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Ia 'L l ; - r .ce

1  : i ' .  r
I  .  i  - L  - .* .

r n } ,  s ^ , 1  . . L . . ! , ; .
. t r i , ._  (J  L (6 j iL ,  i . r  v

'! 'r:'trll a .lcast

n."i&:1:-i.*n &iicl

'cl i-Lg $cctian T,

e-l-enen"i; O and

';e rrilir:o1 a;ry r'tili

--v:.L.] dcrrc'he a: m0dular

r ' , j- i i r  a 6-i ' i :atcs'L eleri,ent

ful- l"ow f i tenstr$r:r Li l  .

( :q .  )  l i e  a  f in r ie  f : in j . " l -y  a f'  ' ' i  /  o r c i <  n

*i-*roen"bs c-J ], si.tci-t that

=  * O  <  i i ^ <

I f  y € 1 ,  )  , i ! .  A ,  i l : c n  t h e r e  c ; : : - ; . : t s  j ,  i  (  j ( n ,  a J t c t  z e f : : i * r , x . i l  ,
" l  

* i  
t j -

u € ]  C, ; {  i ' 'u r ; l  ihn i  t } ie  j -n tcr :va- , t -Er  
[O,  r ]  an i  [ " ; , -  1 ,  

n)  d ie

s-:.n:- l i  a-r.

l : :g.g;i. Dcnote by ; the lc,rst .r_ritegei. < n su*li
- i ; h : r i ;  

) ' ^ x . l  l a .  C l c i l . r l y  j > 0 ;  i . i r s r :  x i * r < ( ; , , n : r , ) v x * ^ . 1  rd  . j * r  J  *

f c r  o t l : e r ; ; : i ; e , '  i n x r  ( x i - _ r  ,  
' a n i i  

s o  ) ' 4 x i  =  ( y  A x * ) A > i , ,  " 1  *, )  , ) ' " t  J  
- "  

, i -  J - . i

=  yn  x - i . - . ,  =  0 ,  a  co ; r t : : a ' j . i c i i c ' n ,  l c : - r c  L t  z  =  ( ; , z r "n  )  V  
" ,  

. ,  .
J " i  c i  ; - i

f t i r e n  ? ,  € 7 : . " , _ . ,  , x l 1  a i i i l

l - w  ' 7 ' 1 .  -  
[ : . t - :  - n A ( ] , A x * ) r ] A x * l  : :  f y n * -  . . w 4 v  1  -  r ^  - - ' I

L ' " i - 1 t " t  -  -  J - r  J  
-  

J ^  , u  * j * 1 r y " t  x ; J  -  L t ) r l * l '

t i h c i ' e  u  - :  l r r A x . . g

fhrougl. i .cut t l ie renraind.er of t i : i"s sect. icn L lvl, l_l

be supposcd.  to  be an u j )per :  cc i : t j rnuoLt$ i :nct  mor lu lar  . la . t .b . ice,

i t /e  shal l  - recal l  no\ r r  sone d-e f j -n i 'b ior rs  and,  proper t ies.

An a lo j l  o f  I  is  a  nonzer :o e ie i ; lent  a .€L such thc. t  wh.encver

l . l 6 L  a l t i  b < 3 ,  t h e i r  b  F  O ,  i . e . r . t h e  i n t e r v , : L l  [ 0 r ; r ]  i : a s

o v o n J - l r r  t ! " - ^ ' r i  . ?  . -  T - cq- ! c i . r , r r J  u *1 ,  -1e incn1 ;s ,  0  anc l  a .  I f  x r y  €1 ,  and  x< : j r ,  t l i en

the in.berv:i i  [ .",  y] i- i i  saj-C. ic bc o*j l tg i f  y is an atom

in the subla+. .d ice [ r , ,y ]  c f  L .  ? ] : r :  ]a i t ice I  is  ca l led"
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semi-. tanlc i f  1 ls a ' jo in of  atoms r  &frr ] .  'L l .s cal led th . ,*  . , ,

m l -a r t in ia : r  i f  fo r  q ' 'e ry  "x<L, ,  x  #  l ,  the  sub la t t i ce  [x ,  1 ]  . !

o f  i ^  con ta ins  an  a t rm.  I f  I  l s  a ,s ,e rn i -a i ;omlc  la t 'L ice '  then ' .  , .

L i -s cornplemented, and for every xry € T. ,  rv i - th l {  < y the 1n-

I  terval  [ .x, ,y l  of  !  is  a semj"-atonr ic lat t ice.

t l r .e  (ascs4d: -ngL logny  Qcr leg  o f  I
- :  - J l +

s  ( l )  <  s ,  ( I , ' )  <  . . ,  1 s - r .  r  ( j , )  ( x )
" o . " /  |  -  A \ u J

i s  .de f ined induc t ive ly  as  fo l lows:  s , - , ( l )  -  0 ,  s . ,  ( I , )  i s . the

s - o c l e  S c ( f , )  o f  I  ( i . e ' ,  t h e  j o i n  o f  a l l  a t a n s  o f  L ) . ,  a ' n d

i f  the elements s.( l )  of  I l  have been d.ef lned for af f  ot- , i , : . i .^

.  .d ina l_s  " f i<  a  ,  then so . ( l )  -  Vp . *u l (L )  i f  d  i s  a  l ln r i t  o r -

d i i r a l ,  a n d  s o ( i )  =  s o (  [ s r ' ( i , ) , 1 1 )  i f  d ' - ' ] " : '  1 ;  ) ( l )  i s

. ithe  leas t  o rd ina t r  7  such tha t  s r (T . , )  =  s , . ; r ( I . l ) ,  and  ic  ca l l, . ,  J - / \ \ ! /  -  L a . F 1 \ r / t

. ,  t

Ied' . the Lggyg l -en#h. of  L.  The intervals [s*( I , )  ,  so(+. , i ( l ) ]
'  . - ' i' t

r"* 
"uii"I 

the faetors o-i the serj-es { x) , anrl they are for

each ord. lna l  r ( ,  a< >{L)  seni -atorn ic  la i t ice-s ' ,  I i " tg  la t t iqg

I  i s  semr -a r t i n ian  i f '  and  on l y  i f  s r / r . f  ( f , )  =  f  .  i ' { o t c  a l so
" A\ l-t ' i

t ' ha t  i f  x r ] '  and  z  a re  e lenen is  o f  L  such " ;ha t '  x1V17 '  ;

then l * r r1  i s  a  semi -ar t in ian  la t t i ce  i f  anC on ly  i f  [ * ' y ]

-  r  1  -  L -  r r ^  - ^ * i  ^ * + - :  - , ;  ' - *
a]1o lY r z ) are bo th semj--a tinian '

I*o.r a}l these summarized. facts concerning Loewy se-

r ies  o f  a  la t t i ce  the  rEader  1s  re fe r red  
"o  

NdstS 'sescu L1 l '

, \
o . 2 .  l _ , c n n a .  T , e t  ( x {  ) ^  t 4 z . n  b e  a  f i n i t e  f a r n i l y  . r f

T . . - -  
v s * \ ^ r

e lements  o f ,  L  (n  > ,  1 ) ,  such tha t
j

O  =  X O  1  X ,  1  . . .  ( " n

and [x .  " ,x . ' l l  
' '  a re  s imp le  in ' t€ rva ls  fo r  each i t  1  < i  (  n '

'  L  1 - l '  l r
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I f  the interval [*n,1J cor] ' ;ains no t to , ;  then l( f ,)  < n and"

* "  =  s r ( 1 ; ( l )  '

.  ?roof,  We shal l  prove by induction t i rat * i(  * i ( l r)"

for  each i ,  O ( i -< r t '  Tr iv ia l l ; , r  ' ;h is ho].c ls i f  i  = Q and i  = '

= 1,  so assuine i t  hci-ds for  i -  < n and l , rorre i t  fo:  i+1 .  By

nrodular i ty,  one has

r . ,  / r \  - -  . ' - \ 1
Ls,  (L )  , r i * . I  v  s i  1 r ) l  *  lo i  v  s ,  ( I , )  ,  (x iv  s ,  ( r , ) t )  u  * i *1 ]  =  

^ l
= [ ( * , v s , ( l ) ) ^ x i + 1 , * i * t ] = [ " t V ( s , ( i ) n * j * 1 ) , * i * " t J E [ > l 1 , x 1 o 1 1 .

B u t  [ x .  r x .  , . . |  i s  a  s i m p l e  i n t e . r : v a ] r  s o  l s r ( l ) , * i * , ,  v  s r ( 1 , ) 1
.  L  I '  . T + I J

is a simple .j-nterval or j-s reduced- tr: E..,:;single elernent, and

there fore  * i l i -Y  s r ( r . , )  -<  s i+1( r ) .  In  par t i cu la r  
" in1  - (  s i .  , - ( i , )

let  now k >.  1 be the 1e ast  natural  nutnber such that

and *.r*. sn-:, (I,) . Si nce eagh in.tgr,ial Ls, (L) , $ j*., (r,)]

atonic latt ice, hence a semi-art lnian 1at4.-.! , i ,rq_g.n 1b,,, i1,,. ; , , . , . .  ,r: , . : . j

xrr< so( l )

i s  a  s e m i -
'1  

fo l - lows tha t  [O,sn( f  ) ] '  , i s  a  sbmi -ar t j -n ian  la t t i ce .  Hvnce i '1 ; ,

xr ,  = so( l r ) ,  for  otrrerwise* the i -n i ; ' : rva* [*rr , t r - ( l )J vrou]d" '  con-

tain an aton, a contradlct ion.  By the sane argulnent,  skt l )  'qt . . , .

=  s n * . , ' ( t ) ;  s o  ) ( r )  =  k ,  a n d -  c c n s c q u e n t l y . '  * *  =  s r l l i  ( l ) .  r

4 COIJPOSITI0II SdRi-*S 0F .ii l,iO}ll]-,I YIITiI zulSPllCl. .**:- -.+ :

T0 A GApB.I]ll, T0P0I0GY

Iet I  be a nodular lat t ice v; i th elements O and 1,

, , :* : :Q # 1.  Recal l  that  a Llord of  L,

is a 
.chain

n  ^  t  ^ '  '  t  ^  4u  =  d o l d \ <  . . .  ( & f ,  = - l
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such tha t  each in te rva l  [ " i_ t , * i ] ,  1 . -<  i (  n  i s  a  s imp le  in -

terval. The lattice I, is said to be gf _f::$Jg_1g.i:gji, j.f L

has a eomposi t ion ser ies;  in th is c&, l r€ 'e" a wel , l -known resul  t

asserts that any two compositj- ' :;n series of r are equival"-5int

(see e .g .  s tens t rd r , r  [1  ] ) .  Note  tha t  a  modur -ar  la t t i ce .w i th  0

and 1 is of  f - in i te length i f  and anry i f  i t  ip. . . ,both art ln ian,

an'3 noether ian.

I ,et  now R be an associat ive,  uni tary,  and non?,ero

r ing,  and . [ l {od-R the c.atdgory of  l rn i lary r ight  R-modulec.  I f

M is a r ight  R.-module the,n ,  X( l , l )  y i i l l  denote th-e- lat t ice of

all subinod.ules of M. : - .

The set of all r ight Gabriel topologi{r,s or},-r$' . lv.i l .t.,r.

' be  denoted  ,by  @E(R) .  r f  F  €  fdq(R) ,  then (  T* ,  7 t ) , "  w i l l

d.enote the eorresponr l ing heredi tary tors ior :  theory o.n ldo.{ ,1R,, ,

and t f  the tors ion radical  associater l  to (  7f  ,  Vr) .  I f

M €I , {od-R, w€ sha. l l  use 1,he fol lowing notat ior i  i r i

c'u(ru) = tlr'E trilt) | u/il e 7rl .

Fcr  each p eJ3(M) F wi l l  denote tha, -F-saturat ion of  P in

M ,  i . e . ,  T / y  =  t F ( M / p ) .  T h u s  p € c ' ( t r )  i f f  p  =  F ,  r . e . ,  I

is  F-saturated.  I f  ( i t i ) i .1  is  a  fami ly  o f  e lements of
. ! - ,  

' :  N

cF(M) ,  t hen  V in t  N i  =  (Z r . r  i . l r )  and .  A i . r  N i  = 'A ie r  i { i

a re  e lemen ts  o f  CF(M) . .Moreover ,  C r (L l )  i s  an  upper  con t i r ruou€ ;

and.  nodular  la t t ice rv i th  T€spcr ; t  Na the par t ia l  ordei , ing g iven

by  r !€  t t  ( i nc lus ion ) ' and"  w i th  respec t  t o  t he  ope ra t i ons  r r  V  r t

? '  ]
\,ti.;i -and .  . ' r r n  

r r ' ,  ha ' r i ng  the  l eas t  e le inen t

e lement  l , i .

IF(I I )  and 'Lhe greatest  "



r : :  Reeal l  that  M € Mod-R ls said to be trSgocr i t ic?1. . , , :

i f 11 * a, M€ 7E and il i / l i ' lr € f* for every nonzero submodrile' r ' r - v '

11'  of  . .1,{ ,  or  equival .e.nt ly,  i f  i ' ' I  # O and C.n,(M) = {O,Ut} ,

:  or  eqr; ival-ernt1y,  i f  M € FI ,  ar :d TF( ld)  is .  
" i rpf  

o object

in the quotient catpgor.y lvlod-R/fr1 , lvhers

TF : ftiod-R -+ Iilo n-R/ fp

is the canoni-cal-  functor.

An q-conpc,si t io? .pe of  l , {  €[{or1-{  , iu a chaj-n

t r ( l ' l )  =  l / i o . i L 1 .  . . .  ( 1 , 1 n  =  I \ i

.  of  ,eu,bnsdules of  M such that lXi /Hi i_1 is an F:cocr i t ical

mod.u le  fo r  each i ,  0  <  j .  (n .  : . : . ; , ,

1 . 1 . Propositj.pn. I:et 1,1 € l,{oil-Pl . and .. " i,

be a chain of  subnroduiee $, f  r l , { .  t l3 ien . :  (N,)  . - is ' -an F-conposi-  , t t

'  ' . t l on  ser ies  o f  '  &1  i . f  and  on ly  i f  ( " )  i s  a  corcpos i t ion  se*

r ies of  t i re la. t t ice C.o(t , {  )  .

l roq f .  Suppose tha t  (x )  i s  an  F-compos i t ion  se- -

- *j-e.e o*' Ivi. Tir.e exact $.equence of R-nodir:.}es

vrith Lin_1 /I{,n*?e 7p and M/hln_ le 
7p yietd"s i| l l lnn ;,e,7, r:

Tiren, f rorn t i re exact sequence of  R-modules

0 - l{,n_2/Kn_3-* l{/}drr_, * },{/lvin_2 * 0

v,rith l,{rr*rrlliln- 
3 

r Ty and. !{,/M^-Ze fT one gets iri/i'l'-j u 7, ,

a n C  s o  o o ,  l I / ; , i i  r  T t  f o r  a l l  i ,  O  < i < n ,  i . e " , . - M i €  C F ( I . { ) ' .

i . . ,et  novr X e C,n( l l )  wi th l l i - t " { -  <Ti  .  'Then M/X €



a ( YG 7o , hence rui/x e 7t. But ( l ir /rvrr_ ) /(x/ i{ i- ,) e xtr/x e To
'  because i { r /Mi ;1 is  F-cocr l t ical ,  i icnce Mi/X e %nF, = {Ol  ,

i , e . -  Y  =  i r f  n : - '  r " '  
- 1  

'  - a  i n - l a * , , ^ 1  j -

.  
n r ts 

A = l i j i  '  an( i  so Llv i i * l  r l r i tJ  is  a s imple interval  in

. , U \ , , , ) ,  i . e . ,  ( * )  i s  a  c o m p o s i t i o n  s - e r i e s  o f  t h e  l a t t l c c  C n ( l , I ) .  . , ; . i

converse ly ,  suppose tha t  (N)  1s  a  compos i t ion  ; " -

r ies  o f  the  la t t i ce  e - - ( tv r )  Thrvtrr \sr . ,.,JIt nCcessarily i ' io = t,. ( l, i) . !/e

i :ave to prove that.  Ltr / I i l i *1 is F-cocr i -L ical  f ;or  each i ,

0 < j  < n.  First  of  a l l -  f t i r . /Ff i -  le 
7t  because I ! I / t , t i_ le 

7f .  tet

Y / L S ' n € ( r " ( , l r ^ " t 1 ,  \  r , , i * l n  w  J  n r  r r s  

' r r r l , , . ^  

\r / l i i i -1 € uFt-dl / l , i i -1 /  y/ l l f i  r .  f  &t i_t  .  Then ( l ,nr / i 'ar_ 1) i  (x/ i r , r -1)=
'  x i ' f i .  /y  e Vn . .  ' lhe exact sequence of  R_modulesl _ ,  

*  
. i l '  

v  v v y E v r r v v  v 4  r t - l i r v u q r s D

0 -' Llr/y - I,'ll'y -, lii/i,I, --+ e.

vrith I'{i/Yn 7p and },'r/i 'rr r 7r, yierds rx/y.e T, , i.e., y €
. ;  .  € 'C* (m) "  B l i t  M i_ t<y -<b l i  , , hence  y  =  l x i  bccaus .e  tM i_1 ,Tv l r ]  i :-f

j-s a slmpre intervar in cp(.i l :). Oohe cquentl"y r,{i/r, i i_1 is an
,F-cocr i t i ca l  modu le  fc r  each i ,  0  <  i  _ (  o .  !

:" '  :,:, '  1-.2. Qcr-ol}arl l. The follo.,vrj-ng assertions are eqpi- ,!.:4:.

. vale't r"mdure l,, l :
(t ) lt tras an F-conposition serj- 'es

(2  
)  C f  ( i { )  i s  a  la t t j_ce  o f  f in i te  length .  , j , , ,

( l )  TF( t ' { )  i s  an  ob jec t  o f  f in j . te  tengt t r  i : f  s lod- t t /T r . .  r , ,
'  Moreover ,  i f

t ' ( l , i )  = l ,1o.  t i1 .  aMn = M

1s,a composi i ion ser j -es of  the lat t ice CO(r, t ) . ,  , t t r .en t l ie in jec-

t i r , e h u 1 1 s ] i R ( $ i , . / l . 1 i - 1 ) o f t h e m o d . u I e s , ' ' } l 1 i / } , 1 i - . ! a r e u n 1 q u e

up to orr ler  and isonorphisrn.  . . : - . -*



!

. : : r , . t , , i , .  . . , . : " t  I  . , .  . . ' ' . . , . . , . , ' d : t p i t d r - : i ! , -

9 -

I|  ' .  procf  '  ' i ince the lat t ice Co,( t , l i )  f  s isomorphlc to . . .
:  

- .  - E -

i  -  the  la t t i ce  , / ( r - (n i ) )  . r f  a lL  subob jec is  c f  the  ob jec i  TF( l , { i' - u

'  (see  e .g .  A lbu  anr i  i {5 .s t i s 'escu  [1 ]  ) ,  i t  fo l lov ;s  imn ied" ia te ly

the  eq i i i va le : rce  o f  t i re  asser t ions  (  t  )  ,  (Z )  and (1 )  "  : : !

Appl3ring the exact functor T* ,to the c]:ain

t ' ( t ' { )  =  M o 1 l l 1 a  . , .  1 i v l ,  - =  M

er ies

o  =  tF (Mo)c  t r ( l t r ) c  . . .  c ru ( l , t r r )  =  Tu , ( i d )

of TI( l ' r )  in l , Icd-R/Z'  .  By the Jardan-Hoiuer theorem we'

have only-  to prove that i f  xt  anc-. :x2 are t r , ro "F*cocr i t i -

c a l  , ' R - m o d u l e ; s  w i t h  r r ( x 1  ) = T p ( x e ) ,  t l r e n  E R ( , { 1 ) = E i t ( x r . ) . .  , ;

Since fU(X., ' ) :  TF(XZ) - l t  fo l lo ' r , ,s i ;hat  the in jeet ive - 'hul l

E( tF(x1  ) ) 'o f  Tp(X1 )  i s  i sor . ' ro : :p f r i c  to  the ,  ln iec t i ve  hu l l

.  , .  E ( r n ( x r ) )  o f  T F ( x 2 ) .  B u t  x 1  , ) i z , 7 , ,  h e n c e  . ! ! 1 , , : . a  " - , , "  r  ,

n(rr(x1 ))  e ru,(r io(x1 ))  anrr n(r t(xr) i  = rp'(En(x,)  )  : : :
(see  Gabr j "c l  I t J  ) ,  and $e ,  SrTp( In (Xr  ) ;e  SpSp( rR(X2)  ) ,  , * ] ,e re

. SF : Ho d-R/fE -' l , lod.-trt is the right ad joint of the funston-"

*  F-e losed,  i t  fo l lows tha t

B-(x i  )  = srru(s*(x1 )  )= sorr(au(xr)  )  onn(xr) .  c

2. Rlir,AprvE. I*ccltp.osr,rr.ojl sjdnrjrs o.F A },i0nulg

Qefini l ion {teply [r ]  ,  [z]  )  .  ret x be a noncrnpty ,r  ;

set  o f  ( r j -ght )  Gabr ie l  topotogies on R. .  A r ig i r t  R-module i * .  ;
M j -s  sa id  to  have an . I -com^oosi t jon ser ies i f  there ex is ts  - ' : :  " '

a chain of  submodules of  l r1



such that

/ . r \
\ r /

( t \
\ -  /

-rlcr some F e

|  2 \
\ ) )

* l t r -

( M  = M
Lt.

( * )

is  F,  -cosr i t icai  for  s,ome ,?,e X.
1 l -

conti, , i .ns i tn } '*cocrit ical submoclir le

n- i

< - n:-  - I I

c

[1  < iu ,<
O I

Each l,{.,./irI.r  * - 1
r  3  s i  f  t q
r r  i \ i i , / l i i -  I

- L  I - i

X ,  t h e n  P =

Itrote that  the or ig ina. l .  c ief in i t ion of  Teply requires

!  l . {  i s  F" - to rs j -on- f rse .  I f  X  ha l  on}y  one c le -I u i o  =  0 r  1 . 9 . ,  l . {  i s  F r * t o r :

ment  F  one ob ta ins  the  de f in i t : -on  o f  an  F-c rnpos i t ion  se-

r i e s

I f  i i t  has a.r l  X -co; i iposi t ion ser ies ( , r ) ,  t l re l  b."r '

renunber i"ng the Gabriel  topolo6i . t 's  3 i  one, gg,ts for '  M a

sCI cal led.  X *composi t ion ser ies of  type . i :  . . . . - .

( F " , n  
1 i $ 2 r n 2 i  . . .  i F l - . , n . q ) ,

lvhere k>. 1,  f r1,  aZ, , r"  ok are; ,  nat ; ra l  nunbers ) .  1,  and

F1 ,  92 ,  ,  ! ' kG X such tha t

( i )  T 1 . T z ,  c . .  . F l o

: - !  
( i i )  The f i ; : s t  n1  fac to rs  o f  the  ser ies  ( * )  a re

-f '1 i tocf i . t i -c€I ; '  t i re next nA fac'bols 
l t*  

i i2-cocr i t ical , ,  ahd

so on ,  the  las t  *k  fac to rs  o f  (x )  a re  FO*cocr i t i ca l

? , 1 .  f - , e r e m a .  I - * t . F e C a b ( I i . )  a n d  X € i i l o d - R '  T h e n

n  1 . 2 \  ( v 1  
i f  a n dvp \ r r  /  -  

1 , r  ,1

? r o o f .  I f

onl; r  i f  Xe 7F "

r t  / ' . .  \
w p \ r r r t  -

x Q T l . .  c

t , p \ h l  -

i f  X €

b e c a u s e

and Y€.

-r!

r
-̂E'

{ : t } ,  then

/ \ ) a \ r p r  c a l  r r

ir

t F ( x )  € c F ( x ) ,  i .  e . ,



€ c'  (X ) ,  then l i ly €

- 1 1  -

{ o } ,  h e n c e

2 . 2 . _ P r o l g i ; i t i o n .  l , e t  X € & i o d ; . R  a n d  F 1  , F 2 € F a , b . ( R )

sueh t l iat  r '1 -< F2. r f  x is F1-cocr i* , ica. ." l - .  then ei t l ier  X

is t r ' r -cocr i t ical  or  
" ,  

, r ,  .

Proo f .  S ince T. l .  ,* 1

2 .  ' i  " s

f o r  e a e h  j ,  1

Proof.  T,et
o 

(N., { { N,n = }'{ bc a}a.cther

o f  t y p e  ( G , , m . ,  ; G * m r i  . . .  ; S u , m o )

Gi = Fi and toi = ti fcr each

'First 
of all, l i /,,."f i.1' '€ ff*C fF1 , and., as 

' in 
the proof

-.:
o *

TtnF- r  g Y  =  X . , g

X -compos i t j - on  se r j -es  o

V,re ha.le to prove that

i ,  1  < i <  k .

of , '1 .  1 onc &ed.uces that

ven chain of  submoC.ules

Cr,  ( t ' t ) .  The sarne is t rue- 1

. {  -compos i t ion  ser ies  o f

i f  k ) ,  2,  then 11- € Co
" 1  t 2

F., ( F, ,  i t  fol- l-oris that 7^ CI  z  , b ' ; -. t

t o , X J ,  a n d ,  s 0  ; c r -  ( ) i i  =  { O , X }
I

Fr-cocr i t i  r :p l  .  or  X€ TT^ by
2

2.3 .  Thcoren.  5e t  &{  €  t r lod . -p .and  f i  *  x  cg* (R) .

-ff 
H has an X*composition series !r{o ( Ivl., ( ( Mr.,, = }.{

'o f  t ype  (F . ,  ,n ,  iPn ,nZ;  . , .  ;F* ,n3) ,  then an ; r  o the : :  X . -ccnpo*

sition serj.es of l i i  beginllt ig ',,r ith i:{o , ' is of the s;ame t"ypc,

and t i re in ject ive hu] ls of  the factors [ , i i / i i i -_1 are uniaue

up to orcier and i .somorphism. More",ver,

t$ ( l ' i )  = 'nq'  r .1+ .1  " 'n1+n.+  
: . " .  * - t j

< K - 1  .z i
-- ri

t t
tll = -${o
f F,';

e - ] r

l i r / n r  C  f  r ^ ^ .  r ru! /  i i t .  e  t 'T \  fo r  a l l  i ,  i .  e .  ,  the
r . l

I

of l , i  i -s a chain in the la{:t ice

also for the cbher a ' t iove consider ' :d

irt. l{o'be that by the sa{ne argument,

( u ) "



- 1 2 -
a

By O. 1 , epplled to the intervai I l ,to , tn] codsid er$d

in  the  la t t i ce  X( l ' i ) ,  one  d .ed .uces  the t  t l re re  ex ls ts  j ,  1  { . j ,< .n*

7 , a N ( M ) ,  * j _ , ,  < Z < L i j ,  a n d  t i ' e f , ( l l 1  ) ,  N o ( U  s u c h  t h a t  u / N o =

= Z f M ,  B u ' u  U / S  i s  G . , - c o c r i t i c * l r  h e n c e  G 1  = F p b F 1 ,
J - I  O

wlrere }ri* /tr i.,., j .s Fr.,-cocr..i-t ical for sorne p >, 1. By symmetry,'  J  . r . * l  l i

Ft  )  G1,  a . , rC so  F t  =  G1 .

If &1rr. I hi, t iren applyj-*g again 0. 1 'to bhe j.nterval
I

[Mrr . , lv lJ cor is id.ered" in the ]at t ice "((1,{) ,  one r i "educes that
I' . r l l n r .  a r ' I  - - . ^ - : - r -' t f f i i l  ' l ' r i J ,  cons idered now aa an  in te rva l  ln  the  la t t i ce  C" -  ( t * ) ,
r  - 1

contains no atom, for  otherwise the R-module Li{ / } , i .  
"  

lvould"
r I  J -  |

cantain-a.  srbmodul-e rvhich is F. , , -cocr i t ical  for  some j  )  n1 ,

a  cont rad ic - l - , i .on .  By  O.2 , '  IV tn . !  =  
"^ (C,u . ,  

( l , l )  )  =  s^  (CG1 (m)  )  *  O* . ,  ,

w h e r e  r  =  ) ( c n  ( t a ) )  =  r ( c n  ( ; l ) ) . - . T h e  s e r n e  i s  a l ^ s o .  t r u e  i f. r- { \t.t

n [ R f i l l
r r r ,  t Y t .

t ' 1  

R r r  i  )  n  1 r e  r r t  \  , . - -pr r o a | ,,1 = i l1 and, nn (l ir/Hr_., ) are uniq.ue up to

order anci iscmorptrisri: for a,J.,l i , i  -( s1- Appryirrg now again

0 . 1 ,  0 . 2  a n d  ' 1  . 2  t o  i i r *  c h a i n s

I { n . < l \ { r . ,  . t 1  < l ! i _ .  =  } d. .  
1  

r r l - f  t  i ;

- l*1rr.,= Nnrt t 'r, +1 4 t l{rn = }' i

o f  e l e m e n t s  o f  , S - ^ ( ; ' i 1  o n e  g e  t s  n 2  =  * 2 ,  , e t r :' 2

We shall j lro'/e the }ast assert:.on of -i;he tire,:rem only

f o r  i  =  1 .  B y  2 . ? ,  l , i l / l r i o r  T f  
^ ;  o n  t h e  o t h e r  h a n d ,  l d . €  7 _  g T . f  ,, Z  o .  

" 1  r Z -
hence lJ,  € 7-^,  and $o or l r  to l ia 7F.,  fo.r  .a l l  L (  nr .  r t  fo l lows- 't  , 2  '  L  ' 2

that Ui =
n' *1 L l i l  \ . l i i- 2

\  z  +  / r r \
. / S  U l .  \ t ; r / .

! . t

4-

and thus

1
t

1 t

n 4
I

i3u. t  lve i rave seen that Orn, €.CF2(iJ i ) ,

{'
I

( l r t )  -  t , , l -  . r
2 " 11*n*u 

tun (n) < u

2.4.  Rem.a: : l i  . I t  is easy to se:€ t i lat thia nci lon of an
* +--r*l

i n - tcp ly  lZJ ,  can  be  re fo r=F-semicr i . t i ca l  ncdu le ,  as  i t  r i .ppears



'-_\...
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mulated in a lat i ic ia l  set t ing as fo l lows: an R-moo.ule M is

F--semicr:- t ica1 i f f  Me 7F

of f - i -n i tc length.  Note al-so

rier" ci i*i j .s exactlY. the

ar rA  r ^ t  ( t " l )  i s  a ,  semi -A tomiC  La t t i ceC , a t u  \ J , T r \ r r r /  L ,

that  the F-semic: ; i t j .caL qggk_gq:,

Loervy  ser les  o f  'b t re  la t i i ce  C*( i ' , ) ; 'g
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