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fwo irroblenn of operatorl .nl  extrepolat lons

h,y Ro G.rdidov

tet I{  n., :Hl , .H? be (oomplex) I t i lbert sprlddes ,  H * HlV Ue t

I}ITR.OOiIC$TON
..."!+*:€r@{sF

'  \O \ '8, -

ff.I(I{f) l"=IrZ etatrectloris , UilJ(Ki) l*LrP thelr minf,rna.l"' l"ssme*

trlo dtlo,tions and let A = tfirlrrtT' o I

In the present peper we 
"fi"fi 

deel wl.th the problems bel'oiw !

paoer,rru f : the exlstenee of,, a contrectLon,..geXtHl suoh tiret :

ti Hr- tl , nT*, * f;

end the pei etrizatrou of the set of these coutrecttons t

pRgB1Eg B r th,e exlstence of ea .f,m . - valuect {weti on [q] ,iu,
. * : : - : -  .

of poaJ,tlve, tYPe n such that ':

= lH n FnlH"* 'rt , r;l i i, ' = *I"Tr : 1-- .Rrl rr' l 41$r: ,. n ? I' ,  o ' o=  'H  n  "n lH l -  
' r  t  ' n  

[Ha  
*2

end the perame.trj.zation .ofr.''*O* set of these f,u-n'ctions o

Le*,us note that Lf one of the;two problerrrs has solut ionq ,then

the other bars too. (If iFoJ n,€E ls I uolution of ProbLern B , then

S , FI is r!, soLutt!' ln of Froblen A and conversely r lf t Le'a solu-

t ion of Problem A , then tbe , I t f t i  -  valued f.unct ion \Fn] oe Z de-

,= lprt ,, n1o an6 3tro *ulnl , a {CI *g a eol,u*loa-of Fro-

bl"en B) o

. Baeed on the celebrated Nary-FoLag lifting theoren lt wiLl be

p r o v e o t b a t P r o b 1 e n B h e g e o ] , u ^ t 1 o n l . f f A T t = f 2 A .

. Ustng the technlques fu [ lJ ws obtain e 'necessarXr and eufficient

-.-- -r 
H(s) If G ie e closed Llnear eubsSrhee of lI , ?; denotee ttr'e or-

thogonal proJectlon of H onto C r i ' ,  ' ' "



r 2 o

condl.ti0ii .f$€lrje eontrBctlve intertwln.ing diletlon of e coittfar*sion

whleh intertwines two other 'eontreetions , be an tsonnetry n :: , '

Shou-gh th:.s ccnd,ltion seems nothJrrg but a reformulation , i} e&y.
"

be effectlvely used in some paXticul.ar cases n As en exemplJ-ftaa*fon,

wo sbell prc1;e the e:ristence of'r isonetrlc internvining dilaticne of
. : ' -  ,  . .  ,

,$anriel" eiperators whtch are stnct eontraetaans , iB sllghtlJ':m'or€

geyl.€rrrJ- ccltd.tttons *han those lnrpos,e0,'by A{amian-Arov-Krein :n [ 2J .

l .

0he nnaln resrrit of this sectlon' is the followi:n'g ! '

fI{DOREM I"In Problem B has solutions if and only lf A Tn* fo A

f f i " , - , ; - r - ; ; ; " " ; ; " ; ;o * - * * , " t i ons -o fPro t i ; - * ;
Kr Ii: ..

endCID(a i  =J  B€X(K f  .o  KZ)  , '  B  con t rac t ion r  B  U1=  UrB  , , t l , =  O  t t i i

then tbere exists a bi ject ion between'clD(A) and; . . f  o . ; , : , .

Pfpgf l,et us suppose that ,S f,t= [e A an'l let B € e ID(A) '
'  - " . : 6 . r y  -  - -  . -  .  - . : . .

$J.nee the operator '  { ' : :

/  l .  g s \  K 1  K 1 ;  :
r? - I I a 6a **.*7 S* ts posit'ive r one may d'efine al l p  = l

' t t  \ B  1 /  K ^  K . ,-  *2 --2

and gLves rise o via the ususil

tion.t,o a new Hll"bert sPace K
f

proce{rs of far.torlzatl,on and compLe;

n sugh that Kt o Kd:'ere naturellly €Ir-
v

new inner  pruduct  {o  ,  .  ?  K on-Kl@KA by 3

< k ,  k t l K = < H f  k  r  k t ) k  o  k o € ; i @ K 2

Shji"s new inner Broduut ls onl"y positive sernideflnl be in general,

bed.dled in K n K = KIVKe end B = ?ilrlf, ?

, , t i  €  H l

fi wtLl be caLLed the renomed l{ilbert spece of K1@ Kt by B o

Slncr for everY ht
t  l r

tat

(xt
t

,  h2 u hz€i i ;

;<!t + ha , hl, + ht) g * ( h

( s )
If, G is a HlL'uert space

inner product of G o

1 ' hi).s., * 
1.on ;" 

Ahi. t ,rn ( he, r,l)se*
- - l  -

r (, *l* o) * denotes as usuel the

l T a



. l '

( h* bi> Hl+ 4 nnr. , hl) nro < he , Bhil n2 o

ennbedded, Ln K .
'l,ei; U be the lsometr"y def iaed by 'l

U ( k f  + k * )  * U l k l + t l t k , k'ri K' , kz9 Ka e

$l.nce Ui€f (Kr) i=l,p s,re tl,e nlni.mal" lsometrfe dlletlorrs of,

Ithe cantraetione i, t*}ua , it is obvj.ous 'i;hpt K * V un H i
' r  \P ^n>o i  -  \

the isometry U gives rise to an { tttl - velued f'un'ction {rFn\ne Z

of posi.tlve tYP-e , c'efined bY : --- i t  '  :  K

r.ret us show tbat urr!*"1, *t , pfr.Fa = rfl , rr )o' e
t1t . . .  " '  ' - "

' . ; r ,nsid.er hrrhf €'H, ,  bZ t hA€H2 I n)2o. c

prcllr,es thdt 3o ls uaiquely defined

hl,tp hl)g , hence Folur*-'{ , n} o.

€ . l o

+ ( aa, , tti).ira =

; <ha' , hl? $r= t hl, * 8ob2 , hi> nr* 
(*n + Bh, u hl)*,

fhen t

< Fn(hl  + h2)  i  i r i  *  b l> f i ,  =1 sn(hr  + br) ,  h i  + h!)  *  =

*,{. u:thr + uitr, , hi + t}} y .^ 4 u hr + nsu}* , hi}ff' o

+4nufrr, + uffn, , bl )on *(uta*hi> rr*( ut*a , nhi> Ka+

+4*rlrr, + rln, , h,i>*r* 4rthr. + nfh, n U,'),* +anfir, + nln*, bilnt

+4(u! *' rtrtna, Bhi.) rz = 4 nfrt, + rlr', ' 3i + hiln +

K2+ 1$fi - rl)ha ' Bhl>

'thus ;

(t.t)n .( ro{ht * h2), hi n bl) n * {"plr', +: u}t2"i hi, + h}} u +

+ 1 (ue * nlln, , nui) Kz , whLch

by B anct J.f hr* o r then 3

d, Frrht n hi + hi)



, r  + 1 . ^ + ' a m  -  *  S T n  n > O  o  , 1 r ' j ; ,  j : t t
$lnii*fl."-lJ'r lt can be proved .tirat rngl{^' I- l r -  

z

Converse-tr"y , Let ttso\ne Z be a soLuticrn of Problem B . ;,rv:; '

$ince :

<AT lh t  ,  ha l ' ^=  4$ th l  ,  ba?n  *  dF lb ,  o  ha lH  *  4hL  '  r f f } i * - ? ' u t
,t2

J <n, ;  * f fnr7nz*.4 Ahl ' ,  sBha?Ha* <naAhl ,  har*,  u ror e?erv

l ire H, and hr*HA o it folJ,otvs that A trt * P? A*

tet u c )4(r) hE the mtr*maL tsometrl,e C.llation of tUe X(H) a

valued function [pn]ne a of positive *ype ar]u Kre 
,r!"u* 

tn, J'*1r2'

It ls obvious that Ki 1*lr2 ave inverl"ant subspaeeg for U e

l,*1r t €

{ - ' l

1 * )
t  '  ' .

hence Or.* Ol.n, t*irZ are tsometrlss end K,* \/ U? Kf' r  n > o '
$tnse a.

,, tttt, fn q \\  " 1 * i  1  " t r K l .

(  4Fnhl  '  h j . )u

a ,  du 'b r  ,  b l ) *  = {

.  Ltot ' r f i t ' l>n

-  s  4 r ? h i ,  n i ) " .  h i ,  u l e n ,
l " * 2  

' r " *  &  ' ^ i

t g  
.  r .  t  ^ '

t l r€."C(Ki) ate the minima]- isometr ic dlLa-biorrsof St i* Ir2 o

DefJ.ne B , Kl -*TF KZ hY :

4 B k f  ,  k A ?  E  < k l  ,  k A b , , K ' ,  , k 1 € K l -

We shalL prove that 3€ CID(A) o 
K.,

Let us prove flrst that Poz B = A Pol rttz '"1

I f  h l€  H l  ,  h2€ HA r  Y tZa r  then :

< nuln, , hz, *^ 4 utht , bz.vK *'< u?t , h2)K o 4,nonr ha) Ir*
K.,

= < nfrr, , or) H= < Atthl n hz) *r= 4 arllufnt , hz) K, and stnce

-Kp- ^.-,I(l-
V utrr= Kl it follows that noln = Ar
n  >  O  

L I  I o I I ' w u  u  
O Z  H l  

. t  '  i '

' 
,f rornains to Prove that BUr= UAn ;---*

Let hr€ H, o h2€ Ha , n t fi? o, ' i i-i,

I

)
e

I

L

r:'rfrr, ,.hi) rr_

d h z  ' 4 o 1  7 * ,

1=1 {
i  *1  . )

a F * t 4 r  ,

' l  
r  . .  , . J 4 ,

" o  " L ? ' : ; r ' l

lhen 5.
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I f  m ? l

< Buluthl '
I

!'' { nrnuih,

and. tf m=o
' n

4 Buluihr

* < ng;ln*
- t A

* /* At".." h '
t - J

= {uthr n 4-ton) L *

,

t . r

f
I
I
I
,
,
t
\

\

3

q * tnasrbr@Drrhr r h1€ II11

V 
n * tDahr P.ou.dr . hi€ trJ

p a = r f r * * " ' , q o = r % * s n '. 
f irz

Aa *S*,
1 r  P A =  P

crA
g

I i

\
\

I
I
I

/

)

a

e

eand U* *

Iet

Dm' i

o

0

G

e

i * I r 2

$ L - ( c7'
)  o q r u  rglA %

ff = (0u*S*r, ogo ,

<nurufn, ;o}nr.)Kp *({oto* , rypK;<ut*to*, ; tr '2h6 e

n then 3

ufirr) K^* 4 U*hl , um*lhr;' ,,L .) ^\2

rrHu \
"z*2, Kz 't

r,hen 3

ha ) K..,= { ut*tn, o }ra )" ;; = ( Frr+Lhl , trg} g* :
. d

ha) s ,, lanfnlrr, u ha) *u* { rraul ro, , ha2 fiz*
,r'f;hrls^= <rufn* , sfihz)*, < nufn* , l{:or> Ka *&. L trz

* 1 TJzBUthr n:,>,r, 
t,

I\n &\r s

where.we used. tnl * ^ uiii e.nd $lnr* sf o
il,' In the sequel we ghal-], suppose that A Tl = 02 A" .,,.

l.oT the parametri.zatton of the sq,t of soLution$of Prouiem A'Let

u6 recaLl some notat ionsfron f i3"

Ciroose as mlninal Lsemetrie C,iiat1.onsof, the cor;tractlons St

l -=1r2 {see for  exemple t?3 cb. I )  3

K;  ;  r y@&u* *  s  o  q

o o

o o

Js. o
Frl - i

o o

a :

a o

t

:

;

e

c

o

tr tryA
Between :{ 

""a 
,Ft 'acts tho naturaL unttary operator !



' E o t

" ;  
ry  \ .  c7-A

* . A ,  3 v A @ / 6 e  t

(  1 " 2 )( w z  e  t \

\ " t  YrE ]

where xt€ X,S* , Hr) , *u /t$-l &r€ cont'ractions o:'

Lis ing (L ,1)  i  and.  s t i t1 .= f I  i t  fo l lows :

(  rhe ,  o ;  o  h ;  7  *  1rz3z,  r t i  n  h ; ) '+  <  (ua"-

!

everr nie H, , hq , ui € Hz o then 
r

, / o a \  ( n L * o n l \ *  , ( n r h 4  ( " I o A b i
< r i [  

" - l '  t  Dnhl  J> 
=(  \  o ) '  \  Dani

i '4 (ue :  \ i l :nz, l r t i  )  r  cr ld usin{ l  (1"2) n

< x}hz, Dotrr )
From t.:I Lemma 2sl 3

1 $ z
r
1 1 3

I :

I
- 82)he , Bhl 7-- 1. Orrn* n' qA( dara + l-1(1 * pg))ouhu)',

.?t T> JtA beLng a contractisn e

Define x = t ' taono n [-rtr  * PA)) l$o G then :

everJr nt€ nt "* *hge sa '

a.n(Das#r 6Dnrhr) * DAh*@o*rnnt

pnoposlg1q$i3.. t'nere exrsts a biiection
. 1 . . - . " " ' @ - - -

..soLuticns cf ?robl*nn A and the set of cr:ntractlons

I,**g. ,,I.. lrave e natural rurttery oBeretor F 'r.

s, r H.***ry fia@fiA , 3(h1 + br) * (he {" a}r1)@D4'h1 e hi€ Ha

Let ne 
'd(H) be a solution *f Probi*Iu A anC B € g3D(A)

*n*1 thc XtHl - valued functlot I rrr]o * , corresponding to B

orem l .L sat isf iee t  3 l  *  f  o r '  '

Define T'  = FrFs* Xtnr@SA) o

Since f*l A2* ffi and Fh, * hA @ o n it* € Sa then !

!m

whlch inPlies t Xl = ntl .

-:--,- .-,---s{milanly , uslng tf"f) 1 and *T*,

Y ;  ( r  -  qr ) (dana i  l - r t r  -  PA))  lno o

for

* [l it follows lhst !

: 1  '  - '

between the set of

rr , R**R- A

*=I r  I

such

'bY  The*

\.+.; ri

,.
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. . .  t

Converseiy ,' lt ls obvious thaf 1f, E- 1"

tracuLcn and gttr J-s defined by (1'2) ' wlth

T o F'sTtF Is a sohttion of Srob1en A '

i*ro$-g;* 
probrem !, may be seen &,s a generalization rrf fheo*-

rea l" g Iil t- e I e preseu'tltr fi, and $O be{ng ao moro ortho8onal in L e

fn [f J lt: '*.s ehown that for fixeo contr$c'bJ"ons ff € oC(fi) loLr?

aetln6g on thu,.aompLex l{ t lberrr ruRa*ee II i  i .*3r i  and a e dts*r}I i }  a

oontrast ion whtch i .ntertw*.nes,f ,  and $2. ( l"oeo'ASl * S2A) '  th*re oxw'o

'
ists-a b*jecti-on betweeii. crD(A) an*^ the set of all A-cholce '$eq*eness

J f 1 ^ (We recall that 6s,., A*.chsioe sequenge is 8' seqtl"eruOe of

l*lt:f':""""i;;1";;' nn.u*ln*' z rr ' ^\La *J?A &'no

{ - o  t  , f l 6 . n - r - * - " F S " *  t n v a  ) .
:  

t n * l  :

Uetng'- ' t?ie algori tnr* *n [4J theoren 4nl ' rand Proposi ' t ion ] 'o2o c

one can obtaln 3

Wi'bh trte netatlons 'fron llhoorem lnIo ' ' ] '*t

B € CID(r:t)"'be given bY the,, A-cboice sequencu tf *J o21'then the

fi) f)r
r J(6f> </f is a oorx-

XI;Y as abone , then:'

I \  
-  

. . l  , - - .  , i :  A . P  n n < r { d i . r o  I  
f  -  ? "

correspouctJ.ng fr1(H) - va}ueel function of posii ive type t 
t"J n€Z ir;

v v *  -  v E  ! ,  - F - - - u  
!

- t e

a contrs,et ion ( i ,e" Fo* E' l  n)* i  l f  end only i f  B 
o 

* o e,  d *  2  c
-----

Z "

.In this seetion the exietence'of l*soruetric *atertwf"ni'ng '111ati-

ons of l{ankor operators which are. stric$,contractions w1lr br} studlen,'

Tret us bogin wlth a gen€ral" remark ! 1.,:'l
\p

g1gg$-?e!' let T, € X (I{f ) t =t1t^ be eontraotione'Ur € "L 
(Kt }

thelr mtnlmal leonetr ie di lat lons ' ' ; ;  A €}! (Hl,H2) a contract idnr

wh j eh ;Lntertwines t, and T, and' let B € CID(A) '

T,et K be the renomred ll iLbert space of'K1@ Kt bY B '

Then B ls an isometrq tf and only' if i( *' KA o

rndecd, slnce R = rl^t*. , i t: i :q "u"Ilus 
that B ls s.n leonretry

K 1 I

ff and only lf P;a hi ' o kt , krG KI , therefore Kt 'G K2'*' '

fhe maln reiurt of thie seetlan rls the following !

ry0noLLA_BX. L'.9"



SIIE0Rg{-fup" Let tre CtHr) ue the unil"atere} shtft of Orrren*
slon n1 (nr= d.t* sn,ru ) o fx € dq*"1 the i.r,J"1ateral shlft of oimen-r  r  

r ^ * t r
s$"on n, (nA. dimJJa^) and. suppoee that n*{ nrn

-p 
t?

I f  A € A (HlrI iA) is a Hankel oper*tor ( i .e. A,fa* SAA) such th.et

{l A li < I : tberr th,*rs ex*st Lsometr*c

r For the proof of tlris theorem tve

reeul"'bg 6,

in*ertwintng rl.ltrations *f A.

shall need. s$lae px-*Ll"m*&6$ry

Let us fj,rst no*r; that 1n this ***" D*$ fe the orbbogone.J, pp6*
' 1

Jection of Hi onto ker tf *U o*, is the o*{bo6onal proJeati.on of .ff,
qnto ker $^ .- zv  ( ' ,>  - r r

Sine e d A* SASIHI u tl;.en. hf € ,ftn(o HI CI J a) tf end only J"f

rfnunr* o hence iff ht€ D;} ker rf - o;t g_o , shus

A  n * l n  a  
' 1

Jtn = Pl* #gT and tilm '/L*-' n,

' Itr:w t ff u *{ D*,ht@ n*ran, r b1€ H1} r ss b:. & da €,Ro **

eud only i-f Dahl, + Asd.Z 1F o, fr*oon br.- *DilOHci2 * *;f*nll6, or.firus g

(2"r) S, u= l-*{*ua @ 6e , da - nr, i i'ru u** ?i= ',

f f n
v

_s

; - )

r '  = (

,  Y . =

l .

ti) ff*,= { eAa* @ (l - rA)a* r a* € S rr !

n
.I#iHS-fu}. Let f I , fiu *>frA be nn isorne,t4y end

rs € Y Cou S Ft) defl,ned by r
qr*2.

Ysn
4\ YfIl' 2

where x o ca(fono + [-rtr - pA))

qA , PA o fia being es in $ection

thon t

1 )  n r l - s & 6 - i e o m e t r X r

(r. * qa)( %pn o l-rtr - p6))u

Proof t )  I ret  h l  Hl  i=Lr2n Slnce l



- 9 €
mlil rf' t ' - 4 ,' -e

o Y

t h e n  3 / h * 1 .  z  g ,  2 .  ? '  2

tt r ' ff i  (-. Jlt- " lt 'sfin, + xirl l l  * {lvn,tl * i irf i ir*l l  + l l  xirl l l  + ':
\ * 1  I  

-

+ ${ynrlt 
e 

* i i  u*t lz + i lxn* + yrr, l i  
a* 

l iu" i l  
enlt 

{f i6n6 + Fr(l-*ul}k}[ i  
a 

rr

** oriu 
t* 

rtqiun= rt 
' 

* It rrii*nnlu, lla* [tt'n tl 
2* 

llruhr\t 
e*

+ i[  Cr-nulrrr i l t  6 l i  rr ,  l t  
? 

n l(  t '2 l l  
a 

f  hp \
*,f) I-et h, S b;€ S*," $inse $sH te €l.n ieometry , t '  

[*; J " or

hence Seha & o end X*D*Unn + f&L, * CI e Sben s OUr"t * h* and

xffiD*.hr.* ymh, = x'th, + y$h, - {6-finA + $" T(i--pA})(hr @ha} s s
t 2 u

Isrom'il.he frbove rela*ion lt foL}ows ths,t C]lnACnl S h'*) * o and'

ff { f*nA} (hr Gr he} * j o,' 't4ereforq''p, fio being turltdry * fA{n, @,  @ un)*o

T t f f

\
l '  .
I
t _

I

f
Is t

\

1 \  
& - r

r \ ^
I{ence hr @ ha € KA *"4 ffiqnt @u*} * 0

Sin,3e [-, fs en lsome'tr3r u %* ]i1 (S ha €

, [  
q A d *  \

' l t r - e A ) - . ) : E

,n*
\ 1

A
e'nd c"'d* o h-  r E  . ' 2  s

o h n ' .
L

rse3.y , le* do €

A '

( L*q'.) dE

. Conve--
- - \

\ ,
. 

_.-_1.--_..

rF

% \

*rr-noru* )

S *  "  
T h c n  !

l 1

( 

& 
rzaA

I
\ **o*rnnor* o

slnce qAd* e Sort = ker t2)rt2eAe* - o and surnu** * g'&d*n3{*"*u

x*D*read* *' YR(1-qA)d* * x*qA% + v*(l-qA)d* * (l-qa)(o'f;oA +

+ f ftr-;,A))a* - (t-qa) f Tu* and takins fnto.,account ttrnt ft ls en
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