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Two préblgmﬁ of operaﬁorial extrapolations

by Re Gadidov

INTQODUCTIQH

LGt H 9 Hl ) Hr) be (COITW).L,GX) lillb?rt GI}?MJLS 9 H &= HlV h(’\ ®
T.eli(ﬁi) i=1,2 ccntractions , U, ﬁzf(x ) i=1,2 their minimal isome-
tric diletions and let A = pH (K’ :
Hp|Hy
In the present paper we shall deal with the prnblems below ¢
PROBLEM A : the existence of a contraction TEQﬁ(H) such tuat :

'?;Hls Ty o ?;Hg = T,

2
and the panametrlaaﬁlon of the set of these contractions ,

PROBLhﬁ B : the existence of an Jf{H) - valued funétien,an} el

of pOZ¢ti€e type ,‘such tha
' #n

A ‘F = 1g » Fnym® ﬂg : Fxtﬁ? WIS, 7. e Byl
and the persmeirization of *he set of these functions
£ Le us nete that if one of ihe two problems has solutloﬂ@‘,then
the‘oth@r has too. (If {Fn} ae? i3 a solution of Problem B , then
T = FI is & solutinn of Problem A and conversely ,_if T ieg 8 solu=-
tion of Problem A , then the L(n) - valued function {F Y , .4 de-
fined by :~Fn= Tn“; n>o and Fns Tﬁ‘nl, n¢o is a solq@ion.of Pro=
blem B)o ‘

Based on the celebrated Nagy-Foiag lifting theorem it will be
proved that Problem B hes solution iff A Tl = T Ao

Using the techniques in 1] we obtain a nﬂcessary and sufficient

e -
)

. . . ,
(=) If G is a closed linear subspace of H , PG denotes the ore

thogonal projection of H onto G



‘_ S R ,
conditioin - Tor-a contractive interiwining dll&%ion of a con tractlon
which 1ntertw1nes twoe other -contrections , be an isometry .

) Thcugh this cerdition seems noth‘ug but e reformulatibn » it may
be effeetively used in some particui&r cases o As an exemplmfiuauﬁen,
we shall pvov % 1e 1sterce of: isometric ¢n+erw1n1ng dilaticns of
Han&el operators wbmch are qtrlct con*ract Ret: ; in slightly more

genersl conditions than those imposed by A;amian»ArGVmKreln in{27] s

1"‘
The main reEVLt of thls section is the follow1mg s

THEOREM 1.1. Problem B has solutions if and only if A '1'1-= e k-

Tr thisicase , 1f v is the set of the solutions of Problem B :
PR : el , e K~,
“and "I“(A,-qi Bé‘QZ(Kl = K ) : B contraction, B Uls U B, PH2 A PH

! 5
then there exists a blgectvon between LID(A) and” SIO e

=

Proof Let _us suppose thet A fla T, A end let BG CTD(A) .
Since the onefator :

]a Bg &1 K1' % ,: - V y o o ” < - %, R o, 3 o
HB = : @ =y @ is positive , one may define a
B .1 K2 K2 ’ ' iy

new inner prvduct Lo 5 o7 g on'chbKQ by :
(k,k"}K:{.,HB'k,k'“} k k'ezj@Kz
This new inner product is only positive semidefinite in generél
and gives rise , ‘via the usual process of factorization and comple=
tion to a new Hilbert space K , such that K1 ; Kz“are naturally em-
bedded in K , K = K,V K, end B = P; ’
K will be called the renormed Hilbert space of kliiKi by B,

®

Since for every hl > hﬁ.eﬂl " h_ i hzg,li ,‘_

. ' = (=}
- Lhy + by by o h2’ g =<hy , hlyl.,ﬁl+ ‘hz ' Ah1> H2+<h2’ hi>4 4
3 & - -_ﬁ_\". 2
(=) ;

If G is a Hilbert space , { siy oD ¢ denotes as usual the

inner product of G . b pgib



. e
o 5 . - = " e
(1 Bﬁ\q!hl nt . , s e
= \\ B 1 /\h 3 ) o \> > = < hl 4 h.z ® hi + hé > K ? K is ljatura 1‘157'
5 - ,

embeﬁ@e‘d in K . , :
Tet U be the isometry defined by

UCky + k) = Uyl + Uk - REE €X

2°2 ! 2 2 =2

‘ginc:e U, es?f(r«'i) i=1, ? are tre. Yﬁinimal isometric dilatious of
"the csntractlons Ti 1m1 2 , it is obvious vhat K = ’\/' B H

nyo
The isometry U gives rise to an Zf(H) ~ valued functmn{ ‘Snﬁa

of positive type , aefined by : 3
: K

S

F_“PHU‘H,n>0 -”En"-'PH\‘ |H,I’l<00

Let us show that . }H =, Py, = P By,
) 2

.éf 18

- C_g,_f,;:;'idér' hi,hi&ﬁi , hz . BIEH, Nz

Then :

.

e ¢ '- o +1 5
.<Fn(n1+h2),gi+h2 H-aéh(hlvtahz),hl«&-h' X
T s SRR = n

n in, n : :
+ <BU1h1 L“)h? p < 9 )I{ -<T hlgﬂl) H 4"( U h2 ¢ B”li) Kz-%’

n n &2 nh n |
+<..A,Tlhl + '1‘2112 : _?*;H <'1‘1h1 + T h2 » By ? + ‘I,‘lhl + T h,, hs;/!{

1’1

¢ n n ~
thus : o
(1.1), <P (hy +hy), hl+h2/Hw<'1 h1+ﬂf2n2, b} '>' .,
+£ (U3 = 25, Bhi‘yl,. , which pmve?t_ﬂat F, is z.nlquely defined
2 .
by B and if h2w 0o , then :

wdiny
[

& Fhy , by +hi7p = < Th, , biE # h2 g » hence anlw@? , I Ce



ey

| Simiiafly, 1t cen be proved that Fﬁgé =" nyo.

Conversely , let {®}, ¢y be o solution of Problem B .

Since s

o= . i a = ‘ @fﬁ%
{ ATlhl ] h27 HZ‘"’ {,. Tl}ll : ) h2> H < Flhl ] h27 H b <h1 v 9 }:‘13.)\,1} Eiw-‘v

: Geiag
= <‘; hl ’ Tgn,,))ﬁ = Ahl .-vg Tghg? H = £ T2Ah1 . h2> H2 y for every

hlﬁ H- and hgkaﬁz s it Tollows that A 1y = Ty Ao

Let U g o (K\ be the minimal 1somm%rie dilation of the Qi/H) s

valued functicn iFnSnész of positive iype anc Ki“ \/ P H 3= 24

nyo

It is obvious that Ki i=1,2 are invariant subspa@es for-U ,

hence U,= Uj, 1i=i,2 are isometries and K;= VL E 1-1,2.4

: A0 TR
<~U1 i .hi/K

i : ' * nyo

or |

Since

T <Uhy; 4 BIDg =

rd '{lb’l ’ 17 FJ i=l
¢h, , 8 h2>H 122

11<§Qf( 3 are the minimal 1sometrno dilations of T, 152'.
<Bkl 9 kz‘? = < kl $ kz“‘}‘i: : klé Kl ) k2€. Kz "AVO
We shall prove that B€ CID({A)
Let us prove first that PH ‘B = A EH ¢
2 1
e hla Hy y h€H, , n30 , then :
. 1
£ BUJh; , h, 7K2- <UJhy ' ByPp = <Unh s Bo P & F hl, hZ,H
W K1 m
70y » ByDp= <ATIRy , By H:’< o i hs> K, end sinoe
K, K1 :
N U1H1- K, it follows that Py°B = AP®.
nyo 2 i 3

It remains to prsve that BU1 UQB‘,
Then :.
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If m21, then s »

: Hie m
< Bl ol ¢

-

1. : m-nl g1 : : ""‘l <
2<Uhlgu 112/1{“\ 11’11,ng h?‘/L

Y

2
1 oo

= <n BU]jh- : ’h2‘>K g

and if m;o s Lhen é

i Mk |
a::avlul@l h >K; LU hl . }).2 o = \Fm_lhl . h,,>H

: e ) n+l = =
m<1‘1“ -hl § nz?tl i Ml h1 i h,‘?H <‘i‘ M‘ hl . h2>H,. _

=< ATE % = -

n
whereweused}’zB-APl and U5 =
In  the sequel we shall suppose that A Ty = T, A
~ Por the parametrization of the set of solutionSof Problem A,let
us recall some nbtationsfrom Bl o s e e ‘
: "’noose as m:nmal igcmetric dilationsof the contractions T Pt

isl 2 (gee for exemple LT] Ch.I) :

K-f =2 I‘{i@@TiC‘Q e © @

/.Ti 0 (@) o ¢ o\
D o'o o ®

2 g \
. i : -
and Ui = / 0 J@T 0 e i e e . iml,z
o
@ . ®
-] © &
Let s _ i -
e L e A
5{ {_D h, @DTZA;-:L upeny o, RE= @07
§§ C)dJ D D ' .

o ) DLy D, @D |
=D 1 A P 2 : A A TZ :
= SFA ! y G = 53@ »» p'= P =

s Th

Between J"A and .. ‘acts the natural unitary operator :

L3



. 4 ¥
L 6 ]

15 = . ol e * .' A o :
'G‘A . ?"A E o a (1)A % 1@1),“ hl) = hlﬂDTQAhl

PEOPOSM&(N}.@’@ There exists a blaectlon between the set of

~ golutions cf Problem A and the get of oantmctions f' : f/‘z&mw f]z A
P:mof. We have a natural wal tary operator P ,

P o sl i, @;’D . g(hl + h,) = (n + 4hy)@D,hy , .mCH 4ul 8

> - Let TE i(H) be & solubtion of Problem A and Eé‘,LID(A) such »
that the Z(m « valued function {ann € corresponding to B by The-
orem 1.1 satisfies Py sl . | ' ‘
perinest’ = prite L(E,00),) -

Since Tﬁ‘H = 'J?g and th = h2@o ’ ‘azéﬁz then :
2

e o g '
T' = ( 2 \ (192)
. \xif 5 )
where'xlé ;ﬁ(@[{ 1 Hz) 5 xei( EZ.)A) are contractions ..
Geing (1.d) 5 and Ty, = ’.I.‘ it follows :
A ‘.sril’

.

i v 2 ; 5 a5 L

&

every hltt. Hy h2 5 hzé.Hz 5~ then .2 : -
o (%) ho+ Ay DB [RE
.<T : ( DAhl )r> = \ )’ ( DAh:'L "‘>.+<,.
My (U, = Ty Yhy Bhl> , and u,slmf £1e.2) ¢
£ Xy o Dyhy ¥ =< (U, - T2;h2 : Bhl P
: Prom (3] Lemma 2<1 :
B, <, - T, Bhy 7 = < Dy Ty o (e ,p, +M4(1 - py)IDyhy 25
'Fl' ;. \(/’Q 4 DA being & contraction o J
Def‘:me X=q (G’APA + Flu - pA)) \‘@A o Then :
‘ < th2 « 1-1’7 =< X DT h2 ) Ahl7 for every hlé Hy - Bo€ Hy
. which implies : Xl = DTZX .

Similarly , using (1.1) ; and T‘H = 15 it follows that :
2 : '
2 (1 = q )(G‘APA + ‘ 1(1 = pA))‘@A +



'Converseiyf‘ & it ig obvious tha*t‘ if r \(R m‘) </ isg & CONw=
traciicn and ™ ig defined by (1.2) , with ‘Kl,,Y as above , then.
T = PODR is a golution of Problem & . -

H“U’AQK ,;.@fe@ Problem A may be seen as 4 ﬁeneraluatiun uf Theo-

rem 1 , in (6], presently H; and H, being no more orthogonal in B o»
In i’f] 1% is shown that for fixed contractions T € %ﬁ ) iml,2
scting on the complex Hilbers spaces Hy i=1,2 and Aéi(ﬂlgﬁq) a
contraction which intertwines T, and T, (Loes AT = T,4) , there exe,
igts & bijection between L'ED(A) and the set of all A-choice .aequonc, es
{ka ns 1 (We recall that gn’ A-choice sequence is e sequence of
contractions, %é"mg n‘% L Buch that ¢ rl . g’EA - /KA
ot Py =D a2

m P

Using the algomthﬂ in Eﬂrl Theorem 4. l.,a,nd Proposlmom Lules
one can cobtain

(;mOLLA}Y l.4o With tne nctatiom from Theorem lelo.; let

B € CID(;} ‘be given by the-A-choice sequence {i' }n 1CT"zen the
correspondmg Vﬂ(H) - velued function of positlve type {FnS ne 9 is
a contx-af‘tlon (J,,«e., L 'E‘l nz o) if and only if v AT

i - .

In this section the existence of isometric intertwining dilati-
ons of Hankel operators which are strict coniractions will be studiém
Let us begin with a general remark :

I“MARK 2.1, Tet i é—;x (H ) i =1,2 be contractions,U, Lef(K }

their minimal isometric dilations 5 A C% (HI’HZ) a contractlon-v
which intertwines T, and T, and let B € CID(A) -
Let X be the renormed Hilbert space of- K (D) K, by B ®
Then B is an isometry if and only if K=Ky 0

K o EE e
Inoeed . since B = P It ¥4 obvious that B is an isometrv
. B NE;

if and only if PK h* = ky » kﬁ By » therefore Ky & Kye

The main result of thls sectian 4is the following :



S S
THEOREM 2. 2, Let Tl}: &f\ﬁ ) be: ‘the uniloteral shift of dimen-
~gion nq (n] diﬁzgﬁ > Tg C df(Hq) the unilateral shift of dimen-

0

sion Ny (ngw d:ﬂing ) and suppose tnau ni«« Yige

it A.ﬁgy}(ﬂi Yn) is & Hankel oner&tof (ie€e AT Ty= 2A) such that
§§A1t<,w~, then there exist isometric intertwining dilations of A,

For the proof of this Theorem we shall need some preliminary
1 P

regults
Let us first note bhat in this case D is the orthogonel pro=

J.
1

jeetion of Hq onto ker Ti and DT is the orthogonal projection of HE'

2 .,
DY kexr T ® . ;
onto ke o 59 b

Since \7? % D ilHl s Then h € «/L (m H.‘ OJ(A) if and only if:

TlD hlm o hence lft h1€ D "~ ker Tl w~D"1;7 i © Thus ¢

o
R Dzl O@ﬁf and dim anv.nl

1
A

-l

o0

cr ' '
Now : F* ={Dn ® Dy A1y 1 bgé 0, 800 ® 4, e R4 1z

wl :
& - ™ 3 ﬁ 1 341
\\“<w“\h?§d only if D,hy + A.dz 0, hence = =D, A iy = miﬂDA a, o Phus s

(2.1) %Azi %A a, ‘ag id, céDT } and dim R A u,

. LENMMA 2.3, Let rl $ '5%1 -$>‘?{A be an isom&ﬁry and
T E i (5, ® Hl} defined by :

P =

vhere X = q'(Cypy + 31 = py)) 4 ¥ = (2 = ¢)(Typy + 101 = p),
s, Py b JQA_being as in Section 1
Then § . ‘

i) 7Y is @ ® - isometry

11) %T,n{&% ® (1 - C;A)a# t d_€ %\”ﬁ §

Proof 1) Iet by H, 11,2, Since s



38
T b3
% / 2
i\ 0 4 5
then @ bg\ o 9 2 o 2
i ( I = lrdn, + Xn,l thy {| = 530,01 + (Xl +
N
1 /

n2

2
+feng b =1 hgﬂ + | Xhy + vhy =B, il +ii (0 ,p, * rlqlmmm 18
: 2 2 ; 2 2 g
=l i, It “523& it \ rLéipr) E%\a%thli +llpy W+

2
+ il ‘L—pg)hl!' = {ing o+ Wny ll i
ii) Let hz@ ""ZLC' @T” Since T ¥ ig en isometry , ' ( )

Vi

:
nence Toh, = 0 and X D,z,zhg + Y:khl = 0 o Then : D%hz = h, and

!J

2 0y

. 2 : & A ; s
#*D,, hz . TF hy = X°h, + ¥¥h, = (T + Ff(l»p%){hl @h,) = o

Trom ihée above relation it follows that G""ipA(hl@hz) = o and
! {1»;»5')(}13 Ohg, = o , therefore., 0, béing unitéry, p (nl@ng)uo

S:m«,e v 1 is an is ouxemy 9,8 = .}.’11 (€Y) hz,e (5;‘3 and q‘f\&

I8 =

2 il
(1""@,‘)(1 = hl 0
Conversely , let c’t (= @ — Thsn
n l
ot ke . Taatd
T' = T
(1-q*)a, ™, ota_ + Y*(i-qY)a,
9’.‘2 S

C’ince q"‘d é@ ( = ker T ) T, A’c’i = 0 and D-wq‘é’d = q‘é*é,,giience
T Tz ] =)

XDy, q‘é‘d + T(1-gMa, = XFqhay, + ¥¥(1-q

2 )d = (1“‘(1_&)((5% AP &

+ TE-pM))a, = (1-q,) [ 74, and tai ing into account that ¥ , 18 an

‘isometry , gfdﬁ = 0 o : ;
Hence qu§E (1-qA)d§E € ker T°¢ ~~«=sf%7ﬁ~2‘
Proof of Theorem 22

Let rl H

RA i ;‘RA be an ':iysgmetry and 7' & i’(H;3 @,}gl) as ir
Lemma 2.3 |



Let B be the renormed Hilbert gpace of H“i, H by A T & ‘FﬁT’F

where F 18 the natural unitary aper&ter«acgmg between H zid 'Hg @ H.

F H I{ Wy Hrz G\ Hl $ F(hl+ hg) = (:.32""' A}.‘il} @ D‘,&f}. P hie Hi @ j—”?gg
By "L"-‘?’*epesi'i:;i.mx 1.2.,T is & solution of Problem A, hence the

* P |
:f (H) valued fxmo‘%"ian {W‘ Bm;a defined by s ¥ = ™, nzo WPz g ‘m@

n
ng o is a solution of Problem B .
IfUéE ?i(h) M@ the mipimsl iwametrlf dilation of T, thezn by
Theorem l.ley B = YY{ I X 49 an interiwining diletlon of A.{iy and X,
’) “1 :
are as in the proof of Theorem Llels)e
We shall prove that in this case B is an igsometry,

Paking into account Remark 2.l., we have to prove that :

¥ =K, = \/ (hs

Aoy
. nz o :

Choocsﬂ- as mlmml {aometric dilation of T

Kt @H)C &mﬁgﬁ,ﬁ,@@a,,
\‘Q pe (5] @ o e & \
\\ .ngg 0 ' o ® ® e \
(2.2) \ Ut = . \
2 1&@9 & ® @ ]

‘S_ince 2. and T' are nnii;arilv equivalent and thw hgé?) e . hgé H-?,a
we have o prove that : ' 4

\/. an(ﬂz @{Qg@ e ¢ © )

nyo .
% ) : nzo
where h = h, @ hy € H, @Hy o |
Since k'l Hy Doy @iol® o « o o i follows that h2 £ 0 e

By Lemma 2.3. ii) , t*here exists dﬁl(f EJ ‘ guch that :
- l
dq= @(l—-q )d 51 - Using (2.2) cre obtains s

u'%: (m g"‘( ;) + ) @O ¢ o o= (Mg qfa ) @ (Yhy +
1 e o

g N D E D s s e 3



=2 -
hy= © 4 dy = 0 .'k 7 1, therefore k¥ = ¢ , which completes the proofe

REMARK 2.4, With the matatioﬂﬁaf Theoren 2026, from Carﬂllary'l@4g

follows that if BE€ CID(A) is given by av A-gchoice equ@naaia ng nE 7
guch that §m1 ig an isometry (therefore { 5= 9. n z2), then B is
en isometrye.
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