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thq.Jhg at-:g!_of a

L4in profilg*s!.gen@

en-'usligs lfu,l{r3 gni pr e esi ry

b y i

Dorel iioinentcovschi.o
poi"ytechnic Institute of i}.rcharest .i

Fumrrnary
' , t'he paper gives an analytieal sethod to stufu the motion

of the thin aerofoil in an in+onpr,essible inviseid fluid. the

only restriction irnposed to ttre aerofoil mot,i.on is that the in-

cid,ence angle be snall

The solution needs the sorving of a first kii:d r/olterra

11:: type integral equa,tion vririch, in the case of the rbctil inear
' notion cf the aerofcil-, eoinciden witli the l,/e6qerf si,d:nt,e6rel, .::r i: i.

equation. The theory is next applied to study the case of. the . 
,:",,

inciCence variatior: of the flat plate in rectil inear", motion, and

to the case of the flat plate having a circular mot;i.on, at a

enel l  i t :c idence angler , . ,  .

I'Istations 
i

'  ' . '  a Tl:e complex coordinate of .the leading edge projection on ]

the  aero fo i l  ve loc i ty  d i rec t ion  a t  the  mouent  t (a=q( t ) ) .  i

ak The .coeff ic ients in ser ies expaneion (4.5) (*k= a*( t )  ) .

arB The projection of the Leading edge and trail ins edge, r. ,; ir; i

b The.,.complex coordinate of the trail ing edge projectipn on

i' i .:" .. ' ,t l le ,profiIe velocity clire-ction at the monent t (b-b,i,t;));

l+ Assistant professor at the Departanent of L{athemsf,iss;,,,,,,
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C The profile contour. .

Co The trajectory of the point,  0a.

CL t 'he l i f t  coeff ic icnt .

CU . The pitching monent coef5'i.cj-ent.

f The inte8ration constanr. (vi*tu' reopect to s) in r.e}a-
' c i o n  ( j . 5 ) ,

F The corqolex veiocity potel:t ial-

h The 1ocal l i ft on the profi le with reversed sigr:. . 1, , i,,,,

h The locai  force exerced by t ,he body on *he f lu id.  : - , , . . i i . :

i  The inaginary uni.t in compiex p1ane. -_ i; j
't -i

i ' j T h e u n i t v e c t o r s o f o t h e 0 X - , 0 y - a x e s ' r e s p e c t i v e l $ . .

L fhe hal"fehord. of the profile.

X The, overalL l ift on l.he profi le.

"l-,::,i e;

m The funct ion def ined by yolst ion 12.1.1).  . :

J{" The overall pitchils nc:nenl. ,;.
' i ; . j . r ,  f r  Th,e uni t  vector of  the outward nornaL tc l  the curve c.

ol '  The nean position of the micl-point of the profi le ehord.
p fhe dimensionless pressure.  . : :  :  : . .  7,  . ,  , . . .

q the intensiry of the ma$s. sourees

R The dinensionless radiue of the circle.

s The curvi l i *ear coordinate along the curve co. " , l .

t fhe dinensionless time.

V the diner:sionless fluid velocity.

v. fhe crraracteristic veroeity of the raotion.
-a

vo The n:an velocit ; 'of the poir: t  o].  at the uonent ia.". . , ;
{

"" 
The velocity of an arbitrary pornt of the aerofoil.

xr} The dinensionless variables in fixed referenee frarne.

"t 
TtE-.,g.g,rations of the.Jwo gurfaces or the aerofoi] (eq.5.r).

z ,The complex variable x + iy.

Y The vort ic i ty.
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t Ti:e incide:ice of the aercfoit. (.[o e constant incidence),

g Thc parameter d.eterninir€ the aerofoir thiiknese.

g fh;. flr-rjd. density.

y The velocity potential .

Y ?he stret{:l function. , . ,, i ,,,

5 fhe cunvi l inear abscissa aiong theicurve C" . ,^,r j : i . ; . : l

d The angular v*locity of i:iLe: movi"ng ref.erence frame. ', ,,

do :The dinensionlesn p,rameter R-1. ; .
g The anqular coorul.inabe in circirlai. rsotionr ,; {.;

fi:e subscripi; 1 .dsnotes 
the refet"ence quaritities with respect t,o

the moving refer,ence frene . ...,i;,..
'Ihe superscript ' indicates that the quantity ehoufd be,r. aken .i

at tne moment t t. i;.,r , ,

Tile ddperscript . denotes tne lerlvative with respelt to tine

for  f ixed z ,  ;

-r ', . ' : :i 
'ln 

*$9q.1*g,!-ig! ,.

l '{e consider tne rnotion of . a tnin aeroroil at low incidense,.:,

in an it-.conpressible fluia. In this c?se,the. real (vr,Beous), flow

dOe s':hoj; eeparate fron bod.y, fn cr"cler ro obtain varj.ous aerr-rdy*

narnic coet'f,,icionts of inierest i,t is necessary to ca..!-cui:,rtqi $!re ,.

unsteady bouda:rylayer, but thre needs the knowledge of th.e pne6_

sure distriouiion ory,rthe aer.ofoii; rf lhe Reyrrolds number is

suffi.qi'ently lar6e the thickness of the boundary layer is surall

. and, in the first .3pproxirration, . the inviscid region can be con*
sidereo' to be boundecl by body it*elf rath"er than by ttre cuter

edge of the boiinder"y iayer

' The inpuisive rertiLinear start from the rest of a two-di-

rcensiorial aerofoil at incidence was considered by I.I.Wagner [fl .
In hi:--qtbeory aLl vortices er€.,e.onfined to a very thin layer wirich
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can be assisilatedwith e vortex sheet l-eii ind the ae::ofoil in

accordixr.ce r,;!th Birrrb.auur's }:ypotnesis [Z]. The probLen cf tho

unsteady recti l i l :car motion of t l ie t l i in profi lt vras considered

by Karman and ge:ars [ fJ,  s i ihngen [q] ,  u,Jacob [5] ,  rn te l  the

r-mstead;r rnotion of a thi clc synmetricai profi le et zero incid^encc

vrag stu,tj-ccr"

l ' ,fore recently Basu and Ha-rgock t?] developed. a nunerical

method to study the unsteacly rnotj.on of a two*dinensior:al. aerofoil

in an rrwiseid. i-neonpressible fluid.

?he prcsent papcr is concerneci urith the determina-l; ion of

the first inviscid aporoximation of the unseparated flow of a

thin aerofoil which wil l provicle thc pressure. dis-Lribution on tire

profi le" The viscosity is presetrt only by megns of the ir"i:tta*Jou-.

kowsky conditrr:;r at the trail ing edge of the a.:rofoj. l.

The rnotion of the aer.ol 'oil j .s restricted to tl ie ci-i ly re-

qui.remerrt of pnall inciclence. i ' /e consiier the form in ciistribu-

tions cf the Duler equati.ons [e] , tgl I t]rese equations hol-c in

regular points inside the fhrid as well es on the surfjace of the

profi le and on the discontinuj.ty surfaces inside the fl-cw {i,e.

on the :zorte:< oi'.ce1,s). 83' neans ,]f this t 'orn \ 're ootai.rr 'uhe vorte.<

sheet as being a eurface descr ibed by the aerofoi l  inside the

fluid; t,he vortex intensi' i ;y is'related to ti:e 1o6al force exe;"--

ceted, by the aerofoi l  upon the' f lu id part ic lee.  Th.us we replaced

the Brr:rbauro's irypothesis abclut the vortex sheet by the l ineari-
'$lte

sation hypothesj.s varid in the case of.Zthin aerofoi1 at trovr in-

c idence [roJ .

Irn the following the tirne d.erivative of the eorplex poten-

tial func-ui.on vri l l  be the solution of a niricnlet bounoary velue
' 

oo"t of the solution duc to the thicsness i if tneprobleil. That part of the r



eer?foi l  can b€i  ob. ta ined s. in i iar ly- to t t re steacly mot io ' r . ' fhe,

other trr; lrt, c)lrt$tns an undetern:irred funct,ion ift l  which entcr

ai1 aerqdyr:anic parameters of i irterest," Jy inposing the in-j.t j .a-l-

bounda"ry condit,icln a f:irst icincl Volterra type integral e.illa1,i Dn

for c1e*erini. l i . i ::;{ t l ie fur:ction }tt: folki ' .vs. t{e have a tnsi;rcri of

exi$tance ancl unicity cf the ,so'lUtion ancl &n algoritlun f('i' nu-

merical so.l-lia;:i-on of 'tire lntegral equatiln. ..

The devc.i.oped ttrcoly i,s r:.e;rt applrecl to tir* r'eetj.j'j.near

rnotion of ',,he :i lat plate vihich chan5 rs i ts incid.ence and the;r

to tne circul-ar mo'Lion of t ire flat plate at low inei'dence' In

tl;.e i l&st easl the influence o-f' tne cilcuiar notion and of the

unstcad;rness or' the motion upon the l ift coeft ' icient is pointed

olf  t .

2. St:-cenen! of tne probleio

' 
t/e con$:.clex' the no'tion i l i ' ,afl a.er:ofoil, of 2L chord' length

in an in.compressiblo inviscto flurci. Le'i: Oi be ttre uricl-point of

t le nea.n posi-c ion of  the pr. 'ofr , ie chord r t  in* *on*nt-{ , . 'The mean
' r r +

, . iprof i le,ruot ion is c iesc- ' ibed by i i t ro l rs of  the veloci" ty Vo( ' t )  of  r r .

the poi.*t O1 a.nc1 th.e angular' velo,:ity fI tt) around the point 0I..

Y{e suppcse t}iac the profi le iu ti; i .n ancl the i,ncidence, dcfined

as the angl-e of the velocity V,,(t) with the upwarcl chord. rl irec-

t ion,  is  snal l .  lVe refere tne iot ion,  1,o a f ixed systenr of  coordi-

nates gxy.  The equat ior :s character is ing the f lu id erot ion are

? = Oc.1-v v = ()

* - (? aracl)i + grac p =:'fi"il ' $;

The term in the r.h.s.. of retaii,srr-{-};3) is the loca} action of

t i re  aero fo i l  on  the  f lu ic l  te l  , [g l ;  I f  O(x rY, t )  denotes  the  c i ra rac-

ter ist ic funct ion of  the aerofc i l  d"omain we have '  1r  '

( 2 . 1 )

( 2 , 2 )

g r e d o ( x r y , t ) * - i " t * ( 2 , 5 j
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-t

n being the outward rroris,l unlt rrector at "the curve .C.

lr{e' eonsidered dirnensionless var,i.ables by ciroosing -bhe:foi--

lowing lefercnee quanti 'Lies: L for x and y, To fo* veloci: ,by, : .  :
- E  .  * ?l,Ai" ror tine' yV; for preseut'e. and'ircal ior"u ?r on the co1,ve.C..*

Let  t ix ,Jr t )  be r ;he vor. t ic i ty
.)v,, Nv
' d x  r y  ( 2 ' 4 )

fhe equation governing tl:e vortLeity is,f,ound" by, taking the curl

of the noraentun equation (Z.Z) whicl, gives

Xt Xf, c.\f, ^v  v  .  , +

{f " (f grad)Y = (# 
"v 

- t# +l b" (2.r)

If vre dertote, by c the arc, Iength along the contour 0 we

e a n  U f f L X e  . 1 , ' 1 . ;  ,

,  a = # i * * F J  j ,  ,
e.nd hence . . ' '

# = - S E "  ,  - { € . . d )
This equation can-be integr-ated i.n LagrarlEean coordinates' *o,yo,tthe

position of the fluid partiele at the initiar moment) [1r-]

t
?  \ ( * o , r , ' ? , t )  = \ { x o , } o , 0 )  \  r R * , E ; , ) ( * ? , y o 1 L , ) 6 1 r  ( z . T )

d  

( j u  v  
. . .  

i : i

For f'luid perticles vihich do r:ot touch the aer.ofcil we

. " ' . : ;  r ' " ; .  have t " { *o ,yor t ' )  =  O fo r  a l t  t ,  and '  i t  fo l loou*  ihe  c lacs ica} . i1 f  a . . : : , i

theoren of vorticity con$erv&tion in inviscid flov,ls.r i.€,

j ( * o ,Yo ,  t )  =  i ' 1 xo , y9 ,o )
--i - ir:u ' ' .  

. ff the motion at t ire init ial nonent is irrota.i, ional and ,:ri i ;
' the 

flow does not separate fron the body then the vortici.tJr:i, is

conf'ined to the aerofoil contour and to the curve Cf <lescc$bed

by flpid, particles lvhich touched. the surface of the bodyi. ;:--
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'The 'contrnuit;' equaticn i$ identically satisfied if we put
^ , . ,  . . . . '
dV J\Pv * = 6 T t ' y = - T ' x  t z " B )

'  
V l ' -  . 'r \^rJr t )  being the stream fdi :cblor i .  I : r  th.e i r lotat ional  region,

there i,s a potential- functidn fqf veloli.tres Y(x,I,t) $-e1uh that

the complex potential fLrnctj"oil , .:

} . ( z r t )  =  { ( x , y , t )  +  i r / ( x , } , t )  .  ( A . 9 )

is an analytic function of the conplex variable z, = x.t iy.

I€t Co be the curve described by the pornt Ot. In the c&$e
' of the thin profile ancl at low incidence r,ve can consider the vor,-

t icity l ine as b.eing the curvu.Co. Likevrjse l.re repl-ace the aero*

f.oiL by a l ine of singula,rrit ieg,(point sources and point vortices)

"' ' : i ' : ' i"r on its'proiection Ali on ihe c'u$vsn C^,. the .vortices intensi.Ly re-u
sults in tire form

(2 - trC)"). ,'.,,. .
, ,  . i  i i ; - '

t , ,

wi:ere h is difference .betvreen 
.the .local body force on the uppex

side and lorr,r*r sicl.e. o-f the aerofoiL surface, arrd. s is,!ne curvi-

l inear coordinate along tne curve e - .qi3 curve uo. srrailarly, t l:e int,*nsity

q(x,y, t , )  of  the po- lnt  sour:ces on:the o"* G wiLl  be taken i r l . , the

fot,n :

t
q ( x , J , t )  - - E "  

\  H u t ' i  ( 2 . n )  -  - F
e 6

?he cor'rplex p,otential fr.rnction eoruespondir:.g to the above

mentioned distribution of singularities is , ;;

r ( z , t )  = g \ \ f o ( , \ '  ' : 1
)  LX  \1 'T )  +  rQ( l ' |  )  J  rn (z - t )d?  a7  '  '  ;

where \=\* i?. rn our c&se we obtain after a by parts.. ig,rtegra-

t ion



t r
I  r  \  h ( ; ' r ' ) + i m { } ' t ' )  . l

r(ztt). * ,* \ dt' \ YA: )i l1(.l l l  
d)*r(2,0) ' i ' , . la)c ) \ " 1  

J  )  " J - a
o  A t B r

/-\
vihere A I B.;r ia the arc of the c"{.tr ire C,, occupied by the aerofoil

projection at i;he urornent t'. If the dot indicates ';he'derr$sstj.v*

with respect Lo tirne for fixed a we get,, ,, -

a
- ( J c

I  r - 1 .  * \ - . r - i * f -

'  f , ( a ,  t )  =  -  L -  \  
h (L  ' t i + i n ( '  ' * ' )r - - f f i  

)  
* p * a z  '  .  { 2 " L 5 ) " r  . , _ *

.Ats
^

end'henee p(zrt)  is a holomorphyc funct ion, outeide the arc eB,

wirich vanishes at infinity.

5. -&9,-bs!pd-{:Jx--gonditfgeq 
'

llle consider a moving s;rs{em of *ocrdinates..-xf0t$f with

' 1 , i . . '  j -

--**.*-

T i u ^  1
r 16 I .!

Tret

: , ' ' r  JI = E", o tY*(x-, 1t) r lxrl  -< 1

be the equations of the two aerofotL surfaces where E i" the en*

c idence;

fhe boundeby condition states that the fluid slides along
',' the barding curve C. Thie slip-eondition can be written as

t - t - t
V . l L = V r t !c ( 3 . 2 7

the origin 0t and Otxa-axrs directed'oposite to tlre vector ;i, r;.q.,"f.;

{ } . t 1

The ve'locity of an arbitrary point of' lhe aerofoil is

T  = \ - . v  ( f r + b ) v 1 ] ? r . * l V j t ) * ( O + 5 t " ,  
1  f r  , ( 5 . 5 )' c  t ' "  ' - o

/ / t \  I

where Yl,1,i is the vertical velocity of rhe profi}e with respecto
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to th.e novin6i system$ lVs flave, .

; r - t u t i .  " 5 i -r = F r I , - E i l J f

wliere tire variation of the a:'c J,er,lgti: c aloqg ine eurve C was' -

approx;ruated by. neans of tlre var'-ii,etion ,:f the curvilj-nesr abseis*

sae $ on C^ ,  I lhe condit ion (3.n beconresu

9Yr
$ s ,
d:(I

As

!Y# *H ** = - i  vn * (o+E lyrl 't.b 0$ Q26 o$ 
- lul') * (o+ s ,-, i

1N.:.,i, on the,*"* G. In relation,'('5XE-1,,,f,(t) ,is an yet uncleterrnined fwre"-,i

tion and s and t are independent variables. To obtain-,L.}re varia-

t :on of the variable x, wit ,h respeet . to t ime we wri te . ' rr ,  . ,

L
L

r , '
I

s ,  =  \  V ^ ( t ' ) d t '  -  x . :
\ u r.,,

v

$ . 4 ,

{ '5.r)

{.

i -  ' "  ( 7  
" 6 )  ,

the first ters in,

poirrt O, . I{ence vre

lte rnrite

r .h.,s. .biaing the curv:- l inear: abscissa oi l  the

obtain

=  V o ( t )*r

Q(s,t )  = i ( t )  . . i r l " )  (x ' t )

the functions 91"' (x't) resulting by differentiation with res-

pec t  to  t i ne  o f - th .e  r .h , s .  o f  re - l . a t i on  (3 .5 )o  Se  sha l l  use  the , .= " .

boundary conditions in the form (5.4; and late1y in the forp; n,J

$,r) only for x., = -i; this is equivalent with boixrdai.y condi-
L

t ion (7 .5)  on the 
" r "  

G.
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. The r'. ' lsl,erLnina'Lion of thei fr-rnction i, '(zrt) requires to soj-ve

a Dir"ichl-e.u prroblem for tire d<lnain ouJ,side the G arc rvitir boun-

dary condii ions (5*8), fn ool.rj-ng L]ri i  boundary-valuc problem we

shalt reirlace the arc {} uy tit* segment l- * l*trrl l  o.f the 0_,r:.,.-
I I

axis - Iret z" = *l * iy] be the cr:ruill.ex variuble asscciate,j r,rithJ ,L *.J-

the moving axis. t/e trave

, * . $ , r * #  ( 4 . r )
v,rhere' a = a(t) and b * b(t) ar:e,, 'bhe coi-nplex coordina'tes with res-

pect to the fixecl ref crcnee fr.:r*e , of thnr tvro endpoints of the

segiaent f "  ,  . ,

lJ;r ineans of the trensforn

mesi .n holonorphyc I 'unc-1,j.on lt {z't)

outside f" !, je have

(4 .1 )  the  func t i cn  i ' ( z , t )  beco -

of variabfe 2., in tlre rloiaeine

+1
i I

-i::- \

zrv )
-1

Yl " ' ,1 , * )  -+1" ) (1 , . )
t 1 r ( z ' t )  = d i +

, t,-Tf,'
+ it '(t ;  ( i-t l ;h)+ r-

t  V t ' I

(4  ̂z )
q. i" )  ( t , t )*  \ ' :o)  (1,  L lZ.  -1

-L

;:+-f" 1 ' *

1 -  z "
t L

1
f r-:-T
i  I  I ' i ' l
\ . l ! . - -

") \ a-l
-1

- d 5
' t

1 *  , t

wher.'e the t 'Lrtta-Joukolvsky concl: 'rt ion'ro/as applied at the trail ing',,..-1r

edge of the profi le. f lre eolution has eingularity on the leacling

edge of ,t ire aerofoil. To i 'enove this singuJ.arity one can opply

the technique for rending unrforrnly vnIic1 epproxinrate solu-tj.ons.. ,,

of boun'lary value problems for domarnes externaL to thin-,rrergions r:,:;,1

[rz] , [ri] .
'""For" numerical cornputations we v,rrite tlre syrunetr,i.aa1 part

of the condit ion (3-g) in t i re forru . , . . i
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* 1 L -
. t , r ^ \  , t , i ' ^ \t l / i o J r s . F \  * , U / ( o ) r - t  + \  o o
r +  \ 1 r - l  + Y : " ' ( ? , ! )  \ - -

t-* 
= f(t) . 

fo 
ak(t) rn(xr)

l x t l < 1
tTfiere T*(xt) are the clr.ebysnev polynoniials. l{e hqvo

: - ,  r  \l ' ( z ' t )  = : ( f ' ( t )  *  *o ( t l ) t l  \m,  +
& &

* i  X an(t) (at  ̂ J4:1)k *
1--' l a

-  + 1  0 ( o ) t ' , " )  - V j " ) , { , r )  ̂+ # \ % * u t
-1

The square r:oot deternination jlr: rhe above fornrulae

sucfr that we have

(4""5)

i 4 " 4 )

are crloosen

tzp ,"  \ i - * * T = l + 0 ( u ' ) ,  z I -V'Zr+t "rL'  '

at inr inity.

= o (rl),
. - 1

{ ,?. lT give

(5 " : -1

the source lnten-

of the aerofoil on

be giver: by func-

5. Agrodyrrqmrc eqq€f i .c ient ! ,g{ ,Jnc,erof i lg

The Plenelj relations applied ro the relallon

: ^ ,  -  I  .F ( x t  :  i o ' t )  *  F  i l h ( x r , ' t )  +  i r n ( x ' t ) l  -
I

+1
; a
L -  )

the integral being the cauchy nrincipal value. Hence we ob;tain

.  . ' / ^ \  . ' . r ^ \m(x ' t )  =Y ] " /  ( x ' t )  -V l " r  { x i , t ) '  "  ( j . z )

h(x' t )  ' :  -Q{rt t t  *  ao(t) \  \F -
' o a &

- '  
* 

a,-(t) sin,: i : :-:. :ut)

The reLation ( j .2) deterintnes direct ly

s i ty  and re la t ion (5 ,7)  g ives, th$ loca l  force

the fluici. The local lift on tlm j pfofile will

I-? t r
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t ion h(xl , t)  with reversed si .gr i ;  r fhig gives

+1
:  y  f  a . , ( t )  ,c"=; f r  = -  \  i r t " " , , t )dx. ,  = t  l rc t )*"o( t ) ;+ F i  (F.4)

? v a r  J  +  &
-1

fcr', the lift coef:flicient and
\ -r-l

6. Iqtg.yal..aqqat.ion fol lhe function i(t)

To deternine the function F(zrt) we mrrst integrate the

fbnc[ lqB:F with respect to,t ine for f ixed" z. Ey using re]at ions

( 4 . 1 ) ,  ( 4 . 4 )  w e  h a v e  '  '

for the pitching mornent coefficient abc,-rt the reading edge. rh€

re la i ions  (5 .4 )  ,  { r . r )  a re  genera t isa t ions  o f  thcse  r<nown in

steady aero(irnamics.

' 1. To ,obtai:r the pressure qn" the aerofoil vre sha1l use the

Bernoulli equation in the forn ;"

p = . P *  - f , - {  - t + '  { r . o ) .
trr linearised theory the last term will be neglected and reLa-

t i on  (4 .4 )  g i ves
' -r-lt . ' . / n \  . ' . / n \  :

r  ^ ' |  \  I  C Y*" '  (1 ' t )-  t / : " '  ( t  ' t )  ^P(x l ,  . l  o1 t )  =  P*  -  f f i  )  
d t  *

-1
' ; _  o a  { } . ? )

-  (  , : ^ . .  l J - - x '  Y *  1;  . l  ( t ' f  t l+e. ,  ( t ) )V# *  )* ,  ao(t )s in(k arccosCx., r )  !\ \  u  . / r r T l r l  
[ ; ' I  

l r -  f . )

Tt is to be noticed that alL aerodyraaic quantities of interest

contain the u.ruknown llunction i{t).

i:i



---&-$*id;*iarii

f ( z , t . r +

o - (
I!

= i  ( r t t )
@

s|+

+ j )  I
!€?q-

K::jI

t
1 c

+ ttF- \
c ' r !  J

-1

_ t 3

ao (d ) )  ( r  -

u [ f 6 r z - # -

vl") e ,il -+i") (r,t)
t - \L r - (b+a l l  /  (b*a}

,d1

{6,.  })

( 6 .  e ;

dt.s, +

I{ence

:  ao( t ' ) ) f r  -  tmlur '  +
@  t .

i [ ( u*(t') lffi ' C- el$ - /-,*'x*br))ikf f i J ' L

+ ,  f  , i , ( o \  r  r ' ^ \
' -  l ' !  r

r  r i , l f  V ; ' ( 1 , t ' ) * L / : " ' ( 1 , t ' )  . \ . . ,*  ?f)*)  d- l  *  F(z,o).- - " 6 : L  
3 - 1 . 2 2 - ( b ' + a ' ) )  / ( b ' - a ' )  

7

I i e r e  a r  =  a ( t , ) ,  b '  =  b ( t , ) .

" : . ." .  i .?o.sb,tair :  the,: funct ion F(zrt)  in .Lhe forn (6.2) we used

the boundary conclition (3.8). iri order for the verSr bcundary con:,

d. i t ior|  (3.r) to be ver" i f ied we need. jn adcl i t ion to irapose t ips

conrl i t ion to be veri f ied at a pointr sgJ z * &. . .

l i le have for the agnnmetrical part of the relation"(3,*r:)

* *ort ' i1 [ r  
-  Re tv/*$i l  uu

t

t
f

F ( z , r )  - i  
\  ( r f t ' l

I

o
i i  '  ; ' .

*

+

( . .

\  I r ( t ' )
)
o

,oa

+ )
rL* I I "o(rr)RelF&r. (* s.}Fa - VG-a')(a-b,l)]kur, *

o

t ' ,  . l  t+  Y ( a ' o ;  =  f ( t )

' t  0 . 5  vo l vn ( - t r , r )

Hence vie obtain
+

Z - 0  r
a*-a'

\ * r * ' r  * -  [ , ]#S]ur ,  =  s ( t ) ( 6 , 4 )
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t'here

6 ( t )  P
r

a n ( t ' ) L  1 *Re l J f f i ] l u * ' *

a*(t') *- [efu G - s*u -

f

I

J
LJ+

a o e r
r - 2  \' a*** \

k=I )
L'

(a*ar  i  (a*b l .  \ J  r '
)  ] t

{ 6 . 5 }

d t t

e{}e. :

exis:  j

(  6 ; 4 )

conti-.

t
d (

d r )
o

-  ooE -  u : t )  {  o*F(Cr -+b } *0"5  va ly+( - } , t )+x* ( -1 , t )J*Yra ,o) , "

fhe relation 6"4> is a first kincl Volterra integral

tion v;hose kernel has a rveak srngularity for tt * t* The

tence ar:c1 uniqueness of solutions of the integral equation

is guarenteecl under the folto',t ing condi't ions

Theorem. Thc integlal  eqtrat ion (6"4) has an ur-r ; -que

nuou$ solut ion t ' t t l  for t  e l t l ,  f ]  i f

J) ; l ( t) ,  6,(t)  are ccrn"bir:uous f i i : r :  t  € ' t0rTl i

2 )  a ( t )  I  a ( t ' )  f o r  t '  {  1 r '

d t   r .  \

2 )  8 ( l r *4LL3 at '  is  cont inuous for  t€[o, t ]  4
vt- t '

The theorern follov,rs from the theorem 6ilren in Ll+Jpp.80*62.

The conc. l i t ion 2) requires that  bne profr l .e doesntt  interoect th.e

l ine of  vort ices.

A,nat;rt ical sol.ution of t lre equation {.6,4) ca:r be ob.t*iaed

onty in very pa:: t icular cases. Thercfore,  in order. to ootain the

function f tt l  v/e nust recourse t0 numcrical courpurations. A nu-

ne;' ical- rnethod ror Seneralised AbeJ. irr.tegral equation was deve-

loped in [ff l , The equation (t.4) cen De transformed. sucn tnat

we rise lL'his nethod" ilowever ror large time intervats (as is our

case) bt'ie resultiriig argorithrrr is slow. In order to avc,id this

dj-ffid'ililty we consid.ered. sone m-o"rlifications to the product inte-

graticn lretirod lvhicl:, give a faster al4orithrn"
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'i '!493gg-@!:gn ct l ' "che f lat plate

:Sn order to verify the above given theory we consid.er the

cirs-e of the flat pJ.ate r,virj.clr move$ r,rith conqtarit velocity fi and

changes the i-ncidenee by tl"re lul,e i.

r  o  f o r . t < 0
\ -

( r  J c  I  D
b f t l  * 1  Oo l - J+2 t . / t o ) . t - / t ;  f o r .O< ts to  - i  ( 7 . r )-  |  u  

^ r  
u

t  - E .  q *  t ' t o ,  , : 1 :

3or t .< 0. r ;he funct ion F(z,t)  is vanishing identical ly.  For

t > 0  w c  h a v e

a ( t ) = * 1 * t ,  
, .  

b ( t i = t - :

ao ( t )  =  -  (E *  0 .25 t , ) ,  e t ( t ;  *  - , eE  f i , z j

a 2 ( t ) - - g . 2 5 E ,  a . ; = 0  r p T  -  : .
, 4 -  \ )

and the inte;irel equatirtn rc.4) beco&es

+v
a _ _

\  f ( t , ; . f f i .  o 1 '  =  g ( t )  ( 7 . ' t )  - l
\ r t r ' j V * F i l

;,

t
f *-s
I  / , > - r +  + f

s ( t )  =  \  u . , ( t ' ) (1  - { ' t : t i  l c t '  +
J v
o

=a- I
* L. \. u., i t ' ' ) [t ' -1au(1-f i (z*t-t ' I

f f i J d' t  
c l

_J 
i " l  i  : ,

(7  .4 )
i r

a U  n

i - a t '  - t t t ) +0 "5  b t t l

(,7+.5)

fhe integra3" equation (7.5) is' just the 'r{agnerte'intes,ral equgrir:i ,,;fr

tion for the unsteady rectil inear motion of the thin profileu For

nunerical coruputations "we took to * ). and the sollrtion of the

integral equation was obtained up to T = 10O. The orrerall l ift, , ,;

coeff ic ient
o= CL, /' tZfrbo)

2 "

* : g = = =

F i g . ' 3

ci

was plotted in Fig.2 and

Tt.i - t
J: .l-ij r e
===:3r=

/ l

1 i.. l
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: t  istshe remarked r"hat f i rst Cl increa$ei:  r ip ir . i l ie ya-,

] u e o . 8 2 : ; ' r n d t h e n d e c r e a s e s d t r c . i ; o t t r e s e c o n c 1 r ] e r i v a t i v e . S { t i -

l irhen thc r.'otr:rticr: of tlrc plaLe cea$eii cf reaches the vatue e"6v
#

ailrl thcn incr'1flses nctroi,onico.l?;r to't,h':; s'Leady-state Val^u.e Ci = I"

The c$nve3,ge:rce 'Lo tir.is finlrj- u,.alue is r:low. Tj:os, for t * fOO,

shich cor:'eepci:c1s to the tj"mu'neeesary for the aei.ofoil -fc cover

e distance cqual to 50 chorct length, "'che dift'erence of f,his Sift

c0effrc&ent and i ts t 'a lue f rc ' r  the stcar lyease is ebout O*01.

' B. Thg_nqjr"!f1-crf the fl.at plitte on a cj.rcle

J,et us suppose tl iat t ire point 0^, has a circular motion Ei-

ven by relatj-ons

x = - I l s i " n w t
{ .8" t )

Y * F. (I*cos i^:t )

The p3-a"be s ta rbs  f ron  reo t .  a t  t  ;  0  and i t s ' inc idence Ef t ) .=  *  b , - .
j"s constant durjng the motionn lTe have

.{,..+ 
i.cpta(t)  = iR (r  *  e" ' ' ' * ' " )  e- '

. i  . . . . r  :
b( ' t )  ' :  i f f  (1 -  e- '* 'u)  + *- iar t  

(8"2)

= = f l : : : * =

Fi r .  4
*3=C: : :=

In order to avoid tire srngularity of t irc solutiol at t ire

noment t = O we tool; forco a tj,: le depenclcrrce of the form (T.f) on
' a very short r:, ine interval'Lo, l ire have c,.r"k * 1, (ln diinene;ional

variable" frofr = { , 3" being the velocity of the point 01 ana fr
t ,he c i rc let  s rad. ius )  .  ( ! . ig.4;  .  Consequer: t ly ,  we ]r .avc

ao( t )  "=  -  E  -+ .O.25-oS ; - . *h - - i t t ) '=*o . -
(8 ,5  )

a 2 ( ' i ; ) = 0 . 2 5 - o -  ,  a ; ( t ) = e  J > 3  
* : - '

There are tlo tl i i irensionless i:aranreiers o:f th.e probl.en Eo.and.oo.

l'Ie have
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or * 2{(i8o c;f ; (s,-o) + CI"5-o %t {8"4)

' f ,he cor+fi ' icients t:Jl) ^ ,rJ?t,rrtr$ ul' , ui ' vJc."r'e cariputcd for crro = 0"05 a:rd

Oo * 0,1* i: ioth of 'L,he:a oscil lete &r.ouild tne value 1but the

aurpii'.i,rde of -brre sccond, coel'f'.r,:ient is suatler such tha.h :flor;
c  - /  ^  - - ^  * , , "  ^ ( 2 ) . * . , r  . : - *  r : . i - *  c  - - ^  * - r ^ { * - , - 1  * L ^  - -bo l0  v ;e  can put , r i * '  =  J ,  In  l r ig ,S v ;e  p l * t " ted the var i * t ro '

oi  bhe coe:i l f ic- ierrt ,  * l t )  with respect tro g.

ril;:_;

In orclcr to estinate the

(8.4) to the l i f t  coef ' f ic j ,ent lve

we woulo consider the motion of
,v

vclocity ilu l,he maeiiaura error in

ven by (8"4.) woulcl, be l3?i. Tlre

fl in br:u:l<la.ry concli 'L,ion (:;"5;

irrf ' lucrice of t ire f:r.ec vgrtrces.

io B?$. 'f i te regt of IOF is the

gefg.gggee

[f] '0agt]err]1., f iU"* die i intsteirung cles clynamisc]reRi, Auftribes

von l 'ra1;f1utg4e1n, ZAI,IJ, t j  (J-gZ5), pp.1?-]5"

IZS Birni:numr1-i'., j)ir: tragende 'J/irbel,flFicire 
als l{irfsniitte} zur

Behandlung des ei:ensn flrol-)leers dos f:'agfliigeJ-theor.ie*

eql,l:, i , t 's (L92'i, pp,29a-297.

171 von KarrnanrTh. ancl searsr'rT"1?., Aerofoil theory for idon*uni*

form not ion,  Jour:nal  cf  Aero*aut ical  $ciences:,  5

(19 '58)  r  pp  .379-59Ar

t4l sii lui.;enri ' i .,, iestin:nurg cler Auftriebsvateilung ff ir belibi5;e

: i instation&re Bewegungen (I:benes Froblera), Larftfahr.t-

fo rschung t  JJ .  (1940) ,  pp .  4o l_42o.

[5] .rac,o'brc.r rntroduction :r:athdura.Liques & ra urdcanique d.es

% ) ] ,  o  *
{ n

'.1t.\r,;-

"]J
)  ( t ,

inf'luence of the two terms in
o

take  Qo =  0 .2 ,  @o =  O.C5u I f

the plarte as being uniforn'i v,'itl:

C" vrith respect to...t l ie:::.&alue gi-.

error d.one by rreglecting -bhe 'ber:,r{^r

f luidcs, I} :carest-Faris (: t9t9 ) .
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