i l y  W ,  o f  \ { ,  s u c h .  t h a t

(w i t f '  sup  reD lacec j  by  max)

F\ ,1 -convex ,  i  f

( 4 . 1 )  h o l c i s

i ,  F o : r  E = C - ,  t h e o r e m s  3 . 2 . 1 . 4  s u g g e s t  i o  c o n s i d e r  t h et : -  n

f u n c t i o n s  f : C ^ * R ,  w h e r e / l ^  i s  t h e  f a m i l y  o f  a l l  m o d u l a r
t l  

'  
l l' w : C ^ - + R .  

A l s o ,  w e  s h a l  I  s a y  t h a t  f  : C n * r X  i t  F . / { , n - c o n c a v e ,
n

F"t!^: convex
l l  __--

f u n c t  i o n s

l f  - t  l s



a  r  t t

.  l l

l

! _ 1 . ' " )  S i n c e  ( b V  ! 2 )  w : C n - + R  t s  n r o d u l a r  i f

i f  i t  c a n  b e  e x t e n d e c J  t o  a n  a f f i n e  f u n c t l e n  * = g ' r - c : R n * R ,

t i c t r  f  : [ . n - - o R  i s  l - . r i i n - c o n v e / .  i f  a n d  o n l y  i f  t h e r e  e x i s t s  a

s u b  F a m i  l y  \ { r = { v r l  ,  .  .  .  , w . }  o f  J { , n  s u c h  t i r a t

f =  n t a x  r i = . T ? *  ( , r . + c .  ) ,
1 . ( i ( r '  1 - < i < r  '

-  convex .

Rema rk a n d  o n l  y

a  f u n c -

t l n r t e
' '  , , ' ^

( 4 . 3 )

g .  ( 0 ) - 0 ,  c . = w .  ( 0 ) e  n ;  t h u s .  f  : C  - - + R  i s  F . l l  - c o n v e x  i f
i i i

i  t  adm i ts a ggl,y!"dr" I  .q"," ._ 
"^t." j lg. 

Tt Rn-+ R. :

i  r : 1

;

where 'g i t f tn ,

a n d  o n l y ' i f

D ]  D Y
..

- c o n v e x  a n d

theorem 3.4,  gu jg* :g!*g lg1gr_funct ion f :C,- - rR is  FJY_-

w e  i r a v e  ( 4 . 3 )  - ' *  . a f j j  { ' "  r " . . [ u t " ' o l  . < z  - .  
n  1

u n l /  i\LZJI 1
n = 2  a n d  i - < 3  f o r  n = 3 )  a n d  w i t h  c 1 = . . . = c - = f  ( 0 ) .  0 r r  t h e  o t h e r  l r a n d .

. t r
b y  a  t h e o r e m  o f  R o s e n m i j l l e r  a n d  W e i d n e r .  [ 1 4 J ,  e v _ q l y _ : g n y e x _ g . a m e

(i.g.-r-gygiy-:-qp=$*ular j l .unct-igll f :Cn--on u,it[ f (0)=g, f>0).-i: .:
F l f , - c . o n v - ? ! ,  s a t  i s f  y i n g  ( 4 . 3 )  r v , i  t f r  f , > 0 ;  c . g 0  (  i = 1  , .  .  .  ,  r )  a n d  r (  

:

I(2n  ' ( l vhe  re  2n  i s  no t  m in ima . l  114 ] ) .  Hcnce ,  gv :11  s -ub lqdu la r  F -g r r c -

t i ' o n  f  : C - - R  w i t h  f  ( 0 ) = g ,  f ( 0 ,  . i s ,  F , l l ^ - - _ : 9 n g g J q ,  s a t i s f y i n g  f  ( x ) =  :

= , ? l i " { + .  i * ) * . i }  ( x g c n } ,  w h e ' r e  q . e  ( n n ) x ,  
. 0 i < 0 ,  c } 0  ( i = 1 , . . . , . 1 ;  

i
i

t h u s ,  s u c h  a  s u b m o d u l a r  f  u n c t i o n  i s  s i m u i t a n e o u s l r l  F , 4  - c o n , l , e x  a n d ,

F l ^ - c o r i c a v e  ( b u t ,  i n  g e n e r a l ,  n o t  m o d u i * r i  .  

'  n  
i

-  
? t  

L  i r l v u u ;  ' ) t  I  .  
j

F o r  n = ? ,  s i n c e  e a c h  f  : C r - > R  i s  e i t h e r  s u b r n o d u l a n  o r  s u p e r : = '  :

m o d u l a r ,  f r o m  p r o p o s i t i o n s  3 . 1  a n d  3 . 2  i t  f c l l o w s  t h a t  e a c h  f  : C . , - - >

-+R is  F , fL t , -convex  and F . / { . r -concave.  A l though fo r  n ) r3  there  are. :

f u n c t i ' t - r t r s  f : C r * > R ,  u : h i c h  a r e  n e i t h e r  s u b m o d u l a r ,  n o r  s u p e r m . ; d u l a r ,

w e  s h a l l  p r o v e  n o w ,  f o r  a n  a r b i t r a r y  n ,  t h e  f o l l o w i n g  r e s u l t :
l .

l n e o r e m  - l  . l .  .Lv_ery fung_t ion f  :Cn;+R is  F/ ln-conve'x and'F,Jrl -

- c o n c a v e .

P r o o f .  L e t T h e n ,  f o r  e a c h  i  t h e r e  e x i s t  4 . e
I

.  €  ( R n ) *  a n d  c . e R

l 1

=t*r ', " "^ rnl'
c h  t h a t

t
n

Q t l

o, (x,) = c ,  ,  0 . ( ^ , ) < c .
r t J l

a n  e x p o s e d  p o i n t  o f  c o  C

( x re  cn \ { " 11 ) ,  ( 4 .4 )

o n e  c a n  s e e  t h i s  a l s o
n i



' c i l r e c t l y ,  b y  t a k i n g ,  f o r  e x a m p l e ,

c r = l s I

L e t  o r . ,  f l i u R

, f ( * i ) - r ( x , )

{qtrqr

.  n .
( i = 1  , . , , , ? . ' )  b e

(i= i.! ;1. nn , ss{r

. ,  ( S c r t t  , . . . , n } ) .

any  numbers  such

0<x .< '  m i  n
1 * . e c J { x 1 }, J N

n . = f ( r , ) - o , c ,' l  |  |  I

a n d  I  e t

9 i=o i * i - t  F i

T(x)= r:a.x *. (x)

Then, each *,  :  Rn*>R is af  f - ine,  , ,s i6. , . f lRn

0 b x  a n p ,  b y  . ( 4 . 4 )  ,  ( 4 . i l ,  ( 4 .  B )  w e  o b t a  i n ,

* ,  ( x ,  ) - o i 0 ,  ( x ,  ) * [ 5 i = o i . i * [ 3 i = f  ( x ;  )

( i * l , . . . , 2 n ) .  ( 4 , 9 ) '

( x e R n )  .  ( 4 . 1  0 )

.  '  ( , i = 1

( i = 1

--+ R

f o r

t

i  s  p o i y h e d r a l

e a c h  i e { t , . . .

c o n -  .
^ l ' l r

t l ' J  t '

(4 . ' r l  )

* ,  
I *o)  

=n i  0 i  (xu)  -  o i  
"  i+ l i  .  i *F i  <  { r r (xo)  -  r  (x ,  ) }  +

w h i c h  p r o v e s  t h a t  f  i s  F , } t  - c o n v e x .  T h u s ,  s i n c e  f  : C n - + R  w a s  6 p [ i - ; r ; r 1 i
- n n

, t r a r y ,  - f  i s  a  l s o  F . f u  - c o n v e x ,  s o  f  i s  F , / $ - g o n c ! v e . r -  |
;

' '  R e m a r k  4 . 2 .  a )  B y  ( 4 . 1 1 ) ,  ( 4 .  i z ) ,  t h e  n o n - v e r t i c a l  h y p e i ' p l ' a n e__-__:-]:_ 
, :

t ( * , d ) e R n + 1  I  ( 9 i  , - l  )  ( x , c t ) = 0 ] = { { r , 9 .  ( x )  )  f  i e n n } = 6 r a p h  * .  ( 4  "  r  q )

c o n t a i n s  t h e  p o i n t  ( x , f ( x , ) ) ,  a n d  t h e  " u p p e r  h a l f - s p a c e r '  ,

( xoec " \ t r i J ) ; r i  ( 4 . t 2 . )

:
( k = 1  , , . . , 2 " ) ,  { 1 l , . t 1 }

( q .  1  5 ){ ( * ,4 )e  Rn*1  |  (9 ,  ,  - t  )  ( x ,  d )<o }=  { ( x ,d ) l  9 i  ( x )<a }= rp i  * i

c o n t a i n s  E p i  f  T h u s ,  t h e  a b o v e  p r o o f  a m o u n t s  t o  s h o w i n g  t h a t

f o r  t h e  2 n  p o i n t s  ( x o ,  f  ( x u )  ) € R n + l  a n d  f o r  a n y  f  i x e d  o n e  o f  t h e r n ,

t h e r e  i s  a n ' r u p p € r  h a l f - s p a c e t ' i n  R n + 1  c o n t a i n i n g  a l l  2 n  p o i n t s ,

w i t h  i t s  b o u n d a r y  c o n t a i n i n !  o n t y  t h e  f i x e d  o n e ;  o r ,  e Q U i v a l e n t l y ,

/^,: I



: . . i . . . ! L , r . . . . i

i

,  t  . l  \ \

, e a c h  ( x , . , f  ( x , . ) )  i s  a n  e x p o s e d  p o i n t  o f  c o  ( f p t  f ) .  N o t e  a l s o  t h a t
K K

, t h e  h y p e r p l a n e  ( 4 . 1 4 ) - s u p p o r t s  t h e  e p i g r : a p h  o f  f =  m a x  ̂  * ,  a t
1 < i < 2 "  '

,  ( x , , 7 ( x i ) ) = ( * i , f ( x , ) ) ,  b y  ( 4 . t t )  a n d

w i t h  x , l 0  ( u . g . ,  i n  t h e  c a s e  ( l { . 6 ) ) ,

s a t i s f i ,  D o s i d e s  * . ( 0 ) < f ( 0 ) ,  a l s o

,  V ,  ( t r ) = F i - f  ( x , ) - o i . . < f  ( x , ) = * ,  ( x , )

h a v e  t h e  r e b r e s e n t a t  i o n

i  f  ( x ) = - "  1 *  1 - )  +  f  x ) )\ - l  \ / \ /  r - 2 t .

s i n C e  V . < T .  l f  c . ) ' 0  f c r  a l l  i
t '  I

t he .n .  t he  f  unc t  i ons  9 ,  o f  (4 .9 )

;  b )  T h e o r e m  4 .  1  s h o w s  t h a t ,  i n  c o n t  r a s t  w i  t h  : t h e  
r l c o n t  i n u o u s

i c a s e t ' r  ( v r h e r e  e a c h  s  i m u  I  t a n e o u s  l y  c o n v e x  a n d  c o n c a v e  f  u n c t  i o t t  i  s

n e c e s s a ;  i  1 v  a f  f  i n e )  ,  9 Y g - U .  f  u n c t  i o n  f  t C n *  R  a d m i t s  , a n  e x t e n s i  o n

t o  a  p o l y h e d r a l  c o n v e x  f u n c t i o n  F . ,  : R n - * R  a n d  a n  e x t e n s i o n  t o  a

p o l y h e d r . a l  c o n c a v e  f u n c t . i o n  7 n : R n * R ;  i n  p a r t i c u l a r ,  ! f : f  : C ^ - - r R
. ' 1  n

: a d m i t s  a  s i m u i t a n e o u s l y  c o n v e x  a n d  c o n c a v e  ( i . e . ,  a n  a f f i n e )  e x -  ,
: * n -' t e n s i o n  

f  : R " * R ,  t h e , r  f  i s  m o d u l a r .-  ,  L l l g l r  I  r  J  l l v u u  r s r  ]  . 1 .  
:  ,

'  c )  W e  s h a l l  s h o r v  e i s e w h e r e ' t h a t  W - c o n v e x i t y  o f  f u n C t i o n s  f  o n

, Z n  a n d ' o f ' s u b ' s e t s  G  o f  Z n  ( i n  t h e  s e n s e  o f  [ 6 ] )  a r e  u s e f u l  i n  d i s .

a r " t . t  o p t i , r i z a t i o r i  o , t d ; : r i g h r -  b e r l t h e  a p p r o p r i a t e  c o n v e x i t ' 7  c o n c e p t s

, i n  O i . c r e t e  s t r u c t u r e s r r  ( t h e . p r o b l e m  o f  f  i n c J j , . n g - , 1 5 L r c h  c o n c e p t s  s e e m s

, t o  b e  s t i i l  c p e n ;  s e e  e . g .  [ 1 ] ,  p . 1 0 ) .  A n ' a d d i t i o n q l  e d v 3 1 t ; i g e i i s  , '

I n  L ie  ne ra ' l  i l - convex i -
i r y  

i r " .  
" .  

n .  L 5 ]  ,  [ 5 J  ,  [ i  9  ]  a n d  t r ' e  r e f  e r e r c e s  t h e r e  i n )  .  i:
.  F r o n r  ( 4 . 1 3 )  a n d  ( 4 , , l 0 )  w e  o b t a i n ,  t b r  a n y  f  : C n * R ,  t h e  r e p r e , -

' s e n t a t i o n  f , =  m a x  *  Y ,  l ^  ,  i n v o l v i n g  2 n  a f  f  i n e  f u n c t i o n s  9 ' ,  . '  B v ' r e -
'  r < i l z n ' i r c n  

I

m a r k  4 . 1  t i )  ,  f o r  c o n v e x  g a m e s  f  : c n - + R  t h e  n u n t b e ' -  2 n  i :  n o t  m i n i m a l

, L 1 4 1 .  . M o y e o y e r ,  l e t  u s  g i v e  n o w  t h e  f o l i o w i n q  r e s u l t ,  w h i c h ,  i n
' p a r t i c u l a r ,  

i m p r o v e s  t h e  m i n i m a l  n u m b e r  g i v e n  i n  [ 1 t { ]  f o r  c o t : v e x

: g s r n c s  f  : C . - ' > R .
'  p rE i {J io , l  4 . - r .  F .? r  any  su .oermodu]ar : f  unc t i .o f t  f  :Cr - 'R ,  we

( x , r c ) { o } ) .

( x e C r ) ,

( q  .  1 6 )

( 4 .  1  7 )
1

^ )  |  - . - - ! - ^ l  ^ c t : - . ^  C . . - ^ + : ^ ^ -
w h e r e  * ' r , * " : R ' * t R  a r e  t h e  u n i q

wh i  ch  r  n te  roo  ta te  f  a t  the  ver t  i  ces  o f  the  - f - ! lg !  c_e : . .h ' | '

, ; i



:  D l = c o  { 0 , e 1 , e 2 , - e 3 } ,  D r = c o { * t * " r , " 1 * g 3 , . 2 n u 3 , I u , J
-  i = l

r.
'  

l i  ( r l ) = f  ( o ) ,  * '  ( e , ) = f  ( e i )

: 3 3
,  * ^ ( f e , ) = 1 r \ -  r

z i--; o \z!-.ep) t
.  K = l  K = l

P l q o f . c l e a r l y ,

3 3

* r ( " i + e r ) = f  ( e r + e r )  ( i , 1 = 1  , 2 . , 3 i

( i , = 1  , 2 , 3 )  ,

- - - - ' 1 - ' ' ,

( 4 .  1 B )

I
'|

( 4 " 1 e )
i

:

i l j  ) .  (4 .  2o')
:

( 4 . 2 r )

:
l

:

: '
"  

p ,
" 1

i

\,
' , t l

r:,t( i  u i ) =* t, i* "; ) -,,F,i )] q,. 
* r,fr.,) 

- zr (*. j)
)-  r '( 7 . t ; e , e  n ) 1  .  $ . 2 2 )
l = l

t f IT h u s ,  b y  ( 1 r . 2 1 ) ,  ( 4 . 2 2 )  a n d  s u p e r m o d , u , l a r i t y ,  w e  h a v e
( e . - r e .  ) = f  ( e ,  ) + f  ( e , ) - r ( 0 ) < r  ( e , * u i  )  (  i ,  j =  1  , 2 , 3 ;  i # j )  ,t J r J - t J

3 3 3
( U  - i ) = Z r ( e , ) - 2 r ( 0 ) < r ( e ; + e r ) + r ( e r ) - r ( 0 ) < r ( )  - e , ) ,  , :
i = f  i = i  

'  '  ' )  
-  i = l  

I

' " '  
, ,  ' . , i : J  i  ]

,i1: i .

, 3 3
vr(e r) = f (:i e, ) - r (4"1 + e, ( 0 ),< tie, ) - r (E .; ) + f ( 0 ) < r ( e, )

'  i = t  -  
J r t  J = l  -  J T t '

w h i c h , t o g e t h e r w i t h ( 4 . t g ) a n d ( 4 . z o ) . , ' p r o V e s ( 4 . t . z ) ; .

n e T a r . L : ! . 3 .  a )  c o  C r l D l u D 2 , a n d  { D t , D z J  i s  o n i . y  a  p r o q e r _ s j b -

f a l i - J y  o f  a . v - t r i a . n g [ , l a t i o n  o f  c o  C ,  ( p . S . ,  o n e  c a n  t a k e ,  i n  a d d i -

t i o n ,  D r = c o  { u t * " 2 , e . ,  , e ' e , , + e 3 } ,  D 4 = c o  { e r + e 2 , . 2 , " 3 , e r + e 3 } ,  D 5 =

= c o  { e 1  + e 2 r e 1 * " 3 ,  u z * " 3 , e r }  a n d  o ' = . o  { " r n u r , g 1 , € 2 , u r } ) ,  b u t  
. C r =

=t (0 . ,  )u * rDr ) .  l
-  

b )  F o r  a n  a r b i t r a r y  n ,  i f  f , C n * R  l s  s u p e r m o i u l a r ,  t h e n  f o r

. t h e  u n i q u e  a f f  i n e  f u n c t i o n  * r : R o - * R  w h i c h  i n t e r p o l a t e s  f  a t  t n e



v e r t i c e s  o f  t h e  n - s i m p l e x
N N'd .  =co {o . . .  } l- l  - "  i " r ' L J i i = 1

w e  h a v c  . l ' . < f  .  I n d e e d ,  i f  * .  ( 0 ) = f  i r , )  +" ; -  " - ' -  - l '

a n d  i f  9 ' r  ( Z " u ) < r ( ) - e o )  f o r  a l  i  S s { 1  , , .'  
k e S  

' -  
k e S  "  i

l $ l=s  and  any  koe  S  we  i rave

\  i  / ^ \  -

) - Y 1  ( u r <

( e , ) = f  ( e , )  ( i = 1 , . .

: : , n i  w i t h  l S i a s - 1 ,

( 4 . 2 3 )

, n ) .

whe re

k e S oi a
i ' r
i ! -
I
I
I
t
L--_-
t - - -
I
I
I
I
t
t
I
I
:
I

'  ke S\{k }  ^

< f  ( - e u ) + f  ( e o
kes \ {ko}  

N 'o) - r ( o ) s s ( f e ,  ) .
keS ' '

I t  i o n

p l e x

( t * i n )

( t ru*)

c )  l f  f  i s  a  c o n v e x  g a m e ,  t h e n ,  s i n c e  t h e  u n i q u e  a f f i n e  f u , n c *
, ^ n
* r : . R " - + R  w h i c h  i n t e . r p o i a t e s  f  a t  t h e  v e r t i c e s  o i '  f l r e  n - s i m -

( \ . 2 \ )

t 'he comb i  natc  r i ,a  I

( l . t )

$ . 2 )

i s  j u s t  t h e  l . a s t  f u n c t i o n  c o n s t r u c t e d  i n  t h e  p r o o f  o f  t h e  R o : ; e n ' -

m i i l  l e r -We idne r  theo rem men t ionec t  qbove ,  we  have ,  by  I l  l Ja  *Z< f  ;

p r o p o s l t i o n s  3 . 2  a n d , , , . 1 , s h o q  t h a t ,  i f  n = 2  o r  n = 3 ,  t h e n  t h e  s a m e

conc  l us  i  on  ho  l ds  fo r  any  supermcdu  la  r  i ' .

5 .  APPL lCp.T |  0NS T0 C0l '18 INAToR IAL OPT lM I  zAT |  0 l ' l

F o r  a  f u n c t l o n  f  : C ^ - o R ,  v J e  s t i a l l  c o n s i d e r
n

o p t i m i z a t i o n  p r o b I e m s  , : J ,  .

m a x  f  ( c - ) =  m a x  f  ( x ) =  m a x  f  ( 2 . e , ) .
,  1 '  x e c -  s c { t , . . . ' , n }  

' i e s
n

' '  
Loudsz  has  obse rved  (  h  0 ]  ,  l emma '  4 .3 )  t ha t  f . o r  any -  l gn : t  i on .

,f  :cn-'R t l l !  f  (0)=g a,nd. with Lov€z ei le,nsj.gn- ?, we La.-vg

m i n  f ( C  ) = n i i n  ? ( c o  c  )  ( 9 . : )

a n d  t h a t ,  i f  f  i s  s u b r n o d u l a r ,  w h e n c e  ?  i ,  . o n o * * ,  t h e n ,  b y  ( 5 . 3 ) ,

h l e  c a n  s t u d y  ( P - , - )  b y  a p p l y i n g  k n o w n  r e s u l t s  o f  c o n v e x  m i n i m i z a -'  m r n
t i o n  t h e o r y  t o  t h e  p r o b l e m

' ! ' ' ;

m i n  f  ( c - ) =  n r i n  f  ( x ) =  m i n  t ( 7 - e r ) ,
r r  x e c -  s 6 { 1  , . . . , n }  i c i '  ,

n



: ( F ; i n ) ' m i n  ? ( L o  c  ) .'  n '

G e n e r a l  i z i l r g  t h i s  m e t h o d ,

l s i d e r ,  i = o r  a ' l ' u n c t i o n  f  : C n - - r R ,
:  t ^  \
w e  s l t a t l  s t u d y  p r o l .  l e m s  \ P _ , _ lm r n
z a t r o t ' r  p r o D r e m s

' ( P . )  m i n T ( c c C ) .i ' m i n '  - -  . -  n '
i  , .
' . E  \  - '  - 7 t  a  \
, ( P _ _ .  )  m a x  { ' ( c o  C - J  ,i '  m a x '  n

when t i - re  rn in ima
i / -  a \  t  f  e  / \ .

i \ ) . 2 )  a n 0  \ ) . o ,
!:  -  : - .
e x t e n s t o n  o t  r

- f i , . [ 5 :  
1 )  a n d  ( 5 . 5 )  a r e  e q u a  i  ,

a r e  e q u a l ,  o r ' b o t h .  0 f  c o u r s e ,

'  / r  l . \
\ ) . , t /

i n  t he  p resen r .  sec t  i on  we  sha I  I  co r r l .  :  . :

v a r i o u s  e x i c r r s i o n s  T , c o  C  - * R ,  a n dn
,  ( p - ^ . . )  w i t h  t h e  a i d  o f  t h e  o p t i m i -  . . , . . ! :'  max '

, j  
: i l

( 5 . 5 )

( 5 . 6 )

or  the  max i rna  i n  .

i f  t  i s  a n y  c o n v e x ' i  "1

( see  th i i o rem 4 .  1  )  ,  t hen  (5 .6 )  i  s  a t ta i  ned  a t  some

x  e  ' 8 ( c o  C  ) = C  ,  a n d  h e n c e  t h e . ' m a x i m a  i n  ( S . Z J  a n d  ( 5 . 6 )  c o i : n c i d e ;
o n n

:however ,  we  sha l  I  no t  use  he re  th  i s  remark .

Theorem 5 .  1  . F o r  a n v  t i q h t  e x t e n s i o n  f  o f  a  f u n c t i o n

, 1 i  .we have

: a..
. l - ,  l

I

.we
' l  e t

'co

m t n

' : -  , * " *

- :" .  P roof . -  
' l  

t

f  ( C  ) = m i n  F ( c o  C  \
n .  

' n '  '

f  (C )=m6x f  (co { "
-  : n  '  : '  

' n l "

w i l l  b e  s u f f i t i e n t  t o

.  / r  - \  I

\ > - l l  . ,
i

.  l , (  R )
.. lrs.. I t

' l

\  ^ r  ' : l  a l
) . 5 t n c e  f  f ^  

= r r

n

(5.  e)

y i e l d s  $ . 1 ) .

f  : C  - - + R  a d m i  t s
n

3 . 3 ,  t h i s  i s

' t i , .

t -
c o i l s  r o e r  t F ''  m t n

(5 ' .9)  ,

* .  ( D ,  ) = m i i r  ? ( c o  C n ) ,
l o  l o

7  obse rved  above '

f o l l o w s  t h a t  i f

( " . g .  ,  b y  t h e o r e m

i--

h a v e  t h e  i n e q u a l i t y  2  i n  $ . 1 ) .  F o r  i h e  o p p o ; i t e  i n e q u a , l  i t y - ,

- T - T o , o = { D i i ? = r  a n d  t 9 , } ? = ,  b e  a s  i i r  i e r i n i t i  o n  2 . 2 .  T h e n ,  b y
p ,

C n = V D .  a n d  ( z . g ) ,  t h e r e  e x i s t s  i o < p  s u c h ' t h a t
l = l

m i n  ? ( c o  c  ) = m i n  F ( 0 .  ) = n ' i n  * .  ( D .  )  .' n

B u t ,  t h e ' a f f i n e  f u n c t i o n  * .  a t t a i n , s , i t s  m i n i m u m  o n  D .  a t
, i  t o  ' o

s o m "  * o o e t ( D .  ) .  T h e n ,  b y  g o n d i t i o n ' ( . i i )  o f  . d e f i n i t i o n  2 . " 1  i  w e

h a v e  x , - o € C - ,  w h e n c e ,  b y  ( 2 .  t  o )  a n d
K *  n  i  i

m i n  f  ( c n ) < r ( * o o ) = * .  ( x o o ) = m i n

" o

w h i c i r ,  t r g e t h e r  w i t h  t h e  i n e q u a l  i t y

Rema rk  5 .  1  .  F rom .  t heo rem 5 .  I  i  t

j l "_convex  ! ie l t  ex tens ign  7 :co  Cn-*R



,  t ^  \  .

t h e  c a s e  r v h e n  f  I s  s u b m o d u l a r ) ,  t h e n  o n e  c a n  s t u C y  ( P * t n )  w i

. f o l  l o r ^ r i n g  m e t h o d :  B y  t h e o r e m  3  l 2 , . i n r p l  i c a t i o n  1 o = + 3 o ,  F  c a n

tended  to  a  con t i nuous  convex  f  u r r c  I  i on  i :Rn*  R ,  . rnC  then ,  by

. : *  5 . 1 .  w e  h a r r e

m i n  f  ( C  ) = m i n  T ( c o ' c  ) = m i n  l ( c o  C - ) ;' ' - n '  . n  n

h e n c . e ,  f  r o m  r e s u l  t E ;  o n  t h e  p r o b l e m  o f  m i n i m i z i n g  t h e  c o n t  i n u o u s

c o n v e x  f u n c t i , : n  i : R n - - - R  o n  t h e  c o n v e x  s e t  c o  C n  ,  t l "  c a n  o b t a i n

r e s u l t s  o n  p r o b l e m  ( p * , ^ ) .  L e t  u s  n o t e  t h a t  t h e  I ' e c o n o m i c a l "  { i n
m l n' p a r t i c u l a r ,  

t h e  " n r ! n i m a i " )  r e p r e s e n t a t i o n s  o f  a  F u n c t i o n  f t C n * F '

'  ' 7  '  ,  v - ' i t h  * . : R n - * R  a f  f  i n e  ( " . g . ,  ( 3 . 3 1 r )  f o r  a  s u b m o d u -a s  t = - * ? *  
" i  l c  '  .  - l  a r r l l l e  t e . 9 . r  \ -

1 ( i ( p  
'  " n

' l a r  
f  r : n c t i o n  f  ,  o r  ( 4 . 1 7 )  f o r  a  s u c e r m o d u l a r  f  u n c t i o n  f  : C r - - + R )  

" t " .
n o t  a p p r o p r i a t e  f o r  s u c h  a  s t u < J y  o f  ( t * , n ) ,  s i n c e  f o r  t h e m  t h e

I  
m a x  9 .  |  ,  ^  o f  f  i s  n o t  t i g h t  a n dp o l y h e d r a l  c o n v e x  e x t e n s i o n  f =  m 3 x  Y t  l c o  C  

o t  t  l s  n o t  t l g n t
l < i < o  

I  r c o  L n

$ . 1 )  ,  ( 5  . 1  o )  ' n e e d  n o t  h o i  d  .  
I

'  u s  i n g  t h e  m e t h o d  c l e s c r i b " c  i n  r e m a r k  ! . 1  ,  l e t  u s  D r o v e  i

.  \  IheS:rem-5.2.  l f  f  ,Cn*n aS 1lgl  Ft  
'

: c o  C ' * R  ( l n  p a r t i c u l a r ,  i f  f  i s  s u b m o c ! ! s 1 ) ,  t h e n  ,
; n ff -& 

i

r i n  
f  ( c ^ ) =  m a x  m i n  { r ( x ) - 0 ( " ) + m i n  0 ( c n ) } -  ( 5 ' 1 1 )

'  
n ,  ^  L  l l

{ e ( n n \ x x € L n  ,  i '
,  p 'oo- f_ .  By  theorem 3  ,2 ,  imp l  i ca t ion  1o=+3o,  we can ex tend ?  to

a  p o l y . h e d r a l  c o n v e x  c o n t  i n u o u s  f u n c t i o n  ? : R n * R .  H e n c e ,  b y  ( 5 -  1 0 )

a n d .  1 1 6 ] ,  t h e o r e m  2 .  1  ,  a n c !  s  i n c e  - Q ( x ) + i n f  Q ( c o  C . ) < 0  ( x . t c o  C n )  ,

n r i n f ( c n ) =  m a x  t n l n i f ( ^ ) - Q ( x ) + i n f  & ( c o r n ) ] =  
i

:  ' g e ( n n ; x  x e R "  i

t h  t h e

be ex*

t h e r -

( : .  t  o )

B u t ,  s i  n c e  C - = 8 ( c o ' C - )  ,  f o r  e a
n n

= m i n  + ( C  )  .  F u r t h e r r n o r e ,  s i  n c e  T  i s-  n '

T - O  i s  a  c o n v e x  t i g h t - e x t e n s i o n  o f

a o p l  i e d  t o  f -  0 l  C  ,  t h e  r i  g h t  h a n d  s  i  d e s

c i d e .  
n

( r .  r z )

n ) x  
* .  h a " "  i n f  O ( c o  C n ) =

" *  
i i g h t  e x . t e n s i o n  o f  f  ,

,  a n d  h e n c e ,  b y  ( 5 . 7 )

( S .  r z )  a n d  ( 1 .  t  t  )  c o i n -

=  max  ' i n r  
i T ( x )  - o ( * )+ i n f  s ( co  , " ) 1 .

oe(Rn)u  *eco  c j

c h  Q e

a c o

f - + l
N V

cn
o f

R e m a r k  5 . 2 .  J u s t  a s  L l 5 l ' ,  t h e o r e m  2 ' 1 ] ; ; A - " b o v e ,  i s  o b t a i n e d



. .
l .  / 1

. i n  L l 6 J  f r o m  r - h e  w e l  l - k n o w n  d u a i  i t y  t h e o r e m  6 f  F e n c h e l - R o c k a f e l  l a r
l l t q l  L L - , , , - - . r \  . r

- | .  L r l J ,  t r r e o r e m  t / ,  t n e o r e m  5 . 2  c d n  b e  a l s o  d e d r r c e d  f  r o m  t h e  r e c e n t

. F e n c h e l - f i o c k a f e l  l a r - r y p e  t h e o r l e m  o f  l , T J ,  t h e o r e n r  : . 3  ( i d e n t i f y i n g
.  r '  r  ( .t h e .  f  u n c t i o n s  S :  j  1 , . . . , n l - + R ,  u s e d  i n  | - 7 . ] ,  w i  t h  f  . , n c t l o n s  + e  ( n n ) x ,' :  L  '

i r \ r \
a s  t n  r e m e r K  5 . 5  a )  a b c v e J  .

S i r n i l a r l y ,  f o r  p r o b l e m  ( f t . - _  ) ,  i e t  u s  p r o v e  i'  tnax
T h a n r e n ,  (  ] .  l f  f  : C _ - - * R  a d m i t s  a  c o n v e x  t i c l , t  e x t e n s i o n  T :" : * , " 1 : " '  / . '  

n  - .  .  -  . ,

C ' + R  ( i n  p a r t i c u l a r .  i f
n 1

f  i s  s u b m o d u l a r ) ,  t h e n' :  co

i
t -

:
i :

:
vex

2 . 1

:  I '

t "

;

r l a  \  .m a x  f  \ r ,  ) -  i n f x  m t n
n ,

7 , t ^ n . *  X € C
{ J , 4 t I i  tr s \ r \  , ,  n

p . " - o l  E x t e n d  T ,  a s  i n  t h e  a b o v e  p r o o f  ,  t o  a  c o n t i n u o u s  c o n -

f u n c t i o n  ? , R n - * R .  T h e n ,  b y  ( 5 " 8 ) , ' f  
l r o  r ^ = ?  a n d  t 1 8 ] ,  t t r c o r e m

,  w e  o b t a i n  ( c o n s i d e r i n o  * + , r € . o  C n  w i t h  1 0 ( * * , r ) + s u p  0 ( c o  C , . , ) . e )

m a >  f ( c  ) =  s u p  i n r n { f ( x ) - 0 ( x ) + s u p  Q ( c o  C n ) }  :" n  
+ u ( n l ) x  * f R n r  

"  - . " r  '  ' - r  - ; 1 '

' (* -
. , , T  , u l  . .  - i , l r ,  t r ( * ) - O ( x J + s u p 0 ( c o c n ) }  .  t i . r , , 1 ,

, i ,  -  &e(nn)x 
X€co r 'n !

\ . .  _ _  _ _ _ . . _  :' \ 'B .u t ; ; i f i i - l a r l y  
ro  the  p io .d f  o f  .  t heo  rem g .Z ,  f o r  . each  

'+e  (nn )x

f r ) , ve  s .up -FGo C^ ) Imax  { ' (C^ )  a r \d ' ,F .Q , , i r s  a  co r i vex  t i gh t  ex tens ion\  n '  n -
f - 0 1 .  ,  w l l e n c e ,  b y  ( S . l )  a p p l  i e d  t o  f  - f  l "  a n c l  b y  ( 1 .  t 4 ) ,  v ; e  .  .

" n  ' t n

o h t a  i . n

'  ,  , , 1 i " *  f  ( c . ) =  s u p  m i n  { r  ( x ) - 6 ( x ) + m a x  0 ( C ^ ) }  ,;  n  :  t  n '
oe(nn)x x€{"n

s o - i t  r e m a i n s  t o  s i t o w  t h a t  t h e  s u p r e m u m  i s  a t t a i n e d .  L e t  x  < C  b e: O n' s u c h  
t h a t  f  ( x ^ ) = m a x  f  ( C - )  a n d ,  a s  i n  t h e  o r o o f  o f  t h e o r e m  4 . 1 ,  ,' _ o .  n '  

- ' - "  ' - ' ,

c h o o s e  O ^ e ( R n ) *  r u t i s f y i n g  i: O ' J i' :

0 o ( x ) < m a x o o ( c n ) = 0 o ( x o )  ( x e c ) r { ^ o } } .  ( 5 . 1 5 )

.  T h e n ,  f o r  e a c h  x e C n \ { x o }  t n e r e  e x i s t s  I * > 0  s u c h  t h a l  .:
; -  f  ( x ^ ) - r ( x )< \ { *u^  +^ ( c^ ) -+^ ( x ) i  ( I z I * ) .  $ . t l )
; -  O  (  O ' n '  O  

i

;  
' " t  ^ o = ^ . c \ i ^  

r ) * '  
T h e n ,  b y  n r a x  r ( c n ) = f  ( x o )  '  ' ! s '  1 7 )  ,  I o > 0  a n d

; '  

^ " "n  \  ( , 'oJ  I

f ^ ( xo )=max  0o  ( cn )  ,  we  l ob ta  i n  .  ,

*L
o f

i
t{

. {s .  t  l )  ,

{5

.|



.*d'*Fffi{A

max. f  , r" ,=l : I {r  
(x)  - t0o (x)+m"* ( l  0o) (cn) i

- l

( r .  t  a )

i m i z a t i o n  p r o -

t h e  p r o b l e m

h x  ( O )  =  0 ( x )

( \ z l o ) ,

so t h e  s u p  i n  ( f . t l )  i s  a t t a i n e d  f o "  a l l  l 0 ^  ( \ ) t r ^ ) .
o o

rlgqlfl_il. lbjs_t__t_b.e a,s sunrpt i on :*oJ_qgglgl 5. 3, yu,,. h.gyg
( 5 .  1 e )

P r o o f .  S i m i l

nrw 117) ,  uheorem

i s  o b v i o u s .  F ; ' t h e r -
\ l

)  , a n d ,  o s .  i  n  t h e  p r o o f
l e  r / \  (  

. ?  |\ ) . r o J .  r n e n  J X ('  (  " n t ' , , .

"  t l  : ' _  i '

f ( x ) .  
i

max f  (Cn)  =  max  f i  I  f ( x )  .

{ , e (Rn tx  
' r eC-

g (x )=n ,a ,x "  { ( cn )

r r l y  ' t o  t h e  a b o v e  p r o o f  o f  : t h e o r e m  5 . 3 ,  u s i n q

? . 1 ,  w e  o b t a i r ,  ( 5 .  t 9 )  w ' i  t h  m a x  . .  r e p l a c e d  b y '
+e(n r ' ) x

s u p ,  s o  i t  r e m a i n s  t o  s h o w  t h a t  t h i s  s u p r e m u r n  i s  a t t a i n e d .  B u t ,

s i n c e  f o r  e a c h  Q e  ( R n ) x ,  F g = { x e  c n l A ( x ) = m a . x  0 ( L n ) }  i s  a  s u b s e t  o f

Cn ,  t he  
. f unc t i on  

p :  (Rn)x - -+R d 'e f j ned  by

f ( o ) = ' j l  r ( r r )  ( o € ( R n ) x )  ( s . z o )
a s s u m e s .  a t  m o s  t  2 2 "  d i r t j n . t  v a l u e g  o n  ' ( R n ) * ,  a n d  h e n c , e  s u p  p ( ( n n ) * )

i s  a t t a i n e d  , i , .

R g m q l k  5 . .  L .  a )  O n e  c a n  a l s o  g i v e  t h e  f o l l o w i n g  d i r e c t  p r o o f

o f  t h e o r e r n  5 . 4 :  T h e  l n e q u a l ! t y  >  i n  ( S . t g )

' m o ! - e ,  l r t . r ' e C  b e  s u c h  t h a t  f  ( x  ) = m a x  f  ( C
O n \ \ ' n

o f  t h e o r e m  4 . 1  ,  c h o o s e  O o e ( R n ) *  s a t i  s f y i n g

O (x )  -max 0 .  (c  )1  =  l *  1  ,  whence- o  o  n '  .  o '
l

:  
max f  (cn) '= f  (xo)  =  

T ]  :/.-; -^
;  A  ( * ) = m u * " O  ( C .  )
:  " O  '  ' '  ' C  ' - n '

' ,  b )  T h e o r e m s  ! . J  a n d  ! . 4  m a y  b e  r e g ' r d e d  a s  " d u a l i t y  t h e o r e m s '

, f o r  t h e  N P - h a r d  p r o b l  e m  ( p - ^ ^ . . :  o f  ( S . Z ) .  l n d e e c J ,  a  l t h c u g h  t h e s e
|  '  m a x '
:  r e s u l  t s  a r e  n o t  o f  m a x - m i n  t y p e , ' t h e y  i n v o l v e  t h e  n a t u r a l  " d u a l
i

: v a r i a b l e s t ' 4 e ( R n ) * .

5..  AppENp.rx:  0N _JHE "GR_lEpy s0t-urJ0NS-1'-  0F_:A t , lNEAl i  MAX lLlzAT. lgN
D A N R T  t r M

B y  r e n r a r k  3 . 3

b l e m  c o n s i d e r e d  i n

o f  m a x  i m i  z  i  n g ,  f o r

.-

a ) ,  f o i m u l a

[ t  o ]  ,  p . z I + 7  ,
.  ^ l l

a  g t v e n  x € K +

( 3 .  z B )  ,
can.  be

, t h e l

t h e  I  i n e a r  o p t

f o r m u  l  a t e d  a s

i  n e a r  f u n c t  i  o n



^o - ^l ' l
J . . l - o r  e a c n  x € K ,

T

!.sti.r ji*i::.sLl-es (b .
P r o o f .  B y  ( l . z l ;

w e  o b t a  i  n

- i1 l  . -  -  n ,  Bachem,

. .  - ' -  . :

,  e v e r y  g r e e d y  s o l u t i o n  0 -  i s  g n . o p t i q a l  s g -
ti --.-

r \t l .

w i t h  M = C  ,  q = f  a n c l  x  - 0 ,  a  f u n c t i o n  d e ( n n ; x'  - n  o
i l  a  f e a s i l . , l e  : ; o l u t i o n  o f  ( 6 . 1 )  ( i . e . , 4 e a t ( n ) )  i f  a n c l  c n l y  i f

S ( x ) < f  ( x )  ( x e  C n ) .  F i e : n c e ,  b y  t h e  a b o v e  i f i t ' e n p r e t a t  i o n  o f  g r e : c j y  s o -

I u t i o n s ;  t h e  e q u i v a l e n c e  t q 1 = ; : o  f o l l o v r s  f r o m  t h e o r e m  3 . 3 ,  e q u i v ; , .

lence 104: ' ( |

1 o * . ] t ' ,  A s s u m e  . t h a t  1 o  h o l r l s  a n d  l e ' r  x e R l t  b e  a r b i t r a r y .  C h o o s e

r re  f - i n  such  tha t  xe  K ;  ,  and  l e t  < !ne  (n " ) ' (  be  th "  g reedy ,  so lu t i on  o f  '

. ( 5 . 1 )  i n t e r - p o l a t i n g  f  a t  t h e  v e r t i . c e s  o f  8 " .  T i r e n ,  b y  t h e  i m p l i c a *

t i o n  1 o = + 2 "  a b o v e ,  S r r e  ? f ' ( 0 ) .  F u r t t r e r m o r e ,  s i t : c e  x e ' K r ,  ,  f o r  a n y  f  t  
.r r r ^ n

, : C - - + R  w e  h a v e ,  [ : y  t h e o r e m  2 - . 2 , Q * 1 * ; = i ( x ) .  H e n c e ,  b y  1 "  a n d  ( ' l ' z l )
n l r

i

tj
1
,
1
I

.l
I

I
i
I

.
,  t  r  i r  \
S*  ( x )  - f  ( x  )=  max  0  ( * )  ,

r  .  - - l n \
9 € d r \ u i

, o  & r r  i  s  a n  o p t  i m a  I  s o l  u t  i o n  o f  p  r o b  l e m  ( 6 .  t  I  .

F i n l i l y , ' t h e  i m p l  i c a t i o n  3 o = r 2 o  i s  o b v i o u s .  i  , :  ,  .  : ,

H e m i - f  g . t .  g n e  d o e s  n c t  n e e d  a i l  x e R f  i n  o r d e r  t o  e x h q t l s t

i a l l  , l g r J e d y  f u n c t i o n s " 0 n  ( r i l ' - i n ) .  l n  f a c t ,  a i r e a d y  n !  e l e m e n t s  x € i' J ' - -  -  - T r  n '- : - .  . -
, e  R f  a r e  s u i f  i c i e n t  t o  t h i s  e n d ,  e . 9 . ,  o n r r  c a n  t a k e ,  f o r  . e a c h  n ' e  l i n  ,
: + r r o

, o n e  e l e n r e n t  x , , r e  I n t  f  f  .  f  h e n , "  o n e  c e n  r e p l a c e  ,  i n  2 u  a n d  3 "  a b o v e ,

u f o r  e a c h  .  e  R f . , , ,  b y :  f o i -  e a c h  x r -  ( r , ' e  f i n )  . .  H c r e o v e r ,  i n  g e n e r a i  , ' a  .

i p r o p e i  s u ' b s e t  o f  t h e s e  * o ' .  w i  J l  s u i ' f  i c e ,  e s  s h o v i n  b y  t h e  f o i l o i ^ ' ' -

, i n g  e x a m p l e .  L e t  f  b e  t h e  r a n k  f u n c t i o n  o f  t h e  m a t r o i d  M = ( { 1  , 2 , 3 ' J , l ' ) ,

; i n  w n i c h  
- t h e  

f a m i  l y  o f  i n d e p e n d e n t  s e t s  i , s . J = 7 4 ,  t 1 ] ,  t 2 J , 1 3 j , { : , 2 } ,
| - . -  -  l  ,

;  - l , 3 t j  t f o r  t h e s e  c o n c e p t s ,  s e c  e . g .  [ 2 , ] ] ) ,  t r a n s f o r m e d ,  b y  ( 1 ' 3 ) ' .

i i ' n a o  o  f  , n . a i o n  f  i C r * R  ( s o  f  ( 0 ) = 0 ) .  T h e n  t i r e r e  a r e  o l l y  t w o  d i s -  
'

t )

I t i n c t  g r e e c l y  f u n c t i o n s  ( s i n c e  t h r e e  p e r m u t a t i o n s  t e [ l ^  v i e l d  t h e  t ,
, ' 5 :
i r " * *  n r e e d y  f  u n c t i o n  0 , ,  ( x ) = t . , + f  

,  a n c l  i t "  o t h e r  t h r e e  p e r m u t a t i o n s
i  '  ? .

i y i e l c t  0 r ( x ) = f  r n ( ;  ,  f o . r  . * = { l r  , \ r , t r }  e  n ' ) .  V / e  s h a , , i  I  r e t u r n  t P  t " -  
i

l a t e d  p r o b l e m s  i n  a  s u r b s e , q u e n t  D a p e r .

r 1
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c o n v e x i  t y  a n d  o p t i m i z a t i o n  i n  d i s c r e t e  s t r u c t u r e s .
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