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onr FLowcFTART rnnonr* (r)

By Gh. Stefinescu

. Ei numai doar dureaz5-n vint i
,  Deqerte idealuri-'  ,  i r  Cidd valuri af ld un mormtnto :.

Rdsar  in  urm6 valur i .  *  . .
(Eminescu)

Abstr'act, We define an equivalence'ralation on Flo ." , the theory:,of
t< t  I

),*flowClrarfs over a theory with'iterate ,T o,'and sl'rour Jhat the quotient structure,

denoted by I iFi 
A,t ,  is a theory with i terate. of T is an I 'almost syntacti :al

theory with strong iterate", RFI 
X,T 

is the f ree tlre.crry with strong iterate,

genereted by adding f tc T, l

0. lntroduction

A flowchart is one of many possibld nqtations of a'computation process. l'his

notion.wa$ strongly analyse,J, ten years.ago, especjally. by C.C.Elgot [2,8r], by.rttsing
\ ,

algenraic':'"ine{hods, witl^r the aim to.make it more precise from,the mathematical point

of view. \ "
\

Making use of the ideas frrorm [3], V.E.Cdz$nescu and C.Ungureanu made cne

more step by allowing ur"rdefined arrows ancj by clefining, in a natural way, the i,teia.te of

a flowcirait. They,intro<.luced a pure a{ge,braic notion, c:lled theories v.,ith iterater

which'':i,$,a:'non-orddi;ed generalization of:,raticnal theories [4]. Similar ideas was used by

Z.Esik [9]. In"-[51 rvas given a theory of flourcharts, denoted by FrX,T , over,,such a

theorl' T, with thre'e.l,basii: operations: composition and::lupling, as in ADJ, an<J the rrew

iterate. The main result of CSzXnescu-Ungureanu is to give,.an al,gebraic structure
(called T-rnodule with lterate) for which Ot 

I,, is the structure freely generated by 8.,
On the basis of the above facts, the starting point of o.ur paper was the followirrg

question: Why Fl 
N,T 

is not an algebraic theory, eventualiy" with i terate? We shall

exdmine the axioms of algebraic theori 'es, having in mind that the polynomial r ing

becomes really a r ing only i f ,  after a "syntactical" clef init ion of sum and mult ipl icari,uni

we al low reductions of similar terms. ,  i . r ; t 1  l - t , ' i ,

f-For ;i is man alone, who, blind,/ Build castles ir-,,.f,he,aii7
when waves have rouno tn"tirtl#,:;i"T'#'r:t:?Ji,Tiililf' evervwhere' 

,",,, ,: i ;r g" i

I  ; i r , l



The t ireor yr 'of usual f lowcharts i*, obtained by using. as connection, between

vert ices, part ial f  unctiorrs f rom the init iai theory wit lr i terate 3.,\(- r wher p

fut f ,  (m,n)  - i f  :  { i ' , . . , ,m}  -+.11, . . . ,n1 l f  par t ia l  def inec l  f t rnct ior rJ  We shal l  use ' rhe
. l

l m
picture 

F 
f cr a fkr'vchart f €- Irl 

E, RJf 
(rn,rr), with tn rn;;uts 'and, n outpu'ts.

, l n
I

The basic operations lrave t lre fol louring intuit ive nieaning, i : ,  ,  ,

t *  |  r* { i  t -  l -  i7 \ t ,  I  t *  \+ , . .J- : t :  :
i *  l "  : H l i  l *  t "  l t m  n t ,  I  l *

r--q I : , t*l r--1. ;t*r t'-tr. F i**t L| 
lil Il+ i  'Ld  =  I  f  i ' ( l# ,1 'J )= ; [J  j .+X;  1  FJ l=1,  * , :

l "  I '  ini  ! '  l"  iK 2" \  l**"/ i i==r{- l l- *  l -  l -  
' - - - ' * 1 < - -  \  r  t  ' " - - - - l ; - '

In order that suctr a t lreory becomes an algebraic theory, i ' t  has tc . lulf i l ,  among othrlrs,

two axioms, in which *! denote the j-th dist inguished morphism from I to m.

a )  F o r  a n y  t j e i r X , c r r ( l , n )  ,  j =  1 , . . . , n r ' . i t  f o l l o w s  ̂ T  a t t , . . . , f m )  =  f i  .

I r i . t h e p i c t u r a l m o d e I t h i s n e e d s a n i d e n t i t y a s

t ' - ; ' r  - -  - f t - - -  * - - ; - r  I t

I'L ;t -Li = #;h]J .- lsl irsj ;  = EJ
i t \  l *  , i  IL :::.1-:1'- -- -i I n
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based on the fact that the left f lowcharts fR, ,k, l  j  are unaccessible from tlre' input.

b )  Fo r  any  f  €F lE ,g . ^ , , , (m ,n )  i t  f o l l ows  <*n l  f , . . . , * [  t >  =  t .  . , " . :  .  i

This means

'i :r ' ' ,-rv[!gh intuit ively works as we may identify al l  left f lowcharts, being similar.
' .  

The conclusion is: t 'We must consider as equivalent two f lowcharts i f  one can,rb-,g;

obtained from the other by deleting sorne unaccessible vertices and by identifying .,sofig',

vert ices with the same label and such that, a{ter identif ication, they yield the sawr

transiti6h' 'fuhttibnlr. At the syntactic level this gives an elementary reduc,fil.ffir

I  ' ,
- " - - - l
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t r  "_ l i ,
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defineble f or evr:ry theonr with i terate T and. baied cn a f act as' Cfuurch-Rrrsser.

property, this lcads to arr equivalence relation ,- is even compatible with the basic
operatiot is. Hence tr",c have a quotient structure of the reducecJ f lowcharts Fl611 , ' ;  ,
denoted by Rrrl * T , rvhich is i tself a ,theory with i terate. L,very { lowchart h;rs a
natura l  un ique io#p.**u* ion in  a ' iheory wi th , ter i i te  a ,  i f  one g ives the meair rng of
T and I in, ei as \-ras shown in i6,1" Tile basic problern is : are tvro synta.c.tical,

equivalent f lcr lchart.s sentantic equivaient'? This fact was proved only i f  Q is a theory

rvith t'strong" iterate. 5o, r,ve come back and as[< when RFi 
,-1- 

is rvith strong iterate., if

T- is so. Unfort '*nately, we are able to prove t lr i ; ; ; .cnly,when T is "alrnost syntactical""
IJence the maih result of , this paper is : Ot, 

X,, 
is the theory with strong iterate,

freely generated by ar. iding X to T, eachtime wiren tf lX,T is with strong iterate,, in
part icular i f  T is an almost syntactical theory wirh strong iterate. As a corol lary, we

point 'here that RFI 
X, n,f is " ihe theory wit lr strong iterate, freely gener:ated by f .

Hence b'y Z.Estrk resuli ;  i9] anO because every thecry with strong iterate is an iteration

theory, RFI ". o,a has to L:e isomorphic with the t lreory of rational f-trees.' l.r Vr{

All faets'are proved for many sorted theories. ; i , :" i i - i i  i
Finally'  I  want to express rny grati tude Xp V.E.Ciz6nescu fbr helpful discussions'

and for,the continuous sciei",; i f ic and rnoral support. ,  i .  t i ;".

PART N : ALGBBRAIC THE,ORIES WITH ITERATE

l. Not;itions, definitions

As usually the free rnonoid generated'by a sort set 5 wil l  be denoted by S* .

I ts typical eleme'irtS'are a, b, c? d, p, g. I f  lal is the iength of the,str ing a and

[fal] = lL,2,,, . , iai i  ,  then the str ing u = u1u2..."1", r is a!:o consrdere.cl as a function

a:  [ ia i ] *  S,  g iven by ihe re la t ions a(r )  =  a,  r  for  ie  f ia l l .  . ! . , ,
Let PStr, (or PStr , when the meaning of S iS clear f ro:n cqnteXt) denote the

S-sorted theory in t,hich PStrr(a,b) is th,e set of part ial defined functions

x : { l a l ] - t s [ l b i ] ,  such  tha t  d :  xb  l  t ha t ' l s  x  p rese rves  so r t s .  The  t yp i ca l  e lemen ts  o f

PStr are' u, v, x, y, z. With 0^ we <Jenote the unique rnorphism from the empty str i ing

l t t o  a ,  an t l  r v i t l r  S !  t n "  ro .p i l i r r n  Sb  =  (0U+ iu ,  l o+0u) : .ab , :>ba .

. By restr ict ing to total defined functions we obtaini.:d, subtheory of '  PStr,

denoted by Str,,  which is the init ial S-sorted tfreog"l_]l$e.l /ery morphism of Str,

can be considered as a morphism in an'arbitrary S*$orted theory V , through the unique

theory morphisrn F: Strr-> V, and we agree.to olnit. the writ ing of F. " i , .
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I n a n S - s j f t e d t | r e o r y T , s u p p o s e t h a i : ' j ' t . i s . g i : l e r i , f o r e V e r y a , b € S * , ; : n

application

+ : T(a,air) -*- T(a,b)

called tterate. Tlre fol lorving axiom

I4) ' , f t  = ;rg' i" i f  f  €T(a,ac), g €T(b,bc) and ye Str 'r(a,b) are such that f(y+1.) = ,g, , j

D r r ' gives other axion".s by restricting y to a particular subse't of f unctioD$.',, ,,,'ii,,

I4-W) I4 only when y is a ransposit ion 'Sf;,

I4-ls) I4 only when y is a bi jecti i ,e functron;

I4-S) I4 only when y is a surjective function;

I4-l) I4 only when y is an injective function. ,, j : : ' r '

, l.l Definition. A theory T is with iterste if it is given an iterate ,ft'+;{or

which the fol lowing axioms hold" ' i i"r, ; ,

I l ) '  f < f { ' , i o > = f f  , f o ,  f € T ( a , a b ) ;  ,

12)  ( f ( lang)) f  =  f+g,  for  f  €T(a,ab) ,8€T(b,c) ;  , ,  ' :  
" " '  ' r '

- , .  . i .  "r- .L .* t  .{
l a l  , : , < f , g > , 1 , = : < f r < ( g < f T , l o . ) ) T , i . ) ,  ( g ( f l - , 1 0 . ) ) ' ) . ,  f o r f € T ( a , a b c ) , g € T ( b , a b c ) :

I4-W).

l . 2De f in i t i on .A theo ryw i th i t e ra1g i5u , f t hs t rong 'd t ' e , * c te i i i f I 4 .S ) l ro }dg .

Eyery theory with strong iterate is arr i teration theory of Esik and ,every

iteraticn theory is a t lreory with i terate. Tr' ;o examples of Esik l l0] show tirat these,. ,

t frree types of theories reall l ,  dif fer. '  .Tl 'rese types of theoi ies differ only by axioms of

type I4). In the case o{ theories with i terate and of:r i teration theories t l te used axiorns ' ;

of type 14) are equationai,,  hence bt '  a well  known result such f ree teories exist. This is

no' longer true for theories with strong iterate.

2. I+ hotds in a theory with strong itcrate.

- l t  is pneey1l,(oi le pro'of. may be found in our Appendix A) that in a theory with

iterate I4-ls) holds.

Z.l Lem;na., In a theory with iterqte I!.1"). holds.
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Procf. I lVery injective functicn 1'f ; .St:(anb) car, Lre written as y = (1"+0-,)z r

whei 'e z is an is. 'rmorpl 'r ism. The equali ty f{y+l") = yg , writ ten as

{(y+l^Xz* in i . - )  =  yz- l7g{2-  l *1 . )  
,  shor .vs tha 'L f ( lno '0" ,+" i . )  =  (1u+0u,)  h  , .  whete

h = zg(z- '+1.). Sirrce l4-ls) is satisf ied in a thecry with i terate, then lfr = zgJ" ' ' -Tl l .re

last necessr"ir1, ' fact is f ' f  = (tu*0*,)h*. Tfre equi.Ll i ty f{ lu+0",,r,1. i .- ( l  +0u,) h al ir-rr,,rsr.rs.

to  vr i te  h, i ;as the t r rp le  h = ( f (1a+0. ,+1. ) ,  h ' ) .  By means of  ax iorn I3)  the f i rs t

component of h{" is

.  . f .  & ..J. .d,
( l u+0o , )h t  =  ( i ( 1 " . *0u , *1 . ) ) r ( (h '< ( l ( l u+0u ,+1 . ) I l  ,  l a , c> ) l  ,  l . )  =

= ft{O., - lc)<(h'<f '1"(0",, .1.), tu,.>)f ,  lc> '-  f t ' .  t

2"2 Propositlon. In a tlrcory with strong fterate 14) holds.

Proof. We put toge'tlrer I4-i) , I4*S) both

Every function f €Str(a,b) can be written as

u € Str(a,d) and of , :an injective oi ' ie ,v e Str(d,b)l ' l

tJeftrqe a nror,phiS,m he T(d,r'lc) such that f(u+1.) =

take the j-th co.mponent of h to be h, = f, .(u+l.)

(fu is the l<-th comporlent of f).

.,!.",.The Cefinition is correct as shows ti-re followinr

valid in a theory with strong iter:ate"

a composition of a surjectiv'e) qgle

$ll'i,ow the proof is finished if we can

uh and h(v+l^) = vB. It  is naturai toc
r, where ke ftail is .sueh,,tf;At u(k) = j

chain of  i rnp l ica l ions

u(k) = u(kn) ==> y(k) = y(k').==) 8y(k) = By(k') ==) fU(V.+.1..) = fU,(Y+1.) ==)

==) fO(u+ t .Xv+1.)  = fu,(u+1.)(v*1.)  ==) f , . (u+tr . )  = fU,(u+1.)  ,

where the' la{i tro.nc is based on the fact t lrat v, being an injective function, has a r igfrt

lnverse,  i .e .  there ex is ts  t  suc l r  that .  v i  =  l r .
d

2. The rela-t icn f(.-,+1.) = uh is just another writ ing of the definit ion of

3. 
' fhc 

relation h(v+1.) = vg w'i l l  be shown by cc'nponents. I f  j€t ldl l

s u c h t h a t  u ( k ) = j , t h e n

h.,(v+lo) = fU(u+1.)( ' . ,+I.) = fU(y+1.) = By(t) = Bv(u(k)) = 8v(j).

.  Now our aim is to look fcr an identity l ike 14) for a part ial function y. In this

process we rieed sornetlr ing to say what is the "domalni l  and t iro: tr image" of a morphisrn.

3..,11* initial theory with strong iterate.

I f  we ca!,r  show that PStr,  is the ini t ia l  theory with (strong) i terate then, as for

Str , every par;ttli i,dunction of PStr, can be cbnsidered as one in an arbitrary S-sorted

i.l" ,,,,,i

and ' ,kcI la l ]  are

n
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theory with (stro;rg) iterate. Naturally, a rnorplris:-n between two theories with (sircng)

iterate is a theory morphism which preserves tlre iterate.

3.i F.opositlon" gvery &J*cglrtfnous thenry is u thcory wfth strong f.terate.

Proof," In a t ir-continous theory T , i f  , .Lura denotes the least element,of ,

T(a,c), t lre;r the i terate of f  e T(a,ac) is defined t iy

f f = V f  '
n)o 

n

v,, lrere f, . ,  = I^ ^ anC f- ,  = f<f-,I^) , for n),1. V/e i<now (see [4,5,9.]) that every
u  a rc  n+ I  n '  c

rational theory is with i terete, hence so is every w-continc;1. 's theory. 'rVith a proof oi ,  i

14) , the proposit ion is concl,- ided.

Typical ly, suppose f e T(a,ac), g € ft !rr;c) and y €Str(a,b) are such. that

f(y+l^) = yH. An easy induction shows that f.n!/frn, for every n>o. Indeed, for Fr = 0' ' c

the defint ion

.  .  
f0,= r"r .  = < aarrc,""{a1u1,c) and 80 = rbr.  = t 'orr6t" ' r rb,o,r . t

aliows us to see that the morphisms y I!r," 
"t td 

lura have the sanre.r-qomponents,

narnely
a  b  ,  a .  r  ! - r r  r a*iYru,. - *irtrrb,. = r",,. = *ifu,. '  fcr ie [lall '

The inductive step is

YBn-,  l ,=  
y8(8n, l . t  =  1(y+l^)<8n,1. ,  =  f (ygn,  l . )  -  f ( fn ; ia) , i  fn* , I .  , .  . ,

The last argument is the continuity of composition vhich yields

y g f  = y . V B n = 1 , / y g n =  ! f n = f f .  t l
n>D " n)^ " n)o "

Coroliary. PStr is a theory with stron g iterate. n

This corollary ancl the fact that PStr is the init ial theory with iterate (see [6],

or conrpute, using as the meaning of the undefined morphisms I",b from PStr ' the
.L

morphisms lf  0U in an arbitrary theory with i terate) lead to t lre fol lowing.theorem.

3.2 Theorem" FStr is':the fnitiol theory wrth strong iterate. ft

4. Donnains and Images.

Here' l \ i lbigive, for a morphism' of a'theory with i terate T , something l ike
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clonrain and im;:ge of a partial functir:n, A srclu frfnry ot a string a is a func.-jon
x#.PStr(a,a) included rn lu , thar is x(j) = I or x(j) !s uncl,: f irred. Then there is a
natural id' :nt i f ica' '- ic-rn of substrings of a rv:t ir  si;bsets of [ !al. ]  ,  r l ,hlcir is usei1 to define

. inch:sion, uniort and intersection of sulrstr irrgs" Irr fact, the ,;ul: : ;et of I iai]  .sr.r-g:: l  onCing.
to x , denoted by [Jx f i  ,  is i i .s definit ion domain"

" For a. rnoi 'phism .i€T(aob) t ire rct of substr ' ings x of b such that fx =,fr, , is , i
c l o s e d u n d c r i n i e r s e c t i o n "  i n c l e e d , i f  f x = f  a n d  f y = f  t h e r :  f x y = f  a n c J  x y = x n y .

'  Similarly ivith the set of substrings' x of a such that xf = t.  Thesc- shov., the
co r rec tnesso f t | r e fo l l ou , i r i 8c Ie f i n i t i on .

ffus fmcgs' of f  c T(a,b), clenotecJ by Imr(J.) ,  is the rninirnal substring x of t>
such that fx = f. .  l5g dorncfft of f  ,  denoted by Domr(f) ,  is r lre minimal s.ubstring x ;,
o f  a  such t l ra t .  x f  =  f .

In the part icular case of PStr , vre see that I Inrr '*,"(y) [ ]  is the usual inragc of
f ,  and similarly for dolnain, In acjdit ion the :]Q.{:aJit ies y = ;r l inrotr(y) = Oo*Or*.(t) t
are s t i l l  va l id  in  ' [  

.  So,  for  y6pStr ( . . . )  ,  the r r - ic lus ior is

imr(v)  G Imo. . - - (y)  ,  Domr(v)  ( .  Domo'r . (v)

hold. Let us p:oir i t  also three ea.sy obser"vations, ;: ,  \

l .  I f  Im f ( f )  q  y  t hen  f v  =  t ;

2 .  I m ' r r r ( x ) = x , i f  x  i s a s u b s t r i n g ;

3. Imr(Vf) = Inrr(f) i f  y is a surjective iunction (far this v./e see thaf , yfx r yf, :
i f f  fx = f ,  where the left-r ight implication is basecJ on t l ie fact th.rt. .  y. lras a ieft
inverse z  ,  i ,e .  zy = I | "  i

A substr:ng x of p" = a:art has a unique decomposit ion as x = xju,+ x1ur, ,  wiih
x[u,: xjun subsir irrgs ci otr d", respecti i , 'eiy We use t lre convention t lrat unspecif ied : ,
iri,aggs are computed in T .

4.t Observatlons.

1) Im(f(y+g))  g.  Imrrrr lnt( f ) l r l ) .+Im@), for  f€T(a,bc),g€T(c,d)t \€pStr(b,e);

lp) Int(fy) Q Intrrrr(lmff) y) , with equatity tf y is cn fsoniorphism;

2) Im((f,g)) = Itn(f) Q trn(g);

3) tm(f*) a rmff)fy, for f ertu,ab) ,, ,

4) tm(f+il = Im(f) + Im(g);

5) !m(!( lO+0d*r")),= Imff) lb*Ad.d + tm(f)f 
",  

for f  eT(a,bc). r, , :  i , : , j
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Proof"

t ) .  The equai ; ty  f (y1+g)  = f  Im( f ) (y+g)  = f ( t r r rL f )1U1,  + I rn{ f ) f .6)  and the observat ic ,n
I rnr ( lm( f ) l  yv)  € , Imp5rr { l rn( f ) f  

Of)  
show thar

f (y+gXlmo' r r ( lm( f )J , ,v)  + Im(f ) j .B)  . ,  f (yrg)"

Nour lp) is a lrart icular citse of this, i tr  g = l), ;  ".  T:he reverse irrclusion, whcn y is arr
isomorphism, is ;: .  conclusic,n of the foi!cwing impiicai ions

fy = fyirn{{1,) ==) f ," fylrn(fy)y-l  ==) Inr(f).6 .,rr lnr{ry)y-l ==)

*- :> y  1t* ( t )y  
G Im(fy)  =. , )  Imnr* f ( l rn( f )y)  = , , , , "ur . (u ' - l ; , l t t )$)G Im(fy) .

2)" The obvious equivalence (feg)x = l frg') (==) fx = f and gx = g , . leads to

x 2 i i r i ( ( f , g ) )  ( = = )  x ? l r n ( f )  a n d  x . 2 I m ( g )  < - = y  x ? i m ( f ) U l m ( g )
which vields th,-: desired equali ty.

3). Al l  we need is to apply axioin Iz). Incteed, i l '1i,nqr;Jo; = (f( la+trn(f)Jo)iF = t*.

4)" \Vhen one of these morphisrns is 0. anri thr* other is f +-T(a,b) the reiation holds
because Irn(C +'f) 

.  
I . , .  + Irn(f) unO Im(f+fl .) ,= Inr(f) n Ja,.. In the geperal casp,

for  f  e  T(a,b)r  g€T(c,d) ,  the wr i t ing of  f  n i l  as a tup ie g ives a pre iof .  , ,  ,  i ,

I rn( f+g)  = Im(( f+0.1,00+g))  = I : l ( f+00)  u lm(00+g)  =. ,

= ( lm(f)+ 
{,, . t) 

U (JO,O+lm(g)) = Im(f)+Im(g).

5). The proof rs basecJ on 1p) for the,isornoi 'plr ism S!*f 
. .

Inr( f {10+00+l.))  = im(f(Or+lO.XS!+t.))  = I rnpctr( tm(t(O.,+tO.))  (S!+loJi  .
t k

= I*ps tr(l nt(ooof Xsl+ I .)) .='lmor rr(( -l-c,6+lmif )Xs!+ l.)) =,

'  Itpsrr(lm{f)J,+ IO,O+lm(f)1.) = Irn(t)l '  o ld.d + Irn(f) 
". 

n

5. The extension of i4) wlren y is a partial function

'  Let  us note that  the ax iorn 14)  for  par t ia l  funct ion y  i t  is  poss ib le  not  to . : , . , . ! r . l

work. We imp:rove 14) by our demand that ther'e are the same undefined components ir l
,r .$

Ygr  anC f r  ,  that  is
*  . . . t -  . t
Dom(y )  l '  "  yg t

'  ' i ' ' '  i '  One more tr iclcy corrdit ion is ttrat the equations from Dom(y) f must not depend on L: l , i , i r^ 
variables that there are not in Dom(y) , that is

Im(Dom(y)  f )  C Dom(y)+ l - .  j i i l
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The special case vrhen y is.a substring is separater:, proved * a lemma.

. 5'I Lenrina. If f : a ** ac is a morpihism fn a.theary with i,terate and u is a
sub*trirrg of cr .such ths.t krt(uf) e. u+1, , ilien ,,;. i

. '+- .  -.+
f 

' = (uf)T"

Proof. We clroose an isomorphism y,: a*tsaralf ,  such that y-luy = l^,:h,I^,0r,1,u.
o  d ; c lBv usins, 

:1;t, : :.* 
*"* 

_, r .i. .(u f ) '  =  ( ; , [ (1" , * ru , ,u , , )y- r f  (y+t . )J(v- t . l * ) iT= '  
. .  :

= l,((l*,-. J--,,,*,,)y- tt (r* lc))"{- = y((lu,+ r",,"u,,)gf ,
vrhere g is  a  notat ion for  y- l f  {y*1. )  "  The condi t ior r  Im(uf )  e  u+l^  ,  wr i f ten in  g ,
looks so, 

c

Im([u,+ .Lu,,,. , ,)g) = Inr(y- ' tuor- l t  (y* l")) = Im{uf (y+ I .)) G,
V L

' ' ' ' l  r" ,  € I ' rnrr*.( Im(ufxy+rc)) g l fop51.( 'un,r.xy+t.)) '= r",+J-", ,-u,,u-rc. . : . . .
This makes the a'-ccimponent of g , denoted g, ,  to fulf  i l  t l le conci, i t ion..

gr = gr( l"r+.Lu,,r" , ,* .  l6)"

We are ready to F,rove the equality,

(1.,* lu,,ru,,)sl = ((iu,* 
{,,,u,,)g}*

(g',g") , tlren the ar-cornponent of g-i' 1,I f g

and so

(1",+ luu,oo)sf= <g'"i< r.,,,g,lc>, Iu,,,.>.

For the right morplrism we see that (1",+ Iu,,ra,,)g = 4*,, -16,,r",u,,a) , and sg, ttre
components of i ts i terate are

*'*<{J-u,,,",u,'.(g'1,i5,,,q>f, l.) ,,, g'11r",,,{,,., l") = g,*<r",, ai{.) and
I*a t t r c '

Now we come back to
;"

(uf ) r  =  y( ( .1u,+

f and f inish the proof.

I"',,",,)B)* = y(lu,+ J",,,u,,)Bt =
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5"2 Propn$ition. Ina tlrcory witll strontt it*rate, if f : a-r"act g.'b-+bc or€

such that Dom$) r (y+1")'yg , far one yePSh.(a.,b) , qncl f futfils the concirtion ., ..

Int(Dom(y) fl e 'tom(y) + i, then

Domty) f {'= ysf.

Proof. A f irst step is'given by the above lernrr4, na:neiy we have'

Dom(y) ft = (Dom(v) rf.

The proof goes on with a choice of an isomorphisr;r ,z i a" *balart suc!,l',..that '

y = z(v+ I^,, . ,  ),  ' .vi th ' /€ Str(a',b). This transform Do:n(y) f to a canonical f  orm h
d  l / \

with the a"-component J* ,
h = z- t (oorn(y) fXz+1.)  = (z ' lnonr{y})  t (z+, l . )  = (z ' l !u, , .L", . ,u)  f (z+1.)  =

.  = (h,,  Iu, ,rg,a,,C).

Now rve  show the  fo l l c tw ing  ident i t , y  , i ,  ' , .  ' i r r . .  , r .

( v *  Ju , , , 1 )g=  z - l rg  =  t - lDo* (y )  f ( z+1 .Xv+ , f " r r , L+1 . ) . ,= ,n (u+JSr r r ) . o1 " ) . . , , . ,

To a part icular fact f  rom this, namely to thg eqUality of i ts a'*componcntr '"1 . :  :  , .

v 8 = h ' ( v + . 1 1 * u , , , } + l . ) = h ' ( l u , + \ , , , ^ + 1 ; X v + l " ) , 1 : ' . '

apply  14)  us ing 2.2 .  Therefore,  vd = h '+( I^ , ,  L+1.)  
= h '+<J*r , , , . ,1 .>.  An easy

computatisn of .6'l ' , gives h*'= <h''f<iu,,,^,r.r, i j,,,.) , hence; " .:

h*= (vg*, -L.,,rc> = (vola,,r\Xg ,,0.) = (v+ lu,,r")g " .  j :

The conclusion that the pioposit ion holds is now obvious. i ' , :

nom{y) f{" = (Dom(y) r)t = zh* = z('t+ I",,,L )Sf * yf'f . n 
'

6. Some properties of a theory with iterate

We are giving for the begining three properties of a theory with iterate T .

6.1 Observations.

.  " "  :  , , t l r ' I )
,. 

--7ii fi, L(

' l - 4 r  i :

,  n i $ l  ;  ' . i

n:'-... i :, : i t.:rr,+;11ft g@o+l,O))t, l") = Kf*,lbJ1g*,l") , for f €T(a,abc\ g€T(b,abc);

:  ' .  i ' t ' : ' t" i1i.z) 
$eo+oo+1")r g$o+lo)r*= <ftrg*> , for f  €T(a,ac), g€T(brbc);

s) @Of;+t"ntr(f9oo"t") <(gG2+1"0t, to"il*, I") ='(g(ft,ln?)t , for f € r(a,am,ilio

g €T(b,abc).
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t) Th"Pr:Xd t:ompcnerrt cf (f, g(Ou+,'.)rnt is (g{{}a*lbc)<f'f,tbc>)f = g.l. 
"r ',o 

rn*
f i rst  cne is t f<g' f , ta).  Theref ore 

. t  LrL Ds

(( f ;  g((,ru+ro.)t '1, l . )  = <<f+<g'1,t .>, gi) ,  i . )  = .  ,
- <ff<g*,ic>, <gtr.)) = <ff,rbc)(g*,1.).

2) The sc:cond component of (f( lu+00+1"), 3(0u*lO.)>f" , is

Q(oo+ lo.X(ft lu+0,r.1.))+, lo.>) 'F = , 'F
and the first cne is i

(r(t"*oo*r.))tsf, l.) = t+{oo*t.)<gf,l.> = f 'F. 
' :

3) The axiom I4-w) . applied to (f,g)(sb*.1..) = sb<iq(s!*r.), f(s!* i^)> ,. gives
(f,g)*= s!<s(sl. i.), f(sl+t.)r*. Based on t3) the equaiity of the seconct co.mponent
of (f,g)f with the first of lgts!.1.), f(S!+lc)>'l gives tire desired i<.tentity. ,;E -

This partidedicate.J to theories with iterate is nearly finished. one more tait is
arrother axiomatic system" We shall use the feillouring notations with the nope that , in
fact ambiguous, th!s'notation wil l be clear er,,en,time wiren jt.wil l be used. ,r:r.,r,,,:.

^ t r ^'  x t"  = ou+lo+O.

ftb = ,ra* abca'c'. ,.abca'c'-^at  ,  ^b ,

6-2 Froposition- In a theory T , if the cxioms - It), I2);,,14..w) thalr*;,ther. th€
axiom I3) fs,equl'olent with the following coupte of o^r:doms,

vl) qfar'l': = f+ob , for f €T(ab,abc); ,

v2) $,g)Ta = l .xl ie,Q><ff , t  ? , fcr f  eT(a,ac), I  €T(b,ac).

Proof. Our proof begins with-the implicatic,n V2) ==) V2') 
' ,  

where y2') is

vz' j  <f,gr ' f  b = <t,*fc><gf, l . )  , .  for f  €T(a,bc), g€T(b,bc).
Indeed, using I4-Iy) in the second equali ty, we have

r ,1.i.
Si<f,g>t' = sfl<t(our- lo.), g(ou+ t o.)rf = (t,(lo+0u+ l.), f( I o+0"+ l.))+

- + b  . b c " . . + ..  = (g, f  ) '  "  = (xf , - , f  >(gT, lc) .

suppose.that, 'V2) holcs, hence also V2,). Then we can write Vi) more precisely,
fo r  f  =  (g , t r )GT(ab,abc) ,

(g,h)* = (<g,h>*a)+b

Now

i.e.

.  a i : c a ' c ' r 1 *  + ^ _  t  ?  r . t - L _  _  , , j , _ . r. . c ,  a t  , r o r  r E I t a D c r a ' D c ' / .

{<*lb",n><g+,lbc>fo = a*f, h(g*,1b.>>+b =
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= <gf,"Pt) ((h(gf,,o.r)f,  l .) = <gt' .(ncg*,1b.))f, l .),  (h<g+,to.r l f  r.

So Vl) is identical ivith I3). Thus rhe only neces$ary inrplication is 13) =) yZ). j'lre

foi lowirrg compula t ion shc,ws its val idity.

( f ,g)*a '  = ( f ( l r+.00+i . ) ,  g(1"+0u+1.) f  =,  -  ,  i

= <f f (00.*r  
c)<. . . ,  lc>,  (g(ru+00+t.) ,<t f {oo+1.) ,10.)) f  )  =

= <f f ,  (g<r ' f (oooi . ) ,Obot.r f  ,  = ( f f ,  (g<t ' i , r .X0o+lc)) t>

= (f*, g(ft, l .)) = <*lo,s><if,t .r.  . ,  O i ;  : ,

PART II : FLOWCHAR.T THEORIES -; i

7. Flowchar-t operations , .

I f  one t 'Eys':to construct a f lowchart theory, he needs a labeling set X , for
internal vertices, anil something to connect them. For this we:,ese*,&fii.:S*soltedr:,tt+eory
rvith iterate T. The partrc,"rlar interesting case of connecticrr with, plssibJe undeftned,
arrows is that of PStrr. In all that follcws., we supp.s$,e. F, is endowed with two
functions

t i n r t o u t : I a 5 * . ,

where . i , . ,(*) gives the number and t l ,e sorts of inputs . into
represented by s , and similarly'roli{-s,},,'.,;'for i'is outputs. The
them are denoted by , ' in, . lu, :  q*--r S*.

7-l Definition. A f -flowchert'sver f . , with input a and output b
(rem;mbe' 

"'':.';. 
;:il; 

""': ; : ;,,,"o.ri,*j' l n

.  t  € T(rf,ur(e), rIn(e)n) - is i ts transit ion morfism;

e € E* - is the'str ing of labels of the ordered set of intcrnal vert ices.

The set of !-f lowr:hart over T , tetween a and b, wil l  be denoted by Fl..  -(a.;>).
Z'S t

i :- ; : ' l ts,, typical elements are f,  f ' ,  . . .  and their corresponding components are ( i , tre);
j  " ( i ' , t ' ,e'),  . . . .  For every internal vertex jet lelJ , denote by t i  i ts transit ion co14pot1eggir

'  r * . ( e )  
'  '

i .e. t j  = x ' .outf 
i .  t .  For r ln(e), r ln(e'),. . .  use typical ly p, p',  . . .  and identica{,}x,

out (e iJ  
rn  rn -  -  - - - - - -=-r

the "statementrrbox"

monord extensions of

i . r i ) 1 i l .

r ' l

with q for iout., The last convention given here is to denote by



yin : PStrr(rl*(e), rln(e')) and

extensions of f,€ P5trg(ere') to ihe inputs

quite diff icuit.  writ ing of 
.  Yin is Yin =

r :  (e ' . )  ,  z .  are
i n '  j "  j

i o .  .  . , - l  + 0 .
_ l  

"P't . . .P'k*l  'Pj 'P'k*! 
"P' l

' j  = * )

L -Lp'..0'' r '  
G' l

/ ', f*",'--E{ , i w ,

the

the

Dt .  =
t
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'" ,. Now the,basic operations on flovrclrarts

The  so rnpos i t i on .o f  f  : a -+b  w i th  f ' : b ->c

yout t PStrr(rfon(e), rf,ur(e'))

andr,q.utputs, respectively" F

12,  , . . . ,zgei> where,  ,  Put t ing

.....: :.

. , , . ,  .  . . ,  
i f  Y ( i )  =  k  (hence  P .

e ' l ' " , '

if y(j) is undefined.

or exarnpie,

D,  = r .  (e , ) ,
' ,  l n  l '

-  n t , )
t ' k " '

I

have the fol lowing exact definit ion.

i s  
- "  l j '

The tterate f : a + a b

I

f  i " , i

if we write this condition by

ac-i) trn(i) g tin*lb

ac-t)  tm(t , )  Q , in* lo , for  je I  z [ .

This makes consistent the following definition.

f ' f f  = ( i{,10+i '),  (t( lo+it),  t ' (cp+lp,c))r: ee, ').

:r1",:::},r','.:.,1*: f[1s tupling of i,.:.a.-+C with f': b-+c, making uge of the.notatiq:s x=".]6ffi,f]i* rr,rri;i::rr:rr;:

and x' = Opnlp,. i t

<frf ' )  = (( ix, i r16t7, ( tx, t 'xt) ,  €€') ,

is

tt = (ifa. t<*Pb.i*t.*Fh>. e).
P '  D

of

8. Fiowcitart accessibilitY

In a f lowchar t  f  :a+b ,  the set  o f

extensions zin, zout fulf il the condition

ac) tm(i) U Im(zourt) € =in*lb .

' , , ' . [5 -dosed under intersection.

components using 4.3-2, i ,e.

It  is more clearlyt

substrings. zFl^ , such that their , i i ' r ;- ir
e

"1',1I
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8"1 Definition. The accessilrle lxrrt o,! f is the minirnal substrirrg of \:r ,

denoted by Ac(f i  ,  wit lr  the property ac).

I In orCer to help i-he int ir i t ion we point \ ' -re that z fulf i ls ac), as a set, i f  each

vertex, which is effective reachable by the input morfism, is in z anci, for every ver$'+x

f ro,n 
' 
z it contains all vertices which are effective reachable by its transitiqrr

morPnlsm.

. Some properties, connected with the behaviour of accessible part when t)!1Q. r,
'  

malceg a basii  c'peration, more oi: less ir, tuit ively clear, are proved here, with. lhe,help :uir ' j ; : l

of. 4,3 .

8"2 Propcsition.

1) Acff f ') g Ac(fi + tc(f ');

2) AcKf,f')) = Ac(f) + Ac(f');

i l  ec ( f f )eAc( f ) .

Froof.
'  fr i ; i r1;,: , iyuo .t,": ,a'; ib 

, f ' :  b.+c the suhstring nc(f)+Ac(f,) fulf i ls ac) in f f '  ,  more " , i .r i

precisely ac*i) and ac-t). Apply 4,3-I) to prove ac-i). ; ;

I m ( i ( i o + i ' ) )  e  I m ( i ) l o + I m ( i ' ) . G  A c ( f ) , ^ + A c ( f ' ) ' n * 1 . .  i r ' '  i ,  .
- l  

-

' ' ,Fbt tac-r )  
r  i f "  j€ [Ac( f ) [  ,  the proof  is  as before and i f  je IAc( f ' ) l ]  ,  as jo l lows . l

Inr(t ' ,(00+lp,c)) = Im(00+t' j)  = Ip,p*Ini(t ' ,)  G- Ac(f)t, ,  + Ac(f ') 'n + I. . .

2). tn a simiiar lrranner it may be shswn that if f : a-+,€ and fr !i.h:fi1?'-g'1 then the

substring Acii)*Ac(f ')  fulf i ls ac) in (fof ')" In orcier"to conclude that i t  real ly holds an
' 

equali ty one has to show that 21. fulf i ls ac) in f ,  and zf", fulf i ls ac) in J' r whgC$, :

z = Ac({f ,f ')). Spiitted iri parts tlre 'condition ac-i} r

Im((i( io+0p,*lc), i ' (00+lp,c)>) € ,2i,. , ,  *,1. r .

gives the validity of r ic-i) for zle in f and for zl.r in f '  .  Indeed, by A.l-5)

Im(i(l0+00,+1.)) = Im(i)i '+ Ip',p, + Im(i)1. and

Im(i'(oo+rp,")) = Ip,p * Im(i ').

Similarly ac-t) for z in (l,f ') r: i '€.

Im(t ,Oo+O-+1.))  9.  z.n+1. ,  i f  je I t l " l ]  and

Im(t ' , (0a+ lp,c))  g t in*1.  i f  j€ 0 z l . ,  0 '

proves the validity of ac-t) for t l" in f and for,zl"r in fr.
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3). We shall  show that Ac(f) fulf i ls ac) in f .  An eas;r proof of ac_i) is

rn.( i ' t 'o)lp = rm((i(sf;+rb))+)lp e im(r(sf+i i ,)) l i j  = rm(i) j1: c Ac(r),n .

cn the orher  f rar rd,  i f  je l jnc(r ) [ ]  ,  w i t l r  t l re  convent ion that  Im(t . ) f^  = u,
t l re  io l lowing ccrnputat icn 

i  lP

t ,  
t '

t -

T . . / : T ' 1 ) i  . ,  *
r r r , \ r  , l n

I t '

9. Syntactic equivalent flowcharts

Our introCuctory words lead to the conclusion t irat we have to consider .as
' 

equivalent two fowcharts if one of thern may be obtained from the other by rlsteti:ng
some unaccessible,vert ices and b-y.identifying sorne vert ices, with the sarne label,anci

i1i j1'sucl i  thatn after identif icaticn, they yield the same tramsit ion component. Here we are
able to say precisely rv1''u, this means.

the surjective part ial function y€ pStrg (eoe')
L

f ' : a +  b  , a n d w r i t e  f  h > f '  , i f  t h e f o l l o w i n gv

r j  ** lo, i fu, 
" i lb> 

((uuv) + to) = t ,  <(uqyy) + 05, i fa(uur,+to), 0o+10) =

= t,((uu.v) +tuo) <*!b, i ' lu, *Bb) = ,,<*[b, tf u,,*fl

leads to the desii 'ed cor":clusion, i .e.

rm(r ,<*!b,  i+t , , , !b>) e (uuv)+ ln e Ac{f ) ,n n rb.  t :

i ' rdrLuces the i f iorvchar t  f  :a-+b to

condit ions hold.

wac, Ac(f) € Dom(y);

co- i )  i '  =  i (y , -+ l* ) ;. I N  D

co-t) Dom(you*) t(Vr"+10) = youtt '

F(emarks"

l" Tht condition wac) says that y is tota,l defined on the accessible;rart of f r.:.r:
and is obviously val id i f  nom(y) lulf j ls ac) in f.

2. T'he"condit ion co) = co-i) + co-t) correlates the connection of J to that of
f ' .  In [ iart icular, co-t) ,  writ ten by components ab

co-'rc) tj(r,nn I O) 
= t'y(i) 

^ If 
je [i Dorn(y) [l ,' - ' -  o n t y

shows that y lras to identifyr twolaert ices i f  they yield the same transit ion component,
namely

colt,) t j(yin*lO) = tU(v,n+lo) , i f  y( j) = y(k).

3. When-;t ihey are given only a,f lorvcharf i , . f . . ,  and a surjective part ial. function
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y€ PStr.* (e,e') such that wa.c) and cu:-t ')  hold, orre can f irr i . i  a unique fJowcirart f '  ,  to- 2 *

urhich y reduces f .  ! ; i  fac 'c,  for  f t  the input is i '=" i (v.  +1, )  .  and for kE[ le ' l ]  ,  tht :

k- th componcnt cf  i ts  t r :ansi t ion is r ' , ,  = t . (y,n+1, )  ,  *h;1"? i?t t" f t  is  sr-rch t l rat  y( ! )  = l<.

4.  I f  t l re  par t i i i i  funct ion 1,*PStr* (e,c ' )  is  to ta i  def ined"  t l - re i l  wac)  is

obviously vai icl,  and v.rhen y is injective co-tt) is u!:vious.

5. Sttrre cxamplvs of rreductiors are givcn in'the Appendix B.

The ba.: ic ques' i ion is norv to see what is ira.ppening when cne makes more and

moie possible reductions. The f ir.si remark is that ,there are sott ' ie tr ivial reducticns;

given by isonrorphisnis. Sr.:ch a reduction only prirmutes th:-:rvri t ing crder of vert ices"

If f  F--+f 'anc! y ' is an isc,nrorphism, t lren we say t ir i i i  f  is isornorpl i fc with f ' ,  and

write f a: f'. Another reduction is effective , i"e. really reduces the nunrber of

vertices" A f-tqrwchart is said to 1..e. . ,reduced (or mfnfmui ) if , it has no effective

reductions. t ior i t  seen,s to be clear t.hat 'every f lc ' .vchart has a f inite chain of

reductions to a minimal one. A rrrore i j i f f icult pr"oblqm is tc shovl,that different chains

,give isomorphic rrr inimal f lowcharts. This.pr-ob{elr-r.. is similar to thatrsol,vec,l  by Church-'

Rosser theorem irr the case of h-expressions.

"  Remember tha t  i l x f l  i s

a,  Therefore,  i f  y€ Pstr(a,b)

means of y.

9.2 '[.emrna. If f ryf 
then

As its correspondfng set is y{il Acff) fi)

,,',8.3 Observetion. If f ry f' , f'Vf'
f or every u*1'";,ir,rhf ch futfits o") tn f , on'e has

the subset'of ' [ lai]  correspcttding to the si lbstr ing :x -of

, then y(0 x $, '  is the usual irnage oi the set [ l  x [ l  by

Imorrr(Ac(il9 /uif i ls the conclitfon qc). fn'1t"

we ha,\te

cnd Imor rr(Ac(f)V) € Dom(7t)^ ."r..i;*tq,n

f ry.f,,. 
Inparttcutar f W,f!!1

IJ Ac(f') il r; y(il Ac(f) [).

Proof" 
-nhe 

similar procfs of ac.i) "anci ac-t) are based or'  4.3-lp) , which

allows us to use ac) fci^ Ac(f) in f : a -* b,

.  Im( i ' )  =  tm( i (y ,n+lo))  G Imor* . ( lm( iXv,n-r - lb) )  q

€ l *ps, r ( (Ac( f ) ,n+loXt ,n+15))  = ( l *psr . (Ac( f )v) ) tn  + lo  ,  , . , i , :  ,

I f  j e y 0 A c ( f ) [ )  ,  t h a t  i s  ; =  y ( k )  w i t h  k € [ A c ( f ) [  ,  t h e n

tm(t,)  = Ir ,r( tu(y,, . ,+lo)) G .. .  € ( lmrr. , .(Ac(f)v)),n + to .  I
l

The reduction is a reflexive relation"

However, the fol lolving result holds'

It is not always a transitive .,o4e.
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Pnoof" The function yy' is surjective. I?rom tl ' ie supplernentary ccndirior"l,
wrirten as y([Ac(f)i j) c t]Dom(y')[1 , arrd i lr.c(-l){J E f,Dar.r-r(y)[J , nc{t) a u it f:oliows
that tryy' fulf i is wac) in f" /rn easy ccmDutat;on slrorvs the vaiidity' of co-.i). fc-rr uyyi,
wlrere as usLrll ly b is t i ie cosource of f..

i " - i ' { y ' i , . ,+15)= i ( } r , . ,+ lOXy ' . , . . , . r10)= i (u rn+ l i r ) (y iny , in+16) - i { (uVX' ) rn+ tO) .

No triore oiff icuit is to see that co-tc) lrolds. lndeecl, fci: 1e ff nor,(uyy') [1 , namely
j€ [ Donr(uy) i l  a;rd y(j)€ [ Dom(y') l l  , remark thal

t"(uyo'; ' ' ;= t"y'(y(j)) = t 'y11;(Y'i,".,+lo) = *;( ' in*loXY'tn+to) =

= t j (u in.  t t - . ) iy iny ' in+l ' )  = t , ( (uVr ' ) ,n. lO).  i l  ! :

' 9.4 Lc:mma" IT fl*i"f,,, f q*f anc|there exist.l V"€pStr, (et,e,,) such that
y = y,y,, then fttV7,*v,flr.

Proof" From the equality y = 1rt!t! it follolvs that y" !s, as )/, ,,,, lr.{iec,ttve.
Wi th 9,2 i ,  y"  fu l f i ls  wac)"  Indeed,

[ l  Dom(y") [ ]  = y'([  Dc,m(y'y") g; = y,([ Dt-m'(),) [) 2 ;r,([ f  Ac(f) i l )  A I Ac{i,); [}.

The inputs of f '  and f" are correlated by )r" ,
'  

i ' (y 'u ,  +15)  = i (y ' in) , " i , " ,+15)  = i (y .n+t ' )  =  i "  r

where b is the cosource of f  For the last necessary fact, i .e. co-tc), let
je  [ l  Dor"n(y") i l  ,  namel l '  1= y ' (k)  rv i th  'k€[  Dom(1, 'y" ) [  =  [norn(y) [  .  The fo l l , :w ing

coml>utation f inishes the proof,

t , ( y " . n + l ' ) = t U ( y ' , , . , y " i n * i 5 ) = t , . ( y 1 r + i 6 ) = t , ' r { k ) = t " ) . , , ( j ) "  n  
: .

The trasic fact of this paragraph, something a.s Church-Rosser property lL?rL3),

is contained i i-r the fol lowing lemma.

9.5 ft{ain lemnna. lf f f"f>f' ond f ffi|, then there exrsts

f'*+f ana f"t-*>T. 
r Y

A) Procf of 9"5 vrhen y', yn' are functicn (hence total definei1).

Let  .v  be the least  eqr" r iva lence r : .eJat ion on. [ ie l ]x [ le l ]  which conta ins .u '  and ^ . r " ,

where ^ . , '=  Ker( i l )  =  i ( j , l ( )  l ,  1 , t<e l le l l  and y ' ( j )  =  y ' (k)J  and ru, ,= Ker(y , ' ) .  For  ^ ,  use

the fol lowing constructive definit ion

f  t .here is  a  sequence of  e lements f rom [ le l ] ,  j=n l r " . . , r *=k such that
i ^r k (==) . l'  ' -  

|  t o r  eve ry  l r (p (m o r  np  - ' n ' * i  r  o r  np  - "  np* I .

t
I such that
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' fhis 
al lorvs us to see that rv , as N' ,  tu" r mdy not identif  y eler.drents of dif ferent

sorts. 
' fherefcre rv has a representa:lcn as, ", = I(et-(y) ,  for one surjecl.r,e

yeStr.r" (e, '6). Beiore trying tr: shorv that y yields a reclrrct iorr, i"e. fr: l f i ls r:o-t ')  ,1,:: t  r.rs

c{enote by z',  z" the fun':t iorrs zf GStr, (e', 'd) ,  z"€:str '  {e",€) suclr t i lat y'z'  = y - },"2".

Use co-r ') for y'  in the fci lowing way

r r  c . r r n  ,  = = )  t  ( v ' .  + 1 ,  )  =  t  ( v ' .  . r l ,  )  = = )
p  p+r  , rp  .  tn  D r ] 'n i  ,  ln  D

= = )  t  ( v t .  z ' .  + 1 ,  ) =  t  ( v ' ,  i ' .  i - 1 ,  )  - = )  t  ( v .  + 1 ,  )  =  tn r ' l n  l n  o  n p * l  ' i n  i n ,  D  l l p  ' t n  D  np* i  
(Y in*  t5 ' )

where as usr.ral ly '  b is the cosource of f" Similarly for .\ ,  ".  These two t] 'F,e$ of

implications and a glar,^e at the definit ion of ru , viel. . i  the :"recessary implicatirrn, i .e.

i  r v  k  = = )  t , t y , ^ . r - l * )  =  t , . ( y , ^ + l r ) .
J ' , l n  D  K ' r n  D '

The remark already given shows t l rat  there is a f lowchart  ?

lemma 9.4 ,  z ' ,  zt '  have to be reciuct ions. n

The reduction of t lre general case to this one., is based on the fol lorving lenrina.

9.6 Lernn'ra, Suppose ihct f t7>f "rs o redirriicn of

z e PStry (e,6) ruf th llom(z) = 'Ac(f) . For: e'.ret:u reduction f l;* f'

r\,

such tha t  {  f  1 -F f  By\ /
-l

b; ,cn fnjective

if f'F1;:l>f fs a
y(il Ac$ X) , then

I

9

reductti:m' af f\ by clr injectiVe ' ,'zt € PStr E k'r6'.\ wlth il Dcrn(z') ll =

f *i , where p' ts a total deftned function.
v

Pr-ocf. ' ,There exists a surjective function ie.PStrg(e,e') irrduced Lly y , such

that zj'= yzt (the restriction of y ' tq corresponding dcnrain and codo,rya*in, ordere.d

accorci ing to E1'6').  By 9.3 , yz' is a reduction and no' 'v by g,tt  ,  T is a reduction.

B) Prc,of ct 9"5" In the fol lowing diagram

1'y-1aV.
yf I y/ "q.

1"p*j---r7{ 3 > ?
\ e'\V" ,/y"\r,,i*i,F"

the drawing of the parallelograms 1,2 are based .rn 9"6 and that of the pararlletrcrgram

3, on case A). The two steps recluctions f 'h*F\P? and ft 'g,>i ' l-,r-ri rnay be

done even in one step, as shrrws 9.3 (u', u" are total defined). H

I t  is c le ar i that the isomorphism relat ion is an

standard notat ion"for the transi t ive closure of . . , lzr i l i ,

posi t ive answer to the siart ing quest ion.

equivalence. With F3 > , the

the fol lowing proposit ion gives a
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9.7 trroposition. If f #* f1 t f l\ t2
1 9

i l a h a

then f* cutd f'- cre fsorirorphic.

cre minimol flowchr,rts;
1 '

a n d  f , f

'  t '  Procf" Clearly, we have to apply the m:in iemina irr an inductive way. Suppose
l n  t r  l r n  , n  ) l  ? n  )

f  =  f "F-- , r  f " i - - ts  . . .  p*+- ' " '  -  t r .  and f  =  f ' " * - i ts f " l - *+ . . .  F- :> f t "  =  t t ,  w i th

m,n)0. '  The"i:nductive variable is m+r'r" I f  rn = 0 (or n = 0) i t  is obvious, because,,f,prf, l

( t  = t2) is minimal and al l  reductions are nade by isonrorphisrns". I f  m)l arrd n)l aFpiy

t i ie main iemma, in order to obtain the f" '  morplaisms fronr the fol lowing diagram,

Remar,i i  that f l* ,  as reduction of t lnr * f l  ,  is rnrnrmi, l  and isomorphiq,with f l .

Sirni larly tor 
-t7n. 

By the inductive hypothesis i lm Y- tzn , hence t i , :  t2. , , . .  I  t , , t '

' inj''i,' A nrinim'iil flowchart f' such that f FI+{' is called a totat reduction of f

(by 9.7, trvo total reductions of f are ison-,rorphic). We say. that two flowcharts are

egufvalent' , and write f - f' , if tlrey have a common tota| r.eduction. :, ., 1

Finally;.we remark that Fl is indeed an eqt, ivalence relation.

10" The tl'i*ory of l:educed flowcharts

The aim of this paragraph:i15:f,6rintroduce operations on quotient sets

RFI  
X,r  

(a ,b)  = F l  
X,T 

(a,b) /= 
a.b . ,

where = , is the restr ict ion ofd,D 1e restr ict ion of = to Fl 
; ,r(aib) , in or'der to yield a theory with

iterate. These c,perations ar;.e induced by those of Fl 
E,T 

. In order to shov,, thAt,,this

makef sense *e_have to pr"ove the.compatibi l i ty of = with the operations of FlX,T"

l0.l Lerhma. The reduction (r-+) fs compotible with composftf on, tupltng

and iterate.

r9
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Poof" " l) ' ,Composi ' i ion. I f  f  :  a->b and f ' :  b-|c have the reductions f F*+f
d  . - d  y

and fr*+f we shall pi:ove that f f'tT::f f i. rrru partial function )l+y"r is surjeciivey' y+y'
and by 8.2-1) frliils ,;;o,c) in f f'. An easy cornputa.tion shov..us that-. c-o) holds.

i ( l ^+ i ' )  ( y , ^+y ' . ^+ l ^ )  =  i ( y . -+1 , )  ( l = * i , ( y , . -+ - l ^ ) )  =  f  ( l =  + i ) .  
s

P  ' l n ' l n  c '  ' ' : n  D '  P  
- ,  l n  c "  ' p

Dom(y^. . * - ry '^ . . - )  < t ( l -+ i ' ) ,  t ' (0^r  i^ ,^) )  (y , . . .+y ' ,^+ l^)  ='out, '  out '  '  p l .) p'D - rn , ln 
-c'

= .<Dom(y^  . - )  t ( y , - * l .X l=  + i ' ( y ' .  -+ l  - ) ) ,  Dom(y '  . )  t ' ( y ' .  + i  X0 - .+ l -  ) )=' o u t  ' t n  D . '  p  ' l n  c '  ,  ' ,  o u t '  - ' ,  
l n  - c " - p  ' - p c , -

(Yor.rt-+YJrrt) -]aT(to 
* i), i{oo +l;^)). i, i

P P P C

2) 'tupling. 
In a 'similar manner, using 8.2-2), 

::r: 
can shpw that, if f : a *> c,

f '  :  b+c,  f  q t+f  and t '6 l i  ,  then ( f , f ' ) { -==}( f , f ) .  :'  y  y '  '  y+y ' '  . - ' - '  -

3) Iterate. Let f i-.->f' be a reduction of . f : g,,-.r ab. \v/e clairn that tt-.i;>1,+. Thev
third point of 8.2 shows the vatidlty of .yypc). Iror: co) use the following computation.

ita(v,n*lo) = (i(si*lo))f(r,n*to) = i(sffd6Xl.o*x,o*lo))+, =

= (i(y'.n+l.oXsfi,*1b)+ = (i'(sf,+lo))f - i 'fa. " j,i

10.2 Proposition. The equivalence relation = fs compatible wi.th composition,

tupling ancl itera.ie.

Proof. By a usual tr ick we'shall  eqr-r l ize with identit ies .the.,.,p,1i,,p,per of
' elementary'rdductions (+-a. ) which appear in .,f, tl>-i and f' #} ?. This extends the

comPatibi l i ty with composit ion and tupling::frorn |.-+ tt '  p3* . The compatibi l i ty of .

Fi+ with i terate is an easy consequence of 10.1 .

We shall  now prove the compatibi l i ty cf the relation = with cornposi.t lon. I f

f  =  f  :  a-+b and f '=F:  b- -*c  ,  then there ex is t  two min imal  f lowchar ts  i  anf  n  , ! : ! i j : , lLa: r : i

such that 1A ? +i t uld fl p*'-p' if <+-ri. The above , note shcqrs - that

f f 'FI+f f '+i+f f '  ,  hence f f '  = f f ' .  The compatibi l i ty of = with tupl ing and iterate

are left to the reader. n

1': '* ' ' ini" '" '  This proposit ion al lows us to introduce, in a consistent way, operations in ,. :  , ,rt i is. l
* t 'E, t '

Definition. The result of an operation ( compositfon,

RFt 
X,f 

is the class of corresponding operation in Fl 
N,t ,

representation of i ts arguments.

Dom(your) t(xPb, itu, *[b>{y,^+lo}."=...D.om(your) t(y.n+00, i+a(qntl,o), 0o,,rlb). =

= Dom(your) t(rrn*lu+lg)."3fb; i'-fu, *B'b, = yout t'.*!fb, i'ft,*f;'b>,

h;4,ting or fterute,J,.,in

computed with,;.spnne

ftry
I ;:\i r ir 

'.':;'jr 
:
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10.3 Thu.o1e6-1" l?Flg 
,. is c theory with. i.terate.

Proof.:-: t t i , . , '  is a category with associative tupling (see [6], or cornpute

directly). The dist inguished morphisms are

xl = t*i ,  oa, l) ,  for kqilaj l ,

wfrer€ l" denotes the empty str ing. I-{ence (x' l '  , . , , ,xf^,) = l-.I '  f a l  a
In order to.see that *.at ' , ,  is an algebraic theory we have to pr<;v'e.the

validity of two axioms.

. \  u  < f  
1 , . , . , f  l " l ,  E  f k  ,a t * k ,

fo r  ke  [ l a l ]  ,  where  u  =  o l . . . " i o , : rand  1 i  =  { i i ,  r i ,  u i ) :  a . .+  b  ,  f o r  j e  t l a f l .  I n  f ac t  we

have tc piove f ormally' what we intuitively know, i.e.

- ;  < f  i , . . . , f  l " l ,  * t "  fk  ' ,  *h" . "  y  = (  j ^ r  
^k , . . . ,1 . -k , . . . ,  

I^ t " t  
^ur .: - . 1  €  r€  e  e '  ' , e  

I  l a l
R e m a r k t h a t y i s a s u r j e c t i v e , p a i t i a l f u n c t i o n . f i h e n o t a . ; ' i o n x i = x . P . . . . P ' * ' o l .

p i  
- b '

(rernember p = rin(e)) allows us to write the left expresion as

, . i  f f l , . . . , f lu l>  =  ( i k *k ,  ( r l *1 , . . . , r1a1, * la l> '  
"1 . . . .1 "1) .

At the begining we sirow that Dory\fu) fulf i ls rvac) in *i <f i,,..,f lul>, splitted in ac=i)

and ac-t). Indeed;

:  lm( io*k) g tm(xk) I  Dom(y) inulb

and simi lar ly for  I  Dom(y) i ]  p y = 1"t . . . " i ' ' i f  u* ,  wi th mEtlej l l  ,  because the i - th

component of the'transi.t ion morphism is the m-th componenI of tk*k,',n,

For co) remark that x:((yrn+lO) = l^k* , t l^*ercfore

. k k ,  r  \  . k  
p D

i " x " ( v . n + l ' ) = i ' '  , a n d

Dom(your )  < t l * l , . . . , t lu l * l " l> (vn* lo )  =  , : . ; .  
" ,  

. . .  i

<I . f ,ur("1),pkb, . . .  ,  tk"k{y innlb) ,  . . .  , \ :ur{ . f "1) ,pku) = Yout tk.

b) f = <xf r....,x[,t> ,

f  or f  :  a -> b. With i ts intuit ive meaning in minrj i tve 'r, lool< f or a proof of

<*f t , . . . ,* l , f>F;> f ,  where, mal<ing use of the.nrl$j9l-fyh)= w...w b! n t imes, y
r  l a l  Y ,  ( t " t )

is given by t = ( i"r. . . ,1.) :  e' '*"--F..e. This is'a';surjective, total function. We'. 'ontry

have to show co). A direct compr,rtation of the rignt sxpresion gives

<* f  f , . " . , * "  r \  r ,  - d  : - - l  a  l a f  '  I  
t * l u l> ,  . ( l a l ) ;

r  l u l l )  
=  (<x l  l x  t " " x la l l x '  

' ) t  t 1X  t i i i ?
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w h e r e  x k  =  0  , ,  ' -  |  r ' o  ,  + 1 , .  R e m a r l . ' t h a t  v .  =  < l  . . . . . 1
p (k - l )  

{ ' l p  + '0  
o {1 "1 -L )  

* l n '  Remar l " t ha t  Y in  =  ( l o r " ' r l o ) "  So t  
: ; i ; ,

, . . a ; . . 1  ' *3 , i * l " l >  (< l  . . . . . 1  ) . r1 ,  )  =  ( x?  i . " . , . xp .  i )  =  i  .  and( x I  l x  r . . " r , . [ a l . ^  ,  \ . . p r . . . , - p ,  . ^ b ,  _  . . . 1  , r . . , ,  
l u l

( t x 1 , . . " , , * | u | , ( < t 1 r l . . . l l o ) + l o ) = ( t , . . . ' t : , = y o u t t .

The seaordd ste| is to show that'in ntrl 
'T 

the axioms of iterate hold, iq, the

equivalenl fornr of 6.2 ,1.e. l1), IzJ, V,l), 'Vzl," l [W). In t l .e:,Appenclix C we show trb,w

look some axioms written for part ial i terates. i  . , ,

t l )  f < f * , l o l ' = f f ,  , .

for  f  :  a-#ab.  More prec ise ly ,  t< i t , t '>  t -+ t *  ,  where , .y . :  ( le , l " )  :  ee-+ e.  ro f

course"y is a surjective, tota! function. By conrputing the right hand si$e we obtain

the fol i  w irrg representation,
-1"  Jr  nh &r nh nh . I r  nh

f<f+,rn> =' ( i(Io*(i+",*[b>), <t( lp+<ita,*[b>),,<*fb,i+u,*[b>{oo*lpu)), ee).

Remark that y fulf i ls co). Indeed, ,  ' | 1

( t ( r  +( i fa.*Pb>).  *<*Pb. i f t ,xPb>to +l  , , , ) ) ' ( , { l  : '1}- .1*1r) := ,  , ' : i ; ,' - ' - p  ' -  ' ' - b  p  ' -  ' ' - - D  '  p  - p b '  '  - P '  
P  D ' .

= <t<*Pb.i*u.*Pb>. t<*Pb.i t" .xPb>> = v . ,<*Pb.i fu.*Pb>.p '  ' D  
P  . ' , D  

' , o u r  p '  o

,:.  , ,12) holds in Flg,1 (see'[6J, orocompirte), hence also in RFlE,T, .

Before trying tO': 'prove y1), V2) we remark that the part ia' i terate for,, f  :  abc -| a'bc'

can be computeci with the fol lowing formula.

f+b = c+b, t.*!]lt', *f;bt ifb, .Parcrt o), . c t  e f

\  i  : . 1  ' i "

r l ! 1

vl) 1t*afb = tt

for f : ab + abc , holds even in Fl s ,,.. Indeed,
J.G I

trf 1t! = (ita, ,<*!bt, *lb itu, *B:tr, *)F! = r,,,-,

= (ifu)fb, ,<*!b', *lb if", -El', ,r,.ft,xf;btit$fb, *!'), e) =

= (ifub, t<*!., *ab,ti q*R., *flbti11;*Tot*; *;bt,*")+ul *1.>,

= (itub, t <*Pt, *"b(i*u)*b, *flbtitlfP, *f,t), e) = ! .,,

= (i*ab, t <*!t, (i+"fb, *ltr, *),=,(iFb = f+..,

.  ' 1 ' 1 .  
, i

f ; i

:'; 3

e ) =
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vz) (f,f,2fa * <'.1",f')<tt,t.>,

f o r f : a . } a c a n d f , : b * . a c . W e s h a l l c o r n P l l t c i n t u r r r t h e l e f t a n d t h e r i g h t s i d e .

( f , f '>t '= (<i( t^*0^,* l^^) , i ' (0^+l* ,^^)r ,  <t( .1. . r .0, . , ,+ i^,  ) , t ' (orr+i . , , r . i ) ,  
"" , )* t  

=p p ' a c p p ' a c p P ' a c P P ' i

= (g, (t(to+00,+1".),t '(00+tp,".))"r*J$'t,*3t*, *f,P'tr, ee,) i  .
where

s = (<i( l  +o .+l  ) . i ' (o +l  )>+a =a '  - ' -p  -p '  -aC '  -p 'ac : -

= lyPP'oc, i '(00+tp,u.)) a*JJ't, (i(lo+00,+lac))t3,,x:P't> =

= <i+a(i  +0 .+I ) ,  i ,<xPP'c. i ta(t  *o .*r".) ,  *!P't t ,
P  p '  c '  p '  p  p '

Hence the transit icn component is

< ,<*PF't, i*"{to*oo,*lu.), *PP't>, ,, '1* QPl,c i*a{l ,u00,*ru.), *!P'"t t .

on the other hand because to,*<i+d,*ltt = <*5'9n1;ii*a(op,+to.l, olrot) , the right side
is

<*lt,t '><r+,t.) = 14;P'ac,i '>,t ' ,e') {<i*",*!t>, t<xfc,i*3,*f,t},,*) = ' . . ' . ,

= ( < iio(o^,+r^^), i '<xj'pc, t'lua1O^,*i^^), xl'pc> >,p '  p c '  p '  P '  p c ' c  r  '  
'

Now it is clear that the isomorphisr S: : eet-->ere reduces ths,J€.ft to the,rr ight ;, , , : , .
f lowchart. 

' 'As 
V,E.C5z5nescu. remark, V2') holds even in tt  

X,, 
and 13) r:nay'be.. - i

replaced with Vl), V2'), as well.

I4-Is) y(y' lr(yot.))t= r+

for  any f  :  a-+ac and any isomorphiSm y:  a->b A d i rect  computat ion g ives
-r  

^) )*  = y  (y"" l i  ( I^+y+l^) ,  t ( l^ " ry* l^ ) ,  e)+ . 'Y ( Y - ' f ( Y + 1 " . .  . p ,  c ,  . p ,  c . ,

= y (g,  t ( lo+v*1.)<xfc,g,xPC),  e)

where

I  = (y-l i( lo+y+1.))*b'= (y-l i(to+v+l.Xs!*r.)f=

= {u'-ltitsfi+1.)J(l+1.))* = v-l(i(.sl*1.))* = y:l i*a.

y(y- l t (y*tc))*  = v (  y- l  i *a,  t ( to+v+1")a*3t ,y- l  i *u,  * f ,c>,  
"  

)  = ^" . .  , r . , , ,  
' ivr

Therefore

,  . t  I

-r, .1. '  r

= (yy-l i*", t (xpc, yy-l i*", *f,c>, .) = f+. D



pa8e "2/r-

l I .  Wtrn is FtFl .cr d lneory wich strcng it : .ate ?
L r t

\_--
Fo. lutt',e'r reasons (an answer of. folloirqing question: When two syntact,ic

equivalent florv;hart are semantic ecguivalent'i) we ask when R.Fl !. -, ;.s a tfieory with
strong iterate. Obviously, T must be a thecgy wich.strorrg i teratelt iut, unfortu,ratcly,

'  we are able to shbw that RFI*..r is with strcqg,. i , teratq only whe;i T,,, , ,  in addit ion,
fulf i ls the condit ic:n "rr

As) Ini,r:(f y) = Imorr.(lmt(f) y) , for every. ye PStr{...), ,, i ;,

an<J then call it an almost ;Jrntacticsl theory. ri:,stiy a lenrrna.., ,. ,.::,, . 
1,i

ll.l Lemma. If 'I. ts'.urr olmost slntdctfcdl theory with iterate, then the
reduction is even u transitive relation, i.e. * = |->.

Proof' By 9.2, g.3 the oniy obsff.uction for the equality f-L= l-.-5 i5
y0 Ac(f)[) g I Ac(f')il , if f 1pfl and f': a-t-'h,"-:,We shall prov:e.this in its equivalent

r Y -
,"form y-'0 Ac(f');[)'rp I Ac(f)[- ,keepingtn mlridit$at Rc(f) is the rninirnal substring of ;,:, r:,
e which.fulf i ls ac) in f.  Using AS) in ? ,  i . \ , , \ . . - , t r . . ) -  ; . " "  ;

I:'nii{yrn+10}t = Im(i') € Ac(f')rn+io
one has a;r inclusion

(1 , ,n+ lo )0 ln ' : ( i ) [ l )  € .  f iAc( f ' ) ,  +16 l l  r ,  . . .  , , ,  , i  .  ,  .  I ; .  :

equivalent with aic-i),

f i i m ( i ) i l g ( v - l ( i l A c ( f ' ) [ D , n + l n  ,  j ,
t, I

For ac-t) if je y-'C Ac(f') [D , that is y(j)e [J Ac(f,) II , ur berore " . ,,:..,.,u

i , .n(t.(y.n+lo) = Im(t 'rt j l )  g Ac(f ')r.+16 ,

Ieads to the desir3'scl ir,ciusion. t]

''}i;r'i:ir:zr'' ll.2 Theorern. If T fs on olmast syntactical.theory wfth sirong iterate, then
' RFI s'.n is wfth strong iterate.

A t r

Proof, We have only to show I4-S) ,'i

) - J' '  -  
, , t ' } '  i f  f  : .a->ac,  f ' :  b->bc and yeS'cr (a,b)  is  a  sur ject iveJuncl ionL :

such that f(y+1.) ? y t '

1'r 'rr Let us suppose that f, f' are minimal flowcharts. Then y f, is also a rfir"rirr,r;aj: .,..i:

f lorvchart" Indeed, i f  i t  is not so and u6.Pstr(b,a) is a left inverse of y, i .e. uy = ibi, '
then cvery effective reduction yfiry:r-ttt are still effective reduction {*lr

_fl _ Ytf'fZ* ufr'' . '*', but fr has no effectiv€ r.eductions. Hence the equivaiggc.e



1(y+1") ='yf is in fact a reduction

i.e. t*E y(f ')"f . The first remark

condition AS). Irrdeed

'  Im(in") lo * Irn( i) lo=== lpn(i(1o+yrl

ar , , : {  for  j€ [  Dom(z) l ] ,
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f (y+ l.) F*-ts y{r; This res'-rction

is tlrat z fulfiis ac) , rnaking
' . ' . .

)) i  G Dom(2., )c  f l j  rn

looks as follo,ws.

. ,. !:;.

_  !  , ,  . +rS alsi 8oo0 lcr j  .

effective use of !h*

lm{t,<*f, l*u, *!'>)lo * t'(rj)lo u rm(i+a)lp 
AfJ

Dom(zour) tt lO+y+1.)(zrn+10.) = Zo,rt t '  .

Let apply I4.-5) to the first eqality written as

t i (Sf+r.Xlu+z.n+1.)1 ( l+10,.)  
.  

y t i ' (S!,+1.)J.

This gives co-i).

i+a(zrn*1.) = y(i')*b.

transit ion compcnent, the compuration

o,5*6li;)'*<*f*, ttt, *l"t (zrn+1.) = Dorr(zou*) t<zrn+o.. i{9(z.n*1"), *!'t)> =

- ' J , ,

l.( '

r ' . , : J ; l i , For the

t :1 : .14; . . ,

i  t1t ; , .,{'

. i l

morphism

i a
t  r . v .

semcntfc

ir:l,+r*rri,'

= im(t,( lo+y*1.))foU rm(ifa)lo G Dom{z,n).

The reduction f(V+I.) V 
yt' , shows that

i(1,.,+y+i.)(zrn+lO.) = yi ' '  and

= Dom(zoua) t(z.n+lu.)<*!'c, y(i ')t!, *:'t, - ,, '-

= Dom(z.ut) t(zin*l".Xto,+y+t.) <x$'c, (i ')*b; *! t),=

ri = zout t,<*J't, (i')tb, 
":'tt 

. tl

12, Semanr ic equivalence (the mairr result)

We are now attaining the .,maih gtrestion. If one prbscribes a

Y1 : T'+ q '' r: aild a runlc-pnesenting function 9I t t + Q

ft(a)€Q(rin((l,rout(d)) , then every ftowchatt of ,r8,, hos c natural

interpretotion rn a theory with iterate e , defin:<i by

eg+(i,t,"), = "pr(i) <( c1; (e) cpr(t))f, to>

for  ( i , t ,e)€Fio +(e,b)  ,  where g:  :  (  X* , . )+(Q,+)  is  the unique monoid extension of
1 ' l  |  4

9y . Have tv,lir By'ntactic equivalent flowchart:the,same interpretation? This is the
r <

point where we r,eed Q to be with s,trorr6r,iterate. , .::
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l2.l Prcp'bsition. ff T is witlt iterate, tlr,:n two syntccti c eqtrivalent flowchart 'j,

of Fltrf <rre seifton'tic equivalentin every Q wffh strong iternte. Formally, for ev.eny.'i\ :i f,,,,:l
(rfg, 

YT, , the above ext.ensfon tptf fulftts

f : i, =-, y\n = y#tf,t

:Pnoof. " l t i ls;enough to prove t irrs for e!e. 'nentary reti trcl ions, i .e. for frf ' :  a*,h,.

f t+f, 
==) Tftti = ,y#ii,).

Let us suppose that Dom(y)" f'ulfils ae) in f. We trv tu apply the rnost general 14)

made in 5,2. The passing from e to er may be done urith.rthe,fol lowing forr,rula : ' r ' i , .

Dom(y,n) ?{ (")vo,,* - vin yf (e').. :

Making)use of the remark Inr.{Do*(yin) y$ (c)) g Dom(you,) ,  one can'obtain u f irst

relation

Eorn(y,n) yi te) fr(tXv,n+lo) = Dom(l,n) gfr (e) Dom(you,) g-(tXyin*lb) =, 
,,

= Dom(yr") Yi (e) yout cP1(t') = yin yi (e') fr{t') . 
'

In or,derr,rt6:shorv that the r:estrictio6;te;::Dorn(:rr6), giVes,an itseld,system, vre,prove,the

iecond condition :','

I\(Dom(yin) Vf G) f1(d):; !m'(Dbi*{yi;} ,gf (b}'Donr(vou,) fr(t)) e

€ imO(t1r(Dom(ror*) t)) G Inrr(Dorn(:yorr) r,5 'Oom(y,n)+10.,,

"Therefore, We rrra){ use 5.2 in the following compuration

+ .  . . " &
cg'(t') = ?T(i') <( yX (e') fr(t '))-|. ' lbr'='

= gr(i) (,,i,, ( $ t"') fT(r'))'f', .lu,) 
= ,,i,,', by 5,2

. 
= gr(i),<Dom(r,n) t gi {:) ?rtt))*, lb) =

= gr( i)  (Dom(v,n)+lb) < ( ?$ t . l  Y1(t)) t ,  ln) = 
, . ,  

.* ,

= gr(i) < ( 9i (e) Yi(t)y', lb) = ,.f{r) ,
where the passing to the last l ine is based on

Im. ($r ( i ) )  e  Imr ( i i  G Dom(y ,n) * lb  .  ' , '  , , ,  .

In the generai case, if Dom(y) € Ac(f) and 1' 1-+"f1t is a reduction

with Dom(z) = I*pS..(Ac(f)l') , then by 9.3 f heT[f+L:* Remark

Dom(Ac(f)yz) lulfil ac). The above proof give jf*tttl = c1+if") and

hence the prcposi t ion is concludeci .  t r  "  - - , . - ,q, , '

by an injective z

that Dom(z) and
J L *

g>*(f') = (p"(f"I.
l l

1 , . ' + i - .  i , ! r i ^ , \ . . , , .
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12.2 &4AIN THEOREM. If Ott g,, rs ruitli stroig iterate, tiien RFI 
t,r- 

is
the theory wiffi strong iterate, freely generatel:;by ? i/ S , In particular, this is tnw if'I is an clmo.st syntacti.cal theory with strong iicrute. i .,,

Proo'1"' We have to slrow that tirere exist a rank-preserviirg . function
tg  t  A  *  oo tE, ,  and a  morph ism o f  theor ies  w i th  s t rong, i te ra te  I r :  T+  RFl r , r  I
such that,  for 'ev*ry.rank-preserving funct ion q, .  :  {  - : } ,* t tN,,  and morphi i i l  of
theo'' ies wi'ch strong iterate yT: T-+Q , there exists,a unique morphism of thecqi-es
w i t h s t r o n g i t e r a t e  q " ' , * 1 , E , r * e  , s u c h t h a t  t l y o ' = c g '  a n d  I . , - f  =  y r .

Clearly the application

i T ( i ) = ( i , 0 b , I )  i ,  .

dor i€T(a'b) gives even a theory with strong iterate morphism. I p r defined by

I t ( a )  =  ( l r t n ( o ' )  *  O r o u r ( d ) '  0 r r n { c )  n  l r o u a ( v ; '  $  ) '

is obviously a rank-preserving functiop. By rz.L the extensior.r ,"i;rrj i
c1+(i.t,e) = fr(i) <(,fi (e) gr(t))f ;.'lb>

i i 'well  defined eV€n'in Rli ' lg,T. The remained.iproof is r",nroduce here gom15] miiking
use of  6 .1 .

l)  Wiidf i i l i { ,{. ,s-+:g and'f ' :  b-+c are two f lowchantsin Fl 
XrT "n" 

can see that ,,

cpl{t t') = fr(i(lo+i')) <( y} (ee') (g1(<tirr*i'), t'(00+l,pic)>)+, l.) =

= ?r(i) <( gi (e) yr(txip* yr(il)) )+, fr(i')> <( gl (e') ar(r'))f, r">'r;=
= fr(i) <( yi te) cgi(O)t gr(i,) , rgofi:|>, ,.(,rfft (e') ?r{r,))*, r.> =
= gr(i) <(gi (e) gr(t))f , lb> yr(i') <(,pl(e') fr(t,);{', lc> =

= g+{r) g+tr').

2 l  ' ' 7n  the  tup l i ng  case ,  f o r  f  : a *c  and  l l  : b *c .mak ing  usc  o f
notations tO*OO,*|. ,  x'  = 0 +t0,. ,  the computation is

.p+{<f,t'>) = 9r(..ix,i'x')) <( 9i (ee') fr(<tx,t,x,>))f , l.) -

= Vr((ix,i'x')) ( < gi.("1 ?rtt) x-, .,sf.,l(e') fr(t') x,)f , Ic

c

tite following

= (.(fr(i)x, cfr(i')x') <t f{ te) cpr(t))fr ( ,/i (e') fr(t,))* , r

.['
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= < rp-(i) <( ct$ (e) cf.(t))t, l^), cp _(i,) <\ W: (e,) cp-(t,))f. t >> = 
-- I T " '  

l , l *  , l  ,  r  s r {  r l  c
nL. "."L -'= ( f l f ) ,  i f ' ' r ( f ' )> .  . , : , , : ,  , , i  ,

r" 3) ' I l  f  :  a-)".atr, then the fol lowing cornputation.lrows that cg# preserves the iterate..r.  . , . , . . , . , . . , ,":  i-  
i  r  - ' -

: ,
"i qr(iTi =,yT(i+a) ((f1(e) f ,(tcxlo, tnu, *f;b>))+, lo) = !],ri.,.,,,r.: :., ,

' = (yrli;ts;-rb))+ <(tfi te) cfr(txsf '' ro) <( fr(ixs;*lb))'1, rirb>)t ro) = , ,
, ,  v . .  - . . +  * ,  J !

: . = (.yr(i) <( yi (e) fr(t))T, luu>)t = ef Ali , ,,,

Remark that  for  g€T(a,b)  : .
. ,r+. - .* ,1.( ' r i 1 r X s ) = 9 " ( g , 0 o , t ) = Y r ( d < 0 ; 1 n ) = * f , ( $ < 0 5 , l 6 ) = Y r ( s )

.  a n d  i f  p  =  r n ( g i ,  q  =  . o u t ( f f )  ,  t h e n  . , ,  i  , :  .

,  ;  t r4y+xu ' )= , f t ro*oo ,op* rq ,d )=( ro+0q)<(ye( rXoo+rq) ) t ,  lu ) "= . . ,  o ,  \ l
= (lo+oo) < ?X(A), lq) = cp, (v). 

:r: . ,
' ' '"' ':d[rhe',ila'st step'rdfqthe proof is the uniqueness of the extension and is a ctirect consequence (i ::.,i

of the representation

(i,t,e) = I-(i) <(t: (o) t-.rtt)f . l . :
I 11 

'J'\ r/'/ ', 'b" 'l 
il

f I

::j'.' rfff.ki*lg' us6'',ofl thdjbqual,ities If .f+ = ?f , II Tf = gX and the preservation of -r.
" r i ,  :  composit ion. tupl ing'and iterate by any rnorphism cf . theories with(otrong) i terate. H , , , . ,rr",

The irrteres;ting particular casc is that of PStr. -.,1 .:..:,; T_ati*, ,i,*.;:

': I2.3 Corollary- Rr"?,*,o.rrl^ "fs,th e theori'writh strong iterate freely generewd:ti-, ,1i,.. r:.i
ny Z. fl 

rllary' RFI 
s'nst' 

th strong iterate

on the other hand, by Esik result [9-], .  r"..hen : has lrrn(d)1,- I  for every
f€ X , the i teration th,eor.y"fr 'eely generated by E is that of f ,-rat ional trees,
derroted RT*'. Hence

A

t2.! Coroltary. If lrrn(V)l= I for e1te."y".fe t , then RFI -, estr ond RTg
are isamorphic itei,atfon3.n"rri.r. fJ 

1' 
,, , 0,
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Apgrendix A,

Proposltr*n" Jn o;iy theory with i.tero.te I" , I4*Is) hoids.

Pnoof. I-.et f  eT(a,ac), g€T(b,bc) an,J yi,6str(a,b) be such that ,f(y+i") =1yg
supposc tirat y is an isornor.phism. vve construct the f.ollo,i,ing system ,

<v(0;*lO+0.), y-tt( l".roO+1")) :  ab -* afrc .

Using I3) , the b-comporrent of i t$ i terate is

,  - I . r ,  -  . . +  . ' l '(y r(ru+00+.t.)  ((v(Cu+ lonO.))+, ibc>ir=

= (y- i t( lu-,-00+t.Xv(lo.:c. i ,  lb.>IS = (y- l t . i . ( tb*.:)  ) ,  Oont.)f  =

= (y- l t(y*l . i ) t  = g' f  .

In order to use I4-W) , let us permute with Sl thacurnponents

(v- l f  (Qo+tu. ) ) ,  v( lo+0u^))  :  ba -F.bac.  
: . .  : , ,  : . i , t

Again 13) al lcws us tu cor,rpute the b-cornponent of i ts i terate, as fol lorvs.

(v-l;{oo*t".)iF ((v(to+0".)<(v-lr(oo* luJtf-, ru.r)t,, t.) =

= ) , -1f  ( (v( io-rou.)<y- l t ,  1" . ) ) t ,  l . )  = y- l t  <ycy

Using I4-.W) these morpirism are egpal, i.e. f T.= ygf . H

-lr, o;;>)f,, l;> = ,-, 
jt

I :,j

Appendix ts

f '
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Suppose f is a cne-'sorted flowchart t 3,+ 4..

L 2 3 4 5 6
w h e r c  y =  { + + J , . J . . t

7 5 2 4 1

A total reduction of f where !  =

Ther, ,[l nc(f) il = 11,2],4I .

f ir iy{l^.i . ..

= (r(l.,*sf,*l;))TD 'it

is f 
!+ 

f'l
1 2 3 4 5 6
l r l I i r t

V Y : Y ' 7 . V r ?: l , l  2  2 '

f r l

' : i

L

do not give a reducticn.:The f unction I ' ,  =

Appendix C

and similarly for lCft shifts. ff

t 2 3 4 5 6
+ . r { , + j t
i  i  2 3

We shall suppose tha.t T !s a theory with itera.te. i,... i' .i,ii,'iri;r:,,, ^ ,,+#i'+*i,:,:r+;.'nro:,^ li.l

. .,r-h F +h h +h , 'Io) " f'r' = (f(1o,+sf,+tdt)ru = ff(t=+s2+lr.))r? ' ,if f : abc -.2*,crbc' ,
at =dd. Qrtd ct = dd (tfrrslmeanst&otna nlatter,Iyhere,'h is ur,cosource). ..'. 

't"

.'!' t J'rlr.i :"i'*r$ :t:

pnoof, ffb =,(f a*abca'Ed, *abca'Ed, *3!.u'dd>)+=
' '" 

= if(lu,+sf,+rr; <xi,!cu'6i, *abca'Et, *abca'ddr,

; i : ' , ; , i . , . , : * : : " : ' r^ r ' " : '  I l )  f  , *Z: , " t , * l r " f+0,* f fa 'co, - r fb- for  f  :abela,bct .

Proof. Let fu , fb , f . be the corresponding components of f . Making use of
the isomorphisnr '1t = iu*:f; th-e seconcl component of ftb i, the thirC lcf, the permuted
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= ((fu,f.),fO> (Lru.+Sl,+ I",)

with t3) the b-componcnt of its iterate is (fo(51,*1.,))t , Hence *f;btttu fulf i ls tne

identity 
'b 

r \ - .,abcn 1udrC, ,,abc *tb .abca,c,,* f , b t r t u -  f o ( s ! , * 1 " , ) < * f i b " t t ,  r u r . r z = . , r 5  { , \ + a , , , - r r  ̂  : . , c , , .

The ac-cc,mponent of permuteld system ')ow is .: i

."!  Return to the start ing system and write

f1'b = (iu*si)<<ia,fc>,fb><*::t' , *f,bt t*n, *gbcu'c'.' = t,<*lit' , *;ot ffb,'*f"*.

Wi ths im i l a rme thodScanbeob ta ined the fo l l ow ing iden t i t i es .

Izp)  t i tg+ l . *W)+b = fb lg+W , ' for -  f ; ' r4bo +a 'bc '  ,  g :  a '+Q" ,  h ;  c t ' ->c" .

v2) <f,g>*o = <x:ac,g>.*$", ff1 r:c>:irdor f : a+'tiac , 9 i b->dac '

AppenCix D ; i :u i \ i r ,  , , t  l i  
'

R e m a r k . I f [ f J € R F l * - ( a , b ) d e n o t e s t h e c l a s s o f , f . € F l o - ( a , b ) t h e n. -  L - J _  
I r l .  L : l

: : r  
I rD6, ;1  f f l )  €  Imr,  - ,  -  

( f )  e-  Inr r ( i )1 ' ' ,U Imr( t ) {g , l  '  '  ' . ,  i  r '  r
t ( i " I  a  r

A t r  
' ' l r T

Lemnia l. If T is an ulmost syntoctical theo|yr: th,en for one 'r'nt&rr:cl

f€FI. '  ; (a 'b),  we have ? ;r  '  "'  
L s t

roRFI - ^ [f]) = I^FI' * ff!
I ' t ' l  1: t ' : :

and for any f e Ft g,yb,b) , :

( f )  =tm^( i ) | .  u m;^f t ) | ,  .  : lI t n n ,  $ )  = l m r D l b u n  
r  r p.  n r t r , i  t  t u  ,  , y

proof. An identity [f]y = [t] , means f.y = f. , more precisely tyt.ff-3; .As' -''

z€pStr.(e,e) is surjective, i t  fol lows that z is even an isomorphism. The reduction
L

.  leads to two identit ies in T
, t

:  - , , i  zout t  =  t ( l '+ lXz in* lb)  = t (z ,n+Y). ' '
a

Using AS) we obtain two equalities ; . 1i1e:' r
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lmr(i) = Iinr"r.(lmr(iXz,n+y)) and Imr(t) = Imrr*.(Irno(-tXz,nol))

which give
'r . lmt(i)lr, = Iinor,r(Irnt(i)l5v) and Imr(t)fn = I*psr.(tmt(t)fov). i i,,, ',., ',

Th i ssays thd t  ya lmr ( i ) f oU  tm i ( t ) f o  ,  hence  I rRFr * , " ( t )  = Imr ( i ) l gg  l rn r ( t ) i gL ,1
. .  4 t r

- ,  The second part rs a part icular result from this proof, for z ='7, .  L] , , t , ; i . ;r  . ,  , ; : . ; j .r

Lemrna 7 ff fl?ft anri y fs o totai fttr,ction, then

:" 
Irn o, ff) - Im o, f') t

{o, zr.r  o, 
ErT

:  everytime when T fs 4;: olmost syntoctfccltheorT,, , .  :  . . . . , . : , ,-

: " ., Proof. As yc,ut is sur:jective it follows that 1{

t .o, ..  ," (f ')  = Imr(i ') [o u lmr(t ') lo = Imr(i ') lb U rm., (v"urt ') lo =
A t l

= Imn(i(lo*v))luu tnlr(*(lo*l)10 = tnraii)ls u'lmt(t)fo = I.Fl 
8,, 

(*),,{Ili,,rj,i. ,,

" ' ':,1,r' ,:,,r., propo:iii 'ion. ff f is an clmost syrtcctical theory, then ,,8,, anci *OI 
Er, 

:l

ore olmost syntcctical, theorfes. ,

Pt{ irof;, ' ,For'Fl o 
". 

the proposit ion is easy co:rcluded, nraking rrse of the lemma I i .
A s  , .

glven in this appendix,

Irri; ' t t ly) = Imr(i(lp*y{u U Imr(t(lo*v))fu =

' !  " = tmrrr.((lmT(i)lb U lmr(t)lo) y) = Irpst*(l*Fl 
.s , '(f) 

y) . '  ' ! i ;

4 t l

In the case of RFI 
N,T , if f is rn.i.mi,mal, then f.y is an 

'accessible 
flowchart '(qtt,,

access,ible pari is l").  Indet,d, i f  z gIe

Imr( i )  G zrn+l '  (==) Imr( i ( lO+V)) G zrn1l6 and

hr( t )  G. z in+10,,(=e)r  l * f (4 l , r+y))  I  z,n+lo ,  for  every ie Iz[ .'  x  I  Y  . ,

If f '€[.fy] is minimal, then lVq>f and z is.a total function. Using lemma 2, we

finish the proof,

l m p p i  { f l v ) = I f f i r . !  .  J f ' ) = i m t r r  
( f y )  = I m o * * " ( h , r o ,  _  _ ( f ) v ) =  ; . , . \

^ t '  
: rT 

' - t  
x r : I ; .  ,  

t  'XrT * '  I  JLr  "  '  ErT

= Imrro(l*Rrt 
g,t(ttl) 

v) ' n
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