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3-lBY rW'
C H A R A C T T R I S T I C

; l tN3, lJr;

V a s i l e  N I C A  a n d  D o r i n  p 0 p E S C L |  i . .

* 1. r-U,IR0p,g9Jglt

F o r  p r o v i n g  r e s u r t s  a b o u t  r o c a r  f o r r i a r  r y  s m o o t h  m o r p h i s m s  u : A - + B . t h e , c a s e

d i m  A = d i m  B ,  i t  i s  s o m e t i m e s  e a s i e r .  l f  d i m  A  { d i , m  B  t h e  r T u e s t i o n , , a r l s e s  t o :

f  i nd  a  noe the r ian  roca r  A -a rgeb ra  f r  ana  a  roca r  A -morph ism ' i l : f r -q8 r * *sch  
tha t

. ^ t

l )  d i m  A  =  d i m  B ,  . .

' ' :  
? ) t t o r r u l l y s m o o t h  i , : , , .  . , , . r
, . F t .

.  A - a  I  g e b r a .

T h e p u r p o s e o f o u r p a p e r i s t o p r o V e t h e f o l l o w i n g . S t t 1 u c t U r e . r . t h e o . r e m . :

( t . l )  TB:gr 's l ,  Le t  u :A- - rB  be  a  loca l ,  fo rmai i l , y  smooth  mor -p l l . i sm o f i , . ,noe the , -
- r ; : ;  -  

- -  r i a n  l o c a l  r l n g s  a n d  k c K  t h e  r e s i d u e  f i e , l d ,  c : x L e n s , i o n  i n d u c e d , b ) ,  u .  S u p p o , $ e , , . , ,

t h a t  p : =  c h a r  k > 0  a n d  t h e t  o n e ' o f  t h e  f c , l  l o w i n g  c o n d . i t i o n s  h o l d s :

i ) * r c ' h a s  a  s e p a r a t e  
. p - b a s i s  

o v e r  k  ( i . e .  a  p - b a s i s  x = ( " i )  
i u t  s u c h  t h a t  K

i s  s e p a r a b l e  o v e r  k ( x ) ,  s e e  ( 2 " \ ) ) ,  o r .

i i )  B  i s  a  c o m p l e t e  r i n g .

T h e n  t h e r e  " e x i s i t  a  n o e t h e r i a n  l o c a l  A - a l g e b . a  ? ' a n d  a  l o c a l  A - m o r p h i s m

d:  A  -+B such tha  t

t )  f ,  i s  f o r m a l  l y  s m o o t h ,

, N

2 )  d i . m  A  = d i m  B ,

,  K . i l y ' b ' f  i , . l t e r e d  i n d u c t i v e  l i m i t  o f l o c a l i z a t i o n s  o f  s o m e  p o l y n o m i a l  A -



* z -
. L  ^ f ,  r L - - -  ! . ,  .  f * - * *a lqeb ras " ; ' { , each  o f  t hen r  i n  a  f  i . n i t e  n { , r l l be . r .  q f  i n i j e te rm i ,na tes ) l  mor *oo* r .  i n  t he

case  i ) ,  r n re  can  choose  A  to  be  s i ro i ,  l - t " . ; ; ; ; ;  , i nomia r  A -a rgeb ra .

l l '  t h e  r e - ' ; i d u e  f  i e l d  e x t e n s i o n  k c K  i s  s e p a r a b ) e ,  t h e  c o n s . t - r u c t i o n  o f  i ' a n . t
' i l  

i s  r ^ r e l l  l . . r r o w n  a n d  n o t  d i f f  i c u r t  ( s e e  L e r n r r , r  ( j . 7 ) ) .  F o r  e x a m p r e ,  i ; i  f i = i .  i s

a  f  i e l d  a n d  B  i s  a  l o c a l r f o r m a l l y  s r n o o t h ,  o n e  d i m e n s i c , n c l  k - a l g e b r a ,  i . e .  a

d i s c r c " e  v a t u : r r t , n  r i n g  t h e n  i f  s : f < [ l l - * + E  i : ;  a i v e n  i ; y  T s r  t ,  t  b e i n g . a  l o c a l

p a r a n e t e r  o f  B ,  w e  c a n  t a k e  A r = k [ f ' ] _ 1  .*  - # '  ( t a )
I n  t h e  n o n s e p a ' r a b l e  c a s e  ( b u t  r i n i t e  t y p e  e x t e n s ' i o n  c a s e ) ,  t h e  p r - o o f  i E

d i f f i c u ' i t  e n o u g h  e v e n  w f i e n , B  i s  a  d i s c r e t e  v a l u , a r i o n  r i n g  ( s e e  [ n l j i .  l f  . K / k

i s  n o t  s e p a r a b l e ,  t < = k ( K p )  a n d  B  i s  c o m p l e t e ,  t h e ,  r e s u i t  w a s  a l r c a d y  o b t a i r . : e c i

i n [ n , l a r l . - t , i n f a c t , t h e p r o o f o f T h e o r e m t l . l ) t l s e 5 t h e s a m e m e t h o d s

'  I n . - s e c t i o n  2  w e  g i v e  s t - , i n e  p r e l i m i n a r i e s  a b o u t  f  i e l d  e x t e n s i o n s " c f  p o s i t i v e

c h a r a c t e r i s t i c ,  s u m e  o f  t h e m  n e w  ( a s  T f r e o r e m  ( z . r l ) ) ,  o t h e r s  a l r e a o y  k n o w n

(  T h e o r e m  ( 6 . ^ '  '  r - ' r  -
t )  t r om lP r l  p  l ays , :an . r . : ' r i r 11pp , r . t an t  ro le  i n  ou r  cons t ruc t i op  and  fo r

t h e  s a k e  o f '  c o n r p l e t e n e s s  w e  h a v e  i n c l u d e d  i  q s  p r o o f  . i n , , T h e o r e m  { , A , 2 0 ) )  . ' N e r t

s e c t i o n  c o n t a i n s  t h e  p r o o f  o f  T h e o r e m  ( f  .  f  ) .  H e r e  w e  g u i  . a  d i i f e r e r l t  p r o o f  r , o f  .

T h e o r e m  ; 1 , 2 2 " 2 " 6 )  r r o m  [ r c R J  ( u " "  c o r o l  l a r y  ( 3 . 5 )  w h ! c h  w a s  s u g g c s t e d  t o  u s
'  

by  P  ro f  esso  r  N .  RaCu  to  whom we  owe  thanks  )  .  Rs  an  app  t r  i . ca t  i on  o f  l - heo rem

( l . l )  w r  o b t a i n  i ; r  t h ' c  l a s t  s e c t i o n  a r r o t h e r  p r r ' , o f  o f  r h e o r e m  ( 1  . . i l  r r o n '  [ ' n . - 1 .
I

"  ' T h r o u g h o u t  t h i s i p a p e r ,  a l  I  r i ; f i E s '  a r e  s u p p o s e d  t o  b e  c o m r n u t a t i v e  w i t f :  i d e n t i t , r , ,

a l l  f . i e l c l s  a r e  o f  p o s i t i v e  c h a r a c t e n i , s t i c  a n d  a , l o c a !  m o r p h i s m  u : A * * B  i s

c a l l e d  r l n r a m i f  i e d  i f  t h e  m a x i m a l  i d e a i  o f  A  g e n e r a t e s  t l - i e  m a x i m a l  i d e a l  o f  B .

T I I I  S T R U C T U R E  O F  F I T L D  E X T E N S I O N S  O F  P O S I T I V E  C H A ( A C T E R I S T I C , i  t l

( z . l )  F o r  t h e  b e g i n n i n q ,  w e  l i s t  s o m e  f a c t s  f r o m  t h e  h o m o l o g y  t h e o r y  o f

c o m m u t a t i ' v e  a l g e b i - a s ,  w h i c h  c a n  b e  f o u n d  i " . [ A l ( s e e  a t s o  f l l l ; . o r  i - t r e  f  i e l d

c a s e )  .  D e n o t e  b y  H n ( A , B  , - )  t h e  n - t h  h o m o l o g y  f  u n c t o r  o f  a n  A - a l g e b r a  8 . .  i t r : : . : (

i s  d e f  i n e d  o n  t h e  c a t e g o r y  o f  B - m o d u l e s  a n d  h a s  i t s  v a l u e s  i n  t h e , € , s r n e ;  c a t e -

g o  r y .

9 2 .

( 2 . 1 . 1 )  H n ( A , 8 , - ) = 0 ,  n ? 1 ,  f o r  a  p o l y n o m i ' a l  A - a - l q e b r a



(z,r:z) Ho(A, '8, -)=%ro6o - ,yrr, thdre &ro denotes the 
'B-mod,ul,e:, , i j rof

( a b s o l u t e )  d i f f e r . e n t i a l s  o f t h e  A - a l q e b r a  b "

( 2 . t ' . 3 )  l f  B = A / ;  ,  w t r e r e  ; 6 f f  ' ! , i s .  - -  i d e a i ,  t h e n  H l  ( A , g , - ) : , r / , 2 8 u  : - r

- ' 3 -

'  ( 2 . . l " 4 )  A l  I  f u n c . t o r s  t - t n  ( A , B , - )  c o m m u t e  -  l n

w i t h  f  i i , t e r e d  i n d u c t i v e  l i m i t s ,  a r e  s t a b l e  u n d e r

f l a ,L  ove r  A ,  a re  a l so  : ; t ab le  under  base  c ,hanqe . ,

the  second v ,a r . iab i le l  B  -

] 'oca I  i  sa i  ions and;r, ' . r i ' r f i . , .9 ig , .

(2 . . l . 5 )  l i  A=+B- rC  a fe  r i ng  mo i : : ph i sms ,  and  \de 'od  c ,  t he re

t u r a l  l o n q  e x a c t  s e q u e n c e  o f  c - m o d u l e s ,  c a l  l e d  t h e  J a c o b i - Z a r i s k i

f unc to r . s  c l ra rac te r i ses  _ ;

i s  s m o o t h  o v e r  A ,  i f f

, . i i ; , , 1  t .  I

ex i s ts o, f l&i:!

s e q u e n c e :

. -+ H t (A, a, h') --p 
\ (A, c, w) --+ H I ( B, c, \n/) -#LBro &r,. W -**

-* fL c/a@ c r*Sczu@cw * o ***.

w h i c h  p r o l o n g a t s s  ' t h e ' c l a s s i c a l  e x a c t  s e g u e n c e  o f . . , t h e  m o r l . u l e s : o f  d i f  f e r e n t j , a l s .

( z , t , O )  I n  i o w  d i m e n s i o n s ,  v a n i s h i . n g  o f  t i r e s e

i n r p o i  t a n c  p r o p e r t i e s  o f  r i n g  m o r - p h i s m s .  F o r  e x a m p l e :

i ) ' " ' 1 ; y ,  B ' i s  a  f  i n i t e l y  p r e s e n t e d  A - a i g e , b r a ,  t h e n  B

H l  ( A , 8 , - ) = 0  ( - t h e  j a c o b i a n  c r i t e r i o n  o f  s m o o t h n e s s )  . ,

i i )  l f  u : I t r - - - + B  ! s  a . ' l o c a l  f l a t  m o r p h i . s m . e f  n o e t h e r i a n . l o c a . l  r i n g s ,  t h e n

B  i s  f o r m a l  l y  s m o o t h  o v a i , , , A ; , , . i f f  H l  ( A , B , K ) = 0 ,  w h e r e  K . d e n o t e s  t h e  r e s i d u e  f  i e l d

o f  B  , ( . t h e  j a c o b i a n  c r i  t e r i o n  o f  f o r m a l  s m o o t h n e s s )  "

i i  i )  l f  u : A - - * B  i s . a  f  l a t  m o r p h i s m  o f  n o - e t h e r i a n  r i n q s ,  t h e n  u  i s  r e g u l a r ,

( i , e .  a l  I  f  i b e r s  o f  u  a r e  f o r m a l l y  s m o o c h )  i f  f  l i l  ( A , 8 , - y = g  ( A n c l r e , s  t h e o r e r n

[A l ) .

( z ' : ; n ; u ' , 7 )  l f  k c K  a r e  f  i e r d s ,  t h e n  H n ( k , K , - ) = 0  f o r  n | 2  a n d  H . , ( k , K , - ; =

= H ,  ( k , K , K ) ' 6  -  .  \ . / r i t i n g  l o t ,  i n s t e a d  H t  ( k , K , K )  a s  i n  0 r ]  ( l g . n ) ,  t h e  J a c o b i  -,  
K  r \ / k

Za r i sk i ' , . , e ,egus r ! se  (2 .  i .S )  assoc ia ted  to  kcLcK  and  W=K becomes :



" 4 -

n S t a t i o n s ,  I e t  x = ( * i  ) i a t  b e  a  f a m i l y  o f

L = k ( x )  .  t h e  f o l  i o w i , n g  s t a t e m e n t s  h o l d :

i ,! . 'r,1.:'

l l g .oJ  ; )  The fami  ry  o f  d i f fe ren t ia rs , '  d , ,_ ro(^ ) .  g "n" ru . " r0 r ro  over  L

x r t t t u  f  r o m  ( 2 . i . 7 )  m a p s  i t  o n .  o * / ,  ( * )  w h i c h  i s  I  i n e a r l y  i n d e p e n d e r i r -
^  

' k

J L f / t  o v e r  K .  T h u s  d g ,  ( x )  i s  l i n e a r . l y  i n d e p e n d e n t  o v e r  L .- ' k

i i )  f o l l o w  f r o m  ( 2 . 1 . 7 ) ,

i i i )  i s  a  c o n s e q u e n c e  o f

i v )  i f  x  i s  a  p - b a s i s ' o f

and  then  4 ,  ,  -  0 .o /L

O  
* / r / U  b e i n g  i n j e c t i v e ,

i i )  a n d  ( z . r . g )  .

K ,over  k ,  th"n { i< / t / t

v )  K  b e i n g  a  f i n i t e  t y p e  e x t e n s i o n  o f  L ,  O o ,  = 0  m e a n s  e x a c t l y
N / ,

L
n i t e  a n d  s e p a r a b l e  o v e r  L ,  c f . [ m l  f n . l S .

o *Frt8i * *fr;* ror;*ft .rff ,,r ryV$ tr oz,i* ft */L*' 0

( 2 . 1 " 8 )  , A n  e x t e n s i o n  c ; i -  f  i e l d s  k , : K  i  s s e p a r a b i e  r i f f  t O r O = O

( z . z )  L e t  l < r ' K  b e  a n  a r b i t ' r a r ' i i l ; , y  q i v ' e n  e x t e n s i o n  o f  c h l r a c t e r i s , t i c

p ) 0 '  R e c a l l  t h a t  a  f a m i l y  x = ( * i i  
i e t  c f '  e l e m e n t s  f  r o m  l (  i s  p - f  r e e  c v e r  k  ( r c s p .

i s  a  p - b a s i s  o f $ ' S v e r  k )  i f  i  t h e  f a r . n , i l . y , o : f  d i f f e r e n t i a l s  d o , ,  ( x ) , * , i  .  . . . 1
= ( d v r  ( x , ) ) , - ,  i s  l i n e a r l y  i n d e p e n d e n t  i n O o ,  o v e r  K  ( . " r ; . u , ,  u  b a s i s  o f^ ' k  I  l c l  

,  . \ , k

l * ,  over  K)  c f  .  [u ]  rn .  ae . -,., 
k

(z.l) ffgeg:_*,fSl. In the above

.e , l  ements  f  rom K,  p - f  ree  over  k ,  and

i )  x  i s  a  p - b a s i s  o f  t  o v e r  k ,

i  i )  thc sequence 0*  f lar .Q l (  *+. { , r r  .= .+fo,  * ,  0  is  exact ,  . . . : .  ;

;  i i )  l f  k€K  i s  sepa rdb r " , o . l un  , - * ' f ,  , " ; " l u i r r " ,  , ,  
'  

,  .

.  i n )  ' i f  x  i s  a  p -bas i s  o f  K  ove r ' ,  k r then  K  i s  , an  un rami f  l , ed "ex tens . i t on  o , f

L ,  i  . e .  { J . , .  ,  =0'  
f ' r / .  I

L

v )  i { ' .  K  i s  a  f  i n i t e  t y p e  e x t e n s i o n  o f  k  a n d  x

t h e n '  L c K  i s  a  f  i n i t e  s e p a r a b l e  , e x t e n s i o n .

a n d

'.i n

c r  .  ( z . z )  . 1l ' ; 
^f ''; '''

i

i s  a n  i  s o r n o r p h  i s m  b y  ( Z . Z )

\

thart l ; (  is f  i - r l r

( z , l " t )  R e m a r k.  In  zero character is t ic  case,  
&z- ,  

=  o i f f  L#-- , l&r . i&r ,E.J ,ggbra
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l f  t h e ' G a F € c t e r i s t i c  i s .  p ) 0 ,  t h e n  & r , ; , ; a . , 0 . m e a n s  o n l y  [ = t - ( f p )  a n d  i f  , K

f  i n i t e l y  g € n € i r a L e d  o v e r  L ,  t h i s  n o t " 1 r " . , v e s  n e c e s r " . , , y  t h e  s e p a r a L r i . r

over  L- .  For"  e ; :arnpl  e i ,  take L a nonper t r :c t  f  i  e  lc  and r=LP- l

( 2 . t + \ . . k r i * l " k g :  l n  t h e  n o t e t . i o r r s , p r ! , , ( 2 . 3 ) ,  ,  w e  s a y , t h a t  x  i s  a , s q p a r a t e l
*.+**-:__*,

g : E : L i  o f  K  o v e r  k  i f  x  i s  a  p - b a s i a i o f  K  o v e ; -  k  a n d  K  i s  s e p a r a b j e  o v e r

L=k (x ) .  ' ' ' l ( ' i s  a :gR1R!g  ex rons ion  .o f  : k . : i . f  K  has  a  separa l s . , p -bas i s .ove r  k
t( w e  s h a l l  s e e  i n ' T h e o r e m  ( z . l l )  t n u t  i f  t h e r e  e x i s t s  o n e  t h e n  a n y  i s  s e p a r a t e )

( z ' t r r l )  ! 9 1 : - r ! .  T h e r e  e x i s t  f  i e l d  e x t e n s i o n s  w i t i r o u t  s e D a r a t , e  p - b a s e s " ,' -***l 
!

L e t  k o  b e  a  p e r f e c t  f i e l d ,  T  a  v a r i a b l e ,  k = k ^ ( T )  a n d  K : = k P ' t k ^ ( T , T p = ' , . , . . .
- n  . . '  i  

'  o '  ' " o

r P \ r ' r 'r o r ; r '  , . . . ) .  ; h e n  l 4 k l . = 0 ; n d  t h u s  t h e  e m p t y  s e t  i s  t h e  u n i q u e  p - b a s i s  o f.  n , /k

K  o v e r  k ,  b u t  K  i s  n o t . . s e _ p a r a b . l e  . o v e r . k .  N o t e  t h a t  r a n k  f , ,  t , .  = 1  .
t\./ K

+' ' l n  t he , ; f , ' o l  l ow ing ,  we ,sha l , i " r co rns r .dd , r : l on l y  f  i e l d .ex tens ions  kcK  o f  p ,os i i . i . ve

cha rac te r i s t i c  p ,  w i  t h  rank  F* . r t  a * .  9y l  pa r t i cu . l a , r  i r+ ; te res t  i n . , i , t he  s tudy  o i .

such ex iens ions i  s  mot  i  vated b,y ; : , the rest .  .  .  , r , i

(z . l )  Pr .opo,s . i l i on  [ecn ]  f ih .22 ,z .Z) .  Le t  u :A* - rB , ,be , ja  toca l ,  fo rmal  l y

s m c o t h  r i i o r p h i s m  o f  n o e t h e r i a n  l o c a l  r i n g s  e n d  i < c . K  t h e  r e s i d u e  ' f i , i , e l d  e x t e n s i

. i  nd ue ed by u .  Then

, i s  n o t

i t y  o f  K

flR

,  - .  ' i  - '  ̂  ( 2 . 6 )

r : = n a n k

ran k

Lemma.  Le t  L  c

f  * / t ( o .  Then

(2.  / )" ; . [ .emma. Let
-o

and 'Ec [ 'F  a  f  ie  Id

r|I ' r / r  +  d ] m  B  -  C i m  A

K  ,  L s E  b e  t w o  f i e l d  e x t e n s i o n s . S u p p o s e  t h a t

rrr a n k t r ( r ) / r { r '

L c K  b e  a n  u n r a m i f i e d

e x t e n s i o n  o f  L .  T h e n

r. Jrr':ii'fl.:(r.,

, ,=rur tk , ,P , ,  t ,  <  q. .  K /  L
L'.";

'  i T"|.rcr,

l ' ; ' ir ' t!

r a n k  F r ( r ) / r .  = '

e x t e n s  i - o n  s u c h  t h a  t



P r o o f .

- 6 -

By the above Lemma we have.

F i  r s t  s u p p o s e
'  - s

that  €c l : , . -L [ )
$

, n
f A n K f  . / , , \  r - (  I ' .

E  \ N , / . / E

t h a t  L c E  i s , " f i n i t e .  T h e n

.  U s  i  n g  a g a  i  r r  t h e  a b o v e

t h e r e  e x i  s t s  a '  p o s i  t  i v e

Lemma we get

in reger  s  l i . : c l t

\
a n d  K = L ( K P ) ' b y  h y p o -

i , l '

rank f ' ' , -  
G.)  t r  (  rank f  

e (X) / r  {  , .E s \ r \ , r / L c

S
S i n c e  t h e  e x t e n s i o n . s  L r c L r ( K )  ,  L c L ( K p  )  a r u  l s c m o r p h i c ,

t h e s i s ,  i t  f o l  i o w s

1 $ r : ^ ' : r  r .

, n
f a n K l  t  l v \ t r  =  f ,

1 .  . : :  s \ K / , / L s

r , rh i ch  i s  enough
\'

,  l : f ' '  LcE  i s  no t . , f  i n i t e  t hen  exp ress  E  as  a . f  i l t s red  i nduc t i r re  un ion  o f  f  i f i : i ; t e ,
. , ^ -  |  . ' l ^  r  |  \ 'f  ie {d  ex tens ions  over  L  and app ly : ' , . (2 , ; .1 . .4 , } , -  C ,1 , , .  , .  .  ;  , r i ' l' . . :

. ( )  R \
, ,  

\ _  o  " /

( r  \  ^t ' i  /  
i e l  

c l

i n c l  u s  i o n

for  i>r i- o

(2 .9 )  LggR.  Le t

x "  T h e n  t h e r e  e x i s t

i ndependen t  sys tem

r :  = r a n k  f  ,  , , . 1 *  a . n d  , . ,
K / K -

k ,  f i  l t e r e d  i n d u c t i v e l y  b y

i o € l  s u c l r  t h a t . r a n k f r  / t , = t -L i / K

r ' n j e c t i v e m o r p h i s m s  a n d  b y

L e m m a .  L e t k c K  b e  a  f  i e l d '  e x t e r r s i o n  w i t h

f a m i  l y  o f  s u b f  i e i d s  o f  L ,  e i l  i  c o n t a i n i n g

a n d  s u c h  t h a t  ( * r  L i = L .  T h e n  t h e r - . e  e x i s t s
i e l

P ro.9"l' Bv (z ' t '7) fL . zr. Er . K --r [T*ro u ru

( 2 . r . 4 )  7 u , , . =  l i p  t " , ' , . * , t K  t l'  K / k  . t  L i l k - - L i  , '

k c l  b e  a  f  i e l d

a  f i n i t e  s u b s e t

o v e r  k ( x ' ) .

extens ion qe,ne ra ' ted '

x la,x, soetr-tlia t. x\x'
. - i '

b y  o n e . o f

fo rm an

i  t s '  p - b a s e s

a l g e b r a i c a l  I y

C l e a r l y n  L = U L ,  a n dI tg,of .  For every f i n i t e  s u b s e t  J c l  w e p u t  l - r : = k  ( x i )  
i e . ; .



I

t  h e  e x i  s -

L / k

t h e  u n i o n  t : i i , s  f  i  l t e r e d  i n d u c t i v e i y  b y ' - . i n c l u s i o n .  L e m m a  ( z . a )  a s s u r e s
; _

t e n c e  o f ' a  f  i n , i t e  s u b s e t  J o  c . l . s u l . h  t i i a t  f o r  F = L ,  ,  r a n k  f r , , , - . r a n k  F
-  

- o  |  /  ̂
I n  t h e  J a c o b i - Z a r i s l c i  s e q u e n c e :

. . , - i t , ' - ' '  : t

o- Gtos'--*t /{-+rrrr+I}, /u&r, r- *ifzf& f,rzo

re is ,, in.- iect iv.e;

I t  r e s u l t s  f " r r ,  *  0 ,  i . * .  
" t  

i s  s e p a r a b l e  o v e r  F .  T a k e  x ' = ( I i )  
i g l ^  S i n c e

x r r : = x \ x '  i s  a  p - b a s i s  o f  L  o v e r  k ( x , )  i t  f o l l o l r s , t h a t  x t , , i s  a t g " l . u i c a l t : j  i f , a * -

p e n d e n t  c v e r  k ( x , )  ( s e e  [ U ]  T h . 8 9 )

l ^  i  n \( 2 . 1 1 1 )  f r g * . l " f . i 9 " k  L e t  k c K  b e , a  f  i e l d  e x r e n s i o n  w i t h  r a n k  f ' * r o < o o .  T h e

f o l  l o r n r i n g  s t a t e n t e n t s  a r e  e q u  i v a  l e n t : , ,  ; ,  ,

i )  k c K  i s  s e p a r a t e  ( s e e  d e t . ( 2 . q ) ) ,

t  i )  , t t l e r e  e x i s t s  a  f  i n i t e  t y p e  e x t e n s i o n  F  o f  k ,  c o r r t e i n e d  i n  K  s u c h ,  , t h a t  K

i s  s e p a r a b l e  o v e r  F ,

i i i )  t h e r e l e x i s t s . a  f  i r r i t e  t y p e  e x t e n s , i o n of k 
" 

c{Mttla,i ned " irat,,&iatotd r.g,erlbF€,t€d,

, 5 e p ; a r a L l l e  o v e r  F .o v e r  k  b y  o n e  o f  i t s  p - b a s e s ,  s u c h  t h a t  K t

F

P r o o f  i i ) ' + i i i ) .  L e t  k c F '

t h a t  F ' c  K  i s  s e p a r a b i e .  L e t  x

F = k ( x ) .  e y  " ( 2 . 3 )  v ) ,  F c F ,  i s

i ) + ' i i )  L e t  
" = ( * i ) i e t  

b e  a

.
b e  a  f i n r ' t e  t y p e  f i e l d

be a  ( f  i rn  i  te )  1 , -bas  i  s

r . .( t  i n  i  t e )  s e p a r a b j e  a n d

s e p a r a t e  p - b a s i s  o f  K

subextens ion i l c f  kcK such

o f  F '  o v e r  k  a n d  ,  !

t h u s  F c .  K  i s  s e p a : r e b l e .

o v e r  k  a n d  L = k ( x ) .  W e  h a -

e x i s t  a  f i n i t e  s u b s e t  x ' c x

a n d  s o  K  i s  s e p a r a b . l e  o v e r

i i i ) +  i )  S u p p o s e  g i v e n

.  t y p e ,  t h e  s e c o n d  s e p a r a b l e

t h d t  r = k ( y ) .  L e t  z = ( 2 , ) . , - ,
J  JE .J

ve rank Ft lk . -  
"nd 

f l t lk6t -  K- f ,2 f .  I r  in ject ive.  By the above l .emqa rhere

s u c h  t h a t  k ( x ) c L  i s  s e p a r a b l e .  B u t  L c K

F :  = k  ( x '  )  ,  t o o

t h e  f i e l d  e x t e n s i o n  k  c F c ,  K ,  t h e  f i  r s t

a n d  y = ( y i )  
i * t  a  ( r i n i t e )  p - b a s i s  o f  F

b e  a  p - b a s i s  o f  K  o v e r  F  a n d  L = k ( y r z ) .

i s  s e p a r a b l e

f i n i t e  h , c

k  s u c h

I

of

ov'gri
l  I.. '  ' ;

' '- 
;.. !-' r' 

' '



fi B y ' ( ? , , 3 ) , r i i i )  a n c l  ! v ) ,  L c K  i s  s e p a r a b l e  u n d  O f / l * 0 .  T h u s f l , O i r * : 6 ,  f <  c r

O o t o w h i c h  s h o w s  t h a t  a  p - b a s i s  o f  i  o u u r ' k  i s  a  p - b a s i s  o f  K  o v e r  k r ; ,  t , o o :

i  s  a  l g e b r a i c a l  i . y  i n d e p e n d e n t  o v e F  k '  ,

( 1 ) c t < ' ( r - )  i s  f i n i t e  s e p a r a b l e "

- . 6 -

(2 
? 12) I .pESg*.1g[.  Let  kcK be a f  ie]d exrension

I

, ,  ,  t , . l )  tK . : = k ( K ' -  i  a n d  n  a  p o s i t i v e  i n t e g e r . s u c h  t h a t  L ; = i t r € n K ,

i 1 n ,  T h e n  e v e r y  p - b a s i s  x  o f  K  o v e r  k  h o l d s

From the exact  seguence

o *rlL ,,. &. L -'q ,i :-rll ,;-€ o,  r / K  r  L / k '  L / F

w e  d e d u c e .  t h a t  y v z  i s  a  p - b a s i s  c . r f  , L  o v e r  k .  i l

(2 -11 )  t y f , g . .  L6 t  kc l -  be  a  f  i e l d  ex tens i cn  genera ted  by  one  o f  i t s  p -bases
- Atl

x .  T h e n  t h e r e  e - r i s t  a  f i n i t e  e x t e n s i o n  k ' o f  k . ,  k ' c k P  a n d  a  s u b r s e t  
. } * x  

s u c h

t ha  t  :

,  i )

t t )

l f g { '  B y  L e m m a '  ( 2 . 9 )  t h e r e  e x i s t r '  a  f  i ' n i t e  . s u b s e ' t

f i o r f f i  a . n  a l g e b r a i c a l  l y  i n d e p e n d e n t  s r T s t e r n  o v e r ,  F : = k ( x ' )

r e  e x i ' s t s  a  f  i n i ' t e  f i e l d  e x t e n s i o n  k ,  o f  k ,  k , g ^ k P - *

r a b l e  o v e r  k , .  l r l - e  c a n  c h o o $ e  a  s u b s e , t d t c x ,  w h i c h  f o r m

k ' .  T h e n  k ' ( i ' ) c k ' ( f )  i s  f  i n i t e  s e p a . r a b l e  b y  ( 2 . . . ,  v )

x t c x  s u c h  t h a t  x l l : = x \ x ,

, .  u s i n g  [ N ] ( ; g " t o )  t n e -

s u c h  t h a t  k ' ( F )  i s  s e p a -

a  p - b a s i s  i n ' k " ( F )  o v e r -

a n d  s o  w e  q e t  i  i )  f o r  . , r

X

t .  ,
N

' f i . :& ' , . - r x r ' . - , 8y  [n ] f r r . 89  the  sys tem ' i '  i s  a lgeb ra i ca l  l y  i r rdependen t  oVer  k  and . ,

t hus  ; , )  ho lds  f ron  above .  O

such that  rank- . [? i rO1 co

f , ,  , ,  i s  cons tsn t  f o r
t . i / K

rank  f * ro ( * )= t

. lJqo-r .  Fix a p-basis x.  'By Lemma (z; . i i l?t i l ' . "  exist  a

k c k : ,  k ' c [ P - - a n d  a  s u b s e t  i c x  s u c h i z t h a t

, \  d

l )  x  i s  a l g e b r a i c a l l y  i n d e p e n d e n l ' . o v e r  k , ,

2 )  k ' ( i ) c k ' ( x )  i s  f i n i t e  s e p a r a b l e ;

f  i n i t e  f  i e - I , d ,  ex tdns ion ,

'  , \ ' j .  , .  i . , j t (  ' . ,  : ,  .



Choose . ai::,pcis i t i ve

t t J te x t e n s t o n s  K  t x )  cs '
d .

I l l U S  X  t S  a  p - t - . a S e

, n
r a n K  I  

k

€

(,2.13J Jn""glg1.
w i n g  s t a t e m e n t s  a r e

i  )  ,  t h e  r e  e x i  s t s

i )  t h e r e  e x i s t s

t h a t  K  i s  s e p a r a b l e

' '  I '  i i i )  t h e r e  e x i s t s

i  s  s e p a  r a b l  e ,

i v )  t h e r e  e x i s t s

.  p a r a b l e .

- 9 -

- s
in tege r  s7n  such  tha1 , , [ 4 , s -1q r r=kP  .  By

k ,  ( x )  ,  ko  ( x )c t< ,  ( t< )  a re  un rami  f  i ed  and

o r  k r ( K )  t i V € F  k ,  a i c :  i t  f o l l o r " r s

a n d  ( 2 . 3 )  i ; v )  t h e  .

t< ,  ( { ) ck ,  ( r )  i s  t oo .

2 )

cr\

,  
(x) / t<u 1ae) 

= ran k r t ' . r{ i<)/k, = rank ro"/o = r

o'o['ks (x) /ks (i) 
I t<, (r) --+

w e  q e t :

11'ks ( K) /ks ( i) ---t

b y  ( 2 , 3 ) :  i i ) ,  t h e  e x t e n s i o n s  k _ c  k r ( f < )  ;  k c K ,  -  b e i n g  i s a n r o r p h i c . , , U s i n g  t h e

fo i l ow ing  exac t  sequence  . . ,  .

^,(t<) zt<^ (x)
5 5

i

----r 0

t "no  to r  (x )  / t  r  
(x )  =  r

.  S i n c e  L : = k ( x ) c , K  i s -

Lemma (2 ,7)  app I  i  ed

the  i -esuJ , t  i s  a  ,qo f t .seq .uen-

rr
K

.  o t f

f o r

bv 2)

c e  o f

u n F a m i f i e d  e x t e n s i o n

E , = k , r ( x ) . n

L e t  k c K  b e  a  f  i e l d  e x t e n s i o n  w i t h  r a n k  I 1 , , , . 4 , p o " .  i h "  f o t t o - ,

e q u  i v a l  e n t ;  

l \ ' /  K

a  s e p a r a t e  p - b a s l s  o f  K  o v e r  k  ( i . e .  k c K  i s  s e p a r a t e ) ,

a  f  i n i t e  t y p e  f i e i t J  e x t e n s i o n  F  o f  k ,  c o n t a i n e c  i n  K i  s u c h

o v e r  F ,  ,
- O O

a  f i n i t e  f i e l d  e x t e n s i o n  E  o f  k ,  E c k P  s u c h  t h a t  g c f " ( K )

-  s '  - .5
a  p o . s i t i v e  i n t e g e r  s  s u c h  t h a t  k P  c  l ( P  ( r < ) r s  s e -

.w

v )  e v e r y  p . -  b a s i s  o f  K  o v e r  k  i s  s e o a r a t e .  ,  i r :

. P r o p . f .  , i ) , 7  i  i )  f o i l o w s  f  r o m  p r o p o s i t i o n  ( Z . r O ) .  i  i )  = +  i i i )  n y  [ r u J ' r : 6 j . 1 0 )
- 6

'  ' : ' :6$s1:s , ,en( . i ' s i t s  a  f  in i te  f  ie ld  ex tens i ,on  E o f  k ,  EckP such tha t . , "Ed+ iR. (S) .  i s  se :

-  , - - , p a r a b l e .  S i n c e  F c K  i s  s e p a r a b l e  w e  g e t  E  c E ( K )  s e p a r a b l e  t o o  .  : ; { 1 : l , i !  .
^  . . . \  .  \  .  \i i i ) +  i v )  a n d  v ) +  i )  a r e  t r i v i a l .



i 0  ;

r a h k  l ,  , , .  =  r a n k  f  - i  '  - i
o i  /  *  

' .0 (r<) ZtP 
\-

t 1  - c

\ <  r a n k i t p  r ( r ) 7 ; p  s  =  o

,
f o r  a l l  i r s  ( s e e  L e m m "  ( 2 . 5 ) ) . c r

l a  r  I  \(2 .14 )  t f gmr * l "S ! .  Le r  kc ,K  be  a  f , i e t c t  ex tens ion , ,  v , i i t h  rank  f f / k . * .  Then

t h e r e  e x i s t  s o m e  s u b f i e l d s  E c F c k  s u c h  r h a t  :

l )  E c K  j s  a  s e p a r a b l e  e x t e n s i o n ,

2 )  r c r  i s  a  f i n i t e  t y p e  a n d  p u r e l y  t r " n r . u d e n t a r  e x t e n s i o i . r ,  1

3 )  F c l .  i s  a n  e t a l e  e x t e n s i o n ,  i . e .  i s  s e p a r a b l e  . n O . t  
/ .  

=  O "
. r

P r o o f .  L e t  ( e , ) . e . j  b e  a  p - b a s i s  o f  k  o v e r  i t s  p r i m e  s u b f i e l d  k o  a n d' t

o-+f)  , , ,n}q *  
o l r ro 

,  0* - -*  oK / K  k  k  
'

t he  Jacob i -Za r i sk i  sequence  wr i r t en , ,  f o r  kockc . l ( . r '  whereJ l ,  ,  f l *  ana  c (K /k  s tand

for IL, ,,
K l K ,  o u t v  a n d  f r o  / v / v  r e s D e c t i v e l y . , , . . , ,

o  
^ r ^ o  1 7 K / K 6  : .

i  r ,  r ' ,

S i n c e  r a n k  F * r O  i s  f ! n i t e ,  t h e r e  e x i s t s  a  f i n i t e  s u b s e t  J c l  s u c h ' t h a t

t h e  i m a g e  o f  F t < / t  i n  J {  @ k  K  . i s  c o n t a l n e d  i n  t h e  s u b s p a c e  g e n e r a t e d  b y

( o o ( e , ) S l )  
i € : J .  W e  p u t  E = k o ( e , ) , 6 t - J  a n d  F = k o ( e i ) i e l

s i n c e  k o c . k  i s  s e p a r a b l e  ,  ( " ; ) , * ,  i s  a l g e b r a i c a l  l y  f  r e e  o v e r  k , r ,  c f  . . , , [ M ] ,

T h . 8 9  a n d  t h u s ,  F = E  ( " i )  
i u - . ,  i s  o i  f  i n i t e  t y p e  q n d  p u r e l y .  t r a n s c e d e n t a l  o v e r  E .

'  I n  t h e  J a c o b i - Z a r i s k i  s e q u e n c e :

i  .:r' ' - ' .  '  

.  . .  
t t i t . t e n  f o r  k o c E c K :  q f / f  i s  i n j e c t i v e  b y  c o n s t r u c t i o n  a n d  t h e n  f  = 0  i  e  K

K / E  " " r  ' r ; '  " .

l s  s e p a r a p _ l e  o v e r  E .  F i n a l l y ,  3 )  i s  a  c o n s e q u e n c e  o f  ( z . l )  i i i )  a n d . i v ) . 8
' : : t .

'  i .  . i : . .

( 2 . 1 5 )  T h e  l a s t  p a r t  o f  t h e  s e c t i o n  i s  d e v o t e d  t o  t h o s e  e x t e n s i . g p s ,  k c K  w h i c h

a r e  n o t  s e p a r a t e ) ( s e e R e m a r k  ( 2 . 4 " 1 ) ) "  n s  w e  s h a l i  s e e  i n  t h e  f o l l o w i n g r s u c h  a n



extensloh :aonta ins a f  ie ld  F such t -hg: t r ! ;  { , : , . .

r  \  r .  t F  .

l )  3 / F  I s  s e p a r a b l e ,  .  +

a \z )  F  i s  a  f i l t e r e d  i n d u c t i v e  l i m i t  o f  f i n ! t e  t y p e  e x t e n s i o n s  o f  k ,  e a c h  o f

t h e m  b e i n g r , g € n e F € . t e d  o v e r -  k  b y  o n e  o - f . , i t s  p : b a s e s  ( c o m p a r "  , " , r f ,  ( 2 .  i O ) ) .

We nee, l  3arne  prepara t iens .  r  .  ,

L e t  p ) l  b e  a n  i n t e g e r  a n d  I  a n ' '  a r b ' l , t i t  a r i  l y  . l l v e n  s e t  .  F o r "  e V € F 1 ,  i i r t e q e r  :  i

r > 0  l e t  A r ( t )  u "  r h e  s e t  o f  t h o s e  m d r t ' i  i n d e x e :  , \ = ( l r ) , , . , € f r r 1  v r i t h  f  i n i t e  r
.  I  i e l

s u p p o r t  s u c h  t h a t  0 ( r { .  < . p t ,  i e l .  l f  r = l  w e  n u t  A ( l )  i n s t e a d  A ^ ( , 1 ) .  T h e  a d d i t i o nt '
' I

o f  m u l t i . f ' n d e x e s  a n d  t h e  m u i t i p - l  i c a t  i o n .  o f  a  m u l i t , ; i  i ; n d e x  w i t h  a  n o f i r l e , q a t i v e  i n -

t e g e r  a r e  d e f i n e c i  c o m p o n e n t w i s e .

L e t  x  =  ' ( x i ) i e r  b e  a  f a m i r y  o f  e r e m e n t s  f  r o m  a  r i n g  a n d  i e $ ( r ) .

*tr= l-1,^];
t .

:i

W e  p u t :  *

i 6 l

, .  ' ,  J ]

)'.
x  i s  w e l l - d e f i n e d ,  b e c a u s e  l  h a s  f i n i t e  s u p p c . r r t .  r , { : ;  . : r , ; : 1  . r } r i , . .  - .

' ' ' '  l - e t ' k  b e  a  f  i e l d  o f  ' c h a r a c t e r . i ' s t i c  p > 0 .  F o . r :  e v e r y  e x t e n s " i o n  K  o f  k  . a n d  a l l  , ,
. r'  

i n t e g e r s  r ) 0 ,  w e  p u t  K r = k . ( r < p  ) .  c r e a r r v :  k < . . . < K r c K r * r . . . . . \ , € ; K ; * K . . :  , :  : : . ; , . . i i x . , i . ;

F i r s t ;  n o t e  t h e  f o l l o w i n g  s i m p l e : .

!  " ' .

.  1 . '

'  
( 2 . t 6 ) , L e l n l a .  S u p p o s e  g i v e n J a  f  i e l d  e X t e n s i o n  k c K  o f  p o , a i l i . v e . s h a i - a c t e r i s -

t ic  p70,  v , r i " th  t=rank r r /k . -  and x=(xp; ig i  a  f ,arn i i ly  o f  e lements f rom k.  Then:

i )  i f  x  ( v i e w e d  i n  K )  r e m a i n S  p - f r e e  o v e r  K P  a n d  j t  i s  a  m a x i m a l  f a m i l y  : .

i n  k  v . r i t h  i t h i s  p r o p e r r y ,  t h e n  t h e r e  e x i s t  y , = ( y t , . . . , y a )  f  r o m  k  s u _ h  t h a t  x u y
' i s  a  p -bas i s  o f  k  ove r  kP  ( i . e .  ove r  i t s  p r ime  sub f  i e ld ) .  . {  . . r , s . : . ,  ; t . ; ) . ,

i . i )  c o n v e r s e l y ,  i f  
' x  

r e m a i n s  p - f  r e e  i n  K  o v e r  K P  a n d  t h e r e  e x i s t  y = ( y 1 , . . .
\ -

Y r )  f rom 'k  such  tha ' t  x t y  i s  a  p -bas i s  o f  k  ove r  kP  then  x  i s  a  r rax ima l

f a m j l y  i n  k  w i t h  t h e  a b o v e  p r o p e r t y .

:  ( 2 .17 )  Len lTa :

a n d  x = ( x , ) , a 1  ,  y

L e t  k c E c K  b e  f  i e l d s  o f  c h a r a c t e r i s t i c  p ) 0 ,  w i t h  t = f € F k  f  
K / k a *

/ \-  ( y l ' . . .  r Y 1 )  b e  s o m e  e l e m e n t s  f  r o m  k  s u c h  t h a l ; . v r " ; ,  &



l )  x  i s :  p - f r e e  o v e r  K P

2 )  x u ) ,  i s  a  p - b a s i s  o f

Then ,  I ' o r  eve ry  i n  t ege r

:  1 2  -

over  kp .

r ) 0 ,  t h e  f o i l o w i n g  s t a t e m e n t s  a r e e q u i v a i e n t :

k

i )  r : ank f r t
-';' k.

*  |  0 ( i < : -

i  i )  ' , . ther :e, 'bx i  s  ls  an un i  que

f r o m  E ,  l v i t h  f  i n i t e  s u p p o r t ,

f e m i l y  A = ( z u 1 ) ,

s u c h , t h a t

l . { u < t  ,  \ e  A  ( t )  o f  e l e r , n e n t s
f

1i1,, a "

(2.17.,)yu 
ffi ' l '^.^ l -(u-<t.

1  ? ]

we have.  ihe ;e tac t  sequence

f  ro rn  the  above lemma ho l lds

( 2 . 1 7 "  i )  w e  h a v e :  z 6 ^ e E R * x )

k ,  a n d , d r - ( x )  i s  l i n e a r l y
I

t h a t  d r -  ( V )  d e p e n d s  I  i n e a r l y
I

t h a t  r a n k  f  = t  f o r  a l  I' i  / u

a n d  i n  a d d  i  t  i u n

\
1 - o r  a l l  U r 4

a n  u n  i q u e  f a m i l y  ( z i y  ) ,  l < u <

'  
l l g l .  i ) + i i )  r h e  h y p o t h e s c s  a n d  t h e  I e m m a  ( 2 , 1 6 )  w i t h  E . _ . ,  i n s t e a d  K  r , h o w

t ' h a t  . x  i s  m a x i m a l  a m o n g  t h e  f a m i l  i e s  f  r o m  k  w h i c h  r e r n a i n  p - f  r e e  o v e r  E P  r  i
' i )  L i t  - D  /  \  

r - l  
r - l '

cbn'se( ' i re-n i t l ly  yre El - . ,  (x) ,  l -<u*<t .  But  k=k? .  ' (x ,y)  andr  s .o. l - \4 /e get  E l_,  (x)=
r  r  / '  ,  t - i

n , n .=EP (yP ,^ )  .  Then  yu€ER" , . ( yP ,x )  l <u -< t . -ahd  s tep  by  s tep  i  t  i esu l  t s  t ha t
r

y.,reEp (x) , l-<u<rt

.  i  i )  =?  t )  Fo r  eve r -y  i

( 2 .  I  B )

, 'r1
r a n K -  |  -

E . Lr

D  r ^ n f

N*A. * ,  ( l ) ' o t  e . l emen ts  f  rom E  such  thd t . :

Ot [  -+.O,  € r . - r j [ -  - .+  0
t - .  t  K  K  I  L .

t l k  I

By hypothes:i 's dU (x) u, 'dO (y) r 's a bas i s of JLk ouet

i n d e p e n d e n t  i n  $ . .  T h e  r e l a t i o r ' : : .  ( z . l ; .  t )  s h o r ,
I

on  Cr . . { x )  f o r  e . ve ry  0< i< r .  Now i t  i s  easy  to  see
I

0 di (r.  [J

co.f,ol-l,e1y. lf i)

=  t ,  t h e n  i n
' /o

The

---*:

hypotheses  imp l  ies  the  ex . ' i t tence o f

yu =L:1., ,j*l-t' r-(u*<t



1:*: B u t  e v e r y  A ' e l t r * t ( l )

€ e A ( t )  a n d l e A - ( r ) .

f r-r;6

c a n

'So 
o

-  l ?  -t J

be expressed: ' . i I t1an unique way as ; l -p t  +7f r . i r , r :6rhere

the aboye re I  a t ' i  cns can 
'be 

wr  i  t  ten in  the f  cx l  I  ow i  ng

u  = ) * -'",1?[rT *ol; '* h

',^m;,;f,.%,ot*i

b y  t h e  u n i q u e n e s s  o f  ( t r 1 ) .  O

( 2 . ' 1 9 )  L . I , L a .  L e t  k c K  b e  f i e l d s  o f  c h a r a c t . r i r i s t i c  p ) 0  w i t l i

a n d  r ) 0  a n  i n t e q e r .  S u p p o s e  r a n k  Q  =  t , Q r c i q r .  T h e n  t h e r e' ' i  
/ ,

F iK  ,  f  in  i . t .e ,  t ype  ex tens  ic ln  o f  k  suchKthat :

We deduce

(2 .  rg t

s i.on kcF

t=rank trf/k (.*

ex ro;ts; la subf ie ld

i )  i f  E € K  i s  a n  e x t e n s i o n  o f  k ,  i : h e n  r a n k f  
.  

= t t 0 - < i < . r - , ' y f . f  F c . E
, ro

i .  i i i ' ) ' : , ,eve ' ry 'p -ba ,s i :s  o f  F  oVer  k  genera tes  F  over :  k .  . : .  - '

i *u , ,PF l )b f  " ,  Le t  x=  ( t i )  
ig t  be  a  max l rns . l  Fami ' l . y  f  rom 

lk  ,y ,h ' i ch  
rema i  ns  p - f  req  over  : ,

* '  K P . , ; U s i r i g  ( 2 . 1 6 . )  i )  t h e r e  e x i s t  y = ( y 1 , ; ; - , y 1 )  " f  r o m  k  s u c h ' t h a ' t  x g F T  i s .  a  n - b a s i r

o f  k  o v e r  k P .  B y  ( 2 . 1 7 )  t h e r e  e x i : t  z = ( z r ^ ) ,  l - ( u ( t , r € 4 ( l )  i n  K . i + i t h  f _ i n i t e

s u p D o r t  s u c h " t h a t  ( z . l l  . l )  h o l d s .  w e  p u t  F : = k ( z ) ' .  T h e n  i )  i r r , a , .  e o r r " u o u J n " "

o f  t h e  s a m e  i e m m a  ( 2 . 1 7 )

'  
f o ,  l e t  w = ( * j ) j a ,  a  ( r i n i t e )  p - ^ b a s i s  o f  F  o v e r  k  a n d  L = k ( w )  .  S i n c e  F  " r =  a

f i n i t e  t s y p e  e x t e n s i o n  o f  k ,  L c F  i s  f i n i t e  a n d  s e p a r a b l e  b y  ( z . l j v ) .  M o r e o v e r
-r, I

F . : = k ( r u  )  i s  f i n i t e  a n d  s e p a r a b l e  o v e r  L . : = k ( r p  )  f o r  e v e r y  i  a n d  s o  r a n k

f ' ,  
,  = r " r . , k  l ,  r  =  t  fo r  0 -< i< , r .  Then Fr .L  by  i )  and thus  F=LL i l k  t i ' l *

l )  R e m a r k .  l t c o u l d  b e  i n t e r e s t . i n g t o  s t u d y  t h e  s t r u c t u r e  o f  a n  e x t e n -

\ /
t .s a t i s f y i n q  i i

( 2 .20 ' \  rXhsg t ' eT  [ t l J .  Le t  kcK  be  a  f  i e l d  ex tens ion  o f  cha rac te r i s t i c  p70  w i th

t = r a n k  l T .  - . . r m  S t t n n n < e  f h : t  f n r  a \ / o r \ /  n a / ^ l  
" ^ n l ,  

f 1



. 1 4  
-

t h e r e  e x i s t s

.

an  r 'aScend i  ng  cha i  n  o f

n

where  K -=k (KP ) .  Thenn

c o n t a i n i n g  k : . '

c u c h  t h a t  f o r

s u b f  i e l d s o e f t ' ; K ,  , a l  I

F . ,  c  F ,  c  . .  .  c , F . c * .  .

e v e ; ^ y  p c s  i t  i v e  i n t e g e r  n  :

t )  f ' n  i s  a  f i n i t e  t y p e  f i e l d  e x r e n s . i o n  o f

2 )  eve ry  p -bas i s  o f  Fn  ove r  k ,  genera tes  F

3) Fnc r.(rf*, )

M o r e o v e r ,  i f  F  =  L J  F n ,  t h e n :
n  i t M  

r l

k and ra.nk f--  , ,  = tr n / K

crve r k :.l ri; , ii:

! t,]

i )  n  =  k  ( rP )  and  , ^no  , r  
r , .  

=  ,
K

i  i )  K  i s  a  ' s e p a r a b i e  e x t e n s i o n  o f  F .

: i  f  o f .  Fo r  eve ry  neN le t  F .  be  . t ! r e  f  i e l d  c ie f  i ned

:86 . i ; so . t l s f , , i , es . , l , ) . , , and , .2 )  .  :Co ro l  l a ry  (2 .  t 8 )  imp l  i es  3 ) .

o f  3 )  an t l  f 1 "  r  x l i *  f l  @-  F  imn l l es  rank  F| / k  - ;  F n T p - F n ' ,  " ' ' ,  " :  ' s " ^ ' , ' / . k -

sequence  wr i t t en  fo r  kcFcK  i

' ' r '  ' ! ;  
f ,

i . n  ( 2 .  J g )  f  o r  r = n .  T h e n

r= t (FP)  i s  a  consequencq

t .  I n  , t . h e  J a c o b i - Z a r i s k i

f x/r = a

( z . z o  .

examp I  e .

o t'r, 
o@o 

K -*+fro* 
fzit, , o*, 

r

' t h e  
f  i i - s t  m o r p h i s m  i s  a n  i s o m o r p h i s m  a n d  0 . r , .  =  0  b e c a u s e  F = k ( f p ) .  T h e n , . : , , -'  r l K

i . e .  F c . K  i s  s e p a r a b l e .  O

Remark .T h e  h y p o t h e s i s  o f  - t h e  a b o v e . T h e o r e m  a r q ; ,  f u l f  i l  l e d ,  f o r

the case i (=k (Kp)  i  .  e .  r ryhen 9,ZO 
= O.

! i . s

The *fo[.]ow ing Lemma i s an easy exrerf s ion of [p. l  Lemma (2. r ) .

r )

l n



I

-  t 5  *

' ( 3 . t )  
:Snng . .  Le t  A*Y*  s  L . ,B  be  two  l oca l  morph isms  o f  noe the r ia .n :  l oca l

r l n g s ' , ' i k c ' s c K  t h e  r e s i d u e  f i e l d  e x t e n s i o n s  i n r l u c e d  b y  v r w  a n d  p , r g r n  i f r e  m a x i m a l

i d e a  I  s  o f  A , , S ,  B  r e s p e c t i v e l . y .  A s s u n n e  t h a t ; , . , , 1 , , ,

' \l /  t ne  compcse  j  map  wv  i s  f o r rna  I  l y  , ;moo th ,

2 )  S / m s  i s  r e o u l a r ., ,

3 )  a i m  s  = ' d i m  A  +  r a n k  I r , ,  ( t h e  r a n k  i s  f  i n i t e ,  b e c a u s e  r a n kr / K

r a r r k  f - r r , . (  d i m  B  -  d i m  A  t r ; ,  ( 2 . i l ) .
t \ / K  

. - t

T h e n ' w  i s  a  f  r a t  m o r p h i : ; r r  a n d  g / w ( q ) B  i s  a  r e g u r a r  r i n g .

t  . . r' F l k  - -

Ig"91. ,sv [u.j .(zo.c) it

--+ B/gB obta i  ned by base

s o  b o t h  r i n g s  B  a n d  S  a r e

t l ' ie canon i  ca I  map

i  s  su f  f  : i :L  i  en t  to  p rove  tha  t  the  morph i  s rn  E :  S /mS **+

c h a n g e  i s  f  I  a t  .  C o n s e q u e n  t  I  y  w e  c a n  s u p p o s e  A , = k  a n d , , ,

r e q u l a r . .  B y  [ e c n ]  \ 1 7 , 3 , , ,  i t  i s  e n o u g h  t o  s h o w  t h a t

r 5  |

\

,p ,q/qz &. R--+ n/nz
I t

n j b c t i v e .  w e '  c o n s i d e r  t l ' r e  f o l  I o w i n g  c o m m u t a t i v e "  d i a g r a m :
.J

H1( k,5, K) -:-nrv,b. o x ,,+l h,@rK' / l < u  F  ' I  
|  

'

T h e  u p p e r  ( r e s p . b o t t o m )  r o w  i s a  p a r t  o f  t h e  J a c o b i - Z a r i s k i  s e q u e n c e  w r i t t e n

f o r  k c  S ' - + F  ( r e s p . k + B - r K )  .  B y  j a c o b i a n  c r i t e r i o n  o f  f o r m a l  s m o o t h n e r s  w e

h a v e  H ,  ( k , a , K ) = 0  a n d  s o  
f  

i s  i n j e c t i v e .  F u r t t r e , r  f t  i s .  i n j e c t i v e  h e n c e  I

is  in ject ive too.  Moreover  
. lu  is  an isomar l rb jsg* j ;ecpuse rank q/q2=dim s=rank 

f ro
t "  

Y  
i s . i n j e c t i v e .  E l

3 . 2 )  T h e o r e m .  L e t l ^  \  ,( A , m , ;  b e  a  n o e " t h e r , i , a , n r , l , o c a l  r i n g ,  k  i t s  r e s i d u e  f  i e l d



"  16  - ,

a n d . k a K , l f t i E  t w o  f i e l d  e x t e n s i o n s r t h e  f i r s t  o n e  b e i n g  s e p a r a t e  w i t h  r r + . 0

= r a n k - ' F * r o  ( o .  T h e n  t h e r e  e x i s t  e  n o e t h e r i a n  I o c a l  r i n g  ( f r , 0  a n d  a  l o c a l
N

mor  p ,h  i sm v :A* - rA  such  tha t : .

i )  t h e  r e s i c i u e  f i e l d  e x t e n s i o n  k " f r  r n i u c e d  b y  v  i s  a
. .r/

i t )  K c . K  i s  s e p a r a b l e ,

i i i )  d i m  f  =  c i r n  A + r  
'

. ../
i v )  A ' '  * s  a  l o ' - : a  l i z a t i o n  o f  a  p o l y n o m i a l  A - a l g e b r a  i n  a  f  i n i t e  n u m b e r ,  o f  v a , -

r i a b l e s , l M o r e o v e r ,  i f  ( 8 , i . . )  i s  a  n c . e t h e r i a n  l t r c d r  i i n q  a n d
t '%i

I  y  smooth ,  . l :oca I  morph i  sm i  nduc ing thr :  composeci  e i ten s  ion

e x t e n ' s i . o n  t h e n ,  t h e r e  e x i s t s , a  I o c a l  f  l a t  m c r p h i s m  t : f r . * + n

B / f i ( f i )B  i s  a  i ' egu la r  r i ng  and  u= f , v .

subextens  ion  o f  l<eF. ; . . .

I r rsbf  i ,  Let  { - rk  be

b y  o n e . o f , . s i t s  p - b a s i s

s i t i o n  ( 2 . 1 0 ) ) .  F r o m

a  f i n i t e  t y p e

- "  l -  -  \^ = \ x 1  , . . . r x n , ,

t h e  f o l  l o w i n g

o-+ frru@ r

f i e l d  s u b e x t e n s i o n

a n d  s u c h  t h a t  K / F , .

e x a c t , . ' s e q u g s a a ,

a l '  * ' =  o
K/K

u : A - - + B  i s  a . f o r m a l -

k  c  E as r :es idue f  ie  l :d .

s u c h  t h a t

K / k  w h i c h  i s  g e n e r a t e d

s e p a r a b l e  ( s e e  P r o p o -

' ,'.r' ''

o f

i s

) l _---, r
Klk

we  ge t  r= rdnk  ,K tO .  Deno te  R=A|XJ ,  X=  
! t , , . . . ,X , , )  , and  l e t  w :R-+  K  be  the  un i c l r " i e r r

i no rp .h i sm l i f t i ng  the  composed  mo , iph i sm .A - rk=K  
and  maps  X .  t o  i . .  Deno te  , , , : . i . j' r t

p :=Ke,  uu,  f i r=R, . , , ,  f r : -p f r  and le t  w ' : f r . , *+ i i ,  be the rnorphism induced by vr  under  lo-
P

t! 
.tac a l  i z a t i o n i  0 l e a r l y  A  i s  a  n o e t h e r i a n  l o c a , h ,  r i n s  w i t h .  r e s i d u e  f  i e l d  
' (  

a n d
*r. N
A / n A i s a l o c a ] i z a t i o n o f a p o l y n b m i a l a l g e b r a o v e r . k , ' t h q S r e g u l a r .

B y  d i m e n s i o n  f o r m u l a  ( [ l ]  f n " 2 3 )  w e  g e t  r i , , ,  i  , \

d i m  A  =  h t  p  =  d i m  A  * l . l l  -  t r A e g O

I  l . lw h e r e  I  J  I  d e n o t e s  t h e  c a  r d  i  n a  I  o f  J  . 0n the othed',,"har,rci ,  by (2.3) i  ) ,  lJ I  =

. K

,  f  r  - l-  r a n K , i / , ,  = l J l -  f
K / K

= rank Slfl.ro. The Ca rt ie r equa l i ty 1 $tJi rr,-.-fz!-g ivus ,

Consequen t  I  y

.J

t  r d e q , . K  =  r a n k J l o-  Jk"  -  " ' -K /k
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d i m A = d i m A + r . ,  ,  . *  1 " ,

G i v e n  i B , l ) ,  t ,  I e t  x = ( * 1 , . . . , X n )  b "  a  I i f  t i l g  o f  X  i n  B .  L e t  d : i i - - * n  L , . e i . , '  i

t he  l i f  t i ng  o f  w '  g i ven  by  Xna1 .  By  Lemma (3 .1 )  w  i s  f  l a t  and  t s /S r ( . , f r ) i $  . i s , . r -e !1 .u - .

l a r .

(3 "3 ' ) ' ,  C95 .g ] - l : gv - "  Le t  (A ,m)  be  a ,noe the r ian  l oca l  r i ng ,  k  i t s  res idue  f  i e l d ;u i

and  kcK ,  KcE  two  f  i e l d  ex tens ionE .  Suppose  rank  l - * rO  <a r .  Then  the r ,e  ex i s t , s * ,  i . ; "

; , '  -  o  f i o € t h e r i a n  l o c a l  r i n g  ( s , q )  a n d  e  l o . c a l  m c r p h i s m  v : A - + S  s u c h  t h a t i ,  , :

i )  t h e  r e s i d u e  f i e l d  e x t e n s i o n  k c ' L  i n d u c e c l .  b y  v  i s  a  s u b e x t e r r s . i c n  o f  k c K ,

i  i )  K / l -  i s  u n  r a m i f  i e d

i i i )  d i m  S  =  d i m  A  +  r a n k  f a r r O

- .  i v )  S  i s  a  f  i l t e r e d  i n d u c t i v e  l i m i t  o f  l o c a l  i z a t i o n s  o f  p o i y n o m i a l  A - a l q e -  : .
f*- -':-

' _  b - l .1q j - ] { r t$ r6oueq1,  i f  (B , l )  ! s  a  n 'oe ther ian  l ,o ,ca l  r ing  and, : : : :A- * .+ ,8  i s  ,a . , fo . rma i  l y

. too ih ,  Ioca  I  morph i  sm i ,nduc  ing  ther ,aomposed dx tens  ion  kcE as  res  i  due f  i  e1  d

'  e x t e n s  i o n  t h e n ,  t h e r e  e x i s t s  a r , l o c a l , , f i l , a t  m o r p h i s m , l u , l : S * - r  B  s t r c h  t h a t  {

g / u ' ( q ) B  i s  a  r e g u l a r  r i n g  a n d i , , u r u l v r -  t  ,  . ,  .  . . , i . : :  .  :  r i

' P r o o f  .  L e t  7  b e  a  p - b a s i s  o f  K / k l o a n d  L = k ( Z )  .  l " h e n  L c K  i s  u n r d m i f  l e d  a n d  '

- : r : . = r a n k  f , / U a -  ( s e e  2 . 3  i v ) ,  i  i ) ) ,  A p p i y i n q  t h e  a b o v e  T h e o r e m  f o r  k c l c K  t h e r e

ex i s t  a , r , noe t .he r ian  l oca l  r i ng  ( i , q )  and  i r  l oca l  morph idm f , :A* i  such  tha t

l )  t h e  : - e s i d u e  f  i e l d  e x t e n s i o n  k . t ,  i n d u c e d  b y . r ,  i s  a  s u b e x t e n s i o n  o f  k c l ,

'  2 ) ! t t i s s e p a r a b i e

3 )  d i m t = a ; m R + r

,.1
4 )  

' S  
i s  a  l o c a l  i z a t i o n  o f  a  p o l y n o m i a l  A - a l g e b r a  i n  a  f  i n i t e  n u m b e r  o f  v a -

r  i a b l e s

t?

5)  g ' i ven  u ,B  the re  ex i s t s  a  f  l a t  l oca l  morph ism: r1 t { .S - -+B  such  Lha t  g /w(6 )  e  i s

a  r e g u l a r  r i n g  a n d  u = w f . t ,

Le t  T= ( i i )  i * t  be .  a  p -bas i s  o f  L / f ,  X+ , (X i )  i 6 t  some va r iab les ,  S :S . [ x ]Ug [x ] "nd

q , = f i S : ' T h e n  S  i s  t h e  f i l t e r e d  i n d u c t i r u a , r - l  i i n i t  o f  l o c a l i z a t i ' s h s l o F : o '  . . .

t f r * . , :  f t r=t*r ) ju '  J  cr  r in i  t i .  u ,ur" t ] .

. , l i !  l ' ,  r - i "

At t  o  -  ,<f . {



i  ""r

C l e a r l y  d i m  S  =  d i m  i . '

G i v e n  ( B , l )  ,  u ,  l e t  x

ced  by  , v  i  s  we  I  I  de f  i ned

r h . 8 9 ) .  s y  f M ]  ( 2 0 . G )  u ,

by 5) ..11

. 
'l ',he 

io I I ow i ng Lemma i s

-  i 3  : -

a  

'  :  l ' " '  

'

b :  u  l i f t i ng  o f  T  i n  g .  The  f f i op  u ' : s - -+8 ,  K r r , r+x  i : ndu . -

b e c a u s e  f  i s  a l g e b r a i c p l l r T  i n d e p e n d e n t  o v e r  L  ( s o "  [ l , r j

i s  f l a t  ( w  w a s . a l r e a d i -  f l a t ) .  S i r r c e  q : = Q ' S , , : l , l e . a r e , r . e a c l y

insp  l red  f - rom f f  ,  I  t e , , u r  a  ( l  .Z )  .L  . r ^

3 . 4 )  l g f q g ,  L e t  ( n , I ] )  b e  a  n o e , t h e . r i a n  l o c a l  r i n g ,  k  i t s  r e : i d u e , f i e l d

v ' / k  a n  u n r a m i f  i e d  f i e l d  e x t e n s i o n  s , u c i r  t h a t  r : = r a n k  f r < / * r *  .  T h e n . . t h e r e

a n d ,

e x i s t s

a  n o e t h e r i a n  l o c a l  r i n g  ( K , f i  a n d  a . l o c a l  m o r p h i s m  v : p , - : . K  s u c h  t i . i a t ; , ,

i )  t h e  r e s i o u e  f i e l d  e x t e n s i o n  f < ?  i n d u c e c  b y  v  i s  a  s u b e x t e n s i o n  o f  k c K .

i i )  ? c K  i s  s e p a r a b t e ,

i i i )  d i m  i ' =  c i i m  A + r .

i " i i f - " f . s  
a  f i l . t e r :ecJ  i nduc t i ve  l im i t  o f

a  l  g e b  r a s  . , : ,  r  i -  -  . , .

I  oca I  i  za, | , i  qnnsrr:of  some po I  ynom i  a I  A-

-)

l r " o g f . L e t

b e  t h e  e h a i n  o f

T h u s  f o r  e , / e r y  n

k  c F , c . . . c , F  c . . . .r n

g iven  by  Theorem (2 .20 ) ( s e e  a l s u  ( 2 " 2 0 , 1 ) .s u b f i e l c i s  o f

eN we have

K

l )  F n  i s  a  f i n i t e  t y p e  f i e l d  e x t e n s i o n  o f

2 )  e v e r y  p - b a s i s  o f  F n  o u e r  k  g e n e r a t e s  F

i l  F n c k ( r f * , ) .

:h  iand rank  C pO

n  o v e r  k ,

i i 5 r :  i

- t

Moreove r  t t=  LJ  F , " ,  sa t  i s f  i es
n e / N

4) rank I ' (rO = r and tr .( frP),
- + - r * J

5)  ?c K i  s  sepa r .ab I  e .  , r  , r .

A p p l y i n g  C o r o l l a r y  ( 3 . 3 )  t o  k  c F r l i c i l ( r , w e  g e t  s o m e  n o e t h e r i e n  l b c a l  r i h s s

(5n ,gn ) ,n  c / , r6n6  some. loca l  morph isms .M- rA ,= ;+ ,sn  ,  n  G :N  such  tha t  f o r  eve ry

n € l M . ' :
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-  
"  5 )  rher ru :es idue f  ie ld  ex tens ion  k . f r t ! .nduce,c  by  vn  is  a  subex tens ion ,o f

k c F n ,
N

7 )  F n .  F n  i s  u n r a m i f i e d ,

8 )  d i m  S n = . i i n r  A  +  r a n k  C l r u

a \  

'  
n /  

r \

.  
9 )  S , ,  i s  a  l o c a l i z a t i c n  o f  a  p c l y n o m i a l  A - a l q e b r a .

1 0 )  g i v e n  a  n o e t h e r i a n  l o c a l  : r : i n 3 r . r e 6 * , ,  a n d  a  f o r m a l l y  s n c o t h ,  I o c a l  m o r -

p h i s m  t ' n . * l : o * t n * ,  i n d u c i n g  t h e  e x i e n s i o n  k . 5 r . , . i l  a s  r e s i d u e  f  i e l d  e x t e n s i o n

.  
t h e n ,  t h : r e  e x i s t s  a  f l a t  l o c a l  m o r p h i s m  u , * l : S n s  C n + 1  s u c h  t h a t

c /u 'n*1  
i tn )c  i t  regu la r  and un+. . '=u , l+ lvn . " .  

_
S i n c e  k e F n  i s  o f  f  i n i t e  t y p a w e  g " t  F r e  F n  f  i n i t e  s e p a r a b l e ' f  r o m  7 ) f  s " u

, i

, " '  ( 2 . 3 )  v ) .  T h e n  e v e r y r , f - b r r i : . o f  ? n  o v e r  k " i s  s , t i l , l  a  p - b a s i s  i n  F ^
f r , - o v e r  

i  " : :  
b y '  

. z - ) ,  
w e t ' o g t F n  =  F n . c i e a r r v  ( u n )  a , , : ;  r # m u t t y  f  i ; * . ,

s m o o t h  b y  9 )  .  A p p l y i n g  l 0 )  f o t  C " n 1 : = S n + l  , u n + . 1  , = r , n * 1  w e  q e r  a  f  l a t  l o c a l  m o r -

,  ph i sm wn :Sn*  Sn*1  such  . , t ha t  $ , i * i / *n^ {gn l tn * ,9 r *gu la r  
"no  

un* l=wnun .  Then

wn (9n )  Sn+1  i s  a  p r ime  idea l  o f ;  He i$h i t  ( im  :Sn .  :S { ,nce  , :  , ,  . " .  ;

d i m  S n  = ' d i m . A  +  r  = c o n s t a r i t

we get

T h e n  t h e  f i l t e r e o

r  i n g  o f  d  i m e n s  i o n

9n+ l  =  *n  (qn )  Sn+1  .

i n d u c t i v e  I  i m i t  ( " 1 1
'  

u Ndim A+r  ana f r :={nn is

o f  ( v  - S  - w  )  i s  a  n e e r h e r . i a n  l o c a l\  .  
n  ,  v n  ,  , r n  /

i t s , i m e - x i m a l  i d e a l . f r

t ! ' . ' , 1

! 1 i  , :

3 .5 )  r j ' . gg . t - : .T .  Le t '  (A ,m)  be  a  noe the r ian  l oca l  r i ng ,  1 , .  i r s  res idue  f  i e l d

a n d  K / k  o ' f  i e l d  e x t e n s i o n  s u c h  t h a t  r : = r a n k  
f t t . < * .  T h e n  t h c r e  e x i s f  s , 6  n o € -

the r ia .n  l oca l  r i ng  ( i , f f )  and  a  l oca l  n io rph i sm v  :a -+ i  such  tha t :  L , , r r , .A r ,

. i )  t he  res idue  f  i e l d  ex tens ion  t c t ' i nduced  by  v  i s  a  subex tens i i , qn : , kcK ,  : . ; i ,
. ? ,

i i )  K c K  i s  s e p a r a b l e ,  " _ :
. 1 4 ' i

i i i )  d i m  A  =  d i m  A  +  r  i : r ; r . .
^t

i v )  n  i s  a  f  i l t e r e d .  i n d u c t i v e  l i m i t  o f  l o c a l  i z a t i o n s  o f  s o m e  p a i y F l , s m i , a l
****^-"';

A - a l g e b r a s . l  M o r e o v e r ,  i f  ( B , n )  i s  a  n o e t h e r i a n  c o m p l e t e  l o c a l  r i n g  e $ I d . u : f t B



_ 2 0 -  ,  "

is  a  fo f fq$ i l ' ; ly  smooth,  local  morphism in ,duc ing kcX as res idue f  ie .bd 'q.p i f tens ion

then ,  t hs re  ex i s t s  a  f  l a t  I oca t  *o rp i , i sm f , : i - - tB  such  tha t  B / f (# )g  Lu ,  a , r , equ r

l a r  r l n . i  a n d  u = t , v .

P  roo f ; L e t  ( 5 , q )  ,  v ' : A - - +  s  b e  g i v c n  b y  c o r : o i l a r y  ( l . i ) .  T h e n  w e .  h a v e  ,

t

, i , ' : l ' : t i r ,

?

l ) ( S , q )  n o e i - h e r i a n  1 o c a i .  "

2 )  t h e  r e s i d u e  f i e l d  e x t e n s i o n  k c l

3 )  L c K  i s  u f , l - < 1 f f l i f  i e d ,

4 )  d i m  S  =  i j i m  A  +  r a n k  l ' ,  .
.  t / k

5 )  S  i s  a  f  i l t e r e d  i n d u c t i v e  l i m i t  o f  l o c a l i , z : a t i o n s  o f  . p o l y n o m i a l  A - a l g e b r a s
'  N o w  g p p l y i n g  t h e  a b o v e  L e m m a  f o r  t h e  c a s e  ( S , q ) . ,  K / L  t h e r , e  e x i s t  a  n o e t h e r i a n

-  ' N  . J ,  ^ /
l o c a l  r i n g  ( A , m )  a n d  a  l o c a l  m o r p h i s m  V : S - f f r  s u c h  t h a t :

, r ' " ' : : ,6 i l "o t [ i@i : i l r ,es idue f  ie ld  ex tens ion  Lc i ,  i rqduced by l ' v i l i e^a  subex ten6 ionr , ro f  LcK,
P

7 )  K c K  i s  s e p a r a . b l e ,  , r  i .
.  ' . J  

' '

8 )  a i r f r = d i m s + r a n k { ,
d 

K/L

l ,  9 )  A  i s  a  f  i l t e r e d  i n C u c t i v e  l . i , m i r , t ; o f  o l , o d , o , l , i : z a t i o n s  o f  s o m e  p o l y n o m i a l  A - a I :
\

g e b r a s .

d ^ t

Clea r l y  ( [ , # ) ,  u ,= t ' u '  sa t i s f y " i ' ) , r . i v )  f  r om a l rove .  The  map  v : , , i s  f r l r .ma l  l y  smoo t

t " l l i ' [ ' 6 " u u t "  i t  i s  a  f  i l t e . r e d  i n d . u c t i . v e  l i r n i t  o f  f o r m a l l y  s m o o t , h  m a p s  ( u ^ ) .  A s . , B  i s ,

. a  c o f i i p l e r . . e , . , l o c a l  r i n g ,  t h e  i n c l u s i o n  { c K  c a n  b e  I  i f  t e d  t o  a  l c c a l  m o r p h i s m

[ :A - - :  B  such  tha t  u= f , v .  No te  thaa  iZ *A '  i r  r egu la r  bbcause  v  i s  f o r rna l  l y  smoo th

and  so  k  4 ,u , i : . s , ' t oo .  App ly ing  Lemma (3 .1 )  ro r  v , f , , "  ge t  ( f  l a t  and" ,B7 f ( f i ' ) g. A

r e g u l a r .  C I

( 3 . 6 )  g g t - o - l t g . v  ( r c n  ( 2 2 . 2 . 5 ) )  .  L e t  ' ( A , g ) b e  a  n o e t h . e r i a n  l o c a l .  r i i n q ,  k , i , , t s

r e s i d u e  f  i e l d  a n d  K / k  a  f  i e l d  e x t e n s i o n  s u c h r , r r t h d t i  r : = i a n k  f  , , , ,  1 & .  T h e n  t h e r e
,  K / K

e x i s t s  a  f o r m a l  l y  s m o o t h  n o e t h e r i a n ' ' e o * p l e t e  i : o c a i l o r * A - a l g e b r a  ( B , n )  s u c h  t h a t
, - - . .qF :

i )  $ l m B  a n d .  B / n  1 K  o v e r  k ,  . ; r l

i i )  d i m B = d i m A + i  t d i i r ,  : " '

t h e r e  e x i s l e s i i a  f o r m a l  l y  s m o o t h  . n o e t h e r i a n  i o c a l  A - a l

i nduced  b ,y  v '  i s  a  subex tens  i on  o f  . , kq l ( ,

)
P r o o f  "  B y  T . h e o r e m  ( 3 , 5 )
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g e b r a  ( A , m )  s u c h  t h a t

2 l

r  * r  i

r \  / V  :1 )  n i  ) m A  a n d  t h e  r e s i d u e  f  i e l d  e x t e n s . i o n , , , k c : [  i n d u c e d  . b y , f f . - + [  i g  a  s u b e x t e n -

s  i o n  c f  k c K ,  ,  ii
'  ' J  

- * ^ . - ^ L l  ^2 )  K c K  i s  s e p a r a b l e ,  .

N

3 )  , l i r n  f r  = d i , n  A  + r ,

L e t  ' ' ( B , n )  b e  t h e  t h e  C o h e n  f i - a l g e b r a  ' q f  r e s i c l u e r f  i e i d ,  K ,  i . e .  t h e  u n i q u e , ( u p
N

t o  a n  A - i s o m o r p h i s m  f o r m a l  I y  s m o o t h  n o e t h e i ' i a n : c o m p l e t e  I o c a l  f i - a l g e b r : a  ( g , n ) '

s a t i s f y i n g  d i n n  B  =  d i f u  X  a n d  B / n  g K  a g , { - a t g e b r a s .  C l e a r l y  ( B , n )  w c i - k s . i J  

* * , ,

( 3 . 7 )  1 - e 1 m a .  L g t  u : A * : B ' b e  a  f  l a t  l o c a l  m o r p h i s m  o f  n o e t h e r i a n  l o c a l  r i n s s .

L e , t  ! , I  b e  t h e  m a x i m a l  i d e a l s , a n d  k , K  t h e  r e s i d u e  f  i e l C s  o f  A , B  r e s p e c t i v e l y .

A s s u m e  t h a t  B / m B  i s  r e g u l a r .  T h e n  t h e r e  e x i s t  a  n o e t h e r : i a n  l o c a l  A - a l q e b r : a
,.J

( n , f r )  a n d ' a  I o c a  I  A - m o r p h i s m  ( : f f  * r B  s u c h  t h a t :

f  ) , , f f  i s  a  l o c a l  i z a t i o n  o f  a  p o i y n o m i a l  A - a l g e b r a  ,

2 ) f i r m f f ,  f r  i s  f  l a t  a n d  u n r a m i f  i e d '  ( i n  p q r t i c u l a r  d i m  i + d . i r n

l f  i (  i s  s e p a r a b l e  o v e r  k  t h e n  f ,  ! s  f o r m a l l y  s m o o t h . ' 
l; t.-

P ' r o - o - f . .  L e t  x = ( x 1 , . . . , x n )  b e

regu lbr  system of  par .ametens,  : ,en

c:  R-+ B be the n-rorpf  i  sm g i  ven

so we .  f . i  r id  a  hoet  r r 'e r , ian  I  oca  I  r  i  ng  (A '  ,g ,  )

u ' : A ' - t  B  s u c h  t h a t :

so-me e l 'ements f  roq I  ry l " r ich forn modulo mB a

B/gB" Denote, ,Rt=AFXJ. ,  X: (Xrq, t  i . " ,Xn)  ,a .grd ie t

byu .X^ ,ax .  pu t  p :=  6 t  ( I ) ,  X :=no ,  f t= ,p (  and  l e t

f i t i 9 g  ' t h e .  f n a p  i n c l u c e d  b y  l o c a l i z a t i o n  f  r o m c .  N o t e  t h a t  p  . " A  =  m  a n d  s o  p  i s

e x a c t l y  t h e  i d e a l  g e n e r a t e d  i n  ? ' U y  ! , X i i , , f n e n  i / f i t k  a n d  f r  i s  u n r a m i f  i e d .  g F l a t -
'\,

n e s s  o f  u  i s  n o w . a . , c o n s e q u e n c e  o f  I M J ( 2 0 , G )  a n d  T , h . B l .  T h e  l a s t  s t a t e m e n t  f o l -

l o w s  f r o m [ r c R l  ( t  9 .  Z .  t . )  .

( 3 . 8 )  ' P r o o f  
o f  , T h  o  e *  ( t .  t )  \ j h e n  k c K  i s sepa ra  te  we app I  y  1 ' f reorem ( l  .Z )  and

a n d  t w o  l o c a l  m o r p h i s m s  v ' : A - - l A ' ,

l '$ ' r ,66e res idue f  ie ld  exten$i .on, , r .k*rs  K ' , induced by u,  is  separ .a,b, le ,

2 )  d  im  A '=d  im  A  +  rank  l 1 * ro

3 )  A ' . , i : s  a  l o c a l  i z a t i o n  o f  a  p o l y n o m i a l  A - a l g e b r a
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4 )  u '  i s  f l e t ,  u = u ' v '  a n d  B / u ' ( m ' ) E , i s  a  r e g u l a r  r i n g .

A p p l ) , i n g  L b m m a  ( l . l )  f o r  u , : A , - - *  3  w e  f  j n i s h  t h i s  c a s e .

N o w ' , s t r D p o s e  B  c o m p l e t e .  B y  T h e o r e n  ( 3 , 5 )  f h e r e  e x i s t  a  n o e t h e r i a n  I o c a l

r i n g  ( A ' , I ' )  a n d  t w o  i o c a l  m o r p h i s m s ' : v ' : A - + A , ,  u r : A ' * - 9 r B  s u c h  t h a t : . . ,

5 )  A '  i s  a  f  i  l t e r e d  i n d u c t i v e  . l  i m . i t  , o f  p o 1 , , . n o m i a l  A - j l q e b r a s  ,

b )  i t  h o t d s  l . )  ,  z )  a n d r , ) .  :

A p p l y i n g  l - e m m a  ( 3 . 7 )  l i k e  a b o v e  f o r  u ' ,  w e  a r e  r e a d y .  E  q

9 t+'AN APPLIGAT I ON

T r y i n g  t o  e x t c n d  l ' l 6 r o n  d e s i r r g u l a r i z a t i o n  f o r  a r b i t , r a r y  r e g u l a r  m o r p h i s m s
t f  h  a  ^  \

w e  s e e .  ( [ P 3 J , i g  )  t h a t  i s  e n o u g h  t o  p r o v e  t h e  f o l l o w i n g :  .

r ! a n  . i . o c a l  r i n g s .  S u p p o s e  g i v e n , t h e

a loca l  r fo rmal  l y  smooth  rnorph ismr ,o , : l i  noe t l ,e r *

c o m m u t a t i v e  d i a g r a , n  , ,  , , , . .

( 4 . 1 )T h e o r e m ,  L e t  u : A - > A ' b e

+>r
: ; r i ; : '

w h e r e  B  i s  a  f i n i t e  t y p e  A * a l g e b r a "  L e t

l a r  l o c u s  o f  ' B  o v e r  A  ( i . e .  B , , i s ,  s m o o t h

t h a t  f  ( ! ) n : , r  i s  a  m ' * p r i m a l y  i d b a i , w h e r e

T h e n  t h e  a b o v e  d i a q r a m  c a n  b e  e m b e d d e d

b  c B  b e  t h e  i d e a l  d e f i n i n q  t h e  s i ; n r -

over  A  in  q6Spec B i f  f  q f - ! )  .  Suppose

T '  . : d e n o t e s  t h e .  m a x i m a l  i d e a l  o f  A ' .

i n t o  a  l a r g e r  o n e  t

a

i n  w . h i c h  B '  i s  a  s t a n d a r d  s m o o t h  A - a l g e b r a . ti --',)
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i -g lJ,  When dim

i s .  s e p ; i . ' r b i e  a n C  i - h

w i s e ,  b ' i  t h e o ' r " e m ' ( l

me.  c t  i r , lens ' i  on  as  A '  ,

poi  ynol i ' iar l  A-a l  g1;br

notes . t ,he, 'comp I  et  i  o

a n d  a  c o m m u t a t i v e  d

wher-rr'6a6re f, 
"nu

€ 4 ,
B +A'* - r  A .

: . ' , ' r 5 ings  f ,  i r  
"

f  ind a s tanda' r 'd '

i---==**,B* - ; s

t

A  =  d i m  A '  t h e n  t h e  r e s i d u e  f i e l d  e x t e n s i o n  l n d u c e d  b ; ,  "

e  above theorem is  a  consequence o f  fn r l  f f ' t ,  (5 .1 ) : , ;  ,Ot l re r *
^/

. l )  t h e r e  e x i s t .  a  n : o e t h e r ! a n  l o c a l  A - a l g e ! : r a  . f f r i . w i t h 1  t r 1 s . 6 s

w h i c l ,  i s  d  f i l t e r e d  i r r d u c t i v e  l i m i t  o f  l o c a l i z a i : , i o n s  o ' f

d, .\) ^. /

o$,  and a forme l  ly  s ;mooth A-morpl r i  tn t  t :A--+n '  where 4 '  de-
.  . t /  n ?

n  o f  A ' , , T h e n ' t h e r e  e x i s t  a  . s t a n d a r d  s m o o t h  A  a r l g e b r a  8 1 1 , '

,  ,  
, . : : li a g r a m :

i r '  ru," A
f ; B - , } A ' i s  g i v e n  c a n o n i c a l  l y  b y u a n d  t h e  c o m p o s e d  m o r p h i s n

q

smooth  A-a . lgeb, ras  we ca i ,

d i a q r a m :  i  r i  i

I

f  i l t e r e d  i n d u c t i v e  l i n r i . t

,smooth A:.a I  geb ra B t  a;rd

'o. f  s tanda rd

a.iapl.tr' lurta t ! ve

ji

i

T h i s  e n d  o u r

I
* ,
t

proof usins fnr l  r -e*ma (7 .3.2)  .

(1. z) $.-eJtr.ar.h. The above proof igai l  to an eas ier proof

D e s ! n g u i a r i z a t i o n  T h e o r e m  w h i c h  d o e s  n o t  n e e d  L e m m a  ( 7 . 4 )

(9 .4 ) '  ( an t l  r o  [e41  ! f  g - t  o )  .  . . ,  . r  ;

, r:,,J.t ..

r o r  t h e  [ P . J-  t '

a n d  P r o p o s i t i o n

| \ts -}>ts'

T V , /
p{ r/

ir ' l,H
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