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A DESINGULARIZATION THEOREM OF NéRON 1T¥PE -

Mihai CIPU and Porin POPESCU

£1. INTRODUCTION

The Implicit Function Theorem (shortly ITFT) is a power-
Tl m&thod for studying the solvability of certain polynomial
equations. In general it would be nice to reduce the solvabilii-
ty of some polynomial éqﬁaticng to the solvability of another
ones for which it is possible to apply the IPT. For example
Néron‘s p-desingularization[:wj says in particuiar that an unra-
nified extenaion of: discrete valuation rings R~«%ﬁ%¢ﬁﬁﬁuéing
sepaﬁable extensions on fraction and residue fields, is & fils.
~tered inductive limit of swooth R-algebras of finite type; More
sprecisely, given an R-algebra of finite type B and 'an R-morphism
o:B-—»R*, there exist a smooth R-algebra of finite type B* and
,twﬁ*MDthism813:B—naB',‘{:B“—-@R° such that the following dia-

grem commutes:
- s oy
N

In particuler Néron'’s result gives a method“to substitute the
so0lvability in R"af certain pclynomial equations over R with
the sclﬁabili&ywof another ones for which it is possible to apply

the IFT.:A naturel extension of Néron's result is the following:

(1.1) Theorem (fpi]Theorem (2¢5))s Let utA—>4A°' be a mor-
phismvef noetherian rings. Then the following statements are v

equivalcnt.



i) u is regulsar,
il) 'w is a filtered induc&ife limiy of smooth morphiems.of
finite type. : _ .
iii} A* is a filtered indgctive limit of stendard-smooth. ..
A-algebras,
iwmpfor svery A-algebra B and every AwmﬂﬁphiﬁmcxgﬁamgA{
there exist e standard smooth p-algebra B? and two A-morphismss *
ﬁ’B‘f*Bgv_X*‘BQ“"éAﬁ such t?at the following disgrem commutes:
B——@L¢E’

€1..1.3) &A/XN

: «Fhe above Theorem answers positiveiy the Question (4.2.1)
»fram [}91] o '

Tt ié"ihé purpose of this paper to show that Theorem (i) still
holds if.in iv) we réQuire‘for"ﬁ to be smooth'"wherevar” po8-

- g@ible - roughly speaking except above the singular (nonsmooth). -

\
1

locus of B over 4 (see Theorem (2.2) below).
'Thié result is a‘positive answer to one cbnjeéture'dda to M.Artin
-EA]“Th@ proof of our result is just &i: application (see (2.33)
of Theorem (l.1) end proposition (2.3)below (the latter being
prévéﬁ in 8§ %5-4). section 3 is.clqsely related-with [P?] S0
while Section 4 is a'simple'adéptation téwour’framework of [AD]

page 16-17.

§2. GENERAL NERON DESINGULARIZATION

(gel) let fﬁ(flﬂgﬂﬁgfm) be a Bystﬁmcgf palynomials in some

variables Yﬂ(Yl,...,Y ) over a rimg'A. Given a systemnm

gm(gi,..,,gr), rdn of r-polynomials from the ideal (f), We. COne

sider the 16@&1&5 generated~imzaA[Y]by all rxr-mimors.of .- (if
&l

The ideal He: */Qf)+2¥§((g) (f)¥v; the sum being taken over all

& e



“3“
gystams g of r-polynomials freom (f), l<r<n, defines the singular
(nonsmooth) lscus of B:=A[Y]/(f); i.e. if geSpec B,then B, is
smooth 1ff gpHeB. ‘ ' s
Then HB ﬁ:mHﬂB does not depends of the presemtations shosen: for

Vi
¥

B over A. An element d€B i8 & gﬁend&rd element for B over A

if there exist a presentation BeAlY] /(fY and a system of poly-

nomials g (like above) such that deV@k((g):(f))B.

‘whern 1 im e standard element ror B over A then we call B sten-
dard smooth over A. In fact B is stendard smooth over A if B |
has a presentation B B(A[Y1/ (&) )y Y=(¥qseees¥y)s g=(8ys0018r)y
r&n, h being a polynomial fromzﬁg. Note that if D is en A-al-

‘gebra thén nggﬁ D/§>HB/AG(B@QD) by base change (8@a~ﬁls°'Eng
Note (2.%3)). ' ‘

(2.2) Theolem. 1et utA—>A* be a morphism nf noetherian
rings. Then the following statements are aquivalent: .
i) u is regular
ii) for every A-algebra ﬁ‘df finite type &nd every A-mor:
phism w:B—>A" there exist a standard smooth A-slgebrs B' and

two' A-~morphisms p;Bn-aﬂ’,,qu°m—@A' such that

ii;) the diaprem (1.1.1) commutes, iee.cxzzfp

iy O (Hy ) VitHp s ppd =

(2.2.1) Remerk. The condition ii,) says in fact that for
every orime ideal qcA®y BY i smodtb over B if (thus 1 £8)

By is smooth over A.
e q

‘Na we shall see below the proof féllowa from Theorem

(1.1) and the following

(2.%) proposition. Let A be a noetherian ring,B an A-alge=




" At-morphism induced by (&1

A s e e e T T - e B e ————

e 4:&

bra of finite type, 0;B—4 an f-morphism and Icmfﬁggﬁ)pan ides.

from A. Then there exist a standard emooth A~a1gebfa B* iand

two  A-morphisms ﬁ:B«m&E*,XL: B34 Buch that
v \\}, ?
i) IC Y(»{BG/B) 9

ii) the following diagram commutes

(2.%.1) Remark. The hypothesis "A noetherian" from the
eabove proposition is sﬂperfluaus when T is finitély generated
and B is of finite presentation over A (like in. [AD] vege i?
we can reduce to the noetheriamAcase descending the ouestion
to a certain finitely generated sub.Z-algebra of &%»@muﬁ-on nore-
malidomains ovr Proposition (2.%) coincides with Theorem (2.%).

from [ Ai?] :

(2.4) Corollary, Theorsm (2.2) holds when A=A® and uzlA.

" : : ke Y=¢ ':‘q_; "
Por the proof take ¥ axuﬁ/ﬁ)

(2.5) Proouf of Theorem (2»2). By Theorem (l.l)hit,;a enough

Lo show i) =X 51)@ Denote C‘::»:BQ% A' apd let @('Z'G—-—-%»A’ b5 the
4+ )+By Corollary (2.4) there exiet

a standsrd smooth Af-algebra C° and two A°~morphisms ﬁ':G"“%C’,

%U:C°~W9A' such that

1) & (g de (g )
) o=
" suppose that C'e2c[Yl/ (), Yale,..,yYN), where £ is a sys~
tem of ‘polynomials from C[(¥]. Using Theorem (1.1) we can expiress
At sg's filtered inductive limit of standard smooth A-algebras.,
Then we' 2an choose a standard smooth A-algebra D with its limit

mapeysy-méA° such that the coefficients of f come from B®,D



- =
yos=B ®,¢. Take B*:=(38,D[1]/ (¥}, where T is the image of £
&ywl.wufggl} .~ﬁ;EV-;%C'° et dg¢B°® be an element. Th@ﬂ&i(d)
is a standard smooth element for G° over C if there exi&te a8 8ys
tem of polynomials g frem (f) such thai WUﬁ}éﬁzﬁg}tf))@k'a Choow
sing D guch that the coefficients of g beleng tcca(uégﬁn) We
can suppose that d is also a standard element for B’ over 8Q%J»
A similer remark can be maaa ifvl(d) is a standard element for
¢C* over A*. Thus we can avramgé D  such that .

%) B* is & staendard smcoth D-algebra,

4 fiUipg,p/p’ < ¥Be/mgyD
where4/p denotes the structural algebra map d@iﬁ~m@8°
In the following commutatlive &t -agram 821 the squares are

cocartesian

Putwfgzjiwl and 1etfb be the composed map E4f»3»§$ﬁ 5B,

Clearly we have
},"{5 xg“hl/x(B@g’-)’#oc'm(B@g)zq

and so iiy). Since D is stendard smooth over A we got B' stan~-
’<dard_émacth'over A too (see 3)). As B®¢ }s smooth énﬁ

H 2(B®¢ )(H,,,) we get also ii,) (see (2.1)) .0

BQ%D/D B/A ;
“iphe Proposition (2.3) follows from the following two

Lemmss -



e
(2.6) Lemma. Proposition (2.%) holds if IBC:HB/AQ

-

{2.T) icmma. Let A bes a ring, B an A-algebra of tinite
presentation, xeB an element and« :3--4 an A-morphism. bd%au*@
that o (x)e éﬁﬂg/ﬁﬁﬁg Then there exist an A-algebra ¢ of finite

2 )

presentation &and two Ammcrphigmsﬁlgﬁ«~@§, §28-@ﬁ such that

DMN(XEHp ) :

2y y) € He p
%) the following disgream commutes

B —1— C
(2.7.1) b g>
- BN
A
Indeed, applying lemma (2.7) for 2&&1376 being & certain
element from I,we can reduce our queétionh(changing B by‘b) to

the case when x€ H Since I is fznxtely genera*e& we arrive af-

B/A®

t@rsaﬂmalapplications of Lemma (2.7) to the case when IB<Hy,
) 2 R S :

Now it is enough to use Lemma (2.6). .

At

-

The proof of lLenmma (206) is given in §§%-4. lLemma (2.7) is a

“particular form of Lenmn (2.4) from [P~] For the pr@of it is

.enough to choose & systell of generaters b= (b ﬁ,...,bt; for H B/A-’

a positive integer n and some -elements zz(ni) from A such that

%
o (x5=20(by )z
i=]

Then  ‘»*8[2]/(x o E: b7 )ﬂg C—34, Zvr>2 and the canonical

mapvl.a—_ac are the waﬂted ones.

——— -

§%. AN ELEMENTARY DESINCULARIZATION

The aim of this section i® to prove the following Propo-

sition (its proof follows faithfully the Desingulerization Prin
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elements ofvl(

ciple from [Ré})

(3.1) ygéﬂaaiticna et A be a noetherian ring, B a finite
type A-algebra; @ an element of A &ndoer: B-M¢A an A-morphism.
Suppose that By 18 & omoutn A-alpgebra (i.e. 5BQHBf£)Q Then t?wv
exist a standerd smooth A-algebra B¢ and iwo A=-morphi sms
,‘B-¥“* g18°~mwﬁ such that ‘

1) Bl@ERy, n

ii) ‘5(5%@5 :

Proof. Firsi note that we can reduce the question to the
case when ¢ is & standard element for B over A using the follo-
wing L@mma (in fact a particuler case of Lemma (3.4) from [Pzi]

inspirated by [EY ).

: (3.2) Lemnma. Let A be arnaetherian ring, B an A-algcbra
of finite type and m:B—~¢A‘an A-morphism, Theh there exist &
finite type 4-algebra é &nﬁ tLwo AumarphismS‘m:B——aG, g’:@—w%g
such thét: ' :

1) there exists a prea@ntati@n of ¢ over A for which all

B/ﬁ‘ are stendard,

2N (g ) S Heyp
3) the diagram (2.7, 1) commutes.

Indeed applying Lemma (3.2) we get C7,§ aﬁd chenging
E by ¢ and X by gﬁ wé-can 8uppaéa thet a ia a standard elsment
of B over A '
“7hus there exists a presentation B= Aryﬂ@ﬁffj/p

Yw(Yl,osﬁ,Y Y= {Vlﬁga.,vh,ﬁﬁk. the lisomorphism b@lng given

A= A, -t
— ]

by ¥~y end some polynomials fW(flgo,.,fr) from p such that
d é€ﬁ¥((f):p))(y) for a certain positive integer n. Replacing

d by a we reduce the gquestion to the etase



A€ D (£ e pNWIE L) ()2

Choose 8 palynomial Pe ALY], some rxrwmznors {y Teict
: = A P
of the jaccbian matrix a-m&w») and .some nonzero polynomials

LfEACZj such that

)9
(5e1e1) . a=p(y)=], (LM )ﬁ’}
izl s
; / Next, by the noetherianity, we @&n find a natural nuwmber .
| ey2 with the property
: 5 : : : ’ % vﬂ'.ﬁ.’é‘
§ (F:1.2) Annﬁﬂ@ = gnﬁﬁﬁeé“

Since o induces an 18@KOTﬁﬂ¢bm.b/ c)s;:(cz‘f@"“'ﬁi '”’%f~2“+1A

there exist y'CAN yoec a®s” suen that

(Biagy O(y)=ye + a®*tiyw

therefore, by Taylorts formula, we get

d= p(y*)

':Q ; moﬁ é‘?e-@'l
a 5—:(?_4114:; f‘ui) (ve} ;

i= .

Thus we can find two elements 8,8°€C 1+d23g such that

Gty el )

ad %7}_) (LiM;) (7° ).
o

hpdding some rows of the unit NxN-matrix IQ to J,uwe obtail

8 NxN-matrix H; over AY] with det H; =M, Also there exifst ‘erme natri-



ces G (N,A[Y]) for which
HyGI=G{H; = Ty im;,a.a?t
and so Gfiziéé are such {haﬁ
(3190 HjGq =03 = (LiMe)Tyy o 1710005t

Moreover, by (3.1.4) we get

«ga- :
3146 E; (HyGs) (¥ yw} (G3H) (74} =adty

g...

“‘Denoting z(l}?mﬁi{y’}y“edeﬁmg it resulte from (3.l.6)

and (3°103)

%

(3.1.7) i Zicaxv 03z (17

Récause the first r rows of the matrix He are- the rows of
J, for every i=l,...,t we have

; (3&1«8) b:}gl)mwfl) 5§ k‘mlg.gaﬁl‘e

Let zw(zéfzaoszél) i?<l)}1< <)

; ?““(Z "} be some variables: also we put Z(* °zZ§1) when

3_§nacg }‘;
j=1,%i.,7. We define the following malynemials,from &f2,2.29,

j:lgaﬂO’I{;

(3.1.9) h]st*msvﬁude+1”¢ 54 24 Gy (v')zfj)
; d i=]

By (3.1.7) & extends to ‘& morphism of A-~algebras



- 10 =

%?3&[?,253{%/(ﬁrh)«~%ﬁp %m(hl,g,a,hw) given by Y—2>x(¥),

LB, 4 PUPNEN §

-

: . . i e
Let mxm&x{@@g P, max deg ﬁg}a Then %ijgﬁmF can be
v j::x'}_(, o oL g ; : >
- : /\‘ ‘A~ L - 5 o
expressed as polynomials f.P in s¥. Teking inteo account (3.1.4)

we get by Teylor‘*s formuls

(%l.10) m?ﬁw %%} p(ﬂy@}wg P(}“ﬂ“”(y‘} m&ﬂ(&&gh}

/- 2 wamfw i =
£=F (a7)= T (o )8 groyy (ry ) az® +

!1;

v+§:€%ﬁy¢)2€l)j%v&2ege mod h
i=]

J-

monomials of degree at least-tiwo.
/\

Since ?ﬁm?y( Gy ¢ }-8 J(y'),th@ last relstion cen be re-

for some polynomials Q¢=(Q

;m#

LA L
SGeT

Cotem

from A[Z,2°] containing only

1) f:s f«v ¥+ ra 168 ( }Z€1)+ﬁgélﬁ moé h

\\%
3

2
P

i=

vhere Qgs:g J(ve)?¢+ﬂ9“1Q3¢

wrom (%.1.5) we gﬁ“ JG;=L;M;B, where B:=(I l0), sc from

T above . it follows:

(1) . =
¢35 3EZ 1*‘*’1«0@‘!‘
J=le e or £

Accordingly to (%.1.6) it results

t . % : .
536, vz (M) = %(Limi)(y”)}b’}z(l)m
iz

i=1

= ?il(LiMi) (v yezH sapz (P
o o



= 1T

and 8o (3.1.11) becomes

~

. (3.1.12)  8"r=af(y')+s de‘“ (11,a%*1Q mod h.

Mapping (3%.1:.12) by ?) we get

sF (V" )=0 mod dze*l

Since sel+dzﬁk,1t induces a nouzero divisor in A/dz"“‘”1

and so we get f(y')edge+lA, let ue cay f(y )“d26+1

¢ for a cer- -
tain ceA « Denote ge=8 3% + amz(1)+QcA[7 Z‘]

By (3.1.12) we get

%e+1

(Felel?) ¢ g=s Be: mod h.

: e y o
Take“B:ﬂAfY,Zng]/(p h,g)? and 1@%/5 be the composﬁxinv
Vil & ;

Fa
map B—B[Z,2'3/ (h,;2)¥B*. By (3.1.13) we get

e*’tp(gmp, ) y=p(a® Tge (p, 1) ) =p(™E+ (p,h) )50

and so P(g+(p,h)) € AnnAﬁM’l

<

Oon the other hand it follows
m,e : i s =
s d 0=€(0,O)zg(z,0)¢f\g*\m,h)) mod zA

and ﬁh&scp(g+(p,h))€der By (%3.1.2) we-deduce thaifdeAf!AnnﬁdeA:

3(6), and so

C————

¢ (g+(p,h))=0

we
1

=4

Therefore @ induces. an A-morphiem



- 12 -

=g"1

s e i -
Note that we have (33)=C, 4§Y)“BIN’(SEYET)ISi,3£IF”¢ T

med de“lA[z,zf] . Consequently;ﬁ(?»ﬁ),contains_ajpower of s.
<53k Ealor -

Thus

B (\(4+da )£

(3.1g14) AL(g n)

BY (5.1.19) it fo}l owWs 8 ﬁ( d@+*ggh) 2 (£5). and sé we have
s@pé((de+lg,h>%(f>}&f)yp)c((ae+1g,h>;p)
From (j.lqlo) and (%3.1l.4) we get
8"p=s'd=d mod (aegh),
choose a polynomial FeAlY 2,21 sueh that
1\

e%p=a(1+a%"*F) mod h

and 80 ﬁ(l+de ) pc»(ﬁ9+1 sh)s

In the algebra B~“A t*,z Z°j/(h) the lastlreiaflon.becomes
(G lh) (1+ﬁe“1F)p‘§<:(dég)§z+ Anngd
- On tﬁe other hand, likg.in (3.1.30) it holdé
.pzp(y;) modv(ae,h)AS[*,Z,Z*j

and from“(3.1.%) it follows p(y*)chA. Consequently we get

pc(h,de,p(y' ) )AS[Y,Zng_IC(h,de)AS[Y,Z,Zgj



a0 .

: B "ot i ~ ~nF
(3.1.16)  (1+a® 'F)pBe (4°)Beanngal N a®B

Fut B is a flat A-algebra,: being smooth over A, so we
obtain from (%.1.2)

e+l

W e e e SIS e
Anng d Bm(Annﬁd )B»(Annﬁé } 3=Annzd

B

and thus (3.1.16) means in fact

(1+a®1p)pB c (a%2)B
T e ; n, el - .
~#imake & positive integer n such that & (1+d "F)p<{d g,h}.

since sel+62%%we have obtained

: \/((éf',h)%r})g‘ﬂ(1+d§')¢@w-
From (3.1.14) it resultsi v

P ~
+ dB* = B¢

(DX ll) I{Ag-/A
o ; 3 h, : MR - '
Note that (?;‘2“?’““§G+1?rz and .s0 ABLZ,7'lc V0, (v,2,2) . By
(3.1.1%) we get
6e+lggﬁ mod h &EY,%,Z?]f(p) hence

a®*gin,z9c B (2,247 (2))

Thus dg'ﬂ He and therefore

B*/B

-t

dRen

A
p/aB O Hgy g S HRY /)

”N\
From (3.1.17) we conciude that B’is a smboth A-algebra



- 0 -

and applylng Lerma (3.2) we find a standarﬁ smooth A-algebra B'
I3

and two A-morphiems &:Bt—>B' , XZB~N~VA such that Y = ‘}5 and
§ is smooth. ' E ;
Let f% be the composed rap BoFLﬁB’«4—>B'. Clearly (B'sf,y“

are the wanted ones.

§4. proof of Lemma (2.6)

Let dyyee.,dy be & minimel system of generators of I and
o -
d3:=0; 45

consequence of proposition (3.1j.

14i4t . We use induction on t. If t=1 the reSulﬁ is a.

- Now supposn the Lemma holds for X' (dl,..e, e 1) by ine
duction byﬁ“’huuléo Thern there ex1st a standard smooth A~algebra
“B and two A-morphiams VL:B~—9§, f:gm-eﬁ such that
) Hy 3”UI°B),

2) the following diagram commutes

i ' B .Llhmﬂ>5

AL

Denote?c:mB(XAB and 18%(@30;—-9§ bhe the meorphism induced by

(1,1). Note that H S O (U@c (431)) Applying Préposition

C/B B/A
~ :
(5.1) Tor 0, P léﬁﬁt there exist a standard smooth B-alpgebra C'
and two A-morphisms ®:G-gﬂ',xy:01m_;§ such that '
3) Hye o201 &d),
4) the following diagram commutes

& /

S
B




s 15 o g
Taka ¢ §iel™ 8 : : | g ‘g el "@‘ ¢
e Bri=C', Ji=QY and let >be the composed map B—>C~=C",

s

where the first map £ is given by bav»1®b, Since C' is standare

: o~ o 5 - _
smooth over B and B is standard emoocth over A we get.Ef standar

gmootn over A too.
By 2), 4) it follows
: 5)'39-'? :,.g:zy@'& mg%g .4:(3’72130\

and so ii). For i) it is enough to show that 3} is. & smooth
A2
i :
Awalgebra for i=l,...,t. If izt then Cé .is smooth over .C by
, t
o 3 . Vakd
3) end so B 18 smooth over 4, & being smooth because B over A

L] € o N ® ; % . ;
is so. If 34% then By, over B is smooth by 1). Since we have
i :

6) 'V‘L:ECF'&& Lp{%

we get Bﬁ ®p smooth by the following Lelma ap@ligﬁﬁfor
et | 4
B 5>BS 3> By o
dl dl di

, - > '

(4.1) Lemma. Let B«#Q%B’_EL@R he two A-morphisme between
smooth finite type A-algebras. Suppose that  is.surjectiwe.
afid the composed map V)F ig smooth. Then [5 is smooth too.

proof. it is enough to show that the m&p B , ——=B! indu-

E;, }_q a

ced by B is smooth for all qeSpec B'. Thus we can reduce to the
s

case when A,B,B!B are all local rings and A—aBjﬁy,f5sare local

1y of finite type.it is enough

et

morphisms. Since W is essentia
to show that y is Fformally smooth,which follows from the below

Lemma .

w

{4.2) Lemma. Let A » B >C > be three local mor-
phisms. between noetherian local rings. Suppose that u,vu, wvua,
wv are formally smooth and w is surjective. Then v ig formslly

smooth too.

wvproof. Let k be the residue field of A. Using EGA (19,7 .3
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we mﬁsﬁ?prove_thét v ies flat.end ﬁ:wktgAv is formegllv smooth.
If v is'flat then by [M](20.G) we get v flat too. Thus we can
reduce to the case A=k,

“Tet n,n be the maximal ideals of B,C respectiveL@&,
K:=C/n, acC en ideal such that DxC/a and x a regular system of
parameﬁérg from B. Since wv is: formally smooth, the systém
(wv) (x) induces in g/@zﬁﬁ (so inﬁg{gg) a 1imear1y K~indevendent
systemQ‘Then v(x) is a part of a regular system of parameters
from ¢, hence v is flat by [M1(36.B) and C:=C/¥(x)C is regular,

It is enough to apply now the following elementary Lemma.

(4.2.1) Lemma. Let (Gsn) be & regular local elgebra over
a field K and acC an ideal sugh that L:=C/a is formally smooth

.over K. Then ¢ is formally smooth over K too.
Proof. Since the following seguence
2.2 o : 2
0—(a+n)/n —»n/n —>n/(am )—0

is exactywe can find in a a systenm of elements yx(yigm,ﬁ,yt)g'
t=23im & - dim D = ht a which is a part of a regular systenm of
paramstaré from C. Thus yC=s, a being necessarily primeeiLeﬁ Kdey
be & finite field p-extension of K. Then D=k ® D is still &
regular local ringmﬁet z be a system of elements from

C‘:ﬂK°®{C inducing a regular system of parameters in D°. Then
‘the system yUYz has t+dim D* - elements and generate: the meximal
ideal from C¢°. Thus it is a regular systém of paranmeters. in Ciay
because dim C*=dim C = t+dim D = ﬁ+dim D'. In particuler C is

. geometrically regular over K.
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