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-A_STRUCTURE THEOREM OF FORMALLY SMOOTH MORPHISHS IN POSITIVE °

CHARACTERISTIC

Vasile NICA and Dorin POPESCU
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& 1. INTRODUCTION

For proving results about local formally smooth morphisms u:Auw%B}the case
~dim A=dim B, it is sometimes easier. If dim A ~dim B the question arises to

find a noetherian local A—algebra‘K and a local A-morphism U:R—»Busuch that

1) dim A = dim B,

2) % formally smooth

<

i

'3) Ahas. a Mgood"! structure, for example to be a localization of a . polynomia

A-algebra,

The purpose of our paper is to prove the following. structure.theoremn:

(1) Theorem. Let u:A—>B be a local, formaf]? smooth morphism of noetlie=
~rian local rings and keK the residue field extension induced .by u. Suppose, -
that p:= char k»0 and that. one of the following conditions holds:
i)~K:has a separate p-basis over k (i.e. a p-basis Xz(xi)iel such that K
is separable over k(x)? see; (2:4)), ér
ii) B is a complete ring. |
Théh‘thefé exist a noetherian local A-a]gebra ﬁ’énd a local A-morphism
‘ﬁ:Aw—aé such that
1) T is formally smooth,

2) dim A =dim B, o

3) 3’53?3 fiTtered inductive 1imit of localizations of some polynomial A-
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algebras {each of them in a finite number . of tnaetermznates)i Moreover in the

e AT g v WL N 2 }’

case i), we can choose A to be S|mp!y locallzatlon of a polynomial A-algebra.

-"‘/'
IT the residue field extension keK is separable, the consiruction of A and

U is well known and not difficult (see Lemma (3.7)). For example, ifif=k is-

a field and B 1§ a local ,formally smooth, one dimensional k- ~algebrag:i.e, a
discretervaiuation ring then if U:k{T}"~%B is given by Ta> t, t being .a local

parameter of B, we can take A: k(T £ -
e (tB)

In the ﬁon@eparable case (but finite type extension caée), the proof is
difficuit enough even when B is a discrete valuation ring (see [P!E), lf.K/k
is not separable, K=k(KP) and B is complete,‘theAresuit was alrcady obtained
in [P3]and, in fact, the proof of Theorem (1.1) uses the same methods.

In Section 2 we give some preliminaries about field extensions of positive
characteristic, scme of them new (as Theorem (2.13)), others already known"

( Theorem (6.3) from {Pgi plays amaimportant role in our construction and for
the sake of completeness we have included its proof in Theorem (2320)).‘Next
section contains the proof of TFheorem (1.1). Here we get a different proof: of
Theorem,!f2202;6) .from [EGA] (see Corollary (3.6) whileh was suggested to us
by Professor N,Radu to whom wé owe thanks). As an appf&cation of Theorem

(1.1) we obtain in the last section another proof of Theorem (7.3) from [P%}.
! : :

«Throughout this'paper, all rings are supposed to be commutative with identity,

all fields are of positive characteristic and a local morphism u:Ae—B is

called unramified if the maximal ‘ideai of A generates the maxima! jdeal of B.

& 2. THE STRUCTURE OF FIELD EXTENSIONS OF POSITIVE CHARACTERISTIC

(2.1) For the beginning, we list some facts from the homology theory of

commutative algebras, which can be found in {A](see also [M] for the field

case). Denote by Hn(A,B ,=) the n-th homology functor of an A-algebra B. it
is defined on the category of B-modules and has its values in the.same cate-

gory.

@e1T) Hn(A,B,—)=0, n*l, for a polynomial A-algebra

§
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(2.1;2) H (A,B, QB//\® S Wher PQB/A denotes the B ~module of

(absolute) dnffﬁrcntials of the A-algehra b,

(20003) B=A/, , where i A ¥sian 'ideal, then H1(A,B,—)évL12C§% -

(2.1.4) Al functors Hn(A,B,w) commute - in the second variable.B -
with filtered inductive limits, are stable under localisations andy#faB is

flat over A, are also stable under base change.

{2,1.5) If A=>B—( are ring morphisms, and WeMod C, there exists a na-

tural. long exact sequence of C-modules, called the Jacobi-Zariski sequence:

...,-..)H](

> H, (A,C,W)-——wbH](B,C,W)m}.kl—B/A@ M=

'O”C//-\ \«!->..,,, @ W o2 0 e

which prolongates the classical exact sequence of.the modules ofi-differentials.

(2.3:6) - In Vow dimensions, vanishing of these functors characterises

impoitanc properties of ring morphisms. For example:

i)'T? B is a finitely presented A-algebra, then B Is smooth over A, Pff
H](A,B,—)=O (the jacobian criterion of smoothness).

ii) If utA—sB is a local flat morphism. of noetherian local rings, then
B is formally smooth over A'iff H](A,B,K)=O, wherg K-denotes the residue field
of B {the jacobian criterion of formal smoothness),

iii) If ut:A—B is a flat morphisﬁ of npétherian rings, then u is regular,
(T;e, aliltiberscof u are'fnrmai]y ém@oth) JEEH
AAdl).

(28,7) 1f keK are fields, then H, (k,K,=)=0 for n32 and Hy (k,K, =)=

](A,B,~)=0 (Andre’s theorem

=H) (K, K0® - . Writing [, instead H, (k,K,K) as in [M] (39.A), the Jacobi
K K

Zariski sequence (2.1.5) associated to kcleK and W=K becomes:
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e . ‘ ~K/L/h ol
O“"}FL/ G K J K/ s K- B VQ‘K/k”""‘'(’)K/L'"“"’0

k K

L,,

(2.1.8) An extension of fields keK is separaMeﬁffr1

K/k"

(2.2) Let kK be an arbitrarily given extension of characteristic

p»0. Recall that a family X=(X;};%' ofielements from K is p-free cver k (resp.
is a p-basis ofKGver k) iff the family of differentials dyy (sghmai
_ /)
\ < . e 5 P 5 v
K/k(xir)?ﬁl Is linearly independent {nle/k over K iiesp. is a badic of
0 over. K) cf.[M] Th.85."
e

=i

(2.3) Proposition. In the above ngfations, let x=(x}) be a family of

i€l
elements from K, p-free over k, and L=k(x). The following statements hold:

7
e : Sl i - : S

e se s $) K L % T ,mw-w‘gh,i o s = = 5
ii) the equence 0 SL/EZ{ K/, R/L Di-tis exact,

i11) 1f k&K is separable, then LeK is separavle,

i) x is a p-basis of b over k

iv) if x is a p-basis of K over k,then K is an unramified extension of

Ly i.e.S?K/Lzo

v) K ds a findte type extension of k and x js a p-basis of K over k

¥

then Lek is a finite separable extension.

Proof 1) The family of differentia}s dL/ (x) generates!zL/ over L and
UECS : s
&K/L/k from (271.7) maps it on.d, (x) which is linearly independert .in

: k :
ver K i ~ ig inearly i epe fe @

AIlK/k ovier ‘K. Thus dL/ (x} is linearly independent over L.

ii) follow from (2‘]'7)’(XK/L/k being injective, cf.(2.2). :

iii) is a consequence of ii) and (2.1.8).

V) Ifseis a p~basis of K ‘over k, then qV/L/k is an isomorphism by (2.2)
land‘then.Qk/L =

v) K being a finite type extension of L’£1K/ =0 means exactly that: K is fifﬂ

|
nite and separable over L, cf.[M] Th.59.

2 Remark . In zero characteristic case,l]k/L =il I Ff L@Kgishalggbra
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If. the :éaracteristic is.pb0, then fl%(/ijli'r# :0 means -only I_<==L(Kp) and if K is not
finitely generated over L, this not involves necessarily the separability of K

3 - 3 -‘.m‘
over L. For example, take L a nonperfect field and k=LP™ .

(2.0 Definition. In the notations-of (2.3) , we say ‘that x is a separdte

et et v

p-basis iof K over k If x is a p-basissof K over k and K is separavie over

.

L=k o miesis a separate extension of ki if K has a separate p-basis .over k

(we shall see ‘in'Theorem (2.13) that if there exists one then any is separate)

(2.h°1)‘5g33£§. There exist field extensions without separate p-bases,
: : 09 -
Let k be a perfect field, T a variable, k=kO(T) and K:=k =kO(T,T' e
= : : ; ’ .
..,Tp siosin) - Then KLK/ =0 end thus the empty set is the unique p-~basis of
K over k, but K is not separahle over k. Note that ranR‘r}/k =1,

In the following, we shallsconsidérionly field extensions keK of positive

characteristic p, with rank I’ <oo, Qur particular interest imuthe study of

K/k

stch extensions is motivated by :the rest.

(2.5) Proposition [EGAT (Th.22.2.2). Let u:fim—nBilieila. local, formally
smcoth morphism of noetherian local rings and keK the residue ‘field extension

induced by u. Then

rank FK/k gzd?m B - dim A
(2.6) Lemma. Let LeK , LSE be two field extensions.Suppose that s
ri=rank " k/L <. Then
el - e
rank E(K) /E Lo,

(2.7)Lemma. Let L&K be an unramified extension such that r:=raﬁ&§“K/E<00
; = :
and EelP - 4 field extension of L. Then Then

rank PE(K)/E e



SEeas

Proof. By the above Lemma we have -

an ri &
rank E(K)/Eg B

First suppose that LeE Fsifinite. Then there exists a positive integer s such
that Eﬁg;mLp . Using again the above Lemma we get

«F

< vl < 7 1 e
rank [LS(K)/LQS rankf—E(K)/Esx.

. ; s 3
Since the extensions Lg:LS(K), LeL(kP ) are “somorphic’ and K=L(kP) by hypo--

thesis, it follows
rank I = [,

which is enough.
If leE is not:finite then express £ as a filtered inductive union of finite:

field extensions over L and apply (2.1.4). CI

B

(28) Lemma. Let keK be a field extension with r:=rank WK/k<co and

(Li)iel a family of subfields of L, &li containing k, fiflitered inductive]y by

T

inclusion and such that L,'Li=L. Then there exists ioel such that.rank PL
: i

iel
For izl
¥ v o

: - fir =S : '
Proofs Byl (2.0:7) Fli/k@gLi K”w#"K/k are injective morphisms and by

@.3 .0 PK/k= lip | ®Li e

-

Li/k
(2.9) Lemma. Let kel be a field extension generated by one.of its p-bases

X, Then there exist a finite subset x’ex sucth—that” x\x’ form an algebraically

independent system over k(x?’).

Proof. For every ffnite subset Jel wekput bri=klx.), = Clearly, L=sUL  and
e o ! J i'ied J J



the union ‘s filtered inductively bLy-inclusion. Lemma (2.8) assures the exis-

tence of a finite subset Jo &l such. that for F=Lj , rank r},/lr-rank &
; § P

. L/l
In the Jacobi-Zariski sequence:
0 M LIE/K
S E s R N i 2 Sl
e s ) D T e L * Ly

written for-keFcl,.the firs: map is bijective and the last one .is injective,

It results PL/F =0, 0.e. L is separable.ower Fi Take x’=(xi)}' < Sinee

IEJO

"i=x\x*> is a p-basis of L over k{x’) it follows ‘that x'"'is algebraically inde-

X

pendent cver k{x’) (see [M] Th.89).

(2.,10) E‘_r‘g«gwoii___ggl;Let keK be a field extension with rank M, <0d The
following statements are equivalent:

i) ke K is separate (see def.(2.4)),
-ii) there exists a finite type extension F of k, contained fn K such that K
is separable over F,

i1i) there exists a finite type extension F of k, centained in.K and generated

over k by one of its p-bases, such that K is separable over F,

Proof Titl=2iil). Let keF” be a finite 'type field subextéens fomieof kel such
‘that F’c K is separable. Let x be a (finite) p-basis of F’ over k and

F=k(x). By.«(2.3).%), FeF’ id (finite) separable and thus FcK is separable.

e Yoi g e\ =
)= ) et (Xi)iel

e { i is injecti : em
ve rank PL/k<®>and L/kcaL =2 K/k 18 injective. By the above Lemma there

be a separate p-basis of K over k and L=k(x). We ha-

existia finlite subsetwx’ex such that kix)el is separable. But L <K is separable
and so K is separable over F:=k{x’) too.
iii)=> i) Suppose given the field extension keFaK, the first of finite

" type, the second separable and y=(yi).

el a (finite) p-basis of F over k such

that F=k(y). Let Z=(Zj)jGJ be a p-basis of K over F and L=k(y,z).
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By “€2u2)% i i1) ahd iv), LeK is separdble and ilK/L B Thi JQLE/RQ%_!<
ilK/k which shows that a p-basis of L over k is a p-basis of K over ks too.

~

From the exact sequence

150, B L ol g

we deduce that yuvz is a p-basis of-L over k. @1

A2 08 Lemma. Let kel be a field extensicn generated by one of its p-bases

o G2
- - . . . 5]
X. Then there exist a finite extension k’of k, k’ekP and a subset wex such

that:

. ~J - . - .
i) X is algebraically independent over k’,

ii) k?(X)ek’ (L) is finite separable,

Proof. By Lemma (2.9) there exists a finite subset x’ax such that x'f:i=xax’

~ form an afgebraically independent cystem over Fi=k(x’). Using [N](39.10).the«

/
- 5 4
re exists a fini'te field extension k’.of k, k?ekP". such that k’(F) is sepa-

' : ~ . N
rable over k’. We can choose a subset X’cx’ which form a p-basis in 'k’ (F) over

k?. Then k’(X*)ek’ (F) Is-finite sepagable by (2.3) v) and so we get ii) for
P Y

R:=X0 U, By (M]Th.89 the system %’ is algebraically independent over k and:

thus i) holds from above. O

(2 4 12) Proposition. Let keK be a field extension such that rank;FK/k<oo,
. i i § ¥
K, :=k (kP )

; and n a positive integer.such that t;franK-FK s is constant for

izn. Then every p-basis x of K over k holds

rank f&/k(x)=t.

—_———— ]

Proof. Fix a p-basis x. By Lemma (2.11) there exist a finite field exténsion
B o ' ‘
k ek klek and a subset xax such:that S

1) % is algebraically independent over k’,

2) kK’ (X)ek’(x) is finite separablel’
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-5 :
Choose @ positive integer syn such that»kfng::kp . By 2) and (2.3) iv) the

5 ~f ; y “pre
extensxons-kq{x)ctks(x), kv(x)ckS(K) ara unramified and so kS(Q)CkS(K) is too.
ot s N .
Thus X is a p-hase of kS(K) over k_ and it follows
o

-ank 7 Vs
rank kb(K)//k (4;(/)

by (2.3). ii), the extensions ksc°kS(K) » keK_ - being iscmorphic. Using the

following exact sequence

ek

O+ )r}j)kS(K)M,%Yﬂ

k60 /(R kg () e 60 ™ N (K 7k ) T 0

we get:

gank £ -,
2 s
kS(K),kS(x)

=t
by 2). Since Li=k(x)=K is an unramified extension the result is a consequen=
ce of Lemma (2.7) applied for E:=k (x).0l

S

(2.13) Theorem. Let keK be a field extension with rank rk/kdpom fhe follo-

wing statements are equivalent:

i):there exists a separate p-basis of K over k (i.e. keK is separate),

ii) there exists a finite typerfield extension F of k, contained in K such
that K is separable over F,

- CXO .
iii) there exists a finite field extension E of k, Eck? such that EcE(K)

@

is separable,
iv) there exists a positive integer s such that k° < kP (k) is se-

,ﬁarab]e.

.v) every p- basis of K over k is separate.
Proof .i)=»ii) follows from Proposition (2.10). ii)=>iii) By {N]:(39.10)
= i
there-exists a finite field extension E of k, EckP such that -EcE(F) is se-

—parable. Since FcK is separable we gét EcE(K) separable too.

ii1)=p iv) and v)=> i) are trivial.



for all iasj(see Lemma (2.6,)‘U

(2.14) Proposition. Let koK be a field extension, with rank WK/k<0°. Then
there exist some subfields EcFek such that

1) EcK is @a separable extension

2) “EeBikswa finfte type and purely transcedental extension,

3) ‘Fek is:an etale extension, i.e, is separable and»Qk/ = 0,

F

Proof . Let (ej),r'l be a p-basis of k over its prime subfield ko and

LA

Spe e e Wk DL o
00 4B & e b

the Jacobi-Zariski sequence written, for kSZKCK, whereié<,£1K and my,k stand
N

ke =% =K ik -
o )

Since rank pK/k is finite, there exists a finite subset Je!| such that

/

for (L Q and & ~ respectively.
K/k/kO :

the image of PK/P hwl%iﬁi K .is contained in the subspace generated by

.(dk(eiﬁgl)ieJ. Wesput E=le fe.) and F=k_(e,)

i‘iel-d i‘iel”

Since ké:k is separable , (ei)iél is algebraically free over kp,'cfy [M],
)

In the Jacobi-Zariski sequence:

Th.89 and thus, F=E(e

> is of finite type and purely, transcedental over E.

1EJ

& £ 4 “
s K/E
g PK/E.——#‘QE @é e

5 : i e : : i :
: wrlften for kd:ECK?CXK/E I's injective by construction and then K/E Oy Taee K

ts separable over E. Finally, 3) is a consequence of (2,3) iii) and<fv).[3

7(2.15) The last part of the section is devoted to those extensions kcK which

are not separate)(see&emark (2.0 . oBs e shali see in the fol]owing)such an
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extension contains a field F such thati ¢

1) KiE #is. separable , , : ?

2) F is a filtered inductive limit of finite type extensions.of k, each of
them being generated over k by one of its p-bases (compare Qith (2, 109).

We need some preparaticns.

Let p>1 be an integer and | an arbitrarily given set . For every infeaer
r>0 let /\r(l) beithe set of those mU]t?ihdexe:AA=(X])EGIEHV1 with finite
support such that O<Ai<]3r, iel. l% r=1-we putA(l) instead AQ(J). The addition
of mu]ti%ﬂdexes and the mu}tfplication,of a multiindex with a nopnegative in-

teger are defined componentwise,

Let x = (xi)iel be a family of elements from a ring and AG/}(I). We put:

: x)\rrmlxik‘j

i€l

A

XS we]]-aefined, because A has finite support,
Let .k be a field of characteristic p>0. For. every extension K of k ‘and all ..
r ;
integers 20, we put Kr=k(Kp ). Clearly: kc...cKrCKru]“...<KT¢;K5EK¢; b o S

First, note the following simple:

(2.16) Lemma. Suppose given a field extension keK of positive characteris-
tic py0, with t=rank‘1K/k<°° and X=(xi)Téﬁ a family of elements from k, Then:‘
i) if x (viewed in K) remains p-free over KP and it is a maximal family
in k withfthi§ pfoperty, then there exist y:(y],...,yt)‘from k such that xwy

is a p-basis of k over kP (i.e. over its prime subfield);l
(ii) conversely, if x remains p-free in K over KP and there e*ist el .
..,yt) rrom k such that xvy is a p-basis of k over kP then x is a maximal
“family in k with tﬁe above property.

:(2.17) Lemma. Let kecEcK be fields of characteristic p>0, with t=rank [ oo

K/k*

and X=(Xi)iel, ik (y],...,yt) be some elements from k such that:iwe .

\
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1) x is p-free over KP
2) xuy is a p-basis of k over kP,

~

Then, for every integer r>0, the foilowing statements are equivaient:

i) rank [ Pt Dgiicr B :=k{E? ) see(2.9)).
t: I | g

ii) there exists an unique femily Z=(ZUX), lgust, AeN(1) of elements
, : : r

from E, with finite support, such..that

A
(2.17e1)yu = ZE>\X ileuet
-~ Ae\ (1)

Proof. i)=»ii) The hypotheses and the lemma (2,16) with E__) instead K show

that x is maximal among the families from k which remain p-free over Ef_];r
: r-1 ;
conseduentily yugE?ml(x), lsuct. But k=kP . '(x,y) andisciwe get E?_.(x)=

r r , :

=EP (yP,x). Then yueEp'(yp,X) l¢ugt™@nd step by step it results that
r . -

y,€EP (x), lcust

ii)=>i) For every i we have the exact seguence

——i @ | i
0ol el g o~
J/k : i

By hypcthesis dk(x)quk(y) is a basis of-Qk.over k, and dE.(x) is linearly
independent:in-QE‘. The relations® {2.17.1) .show, that dE*(;) depends linearly
on dEf(X) for eve;y 0gi<r. Now it is easy to see that ra;k fg./ =t for all
O<i¢r. O ‘ : : Tk

(2.18) Corollary. If i) from the above lemma holds and in additicn
7
rankE £

=t ithen in (2.17.1) we have: ZL}eEP(x) Bor all u, A
Py . ;

k

& -
——

Proof. The hypotheses ihp]ies the existence of an unique family’(zaxx), l<ug

)CGA (1) of elements from E such that’

r+ 1]



—
But every A’gAr+](U can be expressed .inian unique way as A’=p't+k i where

€ A(l) and XGA%(I).'SO, the above relaticns can be written in the following

form

i "‘"”‘"‘(3‘“‘“"““‘"“7 gk

“0eb U0 sedinprex N

We deduce

-
mwm_f,_m/ >\,xe,E()

Zf/\n/\ =p g A,

by the uniqueness of (Zux)'tj

(2.19) Lemma. Let keK be fields of_characrgristic p?0 with t=rank Fk/k ¢oo
and rp»0 an integer. Suppose rank f; = t, O0gi¢r. Then there exn ts 58 subfield
I :

FCK , finite type extension of k suchkthat:

i) if E€K is an extension of k, then rank(; st,0giar iff sFe £
i
/k

ii) every p-basis of F over k generates F over k.

a.Probf‘ et x={x. ) be a maximal family from k which remains p-free over
bRt ] 7 - : p

nakP L Using (2 16. )

]

i
i) there exist vy=(y.....,v.) from k such that Xy is a p-baci:
‘I S .Ly t g
of k over kP. By (2

17): there-exist 7=(Zua)’ ]$u£t,ﬁ€f¥(!) in Kwith finite
supnort such that (2.17.1) holds. We put F:=k(z). Then i) is.a conseauénce
(). '

of the same lemma
a (finite) p-basis of F over k and L=k(w). Since F is a

ﬁow let Wz(wj)jéJ

finite type extension of k, LeF is finite and separable by (2.3)v). Moreover

L ! :
Fi:=k(FW ) is finite and separable over Li:=k(Lp ) for every i and so rank

‘dL'/ =rark r} porF A for Ogi<r. Then Fcl by i) and thus F=L.
P ik

I i<

(2.19.1) Remark. It could be interestinato study the structure of an exten-

sion keF satisfying ii).

(2.20}%Theore@ [P3]. Let keK be a field extension of characteristic py0 with

o e R S SR s e SR e S SRR S e e S s ST



...]1.'_...

b

n
where Kn=k(Kp ). Then there exists énfascending chain of subfields.ef K, all
containing k:

FpeF,c.., CF a..

K

cuch that for every positive integer n:

1) FP is a finite type field extencion of k and rank PF A
_ n
2) every p-basis of F_ over k, generates F_ over k
‘P
3) Fﬁ: k(FrH-I)
Moreover, if F = | JoF > thens
o n
- ner
i) F=k(FP) and rank S

/

ii) K is a separabie extension of F.

Proof. For every neN let Fn be the field defined in (2.?9) for r=n. Then
F.ssatisfies ])iand i2) . sCorollary (2.18) implies3). F=k(EP) is a consequence
of 3) and r’F & 1 im: [ ®_ F implies rank Pr/ = t. In the Jacobi-Zariski

sequence written for kecFek

1 "rF/k & K“‘“’*Q/k'—’ Q/FMOHk @ K

“the first morphism is an isomorphism and sz/k = 0 because F=k(FP), Then ..

rK/F =0 i.,e, dREciK lis separable. O

(2-20.1) Remark. The hypofhesis of the above Theorem are fulfilled, for

example, in the case =k(KP) i.e. whenﬁlk/k = 0.

§ 3 . CONSTRUCTIONS OF SOME FORMALLY“SMOOTH ALGEBRAS

The.following Lemma is an easy extension of [P3] Lemma (7.1).
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(3.1) Lemma. Let A 5 3B be tworlocal morphisms of noetherian local

rings, keFeK the residue field extensions induced by v,w and m,q,n the maximal

ideals or A,S,B respectively. Assume that:

1) the composed map wv is formally smooth,
2).S/mS is regular,

3) dim'S =.dim A + rank r;/k (the rank is fimite, becaiise rank |

Elk
rank rk/ké;dim B~ dimeA by (2,5)),

Then w is a fiat morphism and B/w(q)B is a regular ring.

Proof. By [M7j(20.6) it is sufficient to prove that the morphism W:S/mS -

-5B[EB obtained by base change is flat. Consequently we can suppcse A=k and .

so both rings B and S are regular. By [EGA] (17,3,3) it is enough to show that

the canonical map

’) "
P igla” @ K—» n/n’

is injective. We consider the followinrg commutative diagram:
\ 0 -
X z

-
H1< k) 5) K‘) w.r(:/kch K : :"“"q/ql®p K

The upper (resp.bottom) row is'a part of the Jacobi-Zariski sequence written
for k& S—F (resp.k«sB—K) . By jacobian criterion of formal smoothness we
have H](k,B,K)=0 and so Flis injective. FurtherfLV is injective hence A

: s s
is injective too. Moreover X is an isomorphism because rank q/q =dlm,S=rankf;/k
So kr is injective. O

(3.2) Theorem. Let'(A,m) be a noetherian: docal ring, k its residue field



- 16 =

and. keK,KeE two field extensionsthe first one being separate with ri=:
~
=rank”PK/Q {oo. Then there exist 2 noetherian local ring (A,f) and a local
= % ~ ; :

morphism v:A~—A such that: ~

i) the residue field extension keK induced by v is a subextension of kezk,

e s ,J - B

ii) KeK is separable,

¢ o @ - A/ .
iii) dim A = dim A+

% : . :
iv) Avis a localization of a polynomial A-algebra in a finite number of va-

riab]es,?ﬁgF;gVer, Ief (B,p} is a noetherian local ring and u:A~>B is a formal-
i e
ly smooth, local morphism inducing the composed extension ke E as residue Tield
extension then, there exists a local flat morphism ﬁ:X:~?B such that
B/4(f)B is a regular ring and u¥ﬁV.
»
Proof. Let ¥/k be a finite type field subextension of K/% which is generated

by onesofsits p-basis §=(§1,..°,§6) and such that K/K is separable (see Propo-

sition (2.10)). From the following exact:.sequencer i .. "L

f', &g —> [ I
R SOSEe C
we get r=rank fk}k' Denote R=A[X], X= (X],...,X‘)‘ahd let w:R~>» K be the unigue:
morphism lifting the composed morphism A-»k—K and maps Xi to R}. Denote
p:=Ker w, KE=Rp,'ﬁ:=ﬁX and let w’:K«+¢K be the morphism induced by w under lo-
o~
calization. Clearly X’Is a noetherian local ring with residue field K, and
A/mA  is a lccalization of a polynomial algebra over k ‘thus regular,
By dimension formula ([M] Th.23) we get

~ ; ~
dim A = ht p = dim A +|J| - trdeg, .K

where [J| denotes the cardinal of J. On the othenchand, by (2.3) i), [J) =

= rankhflﬁyk, The Cartier equality ([M];Th79%}<gives:

trdeggz’= rank {0z, - rank I

Rk ¥ =9l=r

Consequently



<

o~ :
dim A = dim.A + r, : B

o

oL

Given (B,n), u, let x=(x;,...,x ) be a 1ifting of X in B. Let U:i—s8 be

the 1ifting of w' given by Xnax. By temma (3.1) w is flat and B/G{)B s regu-

lar.

and kcK, KCE twb field extensions. Suppose rank Fk/k <60, Then there.existssiti
- @ noetherian localiring-(S,q) and a ]oca] morphism v:A~sS such that:

i) the residue field extension k'L inducéd by v is a subextension of kK,
ii) K/L is unramified .
iii) dim S = dim A + rank FL/,k :
iv) S is a filtered inductive limit of localizations of polynomial A-alge-

‘ braghﬁoTeOVer, if (B,n) is a noetherian local ring and. u:A—>B is a formally

Ve

smooth, local morphism inducing the:composed éxtension keE as residue field
extension then, there exists a:local. flat morphism u’:5— B such that

B/u’(g)B is a regular ring andiusuly.,

.Proof. Let Z be a p-basis of K/kwand L=k(Z). Then LeK is unvramif ed and

ri=rank FL/kU30 (see 2.3 iv), ii)). Appiying the above Theorem for keleK there

~ ; ~
exist ainoetherian local ring (S,J) and a local morphism V:A— S such that

1) the residue field extension kel, induced by-v, is a subextension of kecL,

ad
2) L =L is separable

= :

3) dim S = dim A +r

= ;
4) S is a localization of a polynomial A-algebra in a finite number of va-

~riables

o i
5) given u,B there exists a flat local morphism w:S$-—B such that B/w(q)B is

. ~
a regular ring and u=wv,

&t -t
e

S i g : iables, S —’§»[x < d
Let x=(x])iel be a p-basis of L/L, A=(Xi)iél some variables, $:=§; ]as[xlan
s

qST Then S is the filtered inductimve:slimit of localizatiohs' of* "

q:

?[X[ finiteisub
{’ J] XJ=(XJ.)J.EJ e flinitersu set}.

P ™
AN S SN S e
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Clearly dim S = dim S,

Given (B,n), u, let x be a lifting off X in B, The map u?:S—>B. Xt iine i
ced by w is well defined because X is algebraically independent over L (sce [M
Th.89) =By [M] (20.8) * is flat (w was already flat). Since q:=GSwe are ready
by.5) .

The following Lemma is inspired from [PB} Leima (7.2).

(3.@)_L§mgi, Let (A,@) be & noetherian local ring, k its residue field arid
K/k an unramified field extension such that r:=rank FK/b<<b . Then there exists

4 I\
. . NN £ . i N ;
a noetherian local ring (A,m) and a local morphism v:A-4 A such thais
. o :

i) the residue field extension keK induced by v is a subextension oft kek,

. e > .

ii) KeK is separable,

L N g :

iii) dim A = dim A+r,

. N- . - . . . - » .

iIVPCAVES a filtered inductive limit of localizationsiiof some polvnomial A-

algebras,

' Proof. Let
i

be the ‘chain of subfields of K given by Theorem (2.20) (see alsc (2.20.1).

Thus for every n €éV we have:

1) Fn is a finite type field extension of 'k ‘and rankf; i, =0
: ; n
2) every p-basis of F_ over k generates E.oioven
p
3 Foellpt o)
Moreover K:= \_J Fn'satisfies
ne/mnN = ”b
4) rank Pﬁyk = r and KelelkE )
- | :
5) KeK ‘s separable.
Applying Corollary (3.3) to k cF jeiKwe get some noetherian Tocal rings

(Sn,qn)ﬂwcﬂ%nd some . local morphisms.vth~f5Sn, ne/N such that for every

nemn ¢
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. % 3 s B :
6) therresidue field extension k&FH>QndUCed by e is a subextension of

kici B
n

- /\J
7) F cF  is unramified,
Hren

8) dim $,=dim A + rank rk;/k :

9) S“ is a localization of a pclynomial A-algebra.

10) given a noetherian local rinngh+l and a formally smooth, local mor-

phism up¢]:A"%Cn¢] inducing the extension kcF as residue field extension

n+1

then, ‘there exists a flat lecal morphism u’ :S «>» C such that
: _ 1 o n+1 :

C/u;+](qn)6is regular and u u

=i .
n+1 Yn+lVne s : 3 o
Since k{:Fn is of finite type we get Fp@ Fn~finite separable from 7)Esee
(2.3) v). Then every P-basis of ?n over k is still a p-basis in'F
wg 7 %
over k and by, - 2), we get P = F v Clearly (Vn) are formally

smooth by 9). Applying 10) for Cq¢1:: we get a flat local mor-

Sn+1’un+1:=Vn%1
3 . P, (2 - (% \ LS".\ ) B
phism wn.Sn }”n+1 suchi&hat qh+1/Nn<qn)Sn+fyngUJar and YT Then

wn(qn)Sn+1 is a prime ideal of height dim S_. Since

dim Sn ='dim A + r =constant
we get

= )S

/ g
Tl = M T R -

Then the filtered inductive limit (V:A)_Of (Vn’sw’wn) is a ncetherian local
. « 5 . % ‘ . : A/ "l N ° o
ring of dimension dim A+r and m:=an is its imaximal ideal.{d

.

(3.5) Theorem. Let (A,m) be a noetherian local ring, k its residue field

and K/k a field extension such that r:=rank f <2, Then there exists a noe-

. K/k
SR e ) ~ ' - 3
“‘therian local ring (A,m) and a local morphism v:A—A such that: bt A
ALES
i) the residue field extension ke K induced by v is a subextension kcK,
V/J
i) KK is separable,
lN .
iii) dim A = dim A + r
~

V) A Qs a filtered inductive limit of localizations of some polynomial

A—algebras.?ﬂé};over, if (B,n) is a noetherian complete local ring and u:A—>B



Eoe
is a formally smooth, local morphism inducing keK as residue fieldiextension
3 ~
then, there exists a flat local morphism T:f —B such that B/U(MB is a regu-

—~

lar ring and u=Gv,
Proofiibtet (S,q), v?:A=—S be given by Corollary (3.3). Then we have

1) (S,q) noetherian local
2) the residue field extension kel induced by v’ is a subextersion of kek,
3) kel s uriramified,
L) dim S = diméB + rank 7 .
) d ) =
5) S is a filtered inductive limit of localizations of polynomial A-algebras
Now applying the above Lemma for the case (S,q))K/L there exist a noetherian
> A/ A 5 o ~
local ring (A,m) and a local morphism V:S=»A such that:
“6)ithe residue field extension L& induced by vuis.a subextension.of LekK,
s .
7) KekK is separable,

~

,x' e Sl
8) dim A = dim S + rank K/L
~

+ 9) A is a filtered inductive limit of -localizations of some polynomial A-al-
\ - : : ;
gebras,
s ~ ; R S '

Clearly (A,m), vi=Uv’ satisfy i)=iv) from above. The map v is formally smoot
‘because it is a filtered inductive limit of formally smooth maps (v%). As®Biis
a complete .local ring, the inclusion Kek can be lifted to a lccal morphism

» B ~ ~ <
T:A—>B such that u=uv. Note that A/mA is regular because v is formally smooth

and so k &v is too. Applying Lemma (3.1) for v,0 we get U flat and B/G(m)B

regular. O

(3.6) Corollary (EGA (22.2.6)) . Let (A,m)be a ricetherian local ring, k its
residue field and K/k a field extension such;that! r:=irank rK/k{q;. Then there

exists a formally smooth noetherian-complete iocal=A-algebra (B,Q) such that

—_———

i) nmB and B/n %K over k,

ii) dim B = dim A + r.

j i .
Proof. By Theorem (3.5) there existsia formally smooth noetherian local A-al
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A 4
gebra (A,m) such that

1) W=mh and the residue field extension kck'induced~ty"A—*K is a subexten-
sion of keK,

2)(Rc:K is separable,

3) dim A =dim & +r,

Let (B,g) be the the Cohen Kualgebra of residue fieid K, i.e., the unique {up

Cad

to an A-isomorphism formally smooth noetherian complete 1oca]'K~algebra (B,n)

satisfying dim B = dim A and B/n =K as ?@algebras. Clearly (Baﬂ) weirks A2

(3.7) Lemma. Let u:A-—B be a flat local morphism of noétherian local rings.
Let m,n be the maximal ideals and k,K the residue fields of A,B respectively,

Assume that B/mB is regular. Then there exist a noetherian local A-algebra

P

z ;
(A,f) and-a local A-morphism U:A —B such that:
B localization of a polynomial A-algebra,
2)fomA, T is flat and unramified {in particular dim A=dim B).

! °
If K is separable over k then u is formally smooth,

Piroof .. Let x=(x],...,xn) be some elements from n which form moduio mB a

1l

regular system of parameters on B/mB. Denote.R:=A[X], X=(XT,°.°,XH) and let

o iR—> B be‘ the A-morp;hism given by Xeax, Put p:;c:}(_g), A:=R_, ¥=pA and let -
ﬁ:X"?B‘thc.map induced by localization frome-. Note that p~A = m and so p is
exactly the ideal generated in ﬁrby m, X Then'ﬁ/ﬁék and U is unramified. Flat-
ness of U is now a consequence of {M](20,G) and Th.81. The last statement fol-

lows from(EGAJ(19.7.1).

(3.8) Proof of Theorem (1.1) When keK is separate we apply Theorem (3.2) and
so we find a noetherian local ring (A’,Ef) and two local morphisms v’:A—>A’,
u’:A’>— B such that:

1) 1the residue field extensionsk¥e« K induced by u’ is separable,

oy r=d i
2) dim A’=dim A + rank FK/k

3) A’ is a localization of a polynomial A-algebra
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h} wteds flat, u=uty? and B/u’(m’)E is a regular ring.

Applying temma (3.7) for u’:A’—»5 we finish this case.

Now suppose B complete. By Theorem (3.5) there exist a noetherian local
ring (A’,m’) and two local morphisms v?:A-»A’, u’:A’—3»B such that:

5) A’ is a filtered inductive. limit of polynomial A-algebras,

6} htholds e 2) and ).,

Applying Lemma (3.7) like above for u’, we are ready. O e

g 4., AN APPLICATION

Trying to extend Néron desingularization for arbitrary regular morphisms

we see ([P3}L§8-) that is enough to prove the following:

(4.1) Theorem, Let u:A->A"be a local,formally smooth morphism: of noethe-

rian lozal rings. Suppose given the commutative diagram

A
|
A/

.
b i

where B is a finite type A-algebra, Let bcB be the ideal defining the singu-

g

<

lar locus of ‘B over A (i.e. B .is smocth over A in qeSpec B ifquﬁg). Suppose
that f(E)A’.is a m’=primary idéa},where‘@’.denotes the.maximal ideal of A’,

Then the above diagram can be embedded into a larger one:

IA \ -

in which B’ is a standard smooth A-algebra.
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Proof. When dim A = dim A’ then the residue ficld extension induced by v
is-sepa~able and ithe above theorem is a consequence of szg Th. (5.2 )50t hes=
. 1 i ~
wise, by theorem (1.1) there exist a noetherian local A-algehra A.with the, sa-
me dimension as A’, whicii'is a filtered inductive limit of localizations of
: 1 » ~ o/ /L'. 7,
po.ywo.ia] A-algcbras, and a formally smooth A-morphism u:A-—A° where A’ de-

o~ ~
notes “the compl!etion of A’, Then there exist a standard smooth . ailgebra B’:

and a commutative diagram:

S ~Nors

where B= Re? A and f:B-—%*A’ is given canon:ca]ly by U and the composed morphisn

>

A
B-—«dyA’»w%A'.
£y . N - i 3 . . . .
Since A is a filtered inductive limit of standard smooth A-clgebras we can
find a standard smooth A-algebra B’ and a-commutative diagrem:

: \\‘

1=

A"% /

<

/\11-/

b TN

This end our proof using [PB] Lemma (7.3.2).

(4.2) Remark. The above proof tzad to an easier proof for the [P37

Desingularization Theorem which does not need Lemma (7.4) and Proposition

(2.4) (and so [P, ]§§9-10)
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