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pF:aF sHrS ri.r Fsni}(jllc::'lfix rc:,31Ii;s 'dfrTll rsolA?fis RH$E.iEiif{f;l1is

t

:

hy Andr*l lr lFnn':, l

1.*  i : ; ' inLl . lLtCTIc: ; .  t* t  ucfr l  ht  i r  hqiunr leel  neeurSCIeci&' , . re lx dnrr :* in

w i t , l r  snooth  houndf* . ) r .  1 te  denote  h-y  r f ,Cn}  the  *e t  o f  ! ro l .n i :c r rnh ie

fun* l ie ins  j .n  D ?rh ich  hnve a  i lw  ex tens inn  to  T .  A  somhs lc : t  se t

l i c . i i l  i . s  $  i iesk  se t  fn r  * * ( t t )  i f  theru  ex is ts  f€p , "o {D}  n r rch  t " . } ra t

f=C on E nnr i  ne f>0  c :n  f l \S .  Sr r *h  a  func t io .n  w iL l  be  ce l le< l  f l

s t " ro*g  su1- .no l t  f t tnc r , j  on  fo r  $ .

I f  i s  : ; t r i e t I J f  p s e u C o c c n v e x  , C h f i u n & t  R n c J  C h n l l e t  p r * v * - r l : ' ' ,

i n  [ f ]  ,  t i ra t  each e losed sub.ee i ]  o f  a  pecrk  se t  fo r  A6(p ]  i .e  n

peak  se t  fo r  A* (D) .  l i " re  ro ; iu l t  w{ is  ex tendec l  b } ,  } . r f * } loe11 in  [ : j

to  hounde< l  pseur loconvex  c lomnine  j -n  C2 o f  f in i te  t .1 rpea, . 'A r r  ex8 l0 r ) l .e

cf  pseudss'oi l .vex c lot l f l i j .n (not *r ; f  . . : f tn i te t l 'pe) , ruhere th is nronert ,y '

f 'n i "J.s * ,o be t , r t re i "s al-*o l r i .ven in [ ] ]  *

I {e rer  ws  p t '$ve  ths t  L l :e  nesu l t  i s  n lso  tn r .e ,  fo r  peak  se ts

f ] f i t r  A4( i l )?  w l re re  : l  ie 'e  bount led  CIs€udoconve: i  c lomain  in  cn  wh ieh

i s  s t r i c t l y  p s e u c l o c o n v e x  e x c e n t "  a t  a  f  i n i t e  n u n b e r  o f  p o i n t e *

i {e } tnow hy L4] that  suc}r  domnins hr:ve.  t ,he l ;er f ie lynn propq: ' t ; r*

, ' , T h , ?  m e t , h o d s  u n e d  i n  t h e  D s p e r  & r e  b s s e d  o n  t h o s e  u s e c l  b y

Cht i r : :nnt  gncl  Chol let  t i :  prove the ass'err . i -on in ihe str i , : ,n.Ly psel t*

d * c a n v e x  c & s e .

'#e  rec*31 here  t r , : *  n rono.s i i ione  o f  [ f ' ]  w i r i . ch  we ehe l ]  t t s *

i n  f i r e  p s p e r a

l3g.lg::$f g**lt [f ] t. Let ] bre a bouRcled slrictlv psieu'Jscar]-
6

vex  de in* i r :  ' * i fh  r in loo t i i  bour rCsry r  K .  a  1 :CIek  se t  fo r  A  (A)  t

fe f . ( l l , ,e  s t ron f - l  supJDol ' t  func t ion  fe r  I i  nnr !  p€K.  Then there

exi  st$, , , : { r , , . , r } r } i l rh l icn} logd q.r . r  r : f  l ,  e C€ totnl ly : .enl .  n*cl imensicnnl

suhr,srpi ; f*1e1 L!  of  SDnco an* eln sueh l l : * t  K/ lc*.rc &l  e$S 8of {-a}*--
,'l

cd ( a, I; i  ) 
'  

f on escl: eenficr) .



fhe nrosf of r ,rolosit ton l"  i lanencls only on t i re o[rong pgeurfol; : ,

{ l0nvsx i ty '  n t  Fr  ${ : .  l i re .  theorem is  t rue fo : .  po!  n ts  o f  s [ ronf i  p .eeu_

clo*cnT *x i t - .y  in  I \e&k se ls  i .n  w**k l "y  preu, f rue*r r . rnx,  t?omgins.  ?h ig  *
r . e i l u i r . k  w $ t i  u s o C  t , 1 r  t "  r r " l l c e l l  i r i  [ : ]  .

! {e ; :s  r  we shn i i  f  i  1 re  n  gener& l iae t is r * .  * f  p r . *pers i t ion  }  f  * : '  l

r v e r r k } . y p s e r : r } C I . f i 0 r } ' , t ? . Y d C } l i l i + i n s ( y : r . o n o s i t , i o n } } . f l r * e s t i m n | i n n f e t '

i ] ' * f  ( r  )  dc '5 'er" i$u.  etn Ll :*  : r i rnbsr of  L i re asr{" \ -e igenrrer }-ut3s of  t  } : t ,  Leyi- .  , ,  i

t ' o rm nnd r t .  i . , r r  in  *  c .e r tn in  ssns€ the  hc i r  posr . l iL ,1e . .

r::gL't i i i l ' : . i l  { [ :"] ] .  L*r nc cn be *u be]undeJ pseudc,convex

Comain  w i t , i r  snoc th  hor rn4nry ,  H B eomp{rc t  $ i . rbse t ,  o f  }Dr0  &

ne igh i :o rhosd o f  s  in  c l l  a r id  f  a  eont imr i )L r$  funet , i -on  on  t -  * * f , i ;h ' ,
v ' rn ishes  $n  I ; i *  F Ie  $upro$e thent  t ,here  ex is t 'e  ce ,c* ( -nn$)  $L ich  .

t . h a t :

. r'  s ) l e c n n ; i  [ c { r ) = 6 } n p

, OC:'

lfaic (e)i i-<i;ot k i ', i:r i 
k r'r-," erit:h z6f nlt 6 "

* , , i  Thcre *x is t ,Er  e)0 such that  i te f r  (z)7gf* - )  for  each aei inr t - .' t .

T ; I e n  I l  i s  { r  p e n k  e e t  f o r  S 4 { n } _

I wish to th.i,rk Cr:.{i.Ctr-ssi for: his achrice.s ancl his contlr,:ous Grrgorrrflqtxrents.

?' j,t r {L ui p3:s:g-ir":i:':rc-s!p {q-(1 { Lirt*gligrg_l:-y.llElr_jgart?-,
.gg*:gr-lssell$:

ilf.?ll!'1.1l::l)*-J: i,tit, i) c fli be a pseuclocon\F*x donain rsith .c:noo*r
t

b n u n . $ n r y o  E c i i r l  r r  n e s i k  r ; e l  I ' q r . q f f i ( n ) ,  f  n  s t n o R f f  $ u i l p o r l  f u n c t , i o r :

fcr  a oncl  p€l t  * t t ; :h ; i rnt '  thq Lev{ fnrm hn* q n.ero-sisJenval .uen nt  p" i :
Then t l ' i e r r :  *x i : lL l r  l  l re i i l : l : r i3 r fuo* f l  qJ  o f '  p r  f rn  n+q*c i imens i  onn l  , 'e *

tr C !,i gncl 
:

I t s  f  {e : }  p  cd  (2 , : j }?  I 'u r .  nnch ee  i ln *^ re

F r o o f

T le  nus I  D: . i ] r l r , . f l ' l  n  conrp le  t  o  p roo f  o f  th is  resu l t , ,  thou6 lh  rnos t



* i

of t ,he anguments $"r t ,& s imi lnr  [c" l t 'hase CIt ' the Froof of  prcrg:*s i t i "nn

L r

$ '  r ; , l l k in { i  p  q r }mp)"ex* l  i ; ,e r t r  chnr : re  r : f  eoa i ' c i ina t  $s  in  Cn

nny erupnD$e Lhi* t  p i  s the or i  g i .n nl l ' l  i  r r  the nei  61!rborI :ood LJ",

o,r ig in D i .s  gt i r , *n l r ; r  t ' ln t ) r :*  l tnr  rvr le t l i l  f  t *n, 'n)(01 wh*r*  u rs

* t a 1 ,  t , t  t " n * 1 " ) r  t  
_ . i * t j * i y j u  

' ' v * t t + i l r  n n r ' l  
f  

( n ' r w ) * u + R l { a t  } + I l p { u  '

, ;v l ie i 'e H,,  {s '  }  in n ne concl  nrCer onotr€nu{}11$ nr:J} 'nomiel '  j  n f l '  ,

r i n c !  R 2 ( z ' r w ) = o (  l : r ' l  l o l ' * l , r l ? +  l z ' f  
) ) .

f iecr i r . rso {Orn) is f i  J .ocnl .  n in i r t rurn for  }?ef,  by the i icpf  l .eF;nn

l ve  ob ts in  L i rn t  %fS(o ,0) (o ,  -A" t t# (0 ,o )=uo H,* (u ,o )  =  U6}4(0 ,0)=c ,

l( j< n-1- 
u rr

I t  I ' e i l l cws f - [ : r t  j .n  s  ne i6hborhooC U2 o f  the  ox ' ig i .n ,  S?Ci ] l r

w€ i :ave  I1e f  {a '  rw}*  +S ic , l )u+ ,5{1{c '  ,w)* }12  {z '  ,w}  w} rere  ,Yatzn  ,w}

i s  a  s e c o n c l  o r d e r  f ' l i u r i a r m o n i c : '  p o l y n o n i e l  i n  z '  , i ' , w r i l  e t r d
z

K 2  ( a t , r v ) = 9 . 6  (  l " ' l  + l v r l  ) ' )  .

F]), ) r ! i  t t re Ce, i rchy- l t i .ensnn equat io; is at  the t r ig in w* obtain

) * m , .  ) r n r f  ) t m +  ,  -  ) r r n f
thar .  S#(0 ,0) (0 ,  

g j " i * (c ,0 ) *o ,  
f * (o ;o i *  

o# ; (0 ,o )=o,  ; i *1 ,  .  .  ,  o

. . . r n - l . .  
u  u '

Recsuse d . ( f ' ; , i ' . . | ) - r ^  n )  i  )por '  - ) fo  i t  fo r row
Fd;firy* 

(or0)= i f f i(c,olst l  i  t  fol lstvp tt 'r ' . t  the sc'.-

X= { (6 ' rw}  |  f  (z t ,v r }xg,  I t ' r f ' : {7 ' r  ;w)  *0J '  in  in  ,s  ne i -6r i r t ror } rnod t i5

cri63in, i I :  C UZ, $n 2n*Z*cl imensionaL C* sulrnelr j l 'a ld oir  ths

ry  wl r ic i r  conts inn E f l  U5.

So r t i le rc  ex j .s tsr& Cco- funct ion h*h(s ' )  c le l - i .ned 1n i l  ne ight ror ' -

$ifl

af  L l : ' r

r w ] ,

6 t. r t

of tl:e

bound a*

i l ood

f l r r l {

w e

V1 of r  o  €  Cn* l '  s r rc i r  thr l t  X;  { (u  
t  , r , r }  lwc i :  ( " '  ) }  ,

? / e  t : r r v e  f ( r '  r i : ( 2 , '  )  ) = O = l l e  t ' t ( " '  ) + t i t  ( z ' ) + R Z  ( t ' '  r h  ( z '  )  )

becnure  
' t " i : r :  

f i r s t .  { } x ' i J * I '  < ie r i t 'R t , i r ren  * f  i r  v r i n i *h  n t  b r t *
. ',1

obLrr i  r t  thr r t  } te  h  i r . '  )  " * I l1  ( : r  '  i *C (  l  z  * l  '1  .
,r- r) n {.

t Y e  d s f i n p . , S ( s n ) . . l l e  f t e ' , h ( s ' ) ) =  $ f ( 0 , O l l t e  h { u  '

+ K z t z n , h { a ' }  } =  ) f ' * { ( i l , 0 i 1 t 1 ( r ^ ' } + F l t  ( z n  r O i + c (  t ; : ' l  
3 } .

Ti :e cornnlex tnni{ent  s: r*ce of  iU at  (0,C} i .e

l + i { i i ( x ' r h { s - ' } ,

h e n c e  t  h e  c o i e p i e x  l i c g s i a n  o f  e  h e s  n - q * I  s t t ' i e t l Y  n o e i t i a t e  s i i . " e n *

v a l u e s  a n c l  q  r , e r o - * i . i l e n v n j u e e  a t  0 '

0 f Iii ?r" ii

{(a'"++}:{'w 
*oi ,



b , { *. + e

B e c n L l n e  f  i n  $  f i t r s n $ {  s r r p p $ r t  f u n * : t " i ' a n  f s r . H  w e  l r n v e  S ( a ' i a o

r i n d  S  { . r ' } * 0  i f  n r u t  , : n l y  i f  ( x r , f r ( s ' } } € S .

\ , , , e  C e n o t e  i 1 r ,  t { = -  { : r * , V " , l S { 2 ,  } = C }  d' L J

pr , . r : f l  [a l  i  I  J ' " ; .1 ]ow. . ,  t  j ra t  there  *x i .s r - r ;  n  i :oF in le : t - l inesr  c l ' r r rn6e

* f  caar "d inn [ss  
^  
n  an- ] "  s : : . i l : ' h  ghs f .  in  the  r ' !e t {  r r :o rd  j  no t *e  (xh inh  w*

c r h & 1 1  d € n $ t e  r l n o  . ' , ' * ( : : l r .  "  "  n t i * : . )  i  w e  i r i l v c : :

n*c*J. "1
O(e t  i *  f  e (1" ,L *)  x '1+

j;r J tt

n - c * L  j
5 *  f 1 - ? L - ] v ' . +
{ - *  1 . . ' 1
i *". 

'l tr tJ

r"r*fi*]. rr-' 1

.f, x
] s.L J srl*rl

& "
l t " j

n*1x
i . t j " l l h \ l

7 u "  ) . n
t  1 " ' r

i.{i I x; ,1q +
. , t i  *  u

TnE "set  t ,= i r 'e  ' i " f  '3 .o1rr ' ) *o ,  1< j4n*c i *1  l ' '  i s  j - r i 'a  ne ighhnrhooc l
n 1  ' t J

V* cv* of  0eCn*i  un , . r l *qJ1*dirrrensiannl  gen.rr ic sut j r : i , tn i .$,8l .d"c, f  i ln: l

whi.clr  containr:  : I  n '{ , ; :  IZJ "
: ' , ' : ;  '  We  dena te  by  C{s } * , I {g rad  f  { r ' } }  where . r ' r ' ep r€ss r rLs  thq  r :a$ i l l g ia ' ,

s t , ruet .ure cn cn*H2n.  BBcnu$s To( f  l *  { ( : i  rw} l  w*o i  ,  i 'L  fo}  ln t rs  t i :n t  &

ie  t rnnsve l : sa l .  Lo  X  r r i *  (0 rC I !  rhence  t i t * re  e i l i s t s  &  ne ighbor i i oe r l

U4cU)  such  thn t  e  j . s  t rnnsve r . sa i  t oX  o r r  t l 4d

The ref ere t  hero exi sts e g**Ai f feonorr i j ' i  j .  sm { '  def ir iecl

O 6 * { { r * , t } l z r € r { p o  t F { * 6 , t } i  w i r n  v a } u e . e  i n  } n  e u c h  i h s t

P ( z ' , 0 ) = ( u  r . , h  ( z ' )  )  t , , , 4  . $ f t  z '  , o 7 . 1 f t ' l h ( " . '  . ) ) ,

Beceruse  ?nY?c l l  we  i reve  SnU4c  F  ( ,a ' iO l l cF { ; , " * [o i ]

We dsr ro te  t " t "  0  ( ,y , '  ,L ) * I l . l f  f  P ty : , , t ) )  . s r tc t  h .y

\  ) c !
s ' , t ) e  c u l r ; ( a ' , t ) * 0 ,  l { j ( n - q - } J  r r ' } t e r *  r 1 ( a ' , t ) =  f t l r " r 1 t  } . i .

r s  * e : i s l . e  t : y  { e } r " * , , * o }  [ i r e  r l i * n C e t ' E t  b $ s i e  i n  C n = r t 3 n  f t r i $ , r

-o t ' thognnnJ.  con in le  raent  { i  n  re$ l i : : c t  to  t \ t  i t tnc r  i ro r i t te t  1 .

2 n -  \

cf  Ss,  wi i * l 'e  l io  i  s  t  l re  r* r tb$ i l f tce of  Ht i r *d x  f t  ge: ler { r t .s t l  h .y  . .

t L )

( l )
{ } }

hy

i n

. r \ t (

Fr* t

Le t

II -'t ftig

? n

R ' t ' )



rsnk.  l : -q- : .  nn, l  i i  is  t i le

" fo ld r : : f  * f  sf  t i i r iens: i r :1

Ir.cii i  ( l ) uncl t4 ) y.e

t i ie  l l *ns ian  + f  $  n t -  t i re

ex is t  $ ,  e0>0 ,suc l i  thn t  t f i

*  € $ n '

Vf* shr:}l )rcve n{;P/

)

t -  1
t u l  t  .  *  n  ; 8 n * q * l j

: rh .lA
} , : * a u e e  : " ; { r , ' n 0 } =  i : Y : i n n o c ' i *  # * ( . n , }  { 4 } , f r a r -  ( 1 }  , w s  c o n c l u c i e

( :  t o . i  t ^ . i
t  ! , e , r  / . . r . . . 1  , "  \  / , r  r r \ . _ . r , r * 7 t . 1 p .  

" * l :  -  f  { }  t , i : t f  f  } l  l r j l i .u r . ( . !  \ { - r  c i \ ;  r  
j r  t \ : 1 [ . . ' l  - . . .  ! r r . ! j , : 1 1  

. a * , r r j  
(  . , 1 .  

J

a l i r ' 1  , e r t 1 l " , .  ^  . ; )
' r  

t  . j 'sl . laris thnq *---:- **.-,*:- l l l }"al - i6) hcls+ Eirtxin*1
)  l : r : . ,v  T -  r r  -  t .  I.  ; '  1 l * " t " o l - 1 t ' / \ - 1 !  

t /

:r*ig.ihirni"t ' i irscl of t,he eirip,,in * gn"*$i"tbr:ni 'r i-

n+q *

t : rb te l in  [he t ,  t ] ra  re$ t r j  c i r . *n  t *  $u  * f

o r ig i .n  i , , s  s t , r j .e  t l y  1 - ros i t j . vee  $r )  t i re rs
) ^ ,

(A+x  )  7  e , r  l l  x l  
' '  ( ( ,  )  fo r  ench de i l  r r : ' rd

t iret $, s f { o, 6., (i l} 'p?n-?- r, ( ? )

l t ie har. 'e din Srr*n*q*) .  nnd din T( 0,0) 
( l . l , l= in+q, h,r*ncer.  to pr 'ove

N
( f ,  i t  j s  s r i f J " i c i e r l + * , 1 * :  l i ' o v c  r . h r r t .  T ( 0 , 0 ) ( t i ) n S o * { C J  .  1

L c t  * = 4 1 " r * * o " f l n - , i * i * n - q - . r - € f  
{  o ,  c }  

( I ; =  f g r a c  t ]  ( 0 , 0  )  1 n  *  " .

0 . " p f i r " f i i l  r -  ^ ,  ( o r o )  l - L .
I & e . \ l t u i  I

i . i r '  }h . f lo l - t re i*r l  thnt  xJ f r*c l  r ;  f  O1.0) for  j * l - ,  g ,  a rn-q- l  or ,  h.v { f  n ' t
n -o . -  1  

u

./ t-'L

the  i , * r r * . *  p roc luc t  in  f i2 t } "  W€ r :b t "n in  2 ( , f+ \ )X j * * . fo r r  J *1 ,  o " .s r l *e* }e

hen*e  : r *O snd (7  j  i s  n rovec l  e

.  \ {c  cc r *s ic je : '  nc } r . /  t } re  nnp ?  r  ( i J  n  f f1 "  tv  n  s$)  * * r t6 ' ,  y ( r rox}s . l+x

w h e r e  t I  F n d  y  n I ' r i , e r r j . t n i : l e  n e i g h b - * r i ^ r o o d s  o f  l l t e  o r i . g i . n .  F i : r : m : , . ( 7 ) u

f o r  u , Y  n n r j  O 6  r : r r 1 ' i ' i r : i , r : i t l y  n n g r l l  r c r e  o b t n i n  t j r n t * i '  j r r  g  C * * r l i f -

f  e onoi*r ' ' i ' i  sn 6

t l* : ' t * 'oe : := f { ' I i  w} i i *h i  9 
an rr*q*, f  i  n*r : l io*al  *ubmrini f  o i . r !  of

d S *  f t ' c n  { } }  a r i i i  ( 4 }  w e  a b t E r i n  t h n t  g n L t c ! . i .  " l

n,er{ i { .xse tzoY i t :  { i  C**Cif feenor ' [ . - i i i *n { ' r i ) r i  (U n i l lx  (V n Ss} on

f t C € )  w e l  c , b L a i n ' t l : n t  t h e r . e  e x j e t s  f Z C  s u e l i  t l r e t

l l  n l lAf , i i , f { ' r * ' l } * f i { { } l l  Z f r t ( f l {x+c l } ,y1 n: r : ' !  f ron ( { ' }  i t  fo l l .sws L} :n t ,

l e f  (e lp f  t *ou  
{ r , } t i ?  i , r }  f  o r "  eneh  .u  e } lnF {$e  }  "





such tha t  (g r .ac l  Ref  (21  , *g rac1  f  f  r ' )72{Z  { t )  fo : '  gach zeV(Q, ' } ,  i f

06  is  smt r i l  enough"

gs i .ng  ($ ) ,  (9 )  e , rnd  Tay lo r  C.eve lo lx ien ts  j -n  the  normnl  < i i rec -

t ions  to  bD rvc  ob ta in  (es  i .n  [ f  ] l  
' r ,ha t  thc : :e  ex j -s ts  a  ne j -ghbo i ' -

^
hoocl  cr . r  of '  the cr ig in ancl  e)0 suel t  thal i  r tef  (z)7cd Q,r l f r ) l  fcr  eaeh

aeln<^r"

fo  f in ish  ;he  proo f

thel  luf  is  gener i i :  in ' the

Let  us  de f i r rc  Z :  a :"€

F ( r , ,  r t ,  t  n  ) =  ( ? t ( z  u  r t )

' We have Fqr,

1(j.<2ir , l-(k-(n-1,

6 -

Beca" ise (greo Ref  (o)  , -gr :ac i  / ' i  o)7=r ,  t 'here ex is ts  l t "  > '  o

of  p rcpos i t , ion  7 ,  we have Lo  Prc \ re

neighborhoot l  of"  the or ig in.

x R-:--+Cn 
':i: '

-  r ? Z n ^ Z ( z '  r t ) , F 2 r u - l  ( z t  r L ) + t  
n  u  ? Z r , ( u ' , t J ) ,

\ @ :

#tt - - ' .O i= l , .  "  "  r i?r t -2 and i=2n,

f  
r t r 0 j * F ( n r  r E )

aili
AT* * *T t-*'

) 62;
ahd F-J

d xlr

1.(  j (  2n,
N

?lJe,.-1
"*AT-i"-

= x-'.pA=w
} .Fr ' )vp Dvo '

\  t ( o( J  \ l x r . t . "  r i2n)

Frcm (2 )  \ i ve  ob ta in  thP+-

: :  1o

(o)'=

. o o  0  0

o a e o

1 0 0

0 0 1

0 1 0

. -d i f feomorphism in t l :e nerghborhood

I

U

0

r
I
I
I
I

I
I
I

L

ZTjl 'yx, - . r . T n - 1 n J t n - I t t r t ' )

and  i t .  f o l l c ,ws , t l i a t
. :

o f  t h e ' o r i g i n "

Becsrse 61rrn{o] l  *?to|  we obtc i r r  that  V(

={zeu l  f  f t }=61 ro r  U su f f i c ien t lv  sma} l "
n ' - ^ r  r  r .

Beeause l . l=P( t l )=P( l l  - tO j )  we have zeL4f l  U
^ r ' t N

{ '  ( z )  -  ( 2 ,  ,  t ,  o )  w i t r r  ( z o  , L )  € .  N " ,

N c O

? i " s a C

oe) n u=F-_ (oe^

i f  and onlY i f

{o} ln u"





't

.  ,
Fronr the def in i t ion of  N we obtai"n ' ,het

M  f l  u = f z e  U  l f  Q t = o ,  r r ( n r ' ( P - ] ( z ) ) * ,

pr :Rzn-- .uo2n-1 is  the pro ject ion:

Le: t  us t ]enote s3 (z)*  j (pr  (7 ' -1( r : )  t

o o sr- - -., (pr- (fi-l (z ) ) ) *c.l , where
l t _ , i _  t r

on t .he  f i rs t .  Zn*L  r r " " ia l : Jes ,

) o  . ' i * 1 r " " . 1 f i - e - l .

-:L
,  f a ( P y o ' , r F 2 r r )tlle harre l-*--j-*-

t"Xxfl't,-,. *-- lql, i  rfr(O)] "
d r y

- f h  b  \
O \ , - J ? e o o t ' 2 n /

_ r y

d ( Y r " Y . . o o .  v  \ r
r - -  - L '  t ' n * l t n * i - -

Reni r rk  1"  Le t  I  be  & pseuc iCIconvex  domain  rv i i i r , ' smoot i r ibounda, -

r I r  E a pea.k set  for  Ad(D) * : r rd p€g such that the Le-r i  form hps

q zer 'o-eigenvair ies at  p.  l {e knovr f ron [2 j  that  E ie ] .oca1l-y con*

taj-rred in the neighborhood of  p in art  nre* l -d imensir : r ra l  subna* '

n i fo ld Lr l  of  ED srrc i r  that  d im,_TC"(I t )<q for eaeh zew, where fcz(1,{)

ie  the  max imal  compl .ex  * rbupuJ*  o f  the  tangent  spsce o f  M a t  z .

.  I t  fo l l -ows that the gener ic manifo-Lcl  M obt,aj-ned in proposi-
/r

t ion  3  sueh tha t  r<e f  ( r " )7 rcd(z ,L { } /  fo r  each ze inu t  i s  genera l l y

the  lowes. t : .  d imens ione l  gener ic  subnan j . fo l -d  r^ rh ich  sa t is f ies  such

a r l  e s t i m a t i o n .

7  "  Pea l f . ' . -  s -e ts  j .n  pseudoconvex  domai .n  w i th  j so la ted  degenerae ies

iheorem In f ,et  D be e bounded Comain j - r" l  Cn with emooth

---+-rio)
F " t " , ,

and i t  rolrc,ws that 
*,r l= f tol ,  #6ol*f f i rot

d s ;  E s ;  ) r ;
f  o r  ]<k<n-1 ,  J .< i -<n -e -1 r  A - f  

(0 )=0 ,  AT* iO)=  5 f  
(O) ,  ; s  j -<n -q -1 "

T I  
- ' t n

a ( f  r s I , : .  *  r s n - , , * - t  )
Fr"cn (5) we obtaj"n rhar, 

;TEr,, , ;" .  *#*i-(ol  
arrd

d ( f  r * 1 , r " " ' r s i 1  . . * r )
Xryh*,fJ**fal herve rnexr:lal pstli:, hence i,s ia an n+q-d-i.*

menr: iortel ,  generie subnsnifold of Cti  in lhe neighbor.nood of t i le

gpr  g l i ) .  o





bounderY r.which

of point,s:" Lgt

se l  o f  K.  fhen

q -
i .s Str ict ly pseulrtrclc,on\relr '*xeent,

K c D D  b e  a  p e a k ,  s e t  f o r  a * ( l )

E  i s  a  peak  se t  f l o r  A€ ( : l ) .

a t

and

A

E

fitiil,te, psrnlrcr

a  e iosed sub*

prc lof  .

.  \ . {e denottr  t ;y w(bD) the set.  of  lvealc l .y pseudoconvex hounr l l ry

po i r i t so f 'D ,  L€ l  f€A*(n)  be  a  s t rong . -uppor t  funet ion  fon  K.

. " L e t  l , e w ( r i p )  n  n  b e  e n  j . s o l a t e d  p o i n t  o f  K  a n l  . l  e t  r r s  s u p p o s e
l 1

h.ha t  g* . i1 ,J  t "  a  pe i - rk  se t  fo r  Aoo(D)  'uur th  s t rong suppor t  funet icn

g € A " o ( D )  "  T i r e n  E  j - s  a  p e a k  s e t  f o r  A * ( D ) .

fndeecl ,  rve chooseft ,  a n^e: i . rbbcr i root l  of  l f \ [P]  and J]  ,  a neieh*

borhood o f  p  sueh tha 'c f l  Xn f )2=f r ,9  Z f t  
(K \ {p - }  }=d"  \ fe  cons ider

-12=QUUS" 
Zrf*O and

JJ

a
u ,

i fi e ( z )
G ( u  ) =  {"  L  f  k ) i -1"

ze 0rfl

z,-ftrfi

. o o
and 'b3t  pronosi . t j "on 2 n 'd obtain +,hat E i  s a i reak set f ' r  ^q"fn)"

Heneer  w€ c&n reno l /e  f ro rn  B  the  iso la ted  po i r i t s  o f  Kn r r r (?X i .

'  Leb p€ w(dD) f l  K anO{-a*Jr.r , l  a funi tarnerutal  r ie ig.hborrood s)rg-

tem,"f  , r ,  jn Cno such thalr0rrol-C i  9r ,  ar :df l l l f l  w()D)=[p]  .  We de-

note by l ln=9n*l tJ1n*7, , / r r=S*t0rrn '  LI*CCTrr,  Beca'rse for  each rr . )1r

f  n Frrr f t ' .w.()D) r  t i re: :e exi  st  (by.  proposi+- ion 7) f in i te cover i  ngc

I  t r  1 . / : , / ^  ^ - r f  ^ + ^ 1 " t * -  . - ^ ^ ' !

aljnccorrinccvyxr l.(j(r* of K fl Urrr l.{5* totally r'ea1 n-dimensional

submani'folds ofcrljr. and O(c5,r(1 such that fcnc^rin. *j ' and
)

R e  t ( z ) 7 / e j , n d ( z , l { 5 r ) -  f o r  e a e h  z € D n * ; .  
.

.  Lerx l *e  c f tc" l r  o- (Xr , r * t ,  s rp l ' r$L- j^  , { r . , r=r  CIno; r ,  a ind
. .-,1 rlt

f 
'5" 

nr.5
we der i ruq f  t^ l=,o l ,E# r5p(  z)d(z,om; i  2)  .  gecause f ) 'v1=6 (r )

i=m 
*

each na71

suprlA';r.a c u.ljnc.,/rr, it f ollowe thet, 1efiU:nl .

f f, :s €t<fi supeXj..,, therr 
"er<n-j*cl,t5n 

and we obtain th;if

for

and

vanishes orx Ii.
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"rt"
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?

,jn " We lier re 0( F*c: I .qnd f t :sr* i , i  (1)  i t

iet  DI b6, a compact,  nei ,3 i tbo: :hoocl  t ,1. '  D wir ieh contal t t*  * , r t*

f  c;r  each n at ,4 i l  3nc1 s e Cf,{Cr l ) ,  s>rO suci t  th i r t .  U={zeD1']  = {z)=C} "

L, ] t  I1*- .1 a pnr ' t i t io i - r  of  t rn i+. ,1 suborcl i ; in{ :e t .o t } re eover lng
I  . ' ' t l  I

o o  
- F *  

d

U- -tl .r,.;r, ai,it we denote by s5r1=15rrs. :l lhen,frcm It] w{:r ':btain
I t : :  |  

' l =  
I

' f  r l -  lcws t l rat X f* - .  4 .
n=1

I{ence, t t  z€.I tn'e, have 4 Re'f t .a) V

.g 
"-i"n 

., .., 
ec

= 
'F F i ;" i" t ' inei tei i  rE:

^ J @ n

t l i a t  t h e r e  e x i s t  s . i ^ €  C ^ ( C . " )  s u e h  t h a t  $ ' l p p
J  r ^  t J

\ A J

orl I ,1*.-"u d5** rortRj-.sire,s t 'o inf, ' in, i tg order on
J J i -  L l  l r

>  - C  c l ( 2 . M ,  ; 2  v r i l h  c l . . i * ) 0 .
'  - l ] L  

l n  . t t r

BecaLise 53 r , .  vanishes t ,o inf*ni . te.  c, : :der"
._ l  ,  j

d r l

e i : r  s :upp  s ; * .  i t  f o l l s rn rs  i haL  fq r  eachoc€ l f , ' "  and
.  d ' .

Ll"u..: .- zC stlcl i  t i tat
s . i .  r J  ̂ t .

e .  k
6 .  /  t j r t \
Yr1r {n \*i 

'  /
" \ , r  d , r r  

2  
r r

r
n

\*/ - '

u; . rcc$t to  s5n=sjn
-  n)

i r {5n and Re * 
in2

o.i.  i l l ;-  anC ?L' . ' r*=1
J r r  r J ' L

k.€ld o l l :ere exi st

rlt-1-l 2h
(  X . j n l z l c t  ( z , i r {3n  )  }  .1rf dH;r,(, }l<

"*
Y - r *  - o '  l o

L*"k jnI ; r r (z ' )  
'

r J  _ '

Froa (1 )  we ob te j -n  tha t

?o*, cif c"i anil vre clenote by Cock=sup Fo p (z ) ;

we clroose 0<c(n<1 r d*-<-r,.lin {+ }u o,r-:Tln {# } a,rrci
l - < j< : : ' . , r '  2 t  J  "  l ( j < r *L " jn '

o o r
drir ine 3 =t," i  " tE,r , .n= l  j= -L  u - -  

oo

Tre have 1l*b$1r116 L":1i :oJH,, .(z ) : i { ,  "  : :
'  

r t = l  
1 4  '  u ' -

oo *n 
C i,- 1t -, 

t k+L 
_*--** 

2k
\< 

tr F 
c.ckjn(#) *.j., ('a') aizol'i5pi





< (
r

o o n
s - \ i ' -
L= /"-

h * - l  a 6 l
I l - r  J * J

k

r k  2 k  ,
? t * * ( z ) 1 1 ( z o L { ; * }  ) - <

J I x '  
' ,  J I l '

?
d _ -
; f l
I

r nr
. /_-

- : * 1

l:
-ll n -")

)  . "  < r  inX i r ,  
(z l  d  (z  ,N in l ' : t

" t =  i

l# " i"(zid 
1z,rH5*)2

2,.t  J ' :&

U )

(4)

. _ * - . - - l

' : :  (5 )

..o)o such tha&l,,Re f (z)>z-Sof fu) (6'9'

C€ par.t i t io* . tr :  unity subo'r, l j .nate to the6cverinl

10

o o  ' n  
: d .  k

r - ; * x i - ( z ) ) ( I  I  f - # t
A J I I  J r r .  n x l  i = l  2 v .

cOrz_
n=

h

for tla*h D,eC'* a.nd

we .have

i )  f*=0 on K

i i )  The re  ex i s t s

i i i )  r f [ r ( . , ^1 iu  a
L  d :  V J

co ^ 
tr ' ,  

. !

Re d t " l= I * j  I  n *  s - : , * ( ' 4 ' , 7 r '
n = I  "  j = l -  r "

,* 8", Fu"i,,(rld(u 
uI{5,,1)', t-

=-Jt")

f  o r  e i t c h  z € D "

L e t . . w ( A n ) = [ P l r e . e  ] F * ] a n ' J  f c ] x " , e a c ] r  P .  r  t * 1 ! o , ' o t s  v r g " " r l n e a t
i

the same-uro.*6,rr*"  T?rrref ' rJre there exi l r ts neigirborhoodu aj  of

pi , *;*..r;f*{ f j .nite eove'inss of K rytl  ;  di* total lv real

n*dinensional  s. ; i r rnani- foLcls of  - i i  r  cont ' i r r t lDus funct i 'o** ' l
J I I

r - L- n  C * *  . t i  a '  ?'' oo

, f  , k ' ) =  X  t - i tX i - f t ) d ( z , l J ' f n ) 'wh ieh  van j - sh  on  K  and
' -  4  n - . 1  { - . 1  2 q  J r ^

l h - *  t J  
- !

N r @ n

Etec l { c " t  such  t i ra t  (? , \ ,  O>  and  (4 }  & re  ve r i f i ed .

s i

Let KG*K . 'rYfl .  Bec&use **n *l1D)*0, theie exist r ini te
- o  

^  s  -  i  r
eoverings cr.rrnccclr jo of l ior 1-<j(r 'or (r:"f l jo) n (Ur't; I=fr, 

'115o 
total

J L  
d  

- . +

|  - t  c l c _  r - , r , -  ^ - 1  ,  t

l y  rea l  submanj  f  oLds of  o jo ,  n  jo  a  On(C' . )  u  :sut )p^ 5ocf"3u '
: o '

n ,*^  = !  en eJu^ such that  i f  lue c t re ,not*  f  o  @)=I- .  * { f le  fzr } . { . io)' - l o  - l o  '  r  v  j = l  J . "
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U wi . .
i = l  r J V
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^, t"
$ ^ *  ' -

v  
i , : l

Let  E  f l  w(bD)= i r1 ' .  .  . , i r f
_ L e

W e  d e n , o r , e P = r ^  
N  \ - -  ^ '- "  - -  - -  J  . * ^ i  t u  s  3 . 2 -  s i t

1 f 0  l - 3 C

f h e n :

a)f =O orr Kr hene e: f  =g on E

b ) r f  z€cII ,  
*f  1 (z )< coRe r l  (z )
J . - . v

J l " *

& ^ ,

,  there ex is t  C **x t ,en$i ,ons s io  q i :  s$^* t ;^  sand.we denote
.  r j t /  J ( '  J U ; =

^ ' r r - r t
s+rr .  f i renr ,  for  each c i . { * . r * r  kg, l l  e t ,d  z  € C' t  v /e  have

t , t r  

t

in"3 $u(z)l-. q\gr*: k r"/)

atrd for" eecn zeilr ite .To)*r: *f Iw)

hence

c |  r f

cau)0

A \  T fu ,  1 1

Let  z€ lL  1,

t i e s :

and-(}  *(

o*f+/$

+

Urr i l
i * 1  r '

with

(B)  "
r o

U (  U  d i . . ) ) 8 "
i= l  tJ  v

r
d  7  C Iu

cl f mex ,;{rd 
e, 1) . : ,.

from a) end d') .we

+

+ 
"f  4.Ref (z ) o
:t- =l-

.|
Re t (z) V *fuyf (zt "

n Y ,
u €c"pCI(€N';  keN from (5j  ,ahd (Z) we cl ; ta in that  there ext .st

such t i rat  I  n*-a G (" )  l< corfk (zJ "

tei l ,  f rorn (+l ancl (B) we al-rtain thrrt

, +

Re G( ' " ) } -dufo k)*  _t f ,  fu)>,^df  (z)  where

r f  d; .6 is  smal t  encugh f  / .6a6j6; l
s \ v O , . r

ob ta in  tha t  Re  G ( r )>  g f  k )  f o r  eaeh  ,e i ,

G ( z ) = g .  T h e n  f  
( n ) = O  a n d  v r e  h a r r e  t h e  p o s s i b i l i *

' ia
'  ' ' .Q ' t  ao *r ,  ;

i )  z e A :  U  6 s u p p X ; ^ ) U ( U  U  U  s u p p X i * l
FO r t - i *O n= l  j= l  Jn '

t^ ,  5 ' t  oo , ,  -  " trhen ; (z)=I!, {r r=Fo*r" (z ) s rr)*.I. 
"L,"i, 

trf*j"s (z )=

5 L oo " . r '= s ( z ) ( I . { - , , . , *  \ *  r  i \ 2  r x  i  , .j=o dv '  f t i  fu . ( " ; l  ja : ""3n ) ,





sre s'(z ).*$ ancl s€5. . . i : i  -

. i r ' \  1 . €  e t .  , r ' .  ^ t .
- 1 r , ,  i - . r  " F A  

t h e n  s ( z ) = 3  a n d  C ( z ) = f  ( z ) .  B e c a u s e  A  i s  a  c o v e r i n r

e f  J { \y r (c i l }  r  i t  f ,o l lowe rha t  Hef {z )=O on ly  i f  zeKf lw{bn)nn-  =Lp l - , . .

e c o . " , 4 . b r f l w f d u ) .
LJ. .

Hence G(n)so on j r  i f  and o-n ly  i f  ze l  and.by proposi t inn,  z . " -

U is  r r  peak set  ror  .0 ,&(n) .

SgglPg-3s far the proof of  t l leorem 2 i t  e i - r f f ices t ,he l .ocal

v e r s i o n  o f  p r o p o s i t i o n  ] "
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