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A $ESr$fitttS,RruATIOSr T",HHCIHAtS 0p $rliRCIlr $ypg

Mihal CIBU an4 ilgrin FSFI;SSU

$L. I$g!rugg.Igr

fhe fmplici t  f f rnet ion Theeren {shoft ly lmi ie &,powcpr

ful method for studying the solvsbil.ity of e.ertain pol:-*noni-{_'ol,:,,
'  equetione" Ir :  general" i t  would be nice"to reduce the solvebi l j -*

ty of eone poi-ynomial equations to the scilvability of another

Iqdronse p-desingr,rlarizstion I w] 
"ays 

in particular. that 8r i"{xtrr&*

nified exteneion of,.diecrete valuation ringe R*+e&rsr,,f&l$&tit6ling

' oepa,:r"eble extensions on fractiein and residue fields, ie a fil.,o,r,;l,

, tered'.:induitive tinit of snooth R-aS.gebras of flni*e type " More
.ifr'recisohrrr 61i,ven an. n*elgebra of finite type B and,an R-mor$hd.em

r'"r o(:B---aRr:r there exist a enooth R-elgetlra of finite type Bu and

,tso',norphisna F :B---nBo, YiBr--*Rc eueh th&t the ful lovring dia*

gren eemmuteg: , .,, .

o *p.* *'
\_/r

. In part icular Ndronss reeult  gi .veo e unethod': to eubeti tute the

solvebi. l" i ty in R' ef certain pulSrnonial equntione over R with

the selvab.il i:ty,,'65 enother ones for which it is poeoible to appg,

t5* 1tr9;:; ',A naturat oxtensi.on of Ndron's result is the following;

' t$1. i1) Theorem t [pl ]  Theorern (2"511. Lot u:A--+Ag be a mor*

phism,"cr ' f . , f lo€therian r ings" Then the fol lowing etatements are

equiva i+nt :



& 7

i )  u  i s  regu la r ,

i i)  .u' is s f: i"Ltered incluctiso l in*.r,

i . , i

.of snooth norph$wme.:,f

f in i te  Lype,

i i i ;  gc  i . s  e  f i l te re< l  i "ndue ' t i ve  l im i t  o f  e tnnd* rd ,s r&CI* th . , , .

A- aJ-gebrsQ *

;.ivl}". ' for every A-aJ-gel",ra B and .6very tl*rncnphism qlB.-+A0

thers,:,exist u stancJard srp.or-it 'h A*erlgebr:n Br and two A*mOrphisrrs

p:naf *  r ' , f , :  Eu*>r l0 eueh that the f  o l l -owj-n6 diagrf ,m eCImmutesi :

( 1 . L " 1 )

.  * fhe abc, ;e  fheoren snswers pooi t ive ly  the euest icn (4-Anl ) .  .
r ' 1from Lpil .

f t  is the purpos€ of this p&per to show thg{, Theorem fb;t .} .  et iL1

hords if in irr) we require for 
rB to be emooth "wirerene.rt pos-

eibl-e - roughJ.y speaking except above the singu).c;r" iri. lnsmoath)
\

loqus af B over A (oee Ti:eope.m., {2.t} , , .be16tv1 .  ; , . r .  1

fh is  resu l t  is  { r  posLt ive answer  to  one cnnjeeture dr le  to  M.Ar t i .n

[a ] .  . f f , *  proof  o f  our  reeu] t .  is  juat  & i . .  appl icat ion ieeF (2.5; r  ] '

o f  fheorem (1.1)  and Proposj : t&orr  (2 .3)be low ( the J .a t ter  be ing

proved  in  $$  7*4 ) .  Sec t ion  )  i s  c l s , se l3 ; , re la ted ,e r i t h  [Or ]  $7 ,

whi le Section 4 is a siurple adaptat ion to our framework *f  f ,eir j

page i6-17.

$2. 0BNER.A^L NXITOII DSSTNCULAnIZATIOI,I

(?:" I )  Let  r*( f ' r* 'n.  r f*)  be & eyst*m. ' .qf  polynomiials in some

v a r i a b l e s  Y = ( Y t r . , . 1 Y 1 3 )  o v e r  a  r * n g  A .  f f i i v e n  a  s y s t e m
- *-*-.{*t

BE (81r. .  .  ,8p) I  r { r t  of  r -polynorni .a.L.s f ron the idesl  ( f  )  , . .w.e,  con-

sider the ideal. AO generated'',' in;:,.rrt.Ylby al"1 rxr-rn*'nors, sf 6Fr.
. - -

The ideal  H1:=\ / ( f  )+ I+( (e) :  ( f  ) t t , i  lhs  sun being taken CIver  a l l "
g o



systsmo g of

(nonsmo$th)

5

r-polynonials fror* $f ), I(r'<n, definee thq srngul&r

i:eus of R, =6 [Yi f l f ]  'u i  'e '  i f  qespee Bnthen Bn ie

smooth i"ff q#'HfB.

, s d o e s n o t d e p e n $ s o f . t , t l c p r e s e n i a t i o n e # h . s s e n . f c r .Then ilFr,Ai =Hi

ffi over A* An elerrient d€B i e & g!9+ii3'rLsJ9gesS -{oT'B srgr A

i f  there exiet $ presentat ion $sAtYJ l{ ty nnd u nysben 4r*l ' ,po}Y' ' '

r ior. , iate g ( l"1ke above) sucir that a./g*t (e):  ( f  )  )B' '  '

Wh.en I im's stunclerrcl elemeut ilor B ovelr A' then wia call B 91t**

&rd._gqlCICI3:h rver A" In fact, H j.e etsnclard sriroot'h' over A i'f i3 't;":

h a e  E  p r e s e g t a t i o n  f f  g { A  t f l / ( e } } 5 ,  Y ' ( Y 3 t s ' i a , Y * } ,  S * ( S l t ' o } t g n } ; 1

f - ( f r r h b e i n g a p o } y n o m i g l f r o n A u . t , I o t e t h a t i f D i s e n A * a i .
'gebra then ,*  *o p/ f  } {gfa"{BsADi by i :a 'so change (see'"&lso [Pej

N o t e  ( 2 . 9 ) ) .

:r1i ': ^ 
(?,U glSg[SS' Let u:A---+Ae be a norphism of noetherian

'ringe. 
fhen the f613.owing: r,rtetemente s1f€',9quiva1ent': '  . '

i )  t r  is  regular

i i ) f c r e v e r y A - n l g e b r a H o f f i n i t , e ' ' t y p e n n c l e v e r x r A - m o r " -

phiorn oq:B---+A', there exiet €i sLandnrd smcroth A"algebrs Bt sild

tvrro. A*morphiens p; B-+Rt , d-tBc---+A 
I such that

i i l )  the  d iagrem' '  (1 "1"1)  co :nuutee '  i *e "  o= fp

ti?) oc(HB/A).ffip.

in faet that for

i f  ( thus i f f)

is sri looth c,YeP A,
%-to

(2 .2 .1)  f fggqu '  The condi t ion i i2)  says

evsry prinne ideal qqfr '  r  *h '*  smooth over B

".!ts we ehall see trelow tlro

(1, l . )  nncl  the fn l lorv ing 
'

pnoof folJ-orvs from Theorem

r ingrB an  A*a lge-(2'^5) pjopclgit iofr" Let A.be a noetheri 'en



\ j  * } , ' :  . , -

4 * t"-
f rom A" ghen tLsr '€ exist

two A-uorphieme p:B*-+it? o

(2"5"i- i  Fgnarlr .  f i re hypcthesis "A noet,herien" from the i

above propoeit ion is superf luous vrhen T is f ini tely generaLed

end B is of fi*ite presentati on over A (like ir,r [Ap j pe&e it

we can reduce to  the noether ian eBse ( lescenr l ing.$ho quest io i r

to a certain finiteW generateci sub*Z-algebra ei'$ ,4i,, ' '.Eh11n on ncrr-

mnl i i lomains o i r r  Proposi t ion ( .? .5)  eo ine ides wi th  Theorem ( .2 , .51

bra of f .nits typer ocl$---+A etrr::S*morphinn nnd Tcar(Hnlg}_,",an $"det."

i.) r"lffi%"F,
i i )  the fol lowing dtagrem *omnrutes

6 -S-a 6'

ue

a standnid 
'enooth 

A-algebra Be i :and

f I ff1-*aI such that

: ,

the

e:iiolt

: C:---)C e 
,

fron [AnJ.

(2 "4) gglgl}3ry*fhecren (2.2) holds when AqA0 and us16.

$'or the proof take l :*oc(i i  y 'A).

( 2 , 5 )  P r o t , f  o f Ihegre-q (2 -Z) " By nheorerr (1"1i i t ,  . i ,s enoLr-Bh

t .o  ohsw i )  =)  j - i ) "  Senei te  C:*Bq; t r  Ar  anC 1et  o* ! :C-+As be

A'-nurphism incluced by (OCrlA.l) , ;Sy Corol lery (2,41 +,her€

a standerd euo*t,h Ao-elgebra Ct end two A0*storpl i iems p'

f  tC'*-?At sueh that

L) ri '  (HC/A o )c )d 
(HC , 76u I

2) a' " r**l i '
$ u p p o s e  t h a t  c ' g C i f l / ( f ) r  y e ( Y l r . . . r Y N ) ,  w h e r e  f  i s  a  s $ s l *

tbm ofr,?o'lyuomials fram C tYl " Using Theorem (1.1) we caR expres{l

At  ss" ,e i - ' f i l tered inr luet ive l imi t  o f  s tandard s&ooth A-a lgebr&s*

then we, cun choose a standard smooth A-algebra D vri th i ts l i . rni t-

msF ?t l ]---+Ar sueh that the coeff ic ients af f  come fr 'om BEAD



* ?
At /v

bycr:*p @o?* Teke Bs:s{nqn tV,1/  { f  } ,  w}tere f  i .e the imagg
"  A t  .  A

e f f
- , ,  , t

by tL: 
"*%& SBU | 

.1rL:Br-+ S0 o tet ,{€Bt be en element. fhsn'rq(d }

is a standard smoottr elenrent, flm 0s ornerr C j"f there exi,ste e s.Fs"

tem of polynoniaLs g frorn (f ) sueh that TL({ii€ A&Xf ) }""s;'o Sh.}$*

slng D euch thst the eseffieients of gl be3,*ng toc:(b],SAS) we

cery s'i lptr)sse'!:hnt d is nJ-eo & :randsrd eLement for Be over 13ffi*3"

A r*inilar rerrark ean be maclE ifvt (d) is n standard eloment fr=.
\

Ce o"ver S t * Shu$ we c&n errenge b sueh that,

it Bt i* a sfsndard smsst'.h D*aldlebrar :

u, 
f(Hseun/n). %',/B%p r

where y denatea the etrtrctural" algebra $&p I}@OD--+Bi "

In the following cotrunuta';lve diagran s3.1 the sqtreree ere

cocartesien

" B t '  ' - T '  t c ' l 1

&)
:-,-*.

t

0( d.

)

f

rut f ,*i-*c1 end Let p be ti ia composed map F-+3 &usf*>B'.

Cleerly we have

f,P -l*f/869)sw 
irGeslo 

Q

snd ee J. i3,)",St ee S is standar'd smooth over A we get ' :S'  st&n-

dsrd 'saosth ov.er A too (eee 5l ) " As 889 ie smooth and

Heeou , rus (889  ) (HB/A)  we  8e t  a rgo  i i a )  ( see  (2 .1 ) ) .8

' ':r" i-.rEls Proposition (2'"9). 'follows from the followtng two

Ler4msS ^

zf. \

t \
t \

+ C  I
t r  I
\! /
;A {

B@. D
Bme->-



"  proposi . t ion t2 ,9)  ho lds i f  fgcSB/A"  i

i ? "? )  * f4 -Q .  Le t  A  b*  a  t i ng r  B  en

pr:ese.ntst io* r '  x€B nn el"ernent and q :  F - +A

that ,  c [ (x ]e  \&(H* r^  ]4 .  ' r i isn there ex is t  an
p f  t \

pr-eeentet ion end two A*morphismsl t :B-+S,

1)"U*le trcl*

2 ht(ii*/A) c %fn
1| the folLowing diegreur eonmrtes

( 2 . 7  . L '

E  " l  ) C

\"/t

'  Indeecl, applying .Lernas (2 *7) for: x*dl*rd being a ce,nt,ain

eJ.ement fron Irwe cen reduce .our question (clranging B by C) to

tlre case when *€ HB,,A" $ince I is fi.nitely generatetl we anrtrre af-

terseveralagrpl-ications of te.$n&' ie *?).,to th* e&ae when rBS HB./A u .
\

I{ow it i.e enough to use Lemma (2 "6, "

The proof of l ,emms (.?"6) ie Siven in $$)*4" Lremms

part icular form. of,  l remnrn (?"4) from [pZl" For the

:

(a''6) Lemms

6

A*al-gebrs of f j.nis*

&r1 A-rrrorphisirln $uprlsse

&*nlgebrer S ef f inite

f  lC-rA eueh that

( 2 " 7  )  i e  s

proof  i t  i *

enough to chor lse n systenr CIr"  generaters b*(b1r". .  ebtr) '  fnr  HB,ZA. n

& posi t ive integer n and some e:ernent{ ' r  v=(n: i - )  f rc,m A sueh thst ,

t
e ("T"Ecr(bi ) z;.

1 s l

then Si: aB tTll (*o*

nap n: B---aC &re the

t
f  b iZ;  ) ,  q :S--+A s 7rp-+% and. the canonical
i * I  '

wanted ones o

$ 5 "

.  - 4 -  
a l r

AN EI,E}.{A}M,/\RY }ESII'IGTI.I",ARI ZArION

The aim of

e i t ion  ( i te  p roo f

this sect lcn i ,e, to,

follows faithfully

prove the follovring Prof)o-

the Dosingul"ar izst ion Pr in



n " r

ciple from [rr] t *

(1 -3 ) 91,:lg*i.3igg" l,at

type .A*n1,ge[:r"n I d an e]ement

j!::::,:1,

A be- a noetherian r ingu F & ffntt ,*

nf ll and ocrB*+A sn A*nnorPhiem.

$uppcle* that B6 i .e R smouth A*er}{gebrs ( i .e, d$c!{*yU}. t fhen th*r 'e

exist & stnnclard enooth A-etr"gebre Br avrd two s-pcrphitnnn

p:B-+bu '  f r ,Bo*>A *uc l :  thnt '

i )  p ( d ) € H B ' , o s

i i )  * 0  * f t'  u l

Prosf, '$ ' i - l .st  note thst we can reduCe ttre queotin:r t t l  the

eeso when fi ie & stemdand elenont for S over A using the folLo-

wing tsmffie (in fact a prrrt,iculst- c&sa of Lenama (5"4) from [e* ]

innpir"ated by [tl,] ) "

(3 "?) &e_g8q" Le'L A be e noetherian ring, B sn A*41'ge brc

of finite type nnd w:B--+A &81 ;\*slsrphism. Then thsre exiet &

finlte typs A*algetrra C an$ two A*$;,orphient l,B-lC: I tC--+A

such thst:

elesent s of \{}I*7* } ere stenclard t

B b v

o f B OV€tr  A.

, fhtre thero exists & Drseentet ion B* elylea[Y]/pr

go(yl '  ear ryx,) r-y=(tslr  " . ;ogg)€F*r_*: l lsomorphiem 
beins given

by Y""-+y and Eonts poiynoniale gr(f 1r o o . lfs) from p such thst

d%(+( ( f  ) :F ) )  1yy  
fo r  a  ce r ia i . n  poo i t i ve  i n teger  n "  ReB lac ing

d W dE we reduce the queetion to the e68e

a] "L(IIB/el.Ha/x
3't  the diagram i2"?"1) eonsutes'

Indeed appL5in8 Lemma (5 "2) s''e get

C end fr b}t t wa can suppose ttret d

r:f C over A for e"hich n1}

f;uttrf and ehanging

ls s otandard element

i

i



. .Shoono $ polynomi"sl  Fe n[yJ'  $orue
hr.

of the jacebian metr ' ix aT:*{}+} &nrl  .sonie

I,i€A iT"l eue ir tirat

( 3 "1 " "3 i
+
v

d*F (3ri *il. (l1mr) {:r } .
i * 1

I{ext,  by tho noetheninnityr wo cnn f ind

e7? with the proper:tY

d€(+( (r) rpl}(ylc e*{vif} ( {r} r p}fv} .

- € r  - e + ?
Arut*d" a f;n:t*d" "-

&

( 3 . . 1 . ?  I

i' r i
'r'l

ir

$ince

tJ:ere exist

( 5  " T " 5  j

fherefone,

( 5 " 1 " 4 )

Adding

u mitt**atrix

f y ' I "

Nxlf*natri.x In

It"Mi.Jllsg there

by

oP{y*  }

*3r
I (ril"l1l
] .GT

n =(D r,;  br; )  (y ')
&.  - .

l" rsJ

Thue we can fincl twe eiomentr:

g o *

ec{ s

some rows of the unit

H1 over A [Y] with det

sod uze+l

9 a
s r s o e  1 + c 1 ' * A  s u e h

/  
" )rxr*minore {},{1 j 1..* i*t

nonuero poS.ync; l ials

natl"?ral nr:luher

that

to .,Jtsttu#Je obtai

ex1tsu,.gkner'rmtri"

cr inducee en ie*morphism n/ *4{e?e+}*} ?'Alsee+lu

y'€A$f r ts*e ds&I$ eueh thst

f f (Y)*Y '  +  c le+ lY* '

feyl*reel forrnula, we get"

d =  p { y ' }
' &

L

f'. '4)' iliFr."l



t t  ^
ces G{q/L(N'.&lrl ) for which

t3"1.5)  HiGi*Gi rk*( I - i l fg l tg  ,  { . *L1" ' "  e t ,

Let z*(zlu zjl)
4 t  e  c  o  t  4

/  r r  r \
] - ( 1 ) [  r  ,  i'  Joj f  L_<i<t

r<J<N

7,,  * (n lo .  "  "  nZ*)  
be some ver i  ables I  e leo we put  t j t  '  ,  =Zj l )  when

j * l r t , i i1F. Wa def ine the fol lowing p.gl$JlomigLs from A[f  rZr l r f  u

j * l " r n . o 1 N

. +

( 5 . 1 . 9 } h j ' d j * u , 3 . d 1 u 5 + o * s G 1 ( 9 ' } z j i } " - , .

BV (?.1.?;  o(  extends tr :  :e.  morphiem of A-al8ebnas

H1G{=C{HIsF$l f ig ,  i= le " .  *  1t

and so S:;wL* G^! f i l 'e such that- r  - r - ] "

Moreover i  by (3 .1.4)  we get

$., t-
(3. r.6; ^D tntcu ) {v' } *.8 {cini } (v' } *eclr}r

i= I  '  r  r '  
i ; l

/ i I  - e  m1r1 . "  i ; ' geno t ing  z t r / :=H i {yn  } y ' kd "A tno  i t  resuL te  f ro la  { } .1 "6 )

and (7 .1  ,5 ' i

* g  r d l
( ) .1 .7 )  ec r (y ) *syv+d* .L -c i ( y .n  ) f i \ * /

l -3J_

Reeauss.'the firet r row$ of the mst.rix Hi ere' the rows o$.

J r for every i=lr o . " 't ls€ heve

( 5 . 1 , 8 )  4 t ' " 4 1 )  ,  k s l r r r o e r c



q 1 0 *

€ 
tAlyof  in ' ' ]  i {p lnhy--+Ar 5:r(hgr.  .  ; 'ehg} given by y^^ ' - rot(y}  t

(r*"-+y, Z s-^-+{)"

Let m*oi*x{dsg pr .In$x deg 1';} - Therr s*f * reEF *a:t be* - - L - " - ' ) ' '  
i * 1 . " , : . . *  

c l J  d

expres*;ecl  qn polynu&lala f ;n in eX" tekin6: imt '*  aeeo$nt,  { }"3"4-}

we get by Tgltiores forntuirl

(5 ' .1 .10)  u%"$(eYls$eqvo l *s%(vu )sp(yo  )  msd(der t r )

u*f* i (*T)=f  tsyo i**"  33*{sy,  } [etz,  +

t  , '  \ -  4 - -

* f  G i ( v ' r t ( i ) ] +  e ? u q e  m o c l  h
i=1

for. some polynonielu Q-"'('8j)' '*jg* frorn &[fr*21 eontatning oirl"F

monomials of degree Ert leelot"t t fo" '  '  i .. ; .

'  n 4
,g ince -S#*"(syu )*ss* lJ(y ' ) r the J .ast  reLat io ; r  cen be r€*

d ( s r j

rro-ritten

(5 *r.11) enf= smf (y '  1+sm-ld. i  ("rcr) (v '  )  z { i  }*, t** lQ :not l  h
1 s L

where q3 *om-loT tV' ;nr+de-tqn *

Slron (9"1"5) lva get" J$;*Li ls i i$, rvhere 93xi[* l  elr  e* from

.', anoqre .. i.t follows:

f in$) * (zji '  , j*4*** (rjt" j*oo. , *r*sz'(l) 
u .i=1o ' ot

Aeeordingl;r  to (3"1"$) i t  results .r ' ; : . : '

t  / j \  t  / r i l

i ( .rcr) (y' )? (i)* 
.f l  r l ioul) (v* ) )Eu(i )*

u-.  3 
is1

i * l  
4 * E

t

:s I t*r M; ) (y' ) nA 
(1 ) *sdEU ( 1)

4

l , = [



- 1 1  -

and so (1' .L"L1) beconee
t '

\

(5.],.12) snt"zeRf (y')*unue+lt{r1*at*1Q nod h 
'  

'  ' ; '

lnaPPlng (7 .L.12 ) bY Y w€ get

m .2e+1e*f  (Y'  )s0 ncd c--  '  -

!

( '  
"  i ] , i . , i r  

and so-we get  fOr , ruut"* IA,  l -e t  ue EqF f  (yo)=dze+l"  for  a  usr-

ta in  c€A" Donote g;=o-T-c

Br  (5 .1"12)  we 8et

(5.1.15) de*lg=eDf '" '  mod hn

- 1 1
' r ' '  '  , \ '  

t  F ue' the eomPos'Fc&' ;"  ' 'j  i  Take "g:i *g[y ,zrzr] /  tprhrgi , 
arrcl 1. - t ,

t\

map B+BlzrZ'Tl  (hog)$B' .  By : : (x* .1 ' .15) we get  ,  ; ,

and so f  (e+ (puh) ) e Annude+}n " '
' 

On the other hanci lt followe

std€c=g(oro)=g(z ro)* f (s+(prh)  )  mod zA

and t$rs  ?(e+(prh))€deA" EF (3. ] .2)  WQ,r :  sduee that  AeUf l  AnnUde**

- ( O ) ,  a n d  s o  :

T  ( e + ( P e h ) ) * o

fherefore ? inducee- &r l-porptll,smf t'e'-*a.



i L2.

,{:r Rh Furr*-r - , *F;n-ft,r{ore thar we have t$$l "o;'{*$l =uru, <ffi.nt r{i , i<'r=is;
6

nad d*-lA,lnrz'7 . Consequently A(*rn, contai^rs a'power of sr

thue

- / a A n
A,- .  - . i i ' i l  ( ;+dB')* f r .-  ( 'g rr l ) -

' "  
By"  ( i .L .L3)  i t  fo l lows u% ( t {de+igrh)* ( f } } '  an eo w€, . !ave

s 'np€(  (a * * Ig ,h ) * ( f  )  X ( f  )  rp )c (  (a * * lg rh ) :p )

f , " f ,on (7 .1,10)  and 15.L.4)  we Bet

"b="ed=d 
mod (de rh)  .  ,  -  ' , '  '

Chooee'a polynomial  FeA[Y tnr 'L l 'J  such that '  ' '  '

"%=e 
1t+ae-lr) rnod h

In the aLgebra f i ' :*g*LY;zrzul l(hI the tast relat ' ion becomes

I

i
i
i

1
i

l( ,  , t " I 4  )

l

. r l [  d

.  i : i :

:.': .-,,, .l

( t , l - .15)  (1+a*-1F)p 6 c(ces)E;+ Anngd

0n the other hsnd, l ike in (5'L'L0) i t  holds

psp (y'  )  mod (de ,hlAs[Y ," i  tn '7

and froi$* '()  .L.5) i t  fol lowe P(y' ' )cael '  Consequently wo get

t . l

J r r " t

-  {  F \  :  !  3 ^ ' l  1  ^ r r r a



* 1 $ _

. i : l

a 1 '\' 4l t\l ,\, ^ arV

(5.1 
'16')  ' ,  1I+d*- 'F)pt]  c (d"g)B+AnnBdB f l  d=g

BUt B

obtein from

and  thus  (3 ,1 .16 )

is a f lat A-algebra,

( ) . 1 . . ? ;

,  being srnooth over A, so we

$'iu & snboth A*nlgetrra

ut( lod*-1r ')  p.{c*g rh},  ,

hnng e uS" ftnn*du ) il* ta*ne **1 i H*anngae+16'

neans in ' f  act

(r+a'B-\'16 . (due)fi1

;r::r1pk€ ti positive

' , 'gtnee sel+d2%we

/\
(  (e ,h ) *p l s 'f l  q l+d6, ' t i i6"

F r o n  ( ) " t . L 4 ) ' i t  f e 8 u l t : 8 ' ' r ' , , "

in teger .n  euch thet

have obtained

/t ,\
+ c lBr  " i  B{. ( 5  

" 1 . 1 ?  ) w€,/a

t-6t; tirst C#l*-d€+lTy and ,sr) dBfz izrJc By

( 1 . 1 " 1 1 )  w e  g e t

d**lg=o nod h A [Y, zrzoJ/ 
f t l  

hence

de*18 i%rT,l c (hB tf luf l 'J r (e) )

Thus dB t c HfrTu and therp$g-re---*. 1

afilxuruf' n Hg,7s sw6, / a

From (9.1"17) we conclnrle -that



end epp$'gingi Lenmrr ,(3.2) we find-'e'standerd nrnooth A-a&8ebra E'

and two A-morphjr" $rEIe 6,0*--*g' r f,: B L -,A such that ? = if 
'6 and

a

0 is r,nooth
A  , l . , q

tet p be the composed nap n f-2i:"

are ' i ,h€ wsnted one8.

$4. Elp9]|-g{-teggg J"'igt

L e t d 1 r . u , . 3 d 1 b e a r a i n i m a ] . o y s t e r n o f g e n e r a t p r s o f t r a n c 1

f f i :od: Igr  L-< i<t ,  . l fe  use inc iuct ion on t .  I f  t= l  the resul t  i -s  a

eonseque:lce of proposit , j -on (5.t ;  .  ,  
'  , ' '

I {ow suppose the 1,en lne ho lc ls  for  Ie ' ; ; - ( t t3r . " . rd t - l )  by in-

duetisn hyp4,+.hesis" Then they'e exist a etanclarci  $mooth A-algebra

/\, . t1) at' f i and two A-norphi,one z1 :B-->8, (:Ii-+A such that
L

1)  l l# , - f  ? ( r 'B)  ;  
1

.  El tr  L

2) the roffiowi; ailran commutee

B -  
' r  -  ) B

\ i\ 
"\. /g

,  
*oo

/\t /\,

Denote,:C:,*B (&^B anrl  let W.6t-sfr be th.e tT-morphism inr iueed by
& - t

. -_---*:

(1r t ) .  gote that  r tc t f r  )  t r r roc ( . :ee (2.1)) .  apply ing Proposi t i ' t rn

(1 .3)  for  Cr?n l8A' t  there ex is t  & s tenqlard_smor: , th  H*a ' teenre C'

and two A*Inorphisnis &:e.*aCn o VIC'*-# :suetr that

5 ' t  f iCu /C)  S(18 dX)  , ,

4) the fo l towing di&grem commutes

S  I  * e '
\ /,f\ */v

B



i . * l F F

Take'Be {xcr  r  f : *3V and }et ,  p , ,6e the conposed nep
u -  j '  t

where the f . i rs t  map 6 i *  g iven by t l * -b i6b.  S ince
t1t At

smooth over B ancl [i is standnrcl enoot]t over A rse

smootn over  A toon

F,Y 2) o 4) i.t foJ.lorvs

5) fp*sY&E"S?6 *9 i *a

and eo i i ) ,  For i)  i t ,  ie enotrgh to el low that tsf, .  is, ,5l ,  srnooth

1i ;a lgebr .a  for  i * l ro . "e t .  I f  - i * t  t t ren C$*. . is  u*u i t f ,  cver , ,C.  fy
' 

't 
r\r

5).and so 8,1 is st l tooth over .40 6 t t* i tg emoo{h becauee 1B ovsl !
t tL 

l r

ie soc Tf  i<t ,  Lhen ddr.  otur B !s $mosth by L).  Since we l lave

ct,

*ur'
enooth by the f ollowing Lernsle a1:$Li,ti.d,.f'of

A-nol"trhiems between

V iu .  sur ject t$e, , , ,

i s  emooth  tso ,  l

enoggh to ehow t,hnt thF map B-*r --+B& intlu-
P*'q 

'{

for  s l l "  q€$pec B t  "  
phus we can reduee to t i ie

" t: 
'(: .'

Fraof .  i t  is

ce$' 'by f  
iu sa^ooth

c&se when Aonr$ l f r  &re s1 l  lo t :41 r i -ngn ant l  A-+B rV r f  '&se loca l

rnorphi.sms. $ince P is eesentj .* i} tr  .r f  f ini te type.i t ,  is enoqglr

to show that v is f:r-rr:ma1J.y emooth, which foilorvs fron the belovr

LcBma.

( 4 , 2 )  f e m n a .  L e t  A  
o  

l B ,  T  , C .  
w  

> D  b e  t h r e e  l  c a L  m o r -

ph innn. ,be tween noether ian  loeaL r ings .  $upposo tha t  u rvu l  w \xue

wv are, fornal ly emcloth and rv is eur ject ive" Then v ie formal ly

s u o o t h  t o o n

6) 1*cg6" Yi3
we 6et **r*|3

*uf**&r --*

(4.1) Lgmpq: 1,et B'Pt'n'J-+fi le two

emooth f ini tei  type A-al8ebr&8o suppootr t 'hat

,'* . and the conrposed Disp Y13 is s:,rosth" then i3
I

f . &
g **ff,'*5+S s I:
gc  i s i  s tandar i

8et  " i iu  s t i l : : t l * i r i

; ' r ;Fpoof.  Let  k t le the residue f ie lc l  c l f  A" Using EGA (19"7"1



1"6 *

we lnliefui|prove tlu{t v is

If il ' i isi'flat t,hen by [tt]

reduce to the c€rse Arsk.
' 'T  

t  &rg bs the meximsr l  ideal "s  o f  BrS respect iv* [$$, ,

K:"C/$,c i-rr.C &n ideal suctr that' S*{i/g nnel x q x'e5ry;,14r cyst,e.n af

paremeters fron B* $irree wv ie fonmai;y smoo+',h, the system

(wv)(x} induces in n/$e+* lso' tn, g/*?) & l inearL;r K: i .rXf,gpendtnt

systenUi fhen rr(x) ia a nart, of n reggrlnr sy,ttein of;,.per&neter*

f rom C,  hence v  i .s  fLnt  by [11t - ] {56,e}  er - r t }  d :*C/V(x)C { .s , regul i i i "n

It is en*ugh t* eppLy now the fo11:lwi$8 ,el-ementary Lerme.

f}*bl|,gfid. V; odk a$Av Is fornsLlv sntooth.

(?o.C) we get v fLat  too" Thus we c{r l l

&ggs?g* Let (t lrp') ' 'be 8] reguJ"ar' local- el€ebra ov&r

g.C sn ldeal  s$gl l ' that  Ete0/g is forual ly smooth

is  fo rura l l y  smooth  over  K  tooo :  i

'  ( 4 " 2 " 1 )

a fielcl K and

over  K" : 'Then C

Proof"  Since the fcLlowing seeu"enee

0 -'( eonz ) 1gt-* ltyz *+ll ( a+g2 ) -> o

ie exactr t re e&n f incl  in g a syetem of elements y=(S'1 ' ruu' .  oyt)  o

t .sdim {  d im D s ht  a whrc}r  is  r }  pewt of  a reguLar systeq of

paramctera f rom C" Thue 3l f l *pn a being neeessar i ly  pr ime. Let.F ' -e

. ,o. , . . .  'b,e 
s f in i te f ie l"d p-extensioru of  K. .  fhen Dn:sK.o&Xi l  ie et , i l " ]  &

reguler local r ing"Let % be e syetem cf elemrents frq:s

0€:sKt6KC indueing &,regulnr eystei i l  of  psrarneter"s in Df .  then

the system yua has t"+dim Dt s,-eLemente encl

ldeal from C r.  Thus i t  is a regul.ar systern

because d in  Crsd im C :d  t+d i ru  D *  t+d i rs  Dt"

geometr ieal ly re63rlar over K.

generate : tlre rsa;.gimal

of pnraneteps, in C'P;,111

In part icular C ie
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