i INSTITUTUL
DE
MATEMATICA

INSTITUTUL NATIONAL
PENTRU CREATIE
STINTIFICA §I TEHNICA

e
ISSN 0250 3638
RN
ON COMPOSITION SERIES OF A MODULE WI!TH RESPECT
TO A SET OF GABRIEL TOPOLOGIES
by
Toma ALBU s
PREPRINT SERIES IN MATHEMATICS
No.30 / 1984
.,_,'_ Es, ,;H' -
BUCURESTI

e



ON COMPOSITION SERIES OF A MODULE WITH RESRECT
‘TO A SET OF GABRIEL TOPOLOGIES

by

)
Toma ALBU

May 1984

= —t
™ A % ————

*) Univensity of Buchm@t, s Academied 14, 70109 Bucharest, Romania



eshEe)
r 35 B

2T TIOKN

may. A Q@i
JE8 il

D
7. OF

o~

LS OF

( o)
2

L/

b i

R

P (e

ak il

R A
DULE WITH

OPOLOGIES

AN ERT AN
“.}.. :..).].‘,.tu de

LEL 30

tary torsi

B W v 2

on theory)

)
cne

—
()
(el ily

o
Nt

—_—
3

P

X
<O
o
=
105}
o
ik
L]
|

semicri

the Krull critical composition series

right

TNES % '} D o8
SeLEER

notion of composition

the;r gg LTor
This
insm slight generali

ighten the

<o

in particul

tic

modules

modules,

~
.

in 1982

T

S S

allow
zed con

.A,&Ch 1ner J’

with respect fto a

l t;c“" <= oy

v w L

Wi UB. res

ced by Goldman [1] in 1975,

o
g

R
G 3

-x}’\
T Ve D

P -il]

wrther

e L,

e : S
L-®ocle series as well

of

the definition of the
Tor sefbs of torsion
fortthe echain of torsicn
a . right nmetherian ring.
to place, all these notions

w5 to obtain simplified

text of some previous re-
their

involved in

heredi-



i P
! 2] b U S
e e ¢ ! o R LI
& i o i D 6} €3 i Q n S
s e R sbi e el e o) & )
i s # AT i by @© @ favs o
At e = Q. g 4 < & @) Bl
o 52 o @ w +3 @) e
Q [} ] @ -+ aa e S5 +> ay :
o W 48] S § ¢ G — «
s E R = G T PO R
= £ = P o o £ 40 S3
3 AN EE R Gy Con i o B 3
e w© iy () O &y 0 42
@ 3] B a3 i oef Q it
b T | al By i - © By e ey
9] -2 3 es Gy £ ] £y 4 w o
i O e 5 o 3 @G
o SL R B30 H S gl A - S
o i ) {én] m.” 3h) oy +2 O
2 = @ o o Q e < T [9)
e} £ R I o U Gy 3 Bl 81
oy ,..,w Eh _nL 'S s u. e} 2y r.w
ed = ) Ml @ o © i S 3
&) o ok [45] o) il ok o g
Ve b D h et +3 553 o] 3
[49] b o) L&) ey (@)
® M O e b O aY": e e
A o) - D O $ & o O
i = e @ : & ©
) o oomt o £4 o 0 Y] & W @
TN = w Lo SRR B | il
g Q &) ) ] G 0 +3 .
w o o o A = o T 0
W0 = b 1 = o botd; ©
+ L <) @) ey n S §q o e
L) [} a © ) SRR Tl . oy
@ Q wm 5) <) > w e taf o @
0 P ol D 4 o i £ 0 g {

54 4 e (S oV} ! = (&) oo
= 1 () © & () (&)
e D T3 b o ~ 0} © i
) = ) @ &) & ot B SR
« @ - o -~ © s
A = e 43 A e O e 0
G a5} ? b @] i O e (o]
c L @ SO I = T R VR
) G e O — &
“ o 5 0 42 @ O
a3 ST D o b4 e = = indnc
el Q 3= B o © = O e A=
L o ored o] O 8} — (6]
o b 2o 42 3 a o i
e300l .rm m;uv ! = ~ ) ¢ gy TS
& < © U 5

ay
&
uc

= g . a b o <] <2 & (¢5)]
i e ~  H L) o
- D - o o £ O s SR @ Gos e 4
b £ & lop 8t = ol e O (o) iy o
‘ -



P
-

O

=

»

naa

Bl

Z€ %
[0,a]

1d

AL

G

11

-

R4

nter

&

v &

the
€9

L5y

PO

nd.e:
St

-

L

pe s

am

o

0

o

EaN
oy -
1C 1 6L

3y
e

L
C-‘!

(O3

£

o
Lvvas

T
B A

FAA
An atom

41

atom

an

[

+43

W
=

39

cal Led

is

T

6
o

e D

gublattice

the

L



=

gemi-~tomic 1

1 is a join of atoms, and L 1is called se-

i

ni-artinian

f for every xelL, x # |, the sublattice [x,1]
of I contains an atom. If L 1s 2o :semi-avomic lattice, then
L is complemented, and for every x,y€L with x<y the in-

terval ([x,y] of L is a semi-atomic lattice.

is defined inductively as follows: s (L
socle So(L) of L {i.e., the join of all atoms of L)

if the elements s,(L) of L have been defined for all or-

(L) if

N

dinals B<e , then s, (L) 2Nl 8, is a limit or-

dinal, and s (L) = 5o [sf(L),1]) it o= 1 (L)

s

the 161ot ordinal 2 such that sh(L) = Sh{1(L), and ic cal-
led the I Ob”E length of L. The intervals [s_(L), “d+1(L)]

are called the factors of the . series (%), and they are for

each ordinal X, «<A(L) semi-atomic lattices. The lattice

L is semi ~artinian if and enly if s v(L) = 1. Note also

A(L;
that if x,v and z are elements of L such that x<y<z,
then . [x,z] is a semi-artinian lattice if and only if [x,¥]

and [y,z] are both semi-artinian.

4

3
(@]
bd

1
fay]
o )
feomd
pv

hese summarized facts concerning Loewy seé-

ries of a lattice the reader is referred to Nastasescu [11.

be a finite family of

Ol "% vy <xq

o 1
and [xi ,,x{] are simple intervals for cach i, 1 <1i<n.
- 4 3 )



If the interval [Xn’ﬂ contains no atom, then A(L)gn and

> S (-'4\)
X = L).
n %(L>\ J
Proof. We shall prove by induction that x < si(L)

for each i, Ogigcn. Trivially this holds if 1 =0 .and i.=

= 1, 8o assume. it holds for i<n -and preve it for d+1. By

i+1 i
~ [(l Ve, (L))a xl”,xlﬂ] [xi\/ (s (T) A xy )%, 1]C_: X5 X H]
“But [2:,%, ,] is a simple interval, so [" EATE T A

interval or is reduced 1o a single element, and
V s.(L)ssix1(}g). In particular . .,% 8. ,45__(L).
[ t &
Let now XX3» 1 Dbe the lcast natural number suvch that

i{ls_ s}_(m and” k. 4Es. (L). Since each integrval [s (_L.),S L1(L)]

P
)]
[e8)
4]
e
;
’;.)
C+
O

mic: lakbice, hence a gemi-grtinian 13.‘;1:19@, g
hat [0,s, (L)} 4is a semi-artinian lattice. Hence

= s (L), for otnerwise, the interval [x_,c,(T)] would con-
X =78 (L), 10T 0 LAePWise., the 1nTerva.d nt S\ wou.lLG.-con

tain an atom, a contradiction. By the same argument, s, (&) =
Iy

= 8 L); s L) = k¥, and consequently’ xX_ = S_, L).
}C+1( 1y 0 >\(J-J) 5 “ qu o T A\L>( )
1 CUMPOSITION SERIES OF A MODULE WITH RESPECT
TO A GABRIEL TOPOLOGY
Let 'L be a modular lattice with elements O and 1,
0. # 1. Recall at a (Jordan-HBlder) composition series of L

is a chain



has a composition series; in this case; a well-known result
asserts that any two composition series of 1L are equivalent
(see e.g. Stenstrtm [1]). Note that a modular lattice with O

h if and enly if it is both artinian

Let now R Dbe an associative, unitary and nonzero
ring, and Mod-R the catéegory of unitary right R~modules. If
M is a right R-module then . &) will denote tha;lattice of

The set of all right Gabriel topologies oun R wild
'be denoted by Gab(R). If Fe€Gab(R), then (T4, Fp) e will
denote the corresponding heredluar" torsion theory on
and  t, the forsion radical acsociated to ( o 93}. If
M € Mod-R, we shall use {he following notatiown

Cp(M) = {Wedl(u)| n/Ne 73}
For each Ped(M) P will denote the ., F-saturation of P in

M, i.e., P/P = t_(M/P). Thus PeC, (M) iff P =P, i.e., P

iy o 14 ¥ £ o] £
(_-Ji)ieI is a family of elements of

C (). the ‘ i %.) - and N. =), N.
\/]3-\&;-‘) y GNEN \/ie—r .jl e (2161 .L“i/ and /\J.GI ui mlé:{ .L\ll
are elements of ,(”) .Moreover, LF(“) is an upper continuous

and modular lattice with respect {o the partial ordering given
by, - B \ln“]““JOﬂ) and with respect to the operations "y
and ‘"A™, having the least element tF( 1) and the greatest

element M.



Recall that

M € NMod-~R be F-cocritical

is said to

if v 0, Me A, and M/M'EJ } for every nonzero submodule
MU of M, or equivalently, if M # 0 and ¢C.,(M) = {0o,M},
or equivalently, if M€ %, and T.{M) is a simple object
: . 5o =%, LI ot .
in the quotient category Mod-R/7,. , where
TF : Mod-R — Mod-R/ 7
is the canopical ftunebor.
An PF-composition series .of M €Mod-R is a chain
+ (W) = M <M. < . < M = M
F e i n
£-submodules of M such that M./M y is an ZFE-cocritical
module forwemeh: i, 0. i Sne
1.1. Proposition. 'Let M €HMod-~ and
,“:11 < ... <M =M (»¢)
be a chain of submodules of .M. Then- <(3¢) -is.zan F-composi-
tion series of M if and only if (%) is a composition se-
ries of the lattice CF(M).
Proof. Suppose that (¥) is an PF-composition se-
ries of- M. The exact sequence of R-modules
O—s M /M _,—M/M ,— MU _,—0
F. and M/ € %, yields WM e .
with 1 ﬂw,‘l/‘.ﬁw2e P Bk /A 1 P Y1i€eLas / Lo 7
Then, from the exact sequence of R-modules
— M /W ~ M/M ~> M/N =
Gty By = B My = Wl oy =
-
with thz/HqMB‘E?% and M/Mq~oe f% one gets M/M1_5€ fF"
and so on, M/Hié ?f for all i, 0 <1i<n, i.ea,,ﬁ E ’F(u)
Let now XeC,.(M) with My _ 4.5 X $T - ‘Then M/X €



£ A L=

€75, hence M /X €7, But (M,/M, PDHE =M, /xeT
because. mi ﬂ.“1 is  F-cocritical, hcnce Mi/X<£7%f19} = {O},
1:8u X = M= mandeans {Mimﬁ’mi] is a simple interval in
CP(K:, €. (% is a composition series of the lattice Vﬁ(m)
Conversely, suppose that (%) is a composition se-
ries of the lattice CF(M . Then‘necessérily M, = tp (M) . we
have to prove that. M, /M, is F-cocritical f

0<3i ¢n. First of all M, /M LEF  tLecause M
5 i

Y/Eﬁ._;e c;\(ts;;/r,z.ﬂ) with Y # M. ,. Then (Mi/}.ﬁi__ )/(Y/n@j”,)z

i el
with Mi/YG.?g' and M/Mié'?% yields E/Yé.?}", il.e., Ye
N - E Ay A
Fla M 1 7 T honmo — M \ - M ¥
€Cp(i). But M; ,<Y<M, , hence Y = M; because [M; ., ]
is & simple interval ih. &) Cohsequenily Mi/mi y is an
. o ol -

P-coceritical mpdule for each i, O<ign. s

= . . ; .
1.2. Corollary. The following assertions are egqui-

valent for a right R-module M:

5»“.

M ohoa an T nroy ey 3 4 o oo
M onas an F-composition series.
1 ;
€ nr gl e .
2) OB is adastice of
: B

( £
() T,(M) is an object of finite length in Mod-R/T: T

Moreover, if

is a composition series of the lattice cw(m); then the injec-
ES

tive hulls E (M./M. ,) of the modules h./m L, are unigue
R & B i~1 -

—

—_——————d

25

up to order and isomorphism, ° o

P S NOP L
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Proof. Since the lattice Cp M) ' is isomorphic to

; the lattice 3%TF(H)) of all subobjects ¢f the object TF(M}
see e.g. Albu and Nastasescu [1]), it follows immediately

the equivalewnce of the assertions (1), (2) and (3).
Applying the exact functor TF to -the ehain

bp(M) = M <M, < oo < =N

COﬁpOuLulOu geries

e

n mofr ' 7 T i
G B JC R W )C wuy ST (M ) =8 (1)
it ok i £
of T?(m) in ModWR/V} . By the Jordan-HSlder theorem we

have only to prove that if X and .o %; are two F-cocriti-

FaY
{s
cal - R-modules W'Jﬂ TF(XT):rTw(;Z}, then E”(gj)”~“j( e
- o 5

Since TF(Xi): TF(K“} it follows that the injective “hull
- 8

E(Tﬁ(X1)} of ¢ﬂ( 1) is isomorphic to the injectiwve hull

B(IG{E,)) < ud TF(Kz,‘. But X,,%,€7, , hence g2

n N\ o~ 3t arvd ™
B (’11—\ \A,g i i r—\ ..1?.(4;.4 ) anag 8

(
(see Gabriel [1]), and so SFTg(ﬁp(V )= ST (B,.(X,)), where

B o8 Mod~R/7} == liod-R is the right adjoint of the funeton,.
Ty . Since ER(K1) and ER(KO) are injective modules, hence

F-ploged, it follows that
A} Voo q m A G a m I Wy
Bp(Xy) = Splp(Bp (X)) = ‘“’F*E(“’l\h’”) Rt il
2. RELATIVE X-COMPOSITION SERIES OF A LODULE
- i \ S, v A
Definition (Zeply [1],[2}). Let ¥ ve a nonempty
pet of (rig\t) Gabriel topologies on R. A right R-module

M is said to have an ¥-composition series if there exists’

r

a chain of submodules of N
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2.2. Proposition., Let X €Mod=R and F.. T, € Gab(R)

suehk that F4‘éf€?. S B T F1—«coc:?.~;°j.tica1, then either X

- . . . 3 -
18-~ hy=cooritienl o FE I .,
& P
a
Proof. . Simee F.£P, ., it follows that Py Fo s
h 2 1
o\ w <~ - o
hence s (‘{"::CT«_‘ (“> = C?“i}r and so 0, (A: o= {Os } o

a7 mia s 5 3 M~ A ; /
2.5 Theoren; Let ME€Mod-R and Q £

- o e G AR T, R meray - e i T/ b
If ¥ has an X-composition series M <M, oon. SM
b i AL
< - D an B vy N - . ~ A >
of type (qu 0,385,055 .00 ;P o0, ), then any other ¥-compo-
§ & & g - I

Fad hs AR SN R s 41 . < ik $-1x s e i g
of M- beginming with is of the same type
< O ./ﬁ b
2T b o A L C T sof & el 2 e ¥ ¥ - e
and -whe injeciive hulls of the factors M. /M. 4 are unigue

%8
5

55 2 ol T i rsmaetii 8 ol " Sy o
ep to order and isomorphism. Moresver,

e ‘.v\ — W
‘L}\ ; (u). it =

Proof. Tet M() el I;Y‘ < ... <N = M he another
i

3

W < 5 s SRR P B T 3 e S o - e 7y
We have to .prove that s = k, G-.l = . and m, = n, fer each

"First of 511, I;’;/?A’_A_‘,IG' F gy; , and, as in the proof
of-1.1 onc deduces that WM/M, € F for all i, i.e., the gi-
; .
ven chain of submodules.of M- is a ¢}1ain in the lattice
¢, (M). The same is %true alsec for the other above consider=4

o S

X -~composition. series of M. Note that by the same argument,

e "
2,“10, e v e ,\,r-‘__q,m(_|>c
& O 3



AP

By 0.1, applied %o the interval (M ,M] considerca
in the lattice &(ii), one deduces that there exists 3
o
zeX(m), M, ,<7<M,, and UeX(N,), N <U such that U/N, =
J L (2]
But  U/N - .is G1mcocritica};.hence G,=F_>F,,
where M./M. y is Fpmcccritjcal for some p3» 1. By symmetry,

If M £ i Shen applying agein 0.1 to the interval

o

] considered in the lattice X(}), one deduces that
g . - o i - . -
M. ,M], considered now as an interval in the lattice Cn (M),
: ) o
contains no atom, for otherwise the R-module m,/u _+ would
=

-

e P s - e L P
contain-a submodule which is PF,-cocritical for some J> 1y,
H

=
B
®
4
(¢]
p%
|

b
TN
Q2
5!
~~
<
S

H
) H
N
[0
2
P DU
=
S’
N
=
193
6]
0]
o
s
w
o
Lt
w

By “hedy i, s, and ER(ML Mi ,) are unique up to
order and isomorphism for .adl. i, iéi%. Applying now again

Quly 052 and 1.2 %o the chains

J I v )
& n1 1, n?+1 m
e e : Fiopor ok i .
of elements of ».C, (M) one gets N, = My, etc.
1 prove the last assertion of ithe theorem only

- Qb 1 = T Ny
; on the other hand M 6 5? c 7

‘&\
A "1

hence MN,€ 7, , and so on, M.€ 7, for.all i<n,. It follows
Ji ~ ,}fr\ i
o l .
that M_ = t, (M )<ty (M). But we have seen that M_ ¢ C
=y - Ly Fa ; 111 1?2

hence t, (ﬂ)é’Mﬂ , and thus ¢, (M) =11 .=
£~ iia i

A Remar: : 3 <
2 iz emark. It is e

asy to see that the noti

—_——

0
ppears in-Teply [ ], can be refor-

5 5 s -
F ~d 43 an morilyl e SRS o +
-;.1‘ S€ilnl L L£iwlCai Hoa ‘11 B S =3 -L &
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