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MEASURB-THEOFSTIC PROPERTIES OF TT{E MAXTMAT,

ORTHOGT}.IA L TOPO],OGY

by

Silviu TELEI,IAN

fn thre f i rst  part  of  t ,h is papeP",  I  o€w topology is introduced

on the pure states set  P(A) of  an srbi t , rary. ,Cf-algebra A.,  and i ts

neasir-rre-t l ieoret ic prop'ert ies are studied.

fn  the  second par t  o f  the  paper  we in t roduce and.  s tudSr  the

eau i ron icaL i r reduc ib le  d is in tegra 'L ions  o f  the  representa t ions  o f

Cx-a lgebras .  fhe  main ' resu . l t .  o f  the  paper  ie  the  fac t  tha t  any  ope-

; : rator belonging t ,o the Baire 'gx;&&g:ebra f tbo(Sf(A) )  over the , r : ,ange

f f (a )  o f  any  (cyc l i c )  reDresenta t j -on ' i I :A+f  ( t t ) : : : i . s ; ' .deccnpo ' *ab le  w i th

respeet . to any canonicsl  i r re<lucible dis integrat i 'sn 'of  i i  (Propc's i , - '

As  an  easJr  app l i ca t ion  we * i "o  p rove  the  in tu i t i ve ly  sens ib le , .

fac t  tha t  abe l ian  pro jee t ions  are  f  ie lds  o f  one-d imens io 'na1 pro iec-

t i o n s  ( $  2 . I V ) o  " : ' i '

$0 .  Tn t roduc t ion

Let '$  be  a  Hausdor . f f  loca} ly  convex .  touo log ica l  rea l  vec tor

spece and K c E a (non empt,y)  eompact connex subset .  0n - t ,he set

e x  K  o f  t h e  e x t r e m e  p o i n t s  o f  g ,  b e s i d e s  t h e  t o p o l o g y  i n d u c e d  b y

tha t  o f  K ,  severa l - .  o ther  topo log ies  have been in t roduced ? td  s tu -

i -  d i e d ( s e e [ r l  , c h . . r r i $ 6 ; [ 5 ]  ; [ 6 l , c h " r r ; [ r J ;  I a l  .  ; " [ r s i ,  i

Lrzl ,{trJr.
i" [rel, [.tJ '"a fraJr w€

re-theorebie prorrert ies of  the

have begun the stutly of ther;.measu-

Choquet topology, for an asb',itrar1'

K ,  and o f  the  or thogona l  topo logy  on  the  pure  s ta tes  se t  p ,eA)  o f
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an arbi t rarJ,  Cx-algebra A.

Namely ,  j . f ' r$  denotes  the  Chr rquet "  topo logy  on  ex  K,  thern  denote

by  $3* ( f ) ,  respec t ive ly  by  8o(ex  K;  C) r  the  f , . -a lgebra  o f  the  Ba i r 'e

measurable subsets of  f , r ,  and the tr -a l11ebrra of  the Baire.  measurable

s u b s e t s  o f  e x  T { ' ,  w i t h  r e s p e c t ,  t o  t h e  C h o q u e t  t o p o l o g . r g  i , e . ,  t h e

<r -  a lgebra  o f  subsets  o f  ex  g ,  genera ted  by  t ,he  c }c rsed Gr -sub.se ts

o f  ex  K  in  the  cor respond ing  topo l@gy.  By  J l (K) ,  p€ ,spec i . i ve1y ;

S(ex  K;C)  r  w€ sha l l  der . ro te  t .he  s -a lgebrae o f '  the  Bcre l  measurab le

s u b s e t s  0 1 ' K ,  a n d  o f  t h e  B o r e l "  m e a s u r ' a b l e  s u b s e t s  o f  e x  K ,  w i t h

r e s p e c t  t o  t h e  S h o q u e t  t o n o t r o g y :  d e n o t "  E n ( e x  K ) = { l n ( e x  K ) ;  l e 8 " ( f [

I f  F^ is any ghoque!,  maxina. l  Radon probabi f i ty  ,measure on K,
. J

then ,  by  v i r tue  o f  the  Choquet -B ishop-de L€€L,w Theorem,  by  the  fo r -

mula

f o(n fi (ex ri) ) =r(D) , 
'Des" (K) ,'

one correct ly def ineg the' .  boundary,  measure [ .^  on
l w

have

f3u {"* r '.;c')e3o (ex K}l- P o

(see [ t51,rn"o".* r .5,  u"a frz] ,  fheorem 5),

r f  Eo (A)  '  = { re  a * ;  f ; o ,  ! t  f  i \  <  1 \  i s  t he  se t  o f  t he  quas l  - s ta tes

.  p f  a 'Cl 'a legDrq A,  the4"  K=Eo.(A)  end, rwed y i th . t l r .e .  C(Axl l ) . - topor  jgy,
' . j  '  

.

, , . ] s  a .  c o n i p a c t  i o r i v e , x  s e t o .  1 4  F 4 ' ( s e e ' l h e o r e r n  6 ) ' w e ' h " , r r . s h o w n ' t h a t

.  fo r . 'any  max ina l  o r thogona l -  Radon probab i l i t y  neasure  F  
.o r  ro (A) ,

s u c h  t h a t  l l b ( u ) l i  = 1 ,  l t h e  m e a s u r e p o  c a n  b e  ' , e x t e n d e d , o  t o  a  m b a s u r e
. w l l v

1 t r ,  de r inea  on  5 I (p (a ) ; c ) .  w i th  good  regu la r i t y  p roper t i e rs ,  and  so

tha t

6 o { e x ' r ) .  w e  t h e n

" ( 1 )

( ) \  ' ;
\ c  /

The d i f fe rence

t h a t  e x i s t i n g

( p ( a l ) c S ( p ( a ) ; o l  .' 
l"{t

betureen the  ex tens ions  (1 )  and (2 ,  i s  eomparab le  & ;o

oo; ' cornnac t  spec€sr  be tween Ba i re  and Bore l  p roba.b i l , i t y

neasuresr  where  the  Lebeggue conp le t ion  i " ,  in  genera l ,  no t  su f f i -

n"
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cient to e.nsure the passage from a Baire measure to a Borel  measu.-

Y ! Aa  v a

f n  f a c t , , t h e  c o n s t r u c t i o n s  e a r r i e c  o u t  i n  f f e l  a n O  i n  f f Z l  ,

con ta in r  Bs  a  par t ieu la r  case,  ' t ,he  theo: ry  o f  l?adon measures  on  cCIm-

.  pac t  space$,  wh ich  ob ta ins  when A" t rs  a  commuta t ive  Cx-a lgebna w i tn

t h e  u n i t  e l e m e n t  ( s e e  [ t g J ,  f o r  a , d e t , a i l e d  d i s c u c s i o n  o f  t h e s e

f a c b s ) .

rn  f l z l  (see ,  * r "o  f : l  ,  fo r .  &  rev ised vers icnr t  c .J .K , ,Bat t3 r

extende<l +-he theor l r  \4/e have developed I  
"  [ fZJ o by showing that f  o: :

' : '  ' 3nv  compac. t .  convex  se t  K '  and any  choquet  mar i rna l  Radcrn  proba i> i r i t ,1 r ,
n a

m e a s u r e  
/ . t  ,  t h e  m e a s u r e  

/ i o  
c t r r ]  

' b e " e x t e n r i e d "  
t o  f J ( * *  I { ; C )  I  i . e " ,

t o  b e  m o r e  p r e c i s e ,  t o  t h e  $ - a l g e b r a  g e n e r a t e d  b V  h o ( e x  K )  a n d

f r ( * *  K ; C ) .  I t  w a s  t h e n  e a s y  t o  p r o v e  t h ' a t  l

"6o { " *  K )c f t (ex  K ;  c ) }  ,
,14 {

where  
F , ,  

i s  the  ex tenc led  neasure  (eee l t t l  r  Theorern  6) .

O;  course ,  in  o rder :  to  be  ab le  to  in tegra t .e ,as  oar rJ r .  func t ions

a s  p o s s i b l e ,  t h e  t o p o } o g y  o n  e x  K  e h o u l d  b e  e s  f i n e  s s : ; . . p o s $ i b 1 e ,

s u b j q c t  o n l y  t o  t h e  c o n d i t l E n , t h a t  B a i r e  m e a s u r a b l . e ,  o r r  b e t t e r ,

.  i f  p o s s t b l e ,  B o r e L  m e a s u r a b l e  s u b s e t s ,  b e  m e a s u r a b l e  w i ' r h ' r e s p e c t

t o aqy extqnde.t b.n_u4gg3l_*.."!g"g:

'  ; In  [ fO1 ' *e  have in . t roducbd the  o- r lhogona l  lopo logy  on  the  Dure

, j , '  ' l ' '  ' s t a t e s  
s e t ' p ( A )  o f  a h  a r b i t r a r y ' q x - a l g e b : : a ,  w e  h a { r e  s h o w n  t h a t r  i l n  ,

'  genera l ,  i t  i s  s t : : i c t l y  s t r ronger  than the  Choquet  topo logy  (see

f" -'l
L l6Jr  Theorem T"4)  and.  we have proved tha t  an ; r  Ba i i "e  measurab le

=i ' :"*|+i. . l l togona l  topo logy ,  i s  meesura ; i i

b ] .  w i th  respec t  to  the  boundary  measure  X ^ ,  cor r iespond ing* to  any , : ,

max imal  Radon probab i l i t y  measure  ts  " "  i ( i ) , " , , , " r ,  tha t  l \b ( ; r )  \ \  =
, . - 1  | "

= l  ( s e e  L 1 6 J r  T h e o r e m  1 " 1 l ) .



4 -

t reme boundary  ex  K o f  any  compact  convex  se t  K ,  and we have 'na ised

t h e  p r o b l e , n  a s  w h e t h e r  t h i s  t o p o l o g y  i s ;  i n  g e n e r a l ,  s t r i c t l y  s t r o n -

ger than the Chcquet topology. In f , fe l  *"  have also shown that any

b'oundary ne""u"* f i^ can be ' ,extended" to S(**, I{ ;M), with good regu-
I u

Lar i t , y  p roper t ies ,  and such tha t

hu {,,* r ) c jtCe* r( iM)iT ,
where 

Fl 
t" t ire extended boundary mensure (see [relr ?ireorems 11

and 14) "

C.J .K.Bat ty  has  shown tha t  1  i . l ' genera l ,  the  max imal  t  opo logy

is  s t r i c t l y  s t ronger  t i ran , r the  Choquet  topo l -  oW . (nersona l  communiea-

t ion  [+J l  .  $ l i th  h is  r re r rn iss ionr ,  w€ reproc iuce  here  h is  example i l , .

c*rL*ssslsi
1) Let,  X be any compact l {ausdorf f ' : rspacg

be th i 'ee  d is t inc t  po in ts ;  le t  1 t  be  a ,Radon

x,  such that  suppr=x anc l f ( { *u t l  )7c i * i1  i= f ( ix2\  )=o"  Let  A be the

Banaeh-,sub's'pace of S*(fx[O,, i ))  ,  consist, ing of al l  funct ions

fe1  ̂ ( x  x [O  ,  * J  I  ,  such  tha t
t R  

-  c -

f  ( x * ' r 6 ) : t f  ( x ,  r t l +  ( t * l  ) f  ( x a , t ) ,

and let xo ,  xl-  ,  xr€X

probabi l i ty  measure on

crt6* ,( 1 )

( 2 ) r  (xr ,0)+r  (x2 r0,=O"do,*Jt (x,  t  )d1, l . (x)  dt  "

t e  s p a c e j ; r o ' f  A ;  i . e .  1

;  l l L l i =

6" (R* ;A  )  - t  opo logy .

the points or xxfo,]J,

L e t  K  b e

endowed w i th  the

A separa tbB

r(1) =1I ,

the  .  s ta
: '

r
K =tL€A

wi th  the  except ion  o f  the



p a i r s  ( x o  r O )  a n d

ry r-s

whereas the Choquet

p resen t ing  f  1x r ,0 )  ,

by

5 -

( x 2 r O )  r  w h i e h  a r e  ' i d e n t i f i e d ,

a v W

The Choquet 'bounda-

such thrat

.  F  
' l - .  ( .  . \=(xxLo, tJ ) t { (xo ,o} }  ,

meximal Radon probabi l i ty  measures.U,CI{r , i , i  } l r  re--

a re  suppor ted  by  { * r , * } [0 , ] l  ,  and  s re  g iven

f ( x o , 0 ) = f6A,f  , *
1-o,i J

, :* :* t r f , .  FcK.. . is i ,a.ny- e.ernpaet extremal subset,  such that t ,u 
" . r€F, 

then
\ ^ o  t  v "

where $o is  any Bore l  nos i t ive measure on

I  a v ^ f t )
q-jr1:#E-- = 1.
Lv  rZJ

A €r -  + \  +  (1 - \ )  g . *  *  rGF,\ ^ ] L  t  - , /  \ n2  . '  "  ,

[o,]1,

$ )

: f o r u 1 y t € ( o , } J " ' ' u a n y k 6 . & , { . 5 i n c e F i s c o n p a c t , f r o m ( . $ l . } : ; l , w e .

i n fe r  tha t

and ,  . t he re fo re ;  f rom ' (2 ) ,  we  in fe r  tha t

. 
.' .:.:.

r ' ' l.r F .J c:xx L0 ,tJ= (supp F) x lo ,f1cn. '.
I

I t "  foLlowsl i that  the C-closed subsets of

the subse'figi#€!:f.,-ex 6, which are eompact

e x K a r e e x K

in the or ig inal

i t s e l f ,  a n d

t opologp i



b

On the other hanclr  Br$/  ccmpaet subset Fc X*[O,*.J ,  containing , i .
.  I  r  . f  

' l - r

{ * t , * Z } X [ C , i j  i f  ( x " r O ) € F ,  i s  r n a x i n a i l ; ' e x t r e r i r a l l  i t  f o i . l u w s  t h a i

a r ry  subset  o f  ex  l i ,  wh ich  is  c losed in  the  or ig i .na l  topo logy  and

c o n t a i n s  t h e  s e t  { x l - , > e \ x [ O , ] l ,  i s  M - e 1 o s e d .  H e n e e ,  t h e  C h o q u e t

topo lcgy  is  s t r i c t l y  l veaker  than the  nax ina l ' topo logy  i -n  th is  ees€.

2)  The preeed ing  example  can be  used in  o : - ' {e r  to  show the t ,  -

in  genero l r  tne  C-a lgebra  Sr {u*  K ;C}  o f  , : subset .s  o f  ex  K ,  genera ted  i
. *
by f$c(ex  K)  and by  E(ex  K;C) ,  i r  s ' ; r ie t l y  inc iuded in  the  Cf -  q l ,ge-  ' : , i i i

bra ,Nr (ex  K )  o f  subse tc  o f  ex  K ,  genera ted  o } t  51o {ex ,K ) .  and  by

S(ex  K ;M)  "

fn order t r r  prove this,  1-et  us f i rst  remerk that  f  ar  sn.v" l
tu 1

B€q(ex  K ;C)  the re  a re  Ra i re  measurab le  subser . s  B ,Br  o f  xx fo , j J . r , ,

s u c h  t h a t  ( x o r C ) € B  a n d  E A B = B ' r { ( x o , O ) j  r  B y  t a k i n g  i n t o  a c c o u n t

the character izat ion of  the M-e losed eubsets  of  ex K,  g j .ven in

"  Examrr le  1 ,  one can f i : rd  l { -e l .osed suhsets  of  ex 'K,  that  ane no!  in  r . . t ;

3 1 ( e x  K ; C ) .  r t  f o l l o w s  t h a t

'Tndeen .  I  et .  r ts consider the compact space X.= [Or t ]  f ,O' ' {  ,  the poi  ntr r r \ . v v v  t

' -  x r i * ( xo ( i ) ) se [0 , t1€X ,  where  x@(s )=or  V .ge  [o l {  I  
and  th .e  r . i  i , { ,  g i ven  

" , ' . ,  . .
b y .

Then rr \ { (xn,ol }  ie r f -c l0s-ec1 in ex K=xx. [0, ]1. . {1xn,o)} .  l

0n the  o th t i r  hsnd,  i f  B  and B '  a re .Ba i re  neasurab le  subsets

of XxfO,21,  ' tnn** is  a countabte ' .subset  fc fo, f l  ,  such that

( x , t ) € n ,  y & X ,  y ( s ) = x ( s ; , V s e l  +  ( y , t ) 6 n ,

s g

M={ (x , t ) €xx1o , }1 ;  x ( s ) - (e ,  
" e fO , i l } .
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( x ' r t ) € B t ,  y f 6 x r  y ' ( s ) = x t  ( s ) ,  V s € r  = *  f f t , t ) G B t .

I f  ( x u r o ) c B r  t h e r r  ( 1 , t . . { ( x u , 0 ) i ) t r \ , 8 # B ' r t { x o , O ) J ,  a n d ,  t h e r e f o r e ,
fv

a A l a

mr{ (xo ,o ) l  4  5B l ( * "  I i ; c ) , ,  a t though  l , i . . { ( xu ,0 ) }  i s  M-e losed .

r'., r ["r 11- L r r \  L r v J ,  p e r n a r k  2 ,  p . 1 . 5 1 )  l r e  h a v e  r a i . s e d  t h e  p r o b l e r r r  t o  e s t a -

L l i sh  w i re 'bher  the  bou i rdary  measures ,  cornespon< l ing  to  nax i rna l  o r tho-

gbnal  measures on the quasi-states spaee of  ary\r  C*-algebra ;1,  c€tr :

be  ex tcnded to  the  S-aLgebr "a  o f  e l1  BoreL measureb le  subsets  o f  , . : . : , :

P(A)  w i th  respec t  t r r  the  or thogo: ra l  topo lo ry  o

fn  th is  Daper  we sha l l .  in t roduce. the  n iqx ima l -_or t -hogona l  tono-

logy  on  F(A) ,  wh ich  is  s ' t rcnger  ouhan the  max imal ,  + ,he  or r ,hogone l

a d d  t h e  C h o q u e t  t o p o l o g i e s ,  a n c l  w e  s h a 1 l  i n v e s t i g a , t e  i t s  p r o n e r t i e s ,

Thereby ,  the  fo rego ing . ,p rob lem wi l l  be  so lved pos i t ,1ve1. ; r .  l :1 .

, t r {e  sha l l  a lsc '  anp ly  the  resu l ts  ob ta ined here ,  and in  some

pr"ev ious  papers ,  i t  o rc ie r  to  inpr :ove  an  i r reduc iu le  "d ie in tegra t - ion

theorem fo r , the  representa t ions  e f  cx -a1geb: .as ,  wh ich  we proved i : l

(  L16 l  r  fhe  orem 4  .7 )  o

$1" fh_e nai iraal ort l rogonal topolosf

In  th is  .beet ion  we sha l l  in t roduce the  nax ima l

pc '1ogy ,  .wh ich

f  .  L e t . A

s,tate o "space

Ao (A )  bec ome s

15 g] .ven D'{

we srruir clenote bY'.O, ' .
x  f  r  

"  
' l '

b e  a n ; ,  g x - s l g e b r . a n  8 o 1 6 1 = { f e a * ;  } l  f 1 1 < 1 ,  f > O } t } r e  q u e s i *

o f  A ,  e n d o w e d  g i t h  t h e  $ - ( A x ; A ) - t o p o l o g y ,  f o r  v r h i c h

a  c o m p a e t  c o n v e x  s e t ,  w h o s u  s u b s e t  o f  c x t r e m e  p o i n t q

ex E.r(A )  = p (A) L, '  {  O} "

Let E (A )  *{ lea*;  \ \  f  l l  =1,  $ > O

I t  i s ,  o b v i o u s  t h a t  E ( A )

E ^ ( A )  "

e  t h e  s t a t e s  s p a c e  o f  A .

a  G 5 - s u b s e t  o f  E r ( A )  a n d

l x
f "

i s a  face  o f
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We sha l1  say  tha t  a  eompact  subset  FcEo(A)

i f  for  any maxj-mal orthegonal  Radon probabiU.ty

sueh tha t  b  / ,F )6r  n  E  (A)  ,  we have F( r )  =1 .
t t

I rgpgsl l ion ] .L AqI eny eonpact JL' . - - . ' e

i s ,fl - ext-remql liit

m e a s u r e  f J .  o n  E * ( A ) ,
I

w e  h t y e  6 o ( r )  n  p ( 6 )  x e x d b  ( r ) n E ( A ) = F f t p ( , 1 )  .

F * F * f A )

.  i .  j  _

Proof "  The inc lus ions

F n  P (A  )cc6  ( r )np  (a )cex l6  ( r )  n  E  (A)

i .
are 

Tt; :  f f j  rman con,rerse Theorem, we n";- ex6i (n)e F' let" ,

r l6exd?(n)nn(n), and let 
7"t  

be any maximal o:: thog'onal Radon pro.habi--

I i  ty me asurre on Du (A ) ,  such that .O (f  )  g1' . . , .1hen we have 
l*G) 

*1 ,  and ,
the re fo " * , f  (66 ( f l )  ) * f  "  I t  f o l l ows ,  by . IT ;Bauer ' s  Theorem (see ,  [ t e ] ,
P r o p o s i t i o n  I . 2 ) ,  t h a t  

f  1 . " ( F ) = { ,  a n 1 1 ,  t h e r e f o r * ,  
f = % .  

\ { e  i n f e r  - 1 r i i : , , ,

t ha t  f d ,P (A) ,  The  p ropos i t i on  i s  p roveds

P{_opoffi For any,y}- ext: :enal__eonrpaet subset tr 'cEu (A i  ,

-ex t remal  subset

!]:g "*t- 
Fo=FnF (A ) iS -r1 - extrenal ancl F#p (A ) =Fnp (t ) .

' :  
Proof .  Let  F bu a ina: : i rnel  or thogonsl-  Radon probabi l i ty  neasu- - : ' . .-:

" rGr  sueh  t i ra t  ' b ( l rue rcnE iA ; . ' g i rdn  we '  have 'o r f i 6FnE(A)  ana ,  t ' r i b re fo - '
re  r  P  13 '1=p(E(a ' )  )= f  "  t f e  i . n fe r  tha t  p (A ;  ( f , )ng (A)  )=1 .  .S inee  6 ( t " )  A  r'  I  {  

' -

a(A)  i s  &  Gn-subse t ' o f  66 ( r l  ,  t he re  ex i s t s  aL  ine reas ing  sequen-
6  

- ' -  - - - o  -  - -  ' 1 *  
'  : r(Dn)n>O o f  eonpact  Ba; i re  meacurab l -e  subsets  o f  d6( f ) ,  sueh tha t

D^cd6(r ')*E(a) ancl p(D1a)rf",  n.( i !ee IrZ]1 L€mua t] .  tet DcEo(A]
c 'ompact  Bai re  measurable subset ,  such that  DnFo=d.  14re in fer

D n F n P (A |nfr., Spd-, theref ore , we , frave .8,f1 exdb (p)ng (AI =b, by
s i t i on l . l "  We in { ,e r  tha t  D r r f lDnex6?( t )=0 ,V  r r91  s ince  Dnn  D

be any

that

Propo-

i s  a  : - - - -

Ba i re  neasurab le  . subse t  o f  & ( f ) ,  whereas  by  Henr iehs ,  Theorem (see  .
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Theor'em we infer

and th is  impl ies

that  f ,L  
(D, r f \D)*0,  r /n1.0

that  
f  

( l ' " )  * r .  The Proposi  -

[ tg f  r  Theorem ' ) . Ig)  r /4  Ea( f l  is  Choquet  maximal  on 66(F) ,  t r ]n  the

Ch*quet-Bi shop-de Leeuw

J t ,  f o l l ows  the t  
F (1 r )=0 r

t i on  i s  r r roved ,

0f eourse, fo=frh?A-) is the smallest S& -extremaL cc'npaet sub*

se+-  o f  E" (A)  r  such tha t

! . ton P (Al*Fn F (A) .

I t  i s  obv ious  tha t ,  any  f in i te  un ion ,  anc i  : inY in te rsec t ion ,  o f , '  com-

paet  $ ) * -ex t remul -  subscLs  i -s  a  compact . " f ) ,  -ex t remal  eubset  u t  Xo( l ) .

I t  fo l lqpn;, ,s that  the set S.u of  a l l  g!4lqgl l* f t  -gxlrernal  subsets of
t in -----:-

E o ( A )  i s ' , : t h e  s e t  o f  a l l  c i o , s e d  s u b s e t s  o f  E o ( g )  w i t i t  r e s p e c t  t o  a

topo logy  in  no(A)  r  whereau ?- r * { r (A iq  r ;  F ; 'Tdx}  i s  the  se t  o f  aL l ,

< : l o s e d  s u b s e t s  o f  P ( A )  r  w i . t h  r e s ; ; e c t  t o  a  t o p o l - o g y  o r ,  P ( A ) ,  w h i c h

we shal t  cal l  the,  ne:-xrTal  or th!€. : ' rg1 lQl  Bnd we shal ]  denote

i t  b y $ .  ' :

I t  is  obvious t l :at  any cct lp{rct  extrernal ,  or  maxirna} ly extrenra}

or:  or thogonal ly extrenal  subset of  no(A) i*  * f l -exL:f ,€mal1 i t  fo l . iows

tha t  the ,max imal  o r th6gens l  to ;o logy  is  s t ronger  than the  Choquet t

the inaximaL and the orthogonal .  t , ' rpoiogies.

p r o p o s i t i o n  1 " 7 .  a ) F c f i ( A )  i s a  c , l d lDac t  t : . i .  - ex t rema l  subse t ,T f

then. ex66 (f  )  =fnp ( l  )  and the." set FnP (A ) i  s  $^  -c iuas ic  om'pac t  (and

6 1 - q l o s e Q ) .

o)  I f  1€Ar  then P(A)  lg& -c tuas i .go{r l igc ,9: "

c )  I f  P (A)  i -u  f i - quas iconpgg t ,  , tA9 t I  1gA-

plge{.  a)  From (F61, fheore 'd, ,7.71

infer that

and fron Proposit iont. l  we



exAl (n) sexf6(r) n E (A ) =F n P (A )

Let  no\ i /  ( { l  ) *c f  be a deereas ing net  o f  SI  -c losed subsets  of  P( . { )  r

such that  $n i  * fX,  where 
' i l= l 'n ; , (n) .  

For  €ny cd6f  there ex is ts  (c f  . ,

P ropos i t i on  1 .2  i  a  sma l les t  compac t ,  . f l  - ex t rema l  subse t  
[ cEo  

( . r )  ,

such  thab  F .np (A) .S ' ;1  i {e  then  h ,ave  
%*% 

,  f o r  o / { i t  i n  f  ,  an t ,
e { '

thepefore ,  a (A) )n  ( r r rq , ) f f r ,  \ r i l e  in f 'e r  tha t  (n  F , in? fo  (see pro-
.t'€ i 

rr ,:1 ET ^

pos i t r lon  1 .1  anc l ' ' i i e  J ,  Theorem 5 .7)  i  he i l ce  , ,  F^ i ;  ,O -quas icompact , .

b )  f f  l t A ,  t i r e n  E ( A )  i s  a  c o n p a c t  . Q .  - e x t i ' e m a 1  s u b s e t  o f  l I o ( A )

a n d ,  t h e r e f  o r e ,  p ( A ) = E ( A ) , l p ( A )  i s  , ! f .  - q u " s r i c o m n l a c t .

c i  I f  P ( j f )  i u  f i - q u a s i c o i n p a c t , t h e n  i t  i s  q u a s i c o m p a ; t  f o r  t , h e

Choquet  topo l  og '  a r1d ,  there f  o re  ,  1€A (see [ lA ]  , ,  F rcpos i t ion  5  " l -g )  .

T h e  P r o p o s i - t i o n  i s  p r o v e d c

a

f f  .  Let fJ '  
be any iuaxinonl (maNirnai orthogonal) Radon

t ; r  measure,  such that  l in ! * ) i i  =1r  ap.d le !  F lcEr(a)  Le the

compae t  S"  -ex t rena l  subse t ,  such  tha t  F1 :  supp f - .

- o u t e r  m e a s u u e  i s  e q u a l  t o  1 . .

probabi  1 i  -

s m a l l e s t

T i reorem 1 .1  a )  The :sr! Ft{'rp{n ) r s" the smalle s! g} -c tro se{ sub-

q9!  o f  P(A)  ,  " ' shose
l 0

b ) lo{-aqv' *%rve have

i." Cr',''l P (A ) ) =t,a(r) o
t a  I

Rernark,  Here
/*"

denctes  t .he  ooundar .y  neasure  cor respond ing  to

f -  
and def ined on $e(p(n11=dnr"r l (A);  peBo(Eo(. l )  l l i ,ur ._ ihe formula

frrrnnr (A ) ) ?(D) ,
..- +---_*J

D€fq (Eo (e ) ) .

P r o o f . a) Let Dcfio (ro (A ) ) be such _1.!ret. DR! (A ) rFlnp (A ) . From

F1:suppy-  we in fer  thatp( f f i ( ru) )=r  and,  therefore,p t66(r ry  is



L 1

Choquet maximal &s a Radon probabi" l i ty  me&sure

Henr ichrs  Theorern .  5 .10r f  o r  the  case { f r " t  Lc*  i s
J J

_ f'!
Since Do= (L'n ,1 rt6? (11)e$o (c?(rr) )  ,  f  rom

Do,rrex 6o ( f  f  )nE (A) =Do4FpI ' (A )  =6

we in fe r  tha t  ru , ( ] l * )=O (e i^ ' l ce  E(A)  ie  a  Gg*su 'hse t  o f  Er (A) ,  there

ex is ts  a  Dt r653o(no(A)  )  ,  such  tha t  IXcE (A)  andr ta  (Dr )  = t )  .  1 t  fo l lows

that / - ' - ( [n )  =C, and ,  theref  ore ,
I

/ t o ( n n p ( A ) ) = A ( n i = 1 .

We inf  er  that  r i -  ( f  - -np (A )  )  *1"
/  o " r " -  " . " '

\ t le have st i l l  to prove ,uhat Fl-nP(A)

subset  o f  P(A)  ha- , ' ing  th is  p roper ty .  Th is

cond par t  o f  the  11heorem.

b)  Le t  now Fe;  E- "  T t  *n  there"  ex is ts
* L

set. B6J5n (8" (A ) ) , sucb tl:rat

FcB and 
rt .e(B)=1"(F).

f t f rrllorvs that Fnp (A )c3nP (A l end

F-x.

$ " ( F 6 P ( A ) ) = f .

on 66(r r )  (see F* ,
maximal ort ,  i togonal  " ]

i s  t h e  s m a l l e s t  f I  - c l o s e d

vr i l l  fo l1ow f ron  the  se-

:  _ . .

a coropac t  Ba i re  measurabLe

l-et  uai

e  ) . , ,  the  mea-

infer t i :at

have

( ] ) fr-l ctrr (A ) )1f1' (Bnp fa ) ) *li(B ) i*(t) "

I f  y * ( ! ' )=0r  t i ie  requ i red  equa l i t y  i s  1 r rover1 . , . . i f  , r "4 " (F) ;gn

define r,}  =,-r(F) - t{ :*f* 
1 Then by f  [r" l  ,  Proposi. t ion 5"]-.6,

I  
' F i  L

s u r e  $  i s  m a x i m a l  ( m a x i m a l  o r t h o g o n a l )  a r r d  y ( f ) = t n  W e

s u p p $ C f '  a n d ,  t h e r e f o r e ,  f r o m  p a r t  a )  o f  t h e  P r o o f  r  w €

( 2 )

Let  no \Ar  BsBo(Eo(A) )  be  such tha t  f i ;h rp (A) .  F rom (z )  we in fe r
. U

that V* (nne (a ) )  =r,  and , theref ore , .hl  (g) =t.  By the def ini  t , ion of t

i t  f  o l lows that ,  l t (n l  =P(e n f  )< ja(B)  i  i  . 'e .  ,( I I
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,r.l"(r)<j^"1rr'ftP(A) ).

n o ( A ) ,

8o i r , l , ' * ) .So  (p (a ,  fo  .

/"&(r)<fo 
(nnr (A ) ) '

and t i : i ,s  impl ieo tha'u

( 1 1

From (1) and ( .7, ,

'c 
) let now

the required equal. i ty imnediately fol lowsr

fCT^ be sueh that ,
dL

rv Jr

Ar^ (Pnp (A ) ) *1.
t s
t '

Then,  f rom b) ,  lve in fer  that  
f ( r l * r  anc,  therefore,  r lc . " ;  hence

rnnp (a )cFnp (A ) r
|'

and the  theor .en  is  p rovedo i ^ + . .

Theorem l - .2 .  I f  r , r "ia 'anfinaximal max imal orthogonaL Rnd,rn

probsbi i i t -y measure orx sueh that I t  b ( f ) l l =f  then

Pr:oo l ' .  Let  F€T^ be such thst
i . u.{.

i . : , ; 1

Oo

P ( A ) \  F  = r J  ( r r n r ( n ) ) ,
n=0

where (F^)n>O

assurned to  be

we infer that

is a sequence of sets fr ,€ 
Tlr 

tr)Or which can be

increasing. From FoFrrnp G) =fr andfl;fr= m*i.proposit:i on tt

exd? (rnr*) n E (A | =fi ,

Since the aff ine upper sernicontinuous function G (fnrrr)?fl+l _ il fti



,Fi fo (A)rr'') =sup{I* (r'rrnr (a ) ) ; n>o} = .r.,n{p (Fi.)'; r,>0}<r-4(r) =1-

-FXf  pnp(A)  ) .

( s e e  a l s o  I r d ,  c h , I ,  $ 1 . 5 1  p r o p o s i t i o n  r " 5 . 2 ;  f  t 6 J ,  p r o p o s i t i o n

1 .12 ) .  r t  f o l l nws  tha t  Fn  p (a )  i s  Fo - * "asu r .ab Ie  and ,  the r .e f  o re ,
J

.:'we have the inclusion

9u{r (A ) ;o). Go (P (A )

fhe  Theorem i rs  p roved.

.  Rer.nark.  15s preceding The-orem shows that th-e Lebesgue compt-e-
ni

' t i o n  o f  S o { n [ a ) )  w i t h ' r e s p e c t ,  t o . f , u "  i s  e t r o n g  e n o u g h  t o  r - e n d e r' i v

"measurab le"  an ; r  
" f ! -Ba i re  measurab le  sub,sd t .  o f  p (A) .  The nex t  s tep

wi l l  be  to  ex tend the  measr l re  ; .  .  in  o r< le r  to  render*measurab le , ,
I  o ' ,

any SI -Bore l  measurab le  s r rbse t  o f  p (A) ,

lhe ),Q' -algei5rd of sub sets n1tr trr r 'a \
Y .  

I : o \ f r i ,  t

15

is  s t r ic tLy pos i t ive on 
: "66( fnnrr ) ,  f rom

Theorem 2)  we in f 'er  that  t i f  l i< l  ,  for  any

f € r

f[rel, Theorem

f6co(FnFn)  and

1.,21 [, PJ ,

,  there fc -

! ' f r  FanD(A)=0r n)c.

f  t  f  o l l -ows that 
f  

( r '  f \  Fr , )  =0 r  aad ,  theref  ore,

(r) 
Tqrn)$l,

We infer that

I r r  .  Let now %(nu ra I  I

g e n e r a t e d  b y  % u S o i n o ( A )  ) ,

s u b s e t s  o f  p ( A ) ,  g e n e r a t e d

a n d  t e t  G ^ ( p ( A )  )  b e  i t h e  c - a l g e b r a  o f
A- .l L\a

by Tou "{}o (r (a ) ) , where

n)o.

) - .
f"

b e



T4

r + 1

F€ '+^  | .
ttJ,'

D € g  ( E @ ( A ) ) ) ;

I!" o:S*, :!.L;.E9I .qny naxinal  (nax' imal ortho o n a L ) . R a d o n

bi l i ty  nggsure 
,p l -  _qn Ee (A )  , sueh that \i U (;r111=f ,

I

the formula

qxt erlt l g

regular

Ftcfrl ="onigu) ;t{et (8"(A) ), Mnp (A)ii{}, Ier*ery&*4;,t (A) },

^rr-f],
to a plslabl$U_me.e:glg. F"f

I

the sense that

I t
r'- Q

1 n

"t pfrfi'y =",'p{fr;acFl ; ?.i}, ?=FnP (A ), r.*f,\;' r:eib fi.irr (A ) ),

whe{e Tl={re q ; FcE (a)} "
U"""""#, -e-h*,Ffr;l =[]ri'l

S (pra
la.

';\* i.; { 
,i

^ r . - *r€ L;

hoe ru I 1 ={nnn (A ) ; teso (Eo (A ) )} ,

and

t

ut =4rrrP (A ) :
n v

L)L

i s  t h e  s e t  o f  a ] l  , . 1 Q . - c i o s e d  s u b s e t s

A.

E ^ t p 1 ; 1 ) = { u n p ( A ) ;
rli

and,  a lso ,  the  fo l low ing  inc lus ions

A . N

E ^ ( r * t a ) ) c f 5  ( p ( a ) ) ,
v 

Lfr

and

So( r {a )

We sha l t  now prove

;f,r.) c B (p ft ) ;.fi)c %(F* 
(a I )"'

< l f  P ( l ) . O f  e o u r s e  r  w e have

proba-

w h i c h  i s

, for sny i . € .  I
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& ? \
B € ' $ 6 ( P ( A ) ) 1 ,b l,;$Fl =inr{F. tE't:  F c B ,

4..'

fql any Fe
(7

,fL

proo! ,  T ,he  rne thod o f  p roo f  i - r  an  a4apta t j -on  o f  tha t , :g iven  b ; r

C . J . K . n a t , t . ,  f o r  t h e  c a s e  u f  t h e  g l e r l u e t  t o p o l o g /  o n  a r b i t r a r l ' c c n ' n A e t

e o n v e x  s e t s  ( s e e  f Z J ,  p . 1 O 1  a n d ,  a 1 s o ,  [ : g , 1 ,  p r : o o f  o f  T h : o r € r r  1 5  )  .

I lenr ic l , s t  Theorem (see [ ;e ] ,  Theorem 5 . iO)  i s  invo lved a t  sever : . ] -

s t a g e s o f t i r e p r o o f , i f A i u a s s u m e d t o b e o r t i r o g c a a 1 .

a) t ror  any BcEo(A; we shal l  def ine

,^ i te)=sup{, t r ( . r )  ; rn T; ,  FcB } ,

/Ltg 
=supii ' (r ' )  ;F€ T,.L ,  F.rP(a)cRoP{a)} '

'  
b i  We sl ia l - l -  f i rst  re inark that  for  any € > O there exists an F € T; ,

s u e h  t h a t ' 7 * ( q ) > f - e .  f n c l e e d ,  f  ( A ) c p o ( A )  i s  a  G ; = s u " b s e t ,  s p q h  t h a t
i  €  "  . o

p ( E i A ) ) = 1 .  F r o m  C [ f f l r  T h e o r e m  2 )  w e  i n f e r  t h a t  f q r  s n y  f  > O  t h e r e
I

e-. ; i  s t  s a c ompact ext , :engl  (gaire me asl l rable )  sub'set  qcg (A )  ,  such
. €

that f (%) 1-€ '  I t  is  o-bvious", that  f  €; , f . .

c) We have t l ie fol l<lwing pr:opert ies

i )  
f * (B )=< f ; (B ) ,  

f o r  anv  Bcno(a ) ;  obv ious '

i i  )  /A; (r)  
1(r) ,  f  or 

". ty 
F6Ti- lncleed , f  or anv Fe S we have

' rn l re  '5 f ,  and Fn[cF.  I t  fo l lows that / r : ( r )> f (Fnrr )>Jr(F] -€ ,  for  anv

f  >0,  and th is  i rnp l ies that  
/ . ' " fa)> l " t ( f  )  "  6q the other  hand,  fQr

n ^

f *€To.r  FocF we have F(fo)<l , t ( l , " ) ,  
and th is imp.I ies thatAoo'u)<r ' r ( r ' )  '

i i i l p ; ( B ) = 1 , l 4 B ) ,  f o r  a n y  B € S o { n o ( A ) } "  I n d e e d ,  t h i s  j . s  a n  i m m e -
! "

d ia ' ;e  consequence o f  6 [ i f1  ,  theorem 1r  Coro ] la ry )  and o f  remark

b )  r  a b o v e ,  i f  w e  t a k e  i n t o  a c c o u n t  t h e  f a c t  t h a t  
% ^ O o a { ,  

f o r  a n y

c o n p a c t  e x t r e n a f  B a i r e  m e a s u r a b l e , : s u b s e t ,  D o . X o ( l i  " .

iv)li (G) =f-(c) , f or any Gr*eraboafce{ (.+) .

I n d e e d ,  t h i s  i s  a n  i n m e d i a t e  c Q n q e q u e n e e  o f

we a lso  take  in to  account  remark , - [ ] ,  aboven

r [rz] r, -[h9.P.tem 2 ), i f

" )A ; (B )<P(B) '  
f o r  sny  8€&86 . (A ) ) .  rndeedr  sn r l  Radon  p robab i -
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l i ty  measure on a compact  spaee is  regular  by c losed (compact)  . ,

s u b s e t s .

v i  )  i ( r  [ (B)<pr-191 ,  f  or  any B€3"(Eu(A]  )  .  rndeed,  by Theorem 1,b )  ,
l r - , l v v

fo r  any  Fg" l  an t l  ,&r r3 r  B6 'go(Ee(4 . ) ) ,such tha t  I r r l , (A)cBnP(A) ,  we have,  . . i t
'  

l l l  
- i r -

rr-ln! :il*rrr^p / q ) )<Fo (Bc\p (A ) ) =p(B ) .
/ -  

. ^  , .  
r ! ,  

-  r  F  \ . .  r  r * r - - o  \ . J r  B  \ . . . ,  ,

vif  )  1* &(r1)+,,r i ine)nr;fBfBz ) and'f3{Br)7;(82L1; (B1u82 } '  fol

any B1rB2cE"( .1) , r ,  such tha. t ,  B10B21P(a)=6"  fndeed,  the f i rs t  inequal i -  ;

Ly., i . .s obvious by the c lef i .n i t ion of  l * f  r  i f  vre take into aecsunt i ,he
4

f  aet that F1rF2el,  r1cB1 t F2cB2 4 FlnF2nP (A) =0 trnd ,  theref ore ,  by

proposit ion 1".3 ant l  th.:  Krein-I f i tman Theorem, we infer that FrnF2=6.

A s in i lar  argr iment  works for  the second inequal i ty .

d) 
' l ,et,f l '={eeS5tro(^a) 

) ; A;fs)=1..r(B),p6{ee)1"(Csti. 
.1hen f i . 's a

s-algebra r such that F*e.zt" r by'*t, f i) and iv) ; and also 
.8o 

{no (A')'}cs\' ,

r  b ] r  c r .  i i i ) .  r t  f o l l o w s  t h a t  1 )  ( r " ( R ) ) c $ ' ,  b y  t h e  d e f i n i t i o n  o f  : i '
f L v

%(ro(A)  ) . ' , .- i  i  , '

e) Let t1'"={ne $*ruo(a) );pi,(B)1S(F,, fSf0sl=pfCB}}. l rren ,. f l .u. i"  a , l

o--a l8ebrar  sr*ch that  S lo{nofA)  )c"** ,  by c , i ) ,  c rv i i }  and d) .  l t re  obv ious

ly  have 
P(rokp[ (Fo) ,  

for  any Foe$tuse* 'b) ) .  on the other  hand for

any €>O there ex is ts  a  I .X€T; ,  such that  i

Since we have tha t  Fo1F1e ${  an< i  FoAFlnP ( i l * f , ,  by  p ropos i t ion  I .3 ,
g b

r ' )  and t ,he Krein-Mi lman Theorem, we infer that  FoA f f=/ .  I I I€ have,

t h e r e f o r e ,  ' i . "  .

I ) (Fourr) 
ilF" ) t1(r1)y(ro) Tx 

(tr, ) -f ,.

and this impt ies thatp[{ern)<fb{Cru),  Feeq,"* n,- ,

0n the other handr w€ have



,u-i 
( 0ro )<p; (Cno )<p.(Cro ) =/t {0r" ),

by tak ing in to

f3 (0 r 'o l? ( fFr ) .

a c c o u n t  c ,  i ) a n d

F r o m  c ,  v i i )  w e

d ) .  I t  f o l l o w s

norv inf'er that

that we have

hav*l;^$^C 
"4'l

_1.7

and,  theref  or r?  r  |L ; (Fo)- l ( to l  ,  FueT- . .  we in fer  that  we

and,  therefo: :e  : , : .  :  .

Df [ (ro)y;0rol>+(ro) +f(er@)..r,

Ftru*(A) )?(B),

,rt"= uno 
(A ) ;

i  . e . ,  i r r  l l  i g1= i , r (B ) ,  B€g  (n^  ( r l )  )  .
! \ t i - , p v

j : f  )  $€$i : {Eo(A) )  and B6p(A)=d+lr-(g) =c,  Tncleed,.  th is is an i rnme-
l$*l"i?^*e,'rr
d iate-\ tof  e) .  f t  fo] lows thst  b;r  the fornl l -a

( x )

w e  c o m e c t l y  d e f i n e  a  p r o b a b i l i t y  m e a s u r e  o n  6 ^ ( p ( a ) ) ,  , e n d  w e  h a r r e
L(L

I lH l=sup lpc r l  ;  FeT ,  rn i (a ) .EL  EeG (p (a ) ) .
I " ( i , J I - u f t

Equa l i t y  a )  in : the  s ta temer : . t  o f  the  Theorem is  now an immedia te  con-

sequence,  whereas  equa l i t y  b )  fo l lows f ro rn  f ,heorem 1 .1 ,  b )  r  and f ron

e ) and (x ) , The The orero i s f,rove'd .

Rcmar l r .  A l though the  de f in i t ion  o f  ther :Bax imal .  o r tbogona l  topo-

lory involves only the use of  the meximal oethogonal  Radon probabi l i

t y  measure ,  whose barycenters  a re  qUut " "11  Ar  by  the  prece,d inQTheo- d

rem arry 'maximal Radon probai : i1 i ty; : , : rur i ia 'sure n 'hose barycenter. , is  a sta-

te  o f  A  can induce a  measure  on  S- tp {A)  ) .  I t  i s  an  open prob le rn  to
lll-

estab l i sh  whether  the  max imal  o r thogona l  topo lo ry  en  P(A)  i s ,  in  ge-

5e%(Eo(A) ) ,

At'gd, l;!9 
^r^,'t
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nera l ,  s t r ic t ly  s t ronger  than the maxi rna l  topdlogy:  f ,he fo l lowing

Theorem shows that,  b]n : :estr ict i rrs t .he ext?nde<l boundary measurQ

- , f t

I . *u to  $(p(A)  i "Cd,  anc1,  then,  by pass ing t r :  i ts  Lebesgue cornplet ion,
l v

no in fo rna t , lon  is  l rs t , ;  i .e . ,  "e jc tende4-  lpuq{g iy  -Eea essen

ti. a lly , B_ore l- mg aPu,rqs t

The qlero _] .4 a)  6  ( t r  (A)  ) "sJ(P (A)
.SL

;nf,,.;
b.  t o

b)  i . *  i s ' c -conUi -nuous :  i ; . ,e  o , ,
l ! @

I

p*tX{ ) =inr { $(L" ) ; "ce r} ,

fol anyjgqlessi3e n?_! / n
o( t . r oj lJS-ulosed s u b s e t s  o f  P ( A ) .

I

Proof. !/€ obvriousl3r have

r u r y

F o r  a n y  E e  $  f p ( A ) ) ,  b y  T h e o r e m  1 . ? ,  a )  t h e r e  e x i s t s  a  F  - s u b s e t

A., 
tf).- 

" 

;' i cp ( l ) ,  
a r rd  a  C6-subset  Sc?(A)  (w i t i i , , respec t  to  the  max ina l  o r tho-

c, N tu tu

gcnal  topolog,y),  such that FaBcG and ' -

S,?,*38',=p$6r.

rt '  fot lows that EeS(p(A);,f i fal.
lno

b )  f f  
{ c E o ( A )  

i s  t h e  s m s } l e s t

s u c h  t h a t .  
* n p ( A ) = { , d e  

I ' 1  ( s e e

(e ompact ) Jt -

Prooos i t  i  on

ex t remal  subset  o f  E" (A)  r

1 . 2 )  w e  h a v e

.*i €
j

7,r" 
(;?rr 1 =i"r{,uf i I ;"ier} =inr{Ft({ I ; ",g{u,[{,!ri 

, ?lr?rL ) ,

b e c a u s e  n  F .  i s
"f eI 

^ol

( o  r  ) n p ( a ) * n F

(courpact ) ,Q,

The Theorem

-extC€rn&L subset

r 
^\J

rs  p rdved.  J ' .
4.eI otel "l

o f  Eo(A)  '  such  tha t



Le t  now F  cSo(A)

Er (A)  r  . r i l ch  theL

' l n
. L 7

be the  smal les t "

F-r ) suTrp [L.
-!- i

q"g{S_Llgr.I. $g_:S! ?r=rrnp (a )

9 {  P ( A ) ,  . s u c h  t h a t  p } r r } * l ;  i o e . ,
o. fL

fo '

(c :ompact)&*ext remal  subset  o f

lhgl imal lest  , fg -c losed suirset

IS--!!9. 1[-c]-olieC support of

p. iven formula  (x )  in  the

1 - a

- [ r
I

!I9gI: ev t)

proof of  Theoreru

e  d e f i n i t i o n

I " 5 ,  w e  h a v e

. v r  O
^ { r  1 ,  * €

" *  f *n l
I

bJ,

^ r ' O  -  ' 0

f ;1F1) =ffri"1nr'(n

r f  ?oe? ,"  such that E*r i l , :=t ,  anrr i f  r r^€T is such that
J t  / v '  

' J ' \  0  i I
FonP (A ) #a , then

rt;$i'"),"p(r") ;

hence r  l 'o:supp;a nnd,
 3 

I

:  FlnF (A ) =Fr.

' ' i " :  
IV" fhe reBLrlar i ty cf  the nea;**rr  [ f  i rnmediately i rnp-] . ies t ,he

T \ /t '

' f  o 1 l o w i - n g  e x t e n s i o n  o f  L u s i n ' s  f h e o r e m .

'  
a . r r f )Theoreur  1 :2 "  t? t  f : p (A ) * rc r  }e  any ,d -Y-  measurab r .e  func t i on "- / u

then,  for  .eu.  €  >o,  there -ex is* ts  an JL -c losed gubsgl  lcp(A)  ,  such
- r u , O *t iB lp f f r r l> l -€  anc l  f lF ' is "a-  ,  ?  can bq_i1ss*ned

t o  b e , ( ! - quas i comnae t  "

Proof .  Gi ven e )0, we can f ind an rr€ Tj,  such that.  lA (!hi)> 1- $ ,*  .4 .  I  'a-  
L

and an .fL -ct-ssed subset io.p (a ) , such that 
/fr i" lo 1- f. .  andu,f,[]" be

boDnded ;- t,heref ore , there exi st' m, L{ 6 lR, such that n5f (x)(T,f,;,",xe }o*

)  )  =f(r1) =1.

there f  o re  ,  ForF1,  i t .  f  o l lows tha t  ?"= I ,on f  ( l  ) :
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F ^  * c P ( A )  r  s u c h
'v

such that for  Hr.=

i, s defined by

f  hs r+  
' l i  

e  T , t  
&

" . : 'u "  
I 'n rocEnuo end t r 'n rk tE t rk 'Er rk - i  t

ta .\r' -@--'

U F,  ' -  've have ,LL(H-)> l -  €  .  I f
k = O  

r ' 1 4  
I  o  I r  h

tr
t*=,$o(m+k Yot,o

\ \ ( fn- f  ) I ;  \ \^< * .  r t  ro l tows rhat
, rn  oo  r r

requ i rements  ln  the  s ta tement  o f  the

' , i

exi  s ts  "a '  BoreI  measdrat r le
r-  - ' l  ? Fr

L 9 J ,  p . 1 7 ,  L 1 0 J ,  C h . V ,  g Z 2

s u b s e t  k S ,  s u c h  t h a i , :  f  ( X )  ( S i B ) = 0  ( s e e
'ts' "

f - -:1 r- -'l

;  L 1 5 j ,  L ] 8 J )  "

Let  t r )g  ,  i60{x ,  be c i r6ssn such that  F g 
i=* .  r f  8 , .  r .= f - l ( ( - ,m,

r = t  
r  q  D I K  '

plkM:ln1)n?o' nc $tr#l kestrr by thc regulari ty or i f  *e can f ind.o-clo-

s e d  s u b s e t s

}{kdn, and

f r r : F ( A ) - +  n

then f* is ccnt inuous on frr ,  and

.v 'ba ru
the  se t  F=F. rn(  n  I { - )  meets  the-  -  j ' " n p l " i l '  

.
T h e o r e m .

,  Somet imes a  probab i l i t y  space (L { rA , ) , )  en jc r ' rs , the  proper ty  o f

be i 'ng  -PSr {99 !  (a r  eues i -compact ) .  Th is 'means tha t  fo r  any  }  -measu-

rab l -e  funet , i04  f :m-+R and any  f *  ( ) , ) -measurab le  sub*se1f  Scn, ' { ! ( } }  i s

the  fu ] I  d i rec t  inage er f  t r  th io r rgh  f  ,  de f ingc l  on  the  f -a lgebra '

t  (g ;1= isc  n ;  I lC t l€8 ;  )  ou  L ( i )  ( s )=Xr - l ( s )  ) ,  s€+  € ; ) ) ; , : . t he re

:

tlg+gg*g: The n?asur:e 
/f,Af " 

(A ) ;nfrr-+[o; rl
:  .  l o

'p - tpo. f  .  I :e t  scR be suc.h t i ra t  f - * (s)af t (p(a) ;o f i .o  where f :p(A)-' ' 
* 

'*i l^rp,S'easu.sbr.e 
runetion, and sc G t;::; f ' ,*p measu-

rab le  subset .  Fo t '  a  g iven  €>0 we ,ean f ind  an  JL  _c losed e  _quas i_  *

compac' t  subset  ?cp(a),  such that  ?.r -1(s)  
" r rc | . f r r - ]  (s l r } )<f  ;  and,

' . v,gelr i€over'  such that f t  i  Ue Jl  -cont. inuous. Then f ( i lcS is a compaet
, + g r . f ' g { i f i ,

subset. of R, such that

f
,s

' i  s  p e r f  e e t  .

{ptl rr,'rr}'l ) < € .
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The Theorem now irnr: lecl iatel .y fo l lows"*

V .  I t  i . s  e a s y  t o

PcP (A ) : l s "i l  -c ,-osed "

see tha t  a r \y  ( re la t i ve ly )  C_c l -osed subset

I t  fo l lows.  tha t  we have

S(p (a ) ; c )c$lfp {rr ) ;o},

of the

R\fu.l

f 'or any

func t io .n

and, arscr ,  s ince 
FtGl=FleFl  ,  i ' t  fo l lows that  

Ff  ts  an exrensj .on

measurep- i r  cr .ef ined as i - ro [z]  r  or  f raJ"
taking into account the resul ts f i  om [ ig. ]  r  w€ infer that

s e m i c o n t i n u o u s  b o u n d e d  a f f i n e  f u n c t i o n  h " : E ' " ( A ) +  n ,  t h e

ho\P (A )  i *  p '$-reasurable ,  and r ,ve have

ho (b (f) t ro(nlopfn) "

Let Axx 5* t .he sel f -aci jo int  ,p 'ar t ' . ,of  Artr ;
6d-

t ,a ined b1r adjoini .ng le l**  to A; let  ( ; '_ a &

cons is t ing  o f  a l l  e lements  o f . , .Axx , '  wh ich

to a(Axx;Al ' )  )  of  bounded i l rcrea.siRg 'nets

- l r m
denote  by  r ( ,O i  j ' ' ) -  t i re  norm e losure  "o f6&

the  fo l low ing

I

J =  )
P ( A )

l\/

snd A the  C- -a lgeDra  ob-
- m
) ' "  be  the  subset  o f  A f ;x

od-

are  l j .m j . ts  (w i th  respec . , -

o f  e l e m e n t s  i . r f  
l ,  

a n d
r u m D t \

( a  ) ' '  i n ' A = t ,  l i l e  c a n  s t a t e
a(! 4A-

c  on t inuous the funet ionr

art
xGA"'^

/.XL

x l p ( A )

!!ggf9*.1-:l: F.or any _, ,. such !!la! x \E (A )

.u+Fmeasurab l  e

1 s  ( l o w e r )  s e m i -

and we have

( x ) x(ufr" ) )= x(p)ailf lrr) "I
P ( A )

proo f .  Acco rd ing  to  t [ f+1 ,

be longs  to  (  ( ;  ) n )  
-  

:  t he re fo r i e  .
" a t d - '  

I  '  
v ' 4 e r  v r  \ / r  e  t '

rem fo r  le lements  x  be long ing  to

P r g p o s i t i o n  J . 1 1 . 8  )  ,  t h e  e  l e m e 1 t  x

i , t  is  suf f ic ient  to pro-ve t ,he Theo.
. ! m

(A , .  ) ' ' ' .  RJ '  tak ing in to  account  f  [ t r faa-



2 2 ;

P r o p o s i t i o n  5 . f  1 " 7 )  r  i t  , t . "  s u f f i c i e n t .  t o  p r o v e  t l : e  T h e o r s m  l , s r .  e l e -n^^q^,\-t\ * G*.r*"*fr -J:o (4"J, No',^r &frr^ is> <t- c..n^r>e2l^-sr,tq-eJ
: '  .  :  o f  ( . n g j ,  T h e ' 6 r e ^  2 ) ' 7  i f  l v e  t a k e  i n t o  a c c o u n t  t h e . f a c t  t h e t ,

,U ;o t "  
an  ex rens ion  o f  

F . lS (p (A ) ; c ) .

Q . E . D .

By sl ight l l '  extencl ing the not ion of  a unive: :sai l : r_ggg: l lgUg

9- -19"9 ! ! ,  g iven  i *  f t r+ l r  p " i04) ,  and tna t  o f  a  s t ro lg ly  [n iversa l l y  : .
.pga$g{gl ]S bounded af f ine r :eal  f 'unet ion,  as defrned i11 f [ rg l  ,  $v,)  ,  

.

we shql l  say tha+ an element x6A::  is  qtrongly uni .vergal ly-meisu.ra_ 
"

b l e  i f  f o r  a n y  f 6 E ( A )  a ; r g  s n y  : _ )  O  t h e r e  e x i s t  y , z € A x x ,  s u c h  t h a t .

t h e  f o t l c w i n g  c o n r i i t j . o n s  i : o l d :

d  )  y  l l t  (A  )  i s  upper  sern icon ' t inuo l rs ;

, 4 )  z t E  ( A  )  i  r  l o w e i -  s e m i  c o n t i n u o u s  II

and

* )  y<x{z  end f  (z-y) ( { ,

We hov€ nolv

gL9gr-g. For eq''r s !3
E A

: ;c: [*r  t5g f rnct i .n x lp (A )  i  s  f ,* ,* .asura,bie and. . \

( x ) x(b (r"t)  l=-,{ .  "(nlofr"tnt IJ  P  ( ,1 )

{gr gn";-. 
*na^on pronaUf fity--me&sure ,}k t

Isuc4_ tlrgl i l  b $r)\l 
=r. :

p"?o+ S in i la r  to  tha t  o f  ( t r91r  Theorem 5) .

'  Rqqal$.  somewhat  s t ronger  resu l ts  ard ' : 'obta in€d, , : i f  the measura-
b i f  i ty  o f  t i re  funct ions invorved is  s ta t*d. , * iTr ra""pu" t  to  the rea, -
t r ic t ion 

" t  FSto S(p(a)  ;c ) .  o f  course 1. , i ,ga: '6 i1  s ta tenents  ane: , t r 'ue;
as one can eas i ly  i r i fer .  . .  -
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$2 " Ihe*c.ano$ic_al_lrrqdueiEle di si l tegrat ions .gL ! .h*,1

r-e ple sq{r! a t i og-_q{ Cx- a 1Se b r_a s_

For  en a: 'b i t : :ary  cx-a lgebraf i rve s l : i r lJ  nra in ta in  the notat icns:

in t roduced in  the precec i ing sect ion.

f "  Any p6P(A)  exter rds to  s  normal  pos i t ive s ta te of  At r r ( ,  and

i t s  sun l ro r t  e -eAox  i s  a  ru in ime l  ; ' r r -n  i ee t ' i  on .  conve rse l v -  rnn  nn "  * ' l
p  

l -S  A  i l i l l 1  l l l 8 r  ' r r  uJ  yu  u . , . u l r ;  COnve f  Se l y  I  I  O r .  any  m l .  -

'  n inna l  p ro iec t io l l  e€Axx  orne  can < le f ine  a  pure  normal -  s ta te  pep(Ax l t )

by the formula

e a e = p ( a ) e ,
s&

a€A-- - -  ,

' anC the  r 'es , t r i c t i cn  o f  p  to  A  is  &  pure  s ta te  o f  A ,  whose suppor t

i n  A x x  i s  e q u a l  t o  e .

T h e  G N S - c o n s t r u c t i o n ,  c o r r e s p o n d i n g  t o  p e p ( A ) ,  y i e l d s  a  H i l b e r t

s p a e e  l { o r  I  s u : ' j e e t i v c  n e p p i n g  0 n : A *  H p r  B f l ;  i r r e d u c i o l e  r e p r e s e r } -

tat- ion' lTO:A-+y(Itpi  end e ,  i l fn:e. l ' ,e1ie yeet,or l  €ienn, such tnat

' on - the  
o the ' r  hand ,  i t  i s  easy  to  see  t , ha t  t . he  sca la r  p roduc t  on

. t x
A-^ " ' eo r  g i ven  hy

t aeol beol = p (b*a ).1 a , b dA*s ,

endows A*o" -  w i t l i  a  H i lber t  space s t ruc tu re ,  whereas  the  mapp ing
IJ

un:Hh.Ol (u )  r ->  ae 'eAe 'cAxxe '  i s  a  un i ta ry  ope- , rs1 f i : .  f  t  i rnmed ia te ly

fo l lows ths t  AeO*A*se,  ,  and, rp  6s te l+ i -sbes"a  un i ta ry  equ iva lenee

of the representat , ion ' I rb wi th the ( ,bef t )  regular reDresentat i  on

P O  o f  A  i n  f  ( a e ' ) ,  e u c h  t h a t

t rr3"=*- '
r P
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IT .  For  an f  s ta te  fo€E(A)  o f  the  arb i t ra ry  C**a lgebra  A,  the

GNS-cons t  ruc t :on  ,  c . l ruespond ing  ' to  f  o ,  
y ie l&s  a  H i lber t  space H.o

e
a l j -near napping Sn'  :A *> I {"  ,  B represenl  at ion Tl-"  :A--+, f  tu" )  and

* o  
" ,  . ^ o  

* o  * o

a  T n ^  - c y c l i c  v e e t o r  { " * U "  ,  s u e h  t h a t
t o  - , . t ' "  *o

+  / ^ \ -  
o  ' 3

I o (4, - 1-;rfo (") {*,1 .:;U") ena

If  A i .s commutat j " , ie unr l  has t l ie

Na imark  theorern ,  A  is  i . sornorph ic

cont ' inuous  complex  func t ions  on

i s  a  c o n p a c t  s p a c e

The fornula

^ ^ o
A^(a j  =1 i+  (a )  {^  r  8€A .
f . ,  

*0 fo

unit  efenen' t ,  then, by the Gelfancl-

w i th  t l - re  Cx*a lgebra  C( ;T i (A)  )  o f  a l l

the  max imal  spe t :a ; rL lmTn(A)  o f  A ,wh ich

Af 
i'l =ffi, (a ) , a€A I

where '?eCf lWl )  )  cor responds to  a6A bJ  thc  Ge l fand-Na imark  isc inor -

ph isn ,  de terminbs  a  Radon prohab l l i t y  r reasure  , ,L  on  ̂ |K(A) ,  to  wh ic t :

one ean as ,soc ia te  the  H i lber t  spsce r r2 f l t t (s l , i . j  .  By  the  Ge l fand- .
I

l la imark Rdpresents-t ion The oi iem (see l fal  ,  C(.[ ,61]) ,  the mapning

Ar  (a )e>E ' r -+ f i :  ex tends  to  a  un i ta r . ,  ope ra t ' o r
o

u: ilf a 12 nit(a ) ,1t) ,

which  es tab l i shes  a  un iLary  equ iva lence o f  ? Io  w i th  T :A+f  ( f2 ( f t (A) ,
2  

- o  
2

i ^ . ) ) ;  where  f  q l  deno tes  the  c t - . " r ss  o f  Veg ' (m(a ) , ,e  i n  L ' (T , t (A )  , )L ) ,

whereas  T  (a )  i s " the  "mul t ip l i ca t ion  opera tor ' ,  o . f  . . l f ;@" ]  ny  a :

8€A ,q6H'arru*r,r).

Let  us now make the fo l lowing remarks: ' ,  , : i

1 .  The pure s ta tes of  A are in  b i jec t j -on- :wi th  the evaluat ion rnap-

p ings

r (a)  [<pl  =GqJ ,
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A?a -+ E(m) , ue?((r\ ) ;

2 .  r f  w e  d e n o t e  u v # f t r ( A ) , 8 c ( y l i ( A ) ) )  t h e  o r d e r e d  r e ' e l  B s i r a c h
rA

spac. i  (endower l  w i th  the  sup*nor ra)  o f  a l i  bounded Ba i re  measurah l -e

rea l  f 'uncr t ions  on  ? t (A) ,  then the  same sp€rce  is  a lso  the  smal - les* "

se t  o f  reaL func t ions  on '? ,u { {a ) ,  v ;h j -ch  cor r ta ins  c (?? f (A) ;F) ,  and is

c losed l , I j . t l i  resDcct  to  the  tak ing  the  po j .n t . -w ise  l in i t s  o f  bounded

m o n o t o n e  s e q u e n c e s ;

on

t n

f f& ' (K (a ) , ; r1  ) rwh ich  i s  un ique l ; ,  r1e -

t 4w

7,, f  f  we der:ot,e uy , f f  i f (A), ' j l ( i t {(A) ) )  the spsce ef af1 Bar-el ,  -

neasura l r l . e  boundec l

X*{ti(:.), B(ftr(a) ))

e omnl  ex  fnn  e f . i  ons

is  1 i -  -e ( lu iva len t
I

ean be  ex tenc led  . to .  a  represe,n ia t ion

?;i(A) then any tg €

a hounded Bai r "e  measurable

eomple: r  funct ion t /eY*( t ' l i (a) ,  S*0 i1(A)  )  ) ;

4 ; . ' T h e  r e p r e s e n t a t i o n  T

r w or XinCf r ) ,$o fi"$(A) ) );,.in,r,o

t e r m j - n e d  b y  t h e  c o n d i i i o n : '

( f t
l h

in Yi'rtt(a) , So (,lt(A ) ) ) *+ r*(gnitr*(q) in y(12 fii(A ) ,n) .

5. The inclusion c ( l ' f (AJ ) . -# i r ro)  ,  3o n. i t (A) )  )  has a general

abstract  ana' log; :e.  l t ra i le ly,  1et  A be an arbi t rar .y ' .gx-algebra and

1or  ' ! l / r t  \ -n* *  be  ther  se t  o f  a1 t  un iversa l l y  meesu. r ,ab l -e  e l -ements  inl U 6 . \ J - l  , r * ^ l a a  u v  v r r u  u s  v  v l

t he  se t f -ad jo in t  Dar t  l { f ,  o r  l x r  ( see  [ r+1 ,  $4 .3111) .  r f  A  i s  eano*

n iea l l . r r  omhpr ide r i  i n  Axx  ,  t hen  we  qan  eon r l i de r .  t he  sma l l e$ t  subse tv l r u v !

G .  I  s  t  - -  ̂E s  ' v h i c h  e o n t a i n s  I  a n d  i s  c l < l s e d  w i t h  r e s p e c t  t o  t h e{ r o \ t t a Q , r q f l  w r r r u l l  u v r l L . l r l l i  
r s {

t , a k i n g  t h e  l i m i t s  o f  b o u n d e d  n o n o t o n e  s e q l r e n c e s .  T h e n  Q o { a ^ ^ )  i s

the  se l f -ad jo in t  nar t  o f
f - 5

( s e e  l - 1 4 j ,  T h e o r e m  4 . i " 4

f  [ t+ ]  ,  $4  .5  , r4 )  ,  we shar l

Ea i re  opera t ,g rs  over  [ .

a Cx-algebra So i , t , l :1i .a{xd

and Core,l!:aay 4r., "L5l' ,

say that :8o(A)  is  t i re

3^ra )c l t (n)t ,  .  a4_

f n  c o n t r a s t  t o

Cx-algebra of  the

f f I  .  Y Ie  shaLL now nresent t , he  ma in  fea tu res  o f  wha t  we  s l " t a l l
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oel l  t t re_caqcgic,al i r lneducible dlsiry!-egr:gl igg of a given (cyel ic, ' )

r e p r e s e n t a t i o n 1 i ' : A - - + X ( H ) .  g n e e  : t  i s  g i v c n ,  t h e  c a n o n i c a l  i r r e -

d u c i b l e  d i s i n t e g r a t i o n  o f  I f  s t j  l ]  d e p e n d s  o n  t h e  c h o i c e  o f  a n  a r -

b i t ra ry  max ima]  abe i ian  \ ron  Neumann suba lgebt ,a  Qc\ t  (A) ' .

F o r  a n y  r { i } ) r e s e n t r i t i o n ' i i : a  * + X ( n )  t e t  ? i  : a x 1 - . " y ( A )  b e  i t e

rror.mal extension and 1et t  - r t  l$ i i  ( l  )  . ,

'  For  anJ  p€P(A)  we sha11 Cef i t re ' , the  rnapp ing

ti.n,A**--> Aer=A*iieo

uy  T .p(a)=seor  
"€A*x1  

and a fso  the  rnaop ing

- , XX -ti*r-_ L 1 . . )  _ _ + l l .  ( R e r r )
p e P ( A )  n

b y  c ( a ) = ( t * ( a n '  ^ ' A x x
'  P  r tPeP( l ' )  t  ' ae -A

\
W e  s h a L l  d e n o t e  f  = " u ( A ) ,  i  u = t ( Q { a ) ) ;  w e  h a v e  ,

l.a ''r .-r"t / ^ 
'r

t  c ( ^ c  \ \ .  - t H € . )
"  p e P ( A )  i '  '

T h e  e l e m e n t s  o f  . " 1  w i l l  b e  c a l l e d  t h e  c a n o n i c a l  b a s i c  v e e t o r . f i e l r t s -- _ :

.  whereas  thE e lements  o f  I ' ^  w i l l  be  ca ! - lec l  the  Ba i re  canon ica l ,  bas ie' o  - : . - - -  : - -  . - . *

: '  '  Yej to l  11, i3- ! ! -q- ;  of  eourse, bottr  I  ana l^ are vector.  subspaqes of  the
U

d i rec t  p , "oduet  TT (Ae^1 c  .
pap (A) t r

'  L e t ,  u s  n o w " a s s u m e  t h a t  T r  i s  c y c l i e ,  a n d  l e t  f  . e T l ,  \ \ {  \  = 1 r  b e

a ' i f - c y c l i c  v e c t o r .  L e t  f  o e E ( A )  b e  d e f i n e d  b y  f o ( a ) = ( f f ( a ) f . \ ?  r  a € A ,  .

and denote  Uy ? .  i t s  cancr t i ca l  ex tens ion  to  A* fe iT .he- .GNS-eonst rue-

t ion  cor respond ing  to  fo  can be  ident i f ie .e l  w i th  (n ; f f , ;  y  by  the

r-lnitary i somorphi sm -i

oo,  A/Lf  - -5 rc(A ){6 ,  g iveru by uo(a+t,  ,  }* : r  (a )  {  ,  a€A I
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which is  then extended by cont , inu i ty  to  u :& - -+ H.
o

. Let (cx(A)t be a maxinnel abel ian von 1rleumann subalgebra' and

let  p t^  be the ccr responding maxi r ' .e l  or thogonal  measure,  zuch that
I v

b 
f.ro) 

=f o and €f"= V G" ,[rOl r The orem ') ,1\ .

Endo ' r , r  P(A)  w i th  the  topo lo ry , !2 .  Thenr  occord ing  to  Theorem

1'? r  we can'  associate t ,  
fo 

a probabi l i ty  me,rsure 
Pfr t* f t  

(n)  ; ,e)-+,F, I
s u c l r t h a + . t h e m a n p i n g P ( A ) e p r + p ( a } i s 7 i f - m e a s u r a } : ] - e . f o r ' a n y

a€Bo(A ) , a;r.d

= f
P ( A )

( a r  ) l t , ( a r [  =  j , r
P ( A )

f u ( a ) p (a )a , { f n ) o r Q .  / r \q t r , d d r f l r l  o

a l

Acoarclintly r we can define ott  f "  the scalar pr:oduct

(1)  f  r , p lalar) ffln I a'are $ , fA) .

We can also def ine cor.rect l l r . : -6 maDping. l ' . -

v^ :  [ ' -+I i' o  ' . ' g

by  Yo( r (a ) . ) ; ] r (a ) f . ,  . €q ( l ) .  The  eomec tness  o f  t he  de f in i t i on  fo1 , -

J o w s  f r o m  t h e  f a c t  t h a t  f o r  a e $ ^ i g ) ,  i f  p ( a ) = O ,  f e r  s n y  p € F ( A ) ,  t h e :

g=:0.

FroCI  (1 )  we i r :med ia te ly  in fe r  tha t  V ; * is  
. " "  

i somet ry . f rom fn ,

endowed with the ser i -y161. i0 . .c.orresponding to the scalar product (1),

i n t o  t h e  H i i b e r t  s p a c e  l l .  S i n c e  t o  i s  T i - c y c l i e ,  t h e  r a n g e  o f  V o  i - s

d e n s e  . i n  H .  L € t  V  b e  t h e  r e s t r i c t i o n  o f  Y o : ; t : o  l ' ; , , o f  e o u r s e ,  r /  i s  & n

isometry of I into g, whose lanse i:_glT_g 
in r{.

t ' /e can now apply the theory devetooped in f  f fe l ,  $4).  We shal l

c o n s i d e r  t h e  L e b e s g u e  c o m p l e t i o n  L i r q

dft = I}rp ca) 'rl:i*



anal the eorrespondlng eNtended neasure,  for  which we shal-}  keep . l i * r : ,

the same notat icnF.f .  Then, condi t ion (x)  f rom i f rOl  ,  p. : r54) is  Bs-

t i s f ied  and we can cons ider  the  conn le t io^  i3q f r ,  
"onu is t ing  

o f
I

a l .1  s l rong ly  square  in tegrab le  vec tor  f ie lds ,  uh ich  are  "gener&teC ' t

by  [ 'o "  The se i le  cons tnr r : t ion ,  app l ie t l  to  i ' ,  y ie lds  the  comple t ion

|2  ^ - ,o ,
n  

' ( fp ,  ccns is t i :ng  o f  a l l  s t rcng ly  square  in tegrab le  vec tor  f ie lds ,

wh ich  are  genera ted  bv  Ic f , .  C f  courser  wa have

in rp*r.rf rSr ,

)  ^ . ^
w h e r e a s  V -  a n d  V  c a n  b e  e x t e n d e d  b y  c o n t i n u i t v  t o  { " ; ( A p  r  r € s p e c -- o  ' l  

I

t ively f ' r rur ,  8s uni tary isonorphjsms onto J{ .  We infer  that  we ha-

\re

( 2 )

to  denote the Hi lber t  space i2Cp'$ l  ,
_ v ,  o  

t '

c lasses  modu lo-  j , .LT  o f  -s t ron$ ly  squa-
n @ u
I  - - , n ,
)  Ae*d ,nXP) .  No eonfus ion  shou ld

P ( A )  
Y  !  v

s ince . ,  i n  th i s  case ,  the  cons t ruc -

L  , - 1 .  , , - j

r!e{!$-'-

f 2tpgl=r3rffii.
, l

Let us denote by t f : f ' (m) >H,the uhiqr :c uni tary exlension cr '  V,

ano o" i t i is)  the luej*rated) ' ,  l l i lber t  dpaee corresponding 
. to 

the

pre-Hi lbert ,  space f3( f f i .  T,et  3,12(rot) - )H be the uni tary iscrnor-
, l

phi '3m of Hi tber l  .spacesr obtained by f 'actor ing W thrcugh. the cano-

nical mapping Q,{"2.C,r*l -ri 'rff, ; i .o..1 w€ have ?n=y.

Remarks 1.  f t  is  customary

whose e lenents  a re  equ iva lenee

re  in tegrab le  vec tor  f i -e lds ,  by

ar ise  j f  the  symbol  I  i . s  on i t ted

t ion  o f  the  f ie ld

{ra"rl p€p (A ) ,[.2 (1*) i

' , f ,of  H i lber t .  spsees i s  e a n o n i c a l .

_.< 
3'



2 g
A

2. The vector f iefa" gntt fpfl  are functions

such

$ :
that i (p)eAep=AxxencAx#

T.  S ince the naeasure 
fe

P ( A ) - - >  A o f  ,

r  p € f  ( A ) .

i s  o r thogona l ,  the  vec tor  s race

;( lsrr)-nodul-e,  I t  fo l lows thst
fo

( 2 t

{ x )

ru, is an Yis (A) i G(p (A )

{ca*olp€p (A) , g(p(a,r% ,W,r'z(ff- ) }

f rom the  fac t  tha t

i s  an  i n teg rab le  f i e ld  o f  H i l be r t  spaeee ,  i n  the  sense  o f  W.Wi l s

(see  l t g l l  P ropos i t i on  4 "4 ,  Theore ro  4 .1  and  theoren  4 .2 ] .

4. For any ge{tn(a } ;  f}(p (a ) ; ,cf*) ,we caR 'eonsider the l- inear

openator t ; :  f '$. ,9 -o f  
t  

fS ,  given by 
/  o 

,

, t * { )  ( p )  = \ ( p i f  ( p ) , pep(A),{€11(f f) ,

which factors through Q es an operat'or

i^,lr(np*i2rp*r,
Y l

which be longs to  YfT2F.o))  and. .depend,s  on ly  on the e lass tq l
)

of  q  in  L ' (p (a) ; f t (p (A) ; ,C" i -  ,F* l  .  There fore ,  we can denote
p q lf r * *tq-'rql ' 

^
5 " rhe mappi.ng r: f (p (A ) , f3(p (a ) ,cf*,F9* YtT" F$ I given

r;- /
Uy [q]B L -  o is an in ject i .ve *-homomorphism of the W*-algebra

,  Lr{ l

L*(pfal, f l ipfal ;,r if i*,F, into Yff7 (S) ). ,n::u, foltows imrnediately

which can b e  p r o v e d  a s  i n  f [ t e l ,  p f o p o s i t i o n  4 . 5 ) ,
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6. More g'en€tsal ly,  we can eonsider a

rators  r 'e f (gu p)  ,  pe3 (A )  ,  such that  there

v ing the proper ty

f ield (ap) pep (a ) r 
of '*-oPrs*

ex is ts  a  cons tan t  M,  hE-

\ \  aOf(  *1, [ r
-l.(L

fu 
-'u "e " o n .  P ( A ) .

We

i f

shal t -  say that (ap) pep (A )
i s , a n  i n t e n r a b l e  f i e l a  o f  o p e r a t o r s- - - ' / - - - -

(f n) n", ra ff 
' r$r:> (ap{p) on, (a )€r 

' rfr, .(xx )

I t ' .  is  obv ior . rs  that  any in tegrable f ie ld  o f  operators  det ; rmines a

l inear  operator  
" r f2( . l i l ' i=+f  

2 f } * l  
,  and there ex is ts  a  un iquely  de-- i - o 1  - \  , [ - o '

t ermined 'operato-r,?.Yfi2 
G$ ) , such t hat ?q=ga o .y,.,ri 1, :

I

I t  is  customary t t i  ca: I l  tuhe op€Gst 'or  of  the formf i ; f r -11ef,(u)) ,

corresl)ond,tng to inteqrable f ie, i }d,s of  operators,  d.ecompqseb. l j_opera-

i -o l -u,  and t ,o denote

€\.
a = aoa$'n) .

' I he  opera tors  c f  , the  fo i 'm
. , -  ' l

_ ' t { -^  a r 'e  deeomposab l -e ,  and they  ccr res-
a . '

@
i
i

P l A )

frrrq
pond to  t i re  in tegrab le ' f ie lds  o f  opera tors  o f  the  fo rp  ( r f (p ) i "p )pep(A.

w h e r e  1 *  i s  t h e  i d e n t i t ; r  o p e r a t o r  i n  A - o r  p 6 P ( A ) .  S u c h  o n e r a t o r n
D

are  
" " f fud  

d iagona l iz -ab le  onera to ' rs .  fo r  ?ny  ad f { (a )  we can cons . i -

d e r  t h e  f i e l d  o f  l e f t  r e g u l a r  r e p r e s e n t a t i o n s  ( p - ( a ) \  r +  i t
.  

' \ P '  
" p e P . ( A ) ' ] v

obv ious  f rom equa l i t y  (2 )  above t ,ha t  any  sueh f ie ld  o f .  opera tors  i s

in tegrab le .  I f  we denote

a €{ ra i ,

then Tpf "lfr-"l=fr(") , 
a€tt,CA ) . yire heve, t4a:ref ore,

? c",1( i lpp(qtai .Sn),



? 1
) L

,  h  t - - \proposit , i -on 2.),  Any Fqge opeqqlor in Y{ l f - l ,  ovgr Tf (A) i-s de- '-.--.._-_

c  o m p o s a b l e .

p roor l " ' ' ' 1h€  Ba i re  opera tors  in  f (H)  over l f (A)  a re ,  by  de f in i *

r i n n  r h . r s o  o p e r a t o r s  i u 1 f ( n )  w h o s e  r e a l  a n d  i . n e g i , n a p y  p a r t s  b e l - o n gw + v r ^ t  w ^ r v v v  v y v -  ( r  v v *  u  + . 4  , u  \ r r . ,

t o  the  sna ] les t  vec tc r  subspace  o f  Y ( i { } . ^  ,  wh ich  i e . c losed  under

t t ,e  tak ing of  l imi ts  o f  moi 'o tone bounded seqLlenr :e8,  a : rd  eonta ins

' lT ( ,1 )  ( see  [ f+ l r  Theorem 4 .5^4 ] ,The  se t  S* ( f ' (A ] )  o f  t he  Ea i re  ope-
oa-

rators ove,r  T(A) is  a cx-algebra and So( ' r {A))* f r ' f&(A))  (see [ r4J,

Theorem 4"5 .g) "  The f ' ropos i t ion  now j - rnmec i ia te l ; r  fo l fov rs  f rom the

equa l i t y  j r - rs t  p reced inq  i to' d

Remark .  Th |s  resu l t  ex te r f ,g  - : i  e  t i re  poss ib l .y  non-separab le  case

the wel- l -known method of  reclueing a vQn $eurnqnn algebra (4 actrng

o n .  g . s e p a r a b l e  i 1 i ' l b e r t  . e p B C € ;  c n e  c h o o s e s  a  s e n a r p b l - e  w e a k l y  d e n s e

qf

Co-subalgebra QC f t ,  w i th  whcse help a l r  in tegrable f ie ld  l f  sepa-

nabl -e  I I i l i ;e r t  spsces is  const ructed.  $ubsequent t ry  i t  is  proved

tha t  aqy  opera to r  i n  &  i ' s  deeomposab l .e .  Bu t r  i t  t h i -e  ca le ,
5  ^ ^ , ' ? f i , -  o 9 9(see L14-j , 

'1.<rr"ot{d*e t.6-4t "G'13o {Go)

I t  i s  obv ious  tha t  fo r  any  s t rong ly  square  in t -egrab le  vec tor

.  r i . t ' .q  f=( fp)po, (AFf , t f i$  anr i  ar5r  a€ '&(R) 'we.have ' l

'  " '  '  '  r '  
i n  p u " t i c u l a r r  w f  h a v e

tr  f i  (a)f \r2= f \ \ae*112di.9n) ,
.  

' c  
p ( A )  P

f or sny ae3" (A ) "

W 
The a lgebra_of  the  d iagona l izab le  ,opera tc rs

c o i n c i d e s  w i t h  P .
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Proof.  fhe mapping

s: f( p (A ) ,fJ(P (A )

given by s (t,4:) =TO.n. T-t

e qr ra l i t y

o  obv ious ly  i s  r l * -honomorphism. From the

'"Fy'Pl'

I  t ,prox
P ( A )  

I

_> f rH)

t t s ( tq i ) {  l \ 2= 2ap?n),

w e  i n f e r  t h a t  S  i s  i n j e c t i v e "

I t  : s  now obv j -ous  tha t  the  range QfS l  i s  an  abe l ian  x -s - l

b ra  o t  y . (g1  ,  and a lso  tha t

V c Qrc)cn (A) '"

:  infer that

a  m o r e  d e t a i J e d  p r o o f ,  
" * . f f e ] ,  

T h e o r e m  4 . 5 j .

a
v

bal-ge-

=R(s),  ( for

t

.  fh.g preceding theory '  exteir t ls  the i r"reducibLi  "dis integr. .at ion 
. thecry

we have developed in f lrgl " 
, . i{, ,  . ,

.  The now fea ture  shown by  th ie  ex teng i ,on  is  the  decomposab i l i t y
;

o f  . t h e  B a i r e  o p e r a t o r s ,  a s  w e l l  a s  t h q . t o p o t o g i c a l  n r o p e r t i e s  o f

the  mee isdres .  ry i t ' l i ' '  whose 'he1p the  d is in tegnqt . ion 'can  be  car r ied  ou t . .

f - - 1 '  .  "  ,  " :  
'  

" ' - : "A s  i r  L 1 6 J ,  w e  c a n  a p p l y  t h e s e  r e s u l t s  t o  t h e  c e n t r a l  ( f a c t o r ) .  , . ' ,  .

d i s i n t e g r a t i o n ' ( r e d u c t i o n )  o f  t h e  i d e n t i c a l  r e p r e s e n t a t j . o n  o f  a n y

vor r  Neu inann a lgebrar  &s  we11,  as  to  the  i r reduc ib le  d is in tegra t ion

:of  i j the' 'uni tary representat ions of  the loca1]y compact groups (see . , r1:* l
- l

L 1 6 J ,  $ 5  a n d  $ 6 ) .

fV ' .  As  &n example ,  le t  us  eons ider  the  f ie ld  o f  opera tors  1 , ,
: . '

( *O)OUn(A) ,  where  eOeXneO)  ac ts  by  rnu l t i p l i ca t i on  to  the  l e i t , r , , : . i

ae 'u-+-e;aef=f i (a)eO ,  S ince pr -+p(a)  is  bounded and 
S.  

*uasurable '$ . ' ,

we in fer  that  
n le l2 fp t l  ,  and therefore, .  the f ie lc  o f( p ( a ) " p ) p € p (
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opera tors  ( "p )  pep (A  )  
i s  in tegrab le  *  I f  r+e  t leno te

Q
eoairS(o),

the pro iect ion ur  E{* ;  hence,  i t  is  an abeI , ig ,$  pro-

anc l ,  more prec iseLy,  wi th  the notat ion f rom;  ( [ fA] ,

) we have

i
( p l
g : .  \

P ( A )

therr Tt6fi-1

; 'ect iorn in

the orera 5 .4

1 S

w'
\4

..i

I,{reW -3e

r"
and th is  shows tha t  the  pro jec t ion  en^ .  i s  deconpcsab le . . . - I *encet

l ' o
abeL ian  pro jec t ions  are  sLrown to  be  , )  f  ie lds  o f , .one.d imen,s iona l

r . .proJect lonsr oi l  intui t i 'vely sensi ,b*.e facto '  " '

'  
Rgma{L I^ (FdJ, proposi t ion 5"6}.  we ,have pro,ved that aILv

i-neasu, l ldb. Ie.  f r*nct ion rg:$uppI-orn coincideu i  -  B.€o with a (unique

cont" inuous f ,unct ion.  With. the help of  t .he rregular i tSr proper. ty nt , )  ,

whic 'h,"was proved in 1[ fZ1 ,  Theorem 6),  o: ie c&i ] .  show that any such
.' f u n c f , i o n , ' q l  

i ' s  c o n t i n u b u s . o n  a n ' o D e n  r l e n s e  s u b s e t  o f  
" o o p J .  

T h i s
t -

resu l t  is  we. t r1  kncwn fer  - ( *eonaoact l  i .e . ,  quas i -cornpact  andl  Sgusc icr f

hyperstonean s5;c ls ,  whbre the ' t tausaor f f  separat ion 'oroper ' ty  is

'  usua l l y  used in  the .  p rao f - "  In .eu f "case,  where t l - t  
"  

; i , ' pacb  
" *pp$ 

ge-
' t

neraH-;r  fa i ls  to be l lausdorf f  ,  the .proof can use thre regutbr i ty

of  the measure t  ins tead.



74

B i b l i C I S r a P h Y  ,

1" .  E .M.A l f  se l f . .  Compact  convex  se ts  and b 'ounc ia r ; t  in tegra ls '  Spr inger

ver lag ,  Ber i i -n -He ide lberg-New York ,  19?1 (Ergebn isse  der

.  
Ma i ,hemat ik  u r " rd  ih rer  Grenzgeb ie te ,  Band 57) .

2" ( j . , r . ,K.Batty.  Selme prcpert ies of  mair imal meagu::e s cn eompac.t . i  , . " .

convex  se ts  (PrePr in t )  I  1981

S . C . J . K . B a t t y " S o m e p r o D e r t i e s o f m a x i m a i m t r a s u r e g o n c o m p a c t i

conv i :x  se ts  tnev is .ed  ve ls ion)  r1982.  ?o  appear  in  Quate l l y  i ' : '

Journal  of  } {at}remat ics (Oxf 'ord) '

4  "  C .J  .K  'Ba t ty .  Le t te r  to  the  au thor  o

5" .  N .Bohoc,  Gh"Bucur .  C6nes convexes  de  fo : rc t ions  "cont iAues  $ 'J r

un  espsce eonpaet ,  t -opo log ies ,SSr  la  f ron t ib re  6"  g l^ lp tpuet '

' ' ' r o '  " " '  
n t t v " n ' o u r n a i n e  d e  L { a t h l  p u r c s  q !  a p p l " r  t . 9 r  1 9 7 2 ,  p ' 1 5 0 7 -

T516.

I  g .  
.  I -goboc ,  

Gh.Bueur .  Conr - t r i  ' convexe de  func l i i ' con t inue l "  
spa-

t i i ,  c o m i ; a c t e .  ,  E d . A c a d .  ' R ' S ' R '  ,  
. B t r c u : : e p t i  

t  t : l U '

7 .  E .G jE f f "ouo Stnre ture  in  s imp lexes .Ac !a  } , {e th .  rvo1 .117 '1  1967,

p .  L 0 7 - 1 2 1 .

g .  A " G l . e i l .  T o p o l o g i e s  o n  t h e . e x t r e m e  p o i n t s  o f  c o n p a c t  c o n t t e x  . l

s e t s .  M a t i ; . 5 e a n d u  ,  v o 1 . 5 1 r  f a s c  ' 1 ,  I 9 7 2 ,  p ' 2 O 9 - 2 4 9  '

g 
"  

.  B.w. Qnedettko,  A'" lv.Kolmogoro\, '  "  crertzvertei lung .von 
sum:nen

r: inabht{ngiger zuf  a l lsgros sen. Akademie ver lag ,  Be r l in,  
'  '

1960 :

1 0 .  p . L . g e n n e q u i n ,  A . T o r t r a t .  T h e o r i e  d e s  p r o b a b i l i t 6 s  e t  q u e l q u e s  i

i e
axrpli c a].i ons . MB s son' c'* , Fari s, L965 ' 

:

1 } . R . W " H e n r i c h d . O [ d e c b m p o s i t i ' o n t h e o r y f o r u n i t a r y r e p r e s e n t a -

t i o n s o f 1 o c a 1 1 y c o m p a c t g r o u p 9 . J o u r n a 1 o f F u n c t i o n a ] '

A n a l y s i s ,  t o l " 7 1 r  n o . L 1  J a n u a r y  1 9 7 9 r  P ' 1 0 1 - 1 1 4 '

L2 ,  ! , r1 .A .Na i * * i i l . l t " tmed R ings .  P .Noordhof f  N .V ' ,  Gron inS€t r r  }gSgo



7 5

A 5 .  J . N e v e u .  B a s e s  l . f a t h e m a t i q u e s  d u  C a l c u l  d e s  P r o b a b i l i f d s .  ] J a s s c i

e t  C i e ,  p a r i s o  1 9 6 4 .

14"  G"Pederser . .  Cx-a lgebras  and the i r  au tomorph isms groups .  Ac . i ] -

C e m i c  l ) r e s s ,  J , o n d o n o  l l e w  f o r k ,  S n n  F r a n c i s c o r  1 9 7 9 "

]5 .  C. fuv1 t r - l la rdzervsk i .  Or t  c ]uas i . -compact  neasu. res .  Fundarn-qn ta

M a t h e m a t i c a ,  t  " X f  ,  I 9 5 r 5 ,  p . 1 2 5 - I 3 O "

l -6 .  S  "Te l -enan,  An in t roduc t ion  to  Choq ' - re t  theory  l r i th  apyr l_ ica t i , :ns

to reduct i  on the o1' !  o TNCRESf ,  Prepr int .  ser i  e s iE , , rathem'. ! ' r : , : , ,  ,

t i c s  i r l o . 7 1 l 1 9 i 3 3 .

17"  S .TeLeman.  0n  the  regu la r i t y  
.  
o f  the  h :ounc la ry  measures  " I l :C i tESTe

prepr in t  ser ies  in  mathemat ics  l lo . jo / l -g3 j . .

lB .  S"Te lemann l . leasure- theore t j -c  p roper : t ies  o f , .  the ,  Chorp : .e t  and c f

the rnaxiruaL t .opologies" Tl ' lCRltSTr Prenr int  ser iesr: : in raathe*

n a t i c s ,  l t o . 3 3 / L g B 2 .

19. S.Teleman* 0n the non-eornrnu.r .at ive extension of .  the theory of

:  Radon neasures" I I , ICRESTr  Frepr in t  ser ies  in  mathenat ics ,

I ' io " 1,/19ii1.

2 0 .  S , T e l . e m a n "  A  l a t t i c e - t h e o r e ' t i c  c h a r e i : + , e r i  z a + , i o r  o f  C h o q u e t

' r : . - ' .  ' s i m p L e x e s .  f l l C R E S f  ,  P r e p r i n t  s e r i e s  i n " : n a t h e n e t i e s ,

No .7,7 /1987 "

2 l " S . T e 1 e m . q n . C n t h e C h o q u e t a n a e i s h o p - d e L e e u w f . h e ' o r e r n s . I n

I 'Spec t ra l  fheory" 'ne  Banach Center  pub l i . r :a t io r rs ,  yo1" .S" ,

p W N - F o l i s h  S e i a n t i f i c  p u b l i s h e r s ,  W a r s a w ,  1 9 8 2 r  p . 4 j 5 -

466 "

2 2 "  S . T e l e m s n "  T o p o l o g i c a l  p r o p e r t i e s  o f  t h e  b o ' r n d a r y  m e a s u r e s *

.  t n  n g t u d i e s .  i , n  p r o b a b i l i t y  a n d  R e l a t e d  T o p i c s , , , p B D e r s

- . , .  in t -Honour  o f  Octav .On icescu on  h is  go th  B i r thday ,  Naga: :d

tsub] i  sher ,  198? ,  p ,  457 *465 .




