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In : th is  paper  we sharL aeeoeisLe to  any Cx-aLgebre A

'etroping 0s",algebra o,vgr" rr, i,denoted .8(a) o rrndr defi*the Bore} cnl

ned as beingl the smalleet c*-subalgebra of A*t,  posseesing the,

fol lowing propert ie.e :
'  a)  i t  conta ine tha ee i  (A**)n ef  aL l  (1o ' , rer )  seui -con*

. :
tinuoue elemente i* As* or/er J\ I l

, . ,b)  i ts  eel f -adjo in i  part ,  53t4)""  ia ctosed in af f  ,

with respect to sequential-  rnonotone ccr.vergence..

ffe shall show that E(nl hae a good behsviour with respeet,

to the represeniat ions of A end to their. , i rre,Jucihle.,disintegr&r, i

t ious G

the Cx'aJ-gebra of all botxnded Borel mea$drable c,qpplgx f,,rnctions

on the n.:xina} spectrun of A.O-e eoul.se, ,3(t t)  is, in generai,  di f-

ferent fron the Baire enveloping Cx-algei:ra Sq(+| ct ar.Jenoteel , i ;

SrtA) in ' i8], and defined as being t?re suall"eet 
91-subalgebra 

of

A* * ,  wh ich  eon ta ine  6  end  hee  p rsper t y  b )  ( see ,  a l so  t fS l , ) . . , , , . . , , , . .

In order to nake the p{rper more rendatrLe, we have incl-u-

ded, eom*times wi. th fuLl l roofe, so&e. r.esuLts fronr othen sourees"

'  ,  Yle'shAlL ales, use resulte obtained in [ fZl ,  l fel  ,  [ fg] ,  [ZcvJ, ' , ; -
" t ' a t 1 ; t z z ] , t o w h i c h w e s h a 1 1 f r e q u e n t 1 y r e f e r ( s e e , a 1 c o [ } l , i l ; . w *

shal l  el ight ly al ter the notat ions and the nanee fsr t [ ;* ,varioue

objecter'ae eneounter, in conparaj-son with previous uee-r"',l loping



that by so doing r' 'e achieve

We ehall, probrati ly not

cse ,e  Theor :e rns  l ;  2 i  7 , , ;  4 r  e )

Lemra{ss enrl FropCIsi"tiapvls. fhe

conven:.e$c3 i

on improvemsnt

ahvafs ref er to the oni.8j nal r.,saun-

i  9'  ene 6.are new; al"so, some of t ,he

oi ihers ara ineiu<led for the reerdertt

I f  \1Sf,1 ' '  t f reo{ l ,a;A)-  coropact  c$nvex eet

A,  n (A)* { r  *  E* (A}  I  [ f , \ \  * ] . ]  the '  eonvex

'We have

s o ( A )  *  P { A i u { 0 }  '

of the f lure etates o. f  A (see f5]o propoei-

. #
c( ; r f ; ;A) -eosrpac t  i f  ,  and  on ly  i f  ,  A  has  a

the, c;cnl.rsx cons :eonsisting of thr, poeitive

a , W
A*; then for any fe Ai vre eirsi' i cienote iy

set

i- g,

be

in

S.t.-  Let A be en arbitrnrg C#*algebra, A* i ts Ban&ch, gpacer

suaL,  Ho{A;" { rea* ;  f }o ,

of  the  quas i -o ta tes  o f

eet of  t t ie states of ;  A,

e x

vrhere i , (A) is the

t  j . o n  2 " . 5  . 5 )  .  E  ( A )

r tn i t  e lement "
\
r *lj ?X' ,  Let a: c A"'\ +

l inear" funq:tisnaie

Hg the HiSberL spneer  by i$e n*  tn*  cenoniee l  cye i ie  vector ,  h ] '

Tf :A 
*+.V (Hf ) the representst iorr and by 0f :A * Hf tho ennonieal

'mn.ppinij 
isr:! ',esponcti.ng to the Galfend-$lainark*$egaL ecn,;truc'tion'

1ye  ha r re  g r {n i= r i y (a ) {$  ,  f  (e ) * ( r f f a ) f  $ f  t f }  ann  l l i f  l \  2=  l l f  \ i  ,  { €N , ,
*  

- -  

- &

a €,  A (eee [ - f  l '  Pr r :pos i t io t t  2 .4"4)  .

Hy $hermanue Thesrem, the seeo*d t{ual A*x cen be endowetl

wit .h e structure of a Cs-algebran which exte.nde i te Banach spaee

etructure, such ttrnt t tre nerturnl imbeclding i1.A-+Afis is a CX:€rl*

gebra homomorphisrn (see[5],  Coro13,air"e ]2'1n5' '  )  u

t{e ehall frequently identify-*--v.rith i(nl by thie isonor*

BS Kad isont$  Theoremr  +he ree t r j  c t ion  napp ing

phisur.

- rFdr
3

r .  r  :  r  11 r< r '  r  \  -  n t
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ls E linear vlovglcontinuous innrn*nrphlem of Amx onto the.,:,ftEnach
?r

space a[tn*(A];61] of al- l .  b.ounded,, aff i f tu complex funct iohs: oFr

$n(Alu -; 'a.gbi.ehing nt 0, endowed wj^tFr the sup-f ior,ni  i ts rr , ,str ict . ion

to the self-adjoint part A:X of .{s* i . r  a real Linear isorretr i-e
h hieomorphrien snte t ire renl Ranech eubspaee af Ce*tnl )clf (trCI (A) ;C),

c;nsictir.g of' r,31, $ounded affine real funetlons on ,E*(.s,) r vanis*

hing at 0"

F/e hpive

x€ j  (a )  e?{x )€n** iss (A l ; [ ]  ;

io€.,  t" j  is a cc, ir t inuous: l ineal.  ieomorphisra of f i  onto the Banaeh

spece Ao(E@(A);C)  r : f  { r11 o(A*;A}*  eont inuous of f i r t *  donplex fune*

t ions on Do(A) ,  venish i .ng at  O;  i ts  reet r ic t ion to  t ,ha; .n-e{ r l  vec-

tsr subspsce Au*.& of 413 eelf-edjoint eLemente in A ie s l inea3" ,

*.eouretr ic lsoarorphis& cnto the real Banerch specg An{Fu(A) } of 'al l

. c(Am ih'S-eontini.rcus sffj-ne real function$ on Fo(A) o var'rishing nt S

(eee  fa l ,  Theorem 5 .10"5 i  f 151 ,  c t r . r l o  $9 .1 ,  Lemsa  9 "1 ,10 . )  ( I ' o r

any *ulrue'L M c Jitto we denote blr lTo*=M n AXfi the set sf all self-CIrl-

jo in t ,  e lEnente in  l , t ) .  :

, .  '  We can slso consj.der l l ie univereaS- repreeen?ati ,sn

Tr i lA-+Y( l iu)  5 i . ' ren L,y . ' i io : " .@ "  Tt  i t  i {un*-  @- .  I ie ,  and { te  nor*

na:. ert ensi on fr' ,,: A#s--+ g ($:T Inlt --" by 
* r€It (A )

fer  f€s(&) ,  eeAf fe ,  bre€A" l {e  hsve ' i i * f r * " i "  Thento ie  a 'x- isomor-

p l i i sn  o f  A* *  c ;n te ' i i u (A i "  ( see  f f J ,  Coro l l a i re  12 .1 .51  .

Of  :  csurse r  j  (a l  ie  a(AN* iA*) -dense ( i .e ,  ,  u l t reweakly  den*

sc ) irl .Ir*s. It fol].ews thtrt
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t i l \  r * r [ r  \ I 0 - / A f i Ir . r r  (  (  ( i  (Al i )u)*)**  (e* f  ) i  r  ! , ::

wloere (Ut)3 denotes the uhit  hei l l r(m){ t i te positS.ve part ef the

uni t  ba i l  o f  &{cST*;  (m}m denrr lcs  the set  s f  a}1.  l imi ts  o f  i : r -
. '

,  .ereasing nets of elemente he).onging te"i n{cAff i  end, eimitarJ.Sr,

($[ ]m Ceriotes the set of  aLl  Jrrui , te of  <iecreaming nete ef  e l -eniente

beionging to BacAfifr. B;r Visierss Sheor.einu the l imits,ar,$ ,t& be

underst ' :ad eit,her as. surlren&, r+:epeetrvely i :rf j .na, with rgepect

t*r the ueual orcler reletion in UlX, or with respect to the t,opp-

1og3'-cr(4*o13*) ;  by the ieornerphiom $r t .he lat ter  ie i .Jent i f ied, , , .

with the topol .og of  the poini , r . ise c$nvergenee nn Er( .a)  (* i ,o

1 l f1  ,  f ;h . r r r  $9"11 Lennna 9"1"10;  [ rg l ,  Sh"Es,  fheorem 4 .24u [z f ] r
: ' :  . : i :

Ch" f  ,  $1  Theorem 1 . .8 i

We remark thet in (])  the l- i rni te are' to be tal-enro, in ge-

nera l$  over  uneounteble net ,s"  th ie  fact  ie  cumbersone,  eepeeie l - i

ly in probl-ene where i-ntegroLjun proeesses are l l ryoLved" For

r* this reaBon one is iecl.  to con,sider lnterruediate (rea.J,-) veetotr i
t r

spaees , /1 ,  such that

A$,&cJkL t a:f !

ancl  such thet p(Jt lcn|(Eo(A))  should sonsi ,st  of  bounded nf , f . ; .n*

.  real  funet ioner,  harr ing good i .nteg're ' - ion propert ie6.  Moreovepo

frorn an algebraic poi.nt' ef rriew, it would be desj.r 'able that the

s e t

,/L + i,,,14.A**

be s  Cm-subelgebra.

$e. ' :Th€ e i tuat ion {s  heet* i l ,Lust ra ted by the caee of  a  qgp4p,

ta t ive.cx-atgebra A,  pcssess ing a ur i i t  e lement .  rn  th ie  ease,

i ?



.. :Er

i{ is isonrei::p}ric wlt,h the #*-a.!"ge'":ra C(X} of prl}. continu0ftr.:S;. csm-
. '

plex funetions clcifinecl 6n a eui{s'b}e eompact epeee K (9}.1ql msxLmslt

apect rum of  3r" ) ;  whereae Str (A)  t "dent j . f iwrr  wi th  the er (g(Xls ;0(X))*

eoinpact e*nvex $pece l{(X}t *f a}3 po"-j-tive Radorr fiessurorr on ){o

ef norrn $tn El*r*oven, p(*) .!.deiit{.fiei,, raith { Xy the eveLust,i",mn
d

n*pping X=:x  *>)xep{#{X}  } *ex SqC* l ' }  ie : * {* (X}} .  :  .

I t  is ee.W to pr6vs thnl,  the res, l-  vecton spacsff [ f : fu;;ni  of

oJ,tr lruuncled Bbire meesur:able reaL funct*.ons on H colna.*'elipw,,with,

t l :e small ,es+t srrt ;set ( j t  turne c:*t  te be a r"eal.  veetor eubspaee)

of  {R ' r r , " , . . ' - i - c ' : :  t ' : : i i t  j . , r r " i s  t l . r+  i i ' i . cc  C( . ,1 i  R)  a f  r , i l " l .  co i rL : i , r - ro r l r ;  f c l l  f i i . r : r r : *
i  j  ctrr :orn.*{ , : , : i -^,C : . , :  r" :  l  r , ; ; : l€d, i ; r" i l ' i  r r :s l" , l . ,c L l ;o r icr :  Lr-e ni : i .  J.  l ioLlnCe d" ni i l j1r,J1;Onrj
i rOi i l ' i ;* i ' , ' i i i r l  CL):" j  l  i " jJRCc C.r-r  ] i  "  S, i i ' i i ' i  i . i i r l .1rr- l jh i ,  r 'eal-  rrccto::  sf  i l "c. '  f rn{ l i  r tP,} :
r : f  i . r l . l  boi i t l ,1 i : r ' i  l l : r : . ' , : .1.  i r i . r : r iJr :Li ' tb lc : 'c l -L f t : -nc' i j -o.Lis crr t  7. :coj- i : rc j-de s u, j . ' t ; ] t . '  - ,
the tjL]:1r- !,1c:; L. re:,r.,i- ..r i 'c L o;: siL;-"bl:p:i,t::i-r

^ ' s t
of R o which containe the "'bsunded (Iou.er) sem!-sq,ntj.nu+.pe real

function's err xu anci" ie etreeed with respe*t te, seqr,e,enti.el boundryd

moneltone poirlt*wise crrnvergon:tls.on,F" W@ ebviouefur hav,g t.he i.ncluy

ni oiie*

c (x ; atgl (x ; Rlc.Bb (x ; tR, )
. ' '

srr13 the ruapping

T.^rI$(xll >1r*F (yl( ? r

h
extendsgrgn(X;rR.) frCIis X to n*(Xt-{a &s a

euratr le real funetion,on B{(X}{.r  *ndowed

t . ion on lc (X) i  is  Bai re  me&sur '&ble,

'  Air exanplo due to Choqu*t (see[Zj I  [ fOl,  $1&) eorreeponding
' .

to the choice x"[or i l .o shows that,  in general,  the rang@ of the

ree t r i c t ion  o f  T  to  S | (X ; ( )  ie  e t r i c t l -y  inc luc led  ln  the  rea l  vec . i

tor spad&i,'of all bouncled effine Baire messurable neal func'uions

on [{(Xt{: ; ;  vanishing st b. Morecvgr, the. (boundary) baryeentr ie

caleulusr 'doo's, 'not trold for al l  funct lone belonging to thls fr t t**

class- bug i t  does hold for aLL funct ions in the rana€ of T (seo

bounded, affine BsreL nnea-

with the toiroiegy

ssrrsspen*ir,i,g effi"ne fune-
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fhie ehows that one hne t'o be carefuL when trying;:,too ex-r
j

tend t l :  notlt l l  
: f  

u Bnirer or gore}, element o\rcr a Cfr*aLgebr.n,

A "

part,

tho

'&W

of  3o(A)  "

notat ion *

I t  i .s naturaL to call  8o{n) the Lalgg'eFJs,lqpi.gg Cm*qlger*

of A u.  and to sey that

ment,s of A*x CItr,?r A.

tho e lements of  So(n) sre the Baire ele-

. The eituation ie no more so simp3-e wfien trying t*: chiej-n

the Borel enveloping Ctr-nlgebra over A.

$4" ffte notion of e lrgiyg*g$ l]"y me-q,qu{abJ.e (bounded ) fu net ion

gn I ( l .ocatl.yi 'compect space has been extenrled to the case of &r-

bitrary 0s-alBebr:ae bJr redersea (see Lal, ch.rvr $3). lqe f irst

coaeide*r{he subset  (Ass}t -^} i l ,  eonsist ing of  a l l ,etemente in

Affi , whieh are suprema of (bou-"rded) inereaeing nets in

froun the r:oslffrutnti.ve c&$E to the e&se sf an arbitrery $**al6ebr"a

$3* Ae far em the Serire e]-ernents &re c*ne,rrnerl, t,hg,!n theer;y

w&s developgd;- especial ly by F:sd. j .son pnd peclersen (se,e ICJ;L-Sj,

cl-TYr $5) 1 
l 'tar::o:x-lrt Let S*(A ) s,ricA33 o* .the snlatl"eet reaL vector.

subopaee (equi,uraLentLy, .iubset ) i?f A|fi,wfrich coni;ains j {A*l*.}* ,,iu
*i(gluu*A*", and ie elosed rsr i t i r  reopeet to e"eeuential  boundod mc*

not one c onves 
' ' t'r* 

" e it.h a',. rpi + h:Eenee ir* A[[, eithe-,* with respect to the order x"ela*

t ion s i ,  equrvalent ly ,  point* t , r iee on E*{A},

Tnen Su (A ) *3*(fi )  ̂ **i,% (A ) se is e c*-algebre, wh{.9,.4 beharee

tqrel .F.  i+ i t ,h ' " respect to rerrresentsg.*.ona (see [ 'g] ,  Theorem 4"",5.41 
' :

fheorem 4 . *5^g ; [ la1)  "

I t  is obVious thst

Th ls .  f ac t  g i vea  & r1

51u{a}u* is  the sel f -edjo inb

& pouteri.ori justif icat, ion r:f

Auu( ' i ( : tu* ) ' i .  Of  course,  for  sny a€(Aeu)* ,  the funct lon
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h

g{a}aaff iEo(A} } is lower semi"*ebrtt inuoue on Eo(A} " .. , . , ; ; irr. i i : . l
j " t  i " r  e e s y  t o  E e e  t h t t  ( e  i }  . * sL . \ 4 r J  v \ ,  e > v r :  . - " S f i ,  *  A s g  t S  &  C C n V e g  C O n e u  a n d
m

}e  iA*n) ' "  (he l .e  L  c ienq: tee t ,he {Av l i t  e . leL, r ,e l r t  o f  A l , jH;  see I t ] ,  Fr , r .
pos i t i * :a  3" i t " .y3 t  ws h.qve gt : [ . I { f  } r i rs . i \ r  f6Ho{g}_

Tl'  h 
ht

. *  y {A; (EGtA}  }  i ^s  ioru+r  i jenr i . *c$r i t inuog,*  on .S*( ; l i  u  therr

q-1rE)€(  ( / r *e l I ' j ' r " - i  esn i rer .ee!#r  f< l r  &ny , ie  ( { ,4- , "  }u*} - -  r l *  funct io i r
h  

! \  \ ' r s i i t  /

r ;  (eleal i ; lur{*} }  j .u l-ower serui.*continwcuirs on } iof.r i }  { t*ene (Fx}l  ci :*
I l . { r+r.€s thc nofn: c j -ul*r 'e cf  i , } le eU'trget,  nr / -  A* 's:  

" . ; . . .  
, f r f f \  

:  "
r r . r L - l r s &  r - r r  A s g l o

tfe :,1:aJ.r- clerrot,e h1r,i '  o t r.\ f Frn smaLLest, rygl_yrge+.s:p euts*

rggg or r,.;: , *nu*,, -.,.r-r-:-;;-.;;".;;";;;ffi;1-d-
ta the eequerrtia3. .!")$untlsi! moraotc.n* con1'er:gence ira a$fr; here cor.l.*
versenes i-'s to be u*derntoori eiti:er" r'r,:!-th re*peet r,c, tb.-,e, ar.der "y,1-
-r .,4 -' - -. ^ I:XJ-str-on in.  Ai [  oFp equi-veire*tJ3ru strongry in the spai : ( i  i {**  of  t , ; ro,

univerraL reprcscrr . i : : "1: ! .om of A, where AHx can tre i .dent i f i .Je wi th
' i t . ' fAl 'o i  egaS-n, Lhls $-c equivr*" ] -€n& t ,o the * lequent iaT. bounded &o-

i:stone p*i'ng"-rri ser eon€.sr6sr:ee a,n Eo (a ) , modula t,he,. fpneti one3.,,,:f .6,*

F) : 'e f ien ta t i c r i :  q .

rt i ,s rr*t lq**""v* wrl€thsr Cea)*83*(A)**so-{*} is & cs_sJ,:,
g*b;"a; in eny e&se! lse oboi- i .c".rsiy hs-os 

i :

a r f "  / 1 \  - n l O e  r
I r L J _ \ u { A l C _ t 3  [ g ]  o

nn€ Fre shal l  proxrs t"heet So{f* i  ie *  go,(A}*Uina6uie"

we phal"J" crt l l  the 'eSernente x€if  fA) the W
e i"errent*l. of .&f fH ovel "  A (eee,  urco [ l rJ  ,  ch, r r  r  $1oo where
si i&t is 511*fnl ia clei : .oted . f3*\al  I  "  Ir  im mneiwn thst 53fo, {n) ie

J0*a lget r re  (see [ : - t l  s  C] r* I Ie  $ lO,  propogi t ion 10.?)  o
' The ( self-adjoint, str:ongly) q*}y.glggLly _mes.gqfg!-lg

elemcn"-s x in afrfr (over 6; sre d*fiou; ae fol_tows3

for eny f6EiA) anci eny e>"C there exiet huke(4*u)*,

sueh thqt

the

L:I



r s :' ' ,

*k*<x(h end f.'(h+k) < g .

(sea [e t r ,  4 ,5 , ] - i i  .p"1"04]  d

[,y t l( 'r] we sha.l. l- denots {.he rlorln-frlosetl rasi vector eu.he-
peee or affi , ccrisietin$ of a]-1. iser*"*acij*i.nt otrong].yi unit"err*.
s*-tJ"p rr iee*urehLs el"e*r*nts $ver ,^s (nee tgle } i l .opoeit i*n 40i.1.3!.
$ince'1"{{-a} te neryrent,{nlF-}-3r rronotone et:eed *n afrfr {eee fe], Lem-
R& 4"5*3.2)r r ' r*:s the :"nq: iu*ion (A**}sc] l(g),  we infer t l . :ng

4** c So {n } *oc'Rfi* (* } c it{e } .

65" In t i : is eeetj.on r./e sheLt pro\re that Bo(n) ie u go(a)*ni*

mrr;lule; t}his wil l be done by an a1;tentive mnal.yeie of t,he pro61f

of Theorera 4 "9"4 frcm [els "

L@mne 1" Let

Re$srk" The

'li': ,tffi gsMr*sggngstu ess+ iI*
I ? 1) s*g ty *s*sls*igg*:*!!' r e qlss3*L?*qgu
sesse3* A5fr. fhrln f !*__narqr cl"ased :1n aTT .s&

corrvergi*? tc'xenfrfi "tfe ree3' essunr* thet flx**r*x*[l< h , for
d

e3.1 n)S" :Sorr$i-der the sequenee (x*** =d=,Iln>e e wl:inh eorrverges

to j i  and bernnge t* ' l -)  .  $irrce 

'& arr{

(xn+l- \ rl-(xr,r 
#t 

L) = xn'' l**n*ful )-o

t 'he ;]equlence is increesing end, ther*fore.e ite l init,  x L,elongs

to "0 
" Thue 

'D 
is norm elosed"

.l 
.

Ft'ccf " tst (xrr)r'* be e noi:a eonrcergent sequenao.in'i i u

proof ia tha ,almost verbntin repetl . t ion of

the proof given' irr  [e1, prosf, .cf, : ,Theorea 4 . jo4, whereae the r.€_

eul t  ie  essent iaL ly  crue to  Hedi r ion (see gr r t r ,  ch"r re  $6"2; [eJt .



,4oro1lary J";

sed in aTT
$ & a

tht *S31::q-c39r gspstryqs 3]* r* ) +g -npqs-slro:"
dt gl

mt,9ta1 c::a$fr b* tlre re$I veetor suLrspoee or *$ff, gener*n*
t 'ed bg (466)mn ei*d let ?^u(al"" ' ire i te norm closure i" i$;-

S"_a.:g.i1;f#" ,! u^(A !*c S3* fn ) .

SIgp{-1 }',born the inclusisn {Ass} ? g 
$* {al , we tnf gr ,rhar,

t A  / n 1 , 6  O  r d \  . 6 L . .Yu*taiuJr**(f:)" The ro'quired i.nerlurion $ow foilawe ft"em {lgreil}n*

ry  1 .

*c,gmrl.;& S!* ra I :e-lt e aflT , --whir,hutt

gm&fl iree %u {e } gsgje*g3egg$.*:{*.tb, -ne"q*eq.L$"o* sea,u. qf

9.5rlrsgr:a*ucp *is, Agx "

glggf"s ' ' lt is s,uffj.cient to prore t,hnt thb en&llest sub;set
- a  . 8 f iof a![ ]  tr)o88ensing the'r 'equit 'ed y]r-opsrt ien, is a reel vcc?.or subfr*

pse€ of A:f  .  1ir i ,s in left  to the : :eader"

i' 
I{tle recaLi +"h{rt foc* eny F{iitlert, spaee H a reaS vabtor etrhe-

pecs ricff(n)** is gait1 te be .I_e&q-Sn_*qgh*€* (of oper.&t,cps) if

enh€t )=+${n**u* }€U,

f

IroLloqring D.fferpping, t9 i* said to- be a rl6*glggbgg if, x'o*

r€ovei,  D ts norm elosed in -V{H}u* (see [r+1r p,47s; fulo ch.rrr
'  $ 6 " 1 r  P . 7 7 7 ) .

BggS:E: ftre notions obvlg*ely extencl t,o real veet,,or subopa*

cea or affi. . '  ' .  :

The follow'ing Leilma le ir8.*.*.*.*.*.*.*.*.*.*.*.*.*.*ns,Leted from t[:fJ, Sh.II, $6,

Lemrne 5.1"5) ,  w i th  s l ight  rnodj . f ieet ionn.



u
T.6r
J . i

Lemne 2*
ffffi

- and if x e.''f i s

Fr"gof  .  i )  $ i r iee

x beir:ag*r t*$ ;  hence,

i i ' i  I f  xe I  snd
,  

a ,  .

t€ . [o* ] - )  i  s i&qe (L+tx ]* ]

that {}*.bxl"- le U". from

$iu a .?**e lgsbrno

** i  f  e lcr rE4m to $ ,

ltx\l { I, t,hen 3-+t:r}*

exist,s ln nfifi , f*r
i;he nsrn cclnvergence

i") rr r} c A:f !t-tr .ig:nl*g,Frq"".qgg"_He3 r€'t) er f r h ;  $ 1 J 4 t u @ @

grlcg-tlrg3 :rb***fl$;,**1 -gxlF,!s-:$ A5: , jhss **kt},

ri) J,si I c olt -tx*g*gCIiris*gglg^E*i$sh-llts*. re f .ggfuftsg
*gjft **sffii- gtq$sS- s-CI-*Lgg*f; n*ss hs*s-qs*sf a fi fr , fies€.qs;!s.Lb*" fl ,

r .  .  *1  "  ^ *H  - "1  ̂  a \
i " id  t  r .  &) , t lo  f i i -^  *xrs t ,s i  i t l  A i [  ;4er : - 'q  f "J ,

-  ^ n -
*tleg t/ ;-ry__e ,Jc*e-l"ee"h.Ig,"

'''

an;r real polynomial in

try the speetrnt th.ecry.

''l

and 1+' [x€\  ,  for  srny

eny  te [0u1] ,  we i r i fe r
' : 1 , 1

***ttfi fo [e n"*x ] *3*L+t":l ,

we infer that 
"%i); 

hene eo o% tP, for any x€ [" *
" I;et tr** l)n n* the real, rectsr subsp*ee of n{f , gen**ute c1

by | . Thi*n *cq :=) x=y-Bu whe:"e y rtLi',; it fol"lowe that *?=?y2*
4 4 . - " n

'+2ar- (y+a;ze i - l "  s inee f  j ,n  the norn l  c losure of  q ,  tn  n f i f i  r  wd

infer that" *e1} + *Zef , nncl this irupLies thnt U i- s, clC*ei-gebra
t

by esey computnt ions"  fhe L€f f ie  is  pnovedn

fhe foll"or"ri-ng Le$ne s)-ighe)-y

Combcs (eee [ f5 l  n  ch" r r ,  p : "opo6 i t ion
a

extendsl 'a result

9 " 2 . 6 ,  p " 4 2 O ) .

of F*

a>0. fhen for39I aenfifi , ens.-g€{(a*n) tl,*,nqg-}



1
,.. . i
' ' ' ;

- l

I
., i

!
I
I

, - t
l -
t

, I
' f ,

, l
.  t t
: - l

. i
: 1 ,  ,

' . 1
' r,:i
, ; i

.  -  , l' ,i
,t.l'  .  , : j

. .  t l
I

j r  , j
" , , i

I
j

. . i
i 'jrl
. , , 1
. . , 1
' _:.j

. , . ,1

a ip,invenri,bre <+inf{qf*l (p}r*r,.psp(A}} ) o;

in il iri is e&se
"*1€ 9u* {.r i"-.

, t l99i" 'Let us. define, fo.r, a1y" a€a_;lr @gt

1" = i.nr{ (e?\f ) ; teuu, l\t \\ * .1, \ .

a is inlertiule€I*>Oi

On the other hanf r. wo have :- 
, 

,,

\ - ( 1tr" = inf {g(") (f ) ; f€E (A} i r aeeff .
;

Se ehull prove thst {or .,pe(.(As*)t)-, if we define
. J

. ' - f ,' \  

" 
= inr{g (a} (p) ; p€p (A }1 I

i . "" , 'we have l ;- 'XbU.tndeeclr ' r , i .Si: ie obqioue that l"<4. Let us consir ler

the function 6:Eo(A) -+ R, , e;iuWrr ".bf

uf t r= f (a) ( r ) -16 \ \ f i t ,  f€Eo(Al .

. a

We obvious}.y have. dlp(A) \-r{O}.) O..

ple (see frZl ,  Theoren t""11 [zol ,

on E*(A) and, therefor:e,

f ( a 1  ( f ) > ) & ,  f ( E { A } ;

- - -- thie ehows that A6*[,, and the first assgrt5.on iE pr.wgg..
. . ,  

. :  i  
,  . l . r  

I  .

Let us Ro$r assum,e that ae{,(Aes}*}*,  aiO an6 
"- l* i* fut,

Then wo have

,, .!'

n Y:r i1c'

Frou H.Bauerte Mieiimrrn Frinei*

fheorem 4), ,we infen that d)g



d.' t? *

* in ntH."'*o* ( t8l 
i l"opoei 

t j Gn, 5.',1i[.6] we infer. that . r,'

a  + t } € {A ! " } n ,  V  r>$ ,

. + f \w h e r e A l " + { a € A u g i 8 > o } . I t ' f o 1 1 o w s t h a t f o r a n s . € , > 0 t h e r e

exiete an irncreasing n*t (r*.rp r".'.Buch tnat
4 ' o / - ' -

%t r + €3, where u*a AIu ,

and, therefor€r

el -< a.'+e1.t a * e€t,
o(

whence we 'lnf'er that

{%oell-} 1 1*+ae 1)-1.

a v a b : € , A ,  a n d  .  . ,
^  I  

o (  € . ,  
' o (  

o < - - -  ,  .

b- f  + i  -  (a+2e1)-r ' .  I t  fol lowe that , .  .d ( a

' ,  . . -  &Dd, theiefore,  (e+za,L) ' - ta%*.(A)"  Since we havg

1 1

.  } lm (a+?e1) l t=a- '
€ + O

orm, we infer that u- le?""fe)-,  and the Lemna is .pnoyed. i" , i
i ,  t " , t ,  .  j ^n  n

The fo l towing rezurt  ie due to conbee (see [+ l ; ; r r i ,  s .b.r r ,

$9 .2 ,  p ropoo i t ion  9 .2 .7 . | .  " r .  ,

r . ' f  : : "

Corollary 1. 9"" ({ ) 
- j. s a JC:$JSgg.rq.
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: ; 1 . , i -  , ;

t:".- 
':' '

'  t 'g*og* Thie followe from the preceding Lomns end f,rom

Leronra ?; ' in  which we m,s l i . tu  [ ** (A** ]n  end t t * fse(A)- .  The fo l ]owing
ard

propoeit  j ton is ciue t ,o corr lbes (e*e [q];  l f f l  ,  Ch.II ,  $1o" Froposi-

t ion L$*5) 4;

Pr,gof . It wiLL be pufficient ro prove that xeB!u(A) =+ ,
,,

*-e$Xa(l) " Let us define

yvf ' {xe3!*fnt;  *ke 8$"f*t,  V k € hl.}  .

- t

We obviouely have that 9S'(A)?,A.83*(A). If  we can

prove dhat,/ ' ( iu sequential ly norrotone cloeed i*S[.*(al  , lhen the

essert':lon wi1]. follow frou CoroJ.lary 5 to Lemma 1" Indeed o,. let ,

(-*)rrr0 b* e monotone inc"eaoing sequence fr iJv( ur i th

Lim x,rr*x€B:a(A). We corl  a$sorir€ that l lxrr\ \  ( . ." .1r n>0* $en, . for
lt aJ

I!,*ao

any te[OrL],  " t 'he eeries expansion

t o 9

1l- tx*)-r  *  f
kaO

ig norr* coavergent" Sinea *n€firV n>Or, w€ infer that '
' ! a'  (L-tx*) '-. t  83"(A) n Vtro* ,$j 'nce.

qr-rxrrll lt 1r-tx)-f

we in fe r  tha t  ( l - t x ) - t8 [ * ta ) "  r t  fo l lows tha t

t k*k

and, thereforer by norrn convergenee for t+Oo we Bet that,,



p L 4
r i

t
I
t
I. ' t

i
k
:

:r li.rn
: t+0

l t .

&nd, ihqrer'oro, T€J"(* Thg-

and yxe f:s (A ) .

'Fron the t*entitY

( 1 )

ws infer that

The identitY

( 2 )

x,ve83a(;) =+

)  (  , i

inp}iee tlrat

It innediatelY foJ'lowe that

x€asar s€%"(a) + i

r.rom idelttit"ies (1)

j

x €s, ** rs€ (A sa} 
Itr :> i {ry-yx ) e't'** {a }c I 3* (nJ'

.t

(xy-yx l  €%u(A) c 8I*(A).

and (2t we now Lnfer that

'  L t , )
.,-, l\+;,

. i . , i "

nz e$fu ta ) - Bs lnductLon, from' "'

we in fe_ tna l  x

Proposi t ion is

%c$*ra1,
proved *

L [tr-*o)-]
t * '

for arw k>O:r

l
l ,

- H *r*rl'

M So (e I *.-g 53ot(A ) i' glggqqlqi"
- - - . #

pi.oof . We have to prove that 
"e.f5o(A)r, 

9€3o(A)=+xye'tf ("i

1r'r

?:ryx* ( xy+yx) x+x (xy+y* ) * (r*?+x8y )

Eyx€fs!u,(S),r

i (ry -yx )s (x*iL ) 
*3' (x+!1 ) -:Qfx*s r.

( 7 |

x€Au*r refu*ta) '+ (v+il)*x(v+{l}€Ega !A} . . . t 4 , '
r "  "  - r i
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and, thenefore; W a eequenttal. m.onotone

By (1) 'and (?) ngain we finall.y infer that

c loeuro Bfgun0pg,;5r,,

, *3o(a)** '  
{€  %*(A}  =+ ( ; r+ i1}sx(y+ i1)€g ls(A}  

"

By i .denti t ies (f" I  end
. i'-

t . -  \(4,! againr ws infer thet,

xelSo(Alse* )r € Y'**rai -* !x+lrloy{x+1,}le a$*(al

and, thereforor by CoroS-}ary"5 to Lor,me l, trys j.nfar that

xe15* (al ,o r lef3f* (s) i*+ {x+1l)sy(:sot l}63le (A } .

fr"onn (4) and {5} the propoeition nos iru:ecliatei.y for.low,qc

%e*) l$(Ai .  Of  course,  one l i rau ld  expeet ,  8 t  f i rs t ,  g lance,  that
rf  re) be a c#-algebra, as"i t  happeno *i tr .  3o{*}* Our conjeeture
ie  that  th is  is  not  the c&se:n 6. ;enerr :1  (see [ r r1  for  condi t ions
inr orden ttrat, a tlc-argebra be the eel"f*p4j,eint, part of a Os*alge*
bra)  "

66. l"t us now define f5(A) to be":rthe emarlest o**subal6e.b*o of

(  d . \

Since

i 5 )

An*, aueh thet



*x6:
:

t,i,a)  ( .a*u)%Sta l ;
. t x  .  a .o) the self*adjoint part, f3{*ioa sfl frt f . l  is cloeed in , i l f f  ,  wit!

r"eepect to tne eequentisl  nonot,(rne conyergerlcee

We imrsediatety infer t l rer Jf{"r, icf ,5(a),

#ggg*'g; i3 ( a ) .re*lb.e c " -pJgslss- ylees.; LeJ { : egi^o_i"gq *p e {-s_
Le-i$-q "s3.qu-e,i}:g.Lgl*qegr"lg::g*9"Lss:gstusl 339-"p9"*-e *is-l_s3*.i1.9r3*d"".!'"*

8I9j'I" We harre to eonsider

i )  ths ct(*aLseura 5\(a) generated uv 533r(*l i

fi i) ttre sme}Leet aequenttally monot-one elosed subset

5!u(Al c afifi, containirib tirn serf-agioint partlsu(al"* aff'S*(Al;

elrd to prove that .

i i i i  31uo{a)  ie  the se l f -ad jo in t  par t  o f  e 'Cs-a lgebra,  which

eoineides wieh f !(a) " 
'  ' ' . ;  ," ,  , .  ,  '  .

::, . Si'nee gge eibroiousS;r heve %u(U) Cf|(*), t,he Lemrna rvi1"l iramg*

ve that B** (a) *9{A} sa"

It  le obvioue thstGo(g) is; . . the norm elosLqre in A*a of* . .
tFrG E-slgebra

-tHru*Ln *.Auu*n . i, 
d;a*kr1*.A'o

Lot nrcw S**(*)c n$f te the emal.{.ost eequentlet}.y monotcrris closed

gg_p-ggg of nfifr , eontaining the real veetior. bubenace &.fo)sa.
Let us fjret reroark that S;I.AT-is el resL voctor syb-

spece of A:X, rncJeed, for xeiVA).**,  the set

c*:glgS};,3-3r, f ll _s9*9'tg1 9d- f,,{_ Slu (o 
I "

k*2 i A1ig r Afige nlu ta I }



1 T

:  ]  
, . i

(1)  { re$u*(a}  i  x+yeB**(A}}

ie & eequenti"al ly nonotone cl.osE:,} eubart,  of Su*(Aln cont;r ining

%tnlun.  : t  fa lLeirvs that  the s*t ' in  , { r }  equa}.e su*(A)o ang, :  t } re*.
refore

xe9r1(Aluor r  ef l **(A) =+ x+' I r€ S**{n}  -

A repetit ioxr of the argument etronrs that,

H rs € S** (el =+ x+s€fl*& (A)

and,  e in i la r l y ,  l

Xe R.  r  x€8"* (a)=+ ) rx  e3*"  (A ' .

Lenma I noru innecl ipteJ"y" i .mpl iee that S"o(t) ip, a n@tm,closet{ r : .

renl veetor subspace *f a],{

We s}:{rl.:L ru}w prove that t$**ta) ie a J0*aLgebra. Let us
. .

eonsider t tre eet

4r-{" € S*u (a i ;. *kn Su* (-.q } , Y ro e nd} .

We obviousS.y heve that

( ? )

If pre aenege to ptrove that 
"lt3 

i" sequentierllg monotons,.,pl.ss66,

ttren from (e) we would i.nfer thaA&l=S"*{A)" Indeed, le,f.rr

(frr)6;o" ue &n increasing sequence in,&1, converging tgl,s6fiu" (A) .

we can &asume that- l l  x*t \  (1, ne l i l .  Then'for any ta[gr I . ]  , , t t re,, :eoric

expsnslon
. t  ) . 1  - ? F . / '



(3)

* I & -

*  f  l e l '(l-tx* ) 
-r rr F toxxr{i .%n n

I[-q,,

ti:

\i\
: \

o''1
\:

ie, psrm cc,nvsvgenf."-From t"he fqct .trrut,,,o+*ePtl and fro$ l7I wo ."r
ln fe r  the t  (L*+ .y  t * le4? /n I "  ne  N-*EXnJ -€ f5sa !/r ) ,

$in;e the ssqu'*nc* {f}*t,xrrr]tro* ie monotor.e Lnc;"eesing.
ts ( l-t$i '**r ws infer that {}.-tx}-}€ j3ga(A}r for anSr te ft,u}),, As
ebove! ws inf,er thet

and, by int luet ionc w€ get  t , l rs t  *%guu(A) rV ket t l .
,r...irft followe thet

}y nonat.one clsaed,. snd,

gC-aLgebra.
\

x€fi? and this

*'-t*B 
ft itn-ux)*l* (t+rx)l 6 G*e (A)

thereforu 0,ft.

x rY €Sss(A) =+ i  (xy-yx) 63** (sl  "

end we shall use again the identj-tiee

\1ry-Jrx)x(x+i3")sy(x+i1)*xyx-Su V x,f e ,A$fi

(6) 2:q3 ;",1: (ry+yx)+(xy+yx)x- fx?got"ro2),; V *rye Ao*;

therefore I x r$€ S"* (A ) :> xyx e.ft**,@L*-

Let us noti l reraark that i,

to prove t i iat 8se(A)

it, $f;il} euffiee now

ehowe tfrati{t ls sequentiaL,

r*&*(a) .  l tence,  G*ut*)  in  &

ie t4e seLf-rrdjoint part

to 'pnove  thq t  
.  

i : r ; . , , :

\ '  fn order

sl.oi ii Cfi*elgeb,ra

r 4 )

t"f ,]

( 5 )

th re

\

snd

,

(T t x rye 5\1t r.) ** =+ (x+i t ) try (x*ille 8g[A ] u*.
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f ;  SEit  then xe 31(Al*u mnd define n " 1tl4t

ul"tr*{re S*n ia} ; i (:qy*yx} e 3*u {A}} .
.  

'  
i .

tr?ora. (61 end (7) we iRfe.r. that

Su {a ) *u. .ft[i ,

vfhereas t9} iapl$e,s that"fi,2 i*,, eeqnentislly monorone cJ-o,sed ixr
S*r{A} - g; infer that

AZ " t5r*(A) ,

snd therefore

{&} xeBr(*}*ur s€$6,;{xl  =+ i  (x;r-yx1 €Sam{A}.

Le.t now y€fJ6a(A) and define

. , / (  
9 * { .xe5}*n(o} ;  I  (x;r*y-x}e3**G}}.

Frona (8.i Bre infecr that,

for,tl**. &5

and, therefore, with the help of identi t iee (4) snf,  (5),  r i re get

xess(Alea, y € Gsa(A) + tstlulx( '+i l l  € su"(a)'

We infer thatu}(3 i* oequentia} ' Iy,  monotone closed in S*u(l} ;  henee

,] 'L5 *$uu(e), and thie shows that r  , ,  "  : : ; ,



*. ?() -

It fo].Lr;wa that

xrf f .6%*{A} .+ f  (xy*yx}€ 6u*(A}.

B tn I *fi"* g_q ,, +i 3** {A }

is & 0'**sLgeb;'el, and ths tsm:rie :i.s nrovedo

sf

SgngfS*I: Th* Cs*algeUrn S5(gi hes been,'ctefined Ss belngp,.,
- s  

x g
the smsl}esr C*-euba3-gebru of  / t*ou ' " . rhose gpl . f -adjoint  port  is . , : . r , " ,

eequent is l ly  mcnotone glssed end csnt,s i t ts the cone (A lu l -  r t\ " s a '  o  r  e

is na?ura} thereforet to co*sider t ,hat thre el*nen{,,E,of. ' f }{A} €"i-e

the Bore l  e lenente of  A*s over  A. I  . . t . .

, f f i

fhe defjnit ion we have g'i: 'ven to the Borel. envoioping fl-"-e)

Eebra of 1[,  however natureL, wouJ.d not be very usefuL i f  ts(Alo s{

defined, wouldr not poasess aone basie pro:pert ies which bore'fe-.

eembience to the ga*algebra 53b{tc) of t l ,e bcunrled Borel ,u*ouu*uol*

eonpl.ex funct iuns oa the nsxima.L opectrum X of A, j .n t i re ease

thet  A ie  connutat ive.  I t  iwu howevar i  esny, to  see tha i  i f  A ie

coururi tat ive, then the $*-algoUna .?,(Alo clef i .ned as above, can be

ident i f ied wt th  Sb(X) .

epproeeh b;; stagen we truve cbtained in Leuma ,4
-g

for  the C**a1gebne,9(A) is r leceeeery in or i ler  to avei l -  of  the

i inp l i  cn t ion '

. - - t e  \ & l  .  o ? .  . l t / n r
a € t A e e j  = + a €  u _ ( i ) r ,

which f 'oLiows from Propoei t ion' I ,  and wiLl  be used bel-ow in

establ j  n ldng the cl is integrat ion propert ies of  E(A)"



* I i

&'?;'trl le shell now stucly tho tlehavicur of g(A) with r.eepect

to t 'he cErnclnicaL irreciucibLe disinte6lret i"ons of the cy*: l*c repre;*

sen t ,a t i c rs  o j 'A r  &s  r l e f i . nec l  i n  t - l e * lu  $Z)

For etrtry peFtA) 1et €*€As* be i t ,s support,  whieh i ,e e nj.rr i -. t_r

m e l  p r o j e c t i o n ,  W e  h * v e

A8r* *r 6trsc u u p€p (A ) s
l i  ; -

and we shaLt saneider t,he veeto*, $pece 
--i l- (Ae*) and the mapgiin8

P€I'j (A I t'

s{F-c :A^*  *o ) ! (n lA*pn g iven b-v  c (a) :n ( r ;o (e)  lpup(a)  o  where

€ , t r*L,"  :  A--"--+ Ae^rv

is  de f ined by  t * (a )  e  s€*c  e {&Tx.
t+ ti-

Sinee lt 'e have

puup ** p (a)*F, e6A#ft r  p€F (A) r,

if we en-d*w Ae*. with the structure of e Flilbert speee ' given bptr.1

*the sealsr produet

p e P ( A )  n

(ae ' l  beO)**pr(o*o) ,  e  ob € Jn#x,

we infer thar.; the irreclueibl"e representution af

by the Gt{S-constn:c t ion to  per(A}n ie  un i tar i ly

Left reguler tropresenteltion ).* ef' A ora t,he Left,
Li

inlUal r w& define [" *.c(A) "
1 '

A s eoruesponding

equiva}ent ta the

A-module Ae*"  Ae
. l J

babi l i t f r  nadon nsesures 
fr

b(F le  g(A) .  We shs l } .  c lenote
I i

on P(A)  byp,  and def lned

Let-f)r*.ft1tr*{n} } be the 'set -ef_-*.1.1 'msxima} orthogonal pro*

on E*(Alr such that the trurlpeenter

b,f p.,,the probebility meesu:3s .' irnduced

on the,g-*sligebra of the Borel. fl€asu::s*



* ,  ? ,4

he maximal orthoeqonal" to.
poio;*r 6r prir; * ('re rcfer to [:1, [rrlo [:lgl, [rs1 ,[ao] ,fai] an4
[eal, for r.L3 tiuestiosBs regere],.xrs. dlia eCInetru*t,i"an and &he
proofn of ehe properties sf .,,he i.r'educee1 rrloa$ures I-1. 

,*Je shal:t-
:  - , .  I

denot. '-r i lr*0r{p(A} l*{F; p€"O ! ' , ,  /  * r r\'  
J  

I  i  
-  " - "  l .  \  t ' , ;  \ f l . l  / j r  6

f l r reo 
Ftr*u ' , f rJ) , r fe*(A) i )  hae r l r - 'en ehosen i .ns l*  r  ws cs;r

defj.ne a (ncrn*eeparateel and rr+n*eow,Jete) seeJ.ar prc<luet on I s
b3

f

f i i a ) \T (b) ) *  I  p (b t ra la l ; - i r , ) ,
F { A }  I

end ye c&n r.,)neider Li;;l L2-completion of I
^ )

denste€ i" ip.l o a* i.n 6 fltf j a p.].54 ] ,|  - .

with reepect  to f r

pirry; onto fff,* If we cienote by W '*hia extension, th"en we l-reve

{note that the elemente of ( .n{p} o*u (equare integrab}e) -secrQsri

fieldq) ; and atr.e$
, ,  i '  :  

:  :  :

!, o*rt' \*(el fn tt freftur
' .  . - J

*\l i ls{a}}[fplel 11 
2,

a €A , (fp) p€f 
2 (it "

w[({o}01 ,  ( {o)e {"4{[ ] ,

If we denote f*tr {F} r thun, Lhc rnappringr

giwen b:r

ie  ec: rect ly

i , f  ^ .  f : 6 f l 1 | 4 l  r f' " t ,  e

w,^[( lu(a){o} *1*e(a}
I

r i ; f  * "  I T f  s

vf r (a l i  'T f , (eUF ,  a€A,

defined, i-*ometr.l*:; r+ntl it has s dense

can he u*iqu*3.y extended frs s unitrir"y

' ranqe  in

l ine.,ee eel: .



# ? 3 ' :

-Horeov<fro": 'sinca p is orthog$rre*., ! ,he v*etor speee f *Fl is en
l '

X*(r{g} r ' i * , {pia} ;ei  i  a }-m*duLe *

I f  we clenote uyF?fFl the (cumrri .el ,e enri  oepara*'*cl)  l { i lbcrt
I

sparce nbtnir;er1 frsn a"{f} by i$*nt:!.fyeng twc (st"rong).;.r r}{Tu&re in*

tegrable l i ru"estor  f ie l r ts  wi t ich *o in* ic i *  p*a*** r  thCIn we h. . , :v*  , the

canonieal ra*.pping (.|'3 [.n tfl) -+ F e*;*l 
, an$ lV faci;arizas tl,: r,ush Q^r

ils.,rthere exisfs a uniqrrely rllerterminsrl Hi.Lber[ -spsrc{* $.,siomorphimm

su*h thet ?,*nO **c

."Let  u* $ow consider s {bounded) f ie. l , r }  {*p}p€p(A} * f  og}s*,

rat ons e6f(aep} r F€p {a } ,

ue shall ssy thot (aolpelr'{a} ia e p -:3i}SeII1h3S- r'iekl of

opera torso  i f

{fp}per (a }ufz tp} =+ ia*Tu} Be p (A }sr 
2 {p:} ;

rn 1 v;i1.1 be cnll"e* sa universa]ly,*ir5lgfiiFpLq fie'! ' l of sr,r*.' p, Fep (A ) 
' i & r"G --- **--*::":L**::::;.e: .::r- :

rators, i f  l t  ie [* integreble, for awfl-e' f l t .  .  j ,  ,

It is ot'vioue that *"ylfu{ltegir"ab3e fieLd at operatorm

:" r* I  fel*tcps thr*ugir Q,r;  i*e" r i9 exiets a ui l iquely deter*t € p 1 / p e F ( A )  
t

rnineii operato* E;f,{Fo tFl } u elc?: th$L
r r

ar[(s'fp)p]"]n*[r{*l pl , ({o}oe{'2 (f } "

The operatcirs in ffi l lf.) of the form

corresponding to  E* i .n tegrable f ie lds of '  eperators  (ar" , ) , ,3  are
|  

-  y l r

.t'/-f
l; ,.r.:



se*d f's*hl$, t,he *gMxsts"m. in #{Kgi {with reepoet
the *hslseR i-r.,:*Criciblc* cij.s:!.rrt;e6r:*tionrwhj-ah stil l. dependm sn

t *

tl:*

ehaiee CIf tl iur u;*i;inr*l *rth*gonsl r::$nsu:,:r 
f 6 &eu d!:;eh thet,

. l

b {f},nf i *

t#e ehal} rqy &hrr.L €is * 1eii f,nt e€,tsffi i e t}t.igc-eggr"l ,!g**fuij*X.

l3sgqaj.rt: if tlir,: fi"eld fiE*{m}}p*:n{,rn} of opor'*rtcr,e trrr{rr}u g$"ven

hy tira {exteneSe+ri } left re,rgi.l3.ar x"eprssr}*t rii:ioil* }r,iAs"H -, _f{rreoi ,
.peF($) * "is *,nis'ersatrly int*greble.o &ilrl tf f*r the eorpe$ilr.:nrl igg

decompos*ble oi:$reto" {1r*L F;rt ter f(n*} we }iaver  F r

F- i ro l .  ?,1 * to(*)  u
r [ ' ' r " s

vuhers 'n:*' i* the n*rmaJ. extenmibn *f Ti* t"n &sso fur ,rw 
1e6'l3,,

euch thet 'b(f  
)*f . ' "

temrn*r {l i} .t{- rtutre4sm -qq-q pnivgLtLt+{. gilg*is-gngp}s*l*,gg
3:=i=::::--* 

.. :

u+b 3i$ €!b g{9."}}n1yg{g*,.Ll*i.$g gin1;.lisrgblt I -r11..{ oc a +.F..gnive1sgl,g
9:*j*3"qg-t3tleo fqr..p1lg *e C 6

i i) ^T$.q .3g:f .l irrf,t sf a s€quence of trniverme+t].g dj.sj_nte-

grable elgmente of &ss .1e gntve;oseltry u:i .r$.nregrabje*

iii) :r {ruru}*ue,u ls,_g__Ig_ylererd.grg-;}ge-f_l}g"__gg_qTl':]'ygl.s:r" u$iv€r"o

,ggll'"-- gi""*i.1-t*srel:trg e3-er':eralee ig..AIfr, thqn iqq*J:tmi3-*_t**_"g***g*;
t -

sci}ly di. sintegrabLe elerri:rent, "

Fr*of '  i )  For erqv' (Si))pep(Al*rnrFl rrye have thst

l t  fol low* that

(ofp)*er2trpt enet (bfplpeF(A).ra(Fl ;



*  a i

en*

{ {e+b} $p}n f e{p,"1 snd { {*ir}f o} n*{e (',}{*} }uef a eff q

an* sl.eo ( {.coUp}n*{"r(nfpi }*,€( trf 
t -

frn ths ct,hsr hanclr w*) hevs

?i{ &+u }T*s;* {}i* I J, r* } }t*}-o
#ie *l**t;&i{n }Elh*}r {er,} +ft, (b} *Tr ie+b }

' ; :

Trlruul-k*t*6t,* fr rn )Sr"'*
#i(*, l?r*3* j,ru )iB* 3#r ( a )f* {h } rF* ( ab I u

GiCra ;S*l=*,Qi{ u ;i;* 3oofr,, ( a ) *?* (.,e },

{fo) oar 
n,f t :* {ar'fo} oe r? (f} , d n € Nl ,

n hs*e l" in (an{oio*t*fr}n in the (semin*rm}
R*c "  t -

anri o thereftore '. vrre h*,re+ t,hat {*{O}p€f* f}l .
ft, is obvj.ous tFrat l-irr: i(*,^,1^-iC*i'- **A

* * T  ' " r *  f

o vihrnce we isrurediate}y infer thst

. v a  u  a  ^

W XelH**  o t r* {e)  
"

t { i  \  A e c t r r n a  * } r c *  l ^&44t * ,ss. l ' '36 thst  , (enin>o i*  en increa.* ing sequoncs in
, SSiAee ,  conterg{ng to aeaf f i ,  end thet  eo ia unir rersal ly  d ls in&e*
grable, for eny nelh{. By Vi8.te{"rs theoremr we have

Asser t ion i )  is  prove,d"

i i . t  Let  encAmxr f t€

cis{irtrme t,hnt }-im &rr=& in
It-bz-

.it'* t c )

-u*e' 
univer*el ly di  sintegrable end

utri"form teipoS.o$r of A#tr" Then

topologry of

f t { ,

t,he

Vfe the

r ' ( i )  "I

e.?.so 
*:T 

gir,,,)*



? 2 6

I

I' 1
.1

I llmfr*(arr) fro{*} } strong}y tn fur ,r,r,iir i,,i

and, therefore, frou the equalittree ir

ar '" '  '  l \ iaoban)u-(erbep.,)r, [ 
**J,^.p(bx(ao-a*lo(uo-**]b)lp(r] '  ., ,, i  

.
.  N  

f ( A )

,e'\\fi* (eo-arlTg$)fi t\ 3=g (u* (a*-ar) 2b) 
,

=---- 
.ll

wi*r-acld for beAr mrne /1.{, we ,infer thet (aberloefzf p} f@nr"gnq,,,
: .  t s  t  

' "  P  I

beA. "stnee f i.s dense in rqffl r w€ obtain the inplieation ii*.

fu)r.rz (i) =+(afn)erzlF) .

0n the other hand, fron the equalitles
agr$;lp;;

t,j
, j
i
J

, ,y l r  I  .  . .

11"??,,\l 2*J,,. pqusafru)Af ft?)*utgfo*hf luf{$r(a} .

t\lab%i*'f 
Jr^,n(#aaulAf(ot* 

uTr(alrr(blti rt ? !a

of Etrxaab; ,  b€A,

whence ve get that

q . - }  ; -  ' l  r u

qr l(aL w]' lrtr'(a) i
| L * Fr l ,

a .1.€,1. g={.e uni ' i / -orsa11"y dieintegrable. The Lenma is proved.

we infer that

, .',,, .". gggl$. W€ were not

ly di$,in&egrablo whenever

I

abl"e ,to deeide shether 
"* 

is universal,

A 18 EGDr " -**--.-----.-:,

ri

t



i a
i _ 2,7

the fornrrla

-f . P(c*ab ) lFCpl *t ' (dtab )P T A }  I

:$Sp 3 ql.r -"gls*l*l:r9qf-g_ u I riy u,e nr r i e i e e 1... -^  t  v- .u r rL.r r r I r \ , rc I I - iF uI t .
1
",

I

. l

i
, . i

i j
j

i J

I

99lqqij9l$e..{n fl (e} "

gryof. sinee luen)p€p(,,re t '?{p,), we have (abeo)pep(A 
,erz t7l ,

end fon any brc€A we have t

-1,  p(drablAF(pi= { ,  ( l*(*p ' fn l '  -  - - ' ' / -  
p (A)  , ,  i ) bep teeo)pFn) *

s ( r (11  6ueo) "1 (cep lp ) : (% Xa) ( *o le lwF(eep)o )=  
t ,

,  - t F  t - \ / ' r  , r  i r l l  .  -  -  ,  s

: ( f i r (e )Of  (u l lg r (c )  )s f  (c^ab) .
,  

' , '  ' :  {n i ' i "

' . '  
.  = { ;  ( sec  f }7 l ,  F ropos i t i on  4 .g  and  Theorem 'Oo} ) ,  l ge  i . hmed ia te fv

. infer that

the Lenma is prrtved.
. l

tet $(alc 'A*s be the set r f . , ,s] !  univereal ly disj .ntegrabre
elenents  in  ArEl  and def tnef )o(A)=g(a)  n€(a i* ,  where $(a)*=
*{a*eAfE.  ee.8(A)} .  Then we have

Ers p o : { l i ?.L -s * ( a ) J, s *s c * -s } s_eF:.e-j&gg*"*es }.ssd a gi *gp9rt i. e *lg*clqg$ioil;:_gg:tg! qgq- c.losed .

. r.gssrk" rt is proper to eal1 the erenent,s orgo(a) the

tSg:Sl,"$st"qtt elemenre in AHr (see frrl ).

r
t f t )p te l l ,F t r lqr (a) .



i
'!_-*lt

)
'*',,,S,g89g"**.fu S3s_epgsls- -te*r_qsg.*!sliq*ls fsS,th4$&, on .

9 o { l ) .

ffiJ* S*h-g-v.-g- bnU(A)nc-h(a), fpn,Fg b€4. -':i.i,,,: ii:qr :,

'  i" 'gggg&. tet aeil(A) r fe s(A) and €>o be given, and,{efine .,
&*b"f  *UF; which obviorrn l^y be3.ongs to f  (bxb)S(A).  We.can f ind , , , , ,
h rke(aoute,  such that  ' ,  , , ,  

. , : :  r  . ,  ,  . ,
:.

, J

''.1 
:.

i '
I

i

i
!

I
t .
I

: ,  t  i '

i

: ' ire then have that bxhbr, b*kb€dssale ancl'

( x )
' :

.
where f

i

i
j

a

I

l * 4 f i + { F .-r.r-kb_(b-alr_<b^hb and f (blh!+b-lcb.)S.€ .! i ' -  - -

She ternna ie proved. .,

EI** -{"gsqr aetr(A}'jlg br'esA llg "_g*n}::f3ls'!_1:l

+ d / r ,  
t -

r, Ln )gft sf.i (c^ab ) t,,, ,

1 1 . - \ ,is 1i  - integrabie, f  or any [e,f l" .  and' L '

. p(esab ld,F.(el =f (efab ) p ri r'.
) '

r
i ra

. ,

=b (lr) 
"I



lq::
l

whenee t&tto p*neesurabit ity' imued&.ate1y fol"l.ows, if we tq,he intc

aeeouad,;f,e;nna ? end t[aOJ, Theore$ 1;f?2tr, Theorofl ].*S:],;1y,Fornule

(s) nou fol lows from (3)s if  we teke into aecount the,f,egg,,that'

for the elera,rrits of 
't l(A) 

tfre botrndary'bnrycent,nic caLcuJ,us hoLd's

(soe [ao],  f fheorene ] and [aal,  shaoren 1"8].  the Corol]ar,$,{rs-,

prnved

' il,ery*e s. -*:*1v- e e5j 3* (A ) i,*-H**:grg3*x--glgigtse::e)J-e..

Proof . We..rhave

:l'".qi;

I
. t
. i

, r '

,Y i!

glu(s lcu(A)

(eee $,4) " FroB Propoaition 1 we

ribw Gossiden .dhe,'vector spece fu
-rt lt . n [^,*u< K*}'\ le g('1r\o"^a% .:..i

infer that 
"tS!"ta). 

I,et ue
rrgiven Uy ,'Q*,dr( (a,!+c );$,g)E ! b,ceA f,

l'i; ii::r'.:

--

i -

I

I

; r

fr.= t" .oS (a)Asp

a n d . j

1 7  ) -  r t' p( ({rba*e2)*""::l;}::}il,1*ll(b[ac']+

henee, the functiort '

P ( A l e P H ( f * l p o l p , € C  I  
'  

'

i *  
F  

- in tegrable,  for  any ( fp)F,  (2p lp€ f  a '  We carre ther t fore,

coneiderthe 1,2-*o*pret ion of l"  with , lespee't  t t  i i  
(eee fr f l ,

$4), whj.ch we ehall clenote Uy ft.i,,fr'qf;-l$e ean <lefine correct!.y &

trinear napping

Vrr {'u + Hr



;"i..

F 5,$ *,
. 

'.: ll

by

wha,re F afr" , and f.eh(p)-
i  t  

l  t  . . : 7 '

i ,  r fndeedr  i f  p(  (ab+e)*(ae,+c l l *CI r ,  p€p(A) , ,  thepl ,  b$,  the: . .
preceding Coroll.try, ve hgrre

. q

f ( (ab+e)#(eb+e t t .,{u 
1Fi 

(ab+e;*{ab+e) ) f{n}=0,

and this impl ies thar frr t" lgrfU)+0f(e)*0,
' I t  i 's,easy 'r .o see thst V, is an isonetr i .c l inean nappingg ther:e_
forer.,l$;lir,extends ,uniqreely tn an isomst,rie linear surjeetive ilap_

iitte wurlf (il * u". He inser the : . i . i,na ,,,..,., ].

.trF,'r3(f),

' i  and, therefor"e, for a4y b€a.r there exie,ts a stronglg lntegrable, l
' '  " 

;::* 

rield {fo}pen{A}€ra !F4,, euch that 
"b*nTfr,f:u.e, lve inf;sr

On the other hand, from the forrrula

which holds for any, b6Ar we infonJGT.

ltnlner,^ rera cp) =+ ("fp) pep(A).{'tfF} .

iljr* )"ti1 *frriur ,r  r r

' i ', ' i '

--' s
)-'

i

l

f, ,o r 
R (bseau ) Afru ) =r (bsazuy *fifirt:a}gs(b } 11 r ,

8nt {  * -ho  ?  o rnmo . !  e  ana*^z : ts



She 'fo,IlowLng

. w' i  ' '

theorene i$

w ?
:

the main resu]"t

. \

of the p&pofq;.,,nj;,11

f,be-qtql 1. Any ne$(g) ie unLve::salSgr disinte 6 f A b l * - ' u  " ; ' " . '  "

',FSottf". From Ler*"n* I

ony eleuient s€-{\ (vrher,e.A is

af teuma 4) iel univerer;i3gr

n& 5 we then J.nfer that, Arfy

t;ereble" Let. nCIw

, lJ,  
I  A

4s{ac j l t (A}** i  &

From the ab.ove arguuent, we

, j
nnci i;'nrt i ) of T,emme 5 *g lufsr !q*t

t,h.r-* x-a16eu"y.e defined in i6e proof

di-arntegreble" From per.t  i i ) ,  of Len*; ,
4\'eleirrent ae$1(A) ts universeil.y diellar-

;

i s  un iv .d is tn t . ) .

have

*,,s a sequentialS"y

inpl"ies that

oxI

t

fhe aeeertion inu:redigl-$ fo'l,lowe fram Lemme 5u

resul"t ensw#i'ns poeitivel"y to

eed ln f  [ r f l ,  Chnr l r  51o.15,  nprnsr l r  , (A]  ,  p,494) .

& queelion rai*

&, ta t efJq eqf5(A ) es "

Fron part ti i) of Lessa
\ r

nonot"o$e .elosed eubge't

I) -

S#H$&,g'-{le
f ) / e t
J ) \ J t  /  e

Froof.

Remark" fhie

zossrip { *o; peF(e}}

of A*s. $hen zu': le

,,4$*aa*+aao ie the

S"t{6, i.nfe,r .thqt Jrt4

of $$X. Lemma 4 novr

atorr ic rsnreeetrtr*t ion ier isometr ic

be the suprenum of ai3. mjninal

.e  eent ra}  W Bro jee l ion and

{epece-freei atornic repreff intat ion.

f t+"ffA)ea, wher.eas part i )  of 'J,enna 5 r:ow ende the procf 'o

. '!rst'

pro ject ions

the napping
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I  
' ' !  , ; '

$e' In th{:}  s€eticn we shsi"} study the functor Ats-}5{(A}

wi th  raspect ,  to  sur jeet lve ncrF i r isns. i r tA -+B of  Ct r*a lgebrssn

trst S be e H{ru$donff l,ocal}y f,onvex topo}-ogical. },tr&1" ?deca.
t '

tor sB&cw' snd KcF e (rmn-ernpty,) eeimp*ct convex eubsetq,.lVs ****:.:

thet & *$nvex eubset FcK is said to be n fqeg of K tf

"  S G F r  : { s d : f l p 6 { l * c t } X B r  X e  * X F € K e  d € { # e X }  = }  K r  r X * F  E g ' .  . , ' , ,

' 'The fsee ry iu seid to be.sgppl,e*El}tee tf thmre exiete E,,,.1:
faee F*ct{, euch that F n$'c*0 anrr fsr anv x€K \ (F UFr } ther.e exiet
unique .{€[Crr i l ,  y€F &nd ]ct6Fe euch that xsd]r+(f*.s)S,n fands of

eourss,  Kxco(rurn)) , ' the face $re ie  ea id  t ,o  be s  ggp€}s* f l$3.  s f  F

Ae shown by perdriset,  i f  F has e suppl"ement F'n_then,.tshi.s is

un ique (see [g l l  "

She folLowing Lerqee i* dus to pea.6plzet ,( ,eee,fgl ; f f f ]  ,
Sh. I f  o  T ,6np6 g" l "oB; [ f6 l . ,  Ch" I I I s  Lernma 6 ,26rp . l?0 ]  "

! ,r!.ss8-%. "I€3 rcK J:-9-**_ gg3,?gg3_-e-B?plg.gq.*!sg-.fgegi .Theit*_glx_
!-qgnded-,19y-e.{ (geqp.9,qt-.1.ye-}sr-*epFq.r) $-sm!::$91}-t-lnpisreg:_qry11.q},qr,.{$n9j"
tion 07rF-> R hee a bsunrted 'lgXgf (ggepegSiyp-}y,-^-upB,gl) g.p.fl$g1:_\  . -  - - : 4 . : : 1 - * r  t - . - * H y v

!i1t1-o-us-_S{rlpg "e1!g}p.}oq q:K+ rR* _If ,f lg*gS"qirtry:t gg. Fy he"p._,g*

l_!L 99" .-*Hglgp- .19*-pg"p_ilgt!:Jg* gg 3'i r' a9$ r-^_L* _g. '*jgg_s I \\ r{ tr * it r6,t1 t

Proof" Assllmg that c{ >O on F; and that tf i* upp@r sesj"eon*

the ccmpactt inuoue" Let F0 be a supplement of  F1 nnt l  consider

eonvex eet

i ,{*co ( (rxiq}} u{(x,t) i  x€Fr o<t<rf(x)} )crx rR .

fhen by'q{x} =nup{t;  (xr x )eLI }r  x € (.r  w6 deflne a pors*.t$ve bounded

upper se'$icontinuous aff iae funct ion an K, whieh extende (.  We



'. t. obviouely have 11rg it  * r lv r i  " t*he generaS- esse reduees to t-his or
b.y the trernefcrnations qt** {+ \{1\ eq$ qt*.} [ l{, t i*r(.

{ffiH#' i:g,L.*,-'bg. ery- c ** -q 1g e,lrei **- rcA s_ * gJ 9 fl9$.., },rs :
f - i fgd jdeal*  ?hen the sete

l * t  " { f f f io ( " { } ;  r t r  s  f i }

glg

I

r+  , * { f€ I l * (A} ;  t \ f l I t t  *  l }

' 9{9-*-8"9P-p-1.9-*9g}"9"r-v..{gggf._9{ sn(e} r " v,,hegg,Ag,. r }q eqnp.qgi$;-;},

", Proof . I 'his {cr another forrnu}errf"on: ef (.fi l,", Fropositi",rn

'  
"c '  The fol lovr j .ng resul t  {s essent i .n l ly  t lue to Conauee, who,

prCIv€d j ' t  for  cs*algebree po:esessing t t ro uni t  e lenent (see[+l ;

[ f  f1  r  Sh. rX  r  $9 .2 ,  p ronos i t ion  9 ,2  n ] .6 )  u ,  i .  i : : .  ,  ,  , , , l

I*:H3e*l::*. l,etA eR be- e t1a:, gebraq.-..q,1<t..Tr rA-+B :a. ou.g;iqeli_v_g.

.y-g|gl$S_ j{ c**.g_],gr:_ -br_as * fhen we hq*q- rr** ( (.(&se) q} * 
) * ( (B** }4},

-glg *r**( ( (Asel*,; l., i i--; i-,; o ],

g{g!€, The dua} mapplnff . t4,BK-+ A* rest,r icts ta &n i .njec_
tive eontinuous lnanping ",1#r$e(n) + f f io(Alen$ v*{nu (B} }*:F*ery ,
with the,  above notat iono $i .nce aT o*rAmx+ 

; ,*n is normel, we have
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endr t}eref*re, sinee Trs*i  ie nurm csnt{nuousrws hsve j ,

* r€ f f i  (  {  ( n  r f t r * } c  (  (B€ !s ) * f , * *l !  r  r  \ " " E R l  .

" 
"  

Let now b€i{nsai*}*,  fhen f* iu} ie s boludnd lower nemi.cpntinurytxs

. \=- funetion .*f  i }o(Bi o sueh ttrat fg(U1 (f i i*Cr. We infer that,  there

exisd-s-s (unique) bounded trower seulLemltinuous funetiors .:l

e tFku, -+ R , such thet q(0)l t0 end\

{ "  * *  * f lg (b}  "

By Lemma.9, there 'exie.Lm a barunded lowen eemieontinuous function

rt' l,Ei*(A)+R., euch ttrar ql3kor.r *?, uvl\ * \\rf \1 ; .andu vs if (+#. ,
( - a

Frcrr.n (Lalu Propcsit , ian 3' l :1*,;5I-rwe infcr:r thht there exiete a uni*

que  ae ( (Ase lm) - ,  sue l r  t ha t  f a ( " ) *V ,  a : :d  l \ e \ \  s  \ \Q t i s l \ t ( t l n '  \ i b t l  i

rn$r€-orrer-, e>0 if b>0. It j-s oi:vi cus thet T3r*(n)'bn und the .I,effirrn

i s  p roved .  ,

$h,e foL1.ovri*g result  ls due to prsderreen (see ffEJ, Ch,IL,

$6rLerun 1. ' f  )  *

Leqne -13 . {,*t,rr :A +B P-***1 cs*}laqropglrrh_i $ry_ oq. Csia.igebrss,
l___T

gng". JeA 3- .ICI-e,ubqtggPr"g--,T!eI 1T (.I)cB -1S: .t .rg*.gu_bg)-geb-1a.fg{ sr}y.

xorxtrrxl€J, eueh tha* xosx? qn-d..n(xo)<x(x3ktr (x2) ,  ] , - .heru;.eryio-!s;

"etr x€Jr ^g.pch thet- xosx<x, .Ernd-"tr (N)*n(xr) .

Itts recall the by e C#*hoesry:1ph:sm is rueant lrere eny self-

ecl joint (hermitean) l inear mapping, euch that

n" ($ tau+ba) )  { f* t*}rr  (b }+r(b}n (a) } ,

I
I



?s i

ft, is ohvior:e thst eny
ltr

& "i^-houomorphisnn.

K*homomorrphiern of Cs-algeb*se J.s

For the proaf of thie fremna
- r(scs LL4. i )  "

fho fol lowj"ng result  i t  eesenti : f tL}"y du* to
prc"'"re.d it f*r es-algebr.ae:hnvf.ng t?re uni.t elernent
Clr "gg r g9 *3 u proponi-t ion" g ,e *16 ) .  :

??e alscl  nefer t,o a peper by Stdrruer

lombue u wirc

(eee fe l ;  i l l l ,

there exi st a , b 6 (A**) m, such r,hat
ex&*b and,  therefore,  "n t r t r (*)*a '€e(*)*r i {s tb}enf f i  

{ {  (A**t* i * . }*
*- f lss{  (  {a**)*)  

*}*  (  (Bua}e} **  (  (B**}m} t?**  {n}* ,  This -n-o*) that
..'n** {Yu* (A ) 

*) 
c y*n (Bi "a

For eny e '€v**(n)  the:re exiet  &* rbo€(B**Ie,  ,sneh thet

.  c cx&r-bn 
r  and we cnn f ind erb6( (A,*u)*)-"n such that &.u.r* . r is#(a) i

c l r*#(fuu(A)*) .  f ; i :erefore,  we ,have that

(x) Vu* {n}.r,  **(Vu*{A}*} 
c yuo(B)*.

*gH H* {i trK(9**(A)*}"%*(B}-"

t l )
erly e€y*n (lt)

Sj-nce 9u* tAl 
-  

is a J0*nlgebre * whereao xs#,**\  B**
momonphism, tr$r.  Lenna L2o we infe* that .rs*(E*(A)*)
.5ebra, From (s) we infer then the required equel i ty"
i e proverl a

&e$*gJt* rr ffiff (fi$u (a ) ) *Bla (B) .

Plgog" Let us define

! 'ti-s& ra )e fl}a (B ) \,"

Pror:f "For

is e C**tlo*

ie  & q l$*a l*

The Lemn

..h,1" *{e.glu fat



We have
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9*urnl* c,l\,i.

en* ,,1.4"ct)wioumly i.s sequsnttall:.r *rsnotsne ., *CIeed in C,!u(A). I*. :
fol lowe that

*'11$* {a) ,

and, t l :erofore,

(1) $urnl*c.I tr**{$$0,{*)}*1\Se(B}.

lse' shh33 now pr$t'e thet rf*(g[r,-(nl) {"e sequentie}]-y rnonu*,,one sf,.o"
;  '  eed iru$$u(Bls v'r i th the he).p of Lerusra ra" Tndeed, lst  (brr lnro be,

.&n increasirig b*un<le,j s*qtrencs in .risil{6f*{A}) 
" TFren there exisie

a ke {8 , eu.c}r t,hnt

b*(b"o(b**l*kt1 rL € tl"{ *

Let' toc$$n(g) be sueh thst rr#s(*o)*bo, [v $,erms 1? we eqn fjnc]
*,f *r€J5$a(a) * *ueh thet sn)<el<si"! end rf ls(a1)xbr" rndubtivery,
we cqn f ind an i-ncrensing seeusnns (*n)n>c 

i*s$*rnt, eueh thgrt

eo<etrse&(snoL(kl end t, *T (orr) abr*r

for aryr ne nl",:,rf **11* eo in t5$o,tal, then rrs*(*)*br blr virtue
It9'r" c'ct

of the nprmeli ty of sreff :  r t  folr"ows thet bcnsx(3\3*(A))r snd, the*
refore {i ',te l*tter oet ie sequentie}"}.y monotone er-oeed in E$*{I3} "From (t | , ,  wo now infer rhat r is i l (glu(A))4g6(B), and the ,*ruJ] ,*
proved.



$ }0 0 Froposi t i orr 10 "t}(2 1 ) .

trgd'', s.t]&:[l 'now denot,o

gebrel,',"€esp€sPoncling to $ r

Lerq.!n& 4 u

ryieP*  t t
: ' ,

Re,rnark. This Lgnfrna is due to $ombes (eee t+l ; [rf] r rsh "ilr *
'

by .4t*) e f€spsotively A{n} , , , the x -el}-

reer:€'ctiweLy E, ss i.n the pxracf +f,,.

of, l.,ernrna 14 and of the defi*

, * j

W.=*''it€* !'?tqA ) ) iA(n ) 
.

Froof. Xmnedi&ts consscluence
- ' . - - - - -  

t- 
nititri-er.rt. l

t*rnms 1$,

Proof" $ineq mxs i .s nsr& cclnt inucusr 'we have

tr**(s3{A) } =E_{Bi "

A(nlcr,se {'&1{a } ic33. {B i,( * )

Lg*bras,  l ixs( f r r (A)  )  is  a

r"g.**s1gebre, and the requ,ired equality now ininedi,ately f,oIlows

from {n}*

st,ep by step the etrove srgumenls:r"irxWe ear.r nsw rspset step by step

order to prove that

r .**($u*(a) )os"*(B),

In thie ws $&n$snr we get the f"o1*ow{ng":' '
* - ---+l

*-honomorphi"em 'fit.&. -*'. tsfheoren 2" For

have ' ir**(B($-) ) *Sg) 
"

( .
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i

i
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' ;

q 9A In ,ilrj.s seetiqrn we sira$:t intnoduee

rsl enr"elopiag' rJffi*algetrr.gs of, tlie *concrets'r

where H is en.y HiLbert spsce 
i 

**, ehe.Lt Rrlsume
. '

degener$te C**sub$3.gebra of 'f (Fi) $.

Let  A 'n  'ne the b icomnutant  o f  s  in f  {mt ,  and * :A#&.*  A i , ,
,  i '

the nerrmsl extensinrn of the ideirtiear i.ep*s,sentation a *f(H) . 
'

.n/e etral i  denoce by (A**}fr trrn set ef etr l  elenente in a$a,
which ere supree& (henee wo* sr so*,limiea) of inereasirig nete
i r a  A - ^ .-- g€t

fe*") ff*n{ {&*u} e} .

proof. 0bEiouso sinee rr,.*e & n*rne* *-honom*rphiem.

" i  

' " 'we shaLt t lenote (uu{niH)*(Ase}f f  *  (e;a} ;  .  s f  ecurse,
Y**(n;Ui  is .e real  vector  subspaee ,ef  A[* .  I , rona l€( .Ass] f f  we
infer that lefsaf*;n). r,et Qi*;lil be the ss.am n1:ss!{.r.re,i,;9{ .l+
tn
Yuu(A;H) t t1 AEa* Se heve ttre fo}3*wi&g re*ir l" t  due t,o Combee

e [+]; n5l n *horrr $.g"a * pr..cpoeition 9*?*ts] ,: . '

- t f A ^  t h -T.( Y*u f A ) ) -* Vso iA ;,H) .

atrviouely have that

9** {a cu}cn( 9[ tal ). f; (a ; s],,

sinee n' is norn continllotrsr Sinee t l.s a
.n ' f  9[ fa l  t  j .e & (norn cJ.oeed) Jq-stgebra,

(see Lery t ra  12) .

the "e onereteou So-

C**nLgebrss *c f inl

that & is ,g: *srl..

lls

C^-homcuorphism, ::

and the equaltty obtainr

l'epme l-f"

temf, 18 "
*!*].'a9n*5*.',4,

a

Proof. T{e



Fiil

' . 1

l : i
. .  ! :

j

1

' i
' , 1

j

d T ' 9 *

n'nr:+qllsry L" q' 
e(* I H) lp_ -g .lC*glgS.F11:v v a .

:ffiF:::*k=:. iti

Lqne$o, Tlte pr&cedfng Soro;T.laryrwhich l-e duo to gornbeso
ie proved, in, {rf-g5J, ch.r:, $g.?,n rtsrflsrk g"a,r"g} by another ws.yr,
under  the easuropt ion thst  LeA {seeu.  a3.scr f+1;"

we shall nav,r eensider the. oequen't"iaL";.: monotone cloeure
e$"f* ;H) of  f fu(a;x]  f ra sg* 6

Xhe fottcwing reeult is due to_ f;ombes (f4l; l fSln, $h"Il ,r
$10r prcpooi t ion l0.g(e)  )  "  

'

.ffi*9.*{4u (r, } } *83* (*, ; H} .

Pryt. We obvisusl"y have. blrat

?[ra;Hlc'TT(s3*(a) ).

Let us €efLne

./vt"{"e$;s {a } itf ei}€ 1i3e (*;n)} .

Then .,1-t is eequent$..alty monotone closettr and

V[ t* ]c,.t"tc.gfu {a } .

ws infer thatuli,t*S:e(A) ff id, thereforeo

Y;(s ; Hlcn(sL ra I l*n$* (n ; H) .

T.he ,pro"gf n.gw proeeede einilarly to that of Lenm6 14"..- :,

l#e ehall denote by,A(*;lE! the canprex *-ulgebre s€nerated
, .



irr f(H) ny S3ntnit&)Xe obvi-ousny huve ' 
".i' i'rflil '

lqryryC*gpj. T (,*F ";'k 
g ; FJ ) o

andrif E;* denote Uy SI{A;X} tiae nr*:"r* e l}.oeure crf A(g;rup l-n,f{f:},

we have the fol}*vring

ggfg&&.q{,il_*h n(s*e ru} }*?t(n;ff} "

'--.--1'u'8 *eI? nsw eerne$-iler t,he segueng*e.l-j.:.' ffisnotone cl*eura :,i.,,

Q*tagir) sf, t l te eeLf*adiei j"nt. 'g:ert 
&txislea af f l t(e;i l i  in A$**lr

$fe c&n n$w etate the follow'ing

$SSgt" i)$u*{*;N} .i""1"$re .I9i{-:g{1iqtlt pgr:t- ?{ !I'g

onalJ,eqt cr*r.Slgg!r;* ?r(*; i.{i r :ylirsli "}r3:?..:*Jig.'pr-oppgtr.ig..rp'.; ,,i,',

a ) (Ase) fi cfite l i i lcA" ;

b) t t ie eelf*acl jnin'L pp-q}. fJ.rr iH!u* in- r ;gg14entig:.1y mon*t*n9-"cIq3

s"e_*.""1S_. A}}* "

: . i l r [S(,q] ]*3Ya;f i ]  "

RIgg€" $imi.ler to thnt of Lesma 4. ,i
i

$L*" :n thle eeeti*n we ehal l"  eonsider surjeet ivs s*hcrnCI*

morphierns ef eonerette g#*algebrae 
'

The falloriin"ei Ttreorsm is en extension of so$e resulte

ef  Combes (see [ : . f1 ,  Ch, I l  g  $g"2 rPrapoei t ion 9 "2 . " ] "S end $]O;

proposi t  ion 10.8 (2 ) t  [41] "

f'*uclrqm d""'g3!- Acfttl) Sft* n cf,(:t) !g- g--ogglgt9. -ngn:$-es-g:

trefg!.e "0***g.tggb{S,s..an<l leg fi':4" b Bnu -hg-.-q.*eqrjectivg-.n<lrryel.

x1{93ggmp_fp}fiegr _.'gpc}1. tF-€1! 1t {A} *F. g.bS!1*99-"UCfe"

m
s ) - r i (  (  { A o , ) H } * } * {  ( S -  } I t *  :



b )'n' ( Io* t;r ;s! ) ",f; (s ;K) ;
e )  T ( 1 l i s ; H ) ) x $ / R t K ) "

l\
f t
r l-n '1,

n l l

)- ^ 
"c.+n. 

,/.'

fg\5+."re v , 1,r{tt{ agr-\ {-i

t:'* F--\, -.; ,-*-T**_.-*..**-+
' l l

.F.f"qgf* ues have tI:* fsllort"l"ng. Lrofrts$3tet,l-ve dirrgraun

;*"""--*"*sn
r\

I
l,t

Q.l l

L)

where in end io ere the ixec]-ueisrls, oi eiss 
f 

ers rheir s6rffis1

exteri*si*nss g x'Ti"l$o vfhe:"e*s j6 ancl jp are thei canon{*a} mapp$.rr6s.

Tlre detai ls of t ,he p:gCIor"&r€ ns?s l"eft  tc t l :e reaeler, : :

_Wpgrh. fhe preee$f.$g Siis#rem,

oomr:*ee flcr" s*-al51erb,rns [r(}r*fls$si,tr$ the

sppeers here for the fi"rst tj.me,

Renark; fhis

? *1) ,  where the caee

perl n) and b) ore

rlnit, e.J-ement, Fert

du

e )

e t o

&tt" Let feg{A} arrei Let 
1€,(I^ n be s maxisrel. oxir,}:cgqp*rl ,;

Radon probabiiity me&sut"r; 3et 
Fa s'. be the, coryeeponding ir*un"dr

ry  mea$ure*  We shaLl  conr i t ler  tha 'eseCIc in ted eyc l ic  r$presentet i r
' i rr :A -+{ ( t14,} bf the (1}i [ ] '* ,eonetl ,uct ione c{nd the eansnicr i l  i r : :e*

dueible dieint,eEr"at ionries deecri ,hed in r*ect! .on ?.

Fr'om ?heorenr L end.fheerese 3r e) we inroedimte.l,y i,tfer *irs

follor'1.irg

.&ff$.$q-fo .&-sff*qn-qs,elLpr a € S(1rr(Ai ;Hy) .I9:- geg-qnpg-s-qp1-q.

yi_tfr,"re*pe.q_!* go.{:nJr_ Sgnqqri.p.al..lrqgcipgi}"}_g -f,l,eln*tSEgptlon of .I]"sn

theorem ie en sx{6nsicn of t f?eJ, Frgpooit iot

of the Beire operatora were coneidl,gred"

u gt t a "  A s  a n Sxestnle,  let e oneider the css@ a.*Sf..&fi)*r,.r:ghe.
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. ' - : 1

Cr-algebra of aII compaet (Iinear,) operai,prs on an arbi.,trary
. :  :  :

Hilbert Bpaeq,S;,, It i,s eaoy'to ,g*!8r,gl-latr, L.n ttrls eagp,l .B(l)*Y(H),

shereas Sote) is: the cl-rlgebra of alx. .o;:orators in Y(h) ;travinif.,

:
" i

:+Y, i, . r  i

r . i  i
, l
r l

, i :*. '  .-,  t ' "  ' "
: . j

. l. j

. . 1

, l

;"i*.ifili

, 'r-,i:: :. l

' fhiu c&se hee s rel-evsnce to lialnnankrs :Problem (seetZli[B],' . ' . '

pQ?5;f151, p.256tfrZ1, $?tfar1). as lt  is yrel i  knoun, thg frpcc-
''trura'of,A*X(H)',hqs only ons pqint,;i1G.n,al,!..,,furrediglblE represen-
' :

tations of It(H) i are unltarily equivaleat 
'(eee 

f f] r Corollary

'- 4.-1.51.ifb€ problcn is ts' sstablieh the converse to tfr"{g SheonEm
- '  "  t '  ' . '

*htch is knowr to,,bs trug, ln the,' eepsrable,,,cas€ (sae flel;f,ffil,*:l

fheirerr,?.51. Let'I ue my ct:algebra and L€t zo€At* be the ,{cen.

tral) proJeetlon rhich le the strpren-urr- of alL ninit+a,l ,proJee+{.onr

in Ag. 
thin 

Corsllal.* 1 to thaorin I can be algo'ateffi' in the

O€r3

Corol lerT 1r. The l-homonorptr{"ann' S(l} }a ts+ az;, ie inj*p;*,"
' e. :----- -a

t t ve .

Pgsgl!, The napplng lsaar+aa, io, iaJe*fv9 if q and only

if, 
"o*i. 

.Ihis obviouely happenc for A=K(H)..
, ' 1 . . '

t{e recsll that a cardinsl: ounber n_ la eaid to be (c,94-

tLnously) ngaauTabiq tf on (anf) ect l[, cnroh thet card H=Br

therdi exists a probabj.Lity rleasure B:p(u) -fQrll, defined on
, . . ' . ' j

t h e c 1 a e s ? t u l o f . e 1 1 t h e e u b . a e t a o f M , a n d e u c h t h a t

Y x€lf.

eeparab3.e rangea I it follone that gotAl *YCH1,

p({r} )  o o ,

(The c$bdinal nunber rn lp sald to

the renga of p ie equal- to {or l}) .

be maasurable, l f ,

t";.t:-1.,r.

moreover,
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ZcA*t*" luf al t  minlnaL projecf iso*1*a. We have then a bi ject ive

mappilrg :

r ( h ) : p F $ * v n $ n

7:r
ie t

S t  g .  .  s  
'  2  r =

4  " i i  o | t  r c J '  r

i r r .-  t r . - + f_

which a$sociatos tc srv* p6p(A) &'&s.ouFpcrt eo in ^*nn For. prol lrr ,

€F(A)  ths  eor respond ing  J" r reduc ib re  represente t iou$ To rT-  o f

A &re Lrnitari ly equi.velent i f ,  arrd only i f ,  the ee:rr-;t *oi3"*

of err_ and e", , -  are equtr i :  . i
v 1

.(*ul}=e (eor) *

Let then (n1)1.,  be a comn']ete eet of representat ives for this

equivalence , and .. define - :  .r 1 r, i ,  f ;  i  ,

, i * * (eo r ) ,  i e I :

Then zir' ief r &i'e nrtually orthogonaL rai.ninra-J.-,centr&1,,,,projectionr

in A**..and

* i  =  za

I f  we denote Hi=A*xerr . ,  i€f  r  then fon t t re Left  regular r@p?asa$-

" '  i "  tat io*  l i ra*dY tut l t **  nave ker h i=A#*(1-r i ) , r '  ier  i  i .e. ,  . , ,  , .  j j

o**r '  can be ident i f ied wi th  f (H1) .  , i

f o r a n i ' : i € I , 1 e t u 8 c h o o e e a n o r t h o n o r r i a 1 b a s i s i n H 1

'  t . . . ,  coneis t ing of  par t ia}  isonetr ie$ wi5€Arsun,  ,  i€ I i r '  sueh t f r * t ,  - .  I '
l r i

t {yf 
i**ur,  

wi j*f j=*i jeAffxzi,  for &ny ier i  ant l  any i-€I. 'Then: ei3 :

are nininsl projections in A** , eueh that

r i



i
ri
1

i
I

It foLLows that

and '  thereforo,

- 4 4 -

.i:

f _ r 6 6 i t

)  -  " i  i  s r * l

ie:. .
U L + 1

>r
l==rd

ier

l

',.i
.i

, , t t' ;
t -
i

.i
'i
1
I

! -
I
I
i{

. 1  
'

i .
i  . .
I' l  ' - ' . :  ,  .

r i :  '

I :et Hn=^6 Hi .
' t  * i e t  l

representat ions

sontat ion

for any p6p (A) g,.lye have

e
Let

F
a
j.r

* i ; (n )  
T  ln

Then the clineet sun io= @ tr* of the
" i e r r

ean be i&enti f ied with the reduced

\  . X i &  V t : - tX":A=-*> X ty;

loft regulerl,
, ,n.. I

l i

atoaic pepr€r

=(x{i,},iet, xenl*, (5i)ie 
tr€Hn, qld

la  =Aex( r -ao) .

the li l ldert dimension of H" nnril Let tr"be.*trhe disjoinl

ee ts  f  i ,  i e l  "  Then  j .

d ( A )  ! r  c a r d  J "

Yfe recall that a Ct-al"gebra A ie eaid to lbe eleurentllry- if it ie

lsonorph. ie  to  d  y{H) ,  fon a su i tab le .Hi lber t  space I { ;  A is  ea id
' , N

i ' , j : ] f ' . " i , t o u ' e r y g i f s r ' y f € E ( A ) i s o f t h e f o r m r * $ n a , P i l w t r e r g . $ . , J

d i > o r i e r l , $ . " < i = 1 a n t 1 p i € P ( A ) ' i e n . \ ( s e e f 3 ] , p l H e ) " . , , , , ' , . j . ,

The.fol-owing theoree glvee a partial solution t*lrlaim*"Li

.frob13n.

have Iu (x),,f(fil g 11

ker

te t  d (A )  be

union of the

d
't.
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.,,,rf}ie1)rgm 6"

Ltlg* z,,*X; .frgnce $o{e)*Astrn If ,mo,r"g6verr card I=1r }h
mentary.

I{ 9o (Nzo*A&Sxo,_ggq.j[ d (A] .!.g not neasurab]e

g"q*A +q_sl_r

Proof " e) Asaumertry rvay ef esntredict ion, that zo#L,.. , f fhen

thero exists ern f*€s(Alr su.*!a the* fu(a",)oo. Let/ru be arly m.exi-

mal ortFrogonal R&don prebebi l ,$,d.y, $ess,une on so(,A), such,that

b(fo)*fe'r srd ret pu ue the boun{uny ns&aurs induced on p(A}

f  o . . - / n \ d t  / n \ .  
/  ^

.  ip fA)*er (p lap"(nr" r loydu(n)%(p)=ro(dM),  . , . r ; , ,  r
r t :

for any n,te f (;).

*m * . {  .A -  e i jEt ie f je &anf i

(se;

lleal ) .

For any SdcJ let. us deflne

; r '  t - l '  -  gnL€n e*  ie  a  p ro jee t ion  in  A t r -Tr , fo r ,e rg t -  I le  P( . r1 ,  and the ; rnapp j .ng

I (; ) ts L{ t.->*He A**" o

" '  is a npeetral rneasurg.. I jS hypotheeie, for sny l{€Of; l  there 
1x*$,,

.  a  un i .quely  4etermined prcr j -eet ien 'dO€€o{a) ,  eueh_, that ,

6 M  *  ' o d * '

{see .Fropositian 4) . }Ie infer that we have

e*(rr )*dg(r) ,  pep(A) e s[€ P(J)  "

a'  i  '  g ince the boundnry baryeentr ic  ea leu lue ho ldn for  any C.%(A)  + i
'  

(eee Lemne 6) ,  we have
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and

: ' '  ' r

i )  I f  (M;)n>O lokany incr .eas ing sequenee ln  ?(U) ,  then

" uffi;
R>$"*

e srrn{"*; rr>o }

becauee the mapping 9o{n) > d r-+dz"€ Xtn*) ,  i .n a seqtrentl&11: '  , : : ; ;  . i

mondtone isomorphisn.

i i )  j ea  = )e { j } *  d { j }  Eg

l i i )  d J  E  1 .

" I t  fo l lbUe thet  the napping $:  O(, I )+for f l ,  g iveq,by. i , ( :$*  :
A A* f " (d* i ,  H€ Pt" r  in  ie  g  Fnobabi l i ty  measure on ?(d i ,  eueh lhet

$({ j}}*Or V je,1. Sinee card d=d(A) r y$s ra}r ir"d, ,*t ,  a contradf.c!,ron*

b)' Aeeumerrnow that, moreover, card Ir'Ln Sitogi'i$'o*I, u"w€,,,,i$fiep, tl lat

A*'*=f(t ta) ant l ,  thereforor A ie ecattered. W"l irr fu* th.at 'sny (cy*

cl ie) representat ior l  of A, i .s of type f 1 henbe, A ie of type I,  sg

a Gx-algebra. I t ,  fol lows that,AsX(H*)r since the atanie ropresen-

ta t ion is  i r reduc ib le ,  and,  therefore,  a*YiHa) ,  s inee A is"  s iml : le

The Theorenr is provedG

@i q I  i . f  $e1r  "* e  ) ,

1l: '

: l
: 1
. l

. , : l
: . 1

1
i
I
',i

,it,:

J
I

. . i .1 : t
.1 |

I

,f . 
i 

'

l:
i.jii;', :;i : .^ i.

i

t'r.1

t\.r'.
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