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BASE CHARGE AND TFE FREDHOLM INDEX

Mihgi Putinar

Introduction

The present paper deals with a relat;on;hip between J,L.Taylor's functio-

"“indl calculus and the multidimensional Fredholm indzx,both refering to ccm-
mutative n-tuples of operators.wve develop an enlarged frame,with the purrose
of making the' Fredholm objerts more flexible under analytic transformetions.

_In particular ‘two base change results,Theorem 3.1 and Theorem 4.2,are obtained
in this paper,

Let us recall for the beginning some te rminology and facts from mulﬂﬁdimenq
"sional spectral theo "y.Let H besa complex Hilbert opace and let T= (T ,...,T )
be a commutative n~tuple of linear bounded operators on H,J. Tre Tay;»r defined
in [19] the joint spectrum Sp(T,H) of the n-tuple T on H as the subset of
those points A& Ch ywith thg, prorerty that Koszul's complex K.(T-A ,i) 4s

not exact.In other terms, X ¢ Sp(T,H) iff the condition
L) H('l(T-)\,,H) =0, q7%0

is fulfiled,vhere we have denoted by H,(T- A ,H) the homolog& spaces of the
complex 'X.(T-A ,H).This joint spacirum has meny of the expected properties,when
compareu with the spectrum of a single iinear operator,among which we rccall
ouly Taylor's theorem [20,Th eorem 4,% about the existence of a continuous
functional calculus f —» £(T),with analytic functions f defined in neighbour—
hoods of Sp(T,H).

Motivated by Taylor's ideas,several authors déveloped_(in convergent direc-
tions) the Fredholm th%?y for commutative n-tuples of operators.Thus it is
unanimously accepted that the point A€ C n doesn't bﬁloqg,to'the gssential
joint spectrum Spe(T,H) if the condition )

(2) hq = dim Hq('l‘—l H)-< . 00 , A% 0



S

holds true.Then the Fredholm irdex of T is the int:ger

it
ind(T) (=1) .
q=0

These definitions extend the corresponding notinns for a single linear ope=
rator and the expectied stabiiity resulté hcid (see [’2 Chap. 111, §7] ) .Powever,
in the multidimensional case new phenomena appear (see for instunce [61 ; and
tha aim of this paper is to investigate one of thou.

More precisely,the computation of the index,or of some finer invariants as
the numbers hq,of the m-tuple.f(T),where f:U-—-a~¢:m is an analytic map de-
fined on 2n-open neighbourhood U of Sp(T,H),is the motivation of this paper.

: It turns out ‘that,insteed of \working on &:m with the above usual definitions
it is more ‘Gonvenient to 1ift the objects to U,to investigate there a Tor-in-
tersection condition and to compute the correSponding‘infersepticn numer Ly
>betweon the analytic fibre f‘1’ﬁ} and the n-tuple T.let us explain this pro-
cedure in more detail. : ' :

The Fredholm condition (2) can be interpreted as follows.Let £ (H) denote

the algebra of bounded linear: soperators on Hywith its two sided closed Ldeal

K (H) of compact opsrators.Then condition (2) is egnivalent by YS 95) with

(2)' ﬁq(T-.&, L(H)/K(H) = ¢ , 170,

where the operutors Ti_‘li act by eft multiplication on the Calkin algabra
@)/ K@), | '
For another intsrpretation consider ED(G:n) the algebra of holomorphic

functions on (:n and let my be its maximal ideal asseociated to A
-{ze @(a:n)lf(/k)=o} .
&
The quotient’ @D(G:n)~module @N(: )/my admits a-canonical free ‘resolution

given by the Koszul complex associated to the.system iz~ ,where zu(z1,...,zn)

stands for the coordinate n-tuple in cC". o i B

K.(z-X, ©(C") —> ©(C")/n —= 0. N . s



Note that ihe quotient algebra éD(Q:n)/mA. is canonically isomorphic with T .

Then regarding the a-tuple T as the topological reprasentation
p: &€ — ZLm)/kn)

which associates"l‘i ) zi,the condition (2%* can be reformulated independently
of the cocrdinates and of the Koszul resolution,as follows:

(2)" (C™)/m, , £H)/K(H)) = 0, %0,

orgéc 9 (©
This equivalent definition for the Fredholm property of the n~tuple T- A

" can be easily‘extended %o more general objects,a fact which will turn out to
be extremely useful. ‘

_ Thus,let 4 ve an analytic coherent shesf on an,whibh admits a finite’
globally free resolution with finite type © —~modules,like the sheaf GD/hUL
above,For explanations concerrning such sheaves,see §1 Throughou+ this paper .
© denctes the shear of holomorphlc Juncieions on G: .« Then the vanishing
condition coxd?

(3) Tor g, Lu)/«€@) =0, azo,

@(cr,“)(
q
will be interpreted as a generalized Fredholm “incidence" relation between
the sneaf ¥ and ‘the n-tupls T.A natural K—thgoreﬁic difference construction
will provide under the assumption (3) an intsger
pyc™ ,
a0 (g, Lmyem) € 2, e

which generalizes the Fredholm index,

Let us illustrate these notions with two examples.

Example 1. Consider the n-tuple T and en integer -k, 1§ k< a.let us denote
by :7 the ideal of the sheaf © generated by z1,..;;ZEJ'THen the sheaf
g2~gbt7 swhich is supported on the complex (quj dimensional linear subspace

{z =2 =00 052 % o 8 yhas a finite free resolution given by the partial .

k-
kbszul's complex K.(,1,...,zk,€)).1n thisﬁﬁase condition (3) is equivalent with



the fredholmness of the k-tuple (T1,...,Tk)'and

o Qe )(©/ (cnoiet ) Je(H)/‘j( (H)) = nd (2, ..0,0
remark that the n-tuple T is Frednolm if (3)»h01a ybut the n-dimensional index
ind(T)vanishes when k <n., , , i e
Example 2. Let f be a non-constant analytic function on C P and let 3 ve.
the quotient shaaf ©/(£).It has a finite free resolutison, ol S F-o0,
and it is supported on the hypersurface {f~0} Then (3) means exactly that the

operator f(T) is brcdnolm,and in this case
a9CN (1), £y /5y = tma 2m),

Other examples ‘will be presented in §3 and §5,
The prescnt paper is an amplified version of an esrlier pzper,with the same
title circulated as THCREST preprint (April)1981)1Meanwhiie_two recent comple-~
mentary papers dealing with Fredholm theofy for n-tuples have appeared,R,.Carey
and J.Pincus have announced in [4] an intoresting analytiea1 method of checkihg)
in our terminology,condition (3) and of computing the corresponding index for
some special classes of n~tuples of opsratcrs and cortain coherent sheaves
with support of complex codimension 1.8econdly,R.Levi announced in[14} a K-theo-
retic framework for multioperatorial Fredholm theory.It is possible that this
framework may be used for another approach torTheorem 3.1 of the present paper;‘
Anyway the analyticAcnmputations in our proof of Theorem 3,1 would be still -
necessary. |
Thé present paper has five sections. 7t
The first section contains some preliminaries on analytic coherent.sheaves
on Stein spaces,

In the second section we define the notion of a Fredholm sheaf with respect
tc a Stein algebra repreéehtation into & Banach algebra with a distinguished
"two-sided closed ideal.Some stability results for Fredholm sheaves and for the

associated index under geometrical and algebraic operations are then, presented,



~In the third section the notions and the results of §2 are applied to the
case of commutative n-tuples of operstors on Banach spaces.The main result is
Theor=m 3.1,

The fourth section iz expositcry and contains another base change result.
Theorem 4.2,vhich rcfers finally also to commutative n-—tuples of operalors.

In the fifth section 2 non-operatoriel example is presented,which illustra=

tes rather intuitively the general. construction of the index.

91. PRELIMINARIES

A class of analytic sheaves,which is stable under some‘algebraic and geoﬁe-
tric transformations,is describsc.The reader is refered to the recent book [131
for an excelient introduction to anaiytic geometry.

Let X be a Stein space with structure sheaf @)X.WG denote by FR(X) the vl
class of analytig coherent sheaves T on X,which admit a finite globalliy free
resolution with finite type g)x-moiules: . :

(4) : O s fn——_%’ fn_1 TS to\s. e :Zt/)o_—‘? g‘ g O,

Sy, A . ;
where in= G?Xx for some non-negstive integers m , 0 < i< n.

In view of the eguivalence between Stein modules &nd coherent sheaves on X
established in (11] ,an element ¥ € FR(X) is completely d@terminedwbylthe
Fréchet € (x)-module F(x).similarly,the exact sequence (4) can be derived fromn
the free gD(X)—resolution

(4 T ?"(x)—;—*ﬁ’ 0,

1

where Liz @Mx)mi .Thus we shall use,depending on the .«context,one of these two

equivalent descriptiéns cf the same object.m

e -t

——

For the sake of completness we sketch the proof of the following.



LEMMA 1.1 Lot O - 51-—ﬁv§;-—*>3%-~—#-o be & short exact sequence of
snalytic coherent sheaves _on a Stein space X.If two of the sheaves 51‘1 e

f’}rg belong to FR(X),then the third also belongs tc FR{X).

Proof. Let Mi denote the finite type O(X)-module ﬂ;(x).,];f two of the

modules r\’]1 s M &N,,which are related by a short exact sequence
O My i rﬂ3——> 0.

b_elong to P‘R(X),then the third éd‘;zits by L%,Proposition 1114:6.3] a finite
resolution with finite “vpe projective modules.

Because each projective inod.ule is a direct summanc of.a free module,the
projective Yesolution can be modified up to a specisl form:

Iy

5) =Pl [ L, = | =0,
(5; Qi I > L0

-1

where Pn is projective and L., 05 j<u-1,are finite type free @(X.)-modules.,ﬁ

J :
Then by comparing the three resolutions (of M1 ’M2 and Mg) through the short
exact seguence,one gets that Pn is stably free. Therefore the complex (%) is
equivalent to¢ a free resolution. '

We describe now some examples of elements in FR(X).

LEMMA 1.1‘,[11 ,Proposition 4.6] Let X ho arStein manifold and let x€ X.u.
The R .
Then @X/mxé FR(X)

: W’e.have alrealy remarked in the introduction that this lemma is valid when
 X= Cn,because of the existence of a canonical resolution of @X/mX.We,,,mention
also the following example.Let Z be a locally complete intersection in a con-
tractible Ste_in nanifolch’l‘hen the structure sheaf g @Z= ©X/ J(Z) bvelongs to
FROCE ) :

Hﬂb"lMA 1‘.3 Let £:X—> Y be a flat morphism of Stein spaces and let gl” be

o coherent sheaf on Y.Then £ % ¢ FR(X) whenever & € FR(Y).




e i st R

Recall that the morphism f£f:X —> Y is sald to be flat if the @D

Y, 2l
module é>

X x is flat for any point =g X.
The proof c¢f Lemma 1.% is immeuiate because a flat morphisum preserves by

vull-back the exzactness of a resoluticon.

LEMMA 1.4 - If T and 'Q belong to ,Fl'{(X)',then ?@;9 has the same pro-
perty ,provided that T is flat over f? 3 ;

7 V4 % ;
Proof. Let tﬁ. and <. be finite free resolution of gi,reSpectively’g.
e : i /4
Then the simple complex associated tc the ‘bicomplex 3& ® £, is a finite

free resolution for the sheaf . ¥ ® % .

$2. THE MAIN NOTIONS

In this section a generalized PFredholm theory for coherent sheaves of FR(X)
and relative tc a Banach algebra representetion of & (X),is described.

Let A be an unital ,not neces&arelyzcommumétive,Banach algebra ana . let 1 be
a two-sided closed ideal of A.The basic facts concerning the K-theory-of Banach
algebras can be found in [20] ,where the commutativyity is inessential .Thus the

boundary operator
@ B (D) e R 6T

in the long exact sequence 6f K-theory for the pair (A,I) can be interpreted
as a generalized index.We recall the classical situation A= L{H),I=H¥ (1),

- where H'is a Hilbert space.Then the group Ko(ﬁi(Hy) coincides with Z =2ad ©

is,after this identification,the Fredholm index map.

 DEFINITION 2.1 Let X be a Stein space,let FeFR(X) and iet e @(ler¥% A
be an unital representation of the Stein algebra ©(X) into a Banach alg@brg A
with a distinguished two-sided closed ideal I.

" " The sheaf ¥ is said to be Fredholm relative to P. and to I,if




=B

(6) Tor@éx)w(x)m/n 0 00,

Formula (6) should be compared with relation (3) in the introduction. ..
Let us assume (6) holds and let L. be a finite free resolution of % (X)
with finite type ©(X)-modules.Then the couplex of free (A/I)-modules
L. ®@(X)A/I is exact,hence homotopically trivial,that is,if the boundary .
operator d c¢f L, has degree -1,then there exists an operator € of degree +1
on L, ®@(X)A/I,such that (d®1)g.+ €(d®1) = 1d.The A/I-linear map

d i : A AT
®1_A/‘[ + € I’e®©(X) ST LOQZ‘@(‘X) /I
is invertible,where

I e € 5 AR L e D Lo
e 2p o 27
P70 pzo

'Th.e free ©(X)-modules Le and LO have the same rank,and,after choosing
bases in these two ©(X)-modules,the above map gives an element [ d &1 + €]
in the group K, (A/1).We set

A/T

(1) tne DB gy o 5 [ae1, .+ €] ,
vhere 0 : K1 (A/I) —> KO(I) is the generalized index.

PROPOSITION 2.2 The definition of the index is independent of %the choice;”,__v;ﬂ

of the resolution L.,the homcltopy '€ and the basis in L. .

Prodd. If E,/ is another homotopy of the complex L. ®©(X)A/I between
the null morphism and the identity,then for éach téf_o,ﬂ, e +(1~t)a’ re -
; s ‘ y 2 1?1 i i : ] L

mglns a good hon.otgpy,thus the classes [d® _A/I + € | and [d ®1A/1 + £ :\‘
coincide. : ‘ :
; Changing the bases in the components of the complex L., the élement

[d®1A/I + €] “gbecomes [u®1A/I][d®1A/I + 81 Ev®1A/-{l ywhere u € Aut @(X)(Le)

and v<€ Aut_;o('k\:‘(f]gb‘).lf we denote by o1 :A —= A/I the natural projection,then
[u®1A/I} =My B AJ ,thersfore [u@‘iA/I}“ = 0 and analogously/b{v ®1A/I] = 0,



Then the additivity of 0 implies the invariance of (7) with respect to the
choice of bases.
Let L! and LY be two finite resolutions of ZE(X) with finite type free

© (X)-modules.There is e morphism of complexes of O (X)-modules h:L! —= L

which is a quasi-isomorphism (i.e. 1t dinduces isomorphisms in homology).Let L, .~

be the cone of h,that 1s the complex with components I:pz LI')-@ L; 1 and s~
boundaries
a 0
p
p \ (w’i ph d" I
) p p-1

The complex of ‘free ©O(X)-modules L. is exact by '[3,0oroliba-ry 1.6.61 ,hence

it is homotopically trivial wvia a homotopy e and consequently-

ERENr., ,4/T) i olaer, +'ﬂ‘ze‘mA/I‘X = o faer, +e@t,] = 0.

ind

Thus we have reduced the proof of Proposition 2.2 to the following lemma,

LEMMA 2.3 let - 0 —=>LY —= L.,—L!—> 0 be a short exact seguence of

finité ‘¢omplexes J0f finite type free _.@(_X)-—_@odules.If the three complexes are

exact over A/1,then
1nd @ E) (10 a/1) 4 1na OF) (11 /1) 2 ina OF) (1. 401y,

Proof. The boundary operator d of L., is of the form

' an h
0 d

where (=1 )ph : LI')-——? L; is a morphism of :complexes.

p - —

Consider the complex of continuous functiens C([O,’t] o Xo ®@(X)A) with .the

boundary operator



~1 0= o

th R
'dtm ®1A 5 té[o’?'}:“
0 ar/

By [18,Theoren 2.1) the complex . C([o,1] ',,L.@@(X)A/I) is exact,and being

a complex of free C([0,1] ,A/I)~modules,thers is a honotopy e, which depends .
continuously on t and which trivializes it.Then the elements do® 1A/I e '
and d.1® TA/I + o define the same class in K‘1 (A/1),and : .

e ‘ ; ; :

Ox) O (1n

veidnd Q(x)(L,EéaL‘J,A/I) = ind (LI, A/T) 4 dnd Pl q.ead,

COROLLARY 2.4 Let 0-—» %'—> 4 —%n gv—% 0 be a short exset sequence of

©X'"."‘_Q£1~k_l,§‘5 of FR(X).If two of the sheaves gl and % " are Fredholm re-

.dative to © and I,then the third has the same pronerty and

) O (x)

ind (F ,A/1) = ind ( gv,a/1) s 1na O GESATTY

Proof. The first assertion follows from a long exect sequence of tor's,

while the second &ssertion was proved in Lemna 2,3%.

THEOREM 2.5 ... Let f£:X—> Y be a flat morphism of Stein spaces and lst

©: @(X)»—» A be an unital represen‘hation,wheré A is 2 Banach slgebra with a

distinguished two-sided closed ideal,

If ¥ < FR(Y) is Fredholm relative to Pe £ and I,then £%% .. is Fredholm

relative to P and I,and then

(8) ind Q(X)(f*ir ,A/1) = ind ©(Y)( J ALY,

o
Proof. Iet us assume F € FR(Y) is Fredholm relative oo f and I,and
let L. denote a finite free resolution of F(¥) by finite type free © (Y)-mo-

dules.Then £ % € FR(X) by Lemma 1.3 and I"‘”@@(Y) ©(X) is a resoiuvtion of
(f*gj Y(X) by free @(X)-—médules.’l‘he sheaf % 1is Fredholm relative to © and I



2 e

iff the complex'1.® ., AT = (L. & Ox)) ® A/T1 1is exact,hence
- e O (v) O(Y) O (x)
i2f £°%  is Fredholm,

. The complexes which tppear in the computation of the two sides of (8) are

iscmorphic,so that the proof is complete.

§%. AN APPLICATION TO COMMUTATIVE N-TUPLES OF OPERATORS

Let E be a complex PBanach space 2nd let Tz(T1,.‘,,Tn) be a commutative
n-tuple of linear bounded operators on E.First of all we explain.the defini-

tions .of the previous section in the particular case of the represgitaticn

pr O — L) , p(Zas =2, aa"
5 70

o 2G

and relative to the ideal K .(E) of compact operators.

ovpet A€ C™be fized.Then the sheaf /my ,which belongs to FR(C"),1s
Fredholm relative to © and K(E),1ff Koszul's complex K.(T-A, L(E)/ K(E))

is exact,because K.(z+ A ,0 ) provides a Zinite free resolution of gr/mA,.This
defin#ition of & Fredholm n-~tuple on & Banach space is similar with (2)'.However,
it is not known as yet if condition (2) 4is equivalent with (2)' on an.arbitrary
Banach space. ‘

As for the abstract index defined in the preceding section,we shall replace
the mdrphism 0 with the usual Fredholm index map ind: Kﬂ(éf(E)/fC(E))~fv o,
in order to obtain numerical wresults.It is important to notice that this mor-
phism of groups still factorizes through Coker(Ki(:ﬁ(E))—-? K1(2f(E)/iC(E))).

In order to compute the index of T-A ,let € be a homotopy which splits
the exact complex K.(T=-A, f(E)/?c(E)),that 5 de +42d = dd. It turns out
that ,denoting by e‘a_lifting‘fcr £ with coeffiéients_in L (B),the operator

e T S SRR e e e (e T
2p 2p+1
pz0 pz0 ou
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is Fredholm,and conseguently

o(c®

ind )(@ﬂ%_,fﬁﬂ/%(EH = ind(d + €).

An induction argument,e.g. [15,Pr0position 2,6] s Shows then thet

ind(d + e) = ;’ (m1)p dim-H - (T-2 ,E).
P20 2 -

This integer will be by definition the index of the n;tuple T2 ,ond it will
be denoted ind(T-A ).

The invariance theorems under small norm or compact perturbations of this
smultidimensional index ars proved for instance in [15,§ ?], N

Adopting the weaker definition (2) for n-tuples on Banach spaces and defin-
ing “the index by the same Buler characteristic all the stability results
remain true,except for the imvariance of the index under compact perturbations
which is still an open question (see [1U]and [21] for‘details).

The joint ebsential spectrum 1s by definition the set:

X
3 -1 : Nt
Sp (T.B) = {/\é C ‘T»A,ls not I'redholmr .

e % )
In view of theé above interpretation of fredholmness,the joint essential spec-
trum coincides” with: Taylorfs joint.spectrum with coefficients in the quotient

algebra L(E)/K(E):
8p,(T,E) = Sp(l, LBV (R e

This eguality implies,as in the Hilbert space case,some properties of the
joirt essential spectrum,like for instance the speciral mapp&ng property.

The Fredholm index vanishes on the unbounded connected component of the open
set {;n\ Spe(TpE);'éo that Fredholm domains of T,corresponding to & non-vani-
shing index,contain only O-dimensional and n-dimensional analytic subsets.

Let U be a connected Stein open neighbourhood of Sp(T,E) and let f:U—» &

be a m-tuple of non-constant analytic functions defined on U,Then Taylor's
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functional calculus produces a m-tuple of commuti g operastors FAT ) _
' (‘f1 (T),...{fm(T)),wi‘th joint specura related to those of T by the spectrsl
mapping relations: '

Sp(f{1),E) = £(Sp(T,8)) , Sp, (£(1),E) = f(sp_(T,R)).
We distinguish three cases:

1). m<n. Then f(Spe(T,E)C) = Sb(f(T),E), where K°© denotes the union of ths
compact K and of the bouunded connected components of C 7\ K.In particular
£(A) € Sp_(£(T),B) whenever ‘AJQSpe(T,E) but ind(T-A )40,

One might say that in this case the Fredholm behaviour of. the m-tuple £(T)
can be read on the analytic fibres of the map f.Indeed,let us asgume Jdnsorder
to apply the general scheme of $2,that £ ida flat map.If /ueéf.m\ Spe(f(T),E),
then by Thecrem 2.5, g (Q/m/"‘ )€ FR(U) 1is Fredholm relative to T and

1nd(&(T = ) = 12a 20 (2% (© /m 5 LB /% ()Y,
. ! (M

%, - , -
The analyfic sheaf f (@/m/sﬂ) is concentrated on the analytic fibre § 1(/u, 15

; Sai o : ¢
which,as we already remarked,is disjoint of o‘pe(T,E) §

2). m> n. "Then the set £(U) hes not interior points,hence Sp(f(T),E)

doesn't contain open sets.Therefore ind(f(’}.‘)-},\,)r:o for any e Gﬂm\Spa(i'\"'I?),,.E),

3). m=n. This is the case when numerical relations between the indices of
T and f£(T) are expected to holdv.We prove .furtheron such & formula in a2 parti-
cular but generic case,

B

THEOREM 3.1 Let T be a commutative n-tuple of iinear bounded operators on

& Benach space E.&nd let £:0~>€ " be an analytic flat map with finite fibre

at 0 € Cn,where U is a Stein.open neighbourhood of Sp(T,E).
1f the n-tuple f(T) is Predholm,then the n-tuples T-A, £(A )=0,are
Fredholm and :




o

et ey

(9) ind £(T) = 2w Vi(£) ind(T /\),
£(A )=0

¥here , (f) denotes the multiplicity of f at .

‘Proof, "We ore under the hypotheses of Theorem 2,5,with g‘ 83 m/m and...
“the functional calculus representatlon e E)UJ)—mwf,ﬁ(E) assou¢ated to T.Hence
the & »module f%f} is Fredholm relative to © ,und

ind £(1) = ind () (s¥g , L(B) /% (8)).

Thus we have to analyse the right term of this equality.

3

=3

% 7
he=sheaf £°% 1g concentrated on the zeroes set of f.More preciselyat the

level of global sections,there are -Lsomorpliisms

(2% )(v)

"

O W)/ (2, ,eunst ) = 55 Bwr*a
] m
fd )
The multiplicity Qx(f) is by definition %the intezer dim E)/ @&/f” mo)
and it is findite by the as ssumption on finite fiber at .0,
By induction on Ne ZE W (£)= l(f “q9 ), the length of the @Uamodula,f%ﬂi , Ve
shall prove the aquality

0 Q(U) p R : /(T2 > /
(10} dsd Gk ,x(m_/:k.(b)) = i’(Z;L“)‘:.«O V(1) ind©‘U)

(&, L (m)/Riny)
and the fredholmness of the n-tuples T- )\ ;f( A )=0.

If N=i,then £*¢ @/mA and (10) is true.Moreover we claim that the sheaf
E%hn i's Fredholm relative to © -1£% the nftuple T"fk is Fredholm,#f'U.Indead
because “oszul'ﬁ complex K. (u»fg, provi&es a finite free rescluiton of
@ /m and because P is a iurctional calculus representation for T,both
conditlon% are oqujvalent with the exactness of the complex ;.(T»f_,Z(E)/Xi(E)L

Let us aasume relation (10) holds for N=1(£*g § )-1.There exists an exact
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o

segaence of @Ummodules O——*'%.'“*‘fﬁ?”“* éDU/m\ =% O.,where f(ako)mO,By

the adﬁitiyity of the 10ngth,l(%r)m1(f%§')—$ and by Lemma 1.1, %éiFR(U).Then

- {10) follows from Corollary 2.4 and the n-tuple T—,ko is fredholm by thesabove
remark,

The preoof is cémplete after noticing that
10a® W o/, , 2(8)/ K (8)) = tnd(r-2).

Let us illustrste the theorem with some examples of analytic flat and finite
napg.With the above notations the n-tuple T is Fredholm whenever f£(T) is

Fredholm,if the analytic map f£:U —s @n,f(c}xo,belongs to one of the fellowing

is cne to one,

= : 5 . % ; Symmetric :
z)x(b1,,ov,sn), denoting by S, the elementarﬁV%oiynomlals in Z1,...,Zn.
\) .

In egchi“of the three cases the multiplicity of f at its zeroces can be easily

£
e f(z)m(Pi(%),v,.,Pn(gQ) with P{Q.s.,Pﬁ non~constant polynomials,
(

computed,

REMARKS 3.2.a). Contrary to the case 1) above,in formula (9) only points
A contained in non-vanishing index fredholm domains of 1= occurs:
b). The theorem still holds irue when U is allowed to-be ‘an-arbitrary . open

neighbourhood of Sp(T,E),but-thern the flatness assumption must be replaced

with the following condition
o(ch ;
(11) - Tor fl““ HDUED iy, O = 0, a7 14

This means that the complex K.(f, ©(U)) is exact in positive dimensions.

In this case the proof consists in passing to the envelope of holomorphy U
of U,and to make use there of coordinateless arguments,in the spirit of [16].
Namely,let f:U—>C" be the analytic extension of £.Then the flatness of f is
replaced by (11),whilg the findtness assumption which is not necessarily valid

for f,is corrected.in formule (9) by the vanishing relations

1na ©) (@ /my, 2(m)/ 5(8)) - o, AeTnu.
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Theae are in turn consequences of ‘le inclusions of the coordinateless specta

in the generating part U of T
¢(C, Z(B)/K (E)) U o(U,E)CT,

see [16] for details.Tren the proof of Theorem 3.! can be adapted to this more

general situation.

§4. BASE CHANGE FOR FREDHOLM COMPLEXES

A central role in the last section was piayed by ithe family of complexes

K. (T~ A, B)4parametrized on A€ C",In order to analyse separately the behaviour

of the Homology spaces H (T~ A ,E) under analytic vransformations we shall re- .

duce this problem to a fin;te dimensienal one and there 'we. shall use the : =
methods of anélytic gematry.
Let us recall for the beginning some terminology.hi complex (L.?d,j of
Banach spaces end linear operators
d d
q+1

e 90 — IJ A i Lo IJ -———gﬂ-% L ._1“‘-"? v 06

g+ q

is said after G.Segal [17] to be Fredhoim if the homology spaces are finite
dimensional , dim Hq(L) < © ,and if every boundary operator dq is direct,that
is Ker(dq) and Im(dq) are closed complemented subspaces: in Lq,reSpectively in
q-1 J :

With the notations of the preceding section,the n-tuple T is Fredholm iff
the complex K.(T,E) iz Fredholm in the ubove sense.
~ Let X be an analytic space with structure sheaf E) +The (topolo ical free)
@)X~modu1e associated to the presheaf U+ &) (Uyer, where F is a Banach space
will be denoted by © €>F An analytically pxramefffzed ‘complex of Banach

viof Banach spaces and of elements

spaces is by definitlon a sequence (Lq) €7



A

o~
d € PX @ ®,Zf':’p 5 ot )), such thet dfﬂliq =0, q€ Z ,The image of dq
th?ough the ratural pTOJePtlon

rex,©,8 L0, 5 ) — © o8 LEGT, /e, 8 L0 D ERET,

is a linear bounded operator d (x) € zﬁ(Lq,L ) .Thus ‘one gets for every x€ X

a complex (I.,d. (2)) of Banach spaces whose %Olﬂdafl@S depend on x.This complex:
will be denoted in short by:L.(x) and its homolegy spaces by H (L.(x)).0n the
“other hand for an'analytically parametrized complex there is a correspondlng
complex of sheaves (O GbL.,d ) which will be denoted by Zf.,and its homology
sheaves by‘}( ﬁ,) Whan X is a complex manifold,the above definiton of an ana-.
lytically parametrlzed complex means notkimg- more then that the operators

a (x) depend analytically in the norn topology.

Finally,by a right bounded complex 1I. we mean a complex with vanishing
negative terms, Lq:O for q< o0,

There are many stability results for. analytically parametrized complexes of
Banach spaces ( [18 Lemma 2, 2],L?1] [22 Char, III]) As 2 byproduct: sof, them oner
obtains rather directly by a descending procedure the following result ( see

also [14,Prop051tlon 1]),

PROPOSITION 4.1 Let £ . bea rightobounded complex of Banaeh spaces,

analytically parametrized on a reduced aralytic space Y,and let N be . -a non-ne-—

gative integer,

" Suppose that ihe complexes L.(y) are Fredholm for Yy€Y, Thcn there exists

lonally on Y-8 right bounded complex 5? of finite type free @QrmOuules

.

and a morphism of complexes

Q: P, — oo

“which induces the isomorphisms

114

0((9) X(.z‘f ,Hq(P-(y)) Hq(L.<y)>

for 0 q< N and locally on y< Y.
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This proposition reduces many statements cf {lic infinite dimensional.
analytic Fredholm theory to the finite dimeirsional case.In order to illustraie
this principle we present without proof the following infinive dimensional

version of Grauert's continuity theorem [2, Theorem-3.3.4].

THEOREM 4.2 Let 2. be a right bounded complex of Banach spaces,analyti-

 cally parametrized on a reduced analvtic space Y and let q be a non-negative

integer.
Suppose that the complexes L.(y) are Fredholm for every y € Y.Then the folx¢

lowing assertions are eguivalent:

a). The function y =»dim H (L.(y)) is locally constant on Y.

b). The families of subspaces {Im dQ+1(y)} and{Ker dq(y)} form analytic

Banach subbundles of the triv;al bundle Y’th.

c). If f: X—>7Y is a morphism of analytic spaces,then the natural map

% %(q(i.) --4"M£(f%il)

is an isomorphism.

The proof of the theorem reduces,viz Proposition 4.1,the statement toc the
finite dimensional case and then uses Theorem %.3%.4 from {2].WG_point out only
the importance of the splitting assumption in the definition of a Frdholm com-
plex,in order to reduce the property c) to the finite dimensional case.

As a continuation of the preceding section we derive some applications of
Theorem 4.2 to multioperatorial Fredholm theory.

Let T be a commutative n-tuple of linear bounded operators on = Hanach space
E and let DC.C" be a Fredholm domain of T.Then K.(T-A,E) is an analytically
parametrized family.of Fredholm complexes.tvn A€ D.Let q be a fixed non-negative
integer. ' :

Then Proposition 4.1 implies-that the jumping pomts of the function
A2 dim I'iq('.I_‘«/\,E) s e D,

form a thin analytic subset S of D.
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‘Applying Theoren 4.2 to the complex ¥.(T-X,E),one gets ihat the homelogy
spaces Hq(T-.K;E) form in a natural way an analytic vector bundle on DNS. .
Indeed,let X be the simple point A and let £:X — DN\3 be the inclusiocn map .
Then ’Kq( fw‘)/m)\_}tq(lf.) = H-q(L..(/\,)) by ¢),heace ’Aﬁq(l‘j.) is a locally
free © DN S«-module.

We remark finally that formula (9) in Theorem 7,1 may be obtained also from

Theorem 4.2.c).

5. A FINAL EXAMPLE

We exemplify the general notions of §2 by represehtstions of Stein algebras
into commutative C*—alguhras.

Let X be @ Stein manifold of complex dimension n and let x» bte a fixed point

of X.Consider a pair (A,B) of compact CW-complexes,BC A,and let D 1h oz Xober oy

a continuous map.We investigate the fredholmness of the sheaf ©/mx relative
to the representation

3

e Ox) —— c(a), p(f)= @i(L)=feq ., fe OX),
; i
and relative to the ideal I:V(B)m.fge C(A)! glbx0§ .We have denoted as usually
L
by~ C{K) the commutative Cﬁualgebra of continuous funections on the compact K,
By [11,Proposi%idn 4.6] the simple point =x is.a complete intersection in
X¥,hence there exists a n-tuple f:(f1,...,fn) of holomorphic functions on X,

such that the augmented Koszul complex
Kc(foX)-*“~» @X/mx-f> 0

is exact, '
Thus the sheaf €Q/mx is Fredholm relative to P and 1 iff the complexsy

K.(fO(F 1C(A)/I)
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isexact, But the C ~a1 zebra C(A)/I is naturally isemorphic with C(B),therefcre

we heve proved the following fact:

A). Ehe"shqpx o /n is ]Gdhulm relative to @ and I=V(B) iff x ¢ ?(B)

In order %o comput'» the index:.we identify the gr oups K, (C(AY/I) with K (B)
and V (I) with x° (A,;B).Then the boundary operator [ K (C(A)/I)-——% K (1)
beoomes the usual coboundary 79 : 1(B) —_— Y (b, B) in topological Kutheory
see [20]

By its definition in §2,the index ind ° X)(O/m ,C(B)) is the clzss in
K (A,B) of the complex of trivial vector bundles K.(iO? yA% O ),which is

exact on B,in short
OX) o/ :
ind (&/m_,C(B)) = AKX (fep,AxC )),

where X : 6 (4,B) ——> KO(A?B) stands for the generalized Buler-cunaracteristic.
map, -LT s §2‘.6

Let U be an open neighbourhood of x in X,such that U is diffeomorphic
equivalent by f with a bull B(0, 8 ) of radi T e may assume that the

n-tunle f—l‘z(f,i»)\.1 ,.,.,fn- An) is still a regulai sequerice in. ©._ for every

A€ B(0,8).Let £ be chosen such that 0 < & <& .Then q(B)F\V mxﬁ,where.
V:f—1B(O; £ ;

Let if(cp(A), f?(B)) ——> (X,XNV) denote the inclusion map and let
4): Ko(ﬁ,ﬁ\~v)—w47 KO(A,B) be the composition-of the morphisms

g ; ¥*
s KO(?(A), cP(E))—qf-%' KO(A.B),

$: @55 v) 2 ¥xn )

where the first one is the excision isomorphism tﬁ,,%Z,d].Than for any A€ B(0,£)

- the sequence f- A is still regular,hence

ind‘Q(X)(é)/my,c(B)) s (B (£-2(y), T X € ))  ,ye V.



o

— e e ~ . =
But KO(T,T\v) ¥ (3%, 5 p%0 = et 7 L end Tk dgae(y) 0 »x€ )
is the positive generator of this group,fer every yeV, "_1 ;pg.115] .Concluding
we can state the following assertion.
O(X)(Q/mx,C(B)) < KO(A,B) is locally constant
on X \@ (B)_and equals c()*( "Cx),_ where ”Cxuat&nds for tre positive generator

of the group KQ(‘A,X \{}:E) =)/ ,inherited from the complex structure of X.

B). The function x ++ ind

@(X)( @/mX,C(B)) =0 if x € P (A).Indeed,in this case the

complex K.(fe¢ ,AXC ) is exact,Therefore the index vanishes identically when
* X\ @(B) is a connected subset of X.

Notice that 4nd

Let us conclude with an example of non~vanishing index.Let X= C % Azz{lzl«
and B= {|z(=1} .If @:A—> C ,is a continuous map,then the sheaf ©/my is by A}
Fredholm relative to the representation P= LF* and the ideal I=V{(B) iff @
doesnt vahish on B',The group KO(A,B) colncides with Z ,snd in this case
assertion B) has the following numerical interpretation:

nd &(c)

i (&/m ,C(B)) = deg( @l B).

Notice the formel) analogy with the classica']. theory of Toeplitz operators.
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