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.BASII CHAI{GU A,ND TI'E FRNDHOIM INDrA(

Mlhal Putlnar

-Introductlon

The present pape:r deals wlth'a relat*onshlp between J.L.Tayrorrs fu"nctlo- ; :' r trhar- caLculus and tht '  mult idimensional Fredholm indexrboth referlng to ccm-. ,
mutatLve n-tuples of operators.we devalop an enlarged framerwith tho pu::1ose
of makihg the' ! ' rodhol-m objeets more .r 'rexlbre under analyt lc tra.nsfornna,uions.
I n p a r t 1 c u 1 i i r . t w o . b a s o c h a n g e r . e s u ] . t s , T h e o . r : e m J . 1 a q d T h e o r 6 m 4 . 2 , a r e o b t a 1 n e d

in th is  paper .

let us rebaU for tho beginning some termlnology and faots..frorn mul,Wdlmen+
's ional  spect rar  theory. t re t  H ' ;ber ,e,complex { I l lber t  space and l6 t  ,=( f l  , . . . rTt l )
be a' lcommrltative n-trrpre of r ir iear..-bounded opq-na,t iqrs on H,,J.r.Tayr,..r deflned
f i  [19J the Jo lnt  spei t rum sp(T, ] t )  o f  the n- tup le T on H as the subset  o f  ,  L : i . . i ,  . , , r
' i ; t iose polnts )^- € cnrv::-th tn-*q,,proterw,,that Koszuils complex K.(T-l r; i)  . ls
not  exact" rn othe. r  ter rnr : ,  x  ,d  sp(T,H)  i f f  , the conol t lcn i

H q ( T - i , H )  =  o  ,  q z t o t

ls  ful f iLed, i ih.ere we h.ave de:roted by I i . (T-).  rH) the honolo€:y, spaces of the
c o m p l e x ' K . ( t ' - I  ' H ) . T h l s  J o l n t  s p e c L r u n . | e s  6 o . , n y  o f  t h e  e x p e c t e d  p r o p e r t l e s r w h e n
comparet i 'wi th the upectrum of a single lLnear operat,rr , ,anong whlch we rocal* l
oa ly  Tay lo r rs  theorem [eO, t f ,  eoren  4 , ] l  about  the  ex is tenee o f  .a  epnt inuous
funct lonal calcurus f  l ' - -+ f(T),wlth analyt ic funct l -ons"f  def lned 1n noigrrbour-
h o o . d s  o f  S p ( T , H )

Mot l ' ra ted  by  Tay lo r ' s  j .deasrsevera l  au thors  deve loped.  ( in  convergent  d l rec-
t lons)  t l re  ! ' redho lm ' i ;h?ry  f 'o r  commuta t ive  n- tup les  o f  opera tors .Thus  i t . , : s
unanimously a- icepted that the polnt l .  e C 

n 
doesn. l , , t ;  b;elor+g, to the essent ial .

, io in t  spec t rum Spe(T,H)  l f  the  cond l t lon  .

("1 )

( 2 ) hq = dtm Hq(t - ) ,  ,H)  < oo ,  9) r  o ,Lr



'  hol-ds true-Then:the f lodhor-r l '  i r ideJ of T ls ihe int;ger
I 

'  { 
.;;n'1,,

These def j-ni t ions extend the corresponoing not inns fo:r  a single l inee.r.  ope_ :  r , :

: . '  
'  ra to r  and the  exp-ec teJ  s tab lL l i ; y  resu l ts  hc1 .d  (see [ rz ,Chap. I I I .  I  Z ] )  " f f  uxever ,  

' , , . ,

1n  the  mul t id imens iona l  case new phenomena appear  (see fo r  Jns t -nce  [e l ;  and
tha ain of this paper ls to lnvest lgate one of thorr i . ;  , ; , i ,

More  prec lse ly , the  eomputa t lon  o f  the  index ,or  o f , ,Qemo f iner  invar la r r t .$  as
the numbers h- rof the m-tuple,, f i (T) rnhere f  :U ---+ C 

* 
t"  an analyt ic map de-q

f lned on an' :6pe'n neighbourhood U of Sp(T, l l ) ,J.s the rnorivat ion of i ;h ls paper.
'  f t  tu rns :ou t  t 'ha t , ins tead o , f  . ,work ing  on  Cm wi th  the  Erboue usua l  de f in i t lons

- l t  1s nron's- 'eor l l t€ntent to l l f t  the objects to U,to i -nvest igate there a Tor- ln-
tersect ion condit lon and to compute the corresponding, j -nt ierseut, icn number . . ' . . , , . . .
betweon ' the analyt lc f ibre f-1 tOl and the n*tuple T. i ,et  us expiain this- pro-

.  eedure  ln  more  de ta i .L

The Fredho ln  cond l " t ion  (e )  can  be . ln fe : ,pneted :  as  fo lL .ows. le t  f tn )  denote  )
the algebra of bounded l lnear '11p,[e.rators on ]*,1w.i th i ts two slded elosed rdpal

1 (  ( H )  o f  c o m p a c d  o p e r a t o r s , T h e n  c o n d i t i o n  ( z )  i s  e q n t v a l . e n t  b y  [ l , i r l  w i t n  j

where  the 'ope: , ' i td rs  T . *4 ,  ac t  b .v  le f t  mu l t lp l . l ca t lon  on  the  ca ik in  a l .gebra

{ @ ) / x - @ ) .
For another lntcrpretat i*on conslder O ( C") the aLgebra of holomo.p.phlc

funet lons on Cn and let  m^ be i ts rnaxlmaL tdeal ,as,s9,cJated to A :

{he quotlent : I  ( Cn)-module 9(Ct;7*^ admi!s., g, lQpnon j.cal '  free .reso}ution

g lven  by  the  Koszu l  comp lex  assoc la ted  to  t [ g , i $ys tem:g :L rwhere  z * (z rs , . . szn )
stands for the coordlnate n-tuple ln C l, :  i . :F----r

. n

ind(r) = tr (-r )qh, c
Q=O

m ^  = { r .  O ( c " ) [ r ( r ) = o ]  .

K, (z- ). , O ( C") ) -+ O( A n) 
/^X,-ih' o. ,  . i  r ' . t !  . . * i _  . r . i .  "



Note that /ihe qtrotJ.ent algebra

Then regardlng the ;:-tuple T as

-?-

F \ r  n A ,  ,
E ' i ( L  ) / m A  1 S

the topoJ-rgj.caL

canonicall"y J-somorphle nttf;.

repr tsentat lon

{'

p : O(G') -'--r f,,Gr)lkts)

whlch assoctates 1T,  to  zr r the condi t lon (2) ' t  can be
of  the coord inates and of  the Koszul  resolut lonr ls

r o ro [a " r , t ( cn )7 rn^  , f , , t ny1K(H) )  =  o ,  q ] r , e :

reformul"ated

fo l lowsl

lndep.;nde:ntly

( 2 ) u

This eq'.t' ivalent dejlnltion for the fredhoLm proper.ty of the n-tupLe, T- ,1,
ian  be  ears i i . y i , sx tonded 'Lo  moqe genera l  ob jec ts ra  fac t  wh ich  w l l l  tu rn  ou t  to
be ex t remcL.y  use fu l .

Thus,Let g bo an ana. lyt lc coherent sheaf".on c n,whfeh 
admits a f l r r i te.

g loba l l y  f : ' oe  reso lu t lon  w i th ' f l ; r ' i te  type  O . -modu lesr l i ke  the  sheaf  & / r l
above'I"c"r  explanat ions concernlr : ,g such sheaves,see !  l  iThroughoui 161u p*p"o

O denc;tes tha sheaf of holoniorphj.c. . func:r ; l .ons,on ,C1.Thep the vanlshtng
cond i t ion C f , ; , : i t ' l

f ) r r  l l t

re=" : "  / (  g (c ' ) ,  * , t i l / - r< . ( i l ) )  = '0 ,  e7 to ,( 3 )

wl l l  be  in te rpre ted  as  a  genera l i zed  Fredho l -n  " lnc ldencet r  reLat lon  be tween

the  snoaf  I  and the  n- tup l i  f ,A  na tura l  K- theore t lc  d i f fe rence cons t : -uc t ion

wi l l -  p rov lde  under  the  assumpt ion  (1 )  an  in teger  
'  

,  .  , \

i n d o ( c o , (  g ,  t r i l / ( G r ) )  €  7 L  t  ; , { i t , ,  
' :

whlch gonoral lzes tho lbedholm lnt iox.

Le t  us  i l l us t ra te  thess  no t ions  i r j - th  two oxamplos .

Sxagtn lo  i .  Cons ider  th€  n- tup lo  T  and an  tn teger , -h i .  1  <k< l .Le t  us  denote

by J ths ideal oI  the sheaf O generated by 21,, .  .  i ; r i r6g"r T6en the sheaf
( =9/J ,whlch- ls supported on the compJ-er:  , ' . r . (a:k):$tmerlsional l inear subspaee
r  

' l  -n
\ r1=rz=. . ,=zn=o!  o f  c " rhas  a  f ln i te  f roe  re iporu t lon  g iven by  the  par t ia . r -

K o s z u l ! s  c o m p r e x  K . ( z 1 , , , , r u k i O ) . r n  t h j . g . ( @ s , e  c o n d i t i o n  ( j )  , i s . , e g u 1 - v . e , . l . e n t  w i t h
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the fredhclmnes.. ;  b{ j  tue k-tuple (T1 , .  .  .  ,Tn) .and

* a O ( c n ) ( a / @ t , . . . , z n ) , f . & ) / - k ( H } ; = , , - r n a ( T 1 . " i . , T n } . . . ,

i ienark that trre n-tuplo T is Fredholm if ( l) , , lrotas,.but the n-di:nengionaL lndex
hd(n )van ishes  when  k ' :  n .  j

l lxqmple-  2.  Let  f  bo a non-constant  anaryt ic  f r rnct lon on c  n and lo t  g  bo. .
the quot ient  sheaf  O/ t f t . I t  has a f ln i te  f ree r .esol t l t l i ln ,g- - - '  OJ O' -*9-*o)  .1 , .

and lt  is supported on the hypersurface lf=o).t ir"r, ( j) ,neans exactl.y that tho .;: , i
operator f (T) ls 1, 'redholm,and Ln tb.is case l

At  r ' f l \

i n d o \ *  ) ( a / ( t ) , * ( n ) / K $ ) )  =  t n d , i ( T . ) ,  : . i l

0ther  examples  . r+111.  be  presonted  in  { :  ana I  S .  ; :  .  .  , ,  . .  ,: : ' '  
The pr.esent paper ls r 'n ampl. i f ied rrer.gion of a"n ear, l  ler paperrwi- th the Samo

t i tLe  c i rcu la tec l  as  T I {CR0ST prepr in t  , (Apr l l r  19B1 ) ,Meanwhi ls  t r r ,  recent  ,comp1,e- .
'  ' ! r  j  mentary  pepers  dea l lng  w i th  Fredho lm theo l ' y  fo r  n - tup lo$  have appea4q,d , rR,C&reyr : , t : , :

and  J .P incus  have announced fn  [+ l  an  ln te res t ing  ana ly t lqa , I - .method o f  check ing-  ,- )
ln our te:rml-nol l_ogy,condi. t ion (7) and of computlng the corresponding indeix for , i
some apecial  c lasses of n-tuples of opera.tcrs and ccrtaln coherent.  shea'"es
wi th  suppor : t  o f  complex  cod imens ion  l . secor rc r ly ,R. lev l  annour r . .sd  i " [ f  4J  a  K* thoo-
retLc frameworh for mult j -operator lal  FreChoJrn theory.I t  1s posslble thai  thts

i : i i  
f ramelork  nay  be  used fo r  another  app i "oach to ,Theorem j .1  o f  the  present  peper ,

' :  
Anyway the anar;r t lc enmputat ions in our proof of rheqrem 5,1 wouid be st l l l  i , . :
nocessary .

The presont  paper  has  f l vo  sec t ions .

'  The f i rst  seet lon eontalns some prel iminarles on analyt ic eoherent,sheaves

on Ste in  spaces .

In the seconi l  sect lon we def ine the not ion of a FredhoLm sheaf with respoct

i : '^  '  ! ' : '  
" . ' - ' t*oo-slded ctosed fuieaL.sono stabi-Ltty results for t r ' rodholm sheaves and {9r t ! :e : , r : , i r ; i ; , , . ,

i  . '  assoe ia ted  lndex  under  geomet r lca l  and a lgebra ic  opera t ions  are  thon,pr r .os9nted-  " :
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In  tho  th l . rd :sec ' i , ion  Lho no t ions .and the  resu l ts  o f  !e  a re  app l led  to  th ,e

case of connmutat ive n*tuples of operBtors on Banaeh Fpscss"rt lhe main rusult  ls

Jheor . :m J .1  "
?he forrr th seet ion ls oxposltr . ry and ccntgins arrother base chango p€$r, ,-L1i .  i

Theorem 4 .2rwh ich ' re fe rs  f tna l  l y  a :Lso  to  conmuta t ive ,n- tup les  o f  opora i ,gps .  : * i :

" In the f i f th seetr.orr  a non-operator iaL example ls presentedrwhich lLlustrai  -

tes  ra ther  ln tu i t l ve ly  t l r 'e  genara l .cons t ruc t lon  o f  tho  indexq

f t .  rHnrrurNARrEs

A cl-ass of analyt ic sheaves,w:hicl i  is stable under Jom€ algebralc and geome-

t r lc  t ransformat ions, i$  descr lbrd.The reader  ls  nefered to  the rer :ent  t ' :o t  I f  lJ

for an eycellent in*roduction to analyt lc geometry. :  . ,

] ,et X be a.S*,ein spaco with struc,tr '4pe rshea:f O.i.We donote by Fn(X) thp ::r. ; , .

class of anaL.ytic cohele,i t  sheaires g on X,,r+hich adnlt a f intto globaliv freo

re.solution witF. f lnlte type O*-mc.lules: ,  
'  

'

( 4 )  o  f n -  f , n ^ - *  n " , " i l ) r u  { *  o ,

. -? r-)rn.where d-  f  U ; f  
for  some non*negat ivc in tegers * . - r .  0 . (1 . (  n .

In vlew of the equ-ivalence between Stein mo<iules a,nd coherent sheaves ,qn X

establlsheO fn [11] ,an element S e . l 'n(X) is compl-etel-y $,sterrnined".,by the

Fr6chet  9(x) -modute , f r tX l .S iml lar ly , the exact  sequence (4)  can be der ived f roro

the.  f ree O(X)-"u"o lut ion

( 4 ) '  o  - - +  L r r *  L n * 1 *  . . .  +  f , o  - *  ! ' { X 1  - - -  o ,

where  l r=  O(X)* l  .Thus  we sha l l  use ,depend ing  pn  the  *co4tex t ,one o f  these two

equivalent t iescr lpt lons cf  the same object, . , , .  
_-_*

For the sake of completness we sketeh the proof of tne fol lowlng.
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\

LEMMA 1 .1 Al.t- tJ ---' $, - 5r-5r "'-. 0 be-e-giigf!--g,Igc-L*s-qg-e4g-e qt

geglytig qohel'ont sileq o.Lg-.Stein sJq.-cli iir,ff iw.q."ef .t {1, {2,
|  $ r .  / r ,  r

$ = belong-Lg .! 'n(X),the! thg.jb}f@ 11? (X).

Prgof .  I ,e t  M,  denote the f ln l te  type &(X)-modute Tr tx) . I f  . ' two of  the

modules Mo rM11l l * rwhich are re la , ted by a shor t .exai : t  sqqr lenqe
a e a

O ' *>  Mn *+  M^ +  Fo*  0 ,
|  . -  J

belong tcr

resolut l -on

Because

proJ  ec t ive

fR(X) , then t i re  th i rd  aC; ; i i t s  l y  [ . f  ,Propos i t ton

wl th  f in i te  ' , , vpe  pro jec ' ; i ve  n iodu les ,

each pro joct ive mooule is a r f l ;  .ect.  summand of, ,a.  f ree

fesolut ion can be modlf ied u'rr , , to ,a speciglL forml

r 1 r . , 5 " 1 ]a f in i te

module ,  the

$ ) o  > P - - > I
n  n - l "  

- :  LO--e 0n

r . , 'here P'  is prcJect ive arrd tJ.  O ' (  J -(  rr-1 ,are f in l te type

Then by  compar lng  the  th r 'ee  reso l -u t lons  (o f  Mr ,M,  an<J Mr)

exac t  seqrence,one go ts  tha t  P '  i s  s tab ly  f ree . .  There fore

equlvaler i t  to a free vesolut l"on.

! {e  doscr lbe  r row some examples  o f  e lements  in  FR(X)"

IEMMA t  "  3 ,  [ t  I  ,Propos i t lon  4 .6 ]

Tlrsn O *1^--  e rR (x ) .
A ' X

l{e have alreaCy remarked in
1r'l

X = C " , b e c a u s e  o f  t h e  e x l s t s n c e

a lso  the  fo l low ing  example .T ,e t

t rac t lb le  S te ln  nan i foLc i "  Then

F R ( X ) . .

lnMI{A 1.J I,et f  :X -, Y

a coherent  sheaf  on Y.Then

frse C(X,)-qrsd-qlq,s,-

,th:rcrrrgh the short

the complex (5)  ls

i,e'[- X h r  a : ' , S t e i n  m a n l f o l d  a n d  L e t  x € N . , , , , ,

tho introdu-ctlon ' that this lemm& is val id when

of  a canor i icat  resolut ion of  O*/^- . . t r ie , ,ment ionx ' x
Z be a Iocally complete lntersecti-cn ln a con-

the s t ructuro sheaf  .  OZ= 9* /  5  tz)  be longs to

bo a f lat  norphism of Stein spaces*gnd let

f * g €  F R ( x )  n h e n e v e r  5 l  e  r n ( v ; .
ff,,, ug
y!:ir I 

r:,
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Recal l  that the rnorphlsn f  :X *+ Y ls sald to oe f lat  i f  t i  Fr

tr \  .  
t " : -  Inor 'nlsnr

m o d u l o  - * . *  i s  f l a t  f o r  a n y  p c i n t  x €  X .

The prooi c, f ,  Lemma 1.J is lmmet late beoaus,er a f lat  morphisr, l  preserveg by

ou iL*back  the  exaetness  o f  a  reso lu t l c ,n ,

T,Eit 'r}rA 1 ,4 !g { a.ng & bel,q$s to,rR(x),jhgg { o,9

pglgg,pr*qyJdp$ Lhe!. F L* 4rp.t p:ter 1-

has the rlaine Di:o-

Prggg. T,et

Then the simple

f ree resolut lon

t :  and

complex

for the

* :  be f ln l to  f ree rosc lut lon ot  F , respect ivety4.

associated to  l ,he. rb i ,comptr -e*  f  . '  e  { :  is  a  f inLte

s h e a f  ( e & .

\2. THE I',rArN llorrotls

In thj .s sect ion a gerrera: l - ized irredholui  theory foi .  coherent sheaves ol l  l ' i f (X)

and re la t l ve  tc r  a  l ianach a lgebra  repr :esentar ; lon  o f  0 (X) , i s  desc i " lbed

l,et  A be an unj. tal  ,not nocesrral i .ely:comrnutat lvo, iJanach algebra ano let  I  be

a two-sldad cLosed ldeal of  l , " .The basic facts concerning the K*theor ' ; r . rsf  Banach

aLgebras can be found fn fZol ,where the com.mutat iz i ty ls inessent l-aL,Thus the

boundary operator

) ' r  \ ( ^ / r )  *  K o ( r )

i n  the  long exac t  sequonce o f  K* theory  fo r  the  pa l r  (Ar I )  can  b9  ln te rpre tod

as  a  genera l l zad  lndex . l ' Jo  r "eca l l  th* :  c lass ica l  s l tua t lon  A= f , (H) , I=1 / . (H) ,

where  I l ' i - s  a  l { i lber t  spa+e,Then the  g : : rup  Ko(K( i { ) )  co tnc ldes  w j . th 'Z  q ,nd  a

is ,a f te r  th ls  lden t i f l ca t lon , the  Fredho lm index  map.

DAFINIT ION 2 ,1  Le t  X  be  a  f l te ln  space, le t  6e  fn (X)  and

be an  un l ta l  representa t lon  o f  the  Ste in  a lgebra  O(X)  in to

wl th  a  d ls t ingu. ished two-s lded c losed 1dea1.  1 .

Tf ie-bheaf 
- .31 

is sald to be Frsdholm relat lve to O and_t.o- I , i f

i e t  p :  O ( x ) . - ;

a Banach algobra

A

A
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For:niul-a (6),.shou]-d be compareC.with relatlon (]) in the; introductlon;.:; ,1,1;;" ,
I ,ct us assums::.(,6) holds and let l .  be a f inito fr.oo resol-ution of {t,{X)t

wi th  f l . i i i t 'e  type O(X)-moaulos.Then the cor , rp lox of . : f roe (A/ I ) - inodules

h' 8 
O tXlA/t 

is exact ,hence homotopically trivial , that is , ifl the boundar;;

oporator d cf"S, has degree -l  rthen there exists an operator E of degree +1

on  L ,  tO( *  
)L /1 , such  

tha t  (d@1) t .+  e (d€1  )  *  r , d . .The  A fJ " t , t nea r  nap

( 6 )

PROP0SITI0N 2,2

of ..!he-,rgqo1qt ioh L.

r o r o ( x ) ( g ( r ) , A / r )  =  o ,  e  o .

ri,i

:ii iii:

d @ 1 u r t  + e  t  L "  @ g ( x ) A / r

l s  lnver t lb le ,where

Lo 6 o(.x)A/i

s + Lzb+t
P 7 a

have tho samo rankrandrafter c l ioosing

a b o v e  r n a p ' g l v e s  a n  e l e m e n t  [ a . o n  ,  ' l" ' A 1 1  -  "  t

and

The"f - ree-  O(X)-noaules Lu and !o

UCgti idr,, tn th!,se,*two" O(X )-modules ,the

1n  the  g roup  
\ (L / I ) . l , i e ' se t

( ? )  .  l nd  o ( x )  (  {  , t l t )  =  ?  [ a  e ra / r  +  t 1  ,

where ? :  K,  (A/ I )  *  Ko( I )  is  the genera l rzed tndex.

the defJq!9lon of ,lLe ,inee& jtg_jtndelqryLett-of lhe .choicen,:r,

, t he  hqmgto ,pq  €  an l thg  bas l s  i n . t , ' .

Lrod.! , ' .  l f  e. t  ls another homotopy of the complex L. @ nrurA/I  between

the nul I  morphlsm. and the ldent i ty, then for:  oach ie io,rJ,  i t t " i ( i - t )e, '  rs -

mains a 6ood hourotopy,thus the cLasses lael t71 o ei  ana [a * t  n l r  t ,  E, l
co inc lde  .

Changing the 'ba,ses ln the cornponents of the cornplex L. the olemont

Iaer  A/ r  i .6J  ' , r5 ]e .cones [uetA/ r ]LdBt l / r  t  aJ  Io* ta l r l  ,where ue Aut  Otx" ; ( r " )
and v 6. a"t i j i l lTn;) . If we denoto b5r:..r61' rA'-*. -' ,AlI the natural proJqq.tion, then

czta / _.1 u

[uot A/]*U*f,ru'6, ioJ,ther*for* ? ["g1a/r l  ='0 and anatogousry?[v*tolJ :--g-:
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r n r , , a  . i a f f  { ? }  u {  * hthen the *dditiv.ltf of V i4pLies thp; Ln-{arlance of ..(?) wlth respect to $he

cho i -ce  o f  bases .

'  Let Ll  ancl" tr , r 'be two f lni te resolut. lons of 6(.X) ntth f ln i te type free : '  r i  i

p (X)-nodules.Theie ls a morphism of corqp}eae,s.of O(X)-rnoaules h:L: - t  5.1 ,ni  . .

whlch ls a quasL-$somorphlsm (1.e. "it induces lsono:rphisius irr homolog-v.),.. 'Iret !.1,1",,-if.

o )

ui-, /
.,=(:1

The eomprb*: '66'tgtr ge 9(X)*rodules

it ls homotopical ly tr lvlal v;:-&:r&

roa 9(x ),q,",  ,o1g :* ? [a sl  i r l l

Thus we have reduced the Txtodf'

exac -oJl. r a/I,ltien

R ) / v \
i nd  

-  t ' . r  ( L ' J  ,A / I )

d
/ d "= l .o

: , )  
,

where (-t )Prr 3 L' ----r
p p

ConsLder tho complex

boundary operator

ls a morphlsn of :.r9rampls5gg1..

contlnuo^us funcli&rtirls . c ([o rrl

L 'p
o f

b*r.:t tre cone of hrtha' i ;  ls the,aomplex wlth c.omponeuts tn= l iS t;-.  and:,,

boundarles

t  )Pi i, p

lo  1s exact  ,by l f  ,coro l . f iary  1.6.61 ,huoo"

bomotqp;r ; .€ and consequently'

.  - r  f " ,  -  " l
+ e @ 1 q t \ =  d J l * L d Q l o + e € 1 o i = o .  , , ,  r

i

o f  ProposJ. t lon 2.2 t ,o  th.e fo l - lowlng. , lenma.

0 --.* l '; ' -- J,. *t'5,! --> 0 be a shorL exact seguence jf

" 9,.(X)-4uautes.-If the three corqpl-g.Igq-gr.g.

+ lnd  9(x )  
& :  ,A /D

Prpgq. The boundary operator d of 1,. ls of the ,ferln, ,r

,I,' @ 
O (X)A ) w't$,h,."uthe

LEMMA 2,'} I,e-t

tnitd""'CIoinpl exe



r y  L l e , f h e o r e n ' 4 . 1 1  ' u h e  c c m p l " r x  c ( f o , t l o r , @ O ( x 1 A / r )  r s  e x a c t , a n d - : e r . n g  
.

a compl"ex of fres rC([0 11) rL/I)-modu].es,there is a honotopy e.,. r,rhleh dopends - .
contit : : :ous1y on t and which tr ivial izes j . t . fhen the elemerrt" arA 1A./I . ,  *o
and dr@ 1, , ,11 *  u t  < le f ine the sanue cLass i l  u ,  (A/ f ) ,and,

r ) / v \
i nd  u t^ ' ( r .  

, r \ / r )  =  ? [d r  * ,  n / ,  *  
" . ]  

=  ?  laog ,  o / . .  *  
"o l  

=

F \ r r t  A l v l  A r v t

i n c i  t / \ ^ / ( t : S r , l  
, A / i l  =  i n d  v t x ) 1 l l  

, A / r )  +  i n d L / ( x )  ( L , : , ! . / D  ,  e o € . d , o

COR0ILARY 2.4 Let O -r' 9'--+ g -:-+' g "* .0 bg g -s4ort-e*qet gggl,lenee -o-€

9r-meAu-]e.g of rn(x).I{-fuyo qf,!$*-$S,*-v.es- 9', g atig 5,'ef3.-Irgebg-LnJg-
letlvc *Ls p qnd I,tJlen_lbe _ti;lr{ 3eS;!!S__€eqe*plg.19$d-_e3g

f ) / w ' r  F l l v \  A / v r

. t nd  " ' ^ ' (  F  ,A / r )  =  i nd  e /  \A i  (  $1 r  ,A / r  )  + '  i nd ,  v t r  I  (  5 ' ,  ,A / r )  .

Proof.-  The f l rst  assert ion fol lows fr :orn a long exact sequence (of to ' . - 'sr

qhi le tho seeond" assert lon va.s pr^eved tn Leml,ra 2.3. :

THnOREM 2,5 " Lq! :ir:X---+ Y Fp"-a*fLgl_ggqphiegl p{-.flj.e-!+_Seegg5-_eggJg,t_

p: O(X)--> A bE'.?n uni ' [el.  {ep.Ies-enta"t joj3,,n!,eqg a $, g_qgtpqh g}sepra , e
d;!- s.t i!&l i, shed t wo;S l d ed" .c l-gi e d jfuial. .

)t
I f  g< FR(Y) I,s Jre€lrplm rgl-.qt l :re-to- po f 'gnl} r, lhen fF,$, ' :  . ts l ' redhqrm

telat,te to p egd l,g!$_t}s+

(8 )  l na  o (x ) , r xo  
,A / l  *  l nd  C I (Y )  (  s  ,A / r ) ,

.  Plee{, Let us assumo g € I 'R(Y) ls } 'reclholm re1at1y6 ,to' '  po ft"rrd l ,and

Let  r , .  denots a f tn i te  f ree resolut lon of  S( 'T) .y j inn; te  type f ree O(Y)*mo-

du l -es ,Then  t xg€  fR (X)  by  l e rnma 1 .J  ahd  T , " .& ,a r - r6 (x )  i s  a  reso iu t i on  o f ,
( r *$ ' ) (x)  by f ree o(x) -modulee.The sheaf  f i ,n , i l ' i ' "sdholm re lat lve to  p and I

/  d ,u  th \
u r * ( o  

u , i * t o  
' t e [ o ' t l '



* 1 1 - -

l f f  t h c  e o m p l - e x  ' L .  @ 0 { v ; A / r  *  ( r .  8 ) O ( v )  O ( x ) )  9 O ( x ; A . / r

iff f *$ 
. is l ' : ' :edhoLn,"

Tire complexe,: vrhlch t npear in the computatJ-.on of the two

lscnorph lc ,so  tha t  the  proo f  l s  comple te .

ts exaet rh,o$oe

s ides  o f  (8 ) r ,a rs

l:. A$ Appr,rcATron T0 coMMUTATrvn N-TIIpr,Es. oF opniAToRs

Let  E  be  a  cornp lex  f ianach space and le t  T=(T1 , . . ,  rTn)  le  a  con, f iu1&: t {ve

n- tup le  o f  l lnear  bounded op t * ra to rs  on  E.F l rs t  o f  a l l  we 'exp la in ,dhe ds- , f in l " -

t ions of the prevlous seet ion'  , ln the part icular case of tho repr€se,*fat j .nn

v" O ( cn) -----ts f (n I p (U ^n^*1 * f  * *Tn,
dYe 47ta

and reJat ive to  the ideal"  X t t i )  'o f  compaet  operators.
n'  

L e t  A e  C  
n  

b *  f i * u c 1 " T h e n  t h e  s h e a f  O i * ^  , w h L e i :  b e l o n g s  t o  l ' l t ( C n ) , t "

t ' r e d h o l n  r e l a t i , , . o  t o  p  a , n d  X ( u )  , l f f  K o s z u l ' s  c o m p ] - e x  K "  ( T -  A ,  f  ( E ) / X $ ) )

is  exac t ' , i r -ecause K. (z -  t r rO )  p rov i "des  a  i in i te  f ;ee  re 'so lu t ion  o f  Q / *x . l lh ls

do f l l i l t l on  o f  a  I ' redhoLm n- tup le  o t r  a  l lanach space ls  s i ln l la r  w i th  (2 )  t . f lowever ,

i t  is not l :nor.rn as yet l f  condlt i .on (2) ns equlvalent with (2) t  on an., :arbi trary

r3anach space.

As  fo r  the  abs t rac t  lndcx  de f fned ln  the  p : :eced ing  sec t ion ,we sha} " l  rep lace

the  morph ism E r . r l th  the  usua l  l i ' redho ln  index .map ind :  Kr  ( f ,  G) /y< , (&) , \ - - *  71  ' ,

in  o rdor  to  ob ta in  nur .o r ica l ' resu l ts . I t  l s  i "nnpor tan t  to  no t ice  tha t  th ls  mor*

p h t s m  o f  g r o u p s  s t i l l  f a c t o r i z e s  t h r o u g h  c o k e r ( x r ( f l ( r ) ) -  o  I { 1  ( f  $ r ) / k $ ) ) ) ,

In  o rder  to  compute  the  index  o f  T* ) . , l "e t  t  be  a  homotopy  wh ich  sp l i t s

t h o  e x a c t . c o m p l c x ' K . ( T - x ,  f ( n ) i X ( D ) ) , t h a t  i s  d e  +  t d  -  i d .  t t . t u r r s  o u t

tha t ,denot lng  by  e  a  l i f t lng  fc r  e  i , r i th  coef f l c ien ts  in  X(U) , t i ie  upera tor

. t

9 > z

d + e :
9o*'ntt 

(r- l"E)
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- i -s l ' r 'euhohn uarrd consec'rreir t ly

? t ,  r t l

l n c  v (  -  ) (  O / * a  ,  . f  ( t r t / K f t ) )  *  i n d ( d  +  e )  .

,] ,srrows then thr:t

s-
i nd(d  +  e)  = ,  , / ( -1  )p  d im  Ho( r , - ) -  ,E )  "

9 2 z O

Shls integer rv11"1" be by def inl t i r :n the index of the n*tupLe T- )u ,and i t  wLl l .

b e  d e n o t e d  i n d ( t * , 1  ) .

The invariance theorens under smal l  norrn 'or cornpac-u per: tq,rbat ip,ns o{ thls

nu l t id lmens i .ona l  i .ndex  aro  proved fo : :  ins tance in  F  l ,  !  z ] .  . . , { , . ,  r

Adopt ing Lhe r+eaker def ini t ion (2) for n-"tu.ples on Sanach spaces ant l  r lef ln-

J -ng i the  i r idex  by  the  same Bu ler  cbarauter ls t l c  a l -L  the  s tab i l i t y : :esu l ts

rema: ! -h ' t rue ,except  fo r  the  invar j .ance s f  the  index  under  compact  per tu rba t ions

r*h lch  is  s* ; i11  sn  open qr ros t ion  (peo i lu l  , rna  [z r1  fo r  de ta i l s ) .  -  .

Ther Joint ei :sent i .al  $Irectru.m ls by def in: i . t i 'c 'n the set l

fn  v iew o f  the  above in tc rpre ta t ion  o f  f rodho i r r i r i css , the  Jo in t  ossent j .a l  spcc*

trurn coincd.ded"r" i thr Taylcr ls Joir" i t . ,spectr.un wlth coeff j .c le,nts ln the quo'! , ient

a l g e b r a  { t n l t K ( l t ) !

s r r  r , r  n )  *  s p ( T ,  { , ( E ) / K G l ) .u y ( J \ L t " l  r t  & \ u /

i  Th is  eq-ua l i t y  - tmp l ies ,as  in  the  } t i l -ber t  space case,$ome proper t ies  o f  the

Jo in 'c  essent la i  spec t rum, l i ke  fo r  ins tance the  spec t ra l ,  mapp ing  proper ty .

se t  C-n t  Spe(TrE) ;  so  tha t  ! 'nsc lho lm domalns  o f  Trcomespond" ing  to  a  non-van i -

shing lndex,contain only 0--dtrmenslonal and n*dlmenslonal analyt ic subsots.

Le t  U be  a  c :o 'nnec tec l  l j i e ln  open ne lghbour i roo t l  o f  Sp(T , l t )  and le t  f  :U- -+ '  C  
m

bo a  m- tup le  o f "  n 'on-cons tan t  ana ly t i c  func t l -ons  de f ined on  U.Then Tay lo r ' s

spn (r , [ ) ,--' 
[,,, 

n c. 
tt 

I 
,- i" is not t,rec,iro:.r:,] .



funct ional calculus Jrr .oduces
( ' +  / m \  o  t n( 1 1  ( T  )  , .  .  , 1 f m ( T )  )  , w i t h  J o i n t
manping r6lat ion.s:

- 1 3 -

a n-tuple of conimut i  , r r f  operators f  (T )= i . : ,  ,  :
specrt :e rel"ated, , to l ; l icse of T by t i ro spoetrs. l

s p ( f ( ' f ) , 8 )  *  f ( $ p ( T , H ) )  ,  s p e ( f ( T ) , i l )  *  f i s p o ( r , n ) ) .

l{e dl-st inguish i lrree cases:

1 ) '  m c n '  T h e n  f ( s p " ( T , u ) " )  =  s b ( r ( r ) , i t ) ,  w h e r e  K c  d c n o t e s  t t i e  u n l o n  o f  t h s
compact  K nnd of  the bou: ided"  connected components of  C n 

t  K.  rn  pu. r t lcu lar
f ( a ) .  5 P e ( f ( T ) , n )  v r h e n e v e r  A + s p e ( r , n )  b u t  i n d ( u *  L ) * 0 r , . ; . , . ,

one m1"ght say that in thls case the Freclhorm bcha.viour. of,the..m*tup1.e f{T)
can be read-  on the analy t ic  f i t res of  the map f , Indeedr le t  us as,qur0,g. . . j .n ; io fder
to  app ly  the  genera r  scheme o f  $a , tna t  f  i s r , s .  f l a t  map . r f  F€c* \  sp " ( f (T ) ,8 ) ,
t i r en  j by .Th i i o " rem 

2 .5 ,  t *  t o / , n , r )€  rR (u )  i s  l r redho lm re ra t l ve  ro  T  and

r n d ( f (  r ) - f - )  =  i n r l  9 1 u ) 1 r x  ( o  / ^ r t , f  G ) / K 0 t 1 7 "

The ana ly t le  sheaf  r *  (O /n ,^  1  l s  concent ra ted  on  the  . ,ana ly t i c  f ib re  r -1  (po  ) ,
w h l c h ' a s  w e  a l - r : e a d v  

" o r * " x * { , i . s  
d i s j o r r , r  o f  

- " ; - ; ; , ; ; ; . a r r ' r r J  u r w  + 4 v r q  I  ' r '

2 ) .  r n )  n . ' " ' T h e n  t h e  s e t  f  ( i I )  h a . s  n o t  1 n t e r " i o r , ,  p o l n t s , h e n c e  s p ( f  ( T ) , l t )
doesn ' t  con ta5"n  open se ts , .There foro  ind( f  t y  j_ l * )=0  fo r  any  

A€ 
C"m \  Sp ( f  ( t t ) r -E) ,

1 ) '  m=n '  Th i "s  l s  the  case when numer icar  re la t ions  be t l reen the  ! :d lces  o f
T  and f (T)  a re  expec ted  to  ho ld - r ' , I {e  p rove . fu r theron  such & fo rmura  In  a  par t i -
cu la r  bu t  gener ic  case.

TllnoBttf4 J. 1

a Dalac.h spq.ce I
^ 4  ^  .  r T Jg ! u q u  r w n e l l e

l f  t h e  n - t u n l e

Fredho lm and

19.!. T Fe.. a'qg"mmutat igq;r::h1plg- of i4f)ee.r .Ugun :Lgpggglqj:S_g4
*!"! f :iI -+ C n be- an,_qps.rytig_jq!.tl_mgpJith fl!i!"g*g1!ry
u IS**. $tgitrr: ,orreL n Fourhpod ol sp (T,It) .

f  ( r ' )  is  r l re<iholqr , then Jhe.  n_tuplo j ;  t ,_  I  ,  f  (  ) .  )=o,are_



\ - -z*
f ( A ) = o

-1  4 -

" a ( r )  t n d ( T -  I  ) ,

r h e l e . . / ^ ( f )  f  g i . A .

' tho h.ypothoses of  Thoorrern Z.S,wl th  Y = gO*/ rO r j .nd, : ,
: representat .Lon p r  o(u;  _*"  t  @) associated to  ,T. I lene<:
is tr 'rs65olm rel-ative to p ,and

i n d  f ( T )  =  i n d  
9 ( t l ) ( r * / .

! L  - : f  / r l \  / 1 . / t  l D \ \v  r t u \ . 1 l l J \ \ t L ) ) t

( e ) i n d  f  ( T )  =

P_roql. !{e nr..e unde,r

the funct lonal  ca lcu lus

the  Or r * rnodu te  f rg

Thus we have to analyse the r , lght

fhe  sheaf  fxS ls  concent ra ted

Ieve l  o f  g lobaI  .sec 'b j_ons , thera  are

t e r r n  o f  t h i s  e q u a l l b y .  ,  , ;
o n  t h e  z e r o e s  s e t  o f  f . M o r o

isoincr::pliisms

r  l l l

pq.e-c, j, s;1,;4:,ia$ tho

the  mul - t lp l i c

and l t  1s  f in i t c

By Induetl,on

s4a,Ll  i l7 'ove thc

( r  ns  
)  (u )  s  &  (u ) /  ( r t ,  u . , r rn ,  =  

, , , ,n .  
D t / rFrno"

i " ty {A(f  )  is by def l .ni t j .on iho lnte6cr di* O^y' ,n^ (  At"/ f r  r : i ' )
b.y thc Lrrsumption on f i l l t r j  f iber at O.

r in  N= f  V ,a( f )=  1 ( f  Fg"  
) , the  length  o f  the ;  O- r -mor tu1e , fxS ,$ /e

:qua 1 l ty

( r o ;  r n a  o ( u ) 1 r x  $ ,  f ( n  ) / k ( i r ) )  = T
( A )=o  

t l t r l  i na  O(u )1g  
/ tn^  ,  tG) / y - (w) ) ,

and  the  f redho lmness  o f  t he  n_ tup les  T_A; f (A  )=Or
r f  N=1 , then  f {S  *9 /m.  ana  ( ro ;  i s  t rue .Moreove r  we  cLa im tha t  t he  shea . f

g /nh j:s j ire<lholm relatlve to P lf f  the n-tuple T-p ls Fredholm,l-e U.rndesd
becau le  (oszu l ' s  comp lex  K ' ( z ' - y . ,A )  p rov i r i es  a  f i n l t e  f ree  reso lu i t on  o f
A t - -ou/* l *  and 0ec1us9 p ls  a  funct ional  ca lcu l -us reprosentat l "on fc , r .  ? ,hoth
condi t i -ons are equi .va lent  wi t 'h  the exactness of  the complex K.  ( r *  

l r , t ! i l / (  
(n) ) .

Le t  us  aasume re la t l o r :  (10 )  ho lds  fo r  N= l ( f f t g  )_ r .The re  ex l s t s ' " r ,  u * *c t
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seoraenee of 0,r.*moduJ.es o ---+ 4 --*

t l ie  'adCi t tv t ty  
o f  the ) .cngth , t (& )* l

(10)  fo l " lorvs f ron Coro l lary  2.4 and
re rnarh .

l lhe proof i  s

_t(- /\
f  T . . - - *  ou /o lo - *  o ,where  f  (  I c ; ) *0 .8y_  :
( f xg  ) -1 ,  and  by  LemnLa  1 ,1  ,  f e  ; I , r i ( u ) . rn * r ,
tho n-tupLe "T-,.\,n is Jilreditoln .,by the;ia.bove

eompLete after not ic lng that

r n a  0 ( t t ) ( ' C I l * ^ , 1 ( n  
) / K ( r T ) )  =  l r r r i { T - ) ,  ) .

let  us i l lustrate the theorom wlth bome cxarnples of anrr.Ly,t lc f lat
{ l f tPs.Vl i th t l ' re above notai ions the n-tuple T ls l l redholm r+}renevor f(T
Fredho lmoi f  the  ana ly tJ -c  rnap f :U  - * . r *  Cn, fqC)=0,be longs , to  one c l f  thc
c l a s s e s :

*  f  i s  c n e  t o  o n e ,  . ; .

f  ( z ) = ( s r  , .  ' . , s , r ) ,  i e n o t i n g  b . r  s i ,  t l i e  
- e r e m e n t a r , u f . X 8 T $ f ; 5 * ? e . r s  

i n  % 1 t ,  o ,  o z n .
Tn eec l t ' ' o f  the  'bh ' ree  ease$ th .e  rnu l t ip l - i c t t ; ;  o f  f  a t  i t s  zeroe ,s  can, : :be  eas1 ly  

^ '

corpu tec i

R l I t ' lARKs 3 ,2 , r ; ) .  con t ra ry  to  the  ca$e r  )  .aboveo in  fo : :mu la  (9 . )  onry ,po ln ts
I  con ta ined In  nor r -van ish ing  index  Frec jho l i : r  dona ins  r : f  r  oecur .

b),  l lhe theo:: 'em st i , l " l  holds true wl ien { l  1s al lowed to be an. ar: l r i t rary ons,r
ne ighbourhoor i  o f  sp(T , t l ) ,bu t ' . thon  the  f la tnes i i  assumpt ion  rnus t  be  rep laced
wr th  the  fo l lov ing  cond i t ion

and f ini*e

) l s

,f:ollowJ"ng

( l  t ; -  9 ( c n ) .' l ' o r  ' (
Y

O ( c t ) / * o , O ( u ) )  *  o ,  e l t 1 .

This  means tha t  the  compJ,ex  K.  ( f  ,  0 (u ) )  i s  exac t  in  pos i t i ve  d imens ions .
In this case tho proof consists in passing to the enveJ.opo of holonorprry f i

o f  l l ' and  to  make use there  o f  coorc i ina te less  argr rments , in  the  sp1.n i t  o f  [ r  O l  .
. . " w d h

N a m e l y , l e t  f : l l = " - e C " ' b e  t h e  a n a l y t i c  e x t o n s j - o n  o f  f , I h e n  t h e  f l a t n e s s  o f  f  l s
: :ep laced by  ( t1 )  'wh l le  the  f in - i , fness  assumpt i .on  wh lch  is  no t  necessar l l y  va l id
for f  , is corr.ec]ecl  in foy,nru]6r (9) bJ'  the vani_shing relat ions

A  /  r r  \

i n d * t ' ' r 1 Q ) ; , / m r t , ,  t ( D / x ( n ) )  =  o ,  ) E  f r r u .'  u '  / \ '
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l 'he. le are j -n tunn con*sequ.ences of , ;hg , lnclusions

in the generat ing par: t  i I  of  t :

s( i ,  / . (E) / lc  (E))  u  o  ( f r ,s )c  r r ,

see [ tO l  fo r  de 'ca i l s " i l ] ] -en  the .  p roo f  o f  Theoren J ,1
general  s i ' luat ion. l

o ' f  the coordlnateless speclt ; rr

ean be adapted to tLiils. more

{+, BAsB cliAt{cti }'0R FtiltDHOr,M coMptEXES

A central  role ln the, i "ast ,qeqt lon was piayed by ' ;he famlly of complexes'
K. ( ' f - t r , ,8 ' ) ' , ,parametr ized on l€ Cn"In order tg analyse .separately the ,beha_vlour
of t rre homology spaces Hq(T- I  rE) uuder analyt i .c i ; rans,formati .ons ,+e sl ia l l - .  fg-. , . ,
duce th is  p rob lem to  a  f ln i te  d i rnensJ-gna i  one,  and ther .e 'v re  sha l l  use  the  :  t

ne thods  o f  ana ly t l c  gemel ; ry .  . r , . t r  i  , ,  .  l

r ,a t  us  reca l l  fo r  i l i e  beg inn lng  snme te rmrno logy .A cor ,p lox  (L . ,d . )  o f
Banach specos and l inea::  operators .  ! .

dq*1
r r r  - p  1 q + 1  - - - - = " >  

" U

ls sald aftor G.sogal" [ rZ] to be tr-e-*hob. i f  the horr iolo6y space$ are f l r i i t1 i
d i r n e d s 1 o r r a l , d i m ' ] q ( l ) . o o , " n u f f i , b o u n d a r y o p e r a t o r ^ d q i s d $ ' r , e c * : , t h a t

ls  Ker (d  )  and rm(d  )  a re  c losed compl .emented subspaces  in  L_  r rospec t lvery  inq '  q '  ' -  - I '  - * -  - ' -  - q
T
"q-1 '

i ' / l th the notat j .ons of the precedlng soct ion,the n-tupl-o T is Fredholm t f f
the  cornp lex  K. (Trn)  le  l ' redhoLm in  the  ubove senss .

.  I ,et  x be a.n anaryt lc space with structuro sheaf 0*, .rho ($opo1_oglcrar free)
A .-\
Or, -modu le  assoc ia ted  to  the  presheaf  Ur - - - ,8 ) " (u )eF,whore  F  ls  a  Banact r  space
wlll be donoted by 916 l"nr, ,nr,"rut:."rrr.v ou"ilor*rr*,i l"o*nr", of rSanach
spaces  ls  by  do f in l t ion  a  sequence ( tn )nr  

7 ! : i la f  
Banach spaces  and o f  e lenents



. " 17 -

/\
un a  l ' ( x ,  gx  e t  t .  {bq , tn_1 ) ) ,  such tha . t
through the r :r i tural  project ion

uul 'un*r*oo ;q€ 7L ,rh, t  inage of  d
. r i i

I {r,niI,._ 1) /r,;"6 t 6o,,.!-n_, ) s /.{.]nrrn_, )

l s  a  l - lnear  bounded ,pora tor  a ; ' ( ; )  €  t t r ,n ,Lq_1 ) .Thqg,one, ,ge ts  fo r  evgry  x<  x
a cornplex (r ,"  rd '(x))  of  Sanach spaces vrtrose f ,oundariog depend on x.Ttrgs eornple x
w 1 1 1  b e  d e n o t e c i  i n , s h o : . t  b y ; , l r : ( r )  a n d  i t s  h o m o l c g y  s p a e s s  U y  H q ( f . ( * ) ) . 0 n  t h e' iother 

hand for ancanalyt lcal- ly parametr ized comprex there is a correspondlng
c o m p l o x  o f  s h c a v e s  ( 0 " 6 L . . d . )  w h l c h  w i ] - r . b e  d e n o t e d  b . y  f , , , a n d  i t s  h o m o l o g y
s h e a v e s  o ,  f t o ( f  , ) . r + r r l n  x  l s  a  c o m p l e x  m a n i f o l d , t h e  a b o v e  d e f i n l t o n  o f  a n  a n a - .
lyt ical ly parametr izer l  complex means nothi i , ,aglnore than that the operators
d  (x )  deoend ana ly t i ca l l y  tn  the  norm topo logy .  . .q r rv  r rv r  i l r  u  u  i " !  u f  ugy  .

Flnall;r,by a r:fftht b.ounded compr-er r. we me&n a cotnple;:r,rtJlh veq{sh.ing
negat ive terns,  tn=O for  q(  g .  ,

There are many:stabil l ty results for analyt lcpfl :r parametrtzed comprexss of
Banach spaces f  I re ,Le:nma 2.z f  , [ r rJ  , Iae,c to" . I i IJ  ) .As a b,yprodur : t . :p- f  :pao-g. . io ]16: ] ;  ;
obtalns rether cl i .rectly by a descendi_ng procedure ttre folr.owing resuLt (. see
a r s o  [ l 4 , p r o p o s r i t i o n  1 l  ) .

pROpOsITroN / ,1  lg ! .  t , .  ,
ana].vt- ical1:r parametrrae4 0q-a,reduqed ar-glgtlg-*Qa"g y,qLg let N be a non-_qg-
Satlve Lrltenor

Sirpqqqe tb4t the cr,mpl-exes l .  (V) pte l"rqdho]. i ' :r , .{p.t y€ y.Ihg,n Urere exls_ts
Lqe?llv- on g'e.-rtsbt bgunde$ -c0$.p1 r g. 

@ 0..-gg-e,.,1*e
and a mogpllism oi' c-crInplexgp

q. 9. --*-+ {,.

wh"iph__U d_trc e r--t&g._is9rn_€rhf sn1 s

f , . l  ,F rq (p .  ( v )  )  e  Hn( r , .  ( v )  ) 'i :;

a

'tC'rtg. ) E Xtq(

fo r  0 {  q€  N gqd,  lo ,ca l l . y  on  y  €  y .
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T h ' 1 - : p r o p o s 1 t 1 o n r e d u c e s n r a ! t s s t a t e m e n t s c f , t ] . i t , 1 n f t n i t e d i m e n s t o n & ' 1 i : : . .

ana ly t i c  Fr :edhc lm theo: "y  to  the , .  f ln l to  d ime i rs iona l  case. In  o rder  to  i l -L r rs t r€"be
'r ;his pr inclple '$te present wlt i rout proof the fol lowlng inf ini te dimenslonf l I

v e r s j o n  o f  G r a u e r * t s  c o n t i n u l t y  t h e o r e m  [ p ,  n h " o " e m  3 . 1 . 4 ) ,  . , , .  . ,  i  r .

TllAORilM 4,2 Le!, t  .
gg$X_pa-ra&egiped on g

J- or+lng,-assert ions.., aIe ecru;Lyqlent :

a) . The fulg[lon y F* dim Hrr (t.  (y )) ig tosa],Jy qgl+stant*pn I .  j
b). The f3lmit les -of sub-spales {t* u- " 

(v)} Asl l .xu" . l  ( .v)] fc,rm irnat.yt ic
t  *q+1 '" '  - 'q \d -,  --:T-."**

b.e a f igill-lglmded coqplgl* of BanacL. spacesr,afalv-t1..:

-1J
fL

ct
( r o  / . )

, A €  D ,

S o f D .

re0rrced ana.t .yt ic space y anci Lel  q Qe a ngn-ngf lq, t lve

lgtellel.

Supp-ose th.at i4q complqT-eq t .  (y) are Fr:edi:olm fo: ' ever.y _y € Y.Then the fol : .

BangSh subbun4les*of- !,bg !{i,v*a,1,, lrrndlc y x t_ .. 0 , ,  :  i , , _ . , i t . " ,

n \ .  T f  f .  Y  ? Y  J q  n  r . r n p n h i cv ), .+r. r,; ^ *- , ---:t lr._lq:,*sni of a.na.L.ytjJ: S.lraC,eSrth,en *the._nqtURl- fnqrp

'::

t x  x L  t t , t
q '

ts .ga_-+S-gggr"p!-i.st1 .

)- r-- l  dlm H^ (T- . l .  ,E)q

form a thln analyt ic subset

T h e  p r o o f  o f  t h e  t h e o r e m  r e d u c e s , v i : r ' p r o p o s l t  j _ o n  4 . 1  , t h e  s t a t e m , e n t  t o  t h e

f i n i r : o  d i m e n s i o n a l -  c a s e  a n d  t h e n  u s e s  T h e o r e n  i . 3 , 4  f : - o n r  [ Z ] . w e  . p o i n t  o u t  o n l y

the  i -mpor tanee o f  the  sp l i t t ing  assumpi ion  in  the  de f in i t ion  o f ,  a  ! ' rdho lm com-

p l e x , l n  o r d e r  t o  r e d u c e t h e  p r o p e r t ; r  s )  t o  t h e  f _ t n i t c  d l m e n s l o n a l  c a s e .  . . . ,
As  a  cont inua- l ion  o f  rhe  prece- . { ing  sec t ion  we der ive  some app l ica t ions  o f

Theore in  4 ,2  t ,c  mu l " t iopera tor ia l  F redho lm theo. fy .

let  T be a comrnutat ivo n-tuple of l inear b<-runcled opgrators on e #anaeh space

E and le t  D  C Cn be a  F i 'e< lho1m domain  o f  f  .Then K, (T-Arn)  l s  an  ana ly t l ca l l y

paramotrr tzed family 'of  Fredholm compl_exes on ).6 D.Let q be a f lxed non_negat ive

ln teger .

Then Propos i t ion  4 .1 ' lmp l les  tha t  the  jumping  po in ts  o f  the  func t : ! "c ,n
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'App ly lng  
Theor 'bs i  4 .2  to  the  eomplex  i l . (T - ; \$ ,8 ) ,one ge ts  t ,ha t , thg  homology . ,  i .  :

spacos H^ (T- } .  ,n) form in a natural  way an analyt ic vectoi :  bundlo on D \  S.
q

Indeedrl-et X be, the:' s.{.npLe point l '  and le ,.,f,1X -'* D\-S.tre the incluslon map.
T h o n  t t ^ ( f l . ) 1 q , , L i / - q ( f . )  =  H ? ( r , , ( , L ) ) " b y , c ) , h e n u e  X d n l t , y  i s  a  1 o c a 1 L y
-  . = 9  . ' :  

l t  ' 1

free I O. r-module
We remark f i{ral ly that formulg (9) in Theorem 3.1-may be obtalned aleo frorr

T h e o r e n  4 . 2 . c ) .

5. A FINAf, IJXA}1PTi1

We eienplify the general notions of I a lv ?epresp*$st:tons of steiq e.Lge.bras

Lnto comnutat l rre Cr-a1geh: 'as. r : . :
' . "  " '  Le t  X  be  a  Ste ln  man l fo ld  o f  compl$x ,  d imens lon  n  and le t  -x  be  a  f l xed  po ln t  : , . , i

;  ' , ' , .  . r  . :  o f .  X ,Cons lder  a  pa l r  (A ,B)  o f  compact  CW-cornp lexesrBC Araud le t . . ) ,E , ;4  = t f , , * { :b .e* l# , . , i ; , ! j
r t : :  

a cont inuous nep;hle lnvest igate the fredholmness of the sfu6gf, ; ,  A/^* r"el€.t i tvs ' .  , i , , , , .

to the representat ion

g r 0 ( x )  > c ( A ) ,  p ( f ) = g { ( * ) = r o g -  ,  f € O ( x ) ,  .

, . r )
and re la t lve to  the ldeai  I -V(B)= 

tgc 
0(A)  I  

g , l?B=OJ .We harro denoted as usuql ,Ly

b3r:"6"qK) the eommutative Ct-algebra of. continuous funetlons on the eompact K.

By [ t t ,p topos{ t lon 4.51 the s imple polnt  x  j ,s .a  conple, t 'e  ln tersect lon ln

X thd r rbe  the re  exLs ts  a  n - tup le  f= ( f l ; . . . , { r r )  o f  . ho lomorph le  func t i ons  on  X ,
'  such that the augmented Koszul eomplex

K. (f 
: 

0r) --_-? Or,/m*-'+ o

ls  exact

Thus the sheaf Or/^* ls I ' redholm relatlve to P a,nd I i f f  the comp)-q5a,

" , , , . ^ : , i  ,K .  ( f  o  g  , c  ( L ) / I )
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.rt' -a lgehra  
C(A) /  I  i s  na tura l l y  i scmorphtc  w l th  C(B) , thsr :o f i ; . . .e

f o 1 l o * i n g  f a e t :

A ) . The' '  sheaf Fredhrfm lela. t jve t_o- p ane l=v(n)  r rg x d g- , (p)"

I t r  order  t "o  conrput" )  the lndex,  we i -dent l fy  the g i^onps I (1  (C(A) / I )  wr th. t<1 (g)  t i , , i ;
and I {o( I )  wl th  KO(A, iJ) .Then the bounr lary  oporator  ? :Kn (C { i l / l  -  Ko( I )  , , ,
becomes the usual coboundary ? : 11 (n) -----;e xo(R,n) ln topological K*theor.y..

"*u I  zol  .
By i ts  def in i t ion in  i

Ko1A,n )  o f  t he  comp lex  o f

exact  on Br in  shor t

where ' the f i rs t  one

the sequence f- ..1-

@, ro( f i , f rs  v  )  ' J  Ko(x ,x \  v )  -1 r>  r<o(?  (a ) ,

2, the index ina 0 (x)  
1  o/ , r ,  ,c  (B)  )  ls  the eLas,s ,  in

t r iv la l  vector  bundles I { .  ( f  " f  ,A } . . ,G ) . , r r rh ieh is

@ * ^

g ( B )  ) - - r - -  K " ( A , E ) ,

r n a 0 ( x ) (  o / * * , c ( B ) )  = ,  x , ( r . ( f . g , A  x  c  ) ) ,

where X. ,  6n(a,n)  - - - - -+ r0(A,n)  s tands for  the generaLlzec i  Dul -er*c i ia :oacter is t lc

r n r p ,  [ t ,  ! e . o l
Let U be an open nelghborrhood cf x in X, sucir tha"i;  U, ls dlff .eomorphlc

equlvalent by 'r1 r+ith a b-"i l  l l (0, 5 ) of : :adj. r.s f > o,lrte may assurnq. that .!he

n- tup le f - r ! ( f . . "  t r ,  , .  e  . , tn-  l r r )  is  s t l l l  a  regula i :  seeuer{ce in ;  Q,r ,  ' fo"  cv.q, ry
A e  n ( 0 , J ; . t e t  I  b e  c h o s e n  s u c h  t h a t . 0  <  L  < c l  . T h e n  ? ( n ) n V  *  f  , n h e r o
v = f - 1  B ( 0 ,  e  ) .

l e t  i :  (  g  t a ) ,  , p  (R )  )  - - - *  ( x , x r  v )  deno te  the  i nc lus lon  map  and  } .o t

+ t  r0( [ ,0rv)  - -+ x0( l , l i )  be tho conrposl t lon,  o f  bhe morphisrns

is
. i c

the e 'xc is ion lsomorphism

sT l - t L  regu  t  a r  , nence

? r ' l

L1 ,  !  2 "4J  .Thcn fo r  any  .Ae n(o ,e)

r n a  0 ( x ) (  O / * ; ; c ( B ) ) , =  0  x  t r . ( r - r ( v ) , T  x  c ) )  , Y €  v .
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n - - n t ^. B u t  K u ( t , i i r . v )  r  ; : o t y ? n ,  a n 2 n )  3 ; 0 ( s 2 n ) , g  7 L  , a n d
l s  tho  pos l tJ - ' rs . ,genera tor  o f  th ls  g roupr fc : :  every  I€  V ,
ws can state the fol lowi"ng assart ion o , ,

/ . ( x " ( t : t ( y ) , U  x  C  ) )

I t  ,pg .1  1  5 l  .Ccnc tud tng

B). &g_-f'petlon x r.-+ ind O(x)  (  Ol** ,c(B)  )  E i iO(A,B)  ls  : -gcal lv  copstpq!
eg x \g (B)_grr{.^gsgar-s e1(9"( 

'Cx) ,. !+here. 't 
* .A.!.Q:ld*:- fol !I-e po,stl j v,S_ ee.l1qfptgs,

of t le groug lco(x,X . ,  i * !  )  -  /4 ' , inher i te.4*" . P Y

N o t i c e  t h a t  i n d  9 t x ) ,  o / n x , c ( B ) )  =  o  i f  x
comp l .ex  K . ( f "q  rAXC )  l s  exac t .The re fo re  the
X  \  q (B )  i s  a  connec ted  subse t  o f  i ( .  :  i

let  us conclude wit i r  an exanrple of nonrvsnishtng index"Let x= C ,  a*{tzt ."  t }
and B= f t r f  = f ) . f f  

$ :A- - -+  C , i s  a  conf i i r i *qus ; .Jnap, then the  sheaf  O/mO fs  H i  A)
FredhoLrn  re la t l ve . to  the  representa t lon  p= f {  and the  ldea l  r=v(s )  i f f , , ,g
< loesnr t  vah lsb  on  B ' .Th*  g roup r0 (ar r : )  co l "ne ldes  w i th  7 t  ,anc i  in  th ls  case
asscrt ton B.) has the fo11or+i.ng nrrnef ical  Lnterpretat lon: , , ,

R / r -  \
l n d " ' *  I ( g / m o , c ( B ) )  =  d e s ( g l  r )  . 1 .  l l

Notlce the iormal. anal-ogy r,r l th the cl l .assical. theory of ToepLitz ope:rnlro"*.

Agk{rgwl.e4gme}t.' r wourd llke to thank Dan volcurescu for vor"v useful
conversations about this material

Hlhal Putlnar-
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#  f ( A ) . I n d e e d , l n  t h l s  e a s e  t h e

ln.lex vanishes identlcal1y when
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